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The intrinsic stable normal cone

Marc Levine

Abstract

We construct an analog of the intrinsic normal cone of Behrend–Fantechi in the setting
of motivic stable homotopy theory. A perfect obstruction theory gives rise to a virtual
fundamental class in E-cohomology for any motivic cohomology theory E ; this includes
the oriented Chow groups of Barge–Morel and Fasel.

1. Introduction

The various versions of modern enumerative geometry, including Gromov–Witten theory and
Donaldson–Thomas theory, are based on two important constructions due to Behrend and Fan-
techi [BF97]. The first is the construction of the intrinsic normal cone CZ of a Deligne–Mumford
(DM) stack Z over some base scheme B. The second, based on the first, is the virtual fundamen-
tal class [Z, [φ]]vir ∈ CHr(Z) associated to a perfect obstruction theory [φ] : E• → LZ/B on Z,
with r the virtual rank of E•. In case r = 0 and Z is proper over a field k, one has the numerical
invariant degk[Z, [φ]]vir; more generally, one can cut down [Z, [φ]]vir to dimension 0 by taking
so-called descendants and then taking the degree of the resulting 0-cycle.

A perfect obstruction theory on Z is given by a map [φ] : E• → LZ/B in Dperf(Z) such that
E• is locally represented on Z by a two-term complex F1 → F0 in degrees 0, 1 (we use the
homological notation) and such that the map [φ] induces an isomorphism on the sheaf h0 and a
surjection on h1.

In case [φ] admits a global resolution (F1 → F0) → LZ/B, the virtual fundamental class is
defined by embedding CZ in the quotient stack

[
F 1/F 0

] (
F i := V(Fi)

)
, pulling back CZ via the

quotient map F 1 →
[
F 1/F 0

]
, which gives the subcone C(F•) ⊂ F 1, and then intersecting with

the 0-section:

[Z, [φ]]vir := 0!
F 1([C(F•)]) .

Here F i → Z is the vector bundle dual to Fi and [C(F•)] is the fundamental class of the closed
subscheme C(F•) of F 1. If one wishes to extend this type of construction to more general co-
homology theories, there may be a problem in even defining the fundamental class [C(F•)]. For
instance, in algebraic cobordism Ω∗, fundamental classes of arbitrary schemes do not exist [Lev03,
§ 3].
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The intrinsic stable normal cone

The main point of this paper is to reinterpret the constructions of the intrinsic normal cone, its
fundamental class and the virtual fundamental class associated to a perfect obstruction theory
in the setting of motivic homotopy theory. Rather than taking a DM or Artin stack as our
basic object, we work in the G-equivariant setting, following the current state of the art in
motivic stable homotopy theory, for which unfortunately a suitable theory for stacks is not yet
available. We will assume that G is tame in the sense of [Hoy17]; this includes the case of a split
torus, a finite étale group scheme of order prime to all residue characteristics or a reductive
group scheme in characteristic 0. For the full theory, we will also need to assume that the base
scheme B is affine and the G-scheme Z carrying the perfect obstruction theory is G-quasi-
projective over B.

In spite of these restrictions, we gain a great deal of generality. We construct an “intrinsic
stable normal cone” Cst

Z for each G-quasi-projective B-scheme Z, with Cst
Z defined as an object in

the equivariant motivic stable homotopy category SHG(B) (see Theorem 3.2 and Definition 3.3).
The cone Cst

Z carries a fundamental class
[
Cst
Z

]
in co-homotopy S0,0

B

(
Cst
Z

)
(Definition 4.3). More-

over, for a perfect obstruction theory [φ] : E• → LZ/B on Z, we use
[
Cst
Z

]
to construct a virtual

fundamental class in twisted Borel–Moore homology (see Definition 2.5)

[Z, [φ]]vir ∈ SB.M.
B (Z,V(E•)) .

As we are not relying on a theory in the setting of stacks, the construction (Definition 7.3) relies
on a number of choices; Proposition 7.2 provides the crucial independence of these choices.

If E ∈ SHG(B) is a motivic ring spectrum (that is, a monoid object in SHG(B)) with unit
map εE : SB → E , applying εE to [Cst

Z ] or [Z, [φ]]vir gives us elements[
Cst
Z

]
E ∈ E

0,0
(
Cst
Z

)
,

[Z, [φ]]vir
E ∈ EB.M.(Z,V(E•)) .

For simplicity, we consider the case G = {Id}. If we take E = HZ, the spectrum representing
motivic cohomology, then, suitably interpreted, these classes reduce to the classes defined by
Behrend–Fantechi. More generally, if E is orientable, then

EB.M.(Z,V(E•)) ∼= EB.M.
2r,r (Z)

with r the virtual rank of E•. We can thus identify E0,0
(
Cst
Z

)
and EB.M.(Z,V(E•)) as Borel–Moore

E-homology, giving classes

[Cst
Z ]E ∈ EB.M.

2dM ,dM
(Ci) ,

[Z, [φ]]vir
E ∈ EB.M.

2r,r (Z) .

Here Ci is the normal cone of Z for a given closed immersion i : Z →M with M smooth over B,
dM is the dimension of M over B (which is the same as the dimension of Ci over B) and r
is the virtual rank of E•. Besides motivic cohomology, this includes such oriented theories as
(homotopy invariant) algebraic K-theory or algebraic cobordism.

If we work with theories E that are not oriented, the identification of the group carrying the
virtual fundamental class becomes more complicated. However, there is an interesting class of
theories, the SL-oriented theories, which admit a Thom isomorphism for bundles with a trivial
determinant. One such theory is cohomology in the sheaf of Milnor–Witt K-groups (see [Mor12]).
The part of this theory corresponding to the Chow groups gives the Barge–Morel theory of
oriented Chow groups (or Chow–Witt groups)

C̃H
n
(X) := Hn

(
X,KMW

n

)
,
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M. Levine

a formula reminiscent of Bloch’s formula relating the classical Chow groups with MilnorK-theory.
There are also twisted versions of the oriented Chow groups,

C̃H
n
(X;L) := Hn

(
X,KMW

n (L)
)

for a line bundle L on X. These formulas for the oriented Chow groups are only valid for
smooth X, but one has a straightforward extension to the general case using Borel–Moore ho-
mology. The general theory gives us classes[

Cst
Z

]
KMW
∗
∈ C̃HdM

(
Ci; i

∗ω−1
M/B

)
,

[Z, [φ]]vir
KMW
∗
∈ C̃Hr(Z; detE•) .

In this setting, the push-forward maps on the oriented Chow groups are restricted to oriented
proper morphisms. This still allows one to achieve a refinement of the usual Gromov–Witten
type invariants in case the given perfect deformation theory E• not only has virtual rank 0 but
also has trivial virtual determinant bundle modulo squares. In this case, we have

deg
(
[Z, [φ]]vir

KMW
∗

)
∈ GW(k) ,

where GW(k) is the Grothendieck–Witt group of the base field k; applying the rank homomor-
phism GW(k)→ Z recovers the classical degree. We hope that this approach will prove useful, for
example, in studying the enumerative geometry of real varieties, where one takes the signature
rather than the rank to obtain the relevant invariant.

Our approach is essentially formal: our construction uses three ingredients beyond some
elementary geometry of normal cones.

1. We have the existence of Grothendieck’s six operations for the equivariant motivic stable
homotopy category SHG(−) :

(
SchG/B

)op → Tr. Here Tr is the 2-category of triangulated
categories. In particular, for each G-vector bundle V → X, we have the autoequivalence
ΣV : SHG(X)→ SHG(X).

2. For X ∈ SchG/B, we have the path groupoid VG(X) of the G-equivariant K-theory space
of X. We need the existence of a natural transformation Σ− : VG(−) → Aut

(
SHG(−)

)
extending the map V 7→ ΣV such that the exceptional push-forward and pull-back for
a smooth morphism f : X → Y is given by f ! = ΣTX/Y ◦ f∗, f! = f# ◦Σ−TX/Y , where f# is
the left adjoint to f∗.

3. We have A1-homotopy invariance: for p : V → Z an affine space bundle, the co-unit of
adjunction p!p

! → IdSHG(Z) is an isomorphism.

Presumably other contravariant functors SchG/B → Tr have these three properties.

A construction of the fundamental class of the normal cone CZ⊂M in algebraic cobordism
was communicated to us by Parker Lowrey some years ago. Our construction of the fundamental
class may be viewed as a generalization of this method; see Example 8.1 for further details.
Déglise, Jin and Khan [DJK21] have generalized aspects of the work of Lowrey–Schürg [LS16],
constructing fundamental classes of quasi-smooth derived schemes in a motivic stable homotopy
category of derived schemes; we expect that there is a suitable dictionary translating between
some of their constructions and some of the ones given here. For instance, Khan [Kha19b] has
constructed a virtual fundamental class associated to a quasi-smooth morphism f : X → Y of
derived higher stacks. Due to his use of (higher) stacks, Khan’s construction takes place in the
framework of the motivic stable homotopy category for the étale topology, which places the
virtual fundamental class in a Borel–Moore homology for a theory that satisfies étale descent
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The intrinsic stable normal cone

and thus is not applicable for getting invariants in more general theories such as those closely
related to the Grothendieck–Witt ring.1

It seems one can restrict Khan’s construction to the setting of derived schemes, for which
one does have a good theory comparable to that of SH(B) for B a scheme; in fact, a central
result of Khan [Kha19a] states that for X the underlying classical scheme of a (connective)
derived scheme X , the restriction map SH(X ) → SH(X) is an equivalence. A quasi-smooth
map of derived schemes f : X → Y does give rise to a (relative) perfect obstruction theory on
the underlying classical scheme of X , and we expect that Khan’s classes agree with the ones
constructed here. However, Schürg [Sch13] has found obstructions for a given perfect obstruction
theory to arise this way, so the approach using derived schemes may not always be applicable.
These issues of relating the derived theory with the one presented here are being investigated by
D’Angelo [D’An20].

In Section 2, we recall the necessary background from motivic homotopy theory. We construct
the intrinsic stable normal cone in Section 3 and its fundamental class in Section 4. The construc-
tion of the virtual fundamental class in a special case (for a reduced, normalized representative
of a perfect obstruction theory) is given in Section 5, where the formula is completely analogous
to the one of Behrend–Fantechi.

In Section 6, we show how a Jouanolou cover pZ : Z̃ → Z and a perfect obstruction theory
[φ] : E• → LZ/B give rise to an induced perfect obstruction theory p!

Z [φ] : p!
ZE• → LZ̃/B, which

admits a reduced, normalized representative.

The general case is handled in Section 7. Roughly speaking, one uses Jouanolou’s trick and
A1-homotopy invariance properties and the results of Section 6 to reduce the general case to the
case handled in Section 5. The main point is to show that the resulting class is independent of
the various choices made along the way.

We compare our constructions with those of Behrend–Fantechi and discuss variants in Sec-
tion 8. We conclude with some explicit computations in Section 9, looking at critical loci and
relating the virtual fundamental class of a local complete intersection to the A1-local degree
defined in [KW19].

2. Background on motivic homotopy theory

We begin by recalling some of the aspects of the six operations for the motivic stable homotopy
category. We refer the reader to [Ayo07, CD19, Jar00, MV99, Voe98] for details on the non-
equivariant case and [Hoy17] for the extension to the equivariant setting.

Fix a noetherian affine scheme U with a flat, finitely presented linearly reductive group
scheme G0 over U (see [Hoy17, Definition 2.14]).

We fix a quasi-projective U -scheme B → U (with trivial G0-action) as base scheme and
let G = G0 ×U B. A G-equivariant morphism q : Y → X of G-schemes over B is called G-
quasi-projective if there is a G-vector bundle V → X that admits a G-equivariant locally closed
immersion i : Y → P(V ) of X-schemes. We let SchG/B be the full subcategory of G-schemes
over B with objects the G-quasi-projective B-schemes and let SmG/B be the full subcategory of
smooth B-schemes in SchG/B. We will usually denote the structure morphism for Z ∈ SchG/B

1Added in print: A recent paper by Khan and Ravi, [KR21], and the Ph.D. thesis of Chirantan Chowdhury
(2021, Duisburg-Essen) both construct theories of a motivic stable homotopy of stacks that may be suitable for
detecting such invariants as the Grothendieck–Witt ring.
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by πZ : Z → B.

For X ∈ SchG/B, we have the category QCohGX of quasi-coherent OX -modules with G-
action and the full subcategory CohGX of coherent sheaves. We call F in CohGX locally free if F is
locally free as an OX -module. We let Db

G(X) denote the bounded derived category of coherent

G-sheaves, DG(X) the unbounded derived category of quasi-coherent G-sheaves and Dperf
G (X)

the full subcategory of DG(X) of complexes isomorphic in DG(X) to a bounded complex of
locally free coherent sheaves. Such a complex is called a perfect complex.

We will use the homological notation for complexes: for a homological complex C•, the com-
plex τ6nC• is the quotient complex which is Cm in degree m < n, 0 in degree m > n and
Cn/∂(Cn+1) in degree n.

We will assume that U has the G0-resolution property, namely, that each F ∈ CohG0
U admits

a surjection E → F from a locally free E in CohG0
U (see [Hoy17, Definition 2.7]). This implies

that the group scheme G over B is tame in the sense of [Hoy17, Definition 2.26]. Examples of
linearly reductive G0 such that U has the G0-resolution property include

– G0 finite locally free of order invertible on U ,

– G0 of multiplicative type and isotrivial,

– U of characteristic 0 and G0 reductive with isotrivial radical and coradical (for example,
G0 is semisimple).

See [Hoy17, Examples 2.8, 2.16, 2.27].

Hoyois shows [Hoy17, Lemma 2.11] that each Z ∈ SchG/B has the G-resolution property.
In addition, if Z ∈ SchG/B is affine, then a locally free coherent G-sheaf F on Z is projective
in QCohGX ; see [Hoy17, Lemma 2.17]. This also implies that a complex E• in DG(Z) that is
locally (on ZZar) a perfect complex is in fact a perfect complex on Z. Similarly, if E• ∈ DG(X)
is locally isomorphic to a complex of locally free coherent sheaves that is 0 in degrees outside
a given interval [a, b], then E• is isomorphic to a complex of coherent locally free G-sheaves
on X that is 0 in degrees outside [a, b]. Such a complex is called a perfect complex supported
in [a, b].

For E ∈ CohGX locally free, we have the associated vector bundle p : V(E)→ X, with V(E) :=
SpecOXSym∗E. The G-action on E gives V(E) a G-action, with p : V(E)→ X a G-equivariant
morphism.

We will often drop the “G” in our notation, speaking of B-morphisms for G-equivariant
B-morphisms, vector bundles V → X for G-vector bundles, etc.

Let Tr be the 2-category of triangulated categories. Following [Hoy17, § 6, Theorem 6.18], we
have the motivic stable homotopy category

SHG(−) : SchG/Bop → Tr ;

for f : Y → X in SchG/B, we have the exact functor f∗ : SHG(X)→ SHG(Y ) with right adjoint
f∗ : SHG(Y )→ SHG(X) and the exceptional pull-back f ! : SHG(X)→ SHG(Y ) with left adjoint
f! : SHG(X)→ SHG(Y ). If f is a smooth morphism, f∗ admits the left adjoint f#. The category
SHG(X) is a closed symmetric monoidal triangulated category with product denoted by ∧X ,
unit 1X (we often write SB for 1B) and internal Hom HomX(−,−); the functor f∗ is symmetric
and monoidal, and f∗ and f! satisfy projection formulas, that is, for f : Y → X, the maps
f∗ and f! are SHG(X)-module maps, and the same holds for f# if f is smooth. There is a

natural transformation ηf!∗ : f! → f∗ which is an isomorphism if f is proper. See also the earlier
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The intrinsic stable normal cone

treatments [Ayo07] and [CD19] for the non-equivariant case.

For the pair of adjoint functors a! a a!, we let ea : a!a
! → Id denote the co-unit. For the pair

of adjoint functor a∗ a a∗, we let ua : Id → a∗a
∗ denote the unit. We will use the analogous

notation for other adjoint pairs, leaving the context to make the meaning clear.

For p : V → X a vector bundle with 0-section s : X → V , we have the V -suspension and
−V -suspension operators Σ±V : SHG(X)→ SHG(X) defined as

ΣV := p# ◦ s∗ = p# ◦ s! , Σ−V := s! ◦ p∗ ,

with ΣV the left adjoint to Σ−V . These endofunctors are in fact inverse equivalences [Hoy17,
Proposition 6.5].

