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Hypergeometric Hodge modules

Thomas Reichelt and Christian Sevenheck

ABSTRACT

We consider mixed Hodge module structures on GKZ hypergeometric differential sys-
tems. We show that the Hodge filtration on these D-modules is given by the order
filtration, up to a suitable shift. As an application, we prove a conjecture on the ex-
istence of non-commutative Hodge structures on the reduced quantum D-module of
a nef complete intersection inside a toric variety.

1. Introduction

In a series of papers, Gel'fand, Graev, Kapranov and Zelevinskii [GGZ87, GZK89] introduced
a system of differential equations which generalize the classical differential systems satisfied by
the hypergeometric functions of Gauf3, Appell, Bessel and others. These generalized systems are
nowadays called GKZ systems. The initial data of a GKZ system consists of a d x n integer matrix
and a parameter vector 3. Although the definition of a GKZ system has a combinatorial flavor,
it was early realized that at least for non-resonant parameter vectors 5, GKZ systems come from
geometry [GKZ90]; that is, they are isomorphic to a direct image of some twisted structure sheaf
on an algebraic variety. In [Reil4], the first-named author has shown that certain GKZ systems
actually carry a much richer structure; namely, they underlie mized Hodge modules in the sense
of M. Saito (see [Sai90]). One of the main goals of this paper is the explicit calculation of the
corresponding Hodge filtration on these modules.

An important application of GKZ systems is mirror symmetry for weak Fano complete inter-
sections in toric varieties. We have shown in our previous papers [RS15, RS17] how to express
variants of the mirror correspondence as an equivalence of differential systems of “GKZ type.”
However, an important point was left open in these articles: The mirror statements given there
actually involve differential systems (that is, holonomic D-modules) with some additional data,
sometimes called lattices. These are constructed by a variant of the Fourier—Laplace transforma-
tion from regular holonomic filtered D-modules. The filtration in question is the Hodge filtration
on these modules, but a concrete description of it is missing in [RS15, RS17]. As a consequence,
the most important Hodge-theoretic property of the differential system entering in the mirror cor-
respondence was formulated only as a conjecture in [RS17, Conjecture 6.15]: the so-called reduced
quantum D-module, which governs certain Gromov—Witten invariants of nef complete intersec-
tions in toric varieties, conjecturally underlies a variation of non-commutative Hodge structures.
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We prove this conjecture here (see Theorem 6.6); it appears as a consequence of the main result of
the present paper, which determines the Hodge filtration on the GKZ systems. More precisely, as
GKZ systems are defined as cyclic quotients of the Weyl algebra, we obtain (Theorem 5.35) that
this Hodge filtration is given by the filtration induced from the order of differential operators up
to a suitable shift. In some sense, this finishes the Hodge-theoretic study of mirror symmetry for
this class of varieties since we can now express the mirror correspondence as an isomorphism of
non-commutative Hodge structures, which are the correct generalization of ordinary Hodge struc-
tures in the case where the underlying differential equations acquire irregular singularities, as is
the case for the quantum D-module of weak Fano varieties (in contrast to the Calabi-Yau case).

Another application of our main result, which can be found in the two recent papers [CS19]
and [CRS19], is the calculation of the so-called irregular Hodge filtration on certain 1-dimensional
classical hypergeometric modules. The irregular Hodge filtration has been introduced by Sabbah
[Sab18] in order to attach Hodge-type numerical invariants (namely dimensions of graded parts
of a filtration) to differential systems acquiring irregular singularities. In geometric situations,
like those where regular functions on quasi-projective manifolds are studied as Landau—Ginzburg
models of certain quantum cohomology theories, the irregular Hodge filtration has a concrete
description using certain logarithmic de Rham complexes, as has been shown by Esnault, Sab-
bah and Yu ([ESY17]; see also the discussion in [KKP17]). Classical hypergeometric systems
are also the most prominent example of rigid D-modules [Kat90], so the computation of these
invariants for them is of particular interest. It turns out that confluent classical hypergeometric
modules (these are precisely those with irregular singularities) are obtained from GKZ systems
by a dimensional reduction and a Fourier—Laplace transformation. Using our result (that is, The-
orem 5.35), one can explicitly describe the irregular Hodge filtration (and give closed formulas
for irregular Hodge numbers) of certain such systems (see [CS19, Theorem 4.7] and [CRS19,
Theorem 5.9] for more details).

Let us give a short overview on the content of this article and the precise statements of the
main results. Notice that Section 2 provides a detailed description of these results and parts of
their proofs for a rather simple example, which is related to the quantum D-module of P!. We
advise the reader to go through this example in order to understand the strategy of the proof in
the general case in the main body of this article.

The main result of this paper is obtained in two major steps, which occupy Sections 4 and 5,
respectively. First, we study embeddings of tori into affine spaces given by a monomial map
ha: T = (C)% — C", (t1,...,tq) — (t%,...,1%), where t% = Hz:1 t7* and where the matrix
of columns A = (a;)i=1,.n € M(d x n,Z) satisfies certain combinatorial properties related
to the geometry of the semigroup ring C[INA]. Consider the twisted structure sheaf O? =
Dy /Dr(0nt1 + b1, ..., O ta+ Ba). It was shown in [SWO09] that the direct image hA+O§ has an
explicit description as a Fourier—Laplace transformed GKZ system Mﬁ (cf. Definition 3.5) in case
the parameter vector (3 is not strongly resonant (cf. Definition 3.8). We consider the corresponding
direct image H° (h A*p(Dg B ) in the category of complex mixed Hodge modules and calculate its
Hodge filtration (cf. Theorem 4.17) in case the parameter vector /3 lies in the set of admissible
parameters A4 (cf. Formula (4.3)). More precisely, this first result can be stated as follows.

THEOREM (Theorem 4.17). For € 204, the Hodge filtration on /\;li is equal to the order
filtration shifted by n — d; that is,

H B rd A8
FH oM = FOME
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If the matrix A we started with satisfies a homogeneity property, then the underlying D-
module of this mixed Hodge module is a (monodromic) Fourier—Laplace transformation of the
GKZ system we are interested in. It should be noticed that Theorem 4.17 is of independent
interest; its statement is related to the description of the Hodge filtration on various cohomology
groups associated with singular toric varieties. We plan to discuss this question in a subsequent
work. The main point in Theorem 4.17 is to determine the canonical V-filtration on the di-
rect image module along the boundary divisor im(h4)\im(h4), that is, the calculation of some
Bernstein polynomials.

The second step, carried out in Section 5, consists in studying the behavior of a twisted
structure sheaf on a torus under a certain integral transformation which generalizes the Radon
transformation in [Reil4]. It is well known (see [Bry86, DE03]) that there is a close relation
between the Fourier-Laplace transformation and the Radon transformation for holonomic D-
modules; however, the former does not a priori preserve the category of mixed Hodge modules,
whereas the latter does. This fact is one of the main points in the proof of the existence of
a mixed Hodge module structure on GKZ systems in [Reil4]. We calculate the behavior of the
Hodge filtration under the various functors entering into the integral transformation functor. An
essential tool for these calculations is the so-called Fuler—Koszul complez (or some variants of it)
as introduced in [MMWO05]. We finally get the following statement for the Hodge filtration on the

GKZ system M”. (cf. Theorem 5.35). We call a matrix homogeneous if all of its columns lie in
an affine hyperpf?me. Moreover, an integer matrix is called normal if the semigroup generated by
its columns is the intersection of the cone generated by these columns with the lattice generated
by them (see formula (4.1) below).

THEOREM (Theorem 5.35). Let A be a homogeneous, normal (d + 1) x (n + 1) integer matrix,

E € 23 and By € (—1,0]. Then the GKZ system M% carries the structure of a mixed Hodge
module whose Hodge filtration is given by the shifted order filtration; that is,
(ML, Ty = (ME FS)

The second to last part of Section 5 deals with the Hodge module structure on the holonomic
dual GKZ system (which, under the assumptions on the initial data, is also a GKZ system). The
last subsection of Section 5 explains how one can deduce from our main result the computation of
Batyrev [Bat93] of the Hodge filtration on the relative cohomology of smooth affine hypersurfaces
in algebraic tori.

