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Purity for Barsotti—Tate groups in some
mixed characteristic situations

Ofer Gabber and Adrian Vasiu

ABSTRACT

Let p be a prime. Let R be a regular local ring of dimension d > 2 and residue
characteristic p whose completion is isomorphic to C(k)[[x1,...,z4]]/(h), with C(k)
a Cohen ring of the residue field k& of R and with h € C(k)[[x1,...,x4]] such that
its reduction modulo p does not belong to the ideal (mﬁ’, .. .,:EZ) + (z1,...,2q)%P72
of k[[x1,...,z4]]. We extend a result of Vasiu-Zink (for d = 2) to show that each
Barsotti-Tate group over Frac(R) which extends to every local ring of Spec(R) of
dimension 1 extends uniquely to a Barsotti-Tate group over R. This result corrects
in many cases several errors in the literature. As an application, we get that if YV is
a regular integral scheme such that the completion of each local ring of Y of residue
characteristic p is a formal power series ring over a complete discrete valuation ring
of absolute ramification index at most p — 1, then each Barsotti—Tate group over the
generic point of Y which extends to every local ring of Y of dimension 1 extends
uniquely to a Barsotti—Tate group over Y.

1. Introduction

Let R be a local noetherian ring with residue field k. Let X := Spec(R), and let U := X \ Spec(k)
be the punctured spectrum of R. Let p be a prime number. The notation R, k, X, U and p is
fixed throughout this article.

We will abbreviate a Barsotti—Tate group (that is, a p-divisible group) to BT and a truncated
Barsotti-Tate group of level n € N* to BT,,. We recall from [VZ10, Definition 2] that in the case
where depth(R) > 2, the local ring R is called p-quasi-healthy if each BT over U extends to a
BT over X; from [Gro68, Exposé III, Corollaire 3.5] applied to coherent sheaves defined by the
structure sheaves of truncated BTs over X, we get that such an extension is unique up to unique
isomorphism.

We recall that the first examples of BTs over X are obtained by considering an abelian
scheme A over X and by taking a direct summand of the BT A[p™] of A, that is, of the
inductive system A[p"] = Ker(p": A — A) indexed by n € N*. If R is complete and k is an
algebraically closed field of characteristic p, then the converse holds; that is, each BT over X
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PURITY FOR BARSOTTI-TATE GROUPS

is a direct summand of A[p>] for some abelian scheme A over X (this follows from [Vas06,
Proposition 5.3.3]).

If p =0 in R and depth(R) > 2, then one can check that R is not p-quasi-healthy using
a variant of Moret-Bailly’s example in [FC90, Chapter V, end of Section 6].!

In [VZ10, Theorem 3|, it is shown that there are large classes of p-quasi-healthy regular
rings of dimension 2 and mixed characteristic (0, p). This result already has applications to the
uniqueness of integral canonical models of Shimura varieties and to the existence of new classes
of Néron models (see [VZ10, Corollary 30 and Theorem 31]), to the study of moduli spaces of
polarized K3 surfaces (see [Madl5, Mad16]), and to the study of Barsotti-Tate representations of
fundamental groups of generic fibers of suitable formally smooth algebras over complete discrete
valuation rings of absolute ramification index at most p — 2 (see [LM20, Moo20]).

But no examples of p-quasi-healthy regular rings of mixed characteristic (0, p) are (correctly)
proved to exist in the literature for dimensions at least 3; this is so due to the fact that all claims
in the literature for dimensions at least 3 rely on the erroneous argument in [FC90, Chapter V,
Section 6, reduction steps in the proof of Theorem 6.4']. The difficulty we encounter consists in
being able to provide examples of dimension 3 as the Grothendieck—Messing deformation theory
for BT allows a relatively direct passage from dimension 3 to higher dimensions (see Lemma 2.8).

Our goal is to obtain purity results for BTs over regular schemes. More precisely, we will
provide many examples of p-quasi-healthy regular local rings of dimension at least 3, and we
will use them to also get new examples of faithfully flat Spec(Z,))-schemes which are p-healthy
regular in the sense of either [Vas99, Definition 3.2.1 9)] or [VZ10, Definition 1]. Our main result
is the following theorem, which extends [VZ10, Theorem 3].

THEOREM 1.1. Let R be a regular local ring of dimension d > 1 and mixed characteristic (0, p)
which satisfies the following condition:

(8) The completion of R is isomorphic to C(k)[[z1,...,x4]]/(h), with C(k) a Cohen ring of k
and with h € C(k)[[z1,...,xq4]] such that its reduction h modulo p does not belong to the
ideal (zf,...,2h) + (z1,...,34) 2 of k[[z1, ..., z4]].

Then the following two properties hold:
(a) If a BT over Frac(R) extends to each local ring of X = Spec(R) of dimension 1, then it
extends uniquely (up to unique isomorphism) to a BT over X.

(b) Ifd > 2, then the regular local ring R is p-quasi-healthy.

Clearly, statement (a) implies statement (b) and the fact that X is also p-healthy regular.
Condition () is stable under generization; see Proposition 3.5. Based on this and on the classical
purity theorem of Zariski, Nagata and Grothendieck (see [Gro68, Exposé X, Théoreme 3.4(i)]),
we get that, in fact, statements (a) and (b) are equivalent (see Section 7).

For d = 2, Theorem 1.1(b) is proved in [VZ10, Theorem 3|. Theorem 1.1(b) and [VZ10,
Proposition 23(b)] imply [VZ10, Theorem 3] and that R for d > 2 is also a quasi-healthy regular

We consider a homomorphism ap x — aiif;}(R) defined by a system of parameters of R (it is a closed embedding
over U but not over X) and (as in a theorem of Raynaud) an embedding of aiﬂ?m as a closed subgroup scheme
of an abelian scheme A over X. If Dy := Ay [p™]/ap,uv extends to a BT D over X, then by the depth assumption
on R, the isogeny Ay [p™] — Dy extends to a morphism A[p™] — D, which must be an isogeny (see [CCO14,
Proposition 3.3.8 and the last part of Example 3.3.10]), so its kernel is a finite flat subgroup scheme of oziii?m

which leads to a contradiction.

)
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ring in the sense of [VZ10, Definition 2], which means that each abelian scheme over U extends
(uniquely up to a unique isomorphism) to an abelian scheme over X.? In this way, we get
precisely those examples of quasi-healthy regular rings one gets based on only [VZ10, Theorem 3
and Lemma 24]. This is so because, based on Propositions 3.3 and 3.4, we easily get that for
d > 2, the condition on R in [VZ10, Theorem 3] is equivalent to (f).

For d > 3, we prove Theorem 1.1(b) by induction on d > 3 (see Section 6), and the hard part
is the case where d = 3 (see Subsection 6.1). The proof of Theorem 1.1(b) for d = 3 involves a
study of the blowup of X along its closed point Spec(k) and relies heavily on several important
results and ideas.

Firstly, the proof of Theorem 1.1(b) for d = 3 relies on an application (see Proposition 2.4)
of Raynaud’s complement to Tate’s extension theorem [Tat67, Theorem 4] obtained in [Ray74,
Proposition 2.3.1] and re-proved in Proposition 2.3 based on a refinement of [VZ12, Corollary 4]
proved in Lemma 2.2. Secondly, the proof of Theorem 1.1(b) for d = 3 relies on the case d = 2
of Theorem 1.1(b) proved in [VZ10]. Thirdly, it relies on the particular case (N,',C) = (2,1, P})
of the general theorem below, which we think is of interest in its own.

THEOREM 1.2. Let [ be a field of characteristic p. Let N € N* be an integer. For each n € N*,
let D,, be a BT,, over an open subscheme U,, of IP)lN . We assume that we have a chain of inclusions
U DUy D -+ DU, D --- and that for all n € N*, we have an identification D, 11[p"] = Dpyy,. -
We also assume that there exist a field extension I' of | and a closed subscheme C of P{y of
dimension greater than 0 and contained in U,y for all n € N* such that the inductive system
C xu, Dy, indexed by n € N* is a constant BT over C; that is, it is isomorphic to the pullback
to C of a BT over Spec(l’). Then for each n € N*, the BT,, D,, extends uniquely (up to unique
isomorphism) to a constant BT, D, over PI¥ isomorphic to G[pnhpiv for a suitable BT G over

Spec(l), and the identification Dy11[p"] = Dyy,,, extends to an identification D, [p"] = D,
which is the pullback to PV of the identification G[p"™|[p"] = G[p"] over Spec(l). (Therefore,
the BT over the stable under generization, pro-constructible subset Us, := N Uy, of PV induced
naturally by the truncated BTs D, extends uniquely up to unique isomorphism to a constant
BT over P}V isomorphic to GPlzv).

Remark 1.3. Note that U, is a locally ringed space, and one can define a BT over a locally ringed
space (Y, Oy) as a projective system of commutative and cocommutative Hopf Oy-algebras #,,
indexed by n € N*, locally free of finite rank as Oy-modules, such that for every point z € ),
the inductive system Spec((#Hy,).) of finite flat group schemes indexed by n € N* and defined by
the stalks at z constitutes a BT over the local scheme Spec(Oy .).

The proof of Theorem 1.2 is presented in Section 5, and it relies on properties of rings

of formal-rational functions established in [HM68]. Theorem 1.1 is proved in Sections 6 and 7.
Section 2 presents a few basic extension results that are required in the proof and the applications
of Theorem 1.1, including a descent lemma for p-quasi-healthy regular rings (see Lemma 2.6)
and the proof of Raynaud’s complement to it. Section 3 groups a few basic properties related
to condition (f). Section 4 contains an elementary formal algebraic geometry property which
is a standard application of the results of [HM68] and which plays a key role in the proof of
Theorem 1.2.

The following corollary of Theorem 1.1 and its proof and Bondarko’s boundedness results for
truncated BT's over discrete valuation rings of mixed characteristic (0, p) (see [Bon06] and [VZ12])

2Tt is an open problem when this extension property holds for polarized K3 surfaces.
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extends [VZ10, Corollary 5], and it can be used to correct the argument used in [FC90, Chapter V,
Section 6, reduction steps in the proof of Theorem 6.4'] in many situations.

COROLLARY 1.4. Let Y be a regular integral scheme flat over Spec(Z). We assume that for each
point z € Y of characteristic p, condition (§) holds for the local ring Oy, of z in Y'; this holds
if the completion of Oy, is formally smooth (for example, is a formal power series ring) over
a complete discrete valuation ring of absolute ramification index e € {1,...,p — 1}. Then the
following two properties hold:

(a) Each BT over the generic point of Y which extends to every local ring of Y of dimension 1
extends uniquely (up to unique isomorphism) to a BT over Y.

(b) Each BT over an open subscheme of Y that contains Y [1/p] and all points of Y, of codi-
mension 0 in Yg, extends to a BT over Y (thus, if Y is a faithfully flat Spec(Z,))-scheme,
then it is p-healthy regular).

[We clarify that in Corollary 1.4, a regular scheme means a scheme whose local rings are
noetherian and regular, but it is not assumed to be locally noetherian; the boundedness results
are necessary to treat the non—locally noetherian case.]