For a locally free sheaf E ∈ CohGX , we thus have the autoequivalence ΣV(E) of SHG(X). Ayoub
[Ayo07, Théorèm 1.5.18] and Riou [Rio10, Proposition 4.1.1] have shown that for G = {Id}, the
association E 7→ ΣV(E) extends to a functor

Σ− : V(X)→ Aut(SH(X)) .

Here V(X) is the path groupoid of the K-theory space of X, and Aut(SH(X)) is the category
with objects the autoequivalences of SH(X) and morphisms the natural isomorphisms.

The functor Σ− is natural with respect to f∗, f !, f∗ and f! for morphisms f : Y → X:

Σf∗V(E) ◦ f? ∼= f? ◦ ΣV(E) , f? ◦ Σf∗V(E) ∼= ΣV(E) ◦ f? ,

for ? = ∗ or ? =!. This extends without problem to the equivariant case to give a functor
Σ− : VG(X) → Aut(SHG(X)), with VG(X) the path groupoid of the G-equivariant K-theory
space of X, having the properties listed above.

We write ΣV(E•) for the image of a perfect complex E• under this functor.2 For each distin-
guished triangle E1

• → E• → E2
• → in Dperf

G (X), there is an isomorphism

ΣV(E•) ∼= ΣV(E1
•) ◦ ΣV(E2

•) ,

natural with respect to isomorphisms of distinguished triangles, and for each E•, there is an
isomorphism ΣV(E•[1]) ∼=

(
ΣV(E•)

)−1
. Thus, if E• is (En → · · · → Em), supported in [m,n], then

ΣV(E•) is canonically isomorphic to Σ(−1)nV(En) ◦ · · · ◦ Σ(−1)mV(Em).

For f : Y → X smooth, there are canonical isomorphisms [Hoy17, Theorem 6.9]

f!
∼= f# ◦ Σ−Tf , f ! ∼= ΣTf ◦ f∗ ,

with Tf → Y the relative tangent bundle, giving the canonical isomorphism

f!f
! ∼= f#f

∗ .

If f : V → X is an affine space bundle over X, then the A1-homotopy property shows that the
co-unit ef : f#f

∗ → Id of the adjunction f# a f∗ is a natural isomorphism.

Besides the equivariant stable motivic homotopy category, Hoyois has defined an equivariant
unstable motivic category HG• (X) for X ∈ SchG/B, see [Hoy17, § 5], generalizing the construc-
tions of Morel–Voevodsky [MV99] in the non-equivariant case. There is an infinite T -suspension
functor Σ∞T : HG• (X)→ SHG(X); we often simply write X for Σ∞T X when the context makes the

2Many authors, for example [Hoy17], use the notation ΣE• for our notation ΣV(E•). For example, for X smooth

over S and E = ΩX/S , we have V(E) = TX/S , the relative tangent bundle, and the operator denoted by ΣΩX/S

in [Hoy17] will be written here as ΣTX/S
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meaning clear. The category HG• (X) is a symmetric monoidal category with unit S0
X := X+, and

the unit 1X ∈ SHG(X) is Σ∞T (S0
X).

The functors f∗ and f∗ are T -stabilizations of functors f∗ : H•(X)→ H•(Y ) and f∗ : H•(Y )→
H•(X), with f∗ left adjoint to f∗. If f : Y → X is smooth, then f# is the T -stabilization of
f# : H•(Y )→ H•(X) and is left adjoint to f∗. Similarly, if i : Y → X is a closed immersion, the
maps i∗ = i! : SHG(Y )→ SHG(X) are the T -stabilizations of the unstable i∗.

To give the reader some intuition about the suspension functors, we mention that for V → X
a vector bundle with 0-section s, the suspension ΣV (1X) is the stabilization of the Thom space
ThX(V ) := p#s∗(1V ) ∈ HG• (X) and that ThX(V ) is canonically isomorphic to the cofiber of
V \ s(X) → V in HG• (X); that is, ThX(V ) ∼= V/(V \ s(X)). We will not be needing these facts
here.

There are exchange morphisms associated to a cartesian diagram

Z
q
//

∆g

��

Y

f
��

W p
// X

as follows:

1. We have Ex(∆∗∗) : p∗f∗ → g∗q
∗ defined as the composition

p∗f∗
ug−→ g∗g

∗p∗f∗ = g∗q
∗f∗f∗

ef−→ g∗q
∗ .

This is an isomorphism if p is smooth or if f is proper.

2. Suppose that p is smooth. The isomorphism Ex(∆∗#) : q#g
∗ → f∗p# is defined as the com-

position

q#g
∗ up−→ q#g

∗p∗p# = q#q
∗f∗p#

eq−→ f∗p# .

3. Suppose that p is smooth. We have Ex(∆#∗) : p#g∗ → f∗q# defined as the composition

p#g∗
uf−→ f∗f

∗p#g∗
Ex(∆∗#)−1

−−−−−−→ f∗q#g
∗g∗

eg−→ f∗q# .

4. Suppose that p is smooth. We have the isomorphism Ex(∆∗!) : g∗p! → q!f∗ defined as the
composition

g∗p! ∼= g∗ΣTW/Xp∗ ∼= ΣTZ/Y g∗p∗ ∼= ΣTZ/Y q∗f∗ ∼= q!f∗ .

5. Suppose that p is smooth. We have Ex(∆!∗) : p!g∗ → f∗q! defined as the composition

p!g∗ ∼= p#Σ−TW/Xg∗ ∼= p#g∗Σ
−TZ/Y Ex(∆#∗)−−−−−→ f∗q#Σ−TZ/Y ∼= f∗q! .

6. For arbitrary p, we have the base-change isomorphism Ex(∆∗! ) : p∗f! → g!q
∗ (see [Hoy17,

Theorem 6.12]) satisfying ηg!∗ ◦ Ex(∆∗! ) = Ex(∆∗∗) ◦ η
f
!∗. If f is smooth, combining Ex(∆∗! )

with the naturality of Σ− gives the base-change isomorphism Ex(∆∗#) : p∗f# → g#q
∗.

Suppose that we have a closed immersion i : Z → X in SchG/B, with open complement
j : U → X. This yields the localization distinguished triangle in SHG(X)

j!j
! ej−→ IdSHG(X)

ui−→ i∗i
∗ → j!j

![1] . (2.1)

Note that j! = j#, j! = j∗ and i∗ = i!.
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The intrinsic stable normal cone

Definition 2.1. Let πZ : Z → B be in SchG/B. The Borel–Moore motive of Z over B is the
object ZB.M. := πZ!(1Z) in SHG(B). For v := V(E•), we have the twisted Borel–Moore motive
Z(v)B.M. := πZ!(Σ

v(1Z)). If we need to mention the base scheme B, we write these as Z/BB.M.

and Z/B(v)B.M., respectively.

Let p : Z →W be a morphism in SchG/B. For p proper, we have the natural transformation
(proper pull-back)

p∗ : πW ! → πZ! ◦ p∗ (2.2)

defined as the composition

πW !
up−→ πW !p∗p

∗ (ηp!∗)
−1

−−−−→ πW !p!p
∗ ∼= πZ! ◦ p∗ .

Applying p∗ to ΣV(E•)(1W ) gives the morphism

p∗ : W (v)B.M. → Z(p∗v)B.M.

in SHG(B). One checks easily that (pq)∗ = q∗p∗ for composable proper morphisms p and q.

Let f : Z → W be a smooth morphism in SchG/B. We have the natural transformation
(smooth push-forward)

f∗ : πZ!Σ
Tf f∗ → πW ! (2.3)

defined by the composition

πZ!Σ
Tf f∗ ∼= πW !f!f

! ef−→ πW ! .

One checks that f 7→ f∗ is functorial: for smooth morphisms f : Z →W , g : Y → Z, we have

(fg)∗ ◦ θY/Z/W = f∗ ◦
[
g∗ ◦

(
ΣTfg ◦ f∗

)]
,

where

θY/Z/W :
(
πY !Σ

Tgg∗
)
◦
(
ΣTf ◦ f∗

)
→ πY !Σ

Tfg ◦ (fg)∗

is the isomorphism induced by the exact sequence 0 → Tg → Tfg → g∗Tf → 0. Applying f∗ to
ΣV(E•)(1W ) gives the smooth push-forward map

f∗ : Z(f∗v + Tf )B.M. →W (v)B.M. .

Suppose that a smooth morphism f : Z → W admits a section s : W → Z. We have the
canonical isomorphism

f!s!
∼= (fs)! , (a)

which induces an isomorphism on the adjoints

s!f ! ∼= (fs)! . (b)

Let es : s!s
! → Id, ef : f!f

! → Id, efs : (fs)!(fs)
! → Id be the co-units of adjunction. This gives

us the commutative diagram

Id ∼= f!s!s
!f ! f!esf

!
//

(a)◦(b) o
��

f!f
!

ef
// Id

Id ∼=

Id

55(fs)!(fs)
!

efs
// Id ;
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in other words, f!esf
! is a right inverse to ef .3 Define the natural transformation

s! : πW ! → πZ! ◦ ΣTf ◦ f∗ (2.4)

as the composition

πW !
πW !◦f!esf

!

−−−−−−−→ πW ! ◦ f! ◦ f ! ∼= πW ! ◦ f! ◦ ΣTf ◦ f∗ ∼= πZ! ◦ ΣTf ◦ f∗ .

We call s! the Gysin push-forward.

Lemma 2.2. (1) Let f : Z → W be a smooth morphism in SchG/B with a section s : W → Z.
Then the composition

πW !
s!−→ πZ! ◦ ΣTf ◦ f∗ f∗−→ πW !

is the identity.

(2) If f : Z →W is a vector bundle over W , then f∗ : πZ! ◦ΣTf ◦ f∗ → πW ! is an isomorphism,
with inverse s!.

(3) If f : Z →W is an affine space bundle, then f∗ : πZ! ◦ ΣTf ◦ f∗ → πW ! is an isomorphism.

Proof. The fact that ef ◦ (f!esf
!) = Id implies assertion (1).

For assertion (2), it suffices by assertion (1) to show that f∗ is an isomorphism. Since Z →W
is a vector bundle, it follows by A1-homotopy invariance that ef : f!f

! = f#f
∗ → Id is an

isomorphism; applying πW ! ◦ − yields assertion (2).

As an affine space bundle is locally (in the Zariski topology) a vector bundle, assertion (3)
follows from assertion (2) and the Mayer–Vietoris sequence.

Lemma 2.3. Suppose that we have a cartesian diagram in SchG/B

Z
q
//

∆g

��

Y

f
��

W p
// X

with p proper and f smooth. Then the diagram

πY ! ◦ ΣTf ◦ f∗
q∗◦(ΣTf ◦f∗)

//

f∗

��

πZ! ◦ q∗ ◦ ΣTf ◦ f∗ πZ! ◦ ΣTg ◦ g∗ ◦ p∗

g∗◦p∗
��

πX!
p∗

// πW ! ◦ p∗

commutes. In other words, proper pull-back commutes with smooth push-forward.

Proof. In what follows, we simply write ∼−→ for isomorphisms that follow from functoriality, such
as πX!f!

∼= πY !, or that follow from the isomorphisms ΣTf f∗ ∼= f ! or ΣTgg∗ ∼= g!.

3I am grateful to Frédéric Déglise and Denis-Charles Cisinski for this argument.
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We fit a number of diagrams together:

πY !Σ
Tf f∗

πY !◦uq
//

o

��

πY !q∗q
∗ΣTf f∗

o
��

πY !q∗q
∗f !

o
��

πX!f!f
! πX!f!uqf

!

//

πX!ef

��

πX!f!q∗q
∗f !

πX!Ex(∆!∗)q
∗f !

��

πX!p∗g!q
∗f !

πX!p∗g!Ex(∆∗!)o
��

πX!p∗g!g
!p∗

πX!p∗egp
∗

��

πX! πX!up
// πX!p∗p

∗

(a)

πY !q∗q
∗ΣTf f∗

o
��

πY !q!q
∗ΣTf f∗∼

πY !η
q
!∗Σ

Tf f∗
oo

o
��

πY !q∗q
∗f !

o
��

πY !q!q
∗f !

∼
πY !η

q
!∗f

!

oo

o
��

πX!f!q∗q
∗f !

πX!Ex(∆!∗)
��

πX!p!g!q
∗f !

∼
πX!η

p
!∗g!q

∗f !

∼

tt

πX!p∗g!q
∗f !

πX!p∗g!q
∗f !

oπX!p∗g!Ex(∆∗!)
��

πX!p!g!q
∗f !

∼
πX!η

p
!∗g!q

∗f !

oo

o πX!p!g!Ex(∆∗!)
��

πX!p∗g!g
!p∗

πX!p∗egp
∗

��

πX!p!g!g
!p∗∼

πX!η
p
!∗g!g

!p∗
oo

πX!p!egp
∗

��

πX!p∗p
∗ πX!p!p

∗∼
πX!η

p
!∗p
∗

oo

(b1,b2)

πY !q!q
∗ΣTf f∗

∼ //

o
��

πZ!Σ
Tgg∗p∗

o
��

πY !q!q
∗f !

o
��

πZ!g
!p∗

o
��

πX!p!g!q
∗f !

∼
πW !g!Ex(∆∗!)

//

∼πW !g!Ex(∆∗!)
��

πW !g!g
!p∗

∼◦Id
g!g

!p∗uu

πW !egp
∗

��

πX!p!g!g
!p∗

πX!p!egp
∗

��

πX!p!p
∗ ∼ // πW !p

∗

(c)
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These fit together as

πY ! ◦ ΣTf ◦ f∗
q∗◦(ΣTf ◦f∗)

//

f∗

��

πZ! ◦ ΣTZ/W ◦ g∗ ◦ p∗

g∗◦p∗

��

(b1)

(a) (c)

(b2)

πX!
p∗

// πW ! ◦ p∗ .

The four diagrams (a), (b1), (b2) and (c) all commute; this follows from the commutativity
of transformations acting on separate parts of a composition of functors, or the naturality of
the unit and co-unit of an adjunction, or the fact that the exchange isomorphisms Ex(∆∗!) and
Ex(∆∗!) are derived from the functoriality of composition for (−)∗ and (−)∗, combined with units
and co-units of various adjunctions. For instance, the commutativity of the lower square in (a)
is equivalent to the commutativity of the square

f#f
∗ uq

//

ef

��

f#q∗q
∗f∗

Ex(∆#∗)

��

p∗g#q
∗f∗

o
��

p∗g#g
∗p∗

eg

��

Id up
// p∗p

∗ .

We fill this in as follows:

f#f
∗ uq

//

(i)
up

%%

ef

��

(v)

f#q∗q
∗f∗

Ex(∆#∗)

��

(ii)

up

ww

p∗p
∗f#f

∗ uq
//

(iii)

p∗p
∗f#q∗q

∗f∗

p∗g#q
∗f∗

oEx(∆∗#)

OO

uq
//

o
��

p∗g#q
∗q∗q

∗f∗

o Ex(∆∗#)

OO

eq
// p∗g#q

∗f∗

o
��

(iv)

p∗g#g
∗p∗

Id //

eg

++

(vi)

p∗g#g
∗p∗

eg

��

Id up
// p∗p

∗ .

The commutativity of (i), (iii) and (vi) is obvious, that of (ii) is the definition of Ex(∆#∗), and
that of (iv) is the standard identity (eq ◦ q∗) ◦ (q∗ ◦ uq) = Id for the unit and co-unit of an
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adjunction. The commutativity of (v) reduces to that of

f#f
∗ up

//

ef

��

p∗p
∗f#f

∗

ef

��

p∗g#q
∗f∗∼

Ex(∆∗#)
oo

o
��

Id up
// p∗p

∗ p∗g#g
∗p∗ .eg

oo

The commutativity of the left side is obvious and, using the definition of Ex(∆∗#), that of the
right side reduces to the commutativity of

g#q
∗f∗

uf

��

g#g∗p
∗∼oo

eg
// p∗

g#q
∗f∗f#f

∗
∼
// g#g

∗p∗f#f
∗

eg
// p∗f#f

∗ .

ef

OO

Filling this in as

g#g∗p
∗

∼

xx

eg
// p∗

g#q
∗f∗

uf

��

g#q
∗f∗

o

OO

g#q
∗f∗f#f

∗
∼
//

ef

88

g#g
∗p∗f#f

∗
eg
// p∗f#f

∗ ,

ef

OO

we see that the commutativity follows from the identity (ef ◦ f∗) ◦ (f∗ ◦ uf ) = Id.

The commutativity of the remaining diagrams is much easier to verify, and we leave the
details to the reader.

Remark 2.4. Proper pull-back, smooth push-forward and Gysin push-forward are all compatible
with base change in the following sense. Fix a morphism g : B′ → B.