Finally, in Section 6, we explain the above-mentioned conjecture from [RS17] and show how
its proof can be deduced from our main result (cf. Theorem 6.6). To formulate this result,
consider a smooth projective toric variety Xy, and a split globally generated vector bundle £
satisfying some positivity assumptions (ensuring, in particular, that the subvariety Y := s~1(0)
for a generic section s € I'(Xy, £) is smooth weak Fano). Then we have the reduced quantum
D-module QDM (X, £) (see [RS17, Section 4.1]) and the mirror map Mir (see Theorem 6.5 below
as well as [RS17, Theorem 6.9] and the references therein). We get the following result.

THEOREM (Theorem 6.6). Let Xy, be a k-dimensional smooth, toric variety, and let Ly, ..., L; be
globally generated line bundles such that —K x;, — £ is nef, where £ = @2:1[,]-, with L£; ample for
j=1,...,1. Then the smooth R¢,xxme-module (idg, xMir)*QDM(Xs, £) underlies a variation
of pure polarized non-commutative Hodge structures.

While we were working on this paper, a preprint of T. Mochizuki [Moc15b] appeared where
[RS17, Conjecture 6.15] is shown with rather different methods. The arguments in his paper work
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entirely in the category of mixed twistor modules, using the full strength of [Mocl5a]. It seems
possible from his approach to obtain our main result by considering equivariant twistor modules
[Moc15b, Section 6.4]. However, the treatment of the regular case in loc. cit. (that is, the case of
mixed Hodge modules) seems to be done in a setup that is more restrictive in two ways: First,
there is an extra assumption [Mocl5b, Assumption 6.51] excluding the calculation of the Hodge
filtration on GKZ systems for examples coming from local mirror symmetry (however, the mirror
symmetry consequence, that is, the proof of [RS17, Conjecture 6.15], is covered by [Mocl5b]).
On the other hand, there is no discussion on GKZ systems (or its twistor versions) for non-zero
parameter vectors S in [Mocl5b], in contrast to our main result (that is, in contrast to The-
orem 5.35, which holds for non-zero parameters satisfying a natural combinatorial condition).
Besides, we feel that the calculation of the Hodge filtration on GKZ systems which only uses
properties of the category of mixed Hodge modules (not passing via twistor modules) may be of
independent interest.

To finish this introduction, we introduce some notation and conventions used throughout the
paper. Let X be a smooth algebraic variety over C of dimension dy. We denote by M (Dx)
the abelian category of algebraic left Dx-modules on X and denote the abelian subcategory of
(regular) holonomic Dx-modules by My(Dx) (respectively, (M,,(Dx)). The full triangulated
subcategory in D°(Dx) consisting of objects with (regular) holonomic cohomology is denoted by
Db (Dx) (respectively, DY, (Dx)).

Let f: X — Y be a map between smooth algebraic varieties. Let M € D®(Dy) and N €
D’(Dy); then we denote by

L L
f+M = Rf.(Dy—x ® M), respectively fTM :=Dx_y ® f ' M[dx — dy]
the direct, respectively inverse image, for D-modules. Recall that the functors f, and f* preserve
(regular) holonomicity (see, for example, [HTT08, Theorem 3.2.3)).

We denote by D: D}(Dx) — (D}(Dx))*™" the holonomic duality functor. Recall that for
a single holonomic Dx-module M, the holonomic dual is also a single holonomic Dx-module
[HTTO08, Proposition 3.2.1] and that holonomic duality preserves regular holonomicity [HTT08,
Theorem 6.1.10].

For a morphism f: X — Y between smooth algebraic varieties, we additionally define the
functors f; :==Do fy oD and fT:=Do f¥oD.
Let M F(Dx) be the category of filtered Dx-modules (M, F') where the ascending filtration F,
satisfies
(1) F,M =0 for p < 0,
(2) Up FPM = M>
(3) (FpDx)FyM C FpygM for p € Z>p and q € Z,
where FoDx is the filtration by the order of the differential operator.

We denote by MHM(X) the abelian category of algebraic mixed Hodge modules and by
DPMHM(X) the corresponding bounded derived category. The forgetful functor to the bounded
derived category of regular holonomic D-modules is denoted by

Dmod: D°MHM(X) — DY, (Dx) .
For each morphism f: X — Y between complex algebraic varieties, there are induced functors

fer fi: DPMHM(X) — D*MHM(Y)
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and
f*, s D°MHM(Y) — D°MHM(X),
which are interchanged by D. The functors f., fi, f*, f' lift the analogous functors f, fis ft ot

on DY (Dx). Let er){ be the unique mixed Hodge structure with Gr)¥ = Gr!" = 0 for i # 0 and
underlying vector space Q. Denote by ax: X — {pt} the map to the point, and set

QX = ak Qi
The shifted object PQY := Q¥[dx] lies in MHM(X) and is equal to (Ox, F, Qx[dx], W) with
Grg =0 for p # 0 and Gryv = 0 for i # dx. We have ]D)Q)hg ~ a!XQgt and, since X is smooth,
the isomorphism
DY ~ Q¥ (dx)[2dx].
Here (dx) denotes the Tate twist (see, for example, [Sai90, p. 257]).

We also have to consider the category MHM (X, C) of complex mixed Hodge modules which
can be defined as follows [DS13, Definition 3.2.1]: First, note that one can naturally extend the
notion of a Q-mixed Hodge module (that is, an object of MHM(X)) to a R-mixed Hodge module,
due to the work of Mochizuki on mixed twistor modules (see, in particular, [Mocl5a, Section
13.5], where the notion of a K-mixed Hodge module is considered for K any subfield of R).
Then we say that a filtered Dx-module (M, F,) underlies a complex mixed Hodge module if it
is a direct summand of a filtered Dx-module that underlies an R-mixed Hodge module. Many
properties of the category of R-mixed Hodge modules carry over to MHM(X, C) since they are
stable by direct summands.

Let T = (C*)? be a torus with coordinates t1,...,t4, and let 3 € R?. We denote by (’)g the
Dr-module

O? = Dr/((Oyti + Bi)i=1,...d)
and by Cf” the complex Hodge module (O, F, W) with Grf €17 = 0 for p # 0 and Gr}V €17
= 0 for i # d. Finally, we set ?CH° .= CHP[dy).

2. A guiding example

In this section, we intend to discuss a particular example, related to the quantum differential
equation of P!, where most of the techniques used in the main body of the paper can be written
down quite explicitly. We hope that this section will help the reader to find his way through the
technical difficulties of the paper.

Let A be the following 2 x 3 matrix with integer entries:

11 1
01 -1/

As explained in Definition 3.1 below, any d x n integer matrix A together with a vector 8 € C%
defines a cyclic Dgn-module called a GKZ system and denoted by Mg. For the above matrix,
this system for the vector 8 = 0 is given by

M% = Dcs/(8§0 — Ox,0xy, A0z, + A0, + A200,, MOy, — /\2(3)\2) .

It is well known that ./\/l% is holonomic [Ado94] and regular [SWO08]. Moreover, it follows from
[Reil4, Theorem 3.5] that M% underlies a mixed Hodge module H/\/l% € MHM(C?). The purpose
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of this introductory section is to explain and partly prove the following statement, which is a very
special case of the main theorem of this paper (Theorem 5.35).

THEOREM 2.1. We have an isomorphism of filtered Dgs-modules
0 pH 0 d
(MG, F) = (M5, FS)
where FH denotes the filtration such that the filtered modules (M%, FH ) underly the mixed

Hodge module HM% and where Fo™ is the filtration induced on M% by the filtration on Dgs
by orders of differential operators.

The proof of this theorem will be done in several steps that parallel the main steps of the proof
of Theorem 5.35. The two major simplifications are that we are dealing with the very special
matrix A, whereas in Theorem 5.35 any (d+ 1) x (n+ 1) matrix A satisfying some combinatorial
conditions is considered, and moreover we restrict to the parameter value § = 0 (compare with
the general definition of GKZ systems M% in Definition 3.1 and with Definition 3.5 for the sheaf
M%) This avoids considering some rather involved combinatorial condition relating A and B
(see the definition of the set 2 ;7 in equation (4.3) below).

We first consider the morphism

hg: (C*)2 — (Dg =W, (t(),tl) — (to,to ~t1,%0 - tl_l) =: (wo,wl,wg) s
where the exponents of the monomials in the components of the map are exactly the columns
of A.