The case e < p — 1 of Corollary 1.4(b) is a special case of [FC90, Chapter V, Theorem 6.4’
(which is incorrect already in dimension 2) and was claimed more recently in [Moo98, Sec-
tion 3.6.1] and in [Vas99, Remark 3.2.2 3) and the last two lines of Section 3.2.17]. The case
e = 1 of Corollary 1.4(b) was also claimed in [Vas04, Theorem 1.3]. Unfortunately, the induc-
tive passages from dimension 2 to dimension 3 in all four of these references relied on [FC90,
Chapter V, Section 6, argument on pp. 183-184], which, in the language of this paper, would
in particular imply that for each integer n > 2, all local noetherian rings C'(k)|[[x1, z2]]/(25) are
p-quasi-healthy. The counterexample of [VZ10, Section 5.1] shows that the last statement is false.

The hypothesis of Corollary 1.4(a) holds for each BT over the generic point of ¥ whose
truncations extend to finite flat group schemes over Y (Raynaud’s extension theorem). Thus
Corollary 1.4(a) reobtains, refines and generalizes the first part of [M0020, Theorem 1.2], which
worked in certain formally smooth contexts over a discrete valuation ring of absolute ramification
index e < p — 1.

If Y is as in Corollary 1.4 and is faithfully flat over Spec(Z(,), then Y is also a healthy
regular scheme in the sense of [Vas99, Definition 3.2.1 2)]; that is, each abelian scheme over an
open subscheme of Y that contains Yg and all points of Y, of codimension 0 in Yr, extends to
an abelian scheme over Y (see [Vas04, Proposition 4.1]). From this and [VZ10, Lemma 29], one
gets a second proof of the uniqueness of integral canonical models of Shimura varieties defined
in [Vas99, Definition 3.2.3 6)] over discrete valuation rings of mixed characteristic (0,p) and
absolute ramification index at most p — 1, which was first proved in [VZ10, Corollary 30].

The examples of [VZ10, Theorem 28(i) and (ii)] for d = 2 can easily be adapted to pro-
vide many examples of regular local rings R of arbitrary dimension d > 2 which are of mixed
characteristic (0,p) and are not p-quasi-healthy. For example, the regular complete local rings
C(k)[[z1,...,z4)])/(p—az?) and C(k)[[z1, . .., z4]]/ (p—a Hgl:1 xffl), where a € C(k)[[x1, ..., 2z4]],
are not p-quasi-healthy; in particular, formal power series rings in d—1 > 1 indeterminates over a
complete discrete valuation ring of absolute ramification index at least p are not p-quasi-healthy.
See [GV20] for details, generalizations and the fact that if R is regular henselian of dimension 2,
then condition () holds if and only if R is p-quasi-healthy.

Complements to Corollary 1.4 and to Lemma 7.1 used in its proof are included in Section 8.
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Let O, be the structure sheaf of a scheme b. For each local noetherian ring R, let R be its
completion. If R is an integral domain, let K := Frac(R); so if R is a discrete valuation ring, then
U = Spec(K). If k is perfect of characteristic p, then C(k) is the ring W (k) of p-typical Witt
vectors with coefficients in k. We think of a BT over a scheme as an inductive system indexed
by elements of N* or alternatively as its limit fppf sheaf; see [CCO14, Section 3.3.2].

2. Basic extension properties

In this section, we gather some basic extension properties of a different nature that will be used
often in what follows. We begin by recalling some standard properties of reflexive sheaves.

2.1 Reflexive sheaves

We will often use the following elementary fact.

FacT 2.1. Let N be a normal noetherian scheme. Let U be an open dense subscheme of N which
contains all codimension 1 points (that is, points whose local rings are discrete valuation rings).
Let £ and H be two finite flat group schemes over N'. Let V be a reflexive coherent Or-module.
Then the following four properties hold:

(a) If N is regular of dimension at most 2, then the restriction from N to U induces an equiv-
alence of categories from the category of coherent locally free Oar-modules to the category
of coherent locally free Oy;-modules.

(b) If N is regular of dimension at most 2, then the restriction from N to U induces an equiv-
alence of categories from the category of finite flat group schemes over N to the category
of finite flat group schemes over U.

(c) The restriction homomorphisms Hom (&, H) — Hom(U xn E,U xn H) and H'(N,V) —
H°(U,V) are isomorphisms.

(d) Let f: &€ — H be a homomorphism. Let W be the largest open subscheme of N such
that the restriction fyy: &y — Hy of f to a homomorphism over VW is an isomorphism.
Then W is the set of all points z € N at which the fiber f, of f is an isomorphism. Moreover,
W contains all points of codimension at most 1 in N if and only if we have W = N (that
is, f is an isomorphism if and only if its fibers over points of codimension at most 1 in N
are isomorphisms).

For statement (a), one uses extension of coherent sheaves and [Har80, Corollary 1.4], and for
the second part of statement (c), we refer to [Har80, Proposition 1.6].

2.2 A refinement of a result of [VZ12]
In this subsection, we assume that R is a discrete valuation ring of mixed characteristic (0, p).
Thus K = Frac(R) and U = Spec(K). Let s € N be such that [VZ12, Theorem 1] holds for R; it
has upper bounds in terms of only the absolute ramification index e of R (the best upper bound
s = [log, (pe/(p —1))] is obtained in [Bon06, Theorem A]). If H is a finite flat commutative
group scheme of p-power order over X, then for n € N, let H[p"] be the schematic closure of
Hy[p"] in H; so H[p®] = H[1] is the trivial subgroup scheme of H.

The following lemma refines [VZ12, Corollary 4], which worked in a context in which H' is
a BT,, over X.
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LEMMA 2.2. With R, K and s as above, let n > 2s be an integer. Let H and H' be finite flat

group schemes over X such that their generic fibers Hy and Hj, are BT,s over U = Spec(K).

Fori€{0,...,n}, let H; := H[p"] and H! := H'[p"]. Then the following three properties hold:

(a) If f: H— H' is a homomorphism such that fx: Hx — HJ is an isomorphism, then the
homomorphism H,,_s/Hs; — H),_./H. induced by f is an isomorphism.

(b) If Hx — Hj is a homomorphism (respectively, is an isomorphism), then the homomor-
phism Hg[p"®|/Hk[p®] — Hy[p" *°]/H} [p°] induced by it extends to a homomorphism
(respectively, to an isomorphism) H,,_s/Hs — H),_ /H..

(c) If n > 2s+ 2, then Hyyy/Hg is a BT, over X for allt € {1,...,n — 2s}.

Proof. For i € {0,...,n — 1}, let gr; (H) := H;11/H; and griH(H) = Hj _,/H]. To prove

statement (a), we consider the commutative diagram

n—s—1

p

H/ansfl Hs+1
/ \L/ pr! ;L
H /ansfl H5+1

whose vertical arrows are induced by f. Let a: H/H,,_s_1 — H, ; be the diagonal homomor-
phism of the diagram, and let 8: H, ; — H/H, _5_1 be a homomorphism such that o o 8 and
Boa are both multiplication by p® (which exists by our choice of s). Then p* induces a homomor-
phism gr,(H') = gr,,_,(H) which is an inverse of the homomorphism gr, _ (H) — gr, ;(H’)
induced by p"~25~1f. Using factorizations of the isomorphism gr,, (H) — gr, 1 (H'), we get
that for i € {s +1,...,n — s}, the homomorphisms gr;,,(H) — gr; ;(H’) induced by f are
isomorphisms. This implies that statement (a) holds.

In the situations of statement (b), consider the schematic closure H of the graph of Hx — H} K
in the product H Xgpec(r) H'. The projections H — H and H — H’ induce homomorphisms
a: ]’:[n_S/HS — H,_s/Hs and B: Hn_S/Hs — H/_./H!. By statement (a), the homomorphism
& is an isomorphism (respectively, & and A are isomorphisms), which implies the assertions.

To prove statement (c), from the proof of statement (a) applied to the identity automorphism
of H, we get that the homomorphism gr,_o(H) — gr,,;(H) is an isomorphism, and this implies
that for each i € {s+1,. — s — 1}, the successive homomorphism gr; ,(H) — gr;(H) (which
is induced by the multlphcatlon by p and is an isomorphism over U) is an isomorphism. Thus
H,_s/H, is an fppf sheaf that is flat over Z/p"~2Z. From [Mes72, Chapter 1, Definition 1.2],

we get that statement (c) holds for t = n —2s. If 1 <t < n—2s— 1, then (H,—s/Hs)[p'] is a
BT; over X and is equal to the flat closed subgroup scheme Hsyy/Hs of H,_s/Hjg as this is so
over U. =

2.3 On Raynaud’s complement to Tate’s extension theorem
We recall Raynaud’s complement to Tate’s extension theorem (see [Ray74, Proposition 2.3.1])
and include a new proof of it based on Lemma 2.2.

PROPOSITION 2.3. We assume that R is a discrete valuation ring of mixed characteristic (0, p).
Let Dk be a BT over K = Frac(R). If for each n € N*, the BT,, Dk [p"] extends to a finite flat
group scheme FE,, over X, then Dk extends to a BT over X.

Proof. If t > 2 is an integer, then we have 2s +¢ > 2s + 2 and the quotient group scheme
Fy i= BEos i [p*T]/Easit[p®] is a BTy which extends Dg[p!] and does not depend on Eosy
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(see Lemma 2.2(b) and (c)). Taking Faosyy = Easii11[p** ], we get that F, = Fyyq[pt]. Thus
Fy := F;[p] does not depend on ¢, and the inductive system F), indexed by m € N* is a BT
over X that extends Dp. ]

In the proof of Theorem 1.1(b), we will need the following application of Proposition 2.3.

PROPOSITION 2.4. Let R be a regular local ring of mixed characteristic (0,p) and dimension
d > 2. Let Dy be a BT over U (the punctured spectrum of R). Let O be the discrete valuation
ring which dominates R, which has the same field of fractions K as R and which is a local ring of
the blowup of X along its closed point (thus the residue field of O is a field of rational functions
in d— 1 indeterminates over k). Then the generic fiber D of Dy over Spec(K) extends uniquely
(up to unique isomorphism) to a BT over Spec(O).

Proof. For each n € N*, from Lemma 2.5 below applied with (Hg, Hy) = (Dg[p"], Dy[p"]) we
get that the BT,, Dg[p"] over Spec(K) extends to a finite flat group scheme over Spec(O). Based
on this, the proposition follows from Proposition 2.3 applied over O. O

LEMMA 2.5. Let R, d, U, O, K and X be as in Proposition 2.4. Let Hg be a finite group scheme
over Spec(K) which extends to a finite flat group scheme Hy; over U. Then H extends to a finite
flat group scheme over Spec(O).

Proof. Let R; be a regular local ring of dimension 2 which dominates R, which is dominated
by O and whose punctured spectrum Uj is X X x U, where X; := Spec(R;). For instance, we can
take R to be a local ring of the blowup of X along a regular closed subscheme of it of dimension 1.
From Fact 2.1(b), we get that U; Xy Hy extends uniquely (up to unique isomorphism) to a finite
flat group scheme Hp over X;. The pullback of Hy to Spec(O) is a finite flat group scheme over
Spec(O) that extends Hp. O

2.4 A descent lemma
In what follows, we will often use the following general descent lemma.

LEMMA 2.6. Let R — R’ be a faithfully flat extension between noetherian local rings of the same
dimension. If depth (R) > 2 and R’ is p-quasi-healthy, then R is p-quasi-healthy.

Proof. Let Dy be a BT over U. We have to show that Dy extends (automatically uniquely up
to unique isomorphism) to a BT D over X = Spec(R). Let X’ := Spec(R'), and let f: X' — X
be the morphism induced by the monomorphism R — R’. From [Mat89, Theorem 15.1], we get
that the closed fiber of f has dimension 0, and therefore U’ := f~1(U) is the punctured spectrum
of R'. Thus Dy = U’ xy Dy extends to a BT Dy over X'.