Let p : Z → W in SchG/B be proper. Using the base-change isomorphisms Ex(∆∗! ), we see
that the proper pull-back morphism p∗ : πW ! → πZ! ◦ p∗ is natural with respect to pull-back by
g : B′ → B. In detail, we have the cartersian square

ZB′
gZ //

pB′

��

Z

p

��

WB′
gW //W

with ZB′ = Z ×B B′ and WB′ = W ×B B′, both considered as objects in SchG/B′. The base-
change isomorphisms Ex(∆∗! ) gives the commutative diagram

πWB′ ! ◦ g
∗
W ∼

//

p∗
B′

��

g∗ ◦ πW !

p∗

��

πZB′ ! ◦ p
∗
B′ ◦ g∗W ∼

// g∗ ◦ πZ! .
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For f : Z →W smooth in SchG/B, inducing fB′ : ZB′ →WB′ , the base-change isomorphisms
Ex(∆∗! ) and Ex(∆∗!) and the naturality of Σ− give us the commutative diagram

πZB′ ! ◦ Σ
TfB′ ◦ f∗B′ ◦ g∗W ∼

//

fB∗

��

g∗ ◦ πZ! ◦ ΣTf ◦ f∗

f∗

��

πWB′ ! ◦ g
∗
W ∼

// g∗ ◦ πW ! .

If s : W → Z is a section to a smooth f : Z → W , we have the induced section sB′ : WB′ → ZB′

to fB′ , and the base-change isomorphisms Ex(∆∗! ) and Ex(∆∗!) and the naturality of Σ− give us
the commutative diagram

πZB′ ! ◦ Σ
TfB′ ◦ f ′∗ ◦ g∗W ∼

// g∗ ◦ πZ! ◦ ΣTf ◦ f∗

πWB′ ! ◦ g
∗
W ∼

//

sB!

OO

g∗ ◦ πW ! .

s!

OO

These are all diagrams of functors from SHG(W ) to SHG(B′), and all the arrows marked with
a “∼” are isomorphisms.

In the next definition, we adapt the notation for a bivariant theory introduced in [DJK21].

Definition 2.5. For E ∈ SHG(B), πZ : Z → B in SchG/B, E• ∈ VG(Z) and v = V(E•), define
the twisted Borel–Moore homology with values in E as

EB.M.
a,b (Z, v) := HomSHG(B)

(
Σa,bZ(v)B.M., E

)
.

To simplify the notation, we write EB.M.(Z, v) for EB.M.
0,0 (Z, v).

For an object F ∈ SHG(B), we have the E-cohomology

Ea,b(F) := HomSHG(B)

(
F ,Σa,bE

)
;

for X ∈ HG• (B), define Ea,b(X ) := Ea,b(Σ∞T X ), and for Y ∈ HG(B), define Ea,b(Y) := Ea,b(Y+).
Finally, for X ∈ SmG/B, E• ∈ VG(X) and v = V(E•), define the twisted E-cohomology

Ea,b(X, v) := Ea,b(πX#

(
Σ−v(1X)

)
= HomSHG(B)

(
Σ∞T X+,Σ

a,bΣvE
)
.

Remark 2.6. Let

Z ′
q
//

g
��

Z

f
��

W ′
p
//W

be a cartesian diagram in SchG/B with p and q smooth and with f : Z → W a vector bundle.
Let s : W → Z be a section, and let t : W ′ → Z ′ be the induced section. Then the diagram

(Z, f∗v + Tf )B.M. (W, v)B.M.
s!oo

(Z ′, q∗(f∗v + Tf ) + Tq)B.M.

q∗

OO

(Z ′, g∗(p∗v + Tp) + Tg)B.M. (W ′, p∗v + Tp)B.M.

p∗

OO

t!
oo
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commutes. To see this, we may replace the maps s! and t! with their respective inverses f∗ and g∗
(Lemma 2.2), and then the commutativity follows from the functoriality of smooth push-forward:
p∗g∗ = f∗q∗.

In fact, the Gysin push-forward commutes with smooth push-forward in cartesian squares,
without assuming that the smooth maps are vector bundles, but as we do not need this result,
we omit the proof.

Remark 2.7. The usual operations of proper push-forward, smooth pull-back and intersection
with a section on Borel–Moore homology all follow by applying a proper pull-back p∗, smooth
push-forward f∗ or Gysin push-forward s! to morphisms Σ∗∗(−)/BB.M.(−) → E . Explicitly, a
proper map p : Z →W in SchG/B induces the functorial proper push-forward

p∗ : EB.M.
a,b (Z, p∗v)→ EB.M.

a,b (W, v)

defined by p∗ := (p∗)∗, a smooth map f : Z → W in SchG/B induces the functorial smooth
pull-back

f∗ : EB.M.
a,b (W, v)→ EB.M.

a,b (Z, f∗v + Tf )

defined by f∗ := (f∗)
∗ and for f : Z → W a smooth morphism in SchG/B with a section

s : W → Z, we have the Gysin map

s! : EB.M.
a,b (Z, f∗v + Tf )→ EB.M.

a,b (W, v)

defined by s! := (s!)
∗ and satisfying s! ◦ f∗ = Id. We hope that the context will enable the reader

to distinguish the maps p∗, f
∗ and s! from the functors p∗, f

∗ and s!.

With this translation, Lemma 2.3 says that on twisted Borel–Moore homology, proper push-
forward commutes with smooth pull-back in a cartesian square, and Remark 2.6 says that the
Gysin map commutes with smooth pull-back in a cartesian square of vector bundles.

For πX : X → B in SmG/B, the purity isomorphism πX!
∼= πX#◦Σ−TX gives the isomorphism

EB.M.
a,b (X, v) ∼= E−a,−b(X,TX − v) .

Finally, for f : Z → X a morphism in SchG/B with X ∈ SmG/B and E ∈ SHG(B)
a commutative ring spectrum (that is, commutative monoid object in SHG(B)), we have the
cap product

− ∩ f∗(−) : EB.M.
a,b (Z, v)× Ep,q(W,w)→ EB.M.

a−p,b−q(Z, v − f∗w)

defined via the monoidal structure

HomSHG(B)

(
Σa,bZ(v)B.M., E

)
×HomSHG(B)

(
Σ∞T W+,Σ

p,qΣwE
)

→ HomSHG(B)

(
Σa−p,b−qZ(v)B.M. ∧ Σ−wΣ∞T W+, E ∧ E

)
followed by the multiplication map E ∧ E → E , the purity isomorphism

Z(v)B.M. ∧ Σ−wΣ∞T W+
∼= Z ×B W

(
p∗1v − p∗2w + p∗2TW

)
B.M.

and the Gysin map for the graph morphism γf : Z → Z ×B W

γ!
f : EB.M.

a−p,b−q
(
Z ×B W,p∗1v − p∗2w + p∗2TW

)
→ EB.M.

a−p,b−q(Z, v − f∗w) .
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3. The intrinsic stable normal cone

Take Z ∈ SchG/B. Since Z is G-quasi-projective over B, it admits a closed immersion i : Z →M
in SchG/B with M ∈ SmG/B. As in [BF97], we have the normal cone Ci:

Ci := SpecOX
(
⊕n>0 InZ/In+1

Z

)
,

where IZ is the ideal sheaf of Z ⊂ M . Let pi : Ci → Z be the projection and σi : Ci → M the
composition i◦pi. As before, we denote the structure morphism for Y ∈ SchG/B by πY : Y → B.
For f : Y → Z a smooth morphism in SchG/B, we often denote the relative tangent bundle Tf
by TY/Z and in case f = πY : Y → B is the (smooth) structure morphism, we may write TY
instead of TY/B

Lemma 3.1. Suppose that we have closed immersions i : Z →M and i′ : Z →M ′ in SchGB with
M,M ′ ∈ SmG/B. Then there is a canonical isomorphism

ψi,i′ : Ci′(σ
∗
i′TM ′)B.M.

∼−→ Ci(σ
∗
i TM )B.M. .

If we have a third closed immersion i′′ : Z →M ′′, then ψi,i′ ◦ ψi′,i′′ = ψi,i′′ .

Proof. Suppose that we have defined the required isomorphism ψg := ψi,i′ for each commutative
diagram in SchGB

Z

i′
��

i

!!

M ′ g
//M

(3.1)

with g a smooth morphism in SmG/B and i, i′ closed immersions, satisfying ψgg′ = ψg ◦ ψg′ for
each commutative diagram

Z
i′′

||
i′
��

i

!!

M ′′
g′
//M ′ g

//M .

For an arbitrary pair i : Z →M , i′ : Z →M ′, we have the closed immersion (i, i′) : Z →M×BM ′.
We set ψi,i′ := ψp1 ◦ ψ−1

p2
, which solves our problem.

We consider a commutative diagram (3.1). The smooth morphism g induces a smooth mor-
phism C(g) : Ci′ → Ci, giving the commutative diagram

Ci′
C(g)

//

σi′
��

Ci

σi
��

M ′ g
//M .

The projection C(g) makes Ci′ into a torsor over Ci for the vector bundle p∗i i
′∗TM ′/M , giving

a canonical identification TCi′/Ci
∼= σ∗i′TM ′/M .

The exact sequence 0→ TM ′/M → TM ′ → g∗TM → 0 gives the canonical isomorphism

Σσ∗
i′TM′

θg−→ Σσ∗
i′TM′/M ◦ ΣC(g)∗σ∗i TM .

By Lemma 2.2, the smooth push-forward

C(g)∗ : πCi′ ! ◦ Σσ∗
i′TM′/M ◦ C(g)∗ → πCi!
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is an isomorphism.

Composing C(g)∗ with the isomorphism Θg defined as the composition

πCi′ ! ◦ Σσ∗
i′TM′ ◦ C(g)∗

θg

∼
// πCi′ ! ◦ Σσ∗

i′TM′/M ◦ ΣC(g)∗σ∗i TM ◦ C(g)∗

∼= πCi′ ! ◦ Σσ∗
i′TM′/M ◦ C(g)∗ ◦ Σσ∗i TM

gives us the isomorphism

C(g)∗ ◦Θg : πCi′ ! ◦ Σσ∗
i′TM′/B ◦ C(g)∗ → πCi! ◦ Σσ∗i TM .

Evaluating at 1Ci gives the isomorphism

ψg : Ci′(σ
∗
i′TM ′)B.M. → Ci(σ

∗
i TM )B.M. .

Suppose that we have another smooth morphism g′ : M ′′ → M ′ and a closed immersion
i′′ : Z →M ′′ with g′ ◦ i′′ = i′. Let Ξg,g′ be the isomorphism

πCi′′ ! ◦ Σσ∗
i′′TM′′/M ◦ C(gg′)∗ ◦ Σσ∗i TM

Ξg,g′−−−→ πCi′′ ! ◦ Σσ∗
i′′TM′′/M′ ◦ C(g′)∗ ◦ Σσ∗

i′TM′/M ◦ C(g)∗ ◦ Σσ∗i TM

defined as the composition

πCi′′ ! ◦ Σσ∗
i′′TM′′/M ◦ C(gg′)∗ ◦ Σσ∗i TM

θg′−−→ πCi′′ ! ◦ Σσ∗
i′′TM′′/M′ ◦ ΣC(g′)∗σ∗

i′TM′/M ◦ C(g′)∗ ◦ C(g)∗ ◦ Σσ∗i TM

∼= πCi′′ ! ◦ Σσ∗
i′′TM′′/M′ ◦ C(g′)∗ ◦ Σσ∗

i′TM′/M ◦ C(g)∗ ◦ Σσ∗i TM .

The functoriality of smooth push-forward gives the identity

C(gg′)∗ = C(g)∗ ◦ C(g′)∗ ◦ Ξg,g′ (3.2)

as maps from πCi′′ ! ◦ Σσ∗
i′′TM′′ ◦ C(gg′)∗ ◦ Σσ∗i TM to πCi! ◦ Σσ∗i TM .

We then have

ψg ◦ ψg′ = C(g)∗ ◦Θg ◦ C(g′)∗ ◦Θg′(1Ci)

= C(g)∗ ◦ C(g′)∗ ◦Θ′g ◦Θg′(1Ci)

= C(g)∗ ◦ C(g′)∗ ◦ Ξg,g′ ◦Θgg′(1Ci)

= C(gg′)∗ ◦Θgg′(1Ci)

= ψgg′ ,

where Θ′g is the isomorphism

πCi′′ ◦ Σσ∗
i′′TM′′/M′ ◦ C(g′)∗ ◦ Σσ∗

i′TM′ ◦ C(g)∗

→ πCi′′ ◦ Σσ∗
i′′TM′′/M′ ◦ C(g′)∗ ◦ Σσ∗

i′TM′/M ◦ C(g)∗ ◦ Σσ∗
i′TM

constructed similarly to Θg. All the above identities are easy consequences of the naturality of

the functor Σ− : Dperf
G,iso(−)→ AutSHG(−) and (3.2).

Relying on Lemma 3.1, we can prove the main result of this section: the construction of
an analog of the Behrend–Fantechi intrinsic normal cone in the setting of the stable motivic
homotopy category.
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Theorem 3.2. For each Z ∈ SchG/B, there is an object Cst
Z ∈ SHG(B) satisfying the following:

(1) Let i : Z → M be a closed immersion in SchG/B with M smooth over B. Then there is
a canonical isomorphism

αi : C
st
Z
∼−→ Ci(σ

∗
i TM )B.M. .

(2) For i′ : Z →M another closed immersion in SchG/B, we have

αi = ψi,i′ ◦ αi′ ,

where ψi,i′ : Ci′(σ
∗
i′TM ′)B.M.

∼−→ Ci(σ
∗
i TM )B.M. is the isomorphism defined in Lemma 3.1.

Proof. Choose a closed immersion i0 : Z →M0 in SchG/B with M0 ∈ SmG/B, which exists by
the definition of the category SchG/B, and define

Cst
Z := Ci0(σ∗i0TM0)B.M. .

For i : Z → M a closed immersion SchG/B with M ∈ SmG/B, Lemma 3.1 gives us the iso-
morphism αi := ψi,i0 : Cst

Z → Ci(σ
∗
i TM )B.M. and shows that if i′ : Z → M ′ is another closed

immersion, the diagram

Cst
Z

αi′ //

αi
&&

Ci′(σ
∗
i′TM ′)B.M.

ψi,i′

��

Ci(σ
∗
i TM )B.M.

commutes.

Definition 3.3. For Z in SchG/B, we call Cst
Z ∈ SHG(B) the intrinsic stable normal cone of Z.

Example 3.4. Suppose that πZ : Z → B is smooth over B. Then we may take the identity for
i : Z →M , giving Ci = Z and Cst

Z = πZ! ◦ ΣTZ (1Z) = πZ#(1Z) = Σ∞T Z+ in SHG(B).

Remark 3.5. Here is an intuitive justification for our definition of Cst
Z . Let V → Z be a rank r

vector bundle on a B-scheme Z, and let p : C → Z be a morphism in SchG/B. We consider V
as a group scheme over Z via fiberwise vector addition.

Suppose that we have a (smooth) morphism q : C → C̄ over Z that makes C a principal
V -bundle over C̄; let p̄ : C̄ → Z be the structure morphism, and let πC : C → B and πC̄ : C̄ → B
be the structure morphisms to B. We have a canonical isomorphism TC/C̄

∼= p∗V , the purity

isomorphism q! ◦Σp∗V ∼= q# and the homotopy invariance isomorphism 1C̄
∼= q#(1C). This gives

the isomorphism in SHG(B)

C̄B.M. := πC̄!(1C̄) ∼= πC̄!(q#(1C)) ∼= πC̄! ◦ q! ◦ Σp∗V (1C) ∼= πC!(Σ
p∗V (1C)) = C(p∗V )B.M. .

Now suppose that we just have an action of V on C over Z, giving us the quotient stack
[V \C] with projection π : C → [V \C]. In the category of Artin stacks, π is a principal V -bundle,
so we could reasonably define the Borel–Moore motive of [V \C] by

[V \C]B.M. := C(p∗V )B.M. .

The cone p : Ci → Z for a closed immersion i : Z → M has the canonical action by i∗TM ,
giving the Behrend–Fantechi intrinsic normal cone CZ := [i∗TM\Ci]. We should thus define the
Borel–Moore motive of CZ by

(CZ)B.M. = [i∗TM\Ci]B.M. := Ci(σ
∗
i TM )B.M. ,

which is exactly our definition of Cst
Z .
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Lemma 3.6. Suppose that we have a closed immersion i : Z → M with M ∈ SmG/B and an
affine space bundle q : V →M , giving the cartesian diagram

Z ′
i′ //

qZ
��

V

q

��

Z
i
//M .