As explained in more detail in Theorem 3.9 and Proposition 3.11, it follows from a result of

Schulze and Walther [SW09] that we have the following isomorphism of Dy -modules:

hi Oy =hi Dicye/(Dto+ 2,0t — 1)
!

o~ DW/(wg — WW2, O Wo + O, W1 + Oypy W2, Oy, W1 — 811,2102) =: M%.

The main point in this result is to show that (left) multiplication by wq is invertible on M%.
The isomorphism then follows since the map h 3 can be decomposed as

hy (€% 23 "A4 o w02 A2 W,
where both th and hﬁz are embeddings and where th sends (tp,t1) to (tg, to-t1,to - tl_l) and
is closed (this follows since the map C* — C2, t (t, t‘l) is a closed embedding), whereas h A2
is the canonical open embedding of C* x C? into W.

A second consequence of Proposition 3.11 is that M% underlies a mixed Hodge module on
W, namely the object h; *pQg € MHM(W). A first step to prove Theorem 2.1 is to compute
the Hodge filtration on M%. This task can be divided into two steps: First, we have to compute
the Hodge filtration on the module *MQ = hA,1,+

module h 3 pQT € MHM(C* X Cz) ThlS is done via a rather direct argument since h 3
closed The second step, which is more delicate, is to obtain from this the Hodge ﬁltratlon on
* MO M0~
hz 2,+ A
Here we are faced with the fundamental problem of extending a mixed Hodge module from the
complement of a (smooth) divisor to the total space. While this operation is easily understood
at the level of D-modules, one cannot simply use the direct image functors for O-modules to

O(¢+)2 which underlies the mixed Hodge
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calculate the extension of the filtration steps of the Hodge filtration since those are by definition
O-coherent, a property that is lost under direct images of open embeddings. As explained in
more detail at the beginning of Subsection 4.3, this problem is solved by intersecting the direct
image with the canonical V-filtration along the divisor in question. In order to compute the
Hodge filtration on h 3 2 +*/\;l%, we thus have to calculate this V-filtration along w; = 0.

Notice that in the main body of the text, we follow a slightly different strategy, due to the
fact that the factorization used above of h 7 into a closed and open embedding may look different

depending on the shape of the matrix A. In general, one can always consider the factorization
into a map between tori, which is a closed embedding (which would be the map from (C*)?
o (C*)? in the above example) followed by the canonical open embedding from the torus into
affine space. The latter, however, is the extension over a normal crossing divisor, which is not
smooth. In order to apply the techniques sketched above, one has to compose further with a graph
embedding with respect to the equation of the normal crossing divisor (see diagram (4.10) and
the arguments following it).

The first (easy) step of the calculation of the Hodge filtration on M - can be formulated as
follows. (Compare with Lemma 4.14 for the general case.)

LEMMA 2.2. The direct image H°h ; O(g=)2 Is isomorphic to the cyclic Dg«y g2-module

Al +
2
DC*XCQ/(U)O — wWi1wa, a’u}owo + a11)110]. + a’wzwza awlwl - aw2w2)

and, under this isomorphism, the Hodge filtration on this module is given by the induced order
filtration, shifted by one; that is, we have

FZ{{HOhK717+O(@*)2 = Fz?idl [DC*XCQ/(’LUg — W W32, OwuWo + Ow, W1 + Oy W2, Oy, W1 — 8w2w2)] .

Proof. We can factor h 7, further as h7, = h ohz A where

hiy: (C*)? — (), (to,t1) — (to, to - t1,t0 - tl_l) ,

and where ﬁg L1 (€*)3 < €* x €? is the canonical open embedding. Then, since hz , is a closed

embedding, we know that the support of *./\/l% is disjoint from the divisor (C* X (DQ) \(€*)3, which

implies that Ff */\/l = h~ FHh - il +(’)(@*)2. It therefore suffices to determine the filtration

Alx" P
steps F h+ (9(@*)2 or, more precisely, to show that

Al+
Fl'hg, Oy = By [Dierys/ (W] — w1ws, ugtwo + Ouy w1 + Oy, Dy w1 — Dy w3)]
Consider the coordinate change
¢: (C*)> — (€)%, (wo, w1, w2) — (wo, w1 /wo, wiwa/wg) =: (ug, u1, uz) ;
then (¢ o %;}Q(to, t1) = (to,t1,1) and
(dohg,), O = Dieryr/ (g = 1, Qugtio + 2,0y t1) = (Do) / (Dugtio + 2, 0y 1)) [Dus) -
According to [Sai93, formula (1.8.6)], we have

FLi(¢ohg,),Ocye= Y. Fi(Dicye/(Ougtio + 2, Ouyur) 002 .
p1+p2=p
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Since FI(D(gx)3/(Ougtio; Ouyur)) = F9'4 (D@3 /(Dugto, uyu1), we obtain from the above for-
mula that

Fff (pohg,), Oy = FgG (Dierys/ (ua — 1, 0ugtio, duyun)) -

Since ¢ is invertible, we obtain that the Hodge filtration on qZ)jrl ((qzﬁoﬁg’l)jLO(@*)z) = 7L;1,+O(@*)2
is the order filtration on D(@*)s/(wg — WiwW3, Oy W + O, W1 + Oy W2, Oy, w1 — 8w2w2), shifted
by one. As discussed above, the closure of the support of h Al +(’)(@*)2 in C* x C? lies entirely in
the torus (C*)?; therefore, we obtain

FZ{{hA,l,+O(C*)2 = F;idl [DC*XCQ/(U)S — wiwa, 8w0w0 + 8w1w1 + 3u,2w2, awlwl — 8w2w2)] ,

as required. O

The next step is to compute the Hodge filtration of the open direct image h 3, +*./\>l% = M%.
As mentioned above, this requires information on the canonical V-filtration of the module ./\;l%
with respect to the smooth divisor {wg = 0}. More precisely, we have the following important

formula (see formula (4.9), as well as [Sai93, Proposition 4.2.]):

FIMO =)0k, (VMG nhg, FE MY . (2.1)

A2%" Pt
=0

Hence, we need to determine the object VOM%. For what follows, it is more convenient to work
out everything at the level of global sections. Since all modules we are considering here are
defined on affine spaces, this is obviously sufficient.

We refer to [MMO04] for details on the V-filtration. For what follows in this introduction,
we only need that VODgs = Clwo, w1, we](woOuwy, Ow,; Ow,) and the following characterization
of the canonical V-filtration of the holonomic module M% = F(Cg,M%), copied from [MMO04,
Definition 4.3-3, Proposition 4.3-9]. For any m € M%, we consider its Bernstein—Sato polynomial
bm(x) € C[z], which is the unique monic polynomial of smallest degree satisfying the functional

equation by, (O, wo)m € wo - VO(Dgs)m. The set of roots of by, () is denoted by ord(m). Then
we have

VO‘J\Z[% ={me M% | ord(m) C [a,00)} .

Our first step is to compute the Bernstein—-Sato polynomial for the class [1] € M%. Here we have
the following result. (Compare with Lemma 4.4 for the general case.)

PROPOSITION 2.3. Consider the class of 1 € D¢gs in the quotient M%, denoted by [1]. Then we

have by (s) = s*.

Proof. Tt is sufficient to find a functional equation in Dgs of the form (Oywo)? = wq - P + o
where
.f% = (wg — W W32, OwuWo + Ow, W1 + Oy W32, O, W1 — awzwz)

and P € Clwo, w1, wa](woOuwy, Ow, , Ow,)- We will show that

(
(_a’uuwl - aw2w2)2 S wo - C[wla w2]<awlaall)2> + j%v (22)
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which suffices to conclude. We have
(= 0w, W1 — Oy w2)? = 204, Dy 1wz + (O, w1)? + (Fuyw2)?
= 2w} - Oy Oy + (Duyw1)? + (Dwpwa)®  mod f%
= Qw(% - Oy Oy + (O w1 — 8U,2w2)2 + 20y, O, W1 W3
= wg -4 Dy, 0y, mod f%,
which shows formula (2.2). O

Notice that the above calculation can be extended to any matrix A of the form

1 1 ... 1
~ 0 ai;y ... Qin
A=1. . I
0 adqr ... Qdn
where the columns of the matrix
arl a1in
A= :
[077% Ann,

are the primitive integral generators of the fan of a smooth projective toric Fano manifold. Then
one has to consider the classical cohomology algebra of this manifold, which admits a toric
description (see, for example, [Ful93, Section 5.2]), and the functional equation (that is, the
analogue of formula (2.2)) can be deduced from the relations in this algebra. Also notice that
this is in fact an argument which is a much simplified version of the one used to prove Lemma 4.4
(actually, the proof of this lemma relies on the main result of the separate paper [RSW18],
which is based on general arguments from toric algebra, such as Euler—Koszul complexes, toric
modules, etc.). Lemma 4.4 is also more general in the sense that the matrix considered there is
not necessarily defined by the rays of a smooth toric variety.