For n € N*, let A, := H°(U, Opypr])- We have to show that the following two properties
hold:

(i) For each n € N*, the R-module A, is finitely generated projective (so for ¢t € N, the ¢-
fold tensor power of A, over R maps isomorphically to O(Dy[p™]!)), and thus the group
scheme structure of Dy[p"] endows A,, with a structure of commutative and cocommuta-
tive Hopf R-algebra that defines a finite flat commutative group scheme D,, over X that
extends Dy [p"].

(ii) For all n,m € N*, the complex 0 — D, = Dy, 1., = D, — 0 that extends the short exact
sequence 0 — Dy [p™] — Dy[p"t™] — Dy[p™] — 0 is a short exact sequence of commutative
finite flat group schemes over X.
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If these two properties hold, then we can take D to be the inductive system D,, (indexed by
n € N*). To check that properties (i) and (ii) hold, we can work locally in the fpqc topology,
and thus these two properties follow from the fact that for each n € N*, we have Dx/[p"] =
Spec(R' ®@r An) = X' Xx Dy,. O

2.5 Extending vector bundles

The following criterion for extending vector bundles will be used repeatedly in connection to
extending truncated BTs.

LEMMA 2.7. Let R be a local noetherian ring of residue characteristic p with depth(R) > 3 and
with a non-unit y such that (y, p) is a regular sequence of R (so R is of mixed characteristic (0, p)).
Let S be either R or R/(y") for some n € N*. Let F be a vector bundle over the punctured
spectrum Ug of S. If S = R, let 7 be y, and if S = R/(y"), let T be p. For each t € N*,
let v;: Ug N Spec(S/(r')) — Spec(S/(r")) be the restriction modulo 7' of the open embedding
t: Us — Spec(S). We assume that the following two conditions hold:

(a) For eacht € N*, the direct image ¢, JF; of the restriction F; of F to Ug N Spec(S/(r!)) is
a vector bundle F; over Spec(S/(7")).
(b) If S = R/(y"), then depth(R) > 4.

Then the direct image 1,F is a vector bundle over Spec(S) whose restriction to Spec(S/(r"))
maps isomorphically to F;= for all t € N*.

Proof. 1If S = R is regular, then the lemma is a particular case of [FC90, Chapter V, Section 6,
Lemma 6.6] applied over S. If S = R (respectively, if S = R/(y™)), then from the Auslander—
Buchsbaum formula, we get that depth(S) is depth(R) — 1 > 2 (respectively, depth(R) —2 > 2).
Thus, regardless of what S is, the lemma is a particular case of [Gro68, Exposé IX, Proposition 1.4
and Exemple 1.5] applied over S. O

2.6 Extending BTs

The next lemma is a natural application of Lemma 2.7 and is the essence of the inductive step
of the induction we will use to prove Theorem 1.1(b).

LEMMA 2.8. Let R be a local noetherian ring of residue characteristic p with depth(R) > 4 and
with a non-unit y such that (y,p) is a regular sequence of R. Let S := R/(y). Let Dy be a BT
over the punctured spectrum U of R. If the restriction of Dy to the punctured spectrum of S
extends to Spec(S), then Dy extends to a BT over X = Spec(R).

Proof. Based on the proof of Lemma 2.6, we can assume that R is complete. For ¢t € N*| let

X; := Spec (R/(y)t)

and U; := U N X;. By induction on t € N*, we will show that the restriction Dy, of Dy to Uz
extends uniquely (up to unique isomorphism) to a BT Dy, over X;. We already know that this
holds for t = 1. Let ¢y, : Dy, — Uy Xx, Dx, be the canonical isomorphism.

The passage from ¢ to t + 1 goes as follows. Assuming that Dy, exists, let
Ly, : DUt — Ut X X, DXt

be the canonical isomorphism. For ¢ € N*, let D, , and Dy, 4 be the reductions modulo p? of D,
and Dy, respectively; they are BTs over the reductions X; ;, and Uy 4 of X; and Uy, respectively,
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modulo p?. From the Grothendieck—Messing deformation theory (see [I1185, Théoréme 4.4 and
Corollaire 4.7] and [Mes72, Chapter V, Theorem 1.6]), we get that the lifts of Dx, , to BTs
over X414 are parametrized by the global sections of a torsor under the group of global sections
of a coherent locally free Ogpec(s/pes)-module Fi, (note that the ideal that defines the closed
embedding X; ; — X;41,4 has a canonical trivial divided power structure, and therefore this closed
embedding has a canonical structure of nilpotent divided power thickening). Similarly, the lifts of
Dy, 4 to BTs over U;11 4 are parametrized by a torsor under the group H° (UﬁSpec(S/pqS), ]:m).
As (y,p) is a regular sequence of R, we have depth(S/p?S) = depth(R) —2 > 2, and thus we can
identify HO(U N Spec(S/p1S), Frq) = H°(Spec(S/p?S), Fiq). This implies that there exists a
unique (up to unique isomorphism) BT Dy, 4 over X;11 4 that lifts compatibly both Dx, , and
Dy,,,q As R/ (y)t*! is p-adically complete, there exists a unique (up to unique isomorphism) BT
Dx, ., over X;;1 which lifts the system Dx, , 4, ¢ € N* (see [Mes72, Chapter 1I, Lemma 4.16],
which implies that the categories of BTs over X;;; and over the formal scheme which is the
p-adic completion of X; 1 are canonically equivalent).

For each n € N*, from Lemma 2.7 applied with
1
(Sv Ts (FQ’FJ)qu*) = (R/(y)t+ P (ODUtH,q[p”}?ODle,q[p”])qu*) )

we get that O Dy, ,, "] is the restriction to Uyy1 of a vector bundle over X1 whose restriction
to Xiy14 is compatibly identified with ODXt+1,q[P"] for all ¢ € N*, and thus, as X;41 is p-
adically complete, this vector bundle can be functorially identified with O Dx,, "] We deduce
an isomorphism ¢y, ., [p"]: Dy,.,[p"] = Uit1 Xx,41 Dx,4, [P"] 0f Upp1-schemes, and this must be
a group scheme isomorphism. The isomorphisms ¢y, , , [p"] glue together to define an isomorphism

LUpyr1+ DUt+1 — Ui X Xeq1 DXt+1 .

Therefore, the restriction of Dy, , to Uiy1 is canonically identified with Dy, ,. This ends the
induction.

From Lemma 2.7 applied with (S,7) = (R,y), we similarly get that for each n € N*, the
locally free Op-module associated to Dy [p”] extends to a locally free Ox-module whose reduction
modulo each (y)! is the Ox,-module associated to Dy, [p"] and which defines naturally a BT,, D,
over X. The inductive system D,, is a BT over X which extends Dy (and thus our notation
matches); we note that it is also the unique (up to unique isomorphism) BT over X which lifts
compatibly each Dx, with t € N* (see again [Mes72, Chapter II, Lemma 4.16]). Thus the lemma
holds. O

3. On condition ()

In this section, we assume that R is regular of dimension d > 1 and mixed characteristic (0, p)
and study condition (f) introduced in Theorem 1.1. Let C'(k) be a Cohen ring with residue field k&
which is a coefficient ring of ﬁ, as in the Cohen structure theorem for complete local noetherian
rings of mixed characteristic (see [GD64, Chapitre 0, Section 19.8] or [Mat89, Section 29]).
Thus C(k) is a subring of R. Let Y1, .- .,Yq be a regular system of parameters of R. The natural
C(k)-algebra homomorphism g: C(k)[[z1, ..., z4)] — R that maps x; to y; is onto. This implies
that we can identify
R = C(k)[[xl, e ,xd]]/(h)

for some element h € Ker(g) C C(k)[[z1, ..., x4]] whose reduction h modulo p is a non-zero ele-
ment of the ideal (z1, ..., zq) of k[[x1,. .., z4]]. The reduction h, of h modulo the ideal (z1,...,zq)
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of C(k)[[x1, ..., z4]] is an element of C (k) with the property that C(k)/(hy) = R/(y1,...,yq) = k.
Thus (hy) = (p) C C(k), and therefore h), is p times a unit of C(k).

The ring R/pR is regular if and only if h ¢ (z1,...,24)? and if and only if Ris isomorphic to
Ck)[[z1, ..., za-1]]- If R/pR is regular and 0: C(k)[[x1,...,z4]] — R is a C(k)-algebra surjec-
tion, the images of x1,...,x4 in R do not necessarily form a regular system of parameters, but
in all cases Ker(f) is generated by an element of C'(k)[[x1,...,z4]] whose reduction modulo p
belongs to a regular system of parameters of k[[z1,. .., z4]] and thus differs from h by a k-algebra
automorphism of k[[z1,...,x4]]. If R/pR is not regular, then there exists no C(k)-algebra surjec-
tion 6: C(k)[[z1,...,24)] — R under which the images of z1,...,zq in R do not form a regular
system of parameters of R.

If C’(k) is another Cohen ring which is a coefficient ring of R and if ¢/: C'(k)[[z1, ..., z4]] —
Risa C (k)-algebra surjection such that the images of x1,...,x4 form a regular system of
parameters of R, then there exists an isomorphism v: C(k)[[z1, ..., zd]] — C'(K)[[z1,...,z4]
such that we have ¢’ = p o v. To check this, observe that up to a C’(k)-algebra automorphism
of C'(k)[[z1, ..., xq]] preserving the ideal (z1,...,24), we can assume that o' (z;) = y; for all i €
{1,...,d}. As the homomorphism Z, — C(k) is formally smooth, there exists a homomorphism
vp: C(k) — C'(k)[[x1, . .., z4]] whose composite with ¢’ is the inclusion C(k) — R. Thus we can
take v such that it extends v, and maps x; into z; for all ¢ € {1,...,d}.

From the last two paragraphs, we get that the ideal (h) of k[[x1,...,z4]] coming from a pre-
sentation of R as C(k)[[z1,...,24]]/(h) is uniquely determined by R up to automorphisms of
Ek[[x1,...,z4]] inducing the identity on the residue field k, and h is uniquely determined up to
units and such automorphisms. We say that h is a Cohen element of R. Thus condition (f) for R
means that one Cohen element of R does not belong to the ideal (2f,...,25) + (z1,...,24)% 2
of k[[z1,...,x4]]; equivalently, all Cohen elements of R have this property.

Recall [Mat89, Exercise 14.5] that the multiplicity of R/pR is the order of vanishing of p;
that is, it is the positive integer e such that p € m®\ m®*! where m is the maximal ideal of R.
As R/pR ~ k[[z1,...,24]]/(h), the integer e is also the order of vanishing of k. In particular,

(i) if e < p, then condition () holds;
(ii) if condition () holds, then e < 2p —3 ford >2and e <p—1 for d = 1.

FACT 3.1. Suppose that R is presented as C(k)[[x1, ..., z4]]/(h). Let | be a field extension of k,
and let C(k) — C(l) be a monomorphism between Cohen rings which modulo p is the inclusion
k — . Then the R-algebra R' := C(l)[[x1,...,z4]]/(h) is faithfully flat, R’ is regular, and
condition (§) holds for R if and only if it holds for R'.