Let C(q) : Ci′ → Ci be the morphism induced by (qZ , q), and let

Cst(q) : Cst
Z′ → Cst

Z (3.3)

be defined as the composition

Cst
Z′

αi′ // πCi′ ! ◦ Σσ∗
i′TV (1Ci′ )

θ
∼
// πCi′ ! ◦ Σσ∗

i′q
∗V ◦ Σσ∗

i′q
∗TM ◦ C(q)∗(1Ci)

∼
// πCi′ ! ◦ Σσ∗

i′q
∗V ◦ ΣC(q)∗σ∗i TM ◦ C(q)∗(1Ci)

∼
// πCi′ ! ◦ Σσ∗

i′q
∗V ◦ C(q)∗ ◦ Σσ∗i TM (1Ci)

C(q)∗−−−→ πCi! ◦ Σσ∗i TM (1Ci)

α−1
i // Cst

Z ,

where the isomorphism θ is induced by the exact sequence

0→ q∗V → TV → q∗TM → 0 .

Then Cst(q) is an isomorphism. Moreover, if we have an extension of our diagram to a cartesian
diagram in SchG/B

Z ′′
i′′ //

q′Z
��

W

q′

��

Z ′
i′ //

qZ
��

V

q

��

Z
i
//M

with q′ : W → V an affine space bundle, then

Cst(q ◦ q′) = Cst(q) ◦ Cst(q′) .

Proof. We use the closed immersion i′ : Z ′ → V to compute Cst
Z′ . The morphism C(q) : Ci′ → Ci

identifies Ci′ with Ci ×M V , and hence by Lemma 2.2, the map C(q)∗ is an isomorphism, which
implies that Cst(q) is an isomorphism as well.

The functoriality Cst(q◦q′) = Cst(q)◦Cst(q′) follows the functoriality of smooth push-forward,
the naturality of the isomorphisms θ− and the naturality of Σ− : VG(−)→ Aut

(
SHG(−)

)
, as in

the proof of Lemma 3.1.
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4. The fundamental class

The next step in the construction is to define a fundamental class in the co-homotopy of our
intrinsic stable normal cone: [Cst

Z ] ∈ S0,0
B (Cst

Z ). We do this by the method of specialization to the
normal cone, suitably interpreted.

Choose, as before, a closed immersion i : Z →M in SchG/B with M ∈ SmG/B. Let

π̃ : M̃ × A1 →M × A1

be the blow-up of M × A1 along Z × 0, that is,

M̃ × A1 = ProjM×A1 ⊕n>0 InZ×0 .

Writing M × A1 = SpecOM [t], the element t ∈ IZ×0, considered as an element of ⊕n>0InZ×0 of
degree 1, gives a G-invariant section of O(1), which we denote by T . We define

Def(i) := M̃ × A1 \ (T = 0) ∈ SchG/B ,

so

Def(i) = SpecM×A1

(
⊕n>0InZ×0

[
T−1

])
0
,

where the subscript 0 denotes the subsheaf of homogeneous sections of degree 0. The projection
p : Def(i) → M × A1 is flat, p−1

(
M ×

(
A1 \ {0}

))
is isomorphic via p to M ×

(
A1 \ {0}

)
, and

p−1(M × 0) = Ci. Thus Ci is a principal effective Cartier divisor on Def(i), with ideal sheaf
(t)ODef(i). Let iC : Ci → Def(i) be the inclusion, and let j : M ×

(
A1 \ {0}

)
→ Def(i) be the open

complement.

The localization triangle (2.1), twisted by Σp∗p∗1TM/B and pushed forward by πDef(i)!, gives us

the distinguished triangle in SHG(B)

πM×(A1\{0})! ◦ Σp∗1TM
(
1M×(A1\{0})

)
→ πDef(i)! ◦ Σp∗p∗1TM

(
1Def(i)

)
→ Ci

(
σ∗i TM

)
B.M.

+1−−→ .

The isomorphism

TM×(A1\{0}) ∼= p∗1TM ⊕ p∗2TA1\{0}

and the canonical isomorphism TA1\{0} ∼= OA1\{0} give the isomorphisms

πM×(A1\{0})! ◦ Σp∗1TM
(
1M×(A1\{0})

) ∼= πM#(1M ) ∧B πA1\{0}#
(
Σ−1
T 1A1\{0}

)
∼= Σ−1

T M ×
(
A1 \ {0}

)
+

∼= Σ−1
S1 Σ−1

GmM ×
(
A1 \ {0}

)
+
.

Our distinguished triangle thus gives us the map in SHG(B)

∂ : Ci(σ
∗
i TM )B.M. → Σ−1

GmM ×
(
A1 \ {0}

)
+
.

Let

p̄M2 : M ×
(
A1 \ {0}

)
+
→ Gm

be the projection p2 : M×
(
A1\{0}

)
+
→
(
A1\{0}

)
+

followed by the quotient map
(
A1\{0}

)
+
→(

A1 \ {0}, {1}
)

= Gm. This gives us the map

Σ−1
Gm p̄

M
2 ◦ ∂ : Ci(σ

∗
i TM )B.M. → SB .

Definition 4.1. The fundamental class [Ci] ∈ SB.M.
B (Ci, σ

∗
i TM ) is the element represented by

Σ−1
Gm p̄

M
2 ◦ ∂.
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If E is a commutative monoid in SHG(B) with unit εE : SB → E , we define the fundamental
class [Ci]E ∈ EB.M.(Ci, σ

∗
i TM ) by composing [Ci] with εE .

We have the canonical isomorphism αi : C
st
Z → Ci(σ

∗
i TM )B.M., giving the map in SHG(B)

[Ci] ◦ αi : Cst
Z → SB . (4.1)

Lemma 4.2. The map [Ci] ◦ αi : Cst
Z → SB is independent of the choice of closed immersion

i : Z →M .

Proof. We reduce as in the proof of Lemma 3.1 to the case in which we have a commutative
diagram

Z
i′ //

i
��

M ′

g

��

M

with g smooth. The map g induces a smooth morphism Def(g) : Def(i′)→ Def(i), giving us the
commutative diagram

Def(i′)
pM′ //

Def(g)

��

M ′ × A1

g×Id

��

Def(i) pM
//M × A1

.

The restriction of Def(g) to Ci′ is the map C(g) : Ci′ → Ci induced by g.

This gives us the map of distinguished triangles (we suppress the isomorphisms on the sus-
pension operations induced by various exact sequences)

πM ′×(A1\{0})! ◦ Σp∗1TM′ (1M ′×(A1\{0}))

��

(g×Id)∗◦Θg

++

πM×(A1\{0})! ◦ Σp∗1TM (1M×(A1\{0}))

��

πDef(i′)! ◦ Σp∗
M′p

∗
1TM′ (1Def(i′))

��

Def(g)∗◦Θg

++

πDef(i)! ◦ Σp∗Mp
∗
1TM (1Def(i))

��

Ci′(σ
∗
i′TM ′)B.M.

ψ(g)=C(g)∗◦Θg

++

Ci(σ
∗
i TM )B.M. ,
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which in turn gives the commutative diagram

Cst
Z

αi′

��

αi

++

Ci′(σ
∗
i′TM ′)B.M.

ψg
//

∂
��

Ci(σ
∗
i TM )B.M.

∂
��

Σ−1
GmM

′ ×
(
A1 \ {0}

)
+

Σ−1
Gmg×Id

//

p̄M
′

2
++

Σ−1
GmM ×

(
A1 \ {0}

)
+

p̄M2
��

SB ,

completing the proof.

Lemma 4.2 allows us to make the following definition.

Definition 4.3. Let Z be in SchG/B. The fundamental class [Cst
Z ] ∈ S0,0

B (Cst
Z ) is the element

represented by the map [Ci] ◦ αi : Cst
Z → SB for any choice of closed immersion i : Z → M in

SchG/B with M smooth over B.

If E is a commutative monoid in SHG(B) with unit εE : SB → E , we define the fundamental
class

[
Cst
Z

]
E ∈ E

0,0
(
Cst
Z

)
by composing

[
Cst
Z

]
with εE .

5. The virtual fundamental class for a reduced normalized representative

Let LZ/B be the relative cotangent complex on Z ∈ SchG/B, and let [φ] : E• → LZ/B be a
perfect obstruction theory on Z. Recall that we use the homological notation for complexes.

If we choose a closed immersion i : Z → M in SchG/B with M ∈ SmG/B, we have the

explicit model
(
IZ/I2

Z
d−→ i∗ΩM/B

)
for τ61LZ/B. Since E• is by definition supported in [0, 1]

and Z satisfies the G-resolution property, we have a global resolution, that is, we have a two-
term complex F• := (F1 → F0) of locally free sheaves in CohGZ , and a map of complexes

φ :
(
F1

dF−−→ F0

)
→
(
IZ/I2

Z
d−→ i∗ΩM/B

)
which induces an isomorphism on h0 and a surjection on h1, representing τ61 applied to [φ] :
E• → LZ/B.

Definition 5.1. We call a representative (F•, φ) of [φ] as above a normalized representative if
the maps φ0 and φ1 are surjective. If in addition F0 = i∗ΩM/B and φ0 is the identity, we call φ
reduced.

Let i : Z →M be a closed immersion in SchG/B with M smooth over B, and let

φ :
(
F1 → F0 = i∗ΩM/B

)
→
(
IZ/I2

Z → i∗ΩM/B

)
be a reduced normalized representative of a perfect obstruction theory [φ] on Z. The surjection
φ1 : F1 → IZ/I2

Z induces a surjection of graded algebras Sym∗F1 → ⊕nInZ/I
n+1
Z , and thereby

a closed immersion of cones over Z

iφ : Ci → F 1 := V(F1) .

Let pF 1 : F 1 → Z be the projection, and let 0F 1 : Z → F 1 be the 0-section.
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The map iφ induces the proper push-forward

iφ∗ : SB.M.
B (Ci, σ

∗
i TM )→ SB.M.

B

(
F 1, p∗F 1i

∗
ZTM

)
.

As TF 1/Z = p∗F 1(F 1), the 0-section 0F 1 gives us the Gysin map

0!
F 1 : SB.M.

B

(
F 1, p∗F 1i

∗TM
)
→ SB.M.

B

(
Z, i∗TM − F 1

)
.

We have the fundamental class [Ci] ∈ SB.M.
B (Ci, σ

∗
i TM ) (see Definition 4.1).

Definition 5.2. The virtual fundamental class for a reduced normalized representative φ of
a perfect obstruction theory [φ] : E• → LZ/B with respect to a closed immersion i is defined as

[Z, φ, i]vir := 0!
F 1(iφ∗([Ci])) ∈ SB.M.

B

(
Z, i∗TM − F 1

)
= SB.M.

B (Z,V(E•)) .

The identity SB.M.
B

(
Z, i∗TM − F 1

)
= SB.M.

B (Z,V(E•)) is really the isomorphism induced by

the given isomorphism (F1 → F0) ∼= E• in Dperf
G (Z).

6. Reduced normalized representatives of a perfect obstruction theory

We show how a given perfect obstruction theory [φ] : E• → LZ/B on some Z ∈ SchG/B admits
a reduced normalized representative “up to A1-homotopy equivalence,” in a way which will be
clarified in this section. If Z is affine, [φ] already admits a reduced normalized representative. In
general, we replace Z with a Jouanolou cover pZ : Z̃ → Z, and we construct an “induced perfect
obstruction theory” p!

Z [φ] : p!
ZE• → LZ̃/B on Z̃.

As in the previous section, let LZ/B be the relative cotangent complex on Z, and let [φ] : E• →
LZ/B be a perfect obstruction theory on Z. Choose a closed immersion i : Z → M in SchG/B

with M ∈ SmG/B, a two-term complex F• := (F1 → F0) of locally free sheaves in CohGZ and
a map of complexes

φ :
(
F1

dF−−→ F0

)
→
(
IZ/I2

Z
d−→ i∗ΩM/B

)
which induces an isomorphism on h0 and a surjection on h1, representing τ61 applied to [φ] : E• →
LZ/B.

By the G-resolution property for Z, there is a locally free sheaf F on Z with a surjection
p : F → IZ/I2

Z . We may then replace (F•, φ) with

F1 ⊕F
dF⊕IdF−−−−−→ F0 ⊕F

and map the copy of F in degree 0 to i∗ΩM/B by d ◦ p, giving the map

φ′ :
(
F1 ⊕F

dF⊕IdF−−−−−→ F0 ⊕F
)
→
(
IZ/I2

Z
d−→ i∗ΩM/B

)
.

The map φ′1 := φ+ p is surjective by construction, and the assumption that h0(φ) is an isomor-
phism implies that φ′0 is surjective as well. Thus, each [φ] admits a normalized representative.

For a normalized representative φ : F• →
(
IZ/I2

Z
d−→ i∗ΩM/B

)
, we let Ki ⊂ Fi be the kernel

of φi. We let F i → Z be the vector bundle V(Fi) := SpecOZSym∗Fi and similarly define Ki :=
V(Ki).

Lemma 6.1. Let φ : F• →
(
IZ/I2

Z
d−→ i∗ΩM/B

)
be a normalized representative of a perfect

obstruction theory [φ]. Let K(h1(F•)) be the kernel of the surjection h1(φ) : h1(F•)→ h1(LZ/B).

539



M. Levine

Then K0 is locally free, and in the commutative diagram

0

��

0

��

0

��

0 // K(h1(F•)) //

��

K1
//

��

K0
//

��

0

��

0 // h1(F•) //

h1(φ)

��

F1
dF //

φ1

��

F0

φ0

��

// h0(F•)

h0(φ)

��

// 0

0 // h1(LZ/B) //

��

IZ/I2
Z d

//

��

i∗ΩM/B
//

��

h0(LZ/B) //

��

0

0 0 0 0 ,

all the rows and columns are exact.

Proof. Our assumption that φ is a normalized representative is just that φ0, φ1 and h1(φ) are
surjective and h0(φ) is an isomorphism. The rest follows by the snake lemma.

Lemma 6.2. Suppose that Z is affine, choose a closed immersion i : Z → M in SchG/B with
M ∈ SmG/B, and let [φ] be a perfect obstruction theory on Z. Then [φ] admits a reduced
normalized representative.

Proof. We have already seen that [φ] admits a normalized representative

φ : (F1 → F0)→
(
IZ/I2

Z → i∗ΩM/B

)
.

We use the notation of Lemma 6.1. Since Z is affine, each locally free F in QCohGZ is a projec-
tive object in QCohGZ . Thus, we may choose a splitting sK : K0 → K1 to the surjection K1 → K0.
This gives us the commutative diagram

K0

i1

##sK // K1
//

��

F1

dF
��

φ1
// IZ/I2

Z

d

��

K0 K0
// F0

φ0

// i∗ΩM/B .

Replacing F1 with F ′1 := F1/i1(K0) and F0 with i∗ΩM/B
∼= F0/K0, we have the reduced normal-

ized representative (
F ′1

dF ′−−→ i∗ΩM/B

) (φ′1,Id)
−−−−→

(
IZ/I2

Z → i∗ΩM/B

)
for [φ].

Lemma 6.3. Suppose that Z is affine, and choose a closed immersion i : Z → M in SchG/B
with M ∈ SmG/B. If φ : F• →

(
IZ/I2

Z → i∗ΩM/B

)
and φ′ : F ′• →

(
IZ/I2

Z → i∗ΩM/B

)
are

two reduced normalized representatives of a given perfect obstruction theory [φ] : E• → LZ/B
on Z, then the induced isomorphism F• ∼= E• ∼= F ′• in Dperf

G (Z) arises from an isomorphism of
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complexes ρ• : F• → F ′• making the diagram

F•
ρ•

//

''

F ′•

��(
IZ/I2

Z → i∗ΩM/B

)
commute. Moreover, ρ• is unique up to a chain homotopy of the form h : i∗ΩM/B → h1(F ′•) ⊂ F ′1
satisfying dF ′•h = 0 = φ′1hdF• .

Proof. We denote the homology of the complex
(
IZ/I2

Z → i∗ΩM/B

)
by h1, h0. As we are given

an isomorphism F• ∼= F ′• in Dperf
G (Z), we have isomorphisms ξi : hi(F•) ∼= hi(F

′
•) in CohGZ such

that the induced map on the Ext groups

Ext2
CohGZ

(h0(F•), h1(F•))→ Ext2
CohGZ

(h0(F ′•), h1(F ′•))

sends the class of 0 → h1(F•) → F1 → F0 → h0(F•) → 0 to the class of 0 → h1(F ′•) → F ′1 →
F ′0 → h0(F ′•)→ 0.

