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The intrinsic stable normal cone

Marc Levine

ABSTRACT

We construct an analog of the intrinsic normal cone of Behrend—Fantechi in the setting
of motivic stable homotopy theory. A perfect obstruction theory gives rise to a virtual
fundamental class in £-cohomology for any motivic cohomology theory &£; this includes
the oriented Chow groups of Barge-Morel and Fasel.

1. Introduction

The various versions of modern enumerative geometry, including Gromov—Witten theory and
Donaldson—Thomas theory, are based on two important constructions due to Behrend and Fan-
techi [BF97]. The first is the construction of the intrinsic normal cone € of a Deligne-Mumford
(DM) stack Z over some base scheme B. The second, based on the first, is the virtual fundamen-
tal class [Z, [¢]]''' € CH,(Z) associated to a perfect obstruction theory [¢]: Es — Lz on Z,
with r the virtual rank of E,. In case r = 0 and Z is proper over a field k, one has the numerical
invariant deg,[Z, [¢]]V""; more generally, one can cut down [Z, [#]]'"" to dimension 0 by taking
so-called descendants and then taking the degree of the resulting O-cycle.

A perfect obstruction theory on Z is given by a map [¢]: Fe — Lz/p in DPef(Z) such that
E, is locally represented on Z by a two-term complex F; — Fp in degrees 0, 1 (we use the
homological notation) and such that the map [¢] induces an isomorphism on the sheaf ho and a
surjection on hj.

In case [¢] admits a global resolution (F1 — Fy) — Lyz/p, the virtual fundamental class is
defined by embedding €z in the quotient stack [Fl/FO] (FZ = V(E)), pulling back €z via the
quotient map F! — [Fl / FO], which gives the subcone €(F,) C F!, and then intersecting with
the 0-section:

[Z,[9]]" = O ([E(EL)]) -
Here F* — Z is the vector bundle dual to F; and [€(F,)] is the fundamental class of the closed
subscheme €(F,) of F!. If one wishes to extend this type of construction to more general co-
homology theories, there may be a problem in even defining the fundamental class [€(F,)]. For
instance, in algebraic cobordism €, fundamental classes of arbitrary schemes do not exist [Lev03,

§3].
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THE INTRINSIC STABLE NORMAL CONE

The main point of this paper is to reinterpret the constructions of the intrinsic normal cone, its
fundamental class and the virtual fundamental class associated to a perfect obstruction theory
in the setting of motivic homotopy theory. Rather than taking a DM or Artin stack as our
basic object, we work in the G-equivariant setting, following the current state of the art in
motivic stable homotopy theory, for which unfortunately a suitable theory for stacks is not yet
available. We will assume that G is tame in the sense of [Hoy17]; this includes the case of a split
torus, a finite étale group scheme of order prime to all residue characteristics or a reductive
group scheme in characteristic 0. For the full theory, we will also need to assume that the base
scheme B is affine and the G-scheme Z carrying the perfect obstruction theory is G-quasi-
projective over B.

In spite of these restrictions, we gain a great deal of generality. We construct an “intrinsic
stable normal cone” € for each G-quasi-projective B-scheme Z, with €% defined as an object in
the equivariant motivic stable homotopy category SHY(B) (see Theorem 3.2 and Definition 3.3).
The cone €5 carries a fundamental class [€5] in co-homotopy S%O (€%) (Definition 4.3). More-
over, for a perfect obstruction theory [¢]: Ee — LLz/p on Z, we use [@szt] to construct a virtual
fundamental class in twisted Borel-Moore homology (see Definition 2.5)

(2, 10" € SEM (2, V(L))
As we are not relying on a theory in the setting of stacks, the construction (Definition 7.3) relies
on a number of choices; Proposition 7.2 provides the crucial independence of these choices.
If £ € SHY(B) is a motivic ring spectrum (that is, a monoid object in SHY(B)) with unit
map eg: Sp — &, applying eg to [€] or [Z, [¢]])" gives us elements
e8], € £°0(e)
(2, [6])" € £5Y(2,V(EL)).

For simplicity, we consider the case G = {Id}. If we take & = HZ, the spectrum representing
motivic cohomology, then, suitably interpreted, these classes reduce to the classes defined by
Behrend—Fantechi. More generally, if £ is orientable, then

EPM(Z,V(E,)) = 50 (2)

2r,r

with 7 the virtual rank of E,. We can thus identify £%0(¢%) and E8-M-(Z, V(E,)) as Borel-Moore
E-homology, giving classes

[€Fe € Exivran, (€

(2, [9]]E" € €537 (2) -
Here €; is the normal cone of Z for a given closed immersion i: Z — M with M smooth over B,
dps is the dimension of M over B (which is the same as the dimension of €; over B) and r
is the virtual rank of F,. Besides motivic cohomology, this includes such oriented theories as
(homotopy invariant) algebraic K-theory or algebraic cobordism.

If we work with theories £ that are not oriented, the identification of the group carrying the
virtual fundamental class becomes more complicated. However, there is an interesting class of
theories, the SL-oriented theories, which admit a Thom isomorphism for bundles with a trivial
determinant. One such theory is cohomology in the sheaf of Milnor—Witt K-groups (see [Mor12]).

The part of this theory corresponding to the Chow groups gives the Barge-Morel theory of
oriented Chow groups (or Chow—Witt groups)

CH'(X) := H"(X,KMW),
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M. LEVINE

a formula reminiscent of Bloch’s formula relating the classical Chow groups with Milnor K-theory.
There are also twisted versions of the oriented Chow groups,

CH'(X; L) == H"(X, KMV (L))

for a line bundle L on X. These formulas for the oriented Chow groups are only valid for
smooth X, but one has a straightforward extension to the general case using Borel-Moore ho-
mology. The general theory gives us classes

[Qszt]lcyw S 6\ﬁdM (sz'; i*wl\_/ll/B) ,
Z, [¢H£l§4w € Eﬁr(z; det F,) .

In this setting, the push-forward maps on the oriented Chow groups are restricted to oriented
proper morphisms. This still allows one to achieve a refinement of the usual Gromov—Witten
type invariants in case the given perfect deformation theory E, not only has virtual rank 0 but
also has trivial virtual determinant bundle modulo squares. In this case, we have

deg([Z. [6]}{w) € GW(R).

where GW (k) is the Grothendieck—Witt group of the base field k; applying the rank homomor-
phism GW (k) — Z recovers the classical degree. We hope that this approach will prove useful, for
example, in studying the enumerative geometry of real varieties, where one takes the signature
rather than the rank to obtain the relevant invariant.

Our approach is essentially formal: our construction uses three ingredients beyond some
elementary geometry of normal cones.

1. We have the existence of Grothendieck’s six operations for the equivariant motivic stable
homotopy category SHY(—): (SchG /B) P 5 Tr. Here Tr is the 2-category of triangulated
categories. In particular, for each G-vector bundle V' — X, we have the autoequivalence
V' SHY(X) — SHE(X).

2. For X € Sch® /B, we have the path groupoid VO(X ) of the G-equivariant K-theory space
of X. We need the existence of a natural transformation ©7: V%(—) — Aut(SHG(—))
extending the map V +— XV such that the exceptional push-forward and pull-back for
a smooth morphism f: X — Y is given by f' = X7x/v o f* f = fao Y~ Tx/v | where fu is
the left adjoint to f*.

3. We have Al-homotopy invariance: for p: V' — Z an affine space bundle, the co-unit of
adjunction pip' — IdSHG( 2) is an isomorphism.

Presumably other contravariant functors Sch® /B — Tr have these three properties.

A construction of the fundamental class of the normal cone €z-,s in algebraic cobordism
was communicated to us by Parker Lowrey some years ago. Our construction of the fundamental
class may be viewed as a generalization of this method; see Example 8.1 for further details.
Déglise, Jin and Khan [DJK21] have generalized aspects of the work of Lowrey—Schiirg [LS16],
constructing fundamental classes of quasi-smooth derived schemes in a motivic stable homotopy
category of derived schemes; we expect that there is a suitable dictionary translating between
some of their constructions and some of the ones given here. For instance, Khan [Khal9b] has
constructed a virtual fundamental class associated to a quasi-smooth morphism f: X — Y of
derived higher stacks. Due to his use of (higher) stacks, Khan’s construction takes place in the
framework of the motivic stable homotopy category for the étale topology, which places the
virtual fundamental class in a Borel-Moore homology for a theory that satisfies étale descent
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THE INTRINSIC STABLE NORMAL CONE

and thus is not applicable for getting invariants in more general theories such as those closely
related to the Grothendieck-Witt ring.'

It seems one can restrict Khan’s construction to the setting of derived schemes, for which
one does have a good theory comparable to that of SH(B) for B a scheme; in fact, a central
result of Khan [Khal9a] states that for X the underlying classical scheme of a (connective)
derived scheme X, the restriction map SH(X) — SH(X) is an equivalence. A quasi-smooth
map of derived schemes f: X — ) does give rise to a (relative) perfect obstruction theory on
the underlying classical scheme of X', and we expect that Khan’s classes agree with the ones
constructed here. However, Schiirg [Sch13] has found obstructions for a given perfect obstruction
theory to arise this way, so the approach using derived schemes may not always be applicable.
These issues of relating the derived theory with the one presented here are being investigated by
D’Angelo [D’An20].

In Section 2, we recall the necessary background from motivic homotopy theory. We construct
the intrinsic stable normal cone in Section 3 and its fundamental class in Section 4. The construc-
tion of the virtual fundamental class in a special case (for a reduced, normalized representative
of a perfect obstruction theory) is given in Section 5, where the formula is completely analogous
to the one of Behrend—Fantechi.

In Section 6, we show how a Jouanolou cover pz: Z — Z and a perfect obstruction theory
[¢]: Ee — LLz/p give rise to an induced perfect obstruction theory p!Z[<b]: p!ZE. —L; /B which
admits a reduced, normalized representative.

The general case is handled in Section 7. Roughly speaking, one uses Jouanolou’s trick and
A'-homotopy invariance properties and the results of Section 6 to reduce the general case to the
case handled in Section 5. The main point is to show that the resulting class is independent of
the various choices made along the way.

We compare our constructions with those of Behrend—Fantechi and discuss variants in Sec-
tion 8. We conclude with some explicit computations in Section 9, looking at critical loci and

relating the virtual fundamental class of a local complete intersection to the Al-local degree
defined in [KW19].

2. Background on motivic homotopy theory

We begin by recalling some of the aspects of the six operations for the motivic stable homotopy
category. We refer the reader to [Ayo07, CD19, Jar00, MV99, Voe98] for details on the non-
equivariant case and [Hoy17] for the extension to the equivariant setting.

Fix a noetherian affine scheme U with a flat, finitely presented linearly reductive group
scheme Gy over U (see [Hoy17, Definition 2.14]).

We fix a quasi-projective U-scheme B — U (with trivial Gp-action) as base scheme and
let G = Gy xy B. A G-equivariant morphism ¢: ¥ — X of G-schemes over B is called G-
quasi-projective if there is a G-vector bundle V' — X that admits a G-equivariant locally closed
immersion i: Y — P(V) of X-schemes. We let Sch®/B be the full subcategory of G-schemes
over B with objects the G-quasi-projective B-schemes and let Sm® /B be the full subcategory of
smooth B-schemes in Sch® /B. We will usually denote the structure morphism for Z € Sch® /B

! Added in print: A recent paper by Khan and Ravi, [KR21], and the Ph.D. thesis of Chirantan Chowdhury
(2021, Duisburg-Essen) both construct theories of a motivic stable homotopy of stacks that may be suitable for
detecting such invariants as the Grothendieck—Witt ring.
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M. LEVINE

by nz: Z — B.

For X € SchG/B, we have the category QCohg’; of quasi-coherent Ox-modules with G-
action and the full subcategory Coh)G< of coherent sheaves. We call F in Coh)G( locally free if F is
locally free as an Ox-module. We let D%(X ) denote the bounded derived category of coherent
G-sheaves, D (X) the unbounded derived category of quasi-coherent G-sheaves and Dgerf(X )
the full subcategory of Dg(X) of complexes isomorphic in Dg(X) to a bounded complex of
locally free coherent sheaves. Such a complex is called a perfect complex.

We will use the homological notation for complexes: for a homological complex C,, the com-
plex 7<,C4 is the quotient complex which is (), in degree m < n, 0 in degree m > n and
Cpn/0(Cpt1) in degree n.

We will assume that U has the Gg-resolution property, namely, that each F € Cohg0 admits
a surjection & — F from a locally free £ in Cohg0 (see [Hoyl7, Definition 2.7]). This implies
that the group scheme G over B is tame in the sense of [Hoy17, Definition 2.26]. Examples of
linearly reductive Gy such that U has the Gg-resolution property include

— G finite locally free of order invertible on U,
— Gy of multiplicative type and isotrivial,

— U of characteristic 0 and Gy reductive with isotrivial radical and coradical (for example,
G is semisimple).

See [Hoy17, Examples 2.8, 2.16, 2.27].