Proof. As the C(k)-algebra C(I) is faithfully flat, the C'(k)[z1, ..., z4]-algebra C(I)[x1, ..., z4] is
also faithfully flat. Taking completions of localizations at maximal ideals (p,z1,...,zq), we get
that the C(k)[[z1,...,xq|]-algebra C(1)[[z1,...,xq4]] is flat; see [Mat89, Theorem 22.4(i)]. Hence
R — R’ is flat; being local, it is faithfully flat. The same holds for R — R/, and R’ is regular by
[Mat89, Theorem 23.7]. The last assertion is clear. O

3.1 Taking slices

In this subsection, we study for d > 3 the behavior of condition (f) under restrictions to quotient
rings of R which are regular of dimension d — 1. We have the following general and abstract
lemma on homogeneous polynomials which also holds for d = 2.
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LEMMA 3.2. Let d > 2 be an integer. For ¢ € {1,...,(d — 1)(p — 1)}, let I. be the subset
of {0,...,p— 1}d formed by all those d-tuples whose entries sum up to c. Let | be a field of
characteristic p. We consider a non-zero homogeneous polynomial

d
Bc(xlv o ,.'Ifd) = Z il,...,id H«T%t S l[wl, . ,{L’d]
t=1

(7’1) Y )GHC
of degree c. Then there exists an open dense subscheme O of the affine scheme Af_l such that
for each (d — 1)-tuple (v1,...,v4-1) € O() C A1 (1) = 1?71, the homogeneous polynomial

d—1

Ge(z1, ..., 24-1) = he (901, ce X1, Z vt$t>

t=1

has a non-zero image in l[z1, ..., zq-1]/ (2}, ..., 2% ).

Proof. For g € NN{c—p+1,...,c},let Jg_l be the subset of {0,...,p—1}9"! formed by all those

d — 1)-tuples whose entries sum up to ¢. For (ji,...,ja—1) € J¢1, the coefficient of d=1 2Jt i
¢ t=1 "t
gc is a sum of the form

J1seesJd—1 Jt—1it
: : : : 721, Jd— 167117 ld—1,¢— QHU )

geENNe—p+1,...5¢} (i1,ig 1) €I i1 <1 st 1 <Ja—1

J1se- 7]d 1

where each ~; "

element of [.

is a multinomial coefficient that divides (¢ — ¢)! and thus is a non-zero

If he is a polynomial only in the indeterminates x1,...,z4_1, then §. = h. does not depend
on the (d — 1)-tuple (v1,...,v4-1) and has a non-zero image in l[z1,...,z41]/(2f,... 2% _,);
thus in this case we can take O := Afl_l.

Therefore, we can assume that k. is not a polynomial only in the indeterminates 1, ..., zq_1;
that is, there exists a non-zero coefficient 9;, . ;, of h. with ig > 1 or, equivalently, with
f 11% <c Asec < (d-=1)(p—1),if for each t € {1,...,d — 1}, we consider an element
g € {igy...,p— 1} such that we have Zf:_ll j¢ = ¢, then the coefficient of Hf f:v{t in . is a
non-zero polynomial Ge ;.. j, ,(v1,...,v4-1) € l[v1,...,v4-1]. Let @ be the principal open sub-
scheme of Affl which is the complement of the zero locus of Gcj,....j,_,(z1,...,24-1). Thus, if

(v1,...,v4-1) € O(1), the coefficient of Hf fxit in @, is non-zero, and therefore the image of g,
in Uz, ...,24-1]/(aY,...,2%_,) is non-zero. O

PROPOSITION 3.3. We assume that d > 3, that k is an infinite field, that R = R is complete and
that condition () holds for R. Then for each di € {2,...,d — 1}, there exists a closed regular
subscheme Spec(S) of X = Spec(R) of dimension d; and mixed characteristic (0,p) such that
condition () holds for S.

Proof. Using induction on d > 3, it suffices to consider the case where dy = d — 1. We write
h=ho+ Z2p 3 h;, where ho belongs to the ideal (3:1, e ,xZ) + (21, ..., 2q0)%P72 of K[[21, ..., 24]]
and where for i € {1,. — 3}, the polynomial h; is (possibly 0) homogeneous of degree i
in the indeterminates :zl, e ,xd and involves only monomials with exponents less than p. Let
c e {1,...,2p—3} be the smallest integer such that h,. is non-zero (it exists as condition (i) holds
for R). The field k is infinite, and we have ¢ < 2p—3 < (d—1)(p—1) as d > 3. Thus from Lemma 3.2
applied with [ = k, we get that there exists a (d — 1)-tuple (vi,...,v4-1) € O(k) C k%! such
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that the homogeneous polynomial A, (xl, ey X1, Zf:_ll ’Ut.%‘t) of degree ¢ has a non-zero image
in k[[21,...,2q-1]]/ (2%, ..., 2%_,). This implies that h(z1,...,z4_1, Zf:_ll veay) does not belong
to the ideal (Jcﬁ’, . >$f171) + (w1, .., xq-1)®72 of k[[z1,...,24_1]], and therefore condition (})

holds for the regular local ring

CY O S NSy (1 (RPN » 0%

of dimension d — 1 and mixed characteristic (0,p), where (wy,...,wq—1) € C(k)*! is such that
its reduction modulo p is (v1,...,vq_1) € k471 O

3.2 Functorial properties
In this subsection, we study the behavior of condition (f) under local homomorphisms. We
consider a local homomorphism ¢: R — R’ between regular local rings of mixed characteristic
(0,p). Let d > 1 be the dimension of R'. Let k' be the residue field of R’, and let C(k’) be a
Cohen ring which is a coefficient ring of R'. Let Yl,---, Yy be a regular system of parameters
of R'. The natural C(k')-algebra homomorphism ¢ : C(k)[[], ..., z},]] = R/ that maps x} to y)
is onto, and we identify

R = C(K)[lah, ..o}/ ()
for some element A’ € C(K')[[2], ..., z]]. As the homomorphism Z, — C(k) is formally smooth,
the composite homomorphism C'(k) — R — R admits a lift to a homomorphism

®,: C(k) — C(K")[[xh,...,zl]].

We consider a homomorphism ®: C(k)([x1,...,zq4]] = C(K')[[x],...,zs]] that extends ®,, that
maps each z; into the ideal (2,...,2),) of C(K')[[z],...,z4]] and that is such that we have a
commutative diagram

C(k)[[acll, g =2 C(k/)[[xlli’ cesZar]]
R a R

ProrosiTION 3.4. With ¢ and ® as above, the following three properties hold:
(a) We have an equality (®(h)) = (k') of ideals of C'(k')[[x], ..., z]].
(b) If condition (§) holds for R/, then it also holds for R.

(c) Let X' := Spec(R'). We assume that the morphism X' — X defined by ¢ is flat and its
fiber over the closed point of X is regular (that is, the local ring R'/(o(y1), ..., ¢(yq)) R is
regular). Then condition (1) holds for R if and only if it holds for R'.

Proof. As ® induces 3: R — R/, we have ®(h) € (h'). We consider the unique element u
of C(K')[[x},...,]] such that we have ®(h) = h'u. To prove statement (a), it suffices to show
that u is a unit of C'(K')[[21, . .., 2/, ]]. If hj, and u,, are the reductions modulo the ideal (1, ..., z},)
of C(K')[[z},...,«}]], then the equality ®(h) = h'u modulo the ideal (z],...,z,) becomes an
identity @, (hy) = hjup, between elements of C'(k'), where

Pp: C(k) - C(k/) = C(k/)[[wlla s ,ZC&/H/(Z‘&, ) xii’)
is induced by ®,. We know that h), and h;, are p times units of C'(k) and C(k'), respectively; see
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the beginning of Section 3. From the last two sentences, we get that u, is a unit of C'(k’) and
therefore u is a unit of C(K')[[z], ..., z},]]. Thus, statement (a) holds.

To prove statement (b), let &' and ®: k[[z1,...,z4) — K'[[2},...,2}]] be the reductions
modulo p of A" and @, respectively. The elements ®(h) and A’ differ by a unit by statement (a).
Thus, if h belongs to the ideal (:U’f, .. ,xZ) + (21,...,2q)%72 of k[[x1,...,24]], then ®(h) and
' belong to the ideal of k'[[z], ..., a/,]] generated by ®((a4,...,2h)) + ®((z1,...,24)*2) and
thus to the ideal ((2})?, ..., (z/,)?) + (2}, ... ,azzl/)2p_2 of K'[[],...,«}]], and therefore condition
(1) does not hold for R'. From this, statement (b) follows.

Based on statement (b), to prove statement (c) it suffices to show that if condition () holds
for R, then it also holds for R’. To ease notation, we can assume that R and R’ are complete;
thus ¢ = @, y1,...,ya € Rand y},...,y,, € R'. Let c be the dimension of the regular local ring

R :=R'/(o(1),-- ., ¢(ya) R

of characteristic p. As ¢ is flat, we have d’ = d+c; see [Mat89, Theorem 15.1]. We can assume that
Yyt - Yyye Map into a regular system of parameters of R Let R| = R Yoty Ypye)s it is
a regular local ring of dimension d = d’ — ¢. The composite homomorphism ¢1: R — R} between
local rings of dimension d is such that R} /(¢(y1),...,¢(ya)) = Spec(k’). This implies that ¢y is
flat; see [Mat89, Theorem 23.1]. Thus R} has mixed characteristic (0,p). If condition () holds
for R}, then it also holds for R’ by statement (b), and therefore by replacing R’ with R}, we can
assume that d’ = d and ¢ = 0, and therefore that we have y, = ¢(y;) for all i € {1,...,d}. We can

also assume that we have 2}, = ®(z;) forall i € {1,...,d}, that ®: k[[z1,...,z4) = K[z}, ..., 2} ]]
can be identified with the canonical inclusion k[[x1, ..., z4] = K'[[x1,...,z4]] and that under this
identification, we have h = h’. As h does not belong to the ideal (xll’, . ,xs) +(w1,...,2q)%P72
of k[[z1, ..., z4]], it does not belong to the ideal (¥, ..., 2h) + (z1,...,24)* "2 of K'[[z1, ..., z4]],
and thus condition (f) holds for R’. Thus, statement (c¢) holds. O

3.3 A generization property

ProposiTION 3.5. We assume that R is a regular local ring of dimension d > 2 and mixed
characteristic (0, p) for which condition () holds. Let Ry be a local ring of X = Spec(R) which
is of mixed characteristic (0,p) and dimension dy € {1,...,d — 1}. Then condition () holds
for R;.

Proof. Let ki be the residue field of R;. Let py be the prime ideal of R such that Ry = Ry,. We

consider two cases, as follows.

Case 1. We first consider the case where R = R is complete. We fix an identification
R =C(k)[[z1,...,z4]]/(h),
where h € C(k)[[x1,...,74]] is such that its reduction h modulo p does not belong to the ideal
(:L’Il), . ,CBZ) +(z1,...,2q)%P72 of k[[x1,...,2z4]]. Let
p =0 (p1) € Spec(C(k)[[a1, ..., zdl]),

let n := pC(k)[[z1,...,24]]p be the maximal ideal of C(k)[[x1,...,z4]ly, and let n®) be the n-
primary ideal of C(k)[[z1,...,2z4]]y generated by p and the pth powers of elements of n. Let
A := C(k)[[x1,...,2a)lp/n®); it is a local artinian ring which contains k, which has j := n/n(®
as its maximal ideal and which as a k-algebra is isomorphic to ki[y1,...,y4,]/ (47, - .. ,ygl).