We have the following consequence of the above calculation, which gives complete control
over the integer part of the canonical V-filtration on M. (Compare with Proposition 4.8 for the
general case.)

COROLLARY 2.4. Denote by V’dM0 the filtration induced on MO by the V-filtration (with
respect to wg) on Dgs. Then for all k € Z, we have VlﬁdM% = VkMg.

Proof. The proof is more or less similar to that of the general case in Proposition 4.8. In the
case k > 0, any element [P] € ViﬁdM% has an expression

l
Z W (WD, ) - Pi
=0

where P; € Clwy, w2](Ow, , Ow,) and [R] € VﬁleO On the other hand, if £ > 0, we can always

1

+ (4],

write an element [P] € V, (fM Y as
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where P; and [R] are as above. One easily deduces (see the calculations in the proof of Proposi-
tion 4.8) from the functional equation (Oy,wo)?[1] € VhlldM% proved in Proposition 2.3 that we
have
(Owowo — k)*[P] € Vied "M for k > 0 and [P] € Vi MY,
(Ouwowo + k)*[P] € Vgt MS for k>0 and [P] € Vi, MY.

General considerations on the canonical V-filtration (see, for example, [MMO04, Sections 4.2
and 4.3] and the argument in the proof of Proposition 4.8) then imply that Vh’idM% = Vk’M%. O

Finally, we arrive at the following first main step toward the proof of Theorem 2.1. (Compare
with Theorem 4.17 for the general case.)

PROPOSITION 2.5. Let A and hi: (C*)* — €* = W be as above; then for any k € Z, we have
the following isomorphism of Oy -modules:

F;Ihg,_‘_(f)(c*)z & ;Edl ['Dw/(wg — wiwa, 8w0w0 + 8w1w1 + 8w2w2,8w1w1 - 8w2w2)] .

Proof. The main tool to obtain a description of the Hodge filtration is formula (2.1) (see [Sai93,
Proposition 4.2.]), which at the level of global sections reads
Hy70 _ i (17070 H %370
FIMY =0, (VOMYnFL ) . (2.3)
i>0

Recall from Lemma 2.2 that for all [ € Z, we have
F{T"MG = F2"My.
In particular, since F;rd*M% =0 for all p < 0, we have FIfI M% =0 for all p < 1. On the other
hand, we have seen in Proposition 2.3 that [1] € VOM%. Obviously, we have [1] € F(‘)’rd*M%, which
implies that [1] € F{ M%. Since M% is a cyclic Dy-module and since both filtrations F¥ and

F°rd on it are good filtrations, we obtain the inclusion
ord 3770 H 7770
FOM% C F M5

for all p € Z. It remains to show the reverse inclusion F}fl M% - F;idlM%. Using formula (2.3)
as well as Corollary 2.4 and Lemma 2.2, this amounts to

; 0 270 d#7770 d 770
> Oy (Ving Mg 0 FITNG) © FyrATG
>0
We obviously have 82:00 F;ﬁ‘%M% C F;,’rdM%, for all 4, so it only remains to show that
0 270 d#7770 d 370
VinaM 3 N FP* M5 C F M3

. ~ v . - - —1
for all l € Z. Consider any class [P] € Ving% N Flord*M%. Since we have *M% = M% [wg '], we
can write

P = wakpk + wak+1p_k+1 +---,

where P; € Clw1, w2]{Owy, Ow, s Owy)- It follows that wf - [P] € ViﬁdM% N FlordM%. We thus have
to prove

Vina Mg 0 FP" MG C wg FP™ MG
for all k,l € Z. Take any class [Q] € ViﬁdM% N FZOTdM%; then suppose that we can find a repre-
sentative Q € V¥Dy N FyDy of [Q]. This means that Q = wf - Q with Q € F;Dy, as required.
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Hence, we obtain [Q] € w’éFlordM%. It thus remains to show the existence of such a represen-

tative Q € V¥Dy N FyDyy, and this is exactly the content of the next lemma. (Compare with
Proposition 4.9 for the general case.) O

LEMMA 2.6. Let A be as above; then for all k,l € Z, the morphism
V*Dw 0 FDw — Vit MG 0 FP MY
is surjective.

Proof. The proof relies on the theory of Grobner bases in the Weyl algebra. We will not give any
definition here, but we refer to Subsection 4.1 for details about monomial orders and Grobner
bases in the non-commutative setup.

Consider any class m € Vi]n“d]\;[% N FlordM%. Then we can find P € FjDy and @ € VEDw
such that [P] = [Q] = m, that is, P = @ + i for some

. _ A 2
RS I% = (wo — WW2, Oy Wo + O, W1 + Oypy W2, Oy, W1 — 8w2w2) )

We choose a minimal » € IN with Q € F, Dy . If » < [, we are done since then Q € V¥ Dy N F,Dy
is the preimage of m we are looking for. Hence, suppose r > [. It is easy to see that then ¢ € F. Dy
and the class of 7 in Grf Dy is non-zero. For any operator R € Dyy, write

U(R) S Grf DW - C[w07w17w27€07517§2] = C[wag]

for its symbol. The three generators of f% from above form a Grobner basis of this ideal with
respect to the partial ordering given by the weight vector (0,1) (that is, where w; has weight 0
and 0,, has weight 1); notice that this weight vector induces the filtration Fy on Dyy. This can
be directly shown by a Macaulay2 calculation; the corresponding general result is Corollary 4.13,
where, however, we treat a slightly different situation. There, we add a column to our matrix
which is the sum of all other columns. This corresponds to composing with the graph embedding
of the equation of a normal crossing divisor; see also the remarks before Lemma 4.14.

We can therefore conclude that there is an expression
o(i) = i1 - (wE — wiws) + iz - (Sowo + Eqwi + Ewa) + 13 - (Gwr — Eawo)

with 71,72,73 € Clw,&]. Let i1,142,i3 € Dy be the normally ordered operators obtained from 71,

W2, i3 by replacing §/;with Ow, - Then we define

i = 11 (U)g — wle) + ig(awowo + 8w1wl + 8w2w2) + ig(@wlwl — 8w2w2) S j%,

and clearly i’ € F;Dy,. However, we also have i € V¥Dy, since it can again be shown by a
direct computation that the three polynomials w% — wiws, &g + E1wy + Eawa, Ewy — Eawe
form a Grobner basis of the ideal they generate with respect to a partial ordering given by the
weight vector (—1,0,0,1,0,0) (that is, the weight of wq is —1, the weight of &y is 1, and all other
weights are zero). Notice again that this weight vector yields the filtration induced from V'*® Dy,
on Clw, £]. The corresponding general result (for the case of the extended matrix with one added

column) is found in Corollary 4.13(ii).
Summarizing, we obtain that the operator () — 7’ satisfies
(1) [@-7]=1[Ql =m,
(2) Q —i' € VEDy,
(3) Q@ — 1 € Fi_1 Dy (this follows from o(Q) = o (i) = o(i)).
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Hence, we see by descending induction on [ that we can construct an operator Q' € FyDywNV*Dy,
such that [Q'] = m. This shows the statement. O

We have finished the proof of Proposition 2.5, which roughly summarizes the content of
Section 4 in the main body of the paper for our particular example. We now turn to the statements
corresponding to Section 5 (for our example), that is, we are going to complete the proof of
Theorem 2.1.