Hoyois shows [Hoy17, Lemma 2.11] that each Z € Sch®/B has the G-resolution property.
In addition, if Z € Sch® /B is affine, then a locally free coherent G-sheaf F on Z is projective
in QCoh$; see [Hoy17, Lemma 2.17]. This also implies that a complex F, in Dg(Z) that is
locally (on Zz,;) a perfect complex is in fact a perfect complex on Z. Similarly, if Es € Dg(X)
is locally isomorphic to a complex of locally free coherent sheaves that is 0 in degrees outside
a given interval [a,b], then E, is isomorphic to a complex of coherent locally free G-sheaves
on X that is 0 in degrees outside [a,b]. Such a complex is called a perfect complex supported
in [a,b].

For E € Cohg’; locally free, we have the associated vector bundle p: V(F) — X, with V(E) :=
Spec o, Sym*E. The G-action on E gives V(E) a G-action, with p: V(E) — X a G-equivariant
morphism.

We will often drop the “G” in our notation, speaking of B-morphisms for G-equivariant
B-morphisms, vector bundles V' — X for G-vector bundles, etc.

Let Tr be the 2-category of triangulated categories. Following [Hoy17, § 6, Theorem 6.18], we
have the motivic stable homotopy category

SHY(-): Sch/B° — Tr;
for f: Y — X in Sch®/B, we have the exact functor f*: SH®(X) — SHE(Y") with right adjoint
f+: SHE(Y) — SHY(X) and the exceptional pull-back f': SHY(X) — SHY(Y) with left adjoint
fi: SHE(X) — SHY(Y). If f is a smooth morphism, f* admits the left adjoint J#. The category
SHG(X ) is a closed symmetric monoidal triangulated category with product denoted by Ax,
unit 1x (we often write Sp for 15) and internal Hom Homx (—, —); the functor f* is symmetric
and monoidal, and f, and f, satisfy projection formulas, that is, for f: Y — X, the maps
f« and f; are SH(X)-module maps, and the same holds for f if f is smooth. There is a
natural transformation 17!J;: fi = f« which is an isomorphism if f is proper. See also the earlier
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THE INTRINSIC STABLE NORMAL CONE

treatments [Ayo07] and [CD19] for the non-equivariant case.

For the pair of adjoint functors a1 - @', we let eq: aia’ — Id denote the co-unit. For the pair
of adjoint functor a* - a., we let uy: Id — a.a™ denote the unit. We will use the analogous
notation for other adjoint pairs, leaving the context to make the meaning clear.

For p: V — X a vector bundle with O-section s: X — V, we have the V-suspension and

—V-suspension operators XY : SHY(X) — SHY(X) defined as

5V i=pgos.=pgos, NV :=sop"
with XV the left adjoint to =Y. These endofunctors are in fact inverse equivalences [Hoy17,
Proposition 6.5].

For a locally free sheaf E € Coh$, we thus have the autoequivalence V(&) of SHG(X ). Ayoub
[Ayo07, Théorem 1.5.18] and Riou [Riol0, Proposition 4.1.1] have shown that for G = {Id}, the
association F — XY(F) extends to a functor

Y V(X) — Aut(SH(X)) .
Here V(X)) is the path groupoid of the K-theory space of X, and Aut(SH(X)) is the category
with objects the autoequivalences of SH(X) and morphisms the natural isomorphisms.

The functor £~ is natural with respect to f*, f', f. and fi for morphisms f: Y — X:

SfVE) o 7 o VIE) g o nfTVIE) 2 V(B o 1,
for 7 = % or 7 =!. This extends without problem to the equivariant case to give a functor
Y7 VE(X) — Aut(SHY(X)), with V¥(X) the path groupoid of the G-equivariant K-theory
space of X, having the properties listed above.

We write XV(Fe) for the image of a perfect complex E, under this functor.? For each distin-

guished triangle E! — E, — E2 — in Dgerf(X ), there is an isomorphism

WV (E) = 32V(EL) o 9 V(ED)

natural with respect to isomorphisms of distinguished triangles, and for each F,, there is an
isomorphism XV(Ee[1]) =~ (EV(E'))A. Thus, if B, is (E, — --- — Ep,), supported in [m,n], then
$V(Ee) ig canonically isomorphic to D(-D"V(En) ... o R=D"V(ER),

For f: Y — X smooth, there are canonical isomorphisms [Hoy17, Theorem 6.9]
fefpox™, flexTiofr,
with Ty — Y the relative tangent bundle, giving the canonical isomorphism

fft e fufr.

If f: V — X is an affine space bundle over X, then the A'-homotopy property shows that the
co-unit ey: fuf* — Id of the adjunction fy - f* is a natural isomorphism.

Besides the equivariant stable motivic homotopy category, Hoyois has defined an equivariant
unstable motivic category HE(X) for X € Sch®/B, see [Hoy17, §5], generalizing the construc-
tions of Morel-Voevodsky [MV99] in the non-equivariant case. There is an infinite T-suspension
functor ¥ : HE (X) — SHY(X); we often simply write X' for £5°X when the context makes the

2Many authors, for example [Hoy17], use the notation P for our notation £V(F*) . For example, for X smooth
over S and I = Qx/5, we have V(E) = Tx,g, the relative tangent bundle, and the operator denoted by »8x/s
in [Hoy17] will be written here as ©7x/s
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M. LEVINE

meaning clear. The category HS (X) is a symmetric monoidal category with unit S% := X, and
the unit 1x € SHY(X) is £°(S%).

The functors f* and f, are T-stabilizations of functors f*: He(X) — He(Y) and fi: He(Y) —
He(X), with f* left adjoint to fi. If f: Y — X is smooth, then fy is the T-stabilization of
fu: He(Y) — Ho(X) and is left adjoint to f*. Similarly, if i: ¥ — X is a closed immersion, the
maps i, = i: SHY(Y) — SHY(X) are the T-stabilizations of the unstable i,.

To give the reader some intuition about the suspension functors, we mention that for V.— X
a vector bundle with 0-section s, the suspension X" (1x) is the stabilization of the Thom space
Thy (V) := pgs«(ly) € HE(X) and that Thx(V) is canonically isomorphic to the cofiber of
V\ s(X) =V in HE(X); that is, Thyx (V) = V/(V \ s(X)). We will not be needing these facts
here.

There are exchange morphisms associated to a cartesian diagram
725y
| e |
w — X
as follows:
1. We have Ex(A¥): p* fx — g«q* defined as the composition
u. €f
P fe =2 g 0" fi = 90" [ fi = guq”
This is an isomorphism if p is smooth or if f is proper.
2. Suppose that p is smooth. The isomorphism EX(A*#)Z qug* — f*ps is defined as the com-
position
u (&
Q49" — apg P Py = apd” oy = g
3. Suppose that p is smooth. We have Ex(A 4 ): pxg« — f«qsu defined as the composition

uf * EX(A;#)71 * €g
P#Gx — fof Ppge ——— [2qp:97 9« — fequ .

4. Suppose that p is smooth. We have the isomorphism Ex(A*): ¢*p' — ¢'f* defined as the
composition

g*p! o~ g*ETW/Xp* ~ ETZ/yg*p* o~ ZTZ/Yq*f* o~ q'f* )
5. Suppose that p is smooth. We have Ex(A,): p1g« — f«q defined as the composition
-~ _ -~ _ Ex(Agy) _ ~
Pge = ppXTWixg, 2 pug Ty B s Ty = flg

6. For arbitrary p, we have the base-change isomorphism Ex(AY): p*fi — gig* (see [Hoyl7,
Theorem 6.12]) satisfying 77, o Ex(A}) = Ex(A}) o 7]!];. If f is smooth, combining Ex(AY)
with the naturality of ¥~ gives the base-change isomorphism EX(A;;): P*fu — guq”.

Suppose that we have a closed immersion i: Z — X in Sch® /B, with open complement
j: U — X. This yields the localization distinguished triangle in SH®(X)

it Tgge ) 2 iei® — 5i3'[1]. (2.1)

Note that ji = jy, j' = 7* and i, = iy.
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THE INTRINSIC STABLE NORMAL CONE

DEFINITION 2.1. Let mz: Z — B be in Sch®/B. The Borel-Moore motive of Z over B is the
object Zpm. = mz(lz) in SHG(B). For v := V(E,), we have the twisted Borel-Moore motive
Z(v)pm. = mz21(XY(1z)). If we need to mention the base scheme B, we write these as Z/Bp ..
and Z/B(v)p.., respectively.

Let p: Z — W be a morphism in Sch® /B. For p proper, we have the natural transformation
(proper pull-back)
P mw — wz 0p* (2.2)
defined as the composition
D y—1

Up * () * AU *
TW! — TWIP«P ——> TWIPIp =Tz10pD .

Applying p* to EV(E')(lw) gives the morphism
p*: W(v)sm — Z(p*v)B.m.

in SHY(B). One checks easily that (pg)* = ¢*p* for composable proper morphisms p and ¢.

Let f: Z — W be a smooth morphism in Sch/B. We have the natural transformation
(smooth push-forward)

fo: ST 5 = (2.3)
defined by the composition
w2 ST 2 fof L
One checks that f +— f, is functorial: for smooth morphisms f: Z — W, g: Y — Z, we have
(£9)x 0 Oy zyw = fr o [gso (90 f4)],
where
Oy 7w (my1ET9g%) o (ST 0 f*) = mnST19 0 (fg)*

is the isomorphism induced by the exact sequence 0 — T, — Ty, — g*Ty — 0. Applying fi to
V() (1) gives the smooth push-forward map

f*: Z(f*v + Tf)B.M. — W(’U)B.M_ .

Suppose that a smooth morphism f: Z — W admits a section s: W — Z. We have the
canonical isomorphism

frist = (fs), (a)
which induces an isomorphism on the adjoints
sf=(fs). (b)

Let es: 518" — 1d, ef: Aift — 1d, efst (fs)(fs)" — Id be the co-units of adjunction. This gives
us the commutative diagram

0 = fasf D fif

Id
Id Wld;
1d
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M. LEVINE

in other words, fie,f' is a right inverse to e #.% Define the natural transformation
S1: Ty — w0 B o fF (2.4)

as the composition

oy T o fof 2 w0 o N o ff 20X o fr.
We call sy the Gysin push-forward.

LEMMA 2.2. (1) Let f: Z — W be a smooth morphism in Sch®/B with a section s: W — Z.
Then the composition

w1~ g0 T o f* ELN W
is the identity.

. . . Tf * . . .
* ) * . . )
(2) If f: Z — W is a vector bundle over W, then f.: wz o X'f o f* — 7y is an isomorphism
with inverse si.

(3) If f: Z — W is an affine space bundle, then f.: mz o £Tf o f* — my is an isomorphism.

Proof. The fact that ey o (fiesf') = Id implies assertion (1).

For assertion (2), it suffices by assertion (1) to show that f, is an isomorphism. Since Z — W
is a vector bundle, it follows by Al-homotopy invariance that ef: f ft = fuf* — Id is an
isomorphism; applying 7y o — yields assertion (2).

As an affine space bundle is locally (in the Zariski topology) a vector bundle, assertion (3)
follows from assertion (2) and the Mayer—Vietoris sequence. t

LEMMA 2.3. Suppose that we have a cartesian diagram in SchG/B
z—sy
| s
W — X

with p proper and f smooth. Then the diagram

T
g o(XSof*)
my10 X770 f* — npoq oXTi o f*=qm 0% 0 g* o p*

f*l J{g* op*

TX! " Ty o p*
p

commutes. In other words, proper pull-back commutes with smooth push-forward.

Proof. In what follows, we simply write = for isomorphisms that follow from functoriality, such

as mx1fi = my1, or that follow from the isomorphisms 77 f* = f' or XTog* = ¢'.

31 am grateful to Frédéric Déglise and Denis-Charles Cisinski for this argument.
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We fit a number of diagrams together:

ST gt ST f (a)
i
z Ty1:q" f*
!
mfif = B
Tx1Ex(Ar)g* f
Tx 1P 9iq* f*
TXIEf U mxipa g Ex(A*)
TX1PG19'P*
WX[p*egp*

E3
X axu,  TXIPxP

my it £ Txmh.gq* f*
g ST e gt ST f TP iq* e w1 !
2 JZ ﬂ'X!p*g!EX(A*!)JZ ZJ(WX!Z’!Q!EX(A*!)
. ol myup, f . ol | TX919'P" -
Ty19+q* f ~ g f TXIP«QIg D™ ————— TX1PIG1g D
0 Jz WX!p*egp*J lﬂ'X!p!egp*
Tx1f14:q* f' T gt TX1Psp* —————— Tx1pp”*
TXINP
mx1Ex(Ar) /
Tx1,. 91"
!
TX1P«q" [
(b1,b2)
myqq* St fr ——— mp Sl gt p (c)
1§ 1§
™vaqg* [ T2g'p*
1§ 1§
\g Ex(A
mxpgg f I ED g
Twig Ex(A*) | ~
| NOIdggg!p*
TXIPGIg P Twiegp”
TX1P1egp”
TX1PIP* = Twip*
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M. LEVINE

These fit together as

my1o X771 o f* g o(27f of*) T 0 ST/ o g* o p*
(b1)
f (a) (c) g«op*
(b2)
X! o w1 op*.