As h does not belong to the ideal (mlf, .. .,xZ) + (x1,...,24)%P72 of the ring k[[z1,...,z4]],
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we can speak about the smallest integer n € {1,...,2p — 3} such that h has in its writing a
non-zero term of the form ’UH?Zl x}j with each i; € {0,...,p — 1} such that n = Z;l:l i; and
with v € k\ {0}. This implies that there exist n derivations 01,...,0, of C(k)[[x1,...,x4]]
which are C(k)-linear, which belong to the set {0/8z1,...,8/0x4} and for which the element
(O10---00y)(h) is a unit of C(k)[[x1,...,xq4]] (for example, we can take 01, ...,0;, to be 9/0x;,
Oiy+1,- -+ 0iy+i, to be 0/0x2, ..., Oi4etiy_y41,--.,0n to be 0/0xq). For i € {1,...,n}, the
derivation of C(k)[[x1,...,24]]p that extends 9; induces a derivation 9;: 2 — 2A.

Let h,) be the image of b in 2. As (91 0---00,)(h) is a unit of C(k)[[z1, ..., z4]], the element
(oo 5n)(i_z(p)) is a unit of 2. We show that the assumption that h(, € j*’~2 leads to
a contradiction. By a decreasing induction on ¢ € {1 ,n}, we get that (@ 0.0 5n) (B(p))
belongs to j??~27"*+~1 Thus the element (51 000y )(hgp ) belongs to j??~2~". From this and
the inequality 2p — 2 — n > 1, we get that (51 0---00 )(h( )) € j is not a unit of . This gives
a contradiction. Thus ﬁ(p) ¢ j?P=2. This implies that h does not belong to the ideal n®) 4 n2p—2
of C(k)[[x1,...,dllp-

Let C(k1) be a Cohen ring which is a coeflicient ring of the completion C(k)[[x1,...,zq]]p.
We fix a C'(k1)-algebra isomorphism

C(k)[[xlv s :xdﬂp = C(kl)“yl’ cee 7yd1]]

which lifts the kj-algebra isomorphism 20/j ~ ki[y1,. .. ,ydl]/(yf, .. ’y51)' The completion I/%\l

of R; is canonically identified with M/(h) and thus with C(k1)[[y1, - - -, y4,]]/(R).
From the last sentence of the previous paragraph, we get that the image of h in (v, ..., ya, ) does
not belong to the ideal (y, .. .,ygl) + (W1, ya) P72 of ki[[y1, .- -, yay]]- Thus condition (4)

holds for R; if R = Ris complete.

Case 2. We consider the case where R is not complete. Let q be a prime ideal of R which
is minimal over le We have a canonical homomorphlsm R =Ry, — Rq of local rings. From

case 1 applied to R, we get that condition (f) holds for Rq. Thus condition (f) also holds for Ry,
by Proposition 3.4(b). O

4. On closed subschemes of projective spaces

Let [ be a field. Let N € N*. Let C be a closed connected (thus non-empty) subscheme of the
projective space ]P’fv . Let IP’lN be the formal completion of ]P’lN along C. Let « be the field of rational

functions of IP’{V , and let " be the ring of formal-rational functions on ]P’{V . We recall from [HMG68,
Definition 2.9.3] that C is said to be G3 in PV if the homomorphism x — &’ associated to the

natural morphism y: IP’ZN — ]P’{V of locally ringed spaces is an isomorphism. For instance, from
the proof of [HM68, Theorem 3.3], we get that if [ is an algebraically closed field and if C is
irreducible of positive dimension, then C is (universally) G3 in IP’lN . In Section 5, we will need the
following general result of formal algebraic geometry.

LEMMA 4.1. We assume that C is a geometrically connected scheme of positive dimension which
is G3 in IP’ZN . Let U be an open subscheme of ]P’{V which contains C. Let V be a torsion-free

coherent sheaf on U. Let V := X*(V) be the coherent sheaf on @ which is the natural pullback
of V. Then there exists an open subscheme VW of U which contains C and is such that the natural
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pullback homomorphism

pw: H'OW,V) — HO(BN, V)
between global sections is an isomorphism between finite-dimensional [-vector spaces. Moreover,
if V is a reflexive Oy-module, then we can take W = U.

Proof. Using a meromorphic basis of V and the assumption that x = ’, one sees that the finite-
dimensional k-vector space V' of meromorphic sections of ¥V maps isomorphically to the space of
meromorphic sections of V. Thus, as V is torsion-free, each homomorphism pyy is injective and

we have natural inclusions Ho(U, V) ¢ H° (@,9) cV.

We will first show that for each & € HY (@, 9) C V, there exists an open subscheme W, of U
which contains C and is such that we have £ € HOW, V).

Let O be a local ring of ]P’{V at a closed point z of C; it is a subring of k. Let O be the
completion of O, and let M be the O-submodule of V' defined by the global sections of V over
Spec(O); we can identify V = k ®p M.

As the homomorphism O — Ois faithfully flat, it is well known that we have k NO =0 (the
intersection being taken inside the field of fractions of /(5) We recall the argument for this. For
a€ kKN /@, we have inclusions of O-modules O C O 4+ Oa C k. Tensoring with O over O, we get
inclusions O = O+ Oa C 6@0 k. As the homomorphism O — O is faithfully flat, it follows that
the inclusion O C O + Oa is an identity as well, and therefore we have a € O; thus kN 0=0.

As M is a torsion-free O-module, the same argument shows that we have

M=080M= (k2o M)N(O20M)=VN(0coM).

But as € € HO(P{V,ﬁ) C V, we also have £ € V' N (Z’)\ R0 /\/l), and thus we have £ € M. As z
is an arbitrary closed point of C, we get that there exists an open subscheme W; of U which
contains C and is such that we have £ € HO(Wg, V).

In this paragraph, we consider the case where V is a reflexive O;;-module. As C has positive di-
mension, the complement of W in IP)IN has codimension in IP)IN at least 2 (as it does not intersect C).
This implies that £ € HOWe, V) = H°(U, V); use Fact 2.1(c) for the equality part. Thus we can
take W = U. This implies that py is surjective and therefore an isomorphism. It is well known
that H(U, V) is a finite-dimensional I-vector space (this can be checked by considering a coherent
OplN—module that extends V and by recalling that PV \ ¢/ has codimension in P}V at least 2). We

conclude that H° (IP’{V , 9) is a finite-dimensional [-vector space when V is a reflexive O;;-module.

We now consider the general case where V is torsion-free but not necessarily a reflexive Oy-
module. As V is torsion-free, it is a Oy-submodule of a coherent locally free O;;-module. From

this and the previous paragraph, we get that H° (PIN , 9) is a finite-dimensional [-vector space. Let
£1,...,& € HY (P{V,ﬁ) C V generate HY (P{V,ﬁ) as an [-vector space. For each i € {1,...,n}, let
W, be an open subscheme of ¢ which contains C and is such that we have & € HO(W,, V) (see

above). Then for the open subscheme W := NI ;W; of U, the homomorphism pyy is surjective
and therefore also an isomorphism between finite-dimensional [-vector spaces. ]

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. By enlarging I’ and making C smaller if needed, to prove
Theorem 1.2, we can assume that C is a geometrically integral curve whose normalization C" is
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smooth over Spec(l’). Let Z be the ideal sheaf of Opny which defines C. We have the following
l/
general constancy result.

PROPOSITION 5.1. In the context of Theorem 1.2, we assume that " = [ and that C is a geometri-

cally integral curve with smooth normalization. Then the BT D@ over the formal completion ]P’lN
l

of ]P)ZN along C induced naturally by the inductive system Dy, is constant as well; that is, it is
isomorphic to G@ with G a BT over Spec().
!

Proof. We first consider the case where C = C" is smooth over Spec(l). The conormal sheaf Z/Z?
of C inside P} is a subsheaf of O¢ ®0,n Q&DN and thus (by the Euler sequence) also of O¢(—1)V*1,
1 1

Thus for each ¢ € N*, its ¢ th symmetric power S (I /T2 ) = T'/T'*! has no non-zero global section.

We check by induction on ¢ € N that the BT given by the inductive system D, ¢, over the
tth infinitesimal neighborhood C; of C in IP){V is constant. We recall the convention of [GD67,
Definition 16.1.2] that C; is defined by the ideal Z!*! of IP’ZN . As the inductive system D, ¢ is
a constant BT over C = Cp isomorphic to G¢ for some BT G over Spec(l), the base of the
induction holds for ¢ = 0. As G¢,, is a canonical lift of G¢, to Ciy1, the lifts of Ge, to BTs
over Cy41 are parametrized by the global sections of an O¢-module isomorphic to (Zt1/Z+2)°,
where e is the product of the dimension and the codimension of G. From this and the previous
paragraph, we get that G¢,,, is the only lift of G¢, to a BT over Cy11. Thus, if the inductive
system D, ¢, is a constant BT over C; isomorphic to Gg,, then the inductive system D¢, ., is
also a constant BT over Cyy; isomorphic to Gg,,,. This ends the inductive step and thus also
the induction.

From the previous paragraph, we get that the BT Dﬁ over the formal completion IP’{V of IP’IN
l
along C induced naturally by the inductive system D,, ;. is also constant isomorphic to Gﬁ‘
l
We now consider the case where C # C". Let £: C* — PV X Spec(l) P? be a closed embedding
whose projections are the composite morphism C* — C — IP’ZN and a closed embedding C™* — ]P’?.

Let J be the ideal sheaf of OP{VXspeC(z>P? which defines C". We have a commutative diagram

€ N 3
ct PP Xspec(t) P
nat il“ projection
C incl ]P){V )

It is easy to see that for each t € N*, the ¢th symbolic power Z1) of T (in the sense of [ZS58,
Chapter IV, Definition of Section 12]) is the largest (’)P{v—submodule of Z that maps naturally

into Jt. As above, we argue that the ¢tth symmetric power S* (j/JQ) = Jt/J%*! has no non-zero
global section. From this and the natural inclusion z /Z(tH) — nat, (j t /T t+1) of O¢-modules,
we get that Z(*) /I(t“‘l) also has no non-zero global section.

As the inductive system D,, ¢ is a constant BT over C isomorphic to G¢, an induction on
t € N similar to the one above shows that the BT given by the inductive system Dn,C( 4 Over the

tth symbolic infinitesimal neighborhood C(;) of C in ]P’lN (defined by the ideal sheaf T+ of IP’ZN )
is a constant BT over C(;) isomorphic to G¢,, compatibly for different values of ¢.

By [ZS60, Chapter VIII, Corollary 5 of Theorem 13] applied to inclusions Z(U) C OIPZN(U)

for finitely many affine open subschemes U of IP’IN , we have that for each t € N* there exists an
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integer ¢ > t such that we have Z(9) C T*. This implies that
lim Opy /T* = lim Opy /T
tEN* tEN*

From this and the previous paragraph, we get that the BT DE/DN over the formal completion IP‘IN
l

of IP’ZN along C induced naturally by the inductive system D, 3, is also constant and isomorphic
to G/ﬁ O]
Py

Remark 5.2. The fact that H° (C,j(t)/j(tﬂ)) = 0 for ¢ > 0 can be proved without using C*
as follows. Let Z be an integral closed scheme of a smooth k-scheme X, let J be the ideal
sheaf defining Z in X, let J® be the tth symbolic power, and let Diff be the sheaf of differential
operators on X' in the sense of [GDG67, Section 16.8], filtered by Diff" = Diff’y g cc() (n € N). Then
Diff” (j(t)) c Jt—n) (J(m) := Oy for m < 0), and this induces Difft/Difflt_1 R0 j(t)/j(tﬂ) =
Hoim(Symt(Q}Y/k),OX) — Oz, hence 70/ 7+ Symt(Q},(/k) ®o, Oz, which is injective if
Z is generically smooth. For X a projective space and Z of positive dimension and generically
smooth, this proves that H°(Z,7® /7)) =0 for t > 0.