Let M0 ⊂ i∗ΩM/B be the image subsheaf d
(
IZ/I2

Z

)
. The maps φ and φ′ give rise to exact

sequences

0→ h1(F•)→ F1
dF−−→M0 → 0 , (6.1)

0→ h1(F ′•)→ F ′1
dF ′−−→M0 → 0 (6.2)

and

0→M0 → i∗ΩM/B → h0 → 0 . (6.3)

Thus the Ext2 classes considered above arise from the Ext1-classes of (6.1) and (6.2), respectively,
by taking the boundary in the long exact Ext sequence associated to (6.3). Since Z is affine,
Ext1

CohGZ
(i∗ΩM/B,−) = 0, so the isomorphism h1(F•) ∼= h1(F ′•) sends the Ext1-class of (6.1) to

that of (6.2), giving us the isomorphism ρ1 : F1 → F ′1 making the diagram

h1(F•) //

ξ1
��

F1

ρ1

��

//M0

h1(F ′•) // F ′1
//M0

commute. This gives us the isomorphism ρ := (ρ1, Id) : F• → F ′• of perfect complexes.

Since Z is affine and G is tame, CohGZ has enough projectives, so D−
(

CohGZ
)

is equivalent

to the bounded-above homotopy category of the full subcategory of projective objects in CohGZ ;
the projective objects are the F ∈ CohGZ which are locally free as OZ-modules.

Consider the two morphisms φ, φ′ ◦ ρ : F• →
(
IZ/I2

Z → i∗ΩM/B

)
. We have [φ] = [φ′ ◦ ρ] as

maps in Db
(

CohGZ
)
, and as F• is a perfect complex, the maps φ, φ′ ◦ ρ are chain homotopic.

Since φ′1 is surjective, for h : F0 → IZ/I2
Z a chain homotopy, there is an h̃ : F0 → F ′1 with

φ′1 ◦ h̃ = h. Since φ0 = Idi∗ΩM/B , we have

0 = d ◦ h = d ◦ φ′1 ◦ h̃ = Idi∗ΩM/B ◦ dF ′• ◦ h̃ ,

so we may consider h̃ as a map h̃ : i∗ΩM/B → h1(F ′•). Replacing ρ with ρ′ := ρ− dh̃, we see that
ρ′ : F• → F ′• satisfies φ′ ◦ρ′ = φ as maps of complexes. Changing notation, we may assume that ρ
is an isomorphism satisfying φ′ ◦ ρ = φ.
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For two isomorphisms ρ1, ρ2 : F• → F ′• over LZ/B both representing the same morphism in

Dperf
G (Z), the maps τ61ρ1 and τ61ρ2 are chain homotopic by a map h : F0 = i∗ΩM/B → F ′1. The

fact that both τ61ρi are isomorphisms over
(
IZ/I2

Z → i∗ΩM/B

)
implies the identities dF ′•h =

0 = φ′1hdF• , the first of which shows that h(F0) ⊂ h1(F ′•).

We return to the case of arbitrary Z ∈ SchG/B with a closed immersion iZ : Z → M in
SchG/B with M ∈ SmG/B. Suppose that we have a smooth morphism pM : M̃ →M . Form the
cartesian square

Z̃
iZ̃ //

pZ
��

M̃

pM
��

Z
iZ
//M .

Since pZ is smooth, we have the distinguished triangle in Dperf
G (Z̃)

p∗ZLZ/B
L(pZ)−−−→ LZ̃/B → ΩZ̃/Z → p∗ZLZ/B[1] (6.4)

and the isomorphism ΩZ̃/Z
∼= i∗

Z̃
ΩM̃/M of locally free sheaves on Z̃. Applying the truncation

functor h0 gives us the exact sequence of sheaves

0→ p∗ZΩZ/B → ΩZ̃/B
π−→ ΩZ̃/Z → 0 .

Given a perfect obstruction theory [φ] : E• → LZ/B, we say that a perfect obstruction theory[
φ̃
]
: Ẽ• → LZ̃/B is induced from [φ] if

1. Ẽ• = p∗ZE• ⊕ ΩZ̃/Z ,

2. the perfect obstruction theory
[
φ̃
]

fits into a commutative diagram

p∗ZE•
i //

p∗Z [φ]

��

Ẽ•

[φ̃]

��

p
// ΩZ̃/Z

p∗ZLZ/B
L(pZ)

// LZ̃/B // ΩZ̃/Z

with i and p the canonical inclusion and projection.

Since h0([φ]) : h0(E•) → ΩZ/B and h0

([
φ̃
])

: h0

(
Ẽ•
)
→ ΩZ̃/B are both isomorphisms, a nec-

essary condition for an induced obstruction theory to exist is that the surjection ΩZ̃/B → ΩZ̃/Z
should split.

Lemma 6.4. Suppose that Z̃ is affine. Then for each perfect obstruction theory [φ] on Z, there
exists an induced obstruction theory

[
φ̃
]
: Ẽ• → LZ̃/B on Z̃.

Moreover, [φ̃] is unique up to a canonical isomorphism α :
(
Ẽ,
[
φ̃
]) ∼−→ (

Ẽ,
[
φ̃′
])

of obstruction
theories.

Proof. Since Z̃ = SpecA is affine and G is tame, Hom
Dperf
G (Z̃)

(
ΩZ̃/Z , p

∗
ZLZ/B[1]

)
= 0. This gives

us a splitting s̃ of the distinguished triangle

p∗ZLZ/B → LZ̃/B
π−→ ΩZ̃/Z → p∗ZLZ/B[1]
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and thereby an isomorphism LZ̃/B ∼= p∗ZLZ/B ⊕ ΩZ̃/Z in Dperf
G

(
Z̃
)
. From this, we see that each

perfect obstruction theory [φ] : E• → LZ/B admits an induced perfect obstruction theory of the
form [

φ̃s̃
]

:= [φ]⊕ IdΩZ̃/Z
: p∗ZE• ⊕ ΩZ̃/Z → p∗ZLZ/B ⊕ ΩZ̃/Z

∼= LZ̃/B
with the isomorphism depending on the choice of a splitting s̃ of the distinguished triangle.

We have the distinguished triangle

τ>1LZ̃/B → LZ̃/B → h0LZ̃/B →
(
τ>1LZ̃/B

)
[1] .

Since Z̃ is affine, ΩZ̃/Z is locally free and hnτ>1LZ̃/B = 0 for n 6 0 and for n � 0, we have

Hom
Dperf
G (Z̃)

(ΩZ̃/Z , τ>1LZ̃/B[i]) = 0 for all i > 0, so each map of sheaves

s : ΩZ̃/Z → h0LZ̃/B = ΩZ̃/B

lifts uniquely to a map s̃ : ΩZ̃/Z → LZ̃/B in Dperf
G

(
Z̃
)
. This shows that splittings of the map π

are in bijection with splittings of the surjection ΩZ̃/B → ΩZ̃/Z .

Since [φ] is a perfect obstruction theory, we also have h0(p∗ZE•) = p∗ZΩZ/B, and the same
argument as above shows that a second splitting s′ of ΩZ̃/B → ΩZ̃/Z determines a map λ : ΩZ̃/Z →
p∗ZE•. The map α : p∗ZE• ⊕ ΩZ̃/Z → p∗ZE• ⊕ ΩZ̃/Z with matrix

α =

(
Id λ
0 Id

)
thus defines an automorphism of p∗ZE• ⊕ ΩZ̃/Z intertwining

[
φ̃s̃
]

and
[
φ̃s̃′
]
.

Assuming that Z̃ is affine as above, we write p!
Z [φ] for the (unique up to canonical isomor-

phism) perfect obstruction theory induced by a given perfect obstruction theory [φ].

Remark 6.5 (Jouanolou covers). Hoyois [Hoy17, Proposition 2.20] has shown that the Jouanolou
trick extends to the equivariant case: for each M ∈ SchG/B, there is an affine space bundle
M̃ →M in SchG/B such that πM̃ : M̃ → B is an affine morphism. We call such a map M̃ →M
a Jouanolou cover of M . For affine B, Lemma 3.6 will thus enable us to reduce various construc-
tions to the case of affine Z ∈ SchG/B.

We now assume that B is affine. By Remark 6.5, for each Z ∈ SchG/B and each closed
immersion Z → M with M ∈ SmG/B, there is an affine space bundle M̃ → M with M̃ affine,
and thus Z̃ := Z ×M M̃ is affine as well.

Lemma 6.6. Suppose that B is affine and that we have a closed immersion iZ : Z →M with M
in SmG/B. Let M̃ →M be a Jouanolou cover of M , and form the cartesian square

Z̃
iZ̃ //

pZ
��

M̃

pM
��

Z
iZ
//M .

Let (E•, [φ]) be a perfect obstruction theory on Z. Then an induced obstruction theory p!
Z [φ] on Z̃

exists, is unique up to canonical isomorphism and admits a reduced normalized representative φ̃
for p!

Z [φ].

Proof. Since Z̃ is affine, this follows from Lemmas 6.2 and 6.4.
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7. The virtual fundamental class: The general case

In this section, we assume that B is affine.

We use our construction in Section 5 of the virtual fundamental class for a reduced normalized
representative together with the results of Section 6 to give a well-defined virtual fundamental
class for a perfect obstruction theory on a general Z ∈ SchG/B.

Let [φ] : E → LZ/B be a perfect obstruction theory on some Z ∈ SchG/B. Choose a closed

immersion i : Z →M with M ∈ SmG/B, and take a Jouanolou cover

Z̃
iZ̃ //

pZ
��

M̃

pM
��

Z
iZ
//M .

By Lemma 6.6, we have an induced perfect obstruction theory
(
Ẽ•, [φ̃]

)
:=
(
p!
ZE•, p

!
Z [φ]

)
on Z̃

and a reduced normalized representative φ̃ : F̃• → τ61LZ̃/B for [φ̃]. In particular, we have the
identity

Ẽ• = p∗ZE• ⊕ ΩZ̃/Z

inducing an isomorphism of suspension operators

Σ
p∗ZV(E•)+TZ̃/Z ∼= ΣV(Ẽ•) .

The quasi-isomorphism F̃• → Ẽ• and the fact that F̃• is reduced and normalized give us a canon-
ical isomorphism

Σi∗
Z̃
TM̃−F̃

1 ∼= ΣV(Ẽ•) .

Since pZ : Z̃ → Z is an affine space bundle, homotopy invariance implies that the smooth
push-forward map

pZ∗ : πZ̃! ◦ Σ
p∗ZV(E•)+TZ̃/Z ◦ p∗Z → πZ! ◦ ΣV(E•)

is an isomorphism. Applying this to 1Z , using the isomorphisms

Σ
p∗ZV(E•)+TZ̃/Z ∼= ΣV(Ẽ•) ∼= Σi∗

Z̃
TM̃−F̃

1

described above and taking the inverse gives us the isomorphism

ϑiZ ,pZ ,F̃• : Z(V(E•))B.M. → Z̃
(
i∗
Z̃
TM̃ − F̃

1
)

B.M.
. (7.1)

We have the virtual fundamental class [Z̃, φ̃, iZ̃ ]vir ∈ SB.M.
B (Z̃, i∗

Z̃
TM̃ − F̃

1), see Definition 5.2,
giving us the class

ϑ∗
iZ ,pZ ,F̃•

([
Z̃, φ̃, iZ̃

]vir) ∈ SB.M.
B (Z,V(E•)) .

The main point is that this class is independent of the various choices made. This is proven with
the help of the following two results.
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Lemma 7.1. Let pM : M̃ → M be a Jouanolou cover, and let qM : M̂ → M̃ be a vector bundle.
Form the cartesian diagram

Ẑ

p̂Z

""

iẐ //

qZ
��

M̂

qM
��

p̂M

||

Z̃
iZ̃ //

pZ
��

M̃

pM
��

Z
iZ
//M .

(7.2)

Let [φ] : E• → LZ/B be a perfect obstruction theory, form the induced obstruction theories(
p!
ZE•, p

!
Z [φ]

)
and

(
p̂!E•, p̂

!
Z [φ]

)
, and let

φ̃ : F̃• →
(
IZ̃/I

2
Z̃

d−→ i∗
Z̃

ΩM̃/B

)
, φ̂ : F̂• →

(
IẐ/I

2
Ẑ

d−→ i∗
Ẑ

ΩM̂/B

)
be reduced normalized representatives of p!

Z [φ] and p̂!
Z [φ], respectively. We have the isomorphisms

of Lemma 3.6,

Cst(pM ) : Cst
Z̃
→ Cst

Z , Cst(p̂M ) : Cst
Ẑ
→ Cst

Z .

The respective 0-sections 0F̃ 1 : Z̃ → F̃ 1 and 0F̂ 1 : Ẑ → F̂ 1 induce the Gysin push-forward

maps 0F̃ 1! and 0F̂ 1!, and the respective closed immersions iφ̃ : CiZ̃ → F̃ 1 and iφ̂ : CiẐ → F̂ 1

induce the proper pull-back maps i∗
φ̃

and i∗
φ̂
. We have as well the isomorphisms αiZ̃ : Cst

Z̃
→

CiZ̃
(
σ∗
ĩ
TM̃
)

B.M.
and αiẐ : Cst

Ẑ
→ CiZ̃

(
σ∗
î
TM̂
)

B.M.
.

Define maps sφ̃ : Z̃
(
i∗
Z̃
TM̃ − F̃

1
)

B.M.
→ Cst

Z̃
and sφ̂ : Ẑ

(
i∗
Ẑ
TM̂ − F̂

1
)

B.M.
→ Cst

Ẑ
by

sφ̃ := α−1
iZ̃
◦ i∗

φ̃
◦ 0F̃ 1! and sφ̂ := α−1

iẐ
◦ i∗

φ̂
◦ 0F̂ 1! . (7.3)

Suppose that F̂1 = q∗Z F̃1. Then

Cst(pM ) ◦ siφ̃ ◦ ϑiZ ,pZ ,F̃• = Cst(p̂M ) ◦ siφ̂ ◦ ϑiZ ,p̂Z ,F̂• .

Proof. The identity F̂1 = q∗Z F̃1 gives us the map of vector bundles over qZ , qF : F̂ 1 → F̃ 1. This

identifies F̂ 1 with the vector bundle Ẑ ×Z̃ F̃
1 → F̃ 1, which we denote by qF : V → F̃ 1.

Saying that
(
F̃•, φ̃

)
represents p!

Z [φ] gives us an isomorphism F̃• ∼= p∗ZE• ⊕ ΩZ̃/Z ; similarly,

we are given an isomorphism F̂• ∼= p̂∗ZE• ⊕ ΩẐ/Z . These give us isomorphisms

α̃ : Z̃
(
i∗
Z̃
TM̃ − F̃

1
)

B.M.
∼−→ Z̃

(
p∗ZV(E•) + TZ̃/Z

)
B.M.

,

α̂ : Ẑ
(
i∗
Ẑ
TM̂ − F̂

1
)

B.M.
∼−→ Ẑ

(
p̂∗ZV(E•) + TẐ/Z

)
B.M.

.

The exact sequence

0→ TẐ/Z̃ → TẐ/Z → q∗ZTZ̃/Z → 0

gives the isomorphism

α : Ẑ
(
p̂∗ZV(E•) + TẐ/Z

)
B.M.

→ Ẑ
(
q∗Z
(
p∗ZV(E•) + TZ̃/Z

)
+ TẐ/Z̃

)
B.M.

.

Since qZ : Ẑ → Z̃ is a vector bundle over Z̃, the smooth push-forward map

qZ∗ : Ẑ
(
q∗Z
(
p∗ZV(E•) + TZ̃/Z

)
+ TẐ/Z̃

)
B.M.

→ Z̃
(
p∗ZV(E•) + TZ̃/Z

)
B.M.
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is an isomorphism. Putting these together gives us the isomorphism

β : Ẑ
(
i∗
Ẑ
TM̂ − F̂

1
)

B.M.
∼−→ Z̃

(
i∗
Z̃
TM̃ − F̃

1
)

B.M.

defined as β := (α̃)−1 ◦ qZ∗ ◦ α ◦ α̂.