Recall that the GKZ system ./\/l% can be described as a Fourier—-Laplace transform of a torus
embedding
0 ~ -
MG ~FL (hz, Ocr)) -
Since the matrix A is homogeneous (that is, (1,...,1) is in its row span), the D-module M% has
a different presentation involving only (proper) direct image functors and inverse image functors

but excluding the use of the Fourier-Laplace transformation [Reil4, Proposition 2.7(iii)]. Let us
recall some ingredients of this construction in the present situation. Consider the torus embedding

g: C* — P2, t—s (1:t:t_1);
then M% can be described by a Radon-type transform of the D-module g O¢+. More precisely,

we have a commutative diagram

U
e l Lt
Ju
P2 <L P2x 32~ (3,

where U is the complement of the universal hyperplane in P2 x C3; that is, U := {\owo + \jw1 +
Aowe # 0}. The GKZ system M% is now given by
MY =~ R(g4Oc-) = 7T2UT7T§]’T9+OC* ~ o+ (7191 Or © jutOv)
where the last isomorphism follows from the projection formula.
Since O¢~ carries a trivial Hodge module structure and since the category of algebraic mixed
Hodge modules is stable under the (proper) direct image functor and the (exceptional) inverse
image functor, this induces a mixed Hodge module structure on ./\/l%.

For technical reasons that mainly occur when dealing with the case § # 0 as we do in the
main body of this paper, we will pursue a slightly different approach.

Consider the map F: C* x €2 — C given by the Laurent polynomial Ao + At + Aot ~', and
let j: C* — C the canonical embedding. Denote by p and g the projections from C* x C? to the
second and first factors, respectively. We consider the integral transform of Og« from C* to €3
with kernel F'f J+Og¢+ and prove in Proposition 5.4 that this integral transform is isomorphic to

the GKZ system M% (In the more general case of a non-zero = (5o, §), we would start with
Og* and use the kernel FTjTOg(i).
Since this integral transformation preserves the category of mixed Hodge modules, we define
a Hodge module structure on the GKZ system by
MY = HO (pu(¢PCer ® F*jiPCev)) - (2.4)
In Proposition 5.5, we prove that this approach coincides with the Radon transform for integer fy.

In order to compute the Hodge filtration on (2.4) explicitly, we have to consider a partial
compactification of C* x C3 since the projection p: C* x €C? is not proper. For this, we use the
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locally closed embedding g: C* — P2. As an intermediate step, we compute the Hodge filtration
on the mixed Hodge module

AN = (g x id)«(¢"PCex @ F*jiPCe) .
The space P? x C? is covered by the three charts W, = {w, # 0} for v = 0,1,2. The map g
factors over each chart and is given by

go:C*—>W0, gl:C*—>W1, gg:C*—>WQ,
t— (), t— (t7ht77), t— (t,1%).
We obtain in formula (5.8) that the restriction of A to W, can be written as a direct

product

AN, = H(PguCE) B H? (pr,ji’CE,) |
where pr,, : C* — C is the projection to the (u+1)th factor. The Hodge filtration on the first factor

can be computed by using Theorem 4.17; the computation of the second factor is straightforward
(cf. Remark 4.18) (we check the assumption of Theorem 4.17 in Lemma 5.8).

Define the matrices
0 0 1 1 1 0 0 11 1 001 1 1
S .__ S .__ S ._
Ao = <1 -1 01 —1>’ Al‘_<—1 -2 01 —1>’ AQ"(l 2 0 1 —1)‘
We show in Lemma 5.13 that the D-module underlying 7\, is isomorphic to a partial Laplace
transformation of M% in the w-variables. More precisely, we have

(V) (V) V)
N():D(DQXCS/IAS, NIZDCQXC?’/IAfa NQZDC2X03/IA§,

V)
where 7 45 is generated by the Euler operators

(V) (V)
Eg = )\08)\0 + )\13)\1 + /\28)\2 , E? = —wm@ww + w206w20 + /\13)\1 — )\26)\2
and the box operators

(V) (V) V)
o 92 o
H1,1,000) = wiow2o — 1, Oeoz-1-1) =095 — 00, 1,-1,1,0 = w20 — 0 -

V)
The ideal 7 4; is generated by the Euler operators

(Vi (V%

EO = )\08)\0 + )\10,\1 + )\28)\2 , El = w018w01 + 2w216w21 + )\18>\1 — )\28>\2
and the box operators

) ) )
e 02 92 -
D(2,—170,0,0) = Wop — W21, D(0,0,2,—1,—1) = a,\0 —0), 0z, 5 D(1,0,—1,1,0) 1= w10y, — Oy, -

V)
The ideal 7 45 is generated by Euler operators

(v% (v%

E§ = Xo0xg + A0, + A20y, ,  EY i= —w020ug, — 2w120uw,, + MOy, — A20),
and box operators

V) V) V)
) .— 92 —
D(27_1707070) = Wpy — W12, D(070727_1’_1) = 8)\0 - 8,\16,\2 s D(LO,L—LO) = UJ()Qa)\O — 8)\1 .

V)
The Hodge filtration on these systems is given by FIfL_IH./\/'u = F;rdDWuxcs/ T as.
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Using the fact that N, is a partial Fourier-Laplace transform of M s, we use the results of
Subsection 3.1 to construct a strict resolution of (N, F1) at the level of global sections which
is given by the Euler-Koszul complex

V) (V) V) )
V), V) (=B, By V) By, B ™)
K3, = Dy, «c3/Jas (D, xc3/Jas) Dy, 3/ Jas,

where the left ideal Jys is generated by the “box-type” generators from above.

It remains to compute the projection of (N JFH ) under the map P? x €3> — C3. In order
to do this, we lift the filtered D-modules (NU,F,H ) as well as their strictly filtered resolution

™)
(K;, F.) to the category of Ry, w¢s-modules, where #, x €3 := C, x W,, x C3 and
R‘Wux%ﬂ3 = C[Z, (wlu)wéua )\07 >\13 /\2] <(28wzu)1;ﬁua Za)\oa Za)q ) Za)\2> .
This is done through the Rees construction; that is, we associate with the filtered Dy, 3-

modules (Nu,F,H) and ((Iv()l'L,F.) the Ry, x¢s-modules

V)
Ny = RpN, = @ F,Ny2? and K := RpKS,
PEZ

respectively, and similarly for the filtered Dp2 s-module (/\/ JFH ), with which we associate
N = Opyys Qo | Rpu N, where & x €3 = C, x P? x C3.

Instead of computing the projection of the filtered D-module (N JFH ), we compute the
projection of the Z-module .#". This is given by

7T2+,/V ~ Ro, DR@X%S/cg?,(t/V) s

where this time 7y denotes the map & x €3 — 3.

Since this is hard to compute directly, we construct a resolution .Z® from the local resolu-
tions KJ, and get the double complex Q;f(ﬂ, /&3 ® X

P2x(3 [Z

1,0 2,0
0 rd> 1 0 rrd* 2 0
_ > _ _ >
H Qggx(gg/(gg QK ng,x(gg/%):,» QA
]dO’O Idl,OT Id27OT
Ildl,fl Id2,71

H ! Qlﬁﬁx%?’/%?’ ® H Q%Jx%g’/%”g’ ® H

1d%—1 Idl’_lT Idz,—lT

1,-2 2,—2
o nd> 1 —o mrd> 2 )
4 —>ng%)3/%3®% Qg,x%)g/(gg®<%/ )

This double complex gives rise to two spectral sequences: The first one is given by first taking
cohomology in the vertical direction. This gives the ;FEi-page where only the IE?’q—terms are
non-zero; they are isomorphic to ng%% /%3 ®@N. If we consider the second spectral sequence and
take cohomology in the horizontal direction, we get the ;7 Ei-page. Here ;fEY? = 0 for g # 0,
and we set L® := HEf’O. Since both spectral sequences degenerate at the second page, we get
a quasi-isomorphism ng%g /3 QN =~ L* (cf. Proposition 5.20).

In order to get an explicit representation of £®, we introduce a sheaf of rings . on & x ¢°
and an ideal ¢ C ., which are locally given by

F(Wu X (537 y) = SWHX‘KS = C[Z, )‘Oa )\17 )\Qa (wiu)i;éuKza)\oa Za)\laza)\2> )
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and
LV 65, ) = .
where J4s is the left ideal in Sy, s generated by the corresponding box operators.