To continue the proof of Theorem 1.2, in this paragraph we consider the particular case where
" = lis an algebraically closed field. This assumption implies that C is G3 in IP)IN , as recalled in Sec-
tion 4. From this and Lemma 4.1 applied with (U, V) = (Uy, V»), where V,, is the coherent locally

free Oy, -algebra that defines D,,, we get a natural ring identification H°(U,,V,) = H° (@, l/);),

where V), := x*(V,,) is the formal completion of V,, along C. From Proposition 5.1, we get that

HO (@, )/};) is canonically identified with the ring of regular functions on G[p"]. We have similar

identifications for V, ®o,, Vn, ﬁ@@ﬁ V, and G[p"] X spec(l) G[P"], with certain compatibilities.
l

Therefore, we have a canonical homomorphism ¥,,: D,, — G[p"]y, of finite flat group schemes

whose pullback to the formal completion IP’{V is an isomorphism, being the truncation of level n of
an isomorphism as in Proposition 5.1. From this and the first part of Fact 2.1(d), we get that 1,
is an isomorphism over an open subscheme W,, of ,, which contains C. As the complement of W,
in IP’lN has codimension at least 2 in IP){V , from the second part of Fact 2.1(d), we get that, in fact,
¥, is an isomorphism. The isomorphisms 1,, are compatible in the sense that for all n,m € N*,
we have Uy [p"] = Ynis,y.,- Therefore, D), extends uniquely (up to unique isomorphism) to
a constant BT,, D;} over ]P’lN isomorphic to G [p"]P{v. Due to the mentioned compatibility of the

isomorphisms 1J,, and the uniqueness of the extension D, of D,,, we have canonical identifications
D;f L1[p"] = D;. Thus the inductive system D} is a constant BT over IP’IN isomorphic to GPZN.
Moreover, G[p"] is the affine group scheme over Spec(l) defined by the Hopf [-algebra of global
functions on D;f and thus also on either D,, or Dyyy, ,,.; use Fact 2.1(c) and the fact that the

complement of U, in IP){V has codimension at least 2 in IP’lN .

We now consider the general case. By enlarging I’, we can assume that it is an algebraically
closed field. Let n,m € N*. If w,,: D,, — U, is the structure morphism, then the Oy, -linear map
Ou, @1 H*(Up,wn «(Op,,)) — wy«(Op,) is an isomorphism (as the base change to U, is), and
thus the Hopf Oy, -algebra structure on wy, «(Op, ) defines a commutative and cocommutative
Hopf l-algebra structure on H° (U, wy, «(Op,)) and hence a finite group scheme G,, over | and
a canonical isomorphism D,, — G,,1,. This implies that G, is a BT), over Spec(l). The canonical
closed embedding homomorphisms Dy, 1y, ,,, — Dntm and the canonical epimorphisms D,y —
Dpu,..,, induce naturally homomorphisms Gy, — Guym and Gpym — G, which are closed
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embeddings and epimorphisms, respectively, as their extensions to I’ are so by the previous
paragraph. By similar verifications, these last homomorphisms define a BT G over Spec(l) such
that for all n € N*, we have G,, = G[p"]. We conclude that for each n € N*, the BT,, D,, extends
uniquely (up to unique isomorphism) to a constant BT,, D;" over ]P’lN isomorphic to G [p"]PlN and
the identification Dy11[p"] = Dpy,,, extends to an identification D}, [p"] = D;} which is the
pullback to P}¥ of the identification (G[p"™])[p"] = G[p"] over Spec(l). Thus Theorem 1.2 holds.

6. Proof of Theorem 1.1(b)

If d = 2, then R admits a faithfully flat regular local extension of the form W (l)[[x1, x2]]/(h)
with [ a perfect field which contains k and is such that h ¢ (zf ,:cg,:z:’f_lxg_l); see Fact 3.1.
Thus R is p-quasi-healthy by [VZ10, Theorem 3].

In the rest of this section, we will prove by induction on d > 3 that Theorem 1.1(b) also holds
for d > 3. The base of the induction (that is, the case d = 3) is checked in Subsection 6.1. The
inductive step (that is, the passage from d — 1 > 3 to d > 4) is checked in Subsection 6.2.

Let Dy be a BT over the punctured spectrum U of a regular local scheme X = Spec(R) of
mixed characteristic (0, p) and dimension d > 3. We have to show that if condition () holds for R,
then Dy extends to a BT D over X. Based on Lemma 2.6 and Fact 3.1, by passing to a faithfully
flat extension, we can assume that R is also complete of the form R = W (k)[[x1,...,z4]]/(h),
with &k an algebraically closed field of positive characteristic p and with h € W (k)[[x1, ..., z4]]
such that h ¢ (2f,...,28) + (21,...,24)% 2. For i € {1,...,d}, let y; := z; + (h) € R. We can
also assume that the residue field k of R is uncountable and (as in Section 3) that y1,...,yq is
a regular system of parameters of R.

6.1 The base of the induction: The case d = 3

In this subsection, we will assume that d = 3. Thus R = W (k)[[z1,z2,x3]]/(h) has y1, y2, y3
as a regular system of parameters of R. Let Z be the blowup of X along its closed point; it is
a regular scheme of dimension 3 which is projective over X and which is the union of the open
subscheme U and a closed subscheme IP’%. From Proposition 2.4, we get that the restriction of Dy
to the generic point of Z (that is, to Spec(Frac(R))) extends to a BT Dgpec(0y over the spectrum
of the discrete valuation ring O which is the local ring in Z of the generic point of IP%. From this
and Fact 2.1(b), we get that for each n € N*, there exists a finite set S,, of closed points of P?
such that the BT,, Dy[p™] over U extends uniquely (up to unique isomorphism) to a finite flat
group scheme E, over Z \ S, whose pullback to Spec(O) is Dgpec(0)[P"]-

Recall the standard fact that if A is a finite locally free commutative group scheme annihilated
by p™ over a scheme Y, then the set of points z of 3 such that the fiber of A at z is a BT,, over
the residue field of z is open and A is a BT,, over the corresponding open subscheme. Thus let
IC,, be the smallest closed subset of IP’% which contains S,, and is such that the restriction of F,,
to Z \ K, is a BT,;; the dimension of K, is at most 1.

We can assume that we have a chain of inclusions &1 C So C -+ C S, C ---. Thus we have
a second chain of inclusions K1 C Ko C --- C K, C --- such that for each n € N*, the BT,;s
Enalp"l2k,., and By 7\, coincide over Z \ Kpy1. The set S := Up>18, is countable,
and the ind-constructible set Koo := Up>1/K,, has a countable number of maximal points and
is the union of their closures.® Moreover, Dy extends to a BT Dy k., over the stable under

3Recall that a point of a topological space is said to be a maximal point if its closure is not strictly contained
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generization, pro-constructible subset Z \ Koo = NS, (Z \ K;,) of Z (see Remark 1.3).

CrAam 6.1. For each n € N*| the set K, is finite, and therefore (by enlarging S,,) we can assume
that S, = IC,,.

We begin the proof of Claim 6.1 by introducing notation pertaining to h.

6.1.1 On h € k[[x1,72,23]]. For each integer i € {1,...,2p — 3}, let J? be the subset of
{0,...,p — 1}3 formed by those triples whose sum is i. We write
2p—3
?l(])l,xg,l‘g) = B()(Il,xg,l‘g) + Z Bi(l‘l,l‘z,xg) ,
i=1

where hg belongs to the ideal (4,25, 2%) + (21, 2, 23)*P~2 of k[[z1, 2, z3]] and where each

7 7 ) [
hi(z1, 72, 73) = E Oiin,is 1 T3 T3 € k[x1, 32, 3]
(i1,i2,i3)€?

is a homogeneous polynomial of degree i. As h ¢ (xl,:cg,:c3) + (21, 29, 23)*P~2, there exists

a smallest element ¢ € {1,...,2p — 3} such that we have h. # 0.

6.1.2 Good regular closed subschemes of X of dimension 2. For each triple

¢ =(C1.Ca:Cs) € W(k)’

such that its reduction ¢ = (51, Co, 63) modulo p is a non-zero element of k3, we consider the
regular closed subscheme Spec(S¢) of X, where S¢ := R/(Ciy1 + (oy2 + (3y3). Let Z; be the
closed subscheme of Z which is the blowup of Spec(S;) along its closed point; it is the union
of its open subscheme U N Spec(S¢) and a P;%;,g curve inside IP’%. It is easy to see that, with
respect to the usual projective coordinates [wg, wy, wa] of IP’%, the curve ]P’/,lC < of IP)% is defined by
the equation (ywg + (owy + (3we = 0. If P = [y0,71,72] € Sec C }P’k with v9,71,72 € k not all
zero, then condition P ¢ ]P ke gets translated into the inequality (1yo 4+ (oy1 + (372 # 0. Thus
there exists a countable union Lo of lines in P4 such that we have IF’}% N Soo = 0 if and only if
€1, C2, (3] & Loo (k).

Let Ps be the countable subset of P%(k) such that IP’}“C is not contained in K if and only if
[C1,¢2, 3] ¢ Poo

From Lemma 3.2 applied with (I,d) = (k,3), we get that there exists an open dense sub-
scheme O of A7 such that for each pair (vi,v2) € O(k) C k?, the polynomial

does not belong to the ideal (1'1,1'2,1'1 of kf[z1,x2]]. If ({1, C2,(3) = (—v1, —v2,1) with
(v1,v2) €O(k), then S¢ = R/(CGin +ng2+<3y3) s a regular ring isomorphic to W (k)[[z1, z2]]/(h¢),
where

) €
;LC 4(1'1,1‘2) C(x T9,V121 + ’UQ.I‘Q)
1

he(x1,20) i= h(21, 22, (5 ' Qa1 — GG ' Qo) € W(k)[[z1, 22]]

is such that its reduction BC modulo p has ﬁc7< as its homogeneous component of degree ¢, and
therefore it does not belong to the ideal (3:11’, b, le’_l:rg_l) of k[[x1, x2]]; thus in such a case, S¢

is of mixed characteristic (0, p) and is p-quasi-healthy (by [VZ10, Theorem 3]).

in the closure of another point. For sober spaces, the maximal points are the generic points of the irreducible
components.