The functoriality of smooth push-forward for the composition p̂Z = pZ ◦qZ yields the identity

β ◦ ϑîZ ,p̂Z ,F̂• = ϑiZ ,pZ ,F̃• . (A)

Let pF̂ 1 : F̂ 1 → Ẑ and pF̃ 1 : F̃ 1 → Z̃ be the projections. The smooth push-forward map for

the smooth map qF combined with the exact sequence of vector bundles on F̂ 1

0→ q∗FV → p∗
F̂ 1i
∗
Ẑ
TM̂ → q∗F p

∗
F̃ 1i
∗
Z̃
TM̃ → 0 (7.4)

induces the morphism

qF∗ : F̂ 1(p∗
F̂ 1i
∗
Ẑ
TM̂ )B.M. → F̃ 1(p∗

F̃ 1i
∗
Z̃
TM̃ )B.M. ,

giving us the diagram

Ẑ
(
i∗
Ẑ
TM̂ − F̂

1
)

B.M.

β
//

0F̂1!

��

Z̃
(
i∗
Z̃
TM̃ − F̃

1
)

B.M.

0F̃1!

��

F̂ 1
(
p∗
F̂ 1
i∗
Ẑ
TM̂
)

B.M.

qF∗ // F̃ 1
(
p∗
F̃ 1i
∗
Z̃
TM̃
)

B.M.
.

(B)

This commutes by Remark 2.6: the Gysin push-forward commutes with smooth push-forward in
a cartersian square of vector bundles.

The cartesian diagram (7.2) gives rise to the cartesian diagram

CiẐ

iφ̂
//

C(qM )

��

F̂ 1

qF
��

CiZ̃ iφ̃

// F̃ 1 .

Using the exact sequence (7.4) again, we see that smooth push-forward for the smooth morphism
C(qM ) gives the map

C(qM )∗ : CiẐ
(
σ∗iẐ

TM̂
)

B.M.
→ CiZ̃

(
σ∗iZ̃

TM̃
)

B.M.
.

The compatibility of smooth push-forward and proper pull-back in cartesian squares (see
Lemma 2.3) implies that the diagram

F̂ 1
(
p∗
F̂ 1
i∗
Ẑ
TM̂
)

B.M.

qF∗ //

i∗
φ̂

��

F̃ 1
(
p∗
F̃ 1i
∗
Z̃
TM̃
)

B.M.

i∗
φ̃

��

CiẐ
(
σ∗iẐ

TM̂
)

B.M. C(qM )∗
// CiZ̃

(
σ∗iZ̃

TM̃
)

B.M.

(C)

commutes.

Finally, it follows directly from the definitions of the various morphisms involved that the
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diagram

Cst
Ẑ

Cst(qM )
//

αi
Ẑ

��

Cst
Z̃

αi
Z̃

��

CiẐ (σ∗iẐ
TM̂ )B.M.

C(qM )∗
// CiZ̃ (σ∗iZ̃

TM̃ )B.M.

(D)

commutes. Putting together the identity (A) with the commutativity of the diagrams (B), (C)
and (D) gives the identity

siφ̃ ◦ ϑiZ ,pZ ,F̃• = Cst(qM ) ◦ siφ̂ ◦ ϑiZ ,p̂Z ,F̂• ;

composing on the left with Cst(pM ) and using the functoriality Cst(pM ) ◦ Cst(qM ) = Cst(p̂M )
completes the proof.

Proposition 7.2. Suppose that B is affine, take Z ∈ SchG/B, and let [φ] : E• → LZ/B be a

perfect obstruction theory on Z. Choose a closed immersion iZ : Z → M with M ∈ SmG/B.
Choose a Jouanolou cover pM : M̃ →M , and let pZ : Z̃ → Z be the pull-back M̃ ×M Z. Choose
a reduced normalized obstruction theory φ̃ : F̃• →

(
IZ̃/I

2
Z̃
→ i∗ΩM̃/B

)
representing p!

Z [φ]. This

gives us the isomorphisms Cst(pM ) (3.3) and ϑiZ ,pZ ,F̃• (7.1) and the map sφ̃ (7.3). Composing
these morphisms gives

ΦE•,[φ] := Cst(pM ) ◦ sφ̃ ◦ ϑiZ ,pZ ,F̃• : Z(V(E•))B.M. → Cst
Z .

Then the morphism ΦE•,[φ] depends only on the perfect obstruction theory (E•, [φ]); that is, it is
independent of the choice of closed immersion iZ , the choice of Jouanolou cover pM , the choice
of induced obstruction theory p!

Z [φ] and the choice of reduced normalized obstruction theory φ̃
representing p!

Z [φ].

Moreover, we have the identity

ϑ∗
iZ ,pZ ,F̃•

([
Z̃, φ̃, iZ̃

]vir)
= [Cst] ◦ ΦE•,[φ] .

Relying on Proposition 7.2, we may make the following definition.

Definition 7.3. Suppose that B is affine, take Z ∈ SchG/B, and let [φ] : E• → LZ/B be a

perfect obstruction theory on Z. We have the fundamental class [Cst] ∈ S0,0
B (Cst). Define the

virtual fundamental class

[Z, [φ]]vir ∈ SB.M.
B (Z,V(E•))

by

[Z, [φ]]vir =
[
Cst
]
◦ ΦE•,[φ] .

If we have a motivic ring spectrum E in SHG(B) with unit εE : SB → E , we define

[Z, [φ]]vir
E := εE

(
[Z, [φ]]vir

)
∈ EB.M.(Z,V(E•)) .

Remark 7.4. It follows from the last assertion in Proposition 7.2 that given a closed immersion
iZ : Z → M with M ∈ SmG/B, a Jouanolou cover M̃ → M inducing the Jouanolou cover
pZ : Z̃ → Z and a reduced normalized representative φ̃ : F̃• → LZ̃/B for p!

Z [φ], we have

[Z, [φ]]vir = ϑ∗
iZ ,pZ ,F̃•

([
Z̃, φ̃, iZ̃

]vir)
.
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Proof of Proposition 7.2. Suppose that we have fixed a closed immersion iZ : Z → M and a
Jouanolou cover M̃ → M . By Lemma 6.6, there exists an induced obstruction theory p!

Z [φ]
on Z̃, which is unique up to canonical isomorphism.

Suppose that we have two reduced normalized obstruction theories
(
F̃•, φ

)
and

(
F̃ ′•, φ

′) rep-

resenting p!
Z [φ]. By Lemma 6.3, there is an isomorphism ρ• : F̃• → F̃ ′• of perfect obstruction

theories. In particular, the map ρ1 : F ′1 → F 1 satisfies ρ1 ◦ iφ′ = iφ. This gives us the commuta-
tive diagram

Z(V(E•)B.M.

ϑiZ,pZ,F̃• //

ϑiZ,pZ,F̃
′•
��

Z̃
(
i∗
Z̃
TM̃ − F̃

1
)

B.M.

siφ

��

Z̃
(
i∗
Z̃
TM̃ − F̃

′1)
B.M. siφ′

//

γ(ρ1)

66

Cst
Z ,

where γ(ρ1) is the isomorphism induced by ρ1. This yields the independence of ΦE•,[φ] of the

choice of reduced normalized obstruction theory representing p!
Z [φ].

To show the independence of the choice of Jouanolou cover pM : M̃ →M over a fixed closed
immersion i : Z → M , we may assume that we are comparing one cover pM : M̃ → M with
a second cover p̂M : M̂ →M which factors as

M̂
qM−−→ M̃

pM−−→M

with qM : M̂ → M̃ a vector bundle over M̃ . The independence here follows from Lemma 7.1 and
what we have already shown.

Finally, suppose that we have a smooth morphism q : N →M and a closed immersion i′Z : Z →
N with q ◦ i′Z = iZ . By what we have already shown, we may suppose that M is affine; if we take
a Jouanolou cover Ñ → N , then as Z is affine, the cover admits a section over Z, so we may
replace N with Ñ , change notation and assume that N is also affine. With what we have already
proven, we may choose a reduced normalized representative φ : F• →

(
Ii(Z)/I2

i(Z) → i∗ZΩM/B

)
for [φ].

We have the commutative diagram with exact rows

0 // q∗Z
(
Ii(Z)/I2

i(Z)

)
//

d

��

Ii′(Z)/I2
i′(Z)

//

d

��

i′∗ΩN/M
// 0

0 // i′∗q∗ΩM/B
// i′∗ΩN/B

// i′∗ΩN/M
// 0 .

Choosing a splitting ρ : i′∗ΩN/M → Ii′(Z)/I2
i′(Z) gives us the splitting σ := d ◦ ρ : i′∗ΩN/M →

i′∗ΩN/B. This gives the reduced normalized representative for [φ] (with respect to i′Z)

F ′• :=
(
F1 ⊕ i′∗ΩN/M

q∗dF⊕σ−−−−−→ i′∗ΩN/B

) (q∗φ1+ρ,Id)−−−−−−−→
(
Ii′(Z)/I2

i′(Z)
d−→ i′∗ΩN/B

)
.

We have the cartesian diagram

Ci′Z

C(q)

��

iφ′
// F 1 ⊕ i′∗TN/M

p1

��

CiZ iφ
// F 1
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identifying Ci′Z with the bundle σ∗i′TN/M = CiZ ×Z i′∗TN/M over CiZ and iφ′ with iφ × Id.

We have the isomorphism (Lemma 3.1)

ψq := ψi′Z ,iZ : Ci′Z

(
σ∗i′Z

TN
)

B.M.
→ CiZ

(
σ∗iZTM

)
B.M.

.

By Theorem 3.2, the diagram

Cst
Z

αi
∼

//

αi′ o
��

CiZ
(
σ∗iZTM

)
B.M.

Ci′Z

(
σ∗i′Z

TN
)

B.M.

ψq

66

(7.5)

commutes.

We have the isomorphism θq

Σ
σ∗
i′
Z
TN ∼= Σ

σ∗
i′
Z
TN/M ◦ Σ

σ∗
i′
Z
q∗TM

induced by the exact sequence

0→ TN/M → TN → q∗TM → 0 (7.6)

and the isomorphism nat

Σ
σ∗
i′
Z
q∗TM ◦ C(q)∗ = Σ

C(q)∗σ∗iZ
TM ◦ C(q)∗ ∼= C(q)∗ ◦ Σ

σ∗iZ
TM ,

giving the composition

πCi′
Z

! ◦ Σ
σ∗
i′
Z
TN ◦ C(q)∗

θq−→ πCi′
Z

! ◦ Σ
σ∗
i′
Z
TN/M ◦ Σ

σ∗
i′
Z
q∗TM ◦ C(q)∗

nat−−→ πCi′
Z

! ◦ Σ
σ∗
i′
Z
TN/M ◦ C(q)∗ ◦ Σ

σ∗iZ
TM C(q)∗−−−→ πCiZ !Σ

σ∗iZ
TM .

Let Θq := nat ◦ θq. By the definition of ψq, we have ψq = (C(q)∗ ◦Θq)
(
1CiZ

)
.

We have the isomorphism

θ′q : Σ−F
′1 ◦ Σi′∗TN ∼−→ Σ−F

1 ◦ Σi∗TM

induced by the exact sequence (7.6) and the identity F ′1 ∼= F 1 ⊕ i′∗TN/M . Let p1 : F ′1 → F 1 be
the projection.

Consider the diagram

πZ! ◦ Σ−F
′1 ◦ Σi′∗TN

θ′q
∼

//

0F ′1!

��

πZ! ◦ Σ−F
1 ◦ Σi∗TM

0F1!

��

πF ′1! ◦ Σp∗
F ′1

i′∗Z TN ◦ p∗F ′1

∼
Θq

&&

πF 1! ◦ Σp∗
F1 i
∗
ZTM ◦ p∗F 1

πF ′1! ◦ Σp∗
F ′1

i′∗Z TN/M ◦ p∗1 ◦ Σp∗
F1 i
∗
ZTM ◦ p∗F 1 .

p1∗
∼

88

(7.7)

As in the proof of Remark 2.6, one shows that this diagram commutes by using the func-
toriality of smooth push-forward, replacing 0F 1! and 0F ′1! with their respective inverses pF 1∗
and pF ′1∗.
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The commutativity of the left-hand side of the diagram

πF ′1! ◦ Σp∗
F ′1

i′∗Z TN ◦ p∗F ′1

∼
Θq

''

i∗
φ′

��

πF 1! ◦ Σp∗
F1 i
∗
ZTM ◦ p∗F 1

i∗φ

��

πF ′1! ◦ Σp∗
F ′1

i′∗Z TN/M ◦ p∗1 ◦ Σp∗
F1 i
∗
ZTM ◦ p∗F 1

∼
p1∗

77

i∗
φ′

��

πCi′
Z

! ◦ Σ
σ∗
i′
Z
TN ◦ p∗i′Z

Θq

∼
&&

πCiZ ! ◦ Σ
σ∗iZ

TM ◦ p∗iZ

πCiZ ! ◦ Σ
σ∗
i′
Z
TN/M ◦ C(q)∗ ◦ Σ

σ∗
i′
Z
TM ◦ p∗i′Z

∼
C(q)∗

88

(7.8)

follows from the naturality of Σ(−) : Dperf
G,iso(?) → Aut

(
SHG(?)

)
and that of the right-hand side

from the commutativity of smooth push-forward with proper pull-back, Lemma 2.3.

Putting these two diagrams together and evaluating at 1Z gives us the commutative diagram

Z
(
i′∗TN − F ′1

)
B.M.

θ′q(1Z)

∼
//

i∗
φ′◦0F ′1!

��

Z
(
i∗TM − F 1

)
B.M.

i∗φ◦0F1!

��

Ci′Z

(
σ∗i′Z

TN
)

B.M.

∼
ψq

// CiZ
(
σ∗iZTM

)
B.M.

.

(7.9)

The functoriality of Σ(−) : Dperf
G,iso(Z) → Aut

(
SHG(Z)

)
gives us the commutative diagram of

isomorphisms

Z(V(E•)B.M.

ϑiZ,IdM,F•

xx

ϑi′
Z
,IdN,F

′•

%%

Z
(
i′∗TN − F ′1

)
B.M.

∼
θ′q(1Z)

// Z
(
i∗TM − F 1

)
B.M.

.

(7.10)

Putting the diagrams (7.5), (7.9) and (7.10) together, we see that the definition of sφ and sφ′

gives the identity

αiZ ◦ sφ′ ◦ ϑi′Z ,IdN ,F ′• = ψq ◦ αi′Z ◦ sφ′ ◦ ϑi′Z ,IdN ,F ′• = αiZ ◦ sφ ◦ ϑiZ ,IdM ,F•
or

sφ′ ◦ ϑi′Z ,IdN ,F ′• = sφ ◦ ϑiZ ,IdM ,F• .
As we are taking the trivial Jouanoulou covers, we have pM = IdM , pN = IdN , completing the
proof.

We conclude with a result on the compatibility of the fundamental class and virtual funda-
mental class with respect to base change.
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Proposition 7.5. Let πZ : Z → B be in SchG/B, let f : B′ → B be a morphism in Sch/B, and
let πZ′ : Z

′ = Z ×B B′ → B′ be the pull-back. Suppose that the cartesian square

Z ′

��

p1
// Z

��

B′ // B

is Tor-independent: ToriOB (OB′ ,OZ) = 0 for i > 0.

(1) Suppose that we have a closed immersion i : Z → M in SchG/B with M in SmG/B, let
M ′ = M ×B B′, and let iZ′ : Z

′ → M ′ be the induced closed immersion. Then we have
natural isomorphisms CiZ′

∼= CiZ ×B B′ and Def(iZ′) ∼= Def(i)×B B′ over M ′ × A1.

(2) The isomorphism CiZ′
∼= CiZ ×B B′ of assertion (1) induces an isomorphism Cst

Z′
∼= f∗Cst

Z

sending the fundamental class
[
Cst
Z′
]
∈ S0,0

B′
(
Cst
Z′
)

to f∗
[
Cst
Z

]
.

(3) Let [φ] : E• → LZ/B be a perfect obstruction theory on Z. Then the map [φ′] : p∗1E• → LZ′/B′
defined as the composition

p∗1E•
p∗1[φ]
−−−→ p∗1LZ/B

can−−→ LZ′/B′

is a perfect obstruction theory on Z ′, we have a canonical isomorphism f∗(Z(V(E•))B.M.) ∼=
Z ′(V(p∗1E•))B.M., and, via this isomorphism, we have p∗1

(
[Z, [φ]]vir

)
= [Z ′[φ′]]vir.

Proof. The Tor-independence implies that p∗1LZ/B ∼= LZ′/B′ and that p∗1[φ] : p∗1E• → LZ′/B′ is
a perfect obstruction theory on Z ′.

Let pM : M ′ := M ×B B′ → M be the projection; the Tor-independence implies that the
canonical map p∗MIZ → IZ′ is an isomorphism. This readily implies assertion (1) and gives us
the isomorphism of the diagram

CiZ′
//

��

Def(iZ′)

��

M ′ ×
(
A1 \ {0}

)
oo

Z ′ //M ′ × A1 M ′ ×
(
A1 \ {0}

)
oo

with 
CiZ

//

��

Def(iZ)

��

M ×
(
A1 \ {0}

)
oo

Z //M × A1 M ×
(
A1 \ {0}

)
oo


×B B′ .