Define the Euler operators
EO = )\ozaAO + )\128>\1 + )\228>\2 R El = )\123)\1 — )\223)\2 .
We get the quasi-isomorphism

L* ~ Kos® (Zfly/fv (Ek)k:O,l) ;

hence, we get moy. A > Rma, (Kos*(z71.7/ 7, (Ek)k 0 1))
Since €% = C, x C? is affine, it suffices to compute the global sections of my.4", which are
given by
RT (Kos* (2_1‘7//’ (Ek)k:O,l)) :
We will show that each term in the Koszul complex is I'-acyclic, which boils down to the fact
that .7/ _# is I'-acyclic.
Define the matrix
11 1 0 0 0
AA=10 0 0 1 1 1
0O -1 -1 0 -1 -1
and the ring
S = (D[Z, wo, W1, W2, )\0, )\1, )\2] <Za)\0, Za)\l s Za)\2> .
Let Jas be the left ideal in S generated by

2 2
wy —wiwz, Oy, — Oz 0x,, w10y, —woly,, wW20x, — wedy,

(these are box operators with respect to the matrix A%). The associated sheaf S/J 45 is isomorphic
to ./ _#. The associated graded module is defined by

L) 7)) =@Dr(2 x ¢, (7] F)a).

a€Z

The difference between S/J4s and the associated graded module is measured by local cohomology
modules of S/J4s; more precisely, we have (cf. Proposition 5.22)

0—>H(w (S/JAs)—>S/JAs —>F(y/f)—>H (S/JAS — 0

and

P H (2 %6 (/) 7)(a) ~ H{(}(S/ a0, (2.5)

a€Z
where (w) is the ideal in C[z, wo, w1, wa, Ao, A1, A2] generated by wo, wy, wa. Notice that all terms
involved carry a natural Z-grading when we set deg(w;) = 1 and deg(\;) = deg(9,,) =0 for i =
0,1, 2. The generators of J4s lie in the commutative subring 7' := Clwg, w1, wa, Oxy, Oz, , Or,] C S.
We denote by K 4s the corresponding ideal in T'. It is easily seen that the ring 7'/ K 4s is isomorphic
to the semigroup ring C[INA®].

We prove that the local cohomology modules turning up in formula (2.5) can be rewritten as

follows (cf. Lemma 5.24):

HE,) (S)Tas) = S &g HE(CINA),
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where the ideal I C C[INA®] is generated by wp, w1, ws. Hence, we have reduced the problem
to a well-known subject in commutative algebra since the local cohomology groups H f(@[]NAS])
can be explicitly computed by the so-called Ishida complex. Let o be the face which is generated
by the first three columns of A® (the columns which correspond to the variables wy, w1, ws). For
a face 7 C o, we define the localization C[INA?®|, := C[INA® + Z(A® N 7)]. Put

Lt= P cIa’l,.

TCo
dim 7=k

The Ishida complex therefore takes the form
Ly:0—LY — Ll —12—o0.

We prove, in Proposition 5.25, that HF(C[INA®]) ~ H*(L2). Finally, we show in Corollary 5.31
that H*(L2) = 0 for k # 2 (so we have local cohomology only in the top degree) and that the
Z-degrees in H?(L2) are purely negative. We refer the reader to Example 5.27 for more details
in this particular case.

We can therefore conclude that
S)Jas ~T.(/) #) and H (P x%*.7/ 7)) =0 foralli>1.

Putting things together, we conclude that the global sections of mo N are given by the module

I'(Kos* (2717 7, (Ek)k:O 1))- The latter can be easily computed and gives

THOmo N =27 'Rgs /15 and TH'myy N =0 fori>1,
where Rys = Clz, Ao, A1, A2](20),, 205, , 20),) and the left ideal I% is generated by the box
operator (z0y,)? — (20y,)(20y,) and the Euler operators Ey, E1. But this shows that
0 HY\ 0 ord
(MA'J Fo ) — (MAW Fo+1) )

which is the statement of Theorem 2.1 (or that of Theorem 5.35 in the general case).

3. GKZ systems and the Fourier—Laplace transform

We start by introducing GKZ systems as well as their Fourier—Laplace transformed versions.
Throughout the paper, we let W be a finite-dimensional vector space over C and denote its dual
vector space by V. We will fix coordinates wi,...,w, on W and dual coordinates Ai,..., A,
onV.

3.1 GKZ systems and strict resolutions

Given a d x n integer matrix A = (ax;), we denote its columns by a,...,a,. We define
n
NA =) Ng
i=1
and similarly for ZA and R>pA. Throughout the paper, we assume that the matrix A satisfies
ZA=17".

DEFINITION 3.1. Let A = (az;) be a d x n integer matrix with ZA = Z? and 8 = (4,..., Ba)
€ €. Write IL4 for the Z-module of integer relations among the columns of A, and write Dy for
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the sheaf of rings of differential operators on V. Define
M =Dy /Ia,
where Z 4 is the sheaf of left ideals generated by
0= [ o' - [[ &
i: ;<0 i: ;>0
for all [ € L4 and

By — B =Y ariidx, — Br
i=1
fork=1,....d.

Since GKZ systems are defined on the affine space V' = C", we will often work with the

D-modules of global sections M f; = F(C", Mﬁ) rather than with the sheaves themselves.

We will now discuss filtrations on GKZ systems given by a weight vector (u,v) € Z?". This
weight vector induces an increasing filtration on Dy given by

Fp(u,v)DV — { Z c,y(;)\’yag ‘ ")/,(5 S Zgo}’

204 uiv;+vi6i<p
finite

where we set A7 := [[I"_; A%, etc. For an element P = 3" c,s\703, we define
OI‘d(u7'u) (P) := max {Zuzfyl + v;0; | Cys # 0} )
i

The associated graded ring Gr(.u’v) Dy is given by @p F,E“’”)DV / Fﬁf )DV.

In order to construct a strictly filtered resolution of Mf‘, we use the theory of Euler—Koszul
complexes as introduced in [MMWO05]. We will work at the level of global sections. We briefly
recall the definition of the Euler—-Koszul complex (K*, E — ) from [MMWO05, Definition 4.2]
(where it is called Ko(E — 8; C[INA]) and placed in positive homological degrees). Its terms are
given by

K= @ (Dv/Ja)€iy..iy, »
0<ip <<y <l
where the left ideal J4 C C[9] := C[Dy,, . -.,0),] is generated by

Op= [ o= J[ 8%, vieLa.
i:1;<0 i:1;>0
A simple computation using the fact that > ; l;ag; = 0 shows that the maps
DV/DVJA—>DV/DVJAa PHP(Ek—ﬁk) for kZ:L...,d (3.1)

are well defined. Moreover, we have [Ey, — Bk, , Ex, — Bi,] = 0 for ki, ks € {1,...,d}, and hence
we can build the Koszul complex

-----

with Dy -linear differential

l
d—l(eil...il) = Z(_l)lil(E'Lk - 5116)67,1:%1[ :
=

1
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If we assume that the semigroup INA satisfies NA = Z¢ N RxA, then by a classical result due
to Hochster [Hoc72, Theorem 1], it follows that the semigroup ring C[INA| is Cohen—Macaulay.
It was shown in [MMWO05, Remark 6.4] that in this case (K°®, E — 3) is a resolution of M f‘ for
all g € €%

Notice that the filtration F.(u’v) on Dy induces a filtration on Dy /Dy Jy4; we denote it by the
same symbol. We define the following filtration on each term of the Koszul complex (K*, E — 3):

k= @ (Dv/DvJa)ei iy, »

l
) . P—2 k=1 Ciy,
0<iy <<y <l

where ¢; = ord(, . (E; — ;). This shows that the complex ((K*, E — 6),F.(u’v)) is filtered, in
other words, that the differential d respects the filtration

d_y(F"V K™ ¢ E*Yd_y(K™) i=im(d_;) N " K~
We recall the following well-known criterion for a complex to be strictly filtered, which means
d_y(F\* K™ = F"Yd_j(K™") = im(d_;) N F\*" K~

LEMMA 3.2. Let
0 — (My, F) 2 ... % (M, F) — 0
be a sequence of filtered D-modules with bounded below filtration. The following properties are
equivalent:
(i) The map dy, is strict.
(ii) H*(F,M,) ~ F,H*(M,) for all p.
(iii) H*(Grf M,) ~ Gr] H*(M,) for all p.

Remark 3.3. Suppose that we have NA = Z% N R>oA; then in order to prove that the filtered
complex ((K’, E - p), F.(u’v)) is strict, it is enough to show that H_Z(Grgu’v) K') =0forl>1
and HO(GIEU’U) K') = Grsu’v) Mﬁ since we already know that H_Z(K') =0 for! > 1 and
HO(K*) = M.