The four diagrams (a), (bl), (b2) and (c) all commute; this follows from the commutativity
of transformations acting on separate parts of a composition of functors, or the naturality of
the unit and co-unit of an adjunction, or the fact that the exchange isomorphisms Ex(A*') and
Ex(A,) are derived from the functoriality of composition for (—)* and (—)., combined with units
and co-units of various adjunctions. For instance, the commutativity of the lower square in (a)
is equivalent to the commutativity of the square

Uu,
fuf* —= faqq* f*
EX(A#*)
Peguq” [*
ef 1§

PsGu g D"

€g

We fill this in as follows:

Uq

fuf” fraa* f*

N 0 =
Uu,

P fuf* = puD fpaed f* @) | Ex(Ag)

EX(A;)} (iii) ZTEX(A;)

Ol O pagpd T Pegy GG T o pegp ST

l% (iv) l

Id
P+gu g D" DPxgu g D"

(vi)

€g

*

Id p«p” -

Up

The commutativity of (i), (iii) and (vi) is obvious, that of (ii) is the definition of Ex(Ax,), and
that of (iv) is the standard identity (e, o ¢*) o (¢* o uy) = Id for the unit and co-unit of an
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adjunction. The commutativity of (v) reduces to that of

* Up * * EX(A;) * Lk
Tl ———pD [y [ < pegp " f

e,[ ﬂ J

Id———— p.p* PR S

The commutativity of the left side is obvious and, using the definition of Ex(AJ}), that of the
right side reduces to the commutativity of

~ * € *
9pq [ e gpgup" ————p
9# 4 [ [ I —=— g3 gD e T — o 0y T

Filling this in as

e
gupgipt ——— p*
/ WZ
9@ [ == guq" " ef

[

94 4" === 939D fy f* — > D TR T
we see that the commutativity follows from the identity (ef o f*) o (f* ouy) =1Id.

The commutativity of the remaining diagrams is much easier to verify, and we leave the
details to the reader. O

Remark 2.4. Proper pull-back, smooth push-forward and Gysin push-forward are all compatible
with base change in the following sense. Fix a morphism g: B’ — B.

Let p: Z — W in Sch® /B be proper. Using the base-change isomorphisms Ex(A}), we see
that the proper pull-back morphism p*: w1 — 7wz o p* is natural with respect to pull-back by
g: B" — B. In detail, we have the cartersian square

I 27
Wg 2w

with Zp = Z xg B’ and W = W xp B, both considered as objects in Sch/B’. The base-
change isomorphisms Ex(Af) gives the commutative diagram

TWg! O Gy — < 9" ° Tw

p*B/J er*

TZ 1 OPR Oy —< g 0Tz .
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For f: Z — W smooth in Sch® /B, inducing fp/: Zg — Wps, the base-change isomorphisms
Ex(A}) and Ex(A*) and the naturality of ¥~ give us the commutative diagram

T
Tz, 05 /B o ff ogyy —— 9" oMz o XTr o f*

o | Jf*

TWo © Giy ~ g*omw.

If s: W — Z is a section to a smooth f: Z — W, we have the induced section sg: Wpg — Zp:
to fp/, and the base-change isomorphisms Ex(A[) and Ex(A*) and the naturality of ¥~ give us
the commutative diagram

T
Tz1 05 B o f* o ghy — gt om0 XY o f*

TW ! © Gy = g*omw.

These are all diagrams of functors from SHY(W) to SHY(B’), and all the arrows marked with
a “~” are isomorphisms.

In the next definition, we adapt the notation for a bivariant theory introduced in [DJK21].

DEFINITION 2.5. For £ € SHY(B), 7z: Z — B in Sch®/B, E, € V&(Z) and v = V(E,), define
the twisted Borel-Moore homology with values in £ as

SLEEM'(Z,U) = HomSHc(B)(Z“’bZ(U)B,M‘,5) )
To simplify the notation, we write £3M-(Z, v) for 5§OM'(Z, v).
For an object F € SHY(B), we have the &£-cohomology
EY(F) := Homgye gy (F, °E) ;

for X € HS(B), define £4°(X) := £2Y(NXX), and for Y € HE(B), define £2°(Y) := £4°(V,).
Finally, for X € Sm®/B, E, € V“(X) and v = V(E,), define the twisted £-cohomology
EXN(X,v) i= E(mx4(S7"(1x)) = Homgye ) (SF Xy, Z9VE0E) .

Remark 2.6. Let

7217z

s

A 1
be a cartesian diagram in Sch® /B with p and ¢ smooth and with f: Z — W a vector bundle.
Let s: W — Z be a section, and let t: W’ — Z’ be the induced section. Then the diagram

51

(Z, fv+Tf)BMm. (W, v)B.M.

q,ﬂ pﬁ

(Z', ¢ (ffo+Tf) + Ty M. —= (Z', g*(p*v + Tp) + Ty)B.M. = (W', p*v +Tp)B.Mm.
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commutes. To see this, we may replace the maps s and ¢, with their respective inverses f, and g,
(Lemma 2.2), and then the commutativity follows from the functoriality of smooth push-forward:

DP«Gx = f*Q*-

In fact, the Gysin push-forward commutes with smooth push-forward in cartesian squares,
without assuming that the smooth maps are vector bundles, but as we do not need this result,
we omit the proof.

Remark 2.7. The usual operations of proper push-forward, smooth pull-back and intersection
with a section on Borel-Moore homology all follow by applying a proper pull-back p*, smooth
push-forward f. or Gysin push-forward s, to morphisms ¥**(—)/BBM () — &£. Explicitly, a
proper map p: Z — W in Sch® /B induces the functorial proper push-forward

j E(EBM‘(Z, prv) — ‘Sf,bM'(W v)

defined by p, := (p*)*, a smooth map f: Z — W in Sch®/B induces the functorial smooth
pull-back

£ ERN (W) = E5(Z, o+ Ty)
defined by f* := (f.)* and for f: Z — W a smooth morphism in Sch”/B with a section
s: W — Z, we have the Gysin map

s EgibM‘(Z, [ffo+Ty) — éfij‘(VV, v)
defined by s' := (s1)* and satisfying s'o f* = Id. We hope that the context will enable the reader
to distinguish the maps py, f* and s' from the functors p., f* and s'.

With this translation, Lemma 2.3 says that on twisted Borel-Moore homology, proper push-
forward commutes with smooth pull-back in a cartesian square, and Remark 2.6 says that the
Gysin map commutes with smooth pull-back in a cartesian square of vector bundles.

For 7x: X — Bin Sm® /B, the purity isomorphism 7y = ﬂx#oE_TX gives the isomorphism
EXM(X,0) = ETTNX, Ty —v).
Finally, for f: Z — X a morphism in Sch“/B with X € Sm%/B and £ € SH%(B)

a commutative ring spectrum (that is, commutative monoid object in SHY(B)), we have the
cap product

— N () & (Zow) x EPI W, w) = £ ((Z,0 = fw)
defined via the monoidal structure
Homgyc ) (5*°Z(v)B, €) X Homgye ) (SF Wy, ZPISVE)
— Homgye gy (PP 1Z(v)pm A TVSFW,L, ENE)
followed by the multiplication map £ A € — &£, the purity isomorphism
Z()pM ANEVEFWL 2 Z xp W(p’{v — pow + pgTW)B.M.

and the Gysin map for the graph morphism ~;: Z — Z xg W

! * * * ML *
Vf: Sf_'lﬁb_q (Z xB W,pjv — psw + psTw) — 55—1\141,b—q(z> v— ffw).
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3. The intrinsic stable normal cone

Take Z € Sch® /B. Since Z is G-quasi-projective over B, it admits a closed immersion i: Z — M
in Sch®/B with M € Sm®/B. As in [BF97], we have the normal cone ;:

¢, := Spec Ox ( Dn>0 IE/IEJFI) )

where 7, is the ideal sheaf of Z C M. Let p;: € — Z be the projection and o;: €; — M the
composition iop;. As before, we denote the structure morphism for Y € Sch® /Bbyny:Y — B.
For f: Y — Z a smooth morphism in Sch® /B, we often denote the relative tangent bundle T’
by Ty;z and in case f = my: Y — B is the (smooth) structure morphism, we may write Ty
instead of Ty,p

LEMMA 3.1. Suppose that we have closed immersions i: Z — M and i': Z — M’ in Sch$% with
M, M' € Sm®/B. Then there is a canonical isomorphism

Vi Ci(opTar)Bm. = Ci(o7Tar)B.M. -
If we have a third closed immersion i": Z — M", then ; s o 1y in = ;.

Proof. Suppose that we have defined the required isomorphism )4 := ; ; for each commutative

diagram in Schg
zl \ (3.1)

M’T>M

with ¢ a smooth morphism in Sm® /B and 1, i’ closed immersions, satisfying 1,y = 14 0 ¥y for

each commutative diagram
i i

M”—,>M’T>M.
g

For an arbitrary pairi: Z — M,i': Z — M', we have the closed immersion (i,i'): Z — M xgM'.
We set 1; ;1 := 1y, o ;21, which solves our problem.

We consider a commutative diagram (3.1). The smooth morphism g induces a smooth mor-
phism €(g): €; — €;, giving the commutative diagram

¢, <(9) ¢;

JJ Jai

M’T>M.

The projection €(g) makes €; into a torsor over &; for the vector bundle pji™*Tys /5, giving
a canonical identification T¢, ¢, = 05T /01
The exact sequence 0 — T/ /ny — Ty — 9" Ty — 0 gives the canonical isomorphism

EO—:/TM’ 9_9> ZU:/T]M’/M ° Zﬁ(g)*J;‘Tju )

By Lemma 2.2, the smooth push-forward

€(g)s: me,1 0 DT TMM 0 €(g)" — T,
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is an isomorphism.
Composing €(g). with the isomorphism O, defined as the composition

* 9 * * *
T 0 ST 0 €(g)" s me,1 0 TN TMIM o SOOI T 6 ¢ (g)*

= 7,1 0 2o T ar C(g)*o 2o T
gives us the isomorphism
€(g)« 0Oy T, 0 »or T /s o C(g)* — me, 0 NI
Evaluating at 1¢, gives the isomorphism
tg: Cy(oiTar)Bm. — €i(o; Tar)B.M. -
Suppose that we have another smooth morphism ¢': M” — M’ and a closed immersion

i": Z — M" with ¢’ 0" =4'. Let Zy o be the isomorphism

* *
Tt 0 BT IMI/M o €(gg')* o B

= / * * *
9,9 7TQ:Z,,,! o Eai//T]W”/I\/I’ o Q:(g/)* o Zai/T]W,/M o c(g)* o Eo-i Ty
defined as the composition

me 1 0 D7 MM o €(gg)* 0 B TM
4, e, 0 7w o w8V T T o ¢(gf ) 0 €(g)* 0 B TM
& e, 0 s Tyt o ¢(g)" o o5 Do ar o C(g)* o s Tar
The functoriality of smooth push-forward gives the identity
€(g9")« = €(g)x 0 €(g')x 0 gy (3.2)
as maps from 7¢ 1 0 »on T €(gg')* o X0 TM to me,) 0 N TM,
We then have

where ©) is the isomorphism
T Tt e A% o Ty *
me,, 0 XM 0 E(g')" 0 BT TM 0 E(g)
— T, © 2 Tt o Q:(g’)* o Y% T ¢(g)* o o Tm

constructed similarly to ©,4. All the above identities are easy consequences of the naturality of

the functor ¥ : D%e’]irsfo(—) — AutSHY(—) and (3.2). O

Relying on Lemma 3.1, we can prove the main result of this section: the construction of
an analog of the Behrend—Fantechi intrinsic normal cone in the setting of the stable motivic
homotopy category.
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THEOREM 3.2. For each Z € Sch/B, there is an object €5 € SHY(B) satistying the following:
(1) Let i: Z — M be a closed immersion in Sch®/B with M smooth over B. Then there is
a canonical isomorphism
;i € 2 &0 Ta)B M. -
(2) Fori': Z — M another closed immersion in Sch®/B, we have
a; =i o,
where 1; i €y (05 Ty )Bm. — €i(07Th)BM. Is the isomorphism defined in Lemma 3.1.
Proof. Choose a closed immersion ig: Z — My in SchG/B with M, € SmG/B, which exists by
the definition of the category Sch® /B, and define
€% == iy (07, Tary)B.M. -

For i: Z — M a closed immersion Sch/B with M € Sm®/B, Lemma 3.1 gives us the iso-
morphism «; := ;. € — €;(0fTh)pm. and shows that if /1 Z — M’ is another closed
immersion, the diagram

st @i/ *
% —— Cy (05T )BM.

Ci(of Ty )BM.
commutes. ]
DEFINITION 3.3. For Z in Sch®/B, we call € € SHY(B) the intrinsic stable normal cone of Z.
Example 3.4. Suppose that 7z: Z — B is smooth over B. Then we may take the identity for
i Z — M, giving ¢; = Z and € = 17 0%7%(15) = nz4(1z) = 27, in SHY(B).

Remark 3.5. Here is an intuitive justification for our definition of €. Let V' — Z be a rank r
vector bundle on a B-scheme Z, and let p: C — Z be a morphism in Sch® /B. We consider V'
as a group scheme over Z via fiberwise vector addition.