Assertion (2) follows from this, the naturality of Σ− : V(?)→ SHG(?) and the localization distin-
guished triangle with respect to f∗, and the base-change isomorphism Ex(∆∗! ). This also gives
us the isomorphism f∗(Z(V(E•))B.M.

∼= Z ′(V(p∗1E•))B.M.. By the definition of the virtual fun-
damental class, assertion (3) follows from assertions (1) and (2) together with the compatibility
of proper pull-back, smooth push-forward and Gysin push-forward with base change by f∗; see
Remark 2.4.
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8. Comparisons and examples

We relate our constructions to the constructions of [BF97] in the case of motivic cohomol-
ogy/Chow groups or, more generally, the case of an oriented theory, for example, K-theory or
algebraic cobordism. For simplicity, we take G = {Id}, and we remind the reader that we are
assuming that B is affine.

8.1 Oriented theories

Let E be an oriented commutative ring spectrum in SH(B). For Z ∈ SchG/B and v ∈ Dperf
G (Z)

of virtual rank r, we have the Thom isomorphism

ϑv : Σvπ!
ZE ∼= Σ2r,rπ!

ZE

giving the isomorphism on E-Borel–Moore homology

ϑ∗v : EB.M.
a,b (Z, v) ∼−→ EB.M.

2r+a,r+b(Z) .

If pZ : Z → B is smooth of relative dimension dZ , the purity isomorphism pZ# ◦ Σ−TZ ∼= pZ!

gives the purity isomorphism

EB.M.
a,b (Z, v) ∼=

(
ΣTX−vE

)−a,−b
(Z) ∼= E2dZ−2r−a,dZ−r−b(Z) .

For i : Z → M a closed immersion in SchG/B, in a smooth dimension dM B-scheme M , we
thus have

Ea,b
(
Cst
Z

) (α−1
i )∗

∼
// Ea,b

(
Ci(σ

∗
i TM )B.M.

) ∼= EB.M.
2dM−a,dM−b(Ci) .

As Ci has pure dimension dC = dM over B, the fundamental class
[
Cst
Z

]
E is thus an element

of E0,0
(
Cst
Z

) ∼= EB.M.
2dC,dC

(Ci), and the virtual fundamental class [Z, [φ]]vir
E associated to a perfect

obstruction theory (E•, [φ]) of virtual rank r lives in EB.M.(Z,V(E•)) ∼= EB.M.
2r,r (Z).

8.2 Fundamental classes

Let E be an oriented theory. Suppose that we have an integral B-scheme D and a principal
effective Cartier divisor C on D such that D \ C is smooth over B. Suppose that D has pure
dimension dC + 1 over B, so C has pure dimension dC over B. Let t ∈ Γ(D,OD) be a generator
for IC. The map t : D \ C→ Gm determines an element

[t] ∈ E1,1(D \ C) ∼= EB.M.
2dC+1,dC

(D \ C) .

We have the localization sequence

· · · → EB.M.
2dC+1,dC

(D \ C)
∂−→ EB.M.

2dC,dC
(C)

iC∗−−→ EB.M.
2dC,dC

(D)→ · · · ,

and we have the fundamental class [C]E ∈ EB.M.
2dC,dC

(C) defined by [C]E := ∂[t]. This class is inde-
pendent of the choice of defining equation t. If D = Def(i) for our closed immersion i : Z → M

and t : Def(i)→ A1 is the structure morphism Def(i)
p−→M ×A1 p2−→ A1, we have C = Ci and [C]

agrees with the fundamental class [Cst
Z ]E ∈ E0,0

(
Cst
Z

)
(see Section 4) after identifying EB.M.

2dC,dC
(C)

with E0,0
(
Cst
Z

)
as above. The construction of the fundamental class of Ci by this method in the

case of algebraic cobordism was described to us by Parker Lowrey and appears in his paper with
Timo Schürg [LS16].

Example 8.1. Take B = Spec k and Z ∈ Sch/B. For E = HZ, the ring spectrum represent-
ing motivic cohomology, HZB.M.

2d,d (Z) is the classical Chow group CHd(Z). For E = KGL, the
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ring spectrum representing Quillen K-theory, KGLB.M.
2d,d (Z) is G0(Z), the Grothendieck group of

coherent sheaves on Z. For k a field of characteristic 0 and E = MGL, the ring spectrum rep-
resenting Voevodsky’s algebraic cobordism [Voe98], MGLB.M.

2d,d is Ωd(Z), the algebraic cobordism
of [LM07].

For E = HZ, the fundamental class [C]HZ ∈ EB.M.
2dC,dC

(C) is the cycle class of the scheme C.
For E = KGL, the fundamental class [C]KGL is the class in G0(C) of the structure sheaf OC. For
E = MGL, the fundamental class [C]MGL is the class of the pseudo-divisor div[t] on D, applied
to any resolution of singularities f : D̃ → D; that is, [C]MGL = f∗

(
divD̃(f∗t)

)
.

8.3 Push-forward and intersection with the 0-section

Let p : Y → X be a projective map in Sch/B, and let E be an oriented theory. We have the
push-forward map p∗ : EB.M.

a,b (Y ) → EB.M.
a,b (X). Given a rank r vector bundle f : V → Z with a

section s : Z → V , we have the maps

f∗ : EB.M.
a,b (Z)→ EB.M.

a,b (V, TV/Z) ∼= EB.M.
a+2r,b+r(V ) ,

s! : EB.M.
a+2r,b+r(V ) ∼= EB.M.

a,b (V, TV/Z)→ EB.M.
a,b (Z)

with s! = (f∗)−1, by Lemma 2.2, the map f∗ is the usual pull-back for the smooth morphism f ,
and s! is the classical “intersection with the 0-section” defined as the inverse of f∗.

Remark 8.2. Suppose that we have a closed immersion i : Z ↪→M with M smooth of dimension
dM over B. The intrinsic normal cone CZ as defined by Behrend–Fantechi [BF97] is the quotient
stack [Ci/i

∗TM/B]. They also define the normal sheaf Ni := SpecOZSym∗IZ/I2
Z ; the surjection

Sym∗IZ/I2
Z → ⊕nInZ/I

n+1
Z defines the closed immersion Ci ↪→ Ni. This induces the closed

immersion of quotient stacks CZ ↪→ NZ := [Ni/i∗TM/B].

Suppose that we have a perfect obstruction theory [φ] of virtual rank r on i : Z ↪→ M , with

global resolution (F1 → F0)
φ•−→
(
IZ/I2

Z → i∗ΩM/B

)
. We may assume that (F•, φ) is normalized.

The assumption that φ is a perfect obstruction theory implies that φ induces closed immersions

CZ ↪→ NZ ↪→
[
F 1/F 0

]
.

Let C(F•) ⊂ N (F•) ⊂ F 1 be the pull-back of this sequence of closed immersions by the quotient
map F 1 →

[
F 1/F 0

]
.

One can describe N (F•) explicitly as follows: we have the commutative diagram

F1
dF //

φ1
��

F0

φ0
��

IZ/I2
Z d

// i∗ΩM/B .

Let F := IZ/I2
Z×i∗ΩM/B F0. The map (φ1, dF ) gives a surjection φN : F1 → F ; the scheme N (F•)

is the closed subscheme SpecOZSym∗F of F 1 = SpecOZSym∗F1.

The virtual fundamental class [Z, [φ]]vir
BF as defined by Behrend–Fantechi [BF97] is the element

of CHr(Z) given by

[Z, [φ]]vir
BF := 0!

F 1([C(F•)]) .

Suppose that we have a Jouanolou cover pM : M̃ → M , with pull-back pZ : Z̃ → Z. An
induced perfect obstruction theory p!

Z [F•]→
(
IZ̃/I

2
Z̃
→ i∗

Z̃
ΩM̃/B

)
is defined (see Lemma 6.6).
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Writing (F̃1 → F̃0) := p!
Z [F•], we have F̃1 = p∗ZF1 and F̃0 = p∗ZF0 ⊕ΩZ̃/Z . Thus, we have the

isomorphism of quotients of F̃1

F̃ := IZ̃/I
2
Z̃
×i∗

Z̃
ΩM̃/B

F̃0
∼= p∗ZF ,

which shows that N
(
F̃•
)
⊂ F̃ 1 is equal to p∗ZN (F•). Thus C

(
F̃•
)

= p∗ZC(F•) ⊂ p∗ZF
1 = F̃ 1,

which implies that

p∗Z
(
[Z, [φ]]vir

BF

)
=
[
Z̃, p!

Z [φ]
]vir

BF

in CHr+d

(
Z̃
)
, where d is the rank of ΩZ̃/Z .

Since pZ : Z̃ → Z induces an isomorphism p∗Z : CHr(Z)→ CHr+d

(
Z̃
)
, we may assume that Z

is affine for the purpose of comparing our construction of virtual fundamental classes with that
of Behrend–Fantechi.

Assuming then that Z is affine, with a closed immersion i : Z → M into a smooth affine B-
schemeM , we may take a reduced normalized representative (F1 → F0)→

(
IZ/I2

Z → i∗ΩM/B

)
of

a given rank r perfect obstruction theory [φ]; let ri be rank(Fi). In this case, we have C(F•) = Ci ⊂
F 1 and dC = r0. We have already identified our construction of the fundamental class [Ci]HZ with
the cycle class [Ci] ∈ CHr0(Ci); we have also identified the push-forward map iC∗ : CHr0(Ci) →
CHr0

(
F 1
)

and the intersection with the 0-section 0!
F 1 : CHr0

(
F 1
)
→ CHr0−r1(Z), as defined here,

with the classical ones. This gives the identity of virtual fundamental classes in CHr(Z)

[Z, [φ]]vir
BF = [Z, [φ]]vir .

Of course, the Behrend–Fantechi theory is defined for perfect obstruction theories on Deligne–
Mumford stacks, whereas the theory presented here is limited to quasi-projective B-schemes for
affine B.

8.4 Gromov–Witten invariants for oriented theories

If [φ] is a virtual rank 0 perfect obstruction theory on some Z ∈ Sch/B and E is an oriented
ring spectrum in SH(B), the virtual fundamental class lives in EB.M.

0,0 (Z) = E0,0(πZ!(1Z)). If
πZ : Z → B is proper, we have the push-forward map in E-cohomology

πZ∗ : EB.M.
a,b (Z)→ EB.M.

a,b (B) = E−a,−b(B)

induced by the map π∗Z : 1B → πZ!(1Z), giving the GW-invariant

degE
(
[Z, [φ]]vir

)
:= πZ∗

(
[Z, [φ]]vir

)
∈ E0,0(B) .

This is the classical “degree of the virtual fundamental class” in case E = HZ. For more general
theories, we may have non-zero invariants for perfect obstruction theories of non-zero ranks which
give rise to non-zero degrees

degE
(
[Z, [φ]]vir

)
:= πZ∗

(
[Z, [φ]]vir

)
∈ EB.M.

2r,r (B) = E−2r,−r(B)

for [φ] of virtual rank r.

If we have a morphism f : Z →W , one can twist [Z, [φ]]vir by classes coming from W ; if Z is
proper over B, pushing forward gives the descendant classes in EB.M.

∗,∗ (B).

8.5 Gromov–Witten invariants for SL-oriented theories

We now consider theories E which are not oriented in the sense of the previous section but are
rather SL-oriented. This means that given a perfect complex E• on some Z ∈ Sch/B of virtual
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rank r and virtual determinant detE•, there is a canonical isomorphism

λE• : ΣV(E•)−V(OrZ)π∗ZE ∼= ΣV(detE•)−V(OZ)π∗ZE .

Moreover, for L a line bundle on Z, we have a canonical isomorphism

ΣV(L⊗2)−V(OZ)π∗ZE ∼= π∗ZE .

This gives us the isomorphisms

EB.M.
a,b (Z,V(E•)) ∼= EB.M.

a+2r−2,b+r−1(Z,V(det(E•))) and EB.M.
a,b (Z) ∼= EB.M.

a−2,b−1

(
Z,L⊗2

)
.

This also implies that if β : V → V is an automorphism of a vector bundle V → Z, the
induced map

Σβ : EB.M.
a,b (Z, V )→ EB.M.

a,b (Z, V )

is given by multiplication by the automorphism 〈detβ〉 ∈ EndSH(Z)(1Z).

Suppose that we have a rank r perfect obstruction theory ([φ], E•) on some Z ∈ Sch/B, with
πZ : Z → B projective over B. The virtual fundamental class [Z, [φ]]vir lives in EB.M.(Z,V(E•)) ∼=
EB.M.

2r,r (Z,V(detE•) − V(OZ)). Given an isomorphism α : detE• → L⊗2 for some line bundle L
on Z, we have the isomorphism

λα : EB.M.
2r,r (Z,V(detE•)− V(OZ)) ∼−→ EB.M.

2r,r (Z) ,

so we may push λα([Z, [φ]vir) forward by πZ to give

degE
(
[Z, [φ]]vir, α

)
:= πZ∗

(
λα
(
[Z, [φ]]vir

))
∈ EB.M.

2r,r (B) .

Example 8.3. We take B = Spec k, k a perfect field, G = {Id} and E = H0(Sk). We have the
sheaf of graded rings on Smk given by Milnor–Witt K-theory, KMW

∗ (see [Mor12] for details).
The 0th homology H0(Sk) with respect to the homotopy t-structure on SH(k) represents the
theory of Milnor–Witt K-theory: for X ∈ Sm/k, there is a canonical isomorphism

H0(Sk)a+b,b(X) ∼= Ha
Nis

(
X,KMW

b

)
.

The homology H0(Sk) is SL-oriented, giving the canonical isomorphism

H0(Sk)B.M.
a,b (Z, v − V(OrZ)) ∼= H0(Sk)B.M.

a,b (Z,det v − V(OZ))

for v of virtual rank r on Z ∈ Sch/B. This gives the isomorphism

H0(Sk)B.M.
2n,n (Z,V(E•)) ∼= C̃Hn(Z,detE•)

for Z ∈ Sch/k and E• ∈ Dperf(Z), where C̃H∗ is the Chow–Witt theory of Barge–Morel [BM00]

and Fasel [Fas08] (also called the oriented Chow groups). For example, C̃H0(Spec k) is GW(k),
the Grothendieck–Witt ring of non-degenerate symmetric bilinear forms over k.

For i : Z ↪→M withM smooth of dimension dM over k and (φ,E•) a rank r perfect obstruction
theory, this gives us the fundamental class and virtual fundamental class

[Cst
Z ] ∈ C̃HdM (Ci, σ

∗
i ωM/k) ,

[Z, [φ]]vir ∈ H0(Sk)B.M.
2r,r (Z,V(detE•)− V(OZ)) = C̃Hr(Z,detE•) .

Thus, if we have a rank 0 perfect obstruction theory (E•, [φ]) on some Z ∈ Sch/k, with Z
projective over k, and an isomorphism α : detE•

∼−→ L⊗2 for some line bundle L on Z, we have

degH0(Sk)

(
[Z, [φ]]vir, α

)
:= πZ∗

(
λα
(
[Z, [φ]]vir

))
∈ H0(Sk)B.M.(Spec k) = KMW

0 (k) = GW(k) .
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More generally, if E• has virtual rank r, and we have a morphism f : Z →W with W ∈ Sm/k,
a line bundle L′ on W , a line bundle L on Z and an isomorphism α : detE•⊗ f∗L′ → L⊗2, then
a class

β ∈ Hr
(
W,KMW

r+s (L′)
)

= H0(Sk)2r+s,r+s
(
W,V(OW )− V(L′)

)
gives via the cap product

H0(Sk)B.M.
2r,r (Z,V(detE•)− V(OZ))×H0(Sk)2r+s,r+s(W,V(OW )− V(L′))

−∩f∗(−)−−−−−−→ H0(Sk)B.M.
−s,−s(Z,V(detE• ⊗ f∗L′)− V(OZ))

the element

λα
([
Z, [φ]vir

]
∩ f∗β

)
∈ H0(Sk)B.M.

−s,−s(Z) ,

and we can define the descendant class

degsH0(Sk)

([
Z, [φ]vir

]
∩ f∗β, α

)
:= πZ∗

(
λα
([
Z, [φ]vir

]
∩ f∗β

))
∈ H0(Sk)B.M.

−s,−s(Spec k) = H0(Sk)s,s(Spec k) = KMW
s (k) .