3.2 Fourier—Laplace transformed GKZ systems

Let as before W be an n-dimensional vector space over C, and denote its dual vector space
by V. Let X be a smooth algebraic variety and £ = X x W be a trivial vector bundle and
E' := X x V its dual. We write (, ): W x V — C for the canonical pairing which extends to a
function (, ): E x E' — C.

DEFINITION 3.4. Define L := OEXXE/6_< »), which is by definition the free rank one module with
differential given by the product rule. Denote the canonical projections by p;: E x x E' — E and
py: Exx E— E'.For M € Dz(DE), the Fourier—Laplace transformation is then defined by
i, L
FLx (M) := pay (pf M ® L)[-n].

DEFINITION 3.5. Let A = (ay;) be a d x n integer matrix. Let 8 € C¢. Write IL4 for the Z-module
of relations among the columns of A, and write Dy for the sheaf of rings of algebraic differential
operators on W. Define

MP = DW/((Em)me]LA’ (Ex + 5’“)16:17---41) ’
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where

n
Omel, = H w" — H w; ™ and Ej 5:Zaki8wiwi fork=1,...,d,

m;>0 m;<0 i=1
Again, we will often work with the Dy -module of global sections
M g = F(W, M'fl)
of the Dyy-module Mﬁ Sometimes, we will be interested in the case f = 0 and will write

MA = ./\;1?4 and My ::F(VV,MA).

Remark 3.6. Notice that Mf‘ is just a Fourier-Laplace transformation (in all variables) of the
GKZ system Mi (cf. Definition 3.1).

The semigroup ring associated with the matrix A is

C[NA| ~ C[ﬂ]/((mm)meﬂm) ’

where Clw] is the commutative ring Clw,...,w,| and the isomorphism follows from [MS05,

Theorem 7.3]. The rings Clw] and C[INA] are naturally Z?-graded if we define deg(w;) = a;

for j = 1,...,n. This is compatible with the Z9grading of the Weyl algebra Dy, given by
deg(0w;) = —a; and deg(w;) = a;.

j
DEFINITION 3.7 ([MMWO05, Definition 5.2]). Let N be a finitely generated Z4-graded C[w]-
module. An element o € Z? is called a true degree of N if N, is non-zero. A vector o € C% is
called a quasi-degree of N, written o € qdeg(N), if « lies in the complex Zariski closure qdeg(N)
of the true degrees of N via the natural embedding Z¢ — C¢.

Schulze and Walther now define the following set of parameters.

DEFINITION 3.8 ([SW09]). The set
sRes(A) := U sRes;(A),
j=1
where sRes;(A4) := {8 € C?| B e —(N+ Da; + qdeg(C[INA]/(w;))}, is called the set of strongly
resonant parameters of A.

The matrix A is called pointed if 0 is the only unit in INA. The matrix A gives rise to
a map from a torus T' = (C*)¢ with coordinates (¢1,...,t4) into the affine space W = C" with
coordinates w1, ..., Wn,:

ha:T— W, (t1,...,tq) — (t*,..., %),

where t% = szl ty*. Notice that the map hy is affine and is a locally closed embedding; hence,
the direct image functor for Dy-modules (h4)4 is exact.

For a pointed matrix A, Schulze and Walther computed the direct image of the twisted
structure sheaf

O'JIB“ :=Dr/Dr - (O t1 + Bi, ..., 0 ta + Ba)

under the morphism h 4.
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THEOREM 3.9 ([SWO09, Theorem 3.6, Corollary 3.7]). Let A a pointed d x n integer matrix
satisfying Z.A = 7Z.%; then the following statements are equivalent:

(i) B¢ sRes(A),
(i) MG~ (ha)s O,

(iii) left multiplication with wj; is invertible on Mg fori=1,...,n.

Notice that Schulze and Walther [SW09] use the GKZ system ./\/li and the convention
deg(dy;) = a;. We will use Mﬁ and deg(w;) = a; instead.

The aim of section is to generalize the implication (i) = (ii) to the case of a non-pointed
matrix A. For this, we set aq := 0. We will associate with the matrix A the homogenized
(d+1) x (n+ 1) matrix A with columns @; := (1,q;) for i = 0,...,n. Notice that ZA = Z+!
holds and that the matrix A is pointed in any case. Now, consider the augmented map

hg: T —s W, (toy ... tq) —> (totgo,tgtgl,...,toégn),

where T = (C*)®1 and W = C"*! with coordinates wy, . . .,w,. Let Wy be the subvariety of W
given by wg # 0, and denote by ko: Wy — W the canonical embedding. The map h 3 factors

through Wo, which gives rise to a map hg with k3 = ko o hg. We get the following commutative
diagram:

T 0 Wg 0>W

J’T o
T%vé,

where 7 is the projection which forgets the first coordinate and 7y is given by
7T0:W()—>W, (wg,wl,...,wn)b—>(wl/wo,...,wn/wo).
LEMMA 3.10. For each By € Z., we have an isomorphism

HO (has OF) = HO (moskif (hz, OL7)) .
Proof. We show the claim by using the isomorphisms
HOhay OF = WO, HOm, O o HOh g 1, O o YOy g OLF)
~ 7-[07r0+ k[—)‘r k0+h0+ O%ﬁoﬂ) ~ Hoﬂo+kghg+0$0”8) .
The first isomorphism follows from the fact that m is a projection with fiber C*; the second
isomorphism follows from the exactness of (h4)+ and the fourth from the fact that kg (ko)+ =~
idg - O
The following proposition is the generalization of Theorem 3.9 to the non-pointed case.

PROPOSITION 3.11. Let A = (ay;) be a d x n integer matrix satisfying ZA = 7%, and let 3 € C?
with 5 ¢ sRes(A); then HO((hAMOg) is isomorphic to Mﬁ.

Proof. The proof relies on Lemma 3.10 and the theorem of Schulze and Walther in the pointed
case. Notice that we can find a By € Z with By > 0 such that (8o, 3) ¢ sRes (A) by [Reild,
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Lemma 1.16] (where the statement is formulated for 3 € Q?, but the proof carries over almost
word for word in this more general case).

Consider the following isomorphism on /I/I\?O:
I Wg — Coo X W, (wo, ..., wy) — ((wo, w1 /wo, ..., wn/wo)

together with the canonical projection p: W x Cy,; — W which forgets the first coordinate. Then
mo factors as mg = p o f, which gives (using Lemma 3.10)

HO((ha)+ OF) = HO((m0) 1 ((h 1)+ O D) ) = HO (s f1 ((h 1)+ O 72

= HO (o o (M) )

The D-module HOf (M(B 0.6) ) 77 is isomorphic to Dy x ¢, /IO, where Zj is generated by

0
m; —m;
H Wy H Wy

i:m; >0 i:m;<0
and
n
Zy = Owowo + fo and  Ep =Y agiOuw,wi + B -
i=1
Hence, HO f1 (M Aﬁoﬁ)) 77, 18 isomorphic to Mﬁ@D@tvo/(awowo + o) as a D-module. We therefore
have

HO (py f+ (M Aﬂo’ﬁ))lw ) = HO(py HO Sy (M(Bo’ﬂ))\wo)
~ 1O (M B Doy, /(Dugtwo + Bo)) = M. O

4. Hodge filtration on torus embeddings

The aim of this section is to compute explicitly the Hodge filtration of (h A)JFOYQ as a mixed Hodge
module for certain values of 5 (cf. Theorem 4.17). We will use this result in Section 5, where the
behavior of mixed Hodge modules obtained by such torus embeddings under the twisted Radon
transformation is studied.

4.1 V-filtration

As above, let A be a d x n integer matrix such that ZA = Z¢. In this subsection, we additionally
assume that the matrix A satisfies the conditions

NA=7ZNRspA and INA # 77, (4.1)

where R>0A is the cone generated by the columns of A. As already noticed above, the first
condition is equivalent to the fact that the semigroup ring C[INA] is normal (see, for example,
[BH98, Section 6.1]). We will again consider the locally closed embedding

ha: T — W, (t1,...,tq) — (t%,...,t%).

Put D := {w;y-...-w, =0} C W and W* := W\ D, and consider the decomposition hy = l40k4,
where

ka: T — W*,  (t1,...,tq) — (t%,...,t%),

and where [4: W* — W is the canonical open embedding.
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LEMMA 4.1. The morphism k4: T — W* is a closed embedding.