Suppose that we have a (smooth) morphism ¢: C — C over Z that makes C a principal
V-bundle over C let p: C'— Z be the structure morphism, and let 7¢: C' — B and ns: C — B
be the structure morphisms to B. We have a canonical isomorphism T, ¢ = p*V, the purity

isomorphism ¢ 0 7"V = g, and the homotopy invariance isomorphism 15 = g4 (1¢). This gives
the isomorphism in SH(B)
Com. = 1a1(1a) = ma(gx(le) = ma o q o X7V (10) = 7ai(27V (1)) = C(p*V)Baw. -

Now suppose that we just have an action of V on C over Z, giving us the quotient stack
[V\C] with projection m: C' — [V\C]. In the category of Artin stacks, 7 is a principal V-bundle,
so we could reasonably define the Borel-Moore motive of [V\C] by

V\Clgm. == C(®"V)BM. -

The cone p: € — Z for a closed immersion i: Z — M has the canonical action by i*Thy,
giving the Behrend—Fantechi intrinsic normal cone €z := [i*Ts\&;]. We should thus define the
Borel-Moore motive of € by

(€2)BMm. = [T\, == €i(0; Ta)BM.

which is exactly our definition of €.
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LEMMA 3.6. Suppose that we have a closed immersion i: Z — M with M € SmG/B and an
affine space bundle q: V — M, giving the cartesian diagram

7y

]

Z—i>M.

Let €(q): €y — &; be the morphism induced by (qz,q), and let
(g): €5 — € (3.3)
be defined as the composition

¢ s me 10570V (1)

O e, 0 7Y 0 27T 6 ¢(g)* (e,
—— 7,10 BTV 0 @M o ¢()*(1¢,)
—— me,1 07V 0 €(g)" 0 XM (1)

¢ * *
& e, 0 X% TM(lﬁ)

ai_l st
— &y,

where the isomorphism 6 is induced by the exact sequence
0—=q¢'V—->Ty —q¢Ty—0.
Then €%(q) is an isomorphism. Moreover, if we have an extension of our diagram to a cartesian

diagram in Sch®/B

s/
z" W

q'zJ( J(q/
!

(N v

o

Z—i>M

with ¢': W — V an affine space bundle, then
Q:St(q o q/) — Q:St(q) ° Q:st(q/) )

Proof. We use the closed immersion i': Z' — V to compute €%,. The morphism €(q): €; — €;
identifies €; with €; x3; V', and hence by Lemma 2.2, the map €(g). is an isomorphism, which
implies that €5'(q) is an isomorphism as well.

The functoriality €5(goq’) = €5*(q)o€t(¢’) follows the functoriality of smooth push-forward,
the naturality of the isomorphisms §_ and the naturality of ¥~ : V&(—) — Aut(SHG(—)), as in
the proof of Lemma 3.1. O
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4. The fundamental class

The next step in the construction is to define a fundamental class in the co-homotopy of our
intrinsic stable normal cone: [€] € S%O(Qszt). We do this by the method of specialization to the
normal cone, suitably interpreted.

Choose, as before, a closed immersion i: Z — M in Sch®/B with M € SmY/B. Let
Fio M x Al = M x Al
be the blow-up of M x A! along Z x 0, that is,

M x Al = Projyraar ®nz0 Lo -

Writing M x A' = Spec Oy [t], the element ¢ € Tz, considered as an element of ®nz0Ly o of
degree 1, gives a G-invariant section of O(1), which we denote by 7. We define

Def(i) := M x AL\ (T = 0) € Sch®/B,
SO

Def (i) = Spec pry a1 (@n>OI§x0 [T_I])O ,

where the subscript 0 denotes the subsheaf of homogeneous sections of degree 0. The projection
p: Def(i) — M x Al is flat, p~' (M x (A \ {0})) is isomorphic via p to M x (A!\ {0}), and
p (M x 0) = ;. Thus €¢; is a principal effective Cartier divisor on Def(i), with ideal sheaf
(t)Opet(s)- Let i¢: €; — Def(i) be the inclusion, and let j: M x (A'\ {0}) — Def(i) be the open
complement.

The localization triangle (2.1), twisted by XP P17v/B and pushed forward by TDef(i)!, Eives us
the distinguished triangle in SHY(B)

* £ * * 1
Tarxangop © S (Lyrcan(op) = ety © 2 P (Ipegy) = €i(07Th) gy~ -

The isomorphism
Tharxanjoy) = piTm © paTan foy
and the canonical isomorphism Ty 1\ (03 = Op1\ g0y give the isomorphisms
S Ly angop) 2 marg(Iar) A man oy (57 Laroy)
=3, M x (AN {0})
= N Yl M ox (AT {0}) , .

M x (A1\{0})! ©

Our distinguished triangle thus gives us the map in SH(B)
9: €i(o; Tar)B . — Sgr M x (AM\{0}),
Let
pa's M x (A {0}), = Gy,
be the projection py: M x (Al\{()})+ — (Al\{O})Jr followed by the quotient map (Al\{O})Jr —
(A*\ {0},{1}) = G;,. This gives us the map
Z@iﬁéw 00: Ci(o;Ty)BM. — Si -

DEFINITION 4.1. The fundamental class [¢;] € SBM-(€;,07T)) is the element represented by
St pM o .
Gmt'2
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If £ is a commutative monoid in SH(B) with unit eg: Sp — &, we define the fundamental
class [¢;]g € EBM(€;,07T)) by composing [€;] with eg.
We have the canonical isomorphism «;: €5 — €;(0Th)B.M., giving the map in SHG(B)
[Ciloa;: € — Sp. (4.1)

LEMMA 4.2. The map [C;] o a;: (’:SZt — Sp is independent of the choice of closed immersion
i: 4 — M.

Proof. We reduce as in the proof of Lemma 3.1 to the case in which we have a commutative
diagram
A Vg
1
M

with g smooth. The map g induces a smooth morphism Def(g): Def(i’) — Def(4), giving us the
commutative diagram

Def(i') 22 M' x Al .

Def(g)J( J{gxld

Def (i) —— M x Al

The restriction of Def(g) to €; is the map €(g): € — €; induced by g.

This gives us the map of distinguished triangles (we suppress the isomorphisms on the sus-
pension operations induced by various exact sequences)

Tarx(an\foh! © SPT (1aprangoy))
(gxId)«0Oy4

Tarx(a\ o) © P (1yrs (any fop))

TDef(i')! © SPhrPi T (Ipet(iry)
Def(g)+00g4

TDef (i) © SPMPITM (1peg )

Cir (05T )B.M.
Y(9)=€(9)«0Oy4

(o Th)B M.

537



M. LEVINE

which in turn gives the commutative diagram

¢
\
(2

%
(0 T ) B . Ci(orTh)B.M.

L b

Bl M x (A {0}), — 270 55 M x (A1) {0),

p3
SB 3

completing the proof. O

Lemma 4.2 allows us to make the following definition.

DEFINITION 4.3. Let Z be in Sch®/B. The fundamental class [€3] € S%’O(QSZt) is the element
represented by the map [€;] o a;: € — Sp for any choice of closed immersion i: Z — M in
Sch®/B with M smooth over B.

If £ is a commutative monoid in SHY(B) with unit eg: Sp — &, we define the fundamental
class [Qﬁszt]g c £00 (QS‘Zt) by composing [Qﬁszt] with eg.

5. The virtual fundamental class for a reduced normalized representative

Let Ly /p be the relative cotangent complex on Z € Sch®/B, and let [¢]: E, — Lz/p be a
perfect obstruction theory on Z. Recall that we use the homological notation for complexes.

If we choose a closed immersion i: Z — M in Sch®/B with M € Sm%/B, we have the

explicit model (IZ/I% 4 i*QM/B) for <1z . Since F, is by definition supported in [0, 1]
and Z satisfies the G-resolution property, we have a global resolution, that is, we have a two-
term complex F, := (Fy — Fp) of locally free sheaves in Coh%, and a map of complexes

¢: (F1 45 Fy) — (T2/T% % i*Quys)

which induces an isomorphism on hg and a surjection on hj, representing 7<; applied to [¢]:
E. — ]L’Z/B'

DEFINITION 5.1. We call a representative (F,, ¢) of [¢] as above a normalized representative if
the maps ¢¢ and ¢, are surjective. If in addition Fy = i*{2y;,p and ¢p is the identity, we call ¢
reduced.

Let i: Z — M be a closed immersion in Sch®/B with M smooth over B, and let
¢ (FL— Fy =i Qup) = (T2/T5 = i*Qyp)

be a reduced normalized representative of a perfect obstruction theory [¢] on Z. The surjection
o1: F1 — 1y /I% induces a surjection of graded algebras Sym*F; — ©,77 /Ig“, and thereby
a closed immersion of cones over Z

ig: € — Fli=V(F).
Let pp1: F!' — Z be the projection, and let 0p1: Z — EF'' be the 0-section.
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The map iy induces the proper push-forward
ig: SEN(Ci, 07 Th) — SEM (FY, phniy T -
As Tp1 )z = P (F1), the 0-section 0z gives us the Gysin map
O : SEM(FY, pjni*Tar) — SEM (2,4 T — FY).
We have the fundamental class [¢;] € SBM-(€;,07T)) (see Definition 4.1).

DEFINITION 5.2. The virtual fundamental class for a reduced normalized representative ¢ of
a perfect obstruction theory [¢]: Es — L z/B With respect to a closed immersion ¢ is defined as

(Z,6,i]"" = 05 (igu ([€3])) € SEM(Z,0*Tas — F1) = SEM(Z,V(E,)) .

The identity SBEM-(Z,i*Ty — F') = SBM(Z,V(E,)) is really the isomorphism induced by
the given isomorphism (Fy — Fp) 2 E, in DX™(2).

6. Reduced normalized representatives of a perfect obstruction theory

We show how a given perfect obstruction theory [¢]: Eo — Ly /B on some Z € Sch® /B admits
a reduced normalized representative “up to A'-homotopy equivalence,” in a way which will be
clarified in this section. If Z is affine, [¢] already admits a reduced normalized representative. In
general, we replace Z with a Jouanolou cover pz: Z — Z, and we construct an “induced perfect
obstruction theory” p!Z [¢]: p!ZE. - Lz /B on Z.

As in the previous section, let Lz, g be the relative cotangent complex on Z, and let [¢]: Ee —
Lz/p be a perfect obstruction theory on Z. Choose a closed immersion i: Z — M in Sch® /B
with M € SmY/B, a two-term complex F, := (F| — Fp) of locally free sheaves in Coh% and
a map of complexes

6: (FL 255 Ry) = (T2/T3 5 i*Oyyp)
which induces an isomorphism on hg and a surjection on hy, representing 7<; applied to [¢]: Fe —
H_JZ/B.

By the G-resolution property for Z, there is a locally free sheaf F on Z with a surjection

p: F — Iz/T%. We may then replace (F, ¢) with

FloF &Py oo r

and map the copy of F in degree 0 to :*Qy;/p by d o p, giving the map

¢: (L oF 2% Bo F) = (T2/T3 % iQup) -

The map ¢} := ¢ + p is surjective by construction, and the assumption that ho(¢) is an isomor-
phism implies that ¢, is surjective as well. Thus, each [¢] admits a normalized representative.

For a normalized representative ¢: Fq — (IZ/I% N i*QM/B), we let K; C F; be the kernel
of ¢;. We let F* — Z be the vector bundle V(F}) := Spec 0,5ym*F; and similarly define K .=
V(KS).

LEMMA 6.1. Let ¢: Fyg — (IZ/I% 4 i*QM/B) be a normalized representative of a perfect
obstruction theory [¢]. Let K (h1(Fs)) be the kernel of the surjection hi(¢): h1(Fe) — h1(Lz/p)-
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Then Ky is locally free, and in the commutative diagram

0 0 0
OHK(hl(F.)) K1 KO 0
04)h1(F,) F1 ar FO ho(F.)%O
hi(¢) #1 N ho(e)
0—— hl(LZ/B) %IZ/I% T)Z*QM/B — hO(LZ/B) —0

0 0 0 0,

all the rows and columns are exact.

Proof. Our assumption that ¢ is a normalized representative is just that ¢, ¢1 and hi(¢) are
surjective and ho(¢) is an isomorphism. The rest follows by the snake lemma. O

LEMMA 6.2. Suppose that Z is affine, choose a closed immersion i: Z — M in SchG/B with
M € SmY/B, and let [¢] be a perfect obstruction theory on Z. Then [¢] admits a reduced
normalized representative.