508



PURITY FOR BARSOTTI-TATE GROUPS

We identify A? with an open subscheme of P? via the embedding (vi,v2) — [—v1, —v2, 1].
As k is uncountable, the set of all closed points of the open dense subscheme O of A2 C IP’2
cannot be contained in Lo, (k) U Poo; that is, there exist pairs (vy,v2) € O(k) such that we have
[—v1, —v2,1] ¢ Loo(k)UPso. If (v1,v2) is such a pair, then by choosing ((1, (2, (3) = (—v1, —v2, 1),
we get that the regular closed subscheme Spec(S¢) of X is good in the following sense:

(#) The regular ring S¢ is p-quasi-healthy, and moreover the line }P’,lfg neither intersects the
countable subset S, of IP’% nor is contained in Ko

6.1.3 Proof of Claim 6.1. As S¢ is p-quasi-healthy by (#), the restriction of Dy to U N
Spec(S¢) extends uniquely (up to unique isomorphism) to a BT Dgpec(s <) over Spec(S¢). As Pilc,c
does not intersect S, by (4), for n € N* we can speak about the pullback E,  of E, to Z.
Let Ep 0, be the restriction of E, ¢ to the spectrum of the local ring O of Z; which is a discrete
valuation ring that dominates S¢. As P}c,g is not contained in K, the inductive system Ej, o
is a BT over Spec(O¢) which, based on Tate’s extension theorem, is the pullback of Dgpecs,)
to Spec(O¢). This implies that for each n € N*, the finite flat group scheme E,, ¢ is the pullback
to Z¢ of Dgpec(s)[p"]- Thus the inductive system Ej, ¢ is a BT over Z¢. This implies that Z,
and therefore also IP’#O does not intersect K,. As two irreducible projective curves in IP’% always
intersect and as P}c,g N K, = 0, we conclude that each K, has dimension at most 0, and therefore

by enlarging S,,, we can assume that for each n € N*, we have S, = K,,. Thus also Ko = Swo,
and each E,, is a BT,, over Z \ S,,. This ends the proof of Claim 6.1.

6.1.4 Applying Theorem 1.2. Let G be the fiber of Dgpec(s,) over the closed point Spec(k)
of Spec(S¢). For n € N*, as E, ¢ is the pullback of Dgpec(s,)[p"] to Z, the pullback of E, to P} k.C
is canonically identified Wlth G[p")p: 1 . From this and Theorem 1.2 applied with (I,N,C,U,,Dy)

equal to (k, 2,IP’,£,<,]P% \ ’CmEn,Pi\lcn) we get that the restriction DP%\SOO of Dy\s,, to P2\ Soo
is isomorphic to GP%\ S..» and thus it extends to a constant BT D2 over P? isomorphic to GPi .

6.1.5 Liftings to infinitesimal neighborhoods of P2 in Z. Let m := (y1,92, y3) be the maximal
ideal of R. As mOy is the ideal sheaf of Oy that defines the closed subscheme }P’i of Z, for each
t € N, for the invertible Opz-module m Oz /mtl0y ~ Op2 (t) we have

HY(Z,m' 0z /mT10,) = H (B2, m'O5/m!*10,) = 0.

We consider a coherent locally free module Vi1 of rank r over the (¢ + 1)th infinitesimal
neighborhood IP’%J 41 of P in Z (that is, over the reduction modulo m**?0y of Z) such that the

coherent locally free module V; := Vi /mt“VtH over the tth infinitesimal neighborhood szt

of IP’% in Z is trivial and thus isomorphic to Op, . As we have
k t

mtJert—i-l — (mt+loz/mt+2oz) ®Oz Vt-‘,—l — (mt+1oz/mt+2oz) ®Oz Y, = (I.nt+1(/)Z/I.nt+2(/)z)T7
the short exact sequence
0—=m™YV -V =V, =0

of coherent Oz-modules induces an exact complex
HY(Z,Vi1) = HY(Z, V) — H' (Z,m" Oz /m't20,)" =

Therefore, the reduction homomorphism H%(Z, V,y1) — H°(Z,V}) is surjective, and this implies
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that V11 is also a free Opi Hl—module of rank r.

By induction on ¢t € N, we check that the constant BT Dpi over IP)% lifts uniquely (up to
unique isomorphism) to a BT D]P’2 over P%t in such a way that its restriction to the reduction
modulo m‘*! of Z\ S, is induced naturally by Dz\s,,, and, moreover, the coherent O[Pz -module

associated naturally to the structure sheaf of the BT, DPQ [p”] is free for all n € N* (in partlcular

for depth reasons each Dpi . [p"] extends the reduction of E,, modulo m**1).

The case t = 0 was accomplished in Paragraph 6.1.4. The passage from ¢ to t + 1 goes as
follows. From Grothendieck—Messing deformation theory, we get that there exists a torsor 7
under a locally free (’)Pz -module F such that for every open subscheme W C IP’k A1 the lifts of
the BT D]PQ W= _D]PQ xXp2, (P2 N W) to BTs over W are parametrized by the global sections
T:(W). The automorph1sm groups of such lifts are trivial. Similarly, for each integer n > 1, if W
is affine and contained in Z \ S, the isomorphism classes of BT}, lifts of £, X 1\, (IF’k7t N W) to
W are parametrized by 7;(VV) in a way compatible with n and the previous sentence (see [I1185,
Théoréme 4.4(c) and Corollaire 4.7]). By [I1I85, Théoreme 4.4(c)], the automorphism groups of
such lifts can be identified with F(WW), and by [I1185, Théoreme 4.4(d)] the transition maps on
such automorphism groups are trivial; that is, in the above situation for n > 1, the automorphisms
of a BT, lift restrict to the trivial automorphism of the corresponding BT,,_; lift. Thus, for W a
not necessarily affine open subscheme of Pz,t +1 \Sn, if we have a lift E, of E, x Z\Sn (IP’%JQW) toa

BT,, over W, then there exists a uniquely determined BT lift D of Dp2 qyy to W such that the lift
f?[p”] is locally isomorphic to E,; for n > 1, these local isomorphisms define a global isomorphism
between the corresponding BT),_; lifts. By limit arguments, we deduce that the lifts of Dz s
modulo m'™! to Z \ S5 modulo m**? are parametrized by HY(P% \ Sx, F) = H°(P%, F), so we
conclude that there exists a unique (up to unique isomorphism) BT over P% , 41 Which lifts D]P’i )
in such a way that its restriction to the reduction modulo m**2 of Z \ Sy, is induced naturally
by Dz\s..- By a previous argument, we get that the coherent OPQ —rnodule associated naturally
to the structure sheaf of the BT, Dpi t+1[p"] is free for all n E N* This ends the induction
onteN. ’

6.1.6 End of the proof in the case d = 3. For z € S, let 7 € Oz, be such that we have
Spec(Oz./(1)) = Spec(Oz.) xz P2. As Oz, is a regular local ring of dimension d = 3, for
t € N we have depth(@zjz/rﬂ'l(’)zjz) = d—1 > 2, and thus for each coherent locally free
Opi’t—module S+, we have a canonical identification

HO (P \ Sn,81) = H (PP 1)
Thus the direct image via the open embedding IP)% t \S, — IP’2 oot of the Opz A\Sn -module associated

to the reduction of E, modulo m**! is the (’)Pg -module associated to DPQ [ "]. Based on this,

from Lemma 2.7 applied to the local rings OZ 2, we get that for each n € N* the locally free
Oz\s,-module associated to Ej, extends (uniquely up to unique isomorphism) to a locally free
O z-module whose reduction modulo each m‘*! is the (’)Pz -module associated to D]P’i . [p"]. This

implies that each E,, extends to a BT,, E; over Z which hfts each DHyQ [ "]. For all n,m € N*,

the closed embedding homomorphisms E, n s — En+m extend to homomorph1sms

n+m

Ef - EY

n+m
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over Z which are closed embeddings that identify E;" with £ tm[P"], as their restrictions to

P? , = P? are so. Thus the inductive system E is a BT E* over Z.

The Dpi . define a BT Dy over the formal scheme 7 of the completion of Z along P?,

and, moreover, the coherent Oz-module O D [p] is free for all n € N* (the arguments in
Paragraph 6.1.5 show that the free bases can be chosen compatibly in ¢ € N). From [GD61,
Théoreme 5.1.4], we get that D is the formal completion along ]P’i of a uniquely determined (up
to unique isomorphism) BT Dz over Z and that for all n € N*, the coherent Oz-module Op, ]
is free. Due to the uniqueness part, we have ET = D.

As the morphism Z — X is birational and projective and as R is normal, the ring of global
functions on Z is R. From this and the fact that for all n € N*, the coherent Oz-module
@) Ef = Op,,[pn) s free, we get that E* = Dy is the pullback of a uniquely determined (up to
unique isomorphism) BT D over X which extends Dy and whose truncations D[p"] are defined
by identities H(X, D[p"]) = H°(Z, E*[p"]) (to be compared with the Hopf algebra argument
involving structure morphisms w,, at the end of Section 5).

6.2 The inductive step

In this subsection, we will assume that d > 4 and that Theorem 1.1(b) holds for regular rings
of dimension at most d — 1. As in Subsection 6.1, for each d-tuple ¢ = ((1,...,¢q) € W(k)?
such that its reduction modulo p is not zero, we consider the regular ring S¢ := R/( Z?:l Czyl)
As k is infinite, from Proposition 3.3 we get that we can choose ¢ such that S¢ is isomorphic to
W (k)[[x1,2,...,24-1]]/(h¢), where he € W (K)[[x1, 22, ..., 24-1]] is such that its reduction mod-
ulo p does not belong to the ideal (zf, 25, ..., 28 ) +(z1,22,...,24-1)*P 2 of k[[z1, 22, ..., x4-1]].
We know that S¢ is p-quasi-healthy by the inductive assumption that Theorem 1.1(b) holds for
regular rings of dimension at most d — 1. Thus Dy modulo (Z?Zl Ciyi) extends to a BT over
Spec(S¢). From this and Lemma 2.8 applied with (R,y, R/(y), Dy) = (R, Z?:1 Givir S¢, DU), we
get that Dy extends to a BT over X. Thus R is p-quasi-healthy. This ends the induction and
the proof of Theorem 1.1(b).

7. Proof of Theorem 1.1(a) and Corollary 1.4

In the situation of Theorem 1.1, from Theorem 1.1(b) and Proposition 3.5, we get that each
local ring of X of mixed characteristic (0, p) and of dimension at least 2 is p-quasi-healthy. Thus
Theorem 1.1(a) is a particular case of the following general lemma whose proof relies on the
purity of the branch locus.

LEMMA 7.1. Let Y be an integral scheme flat over Z such that Y [1/p| is regular and each local
ring of Y is normal noetherian. We assume that the following two conditions hold:

(a) Every local ring of Y of mixed characteristic (0,p) and dimension at least 2 is p-quasi-
healthy.

(b) There exists an affine open cover (Wy)xep of Y such that for each A € A, there exists
an Ny € N* with the property that for every maximal point 1y € Yr, N W), the absolute
ramification index of Oy, is at most N.

If D, is a BT over the generic point ) of Y which extends to every 1-dimensional local ring
of Y, then D, extends to Y (uniquely up to unique isomorphism).

Proof. As the local rings of Y are normal noetherian, the same arguments as in the proof of
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[Tat67, Theorem 4] give that the functor
(BT groups over Y') — (BT groups over 7)

is fully faithful. Thus it is enough to prove the assertion locally, and therefore we can assume
Y = Spec(A) = W) (so A = {A}).