There is a universal SL-oriented theory, MSL, with MSLn the Thom space of the universal
bundle Ẽn → BSLn. The group MSL−2r,−r

n (k) is non-zero for all r > 2 (and for r = 0), so we
have a non-trivial target for the degree map for perfect obstruction theories of all non-negative
ranks different from 1, assuming that the associated determinant bundle is a square.

9. Generating ideals, A1-local degree and critical loci

The most elementary type of obstruction theory is one that is already normalized and reduced.
Fix a scheme B. For X → B a B-scheme, we let πX : X → B denote the structure morphism.
Let M → B be a smooth B-scheme and i : Z ↪→M a closed subscheme. This gives us the cone Ci
and the fundamental class [Ci] ∈ SB.M.

B (Ci, σ
∗
i TM ).

We suppose that we have a locally free sheaf V on M and an OZ-linear surjective map
F : V∨ ⊗ OZ → IZ/I2

Z ; if M is quasi-projective, this always exists. We let ∂φ : V∨ ⊗ OZ →
ΩM/B⊗OZ be the map d◦φ1, with d : IZ/I2

Z → ΩM/B⊗OZ induced by the canonical derivation
d : OM → ΩM/B. This gives us the perfect obstruction theory

φ = (F, Id) :
(
V∨ ⊗OZ

∂φ−→ ΩM/B ⊗OZ
)
→
(
IZ/I2

Z
d−→ ΩM/B ⊗OZ

)
on Z, which is already reduced and normalized.

The map F induces the closed immersion of Z-schemes iφ : Ci ↪→ i∗V , where V → M is the
vector bundle V(V∨). The associated virtual fundamental class is then

[Z, [φ]]vir := 0!
i∗V iφ∗([Ci]) ∈ SB.M.

B (Z, i∗TM − i∗V ) .

Since φ is determined by F , we write this as [Z,F ]vir.

A choice of an isomorphism ψ : TM
∼−→ V (if one exists) simplifies this to a virtual fundamental

class [Z,F ]vir ∈ SB.M.
B (Z). If we pass to an SL-oriented theory E and V and TM have the same

rank, then we only need an isomorphism ρ : detV ⊗ ωM/B ⊗ OZ → L⊗2 for some invertible

sheaf L on Z to reduce to [Z,F ]vir
E ∈ EB.M.(Z). For example, if V = ΩM/B, we have the identity

detV ⊗ ωM/B = ω⊗2
M/B. If M has even dimension 2m and V = ΩM/B ⊗ L for some invertible

sheaf L, then we have the canonical isomorphism detV ⊗ ωM/B
∼=
(
ωM/B ⊗ L⊗m

)⊗2
.
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Example 9.1. Let R be a commutative ring, let B = SpecR, and let Z ⊂ AnB be a closed
subscheme. Let I ⊂ R[X1, . . . , Xn] be the ideal of Z, and choose F1, . . . , Fn ∈ I that generate I/I2

as OZ-module.

We have an OZ-linear surjection F : Ω∨AnB/B
⊗OZ → I/I2 defined by sending the basis element

∂/∂Xi to the image of Fi in I/I2. Using the trivialization of TAnB/B and T∨AnB/B
by the bases

{∂/∂Xi}i and {dXi}i, we have the canonical isomorphism

Σ
i∗TAn

B
/B−i∗T∨An

B
/B ∼= Id ,

giving us the virtual fundamental class [Z,F ]vir ∈ SB.M.
B (Z) = S0,0

B (ZB.M.). Note that [Z,F ]vir

depends only on the image of the Fi modulo I2.

Definition 9.2 (A1-local degree [KW19, Definition 10]). Let B = SpecA be an affine scheme,
and let g = (g1, . . . , gn) : AnB → AnB be a polynomial map, where gi ∈ A[X1, . . . , Xn]. Suppose
that g−1(0B)red is a disjoint union, g−1(0B) = xq x′, with g|x : x→ B finite. Choose U ⊂ An an
open neighborhood of x with U ∩ g−1(0B) = x. The A1-local degree δA1(g, x) of g along x is the
element of S0,0

B (B) = EndSH(B)(SB) given by stabilizing the composition

S2n,n
B = PnB/Pn−1

B → PnB/PnB \ x
∼←− U/U \ x

g|(U,U\x)−−−−−→ PnB/PnB \ {0B}
∼←− PnB/Pn−1

B = S2n,n
B .

The map U/U \ x → PnB/PnB \ x is an isomorphism by excision, and the map PnB/P
n−1
B →

PnB/PnB \ {0B} is an isomorphism by homotopy invariance. It is easy to see that this composition
is independent of the choice of U .

Remarks 9.3. Let g : AnB → AnB and x ⊂ g−1(0B) ⊂ AnB be as in Definition 9.2.

1. Suppose that x is a disjoint union x = x1 q x2. Then

δA1(g, x) = δA1(g, x1) + δA1(g, x2) .

This follows by considering the Nisnevich cover U \ x2 q U \ x1 → U , where U ⊂ An is an open
subscheme with g−1(0B) ∩ U = x

2. Letting f : B′ → B be a morphism, we have f∗(δA1(g, x)) ∈ S0,0
B (B′), we have the pull-back

morphism g′ : AnB′ → AnB′ and x′ := f−1(x) ⊂ g′−1(0B′). Then

f∗(δA1(g, x)) = δA1(g′, x′) .

Indeed, if we take U ⊂ AnB with g−1(0B)red ∩ U = x, then letting U ′ = U ×B B′, we have
g′−1(0B′)red ∩ U ′ = x′, and the result follows by applying the base-change isomorphism Ex(∆∗#)
to the sequence of maps defining δA1(g, x) and δA1(g′, x′).

3. In case B = Spec k with k a perfect field, Morel’s theorem identifies S0,0
k (Spec k) with

GW(k), so we have δA1(g, x) ∈ GW(k).

Remark 9.4. Let K be a perfect field, f : AnK → AnK a linear automorphism and p : AnK → SpecK
the projection. Then the map f∗ : p!(1An) → p!(1An) is multiplication by the rank 1 quadratic
form 〈det f〉. Indeed, we may use a matrix representation for f . Since SLn(K) is generated
by elementary matrices, f is A1-homotopic to the map (x1, . . . , xn) 7→ (ux1, x2, . . . , xn) with
u = det f .

Via the canonical isomorphism p! = p# ◦ Σ−TAn/K , we have p!(1An) ∼= Σn
P1(1SpecK), with

the action of f going over to Σn−1
P1 (pA1!(det f)) with det f : A1

K → A1
K the multiplication map.

This reduces us to the case n = 1. In this case, via the isomorphism p!(1A1) ∼= ΣP1(1SpecK),
multiplication by u = det f goes over to the map P1 → P1 sending [x0 : x1] to [x0 : ux1]. Morel’s
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isomorphism GW(K)→ EndSH(K)(1SpecK) sends the quadratic form 〈u〉 to the stable version of
this latter map.

Lemma 9.5. Let k be a perfect field, let g : Ank → Ank be a polynomial map, g = (g1, . . . , gn), and
suppose that we have closed points x1, . . . , xr of Ank which are all isolated points of g−1(0).
Let Z = {x1, . . . , xr}, and suppose that the map g is étale in a neighborhood of Z. Let
πZ : Z → Spec k be the projection, giving the push-forward map πZ∗ : SB.M.

k (Z)→ SB.M.
k (Spec k)

= S0,0
k (Spec k). Then

πZ∗
(
[Z, g]vir

)
= δA1(g, Z) .

Proof. We use the standard basis dX1, . . . , dXn for ΩAn/k. This gives us the canonical isomor-
phisms CZ⊂An ∼= AnZ and T∨An/k⊗OZ ∼= AnZ via which the isomorphism ig : CZ⊂An → T∨An/k⊗OZ
becomes the OZ-linear map AnZ → AnZ with matrix the Jacobian matrix J (g) = (∂gi/∂Xj) re-
stricted to Z. Letting J(g) = detJ (g), it follows from Remark 9.4 and the definition of [Z, g]vir

that [Z, g]vir is the rank 1 quadratic form 〈J(g)(Z)〉 ∈ GW(Z) = S0,0
k (Z); that is, at xi ∈ Z, the

form [Z, g]vir takes the values 〈J(g)(xi)〉 ∈ GW(k(xi)〉 = S0,0
k (xi).

Since Z → Spec k is étale, we have ZB.M. = Z, and the map πZ∗ : S0,0
k (Z) → S0,0

k (Spec k) is
identified with the trace map

Trk[Z]/k =
∑
i

Trk(xi)/k :
r∏
i=1

GW(k(xi))→ GW(k)

(see [Hoy14, Lemma 5.3]). By [KW19, Proposition 14], we have δA1(g, Z) = Trk[Z]/k〈J(g)(Z)〉,
thus πZ∗

(
[Z, g]vir

)
= δA1(g, Z), as claimed.

We can remove the condition that g is étale along Z by a deformation argument, taken
from [KW19].

Proposition 9.6. Let k be perfect field of characteristic different from 2. Let g = (g1, . . . , gn) :
Ank → Ank be a polynomial map. Suppose that g−1(0) is a disjoint union Z q Z ′ of closed

subschemes with Z of pure dimension 0, and write Zred = z. Then πZ∗
(
[Z, g]vir

)
∈ S0,0

k (k) =
GW(k) is the A1-local degree δA1(g, z).

Proof. Since the map GW(k)→ GW(k′) is injective for k ⊂ k′ a field extension that is the union
over a tower of finite extensions k ⊂ kα of odd degree, we may assume that k is an infinite field.

Let m ⊂ k[X1, . . . , Xr] be the ideal of z. Then Z is a complete intersection component of
the subscheme of Ank defined by (g1, . . . , gn). Moreover, the cone CZ⊂An , the fundamental class
[CZ⊂An ] and the map φg are unchanged if we replace the gi with polynomials g′i ∈ k[X1, . . . , Xn]
such that g′i − gi ∈ mb for b � 0. By [KW19, Lemma 15(3)], the same holds for the A1-local
degree δA1(g, z).

Adding to each gi a suitably general hi ∈ (X1, . . . , Xn)b for sufficiently high b, we may assume
that the gi all have the same degree d and that the map g extends to a morphism ḡ : Pnk → Pnk
satisfying

(1) ḡ is finite, flat and of degree prime to the characteristic of k;

(2) ḡ is étale at each point of F−1(0) \ Z; (9.1)

(3) ḡ−1
(
An
)
⊂ An.
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This is proven in [KW19, Lemmas 19–21, Proposition 22] under the assumption that Z is sup-
ported at 0, but the same proof works in the more general case. We construct a morphism
G : PnA1 → PnA1 over A1 satisfying condition (1) of (9.1), and in addition

(2′) there is an open subset V ⊂ A1 containing 1 such that G is étale over a neighborhood of
G−1(0× V );

(3′) G−1
(
An × A1

)
⊂ An × A1;

(4′) letting Gλ : Pnk → Pnk be the pull-back of G over λ ∈ A1(k), we have G0 = ḡ.

Indeed, since ḡ is finite and of degree prime to the characteristic, ḡ is étale over a dense open
subset U ⊂ Pnk . Since k is infinite, there is a k-point u ∈ U , and thus ḡ is étale over a neighborhood
of ḡ−1(u). Let φ : A1 → AutPnk be the morphism sending t to translation by tu (in the Euclidean
subgroup of affine linear automorphisms of An, embedded as a subgroup of Aut(Pn) in the usual
way), and define G by G(x, t) = φ(−t)(ḡ(x)).

Let Z ⊂ An × A1 be the closed subscheme G−1
(
0× A1

)
. Then πZ : Z → A1 is finite and flat

with fiber over 0 a disjoint union Z qZ ′ of two closed subschemes. Moreover, Z ′ is reduced, and
the map g is étale on a neighborhood of Z ′. Let G̃ = G|An×A1 : An × A1 → An × A1, and let G̃λ
be the restriction of G̃ over λ ∈ A1(k), so G̃0 = g. Similarly, let Zλ be the fiber of Z over λ.

Replacing SH(k) with SH
(
A1
k

)
, we have the virtual fundamental class[

Z, G̃
]vir ∈ HomSH(A1

k)

(
πZ!(1Z), SA1

)
,

its push-forward πZ∗
([
Z, G̃

]vir) ∈ EndSH(A1
k)

(
SA1

)
and the A1-local degree of G̃, δA1

(
G̃, Zred

)
∈

EndSH(A1
k)

(
SA1

)
. Since Z is flat over A1, we have for each λ ∈ A1(k), with inclusion iλ : Spec k →

A1, the identity

i∗λ
(
πZ∗
([
Z, G̃

]vir))
= πZλ∗

([
Z, G̃vir

λ

])
(see Proposition 7.5). Similarly,

i∗λ
(
δA1

(
G̃, Zred

))
= δA1

(
G̃λ, Zλred

)
.

On the other hand, for p : A1
k → Spec k the projection, we have

EndSH(A1
k)

(
SA1

)
= HomSH(A1)

(
1A1 , p∗(1k)

)
= HomSH(k)

(
p#1A1 , 1k

)
= S0,0

k

(
A1
k

)
,

so by homotopy invariance and Remark 9.3, we have

πZ1∗
(
[Z, G̃1]vir

)
= πZ0∗

(
[Z, G̃0]vir

)
= πZ∗

(
[Z, g]vir

)
+ πZ′∗

(
[Z ′, g]vir

)
,

δA1

(
G̃1, Z1red

)
= δA

1(G̃0, Z0red

)
= δA1(g0, Zred) + δA1(g, Z ′) .

By Lemma 9.5, we have

πZ1∗
(
[Z, G̃1]vir

)
= δA1(Z1, G̃1) and πZ′∗

(
[Z ′, g]vir

)
= δA1(g, Z ′) ,

so πZ∗
(
[Z, g]vir

)
= δA1(g, Zred).

Remark 9.7. Proposition 9.6 deals with the trivial case of a virtual fundamental class, namely,
the case of a local complete intersection. In the classical case with values in the Chow groups,
the virtual fundamental class is just the cycle class of the local complete intersection, in other
words, the result given by classical intersection theory. The refined version of this trivial case
is still interesting, as it points out how the classical intersection multiplicity is replaced by the
A1-local degree.
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As an example of the above construction, we have the virtual fundamental class of the critical
locus of a function f : M → A1 with M a smooth k-scheme. The critical locus Z of f is simply
the 0-subscheme of the section df of ΩM/k.

Taking the Hessian matrix of f gives the globally defined morphism of sheaves

H : OZ → Hom
(
Ω∨M/k ⊗OZ ,ΩM/k ⊗OZ

)
.

In a coordinate neighborhood with coordinates x1, . . . , xn, the map H(1) sends ∂/∂xi ⊗ f to∑
j dxj ⊗ ∂2f/∂xi∂xj . We have as well the commutative diagram of sheaves on Z

Ω∨M/k ⊗OZ
H //

evdf

��

ΩM/k ⊗OZ

IZ/I2
Z d

// ΩM/k ⊗OZ ,

where evdf is the map evaluating a vector field on df , giving us a perfect obstruction theory on Z.

Clearly
[
Ω∨M/k⊗OZ

H−→ ΩM/k⊗OZ
]

has virtual rank 0 and virtual determinant ω⊗2
M/k. Thus,

this perfect obstruction theory gives us a virtual fundamental class

[Z, ∂f ]vir ∈ EB.M.
0,0 (Z)

for any cohomology theory E ∈ SH(k). If, in addition, Z is projective over k, and E is SL-oriented,
then we have the push-forward map, giving

degE
(
[Z, ∂f ]vir

)
:= πZ∗

(
[Z, ∂f ]vir

)
∈ E0,0(Spec k) .

For instance, we may take E to be hermitian K-theory or Chow–Witt theory; we then have
degE

(
[Z, ∂f ]vir

)
∈ GW(k) with rank the degree of the usual virtual fundamental class.

One can generalize this construction slightly. Assuming that the critical subscheme of f is
a disjoint union of components, Z q Z ′, we can restrict the whole construction to Z, giving the
virtual fundamental class [Z, ∂f ]vir ∈ EB.M.

0,0 (Z).

As a direct consequence of Proposition 9.6 we have the following description of the virtual
fundamental class of a zero-dimensional component of the critical locus.

Corollary 9.8. Let f : An → A1 be a function, and suppose that the critical subscheme of f is
a disjoint of closed subschemes ZqZ ′ with Z of pure dimension 0. We have the polynomial map

∂f = (∂f/∂X1, . . . , ∂f/∂Xn) : An → An .

Then πZ∗
(
[Z, ∂f ]vir

)
= δA1(∂f, Zred) in GW(k).
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