Proof. We have already seen that [¢] admits a normalized representative
¢: (Fy = ) — (Z2/15 — i* Q) -
We use the notation of Lemma 6.1. Since Z is affine, each locally free F in QCohg is a projec-

tive object in QCoh(Z;. Thus, we may choose a splitting si: Ko — K to the surjection K1 — K.
This gives us the commutative diagram

i1

KO oK K1 F1 Iz/l%

Ko Ko —— Fy — Q.
0

Replacing Fy with F] := I /i1(Ko) and Fy with i*Qy;/p = Fy/ Ko, we have the reduced normal-
ized representative

dps

* (¢7.1d) .
(FI, — 1 QM/B) 1—) (ZZ/I% — 1 QM/B)
for [¢]. O
LEMMA 6.3. Suppose that Z is affine, and choose a closed immersion i: Z — M in SchG/B
with M € SmY/B. If ¢: Fy — (I7/1% — ©*Quyp) and ¢': F, — (Iz/I% — i*Quyp) are
two reduced normalized representatives of a given perfect obstruction theory [¢]: Eo — Lz/B

on Z, then the induced isomorphism Fy = Eq = F] in Dgerf(Z ) arises from an isomorphism of
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complexes pe: Fo — F. making the diagram

F,—™ L F

J

(I2/15 — i*Quyp)
commute. Moreover, p, is unique up to a chain homotopy of the form h: i*Qy;/p — hi(F}) C Fy
satisfying dp;h = 0 = ¢\ hdp, .
Proof. We denote the homology of the complex (IZ /I% — " Q) B) by h1, ho. As we are given
an isomorphism F, & F} in Dgerf(Z)7 we have isomorphisms &;: h;(Fs) 2 hi(F.) in Coh§ such
that the induced map on the Ext groups
Bxt?, o (ho(Fa), ha(Fo)) = Bxt? o (ho(Fy), ha(FY))

Coh$
sends the class of 0 — hi(F,) — F1 — Fy — ho(F,) — 0 to the class of 0 — hy(F.) — F| —
Fy — ho(F}) — 0.
Let My C i*Qyy/p be the image subsheaf d(IZ /I%) The maps ¢ and ¢’ give rise to exact
sequences

0= hi(Fa) — Fy 25 My — 0, (6.1)

0= hi(F) = FL 2% My = 0 (6.2)
and

0— My — i*Qprp — ho — 0. (6.3)

Thus the Ext? classes considered above arise from the Ext!-classes of (6.1) and (6.2), respectively,
by taking the boundary in the long exact Ext sequence associated to (6.3). Since Z is affine,
Extéohg (©*Qpr/p; —) = 0, so the isomorphism hi(F,) = hy(F,) sends the Ext!-class of (6.1) to

that of (6.2), giving us the isomorphism p;: F; — F]| making the diagram

hl(F.) *)Fl %Mg

o ol

hi(Fy) —— F| —— Mo

commute. This gives us the isomorphism p := (p1,1d): Fy — F, of perfect complexes.

Since Z is affine and G is tame, Cohg has enough projectives, so D_(Cohg) is equivalent
to the bounded-above homotopy category of the full subcategory of projective objects in Cohg;
the projective objects are the F € Cohg which are locally free as Oz-modules.

Consider the two morphisms ¢, ¢’ o p: Fy = (Zz/I} — i*Qypr/p). We have [¢] = [¢/ o p] as
maps in Db(Cohg), and as F, is a perfect complex, the maps ¢, ¢’ o p are chain homotopic.
Since ¢} is surjective, for h: Fy — Z7/T% a chain homotopy, there is an h: Fy — F| with
@} o h = h. Since ¢g = 1d; we have

QB

O=doh=do¢oh=1drq,,,odyoh,

so we may consider h as a map h: Qg — hi(F)). Replacing p with p' := p — diL, we see that
P Fy — F, satisfies ¢/ o p' = ¢ as maps of complexes. Changing notation, we may assume that p
is an isomorphism satisfying ¢’ o p = ¢.
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For two isomorphisms p1, p2: Fe — F. over Lz/p both representing the same morphism in
Dgerf(Z), the maps 7<1p1 and 7<1p2 are chain homotopic by a map h: Fy = i*Qp;p — Fy. The
fact that both 7<ip; are isomorphisms over (IZ /T2 — i*Q M/ B) implies the identities dp;h =
0 = ¢\ hdp,, the first of which shows that h(Fp) C hyi(F)). dJ

We return to the case of arbitrary Z € Sch®/B with a closed immersion iz: Z — M in
Sch®/B with M € Sm%/B. Suppose that we have a smooth morphism py;: M — M. Form the
cartesian square

/L',.
—

Z M
JPIM
Z —— M.

1z

bz

+— N\

Since pyz is smooth, we have the distinguished triangle in Dgerf(Z )

* L *
pyLyp 22, Lzp = Q2,7 = pzlzs(l] (6.4)

and the isomorphism /7 =~ z}Q NI /M of locally free sheaves on Z. Applying the truncation
functor hg gives us the exact sequence of sheaves

O—)p*ZQZ/B _>QZ~/B LQZ/Z —0.

Given a perfect obstruction theory [¢]: Eq — Ly /B, we say that a perfect obstruction theory
[(Z)] : By — L, 5 is induced from [¢] if

L. Ee=pyEe® Qg

2. the perfect obstruction theory [(5] fits into a commutative diagram

* ] r- p
Pz Ee : E, QZ~/Z

Pz Ml J[q?]
L(pz)

pzLz/B Lz/g

bz

Q

Z/)Z
with ¢ and p the canonical inclusion and projection.
Since ho([¢]): ho(Ee) — Q5 and hg([d;])l ho (E.) — {3, are both isomorphisms, a nec-

essary condition for an induced obstruction theory to exist is that the surjection Q /B~ Q 1z
should split.

LEMMA 6.4. Suppose that Z is affine. Then for each perfect obstruction theory [¢] on Z, there
exists an induced obstruction theory [qb] : Fe — LZ/B on Z.

Moreover, [QNS] is unique up to a canonical isomorphism «: (E, [gb]) = (E, [(5/ ]) of obstruction
theories.

Proof. Since Z = Spec A is affine and G is tame, HornDperf(Z) (QZ/Z,p}LZ/B[l]) = 0. This gives
G
us a splitting s of the distinguished triangle

p7Llzp = Lz 5 Q3,7 = pzlzyp(1]
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and thereby an isomorphism L, = pyLLy/p & Q3 in Dgerf(Z ). From this, we see that each
perfect obstruction theory [¢]: Ee — Lz p admits an induced perfect obstruction theory of the
form
[65] == [¢] ® o, ,:p7Ee ©Qy,, = p7lzp ©Qy,, =Ly 5
with the isomorphism depending on the choice of a splitting § of the distinguished triangle.
We have the distinguished triangle

T21LZ/B — ]L'Z/B — hOLZ/B — (T21LZ/B)[1] .

Since Z is affine, Q~/Z is locally free and hn7'>1]L~/B = 0 for n < 0 and for n > 0, we have
HomDperf( )(QZ/Z, 7211z, 5[i]) = 0 for all i > 0, so each map of sheaves

S: QZ/Z — hOLZ/B = QZ/B
lifts uniquely to a map §: Qz,, — Lz p in Dgerf(Z). This shows that splittings of the map =
are in bijection with splittings of the surjection QZ/B — QZ/Z'
Since [¢] is a perfect obstruction theory, we also have ho(pyFEe) = p5€2;/p, and the same

argument as above shows that a second splitting s’ of Q2> P Q5 /7 determines a map A: Q2 Y
pyEe. The map a: pl, Ee © QZ/Z — pyEe ® QZ/Z with matrix

_(Id A
~\0 Id
thus defines an automorphism of p7, Fe & Q /7 intertwining [gzzg] and |:~§/:|. O

Assuming that Z is affine as above, we write p!Z [¢] for the (unique up to canonical isomor-
phism) perfect obstruction theory induced by a given perfect obstruction theory [¢].

Remark 6.5 (Jouanolou covers). Hoyois [Hoy17, Proposition 2.20] has shown that the Jouanolou
trick extends to the equivariant case: for each M € SchG/ B, there is an affine space bundle
M — M in SchG/B such that m;: M — B is an affine morphism. We call such a map M — M
a Jouanolou cover of M. For affine B, Lemma 3.6 will thus enable us to reduce various construc-
tions to the case of affine Z € Sch®/B.

We now assume that B is affine. By Remark 6.5, for each Z € Sch /B and each closed
immersion Z — M witih M € Sm® /B, there is an affine space bundle M — M with M affine,
and thus Z := Z x5 M is affine as well.

LEMMA 6.6. Suppose that B Is affine and that we have a closed immersion iz: Z — M with M
in Sm®/B. Let M — M be a Jouanolou cover of M, and form the cartesian square

Let (E,, [¢]) be a perfect obstruction theory on Z. Then an induced obstruction theory p!Z [¢] on Z~
exists, is unique up to canonical isomorphism and admits a reduced normalized representative ¢

for piy[¢].
Proof. Since Z is affine, this follows from Lemmas 6.2 and 6.4. O
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7. The virtual fundamental class: The general case

In this section, we assume that B is affine.

We use our construction in Section 5 of the virtual fundamental class for a reduced normalized
representative together with the results of Section 6 to give a well-defined virtual fundamental
class for a perfect obstruction theory on a general Z € Sch® /B.

Let [¢]: E — L/ p be a perfect obstruction theory on some Z € Sch®/B. Choose a closed
immersion i: Z — M with M € Sm%/B, and take a Jouanolou cover

~ iZ ~
J——M
il e
J—— M.
iz

By Lemma 6.6, we have an induced perfect obstruction theory (E., [gg]) = (p!ZE., p!Z [qﬁ]) on Z

and a reduced normalized representative ¢: Fy — Tl /B for [QZ;] In particular, we have the
identity

Ee=p3Ee® Q3
inducing an isomorphism of suspension operators

Py V(E) 4Tz, o y2WV(Es)
The quasi-isomorphism F. — E. and the fact that F. is reduced and normalized give us a canon-

ical isomorphism
Zi*ZTM—Fl ~ y2W(E)
Since pyz: Z — Z is an affine space bundle, homotopy invariance implies that the smooth
push-forward map
PZx: Tz O $PzV(Ee) 4177 opy — Ty O VY (Ee)
is an isomorphism. Applying this to 1z, using the isomorphisms

Ep}V(E.)—I—TZ/Z ~ EV(E') o~ Zi*ZTM*ﬁﬂ

described above and taking the inverse gives us the isomorphism

Z(V(E))pa. = Z(i5Ty — F')y (7.1)

iz,pz.Fe" M. "

We have the virtual fundamental class [Z, ¢, iz e SBEM-(Z, 5Ty — F1), see Definition 5.2,
giving us the class

5 7 . qVvir B.M.
19:27PZ,F.([Z’ ¢’ ZZ] ) € SB (Z7 V(Eo)) .
The main point is that this class is independent of the various choices made. This is proven with

the help of the following two results.
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LEMMA 7.1. Let pas: M — M be a Jouanolou cover, and let qps: M — M be a vector bundle.
Form the cartesian diagram

M

J(IIVI

Let [¢]: Es — LLz/p be a perfect obstruction theory, form the induced obstruction theories
(P B, [0]) and (p' Ee, p'y[¢]), and let

b 2 d, o x o5 2 d .
¢: Fo— (Z3/T5 = 75 p), &1 Fo— (T;/T5 = 039

'z,

bz % bar (7.2)

bz

N(*NM—N>

—

M/B)
be reduced normalized representatives of p!Z [¢] and ﬁ!Z (@], respectively. We have the isomorphisms
of Lemma 3.6,
(par): @sZt =&, S(pa): QfSZAt — ¢,
The respective 0-sections 0, : Z — F! and O : Z — F' induce the Gysin push-forward

maps 0p1, and Opyy, and the respective closed immersions 2 1 ¢, — F' and z ¢, — F!

induce the proper pull-back maps @* 3 and % 3 We have as Well the 1somorph1sms Qi QSZt —
<, (UfTM)B.M. and o, : CSZt - & (UfTM)B.M:
Define maps s 3 Z(i*ZTM - Fl)B'M. — QZSZt and s;: Z(i}TM - Fl)B'M' — (’ZSZAt by

Sg = ;101'300}51! and Sq;::a;;oi:go()pll, (7.3)

Suppose that B = q*ZFl. Then

Ct(par) 0 535 0V, = C'(par) 0 sy, 0¥

iz.pz,Fe iz.pz,Fe

Proof. The identity B = q*Zﬁ'l gives us the map of vector bundles over ¢z, qp: F' — F!. This
identifies F'! with the vector bundle Z X 5 F1 — F1 which we denote by qp: V — F1.

Saying that ( ,(ﬁ) represents p!Z[¢] gives us an isomorphism F, ~ pyEe © Q5 75 similarly,
we are given an isomorphism F, ~ PrEe ®, /7 These give us isomorphisms
: Z(i*ZTM — F) g = Z(05V(E) + TZ/Z)B.M. ;
: Z(i*ZTM - Fl)B.M. = Z(ﬁZV(E') + TZA/Z)B.M‘ :

joN

joN

The exact sequence
0— TZ/Z — TZ/Z — q}TZ/Z -0

gives the isomorphism
a: Z(pgV(Ee) + Ty 0 g, — 2(a2(05V(E) +T5,5) + T2 g
Since qz: Z — 7 is a vector bundle over Z , the smooth push-forward map

az+: Z(a3 (P5V(Ee) +T3,) +Tp7) . = Z(0%V(Ee) +T)7) 5.

545



M. LEVINE

is an isomorphism. Putting these together gives us the isomorphism

B: Z(ZETM - Fl)B.M. - Z(i}TM - Fl)B.M.
defined as 8 := (&) ' o qzs 0 o a.
The functoriality of smooth push-forward for the composition pz = pzoqyz yields the identity

Bod

%ZvﬁZ1ﬁ. - ﬂinPZaﬁ'c : (A)
Let pgi: Fl = 7 and P F' = Z be the projections. The smooth push-forward map for
the smooth map ¢ combined with the exact sequence of vector bundles on Fl
0—qrV — p}li}TM — q}p}li*ZTM —=0 (7.4)
induces the morphism
qre: FH 0% i Ty)ean — FH (05 05T B,
giving us the diagram

- X B i -
Z(Z*ZTM - Fl)B.M. } Z(ZZTM - Fl)B.M.