In this paragraph, we check that the BT D, extends to a BT Dy ;) over the scheme Y'[1/p] =
Spec(A[1/p]). For n € N*, we consider the normalization Dy /p, of Y[1/p] in Dy[p"]. As
the finite étale group scheme D, [p"] extends to a finite étale group scheme over the spectrum
of each local ring of Y'[1/p] of dimension 1 (that is, of each local ring of Y[1/p] which is a
discrete valuation ring), the morphism ¥p,: Dy, — Y[1/p] is finite and étale over each
local ring of Y[1/p] of dimension 1. From this and the purity of the branch locus (see [Gro68,
Exposé X, Théoreme 3.4(i)]), we get that the morphism 1, is finite and étale over each local ring
of Y[1/p]. It is easy to see that this implies that 9,, defines a finite étale scheme over Y'[1/p] which
extends Dy [p"] and thus has a unique group scheme structure which extends the group scheme
structure on Dy [p"], and this defines a BT, Dy{1 /) over Y[1/p]. For n,m € N*, the inclusions
Dy[p™] = Dy[p™*™] extend to closed embedding homomorphisms Dy(1 /p).n — Dy [1/p]n+m» and
the inductive system Dy; /], is the unique (up to unique isomorphism) BT Dy, over Y[1/p]
which extends D,,.

To check that Dy;/, extends to Y, we consider two cases as follows.

Case 1: A/pA is noetherian. We consider all the local rings Oy, . .., Oy of R which are discrete
valuation rings of mixed characteristic (0, p); they correspond to the maximal points ny,. .., 7,
respectively, of Yg,. For i € {1,...,t}, let Do, be the unique (up to unique isomorphism) BT
over Spec(O;) which extends D,. For each n € N*, we consider the largest open subscheme U,
of Y which contains Y[1/p] U{n1,...,n:} and over which there exists a finite flat (locally free)
commutative group scheme Dy, ,, that extends compatibly Dy, [p"] and Do, [p"] for all indices
i€ {l,...,t}.* Let W, be the largest open subscheme of U,, with the property that the restriction
of Dy, n to Wy, is a BT,, over W,,. We have a chain of inclusions W7 D Wy D --- D Wy, D ---.
Thus for Y; := Y \ W;, we have a chain of inclusions Y7 C Y C --- C Y}, C -+ between reduced
closed subschemes of Yg,. The codimension of each Y, is at least 2. Note that the formation of
the open subschemes U,, and W,, commutes with passage to spectra of local rings of Y.

We will show that the assumption that there exists a ¢ € N* such that Y| is non-empty
leads to a contradiction. We can choose ¢ € N* such that for all m € N* we have the relations
codim(Y;) = codim(Yy4pm) = ¢ > 2.

Let z be a generic point of an irreducible component of Y; of codimension ¢, and let R:= Oy.
We have dim(R) = ¢ > 2, and therefore R is p-quasi-healthy. Let X = Spec(R), and let U be the
punctured spectrum of R. From the very definitions and the choice of z, we get that uny, =
for all n € N*. Thus there exists a unique (up to unique isomorphism) BT Dy over U which
extends the restriction of Dyq;/, to X[1/p] = Spec(R[l/p]). Therefore, Dy extends uniquely
(up to unique isomorphism) to a BT over X, and thus for each n € N*, we have z ¢ Y,. This
contradicts the fact that z € Y,. Thus our assumption leads to a contradiction. Therefore, for all
n € N*, we have U, = W,, =Y. This implies that D,, extends to a BT over Y.

“In the general non-noetherian case, “finite flat” does not imply locally free, but in our case this follows from [GR03,
Proposition 2.4.19] applied to classical extensions of the type A C A[1/p].
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Case 2: general case. Let n € N*. Let s € N be such that it depends only on Ny and [Bon06,
Theorem E| or [VZ12, Corollary 3] applies to all discrete valuation rings which are local rings of
Y at maximal points of Y, (see [VZ12, Examples 2 and 4]). Let z be a point of Yf,. From case 1
applied to Oy,., we get that the restriction of Dy, to Spec (Oxz[l/p]) extends to a BT D,
over Spec(Oy.;). Thus D,[p" "% extends to a BT, 15 Epts, over an open subscheme W, of YV
with z € W,.

From [Bon06, Theorem E] or [VZ12, Corollary 3] and condition (b), we get that for each
maximal point 79 € Y, that belongs to W, the restriction of Enys:[p"] to Oy, is (canonically
identified with) the truncation of level n of the BT D, over Oy,,, which extends D,. Based
on Fact 2.1(c) applied to the local rings of Y, we get that Dy, [p"] and the E, s .[p"] with
z € Yy, glue together to define a BT,, D;f over Y which extends D, [p"] and whose restriction to
each Oy, is Dy, [p"].

If m € N*, from Fact 2.1(c) applied to local rings of Y, we get that the closed embedding
homomorphism Dy(; /) [p"] = Dy11/,)[p"™™] extends to a homomorphism D, — D;\, ... The fact
that the inductive system D; is a BT over Y which extends Dy 1/p) follows from the fact that
its restriction to each Spec(Oy,) is canonically identified with the inductive system D, [p"]. This
ends the proofs of the lemma and of Theorem 1.1. O

7.1 Proof of Corollary 1.4

In the situation of Corollary 1.4(a), condition (a) of Lemma 7.1 holds. Then condition (b) of
Lemma 7.1 also holds: for each affine open cover (W)y)xea of Y, we can take all Ny to be p — 1;
see assertion (ii) of Section 3. Thus Lemma 7.1 implies that Corollary 1.4(a) holds. In view
of the uniqueness (up to unique isomorphism) of the extension from the generic point of Y,
Corollary 1.4(b) is a particular case of Corollary 1.4(a). This ends the proof of Corollary 1.4.

8. Complements to Corollary 1.4 and Lemma 7.1

For a topological space Y, let Y™ be the subspace of maximal points of )). We recall that if ) is
a locally spectral space (for example, the underlying topological space of a scheme), then Y™ is
retrocompact in ) if and only if it is pro-constructible, and for ) spectral, Y™ is retrocompact
in Y if and only if it is quasi-compact; see [ST10, Corollaries 2.6(i) and 2.7].

For the sake of completeness, for extending BTs from Y[1/p] to Y, we have the following
variant of Lemma 7.1 and Corollary 1.4. [In view of [Kol16, Corollary 7], the assumptions on Y
imply that for each z € Yf,, the local ring Oy, is either a discrete valuation ring or a noetherian
ring of both dimension and depth at least 2. We will only use this characterization and not the
integrally closed condition itself.]

LEMMA 8.1. Let Y be scheme on which p is a non—zero-divisor, which is integrally closed
in Y[1/p], and whose local rings at points of residue characteristic p are noetherian. We as-
sume that condition (a) of Lemma 7.1 holds. Then the following two properties hold:

(a) If condition (b) of Lemma 7.1 holds, then each BT Dy, over Y[1/p] which extends at
each maximal point of Yr, extends to a BT over Y (uniquely up to unique isomorphism).

(b) If Yﬁ‘in is retrocompact (that is, the morphism YIFn;in —Y is quasi-c'ompact), then each BT
Dy over an open subscheme W of Y that contains Y[1/p] and Yg™ extends to a BT over

Y (uniquely up to unique isomorphism); thus, if Y is a faithfully flat regular Spec(Z,))-
scheme, then it is p-healthy regular.
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Proof. Due to the assumptions of the first sentence of the lemma, the functor
(BT groups over Y') — (BT groups over Y [1/p])
is fully faithful.

Thus to prove statement (a), we can assume that Y = W) is affine. The remaining part
of the proof of statement (a) is similar to cases 1 and 2 of the proof of Lemma 7.1, with just
one difference. Namely, unlike in case 2 of the proof of Lemma 7.1, we are not assuming Y'[1/p]
regular; once we obtain Fj, 4, . over an open subscheme W, we have to add that by replacing W,
with an affine open subscheme of it (containing z), we can assume that E, .[1/p] is isomorphic
to the restriction of Dy [p""*] to W.[1/p] under an isomorphism which extends the known
isomorphism over Spec (Oy7 21/ p]) )

To prove statement (b), we can assume that Y is quasi-compact and quasi-separated. By the
hypotheses, YF“;m is quasi-compact. Thus W can be exhausted by quasi-compact open subschemes

of it which contain Y[1/p]U Yﬁ;lm, and it is enough to prove the extension assertion for each such
open subscheme of W. Therefore, we can assume that W is quasi-compact. Let n € N*. Let
z € Yf,. From statement (a), we get that the restriction of Dy to W N Spec(Oy,.) extends to
a p-divisible group D, over Spec(Oy, ;). A standard limit argument shows that D, [p"] spreads out
to an extension of Dy [p"]w.nw to a BT over W, where W, is an affine open neighborhood of z
in Y. These extensions are unique (up to unique isomorphism) and glue as we have ,(Ow ) = Oy,
where t: W — Y is the open embedding. Thus each Dy [p"] extends to a BT,, over Y, and by
the uniqueness part, these extensions constitute a BT over Y. O

Ezample 8.2. Let Q C K1 C K9 C --- be a tower of finite field extensions unramified above p
such that the union K. := Upen+ K, has infinitely many places above p. Let O,, be the integral
closure of Z,) in Kp; 80 O := Upen=Op is the integral closure of Z,) in K. Let m € Max(Ox)
be a non-isolated point. For instance, if K, := Q(\/H e \/E), where the [; are distinct primes
which are squares in Q,, then Max(O«) is a Cantor set and so has no isolated point. Let m,, € O,
be a generator of the product of all maximal ideals of O, different from m N O,,. Let = be an
indeterminate, and let A := h%mOn[x/ﬂn] (a filtered union of subrings of Ox[z/p]). Then the
ring A is regular of dimension 2 and Spec(A/pA)™™ is not retrocompact, being a topological space
homeomorphic to the disjoint union of {m} and Max(O) \ {m}. This example can be modified
in a way which allows ramification above p to get.examples of faithfully flat Z,-schemes Y
which are regular of dimension 2 and for which Y™™ is not retrocompact and condition (b) of
Lemma 7.1 does not hold.

Let R be a regular local ring of mixed characteristic (0, p) and dimension d > 1. For e € N*|
we consider the following condition on R:

($e) The reduced ring (R/pR)rea is regular, and we have div(p) = ediv(p)req (as divisors on
X = Spec(R)).

If condition (¢.) holds for R, then it also holds for R and for each local ring of X of mixed
characteristic (0, p). If R is formally smooth (or only flat with regular special fiber) over a dis-
crete valuation ring O of mixed characteristic (0,p) and absolute ramification index e, then
condition (<) holds for R. If ¢ > 1, there are examples in which condition (¢.) holds for R but
not for R and, moreover, R/pR is an integral domain. Moreover, we have the following converse
which is related to the applicability of Corollary 1.4.
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LEMMA 8.3. If condition ({¢) holds for R and p does not divide e, then R is a formal power
series ring over a complete discrete valuation ring O as above.

Proof. Let m be the maximal ideal of R; so k = R/m. We consider a Cohen (coefficient) ring
C(k) C R. As Ris a unique factorization domain, from the identity div(p) = ediv(p)req of divisors
of X we get that there exist a 7 € R and a unit u,; of R such that we have p = m°u,. We write

Uy = ulug, where u € C(k) and u; € 1+ mR. By Hensel’s lemma, u; has an eth root u}/e

in R. Thus, by replacing m with wu}/  we can assume that u; = 1. As pu = 7°, the desired
discrete valuation subring of R is O := C(k)[r] = C(k)[za)/ (25 — pu). If y1,...,yq-1 € R lift a
regular system of parameters of (ﬁ / p}/%) Leq: 1U 18 €asy to see that the C (k)-algebra homomorphism

C(k)[[z1,...,zd4]] = R that maps z; to y; for i € {1,...,d—1} and x4 to 7 induces an isomorphism
C(k)[[z1, - .., z4)] (x5 — pu) = O[[x1,...,24-1]] = R. O
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