Oﬁll Joﬁlz (B)

Fl(p}1i}TM)B.M. T B (p}'li*ZTM)B.M.'

This commutes by Remark 2.6: the Gysin push-forward commutes with smooth push-forward in
a cartersian square of vector bundles.

The cartesian diagram (7.2) gives rise to the cartesian diagram

7~
¢ A
¢, — = [

Q(QM)J( J((IF

¢, —— FL.
zZ 7'473

Using the exact sequence (7.4) again, we see that smooth push-forward for the smooth morphism
C(qnr) gives the map

Cgnr)«: &, (U;(ZTM)B.M. — ¢, (U;ZTM)B.M. :
The compatibility of smooth push-forward and proper pull-back in cartesian squares (see
Lemma 2.3) implies that the diagram

FY (05T par, —— F (05005 Tt )

o{ 4{ (C)

i, (C’;}TM) BM. ¢(gnr)s iy (07, Tit) g

commutes.

Finally, it follows directly from the definitions of the various morphisms involved that the
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diagram

t st (QM ) +
< <

E:
Ty T,

. *
i i) M- (gan). ctan, 51207
commutes. Putting together the identity (A) with the commutativity of the diagrams (B), (C)
and (D) gives the identity

0'

Sig © ﬁizypz Fo — Q:St(qM) © Sig © v

@ ZZyPZ7Fo

composing on the left with €t(p,;) and using the functoriality €5%(pas) o €t (qps) = €(Hr)
completes the proof. O

PROPOSITION 7.2. Suppose that B is affine, take Z € Sch®/B, and let [¢]: Eq — Lz be a

perfect obstruction theory on Z. Choose a closed immersion iz: Z — M with M € Sm® /B.
Choose a Jouanolou cover pyr: M — M, and let py: Z — Z be the pull-back M x ; Z. Choose
a reduced normalized obstruction theory ¢: Fy — ( 5 /I; — " Q / B) representing pZ[gzb]. This

gives us the isomorphisms €%(pys) (3.3) and o,

(7.1) and the map sz (7.3). Composing
these morphisms gives

iz.pz,Fe

Prafo) = o) 05500, 0 Z(V(ED B > €

Then the morphism ® g, 4 depends only on the perfect obstruction theory (F, [¢]); that is, it is
independent of the choice of closed immersion iy, the choice of Jouanolou cover pys, the choice
of induced obstruction theory p!Z [¢] and the choice of reduced normalized obstruction theory ¢

representing p',[4).
Moreover, we have the identity

* 5 7 . 7Vir t
07 L m[Z2,0,i5]7) =€ op, .
Relying on Proposition 7.2, we may make the following definition.

DEFINITION 7.3. Suppose that B is affine, take Z € Sch®/B, and let [¢]: E, — Lz be a

perfect obstruction theory on Z. We have the fundamental class [€5] € S%O(QI“). Define the
virtual fundamental class

(2, [6]]™ € S5 (2, V(EL))
by
(2, [0 = [€"] 0 @, g
If we have a motivic ring spectrum € in SHY(B) with unit eg: Sp — &, we define

2, [0))¢" = e ([Z,[0)"") € EPM(2,V(Ew)).

Remark 7.4. 1t follows from the last assertion in Proposition 7.2 that given a closed immersion
iz: Z — M with M € Sm®/B, a Jouanolou cover M — M mducmg the Jouanolou cover
pz: Z — Z and a reduced normalized representative ¢: Fy — L 7/B for pZ [¢], we have

Z, (8" =07 - ([, ¢,i2]m) .

iz:pz,Fe

047



M. LEVINE

Proof of Proposition 7.2. Suppose that we have fixed a closed immersion iz: Z — M and a
Jouanolou cover M — M. By Lemma 6.6, there exists an induced obstruction theory pZ[ng]
on Z, which is unique up to canonical isomorphism.

Suppose that we have two reduced normalized obstruction theories ( o qb) and ( ol ) rep-
resenting pZ [¢]. By Lemma 6.3, there is an isomorphism p,: F, — F ! of perfect obstruction
theories. In particular, the map pl: F'' — F1 satisfies p' o ig = iy. This gives us the commuta-
tive diagram

191 ° -~ ~
Z(V(E)par —2220% Z (i3 Ty — F)

ﬁiz,pz,ﬁil 7(p1) J{S%

Z(i Ty — F™) o (i

B.M.

B.M.

where y(p') is the isomorphism induced by p!. This yields the independence of ® E..[¢) Of the
choice of reduced normalized obstruction theory representing p!Z[gﬁ].

To show the independence of the choice of Jouanolou cover pys: M — M over a fixed closed
immersion i: Z — M, we may assume that we are comparing one cover pjys: M — M with
a second cover Pjs: M — M which factors as

NE Dty g 22y
with qar: M — M a vector bundle over M. The independence here follows from Lemma 7.1 and

what we have already shown.

Finally, suppose that we have a smooth morphism ¢: N — M and a closed immersion i%,: Z —
N with g o1, =iz. By what we have already shown, we may suppose that M is affine; if we take
a Jouanolou cover N — N, then as Z is affine, the cover admits a section over Z, so we may
replace N with NN, change notation and assume that N is also affine. With what we have already
proven, we may choose a reduced normalized representative ¢: Fy — (IZ»( 7) /IE(Z) — 1, /B)

for [¢)].

We have the commutative diagram with exact rows
00— ¢ (Zy /I )*>I Z)/I y — " Qg —— 0
| &
0 ——"¢*Qup ——— 1" Qn/p —— " Qn/py —— 0.
Choosmg a splitting p: Z*QN/M — Ly Z)/I glves us the splitting o := d o p: ¢ Qe —
i*Q ~/B- This gives the reduced normalized representatlve for [¢] (with respect to i)

(q* 1 +p71d)
-4

1% *Ap@®o s d .«
F:= (FL o Qv = i"Qnyp) (Zo2) /T2y = " Qyp) -

We have the cartesian diagram

Z“i’, 1 -/

€(q)l Jpl

¢, ——— F!
17 ig
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identifying ¢y, with the bundle 0Ty =iy Xz i"*T/pr over €, and iy with ig x Id.
We have the isomorphism (Lemma 3.1)
Vg = T/Ji’zviz ¢y (U;ZTN)B.M. — &y (UJZTM)B.M‘ :
By Theorem 3.2, the diagram

<3 — <, (J;ZTM)B.M.

ai,} / (7.5)

iy, (U:’Z IN)g .

commutes.
We have the isomorphism 6,

* * >k
o Tn Ui’ZTN/M o EUi,Zq T

X'z =23
induced by the exact sequence

0—= Ty =Ty — ¢ Ty —0 (7.6)
and the isomorphism nat

ol @ T
z

x 0 €(g)* = DD o ¢(g)* = €(g)* 0 X7

giving the composition

oy ITn 0 % Tnym o T
Te, 108 7 o€(q)" > me, 108 Z Moy 0 €(q)*
z z
nat o Tn/m o E()« * o
— Te, 105 7 Mo g(q) o xTiz™™ L, w@iZ!EUZz M,
z

Let ©4 :=nat o 6,. By the definition of 1,, we have 1), = (&(q)« o Gq)(lgiz).
We have the isomorphism
6, S7F o x>y 3o F o 3T

induced by the exact sequence (7.6) and the identity F'* = F' @ i"*Ty ;. Let py: F'' — F! be
the projection.

Consider the diagram

1 ; 1 ;
Tz 0 E_F, o Ez’*TN Tz 0 - o it Ty

0pn [ ‘/OFl !

* -/*T * *T
Ty © EPF/NZ N Op*p/l 1) O Eppllz M op}l (77)

@q P1x

* '/*T * '*T
mpny o SPRETNM o o SPRIETH o gt

As in the proof of Remark 2.6, one shows that this diagram commutes by using the func-
toriality of smooth push-forward, replacing 01, and 01, with their respective inverses pp1,
and Prmy.
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The commutativity of the left-hand side of the diagram

e ;%
niz TN 1971

* *
Ty o XPF ° Prn g1 0 XPF 0 P

9‘1 P1x

~ ~

. * AT * T .
Z*, ﬂ-F/l! OZpFll Z1tN/M OpT OEpFl z4 M Op}l *

¢ ‘e
(7.8)
oy Tn of T,
* - i, Mk
W@i,zg oY 'z op} i g, 1 © Yrizm M opr
Oy €(q)«
o TN M o TM
e, 102 iy MM C(g)*oX 'z~ op
z 'z

follows from the naturality of X(-): D2 (?) — Aut(SH®(?)) and that of the right-hand side
from the commutativity of smooth push-forward with proper pull-back, Lemma 2.3.

Putting these two diagrams together and evaluating at 17 gives us the commutative diagram

0! (17)

Z(i,*TN - F/I)B.M. - Z(i*TM - FI)B.

~

M.
z‘;,ooF,hJ Ji;ooFll (7.9)

(’,‘i/Z (U;/ZTN)B_M. T <, (UszM)B.M. :

The functoriality of %(): Dge,irsfo(Z ) — Aut(SH®(Z)) gives us the commutative diagram of
isomorphisms

Z(V(Ee)B.M.

Vi, 1d)y, Fe ﬁi/Z,IdN,F‘
(7.10)

2N = ) iy 20T = )

Putting the diagrams (7.5), (7.9) and (7.10) together, we see that the definition of s4 and s
gives the identity

M.~

@iy 08¢ 0 Vyr 1dy,Fy = Yq © Ayt © S¢r 0 Uy 1ay Fy = Qi © 8¢ © Vig 1dy Fe
or

S¢r © r191"Z,IdN,F.’ =5¢ 0 ﬂiZ»IdM,Fo .
As we are taking the trivial Jouanoulou covers, we have py; = Idys, py = Idy, completing the
proof. ]

We conclude with a result on the compatibility of the fundamental class and virtual funda-
mental class with respect to base change.
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PROPOSITION 7.5. Let m;: Z — B be in Sch® /B, let f: B' — B be a morphism in Sch/B, and
let myz: Z' = Z xg B’ — B’ be the pull-back. Suppose that the cartesian square

AN/

||

B'——B
is Tor-independent: Tor’bB (Op/,0z) =0 fori > 0.

(1) Suppose that we have a closed immersion i: Z — M in Sch®/B with M in Sm®/B, let
M' = M xg B, and let iz : Z' — M’ be the induced closed immersion. Then we have
natural isomorphisms €; , = €;, xg B’ and Def(iz/) = Def(i) xg B' over M’ x Al

(2) The isomorphism €;,, = €;, xpg B’ of assertion (1) induces an isomorphism €3, = f*€%
sending the fundamental class [€5,] € S%? (e) to f*[e].

(3) Let[p]: Ee — ILz/p be a perfect obstruction theory on Z. Then the map [¢']: p{Ee — Ly pr
defined as the composition

w Pil9]
PiEe = pily/p < Ly p

jacd

is a perfect obstruction theory on Z', we have a canonical isomorphism f*(Z(V(Es))s.M.)
Z'(V(piEs))B.M., and, via this isomorphism, we have p}([Z, [¢]]"") = [Z'[¢/]]"".

Proof. The Tor-independence implies that pilLy/p = Lz//p and that pi[@]: pjEe — Ly p is
a perfect obstruction theory on Z’.

Let pps: M' := M xg B" — M be the projection; the Tor-independence implies that the
canonical map pj,;Zz — Iy is an isomorphism. This readily implies assertion (1) and gives us
the isomorphism of the diagram

[ 4)Def<’LZ/) —— M’ x {0})

Ly

|

Z'—— M x Al+—— M x (Al\ {0})
with

¢;, — Def(iz) «—— M x (A {0})

[

Z——— M x Al +—— M x (A'\ {0})

Assertion (2) follows from this, the naturality of X7 : V(?) — SHG( ) and the localization distin-
guished triangle with respect to f*, and the base-change isomorphism Ex(A}). This also gives
us the isomorphism f*(Z(V(E.))sm. = Z'(V(piE.))B.a.. By the definition of the virtual fun-
damental class, assertion (3) follows from assertions (1) and (2) together with the compatibility
of proper pull-back, smooth push-forward and Gysin push-forward with base change by f*; see
Remark 2.4. O
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8. Comparisons and examples

We relate our constructions to the constructions of [BF97] in the case of motivic cohomol-
ogy/Chow groups or, more generally, the case of an oriented theory, for example, K-theory or
algebraic cobordism. For simplicity, we take G = {Id}, and we remind the reader that we are
assuming that B is affine.

8.1 Oriented theories
Let £ be an oriented commutative ring spectrum in SH(B). For Z € Sch®/B and v € Dgerf(Z)
of virtual rank r, we have the Thom isomorphism
By: L€ 2 Xl €
giving the isomorphism on £-Borel-Moore homology
Oy Eapy(Z0) = Enarin(2).

~Y

If pz: Z — B is smooth of relative dimension dz, the purity isomorphism pzu o YTz = py
gives the purity isomorphism

EBM(Z,v) = (ETx—vg) 70 (2) = g2Az—2r—adz—1=b( 7)),

For i: Z — M a closed immersion in Sch®/B, in a smooth dimension dy; B-scheme M, we
thus have

a S (ai ) a, ~ .M.
€ ’b(Q:Zt) € b(¢( ITar)BM.) = ggijlt;[—a,dM—b(ﬁi)'

As €; has pure dimension dg = djs over B, the fundamental class [Qfszt] ¢ 1s thus an element
of £90(¢€%) =~ S;ili\/[dg(&), and the virtual fundamental class [Z, [¢]]¢" associated to a perfect
obstruction theory (F,, [#]) of virtual rank r lives in E8M(Z,V(E,)) = €2M, (2).

8.2 Fundamental classes

Let £ be an oriented theory. Suppose that we have an integral B-scheme D and a principal
effective Cartier divisor € on D such that D \ € is smooth over B. Suppose that D has pure
dimension dg + 1 over B, so € has pure dimension d¢ over B. Let ¢t € T'(D,Op) be a generator
for Zg. The map t: D\ € — G, determines an element

[t] € EM1(D\ @) = i1 4 (D ©).

We have the localization sequence

C 82d¢+1 dc(D \ €) at 52d¢ dc(Qt) lery 82d¢ dc( ) =,

and we have the fundamental class [€]¢ € 52d i (€) defined by [€]g := O[t]. This class is inde-
pendent of the choice of defining equation . 1f D = Def (7) for our closed immersion i: Z — M
and t: Def(i) — A! is the structure morphism Def(i) 2 M x A 2 Al we have ¢ = ¢; and [¢]
agrees with the fundamental class [€5]s € £%0(€%) (see Section 4) after identifying 52d€7 d@(@)

with £9:0 (Qﬁszt) as above. The construction of the fundamental class of €; by this method in the
case of algebraic cobordism was described to us by Parker Lowrey and appears in his paper with
Timo Schiirg [LS16].

Ezample 8.1. Take B = Speck and Z € Sch/B. For & = HZ, the ring spectrum represent-
ing motivic cohomology, H ZQBd%['(Z) is the classical Chow group CHy(Z). For £ = KGL, the
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ring spectrum representing Quillen K-theory, KGLE&%'(Z ) is Go(Z), the Grothendieck group of
coherent sheaves on Z. For k a field of characteristic 0 and £ = MGL, the ring spectrum rep-
resenting Voevodsky’s algebraic cobordism [Voe98], MGL};%‘ is Q4(Z), the algebraic cobordism
of [LMO7].

For & = HZ, the fundamental class [€]pz € €5 (€) is the cycle class of the scheme €.
For £ = KGL, the fundamental class [€]kgr, is the class in Go(€) of the structure sheaf O¢. For
& = MGL, the fundamental class [€]umcr is the class of the pseudo-divisor div[t] on D, applied
to any resolution of singularities f: D — D; that is, [¢]mar = fx (divp(f*t)).

8.3 Push-forward and intersection with the 0-section
Let p: Y — X be a projective map in Sch/B, and let £ be an oriented theory. We have the
push-forward map p.: EEM (V) — EBM(X). Given a rank r vector bundle f: V — Z with a
section s: Z — V, we have the maps
P72 EN(Z) = EG (Vi Ty ) = €555 (V)
! Y . . . .
s 531,34}1\2/[%,b+r(v) = 52bM WV Ty,z) — éf,bM (%)

with s' = (f*)~!, by Lemma 2.2, the map f* is the usual pull-back for the smooth morphism f,
and s' is the classical “intersection with the O-section” defined as the inverse of f*.

Remark 8.2. Suppose that we have a closed immersion i: Z < M with M smooth of dimension
dyr over B. The intrinsic normal cone €z as defined by Behrend-Fantechi [BF97] is the quotient
stack [€;/i* Ty p]. They also define the normal sheaf N; := Spec o, Sym*Zz/I%; the surjection
Sym*IZ/I% — @nIE/Ig'H defines the closed immersion ¢; < Aj;. This induces the closed
immersion of quotient stacks €z < Nz := [N;/i*Ty/p].

Suppose that we have a perfect obstruction theory [¢] of virtual rank r on i: Z — M, with
global resolution (F; — Fp) LN (Iz/17 — i*Qpryp). We may assume that (Fy, ¢) is normalized.
The assumption that ¢ is a perfect obstruction theory implies that ¢ induces closed immersions

CZ ‘—)NZ — [FI/FO] .
Let ¢(F,) C N(F,) C F! be the pull-back of this sequence of closed immersions by the quotient
map F! — [F'/F°].

One can describe N (F,) explicitly as follows: we have the commutative diagram

FlLFO

o] |40

Let F := IZ/I% Xi*Qp 5 FO- The map (¢1, dr) gives a surjection ¢pr: F; — F; the scheme N (F,)
is the closed subscheme Spec o, Sym*F of F! = Spec o, Sym*Fl.
The virtual fundamental class [Z, [¢]]}4% as defined by Behrend-Fantechi [BF97] is the element
of CH,(Z) given by
12, 1015 = O ([E(F)]) -

Suppose that we have a Jouanolou cover pyr: M — M, with pull-back pz: Z — Z. An
induced perfect obstruction theory p,[F.] — (Z; /I% — 58y, ) is defined (see Lemma 6.6).
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Writing (F| — Fp) := p!Z [F,], we have F = pF1 and Fy = Py Fo @ QZ/Z' Thus, we have the
isomorphism of quotients of F}
F = Iz/I% Xi*ZQ FO = p*ZF,

M/B
which shows that N(ﬁ’.) C Flis equal to py N (F,). Thus C(F.) = pyE(F,) C p*ZF1 = F!,
which implies that
(12, [9]5%) = [Z, 9% (9] by
in CH,44(Z), where d is the rank of Q.
Since pz: Z — Z induces an isomorphism py: CH.(Z2) — CHr+d(Z ), we may assume that Z

is affine for the purpose of comparing our construction of virtual fundamental classes with that
of Behrend—Fantechi.

Assuming then that Z is affine, with a closed immersion i: Z — M into a smooth affine B-
scheme M, we may take a reduced normalized representative (F; — Fy) — (IZ /T2 — i*Qyy / B) of
a given rank r perfect obstruction theory [¢]; let r; be rank(F;). In this case, we have €(F,) = €; C
Fl and dg = ro. We have already identified our construction of the fundamental class [€;] gz with
the cycle class [¢;] € CH,,(&;); we have also identified the push-forward map i¢.: CHy, (&) —
CH,, (Fl) and the intersection with the 0-section O!F1 : CH,, (Fl) — CH,,—r,(Z), as defined here,
with the classical ones. This gives the identity of virtual fundamental classes in CH,.(Z)

2, o5k = [Z, [o]]™ .

Of course, the Behrend—Fantechi theory is defined for perfect obstruction theories on Deligne—
Mumford stacks, whereas the theory presented here is limited to quasi-projective B-schemes for
affine B.

8.4 Gromov—W.itten invariants for oriented theories
If [¢] is a virtual rank O perfect obstruction theory on some Z € Sch/B and £ is an oriented
ring spectrum in SH(B), the virtual fundamental class lives in Eng‘(Z) = &%y (12)). If
wy: Z — B is proper, we have the push-forward map in £-cohomology

nz: EBY(2) = EBM(B) = £77(B)
induced by the map 7% : 1p = 72(12), giving the GW-invariant

dege ([Z, [o)"") = mz:([Z, [¢]]'") € €2°(B)..

This is the classical “degree of the virtual fundamental class” in case & = HZ. For more general
theories, we may have non-zero invariants for perfect obstruction theories of non-zero ranks which
give rise to non-zero degrees

dege (12, [0]]") = 17 (12, 16]]'") € EB2(B) = €7 7(B)

for [¢] of virtual rank r.

If we have a morphism f: Z — W, one can twist [Z, [¢]]'' by classes coming from W if Z is
proper over B, pushing forward gives the descendant classes in EE;M'(B).

8.5 Gromov—Witten invariants for SL-oriented theories

We now consider theories £ which are not oriented in the sense of the previous section but are
rather SL-oriented. This means that given a perfect complex Eo on some Z € Sch/B of virtual
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rank r and virtual determinant det F,, there is a canonical isomorphism
Ap, : EV(E.)—V(O%)W%E ~ yV(det E.)—V(OZ)W}&

Moreover, for L a line bundle on Z, we have a canonical isomorphism
2V(LE)-V(0z) * YE X TLE .
This gives us the isomorphisms
S ( V( )) ga+2r 2,b+r— 1(Z,V(det(E,))) and Sc]z?:b ( ) ga 2,b— 1(Z7 L®2) :

This also implies that if 5: V — V is an automorphism of a vector bundle V' — Z, the
induced map

P eBM(Z, V) = 8N (2,V)
is given by multiplication by the automorphlsrn (det B) € Endgp(z)(12).

Suppose that we have a rank r perfect obstruction theory ([¢], Fe) on some Z € Sch/B, with
nz: Z — B projective over B. The virtual fundamental class [Z, [¢]]'" lives in EB3M(Z, V(E,)) =
EQM (Z,V(det Eo) — V(Oy)). Given an isomorphism a: det Es — L®? for some line bundle L
on Z, we have the isomorphism

Aa 527‘7‘ (Z V(detE) V(OZ)) 827"7‘ (Z)7
so we may push A\, ([Z, [¢]') forward by 77 to give
dege ([Z,[8]]'", @) == mz.(Aa([Z, [2]I')) € Ex(B) .

Ezample 8.3. We take B = Speck, k a perfect field, G = {Id} and &€ = Hy(Sy). We have the
sheaf of graded rings on Smy, given by Milnor-Witt K-theory, KMW (see [Mor12] for details).
The Oth homology Hy(Sy) with respect to the homotopy ¢-structure on SH(k) represents the
theory of Milnor—Witt K-theory: for X € Sm/k, there is a canonical isomorphism

Ho(Sk) ™ (X) = Hiy, (X, K™)
The homology H(Sk) is SL-oriented, giving the canonical isomorphism
Ho(Sk)ep" (Z,0 = V(0%)) = Ho(Sk)np " (2, det v — V(Oz))
for v of virtual rank r on Z € Sch/B. This gives the isomorphism
Ho(Sk)5M (2, V(E,)) = CH,(Z, det E.)

for Z € Sch/k and E, € DP*(Z), where CH, is the Chow—Witt theory of Barge-Morel [BMO0]
and Fasel [Fas08] (also called the oriented Chow groups). For example, CHy(Spec k) is GW(k),
the Grothendieck—Witt ring of non-degenerate symmetric bilinear forms over k.

Fori: Z < M with M smooth of dimension dy; over k and (¢, E,) a rank r perfect obstruction
theory, this gives us the fundamental class and virtual fundamental class

€3] € CHa,, (€, o7 warn)
12, 18] € Ho(Sk)BA(Z, V(det Eu) — V(0Oz)) = CH,(Z, det E) .

Thus, if we have a rank 0 perfect obstruction theory (E,, [¢]) on some Z € Sch/k, with Z
projective over k, and an isomorphism «a: det E, = L®? for some line bundle L on Z, we have

degpy(s,) ([Z: [0, a) = w20 (Na ([Z, [0]]")) € Ho(Sy)" ™ (Speck) = Ko™ (k) = GW (k).
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More generally, if E, has virtual rank r, and we have a morphism f: Z — W with W € Sm/k,
a line bundle L' on W, a line bundle L on Z and an isomorphism a: det E, ® f*L' — L®?, then
a class
B e H (W, KMY (L)) = Ho(Sk)> "+ (W, V(Ow) — V(L))

gives via the cap product

Ho(Sk)SM(Z,V(det Ey) — V(Oy)) x Ho(S)* F5m(W, V(Ow) — V(L))

2r,r

T, Fo($1)BM: (2, V(det Ee ® F5L) — V(O3))

the element
Aa([Z.[8]"] N £7B) € Ho(Sk)BM(2),
and we can define the descendant class

degiy,(s,) ([2.[6]"] N B, ) == 72 (Ma([Z, [0]""] 0 £°5))
€ Ho(Sk)BM (Speck) = Hy(Sk)**(Speck) = KMWV (k).

—5,—s
There is a universal SL-oriented theory, MSL, with MSL,, the Thom space of the universal
bundle E,, — BSL,,. The group MSL,?"~"(k) is non-zero for all r > 2 (and for 7 = 0), so we

have a non-trivial target for the degree map for perfect obstruction theories of all non-negative
ranks different from 1, assuming that the associated determinant bundle is a square.

9. Generating ideals, A!-local degree and critical loci

The most elementary type of obstruction theory is one that is already normalized and reduced.
Fix a scheme B. For X — B a B-scheme, we let mx: X — B denote the structure morphism.
Let M — B be a smooth B-scheme and i: Z <— M a closed subscheme. This gives us the cone €;
and the fundamental class [¢;] € SBM-(&;, 07 T)y).

We suppose that we have a locally free sheaf ¥V on M and an Oz-linear surjective map
F: VW ® Oz — Iz/TI%; if M is quasi-projective, this always exists. We let d5: VY @ Oz —
QB @Oz be the map do ¢y, with d: Z7/T% — QB ® 0Oz induced by the canonical derivation
d: On — Qg This gives us the perfect obstruction theory

0,
6= (F1d): (VY ®0z =% Qup©0z) = (T2/T3 % Qs © 07)

on Z, which is already reduced and normalized.

The map F' induces the closed immersion of Z-schemes iy: €; — ¢*V, where V' — M is the
vector bundle V(VY). The associated virtual fundamental class is then

2, [0)]"™ = 0Ly ige([€]) € SEM (2,4 Ts — V) .

Since ¢ is determined by F, we write this as [Z, F]'".

A choice of an isomorphism ¢ : Ty; = V (if one exists) simplifies this to a virtual fundamental
class [Z, F]'' € SBM(Z). If we pass to an SL-oriented theory £ and V and T); have the same
rank, then we only need an isomorphism p: detV ®@ wy/p ® Oz — L%? for some invertible
sheaf £ on Z to reduce to [Z, F]4T € EBM-(Z). For example, if V = Qyr/B, we have the identity
detV ® wy/p = w}?f/ p- 1t M has even dimension 2m and V = Qy;/p ® L for some invertible

sheaf £, then we have the canonical isomorphism detV @ wyy/p = (wM /B® £®m)®2.

556



THE INTRINSIC STABLE NORMAL CONE

Ezample 9.1. Let R be a commutative ring, let B = SpecR, and let Z C A’ be a closed
subscheme. Let I C R[X1,. .., X,] be the ideal of Z, and choose F}, ..., F, € I that generate I /12
as Oz-module.

We have an Oz-linear surjection F': an " /B ®0Oyz — I/1? defined by sending the basis element
0/0X; to the image of F; in I/I?. Using the trivialization of Ty n/p and T, n/B by the bases
{0/0X;}i and {dX;};, we have the canonical isomorphism

i*Tyn 1 5—i*TY,
D S D

giving us the virtual fundamental class [Z, F]''" € SBM(Z) = S%O(ZB.M_). Note that [Z, F|VI*
depends only on the image of the F; modulo I2.

DEFINITION 9.2 (Al-local degree [KW19, Definition 10]). Let B = Spec A be an affine scheme,
and let ¢ = (g1,...,9n): A5 — A’} be a polynomial map, where g; € A[X,...,X,]. Suppose
that ¢g=1(0B)req is a disjoint union, g~*(0g) = x I 2’, with g|z: © — B finite. Choose U C A" an
open neighborhood of = with U N g~ (0g) = 2. The A'-local degree d,1(g, ) of g along x is the
element of S%’O(B) = Endgn(p)(Sp) given by stabilizing the composition

SN — PP 5 PP\ @ & UJU \ @ 20 pr P\ {0p} & PP = 92
The map U/U \ z — P%/P% \ z is an isomorphism by excision, and the map P} /P% ! —
Pt /P%\ {0p} is an isomorphism by homotopy invariance. It is easy to see that this composition
is independent of the choice of U.

Remarks 9.3. Let g: A% — A% and # C g71(05) C A%, be as in Definition 9.2.
1. Suppose that z is a disjoint union x = x1 II 2. Then

op1(g, ) = 0p1(g,21) + 0p1(g, 22) -
This follows by considering the Nisnevich cover U \ 2 1 U \ z; — U, where U C A™ is an open
subscheme with ¢g=1(0g) NU =z
2. Letting f: B’ — B be a morphism, we have f*(d,1(g,2)) € S%O(B’), we have the pull-back
morphism ¢': A%, — A%, and 2’ := f~!(z) C ¢"*(0p/). Then

f(0ar(g,2)) = dpr(g’,2").
Indeed, if we take U C A% with g7 '(0p)rea N U = =, then letting U’ = U xp B’, we have
g 1(0p)rea NU’ = 2/, and the result follows by applying the base-change isomorphism Ex(A%)
to the sequence of maps defining d,1(g, z) and 6,1 (g, 2').
3. In case B = Speck with k a perfect field, Morel’s theorem identifies Sg’O(SpeC k) with
GW(k), so we have d,1(g,x) € GW (k).

Remark 9.4. Let K be a perfect field, f: A% — A% a linear automorphism and p: A% — Spec K
the projection. Then the map fi: pi(1pn) — pi(1an) is multiplication by the rank 1 quadratic
form (det f). Indeed, we may use a matrix representation for f. Since SL,(K) is generated
by elementary matrices, f is A'-homotopic to the map (z1,...,z,) — (uz1,z2,...,7,) with
u = det f.

Via the canonical isomorphism p; = py o S774"/K  we have py(1an) = Y1 (Ispec ), with
the action of f going over to Yy L(pa1i(det f)) with det f: Al — Al the multiplication map.
This reduces us to the case n = 1. In this case, via the isomorphism pi(141) = Xp1(1spec k),
multiplication by u = det f goes over to the map P! — P! sending [z¢ : #1] to [zg : uz;]. Morel’s
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isomorphism GW(K) — Endgp k) (Lspec k) sends the quadratic form (u) to the stable version of
this latter map.

LEMMA 9.5. Let k be a perfect field, let g: A} — A} be a polynomial map, g = (g1,-..,9n), and
suppose that we have closed points x1,...,z, of A} which are all isolated points of g 1(0).
Let Z = {x1,...,z,}, and suppose that the map g is étale in a neighborhood of Z. Let
wz: Z — Speck be the projection, giving the push-forward map yz, SE'M'(Z) — SE'M'(SpeC k)
= Sz’O(Spec k). Then

w7:(1Z,9]"") = da1(9, Z) -

Proof. We use the standard basis dX1,...,dX;, for Qyn ;. This gives us the canonical isomor-
phisms €zcan = A7 and TXn/k ® Oz = A7, via which the isomorphism iy: €zcpn — T;\&/"/k ®0y4
becomes the Oz-linear map A% — A’ with matrix the Jacobian matrix J(g) = (0¢;/0X;) re-
stricted to Z. Letting J(g) = det J(g), it follows from Remark 9.4 and the definition of [Z, g]*™¥
that [Z, g]"'" is the rank 1 quadratic form (J(g)(Z)) € GW(Z) = Sg’O(Z); that is, at «; € Z, the
form [Z, g]''" takes the values (J(g)(z;)) € GW(k(x;)) = SZ’O(xi).

Since Z — Speck is étale, we have Zp . = Z, and the map 7z, : S%O(Z) — SZ’O(Spec k) is
identified with the trace map

Trk[Z}/k = ZTrk(;ri)/k: HGW(kZ(l‘l)) — GW(k‘)
i i=1
(see [Hoyl4, Lemma 5.3]). By [KW19, Proposition 14], we have d51(g, Z) = Tryz/(/(9)(2)),
thus WZ*([Z, g]"ir) =0,1(9, Z), as claimed. O

We can remove the condition that g is étale along Z by a deformation argument, taken
from [KW19].

PROPOSITION 9.6. Let k be perfect field of characteristic different from 2. Let g = (g1,...,9n):
A7 — A" be a polynomial map. Suppose that g~'(0) is a disjoint union Z.H 7' of closed
subschemes with Z of pure dimension 0, and write Z,.q = z. Then WZ*([Z, g]‘”r) € SZ’O(k) =
GW (k) is the Al-local degree §,1(g, 2).

Proof. Since the map GW (k) — GW (k') is injective for k C £’ a field extension that is the union
over a tower of finite extensions k C k, of odd degree, we may assume that k is an infinite field.

Let m C k[X1,...,X,] be the ideal of z. Then Z is a complete intersection component of
the subscheme of A} defined by (g1,...,gn). Moreover, the cone €zcgn, the fundamental class
[€zcan] and the map ¢4 are unchanged if we replace the g; with polynomials g, € k[X1, ..., X},]
such that g — g; € m® for b > 0. By [KW19, Lemma 15(3)], the same holds for the Al-local
degree 0,1(g, 2).

Adding to each g; a suitably general h; € (X1,...,X,)? for sufficiently high b, we may assume
that the g; all have the same degree d and that the map g extends to a morphism g: P} — P}
satisfying

(1) g is finite, flat and of degree prime to the characteristic of k;
(2) g is étale at each point of F~1(0)\ Z; (9.1)
(3) g H(A™) C A™
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This is proven in [KW19, Lemmas 19-21, Proposition 22] under the assumption that Z is sup-
ported at 0, but the same proof works in the more general case. We construct a morphism
G: P, — P, over Al satisfying condition (1) of (9.1), and in addition
(2') there is an open subset V C A! containing 1 such that G is étale over a neighborhood of
G HOx V);

(3) GHA™ x Al) C A" x AL,
(4') letting Gy: P} — P be the pull-back of G over A € Al(k), we have Gy = g.
Indeed, since g is finite and of degree prime to the characteristic, g is étale over a dense open
subset U C P}. Since k is infinite, there is a k-point v € U, and thus g is étale over a neighborhood
of g7 (u). Let ¢: A — AutP} be the morphism sending ¢ to translation by tu (in the Euclidean
subgroup of affine linear automorphisms of A", embedded as a subgroup of Aut(P") in the usual
way), and define G by G(z,t) = ¢(—t)(g(x)).

Let Z C A™ x Al be the closed subscheme G~1 (0 X Al). Then 75: Z — Al is finite and flat

with fiber over 0 a disjoint union Z IT Z’ of two closed subschemes. Moreover, 7' is reduced, and
the map ¢ is étale on a neighborhood of Z’. Let G = Glanxar s A x Al — A" x Al and let Gy

be the restriction of G over A € Al(k), so Gy = ¢. Similarly, let Z\ be the fiber of Z over .
Replacing SH(k) with SH (A,lg), we have the virtual fundamental class

(2,G]"" € Homgg a1y (721(12),S41) ,

its push-forward WZ*([Z, G]Vir) € EndSH(A}C)(SAl) and the Al-local degree of g, Opt (Q, Zred) €
EndSH(A}C) (SAl). Since Z is flat over A!, we have for each A € A'(k), with inclusion iy : Speck —
Al the identity

i5(m2([2.6]™)) = 72,4 ([2.63"])

(see Proposition 7.5). Similarly,
i3 (041 (G, Zrea)) = 01 (G Zvea) -
On the other hand, for p: A}C — Spec k the projection, we have
Endgp(a1)(Sar) = Homgpar) (1a1, 2" (1x)) = Homspr) (pg1at, 1r) = SYO(AL),
so by homotopy invariance and Remark 9.3, we have
721 (12, G1)"") = 720 ([Z, Go]"™) = 724 ([Z, I"™) + 720 (12, 917 ,
341 (G1, Zirea) = 0% (Go, Zoved) = 941 (90> Zred) + On1 (g, Z') .
By Lemma 9.5, we have
72 ([Z,G1]"") = 651(Z1,G1) and 7z ([Z,9"") = 6p1(9,Z),

SO WZ*([Z, g]"ir) = 0p1(9, Zred)- O

Remark 9.7. Proposition 9.6 deals with the trivial case of a virtual fundamental class, namely,
the case of a local complete intersection. In the classical case with values in the Chow groups,
the virtual fundamental class is just the cycle class of the local complete intersection, in other
words, the result given by classical intersection theory. The refined version of this trivial case
is still interesting, as it points out how the classical intersection multiplicity is replaced by the
Al-local degree.
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As an example of the above construction, we have the virtual fundamental class of the critical
locus of a function f: M — A! with M a smooth k-scheme. The critical locus Z of f is simply
the 0-subscheme of the section df of Q.

Taking the Hessian matrix of f gives the globally defined morphism of sheaves
H: Oz — Hom(QX/[/k & Oz,QM/k & Oz) .

In a coordinate neighborhood with coordinates xy,...,x,, the map H(1) sends 0/0z; ® f to
> du; ® 0% f /0x;0x;. We have as well the commutative diagram of sheaves on Z

Oy ® Oz S Qi ® Oz

eVde(

17/ — Qe ® Oz,

where evgs is the map evaluating a vector field on df, giving us a perfect obstruction theory on Z.

Clearly [QVM e ® Oz 0 M/E® OZ] has virtual rank 0 and virtual determinant w}?f/k. Thus,
this perfect obstruction theory gives us a virtual fundamental class

2,04 € &5 (2)

for any cohomology theory & € SH(k). If, in addition, Z is projective over k, and £ is SL-oriented,
then we have the push-forward map, giving

dege ([Z,00]"") = 2. (12, 04]"™) € E™Y(Speck).

For instance, we may take £ to be hermitian K-theory or Chow—Witt theory; we then have
dege ([Z,0¢]') € GW(k) with rank the degree of the usual virtual fundamental class.

One can generalize this construction slightly. Assuming that the critical subscheme of f is
a disjoint union of components, Z II Z’, we can restrict the whole construction to Z, giving the
virtual fundamental class [Z, 0¢]"" € SEGM'(Z ).

As a direct consequence of Proposition 9.6 we have the following description of the virtual
fundamental class of a zero-dimensional component of the critical locus.

COROLLARY 9.8. Let f: A™ — A be a function, and suppose that the critical subscheme of f is
a disjoint of closed subschemes Z 11 Z' with Z of pure dimension 0. We have the polynomial map

Of = (0f/0Xq,...,0f/0X,): A" — A",
Then 7z, ([Z,0¢]"") = 051(0f, Zrea) in GW (k).
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