Proof. This is clear, as the image of k4 is precisely the vanishing locus of the ideal (Em)m er, ©

T(W*, Owe). 0

The aim of this subsection is to compute parts of the canonical (descending) V-filtration
(or Kashiwara-Malgrange filtration) of M% ~ h A+(’)§ along the normal crossing divisor D for
certain values of (3.

We review very briefly some facts about the V-filtration for differential modules. Let X =
Spec (R) be a smooth affine variety and Y = div(¢) be a smooth reduced principal divisor. Denote
the corresponding ideal by I = (t). As before, let Dx = I'(X,Dx) be the ring of algebraic
differential operators on X; then the V-filtration on Dx is defined by

VEDx = {P € Dx | P c " for any j € Z},
where I’ = R for 7 < 0. One has
VFDx =t"V'Dx and V*Dx = > 9/V'Dx.
0<y<k

Choose a total ordering < on C such that for any «, 8 € C, the following conditions hold:
1) a<a+1,

(2) a<pfifand only if a+1< g +1,

(3) a < B+ m for some m € Z.

We recall the definition of the canonical V-filtration (see, for example, [Sai93, Section 1]).

DEFINITION 4.2. Let N be a coherent Dx-module. The canonical V-filtration (or Kashiwara—

Malgrange filtration) is an exhaustive filtration on N indexed discretely by C with total order

as above; it is uniquely determined by the following conditions:

(i) (VFDx)(VEN) C V'FN for all k, .

(ii) The module VN is coherent over V?Dx for any a.

(iii) t(VEN) = VoTIN for a > 0,

(iv) The action of 0it — a on Gryy N = VEN/V>%N is nilpotent, where V>N = J5., V5,
The canonical V-filtration is unique if it exists. Its existence is guaranteed if IV is Dx-

holonomic.

We reduce the computation of the V-filtration on M fx along the possibly singular divisor D
to the computation of a V-filtration along a smooth divisor by considering the following graph
embedding;:

ig: W —W xC, (wi,...,wp) —> (Wi, ..., Wy, W1~ ... Wy).

Instead of computing the V-filtration on MB, we will compute it on I‘(W x Cy, HO (ig+/\>li))
along t = 0 (notice that i4 is an affine embedding; hence, 744 is exact). In order to compute the
direct image, we consider the composed map

igoha: T — W x Cy,  (t1,... ta) — (t%,. .. % g9 Fn)

Notice that the matrix A’, which is built from the columns a,...,a,,a; + -+ + a,, gives a sat-
urated semigroup INA’ = INA. Hence, we can apply Proposition 3.11 again to compute

MB, = 1O M5~ HO(iy 0 ha) L OF.
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This means that ”HOingMﬁ is a cyclic Dy x¢,-module Dy «¢,/Z’ for I' generated by
n
E} = Z agiOw, Wi + cOt + B, for k=1,...,d, (4.2)
i=1

where ¢; = ag + - - - + ay, is the kth component of ¢ € Z¢ and

T e = [Lor forme >0

‘j L L m; >0 m; <0
m /A . —M; —
- H w" — H w; Mt for myyq < 0
m;>0 m;<0

with IL 4 the Z-module of relations among the columns of A’.
We are going to use the following characterization of the canonical V-filtration along ¢ = 0.

PROPOSITION 4.3 ([MMO04, Definition 4.3-3, Proposition 4.3-9]). Let n € N, and set E := Oyt.
The Bernstein—Sato polynomial of n is the unitary polynomial of smallest degree satisfying

b(E)Yn € VY(Dx)n.

We denote it by by(z) € Clx] and denote the set of roots of by(x) by ord(n). The canonical
V-filtration on N is then given by

VAN ={n € N |ord(n) C [a,00)}.

We will use this characterization to compute the canonical V-filtration on M f‘, along t =0
for certain 8 € R

Let ¢ :=ay + -+ + a,. For all facets F of R50A" = Rx0A, let 0 # nyp € 7% be the uniquely
determined primitive, inward-pointing, normal vector of F'; that is, ny satisfies (np, F) = 0,
(np,INA) C Zso and X - np ¢ Z% for A\ € [0,1) (where (-,-) is the Euclidean pairing). Set

er = (np,c) € Z>p.

We show that er is always positive. We have ¢ # 0 since otherwise 0 = —a; — --- — a,, € INA,
and therefore —a; € INA for all 4 € {1,...,n}, which contradicts the assumption INA # Z<.
Furthermore, ¢ lies in the interior of R>gA’. In order to see this, assume to the contrary that ¢
lies on some facet F' of R>gA’. Then (np,c) = 0 holds. For a; ¢ F, we have on the one hand
¢—a; € NA and on the other hand (¢ — a;,ny) < 0, which gives a contradiction. Hence, ¢ is in
the interior of R>¢A, which shows er € Zy.

We define the following set of admissible parameters :

Asi= ) {R-F—[O,1>-c}. (4.3)

e
F': facet F

LEMMA 4.4. As above, suppose NA = Z¢NRxgA. Consider the cyclic Dy xc,-module Mﬁ, and
its generator [1] € Mys. Then we have ord([1]) C [0,1) if B € A 4.

Proof. Tt was shown in [RSW18, Theorem 3.5] that the roots of by (z) for [1] € Mg are contained
in the set {e € C | €- ¢ € qdeg(C[INA]/(t)) — 8}, which is discrete since ¢ lies in the interior
of R>pA" = R>pA and qdeg(C[INA']/(t)) is a finite union of parallel translates of the complex
span of faces of R>gA’ (cf. [MMWO05]). We will now compute an estimate of the quasi-degrees
qdeg(C[INA]/(t)). For this, we remark that 0 = [P] € C[INA']/(¢t) for P € C[INA'] if and only if
there exists a P’ € C[INA'] with P = P’ -¢. In this case, we have deg(P) € INA + c.
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Set Ly == {(k/er) - c+C-F |k=0,...,ep —1}. Then L = Up. gacet L# is Zariski closed,
and we will show that the set deg(C[INA']/(t)) is contained in L. Let P € C[INA'|] with 0 #
[P] € CIINA']/(t), and set p := deg(P) € INA. Since —c ¢ R>(A, there exist a facet F' and some
A € [0,1) such that p—\c € F; that is, p = Ac+ f for some f € F. We have A\-ep = (\c+ f,np) =
(p,np) € Z>o. Hence, p € Lp C L.

Since qdeg(C[INA']/(t)) is by definition the Zariski closure of deg(C[INA']/(t)), the former
set is contained in L. In particular, this shows that the roots of byj(w) are contained in the set
{e € C| e-c € L—pB}. Since L is a union of hypersurfaces which are defined over R and ¢ € Z¢ and
B € R4, this set is equal to {¢ € R | e-¢ € L — }. Hence, for 8 € Np. tacet {IR-F— [0, l/ep) -g},
we can guarantee that the roots of bj;(z) are contained in [0, 1). O

We will prove a basic lemma on the set 24 which will be of importance later.

LEMMA 4.5. Suppose NA = Z% N Rxq. Then 2A4 NsRes(A) = ().

Proof. Recall that sRes(4) = J}_,
it is enough to show that

Ag N {—(N +1)a; + qdeg(C[INA]/(w;)) } = 0

holds. The following estimate of the quasi-degrees of C[INA]/(w;)) can be shown similarly as in
the proof of the lemma above:

sRes;(4) = Uj—; —(IN+1)a;+qdeg(C[INA]/((w;)). Therefore,

qdeg(C[INA]/((w;)) C Lj := U {k‘aj+C-F|k—O,...,eF7j—1},

F:a,éF €rj
where ep; := (np,a;). Hence, it is enough to show that for each j € {1,...,n} and each facet F'
with a; € F, the following holds:
1 rat o
{R-F—[O,)-c}ﬂ —(N+1)a; + U —a; +R-Fj =0. (4.4)
er K=o

Since F has codimension one in R? and a;,c ¢ R-F, we can write ¢ = Aa;+ f for some f € R-F.
We get e = Xep;. We conclude that (4.4) is equivalent to

ep;—1

1 k
{R‘F—[O,)aj}m —(N+1)a; + U —a; +R-F i =0.
But this holds since (—1/ep;,0] N {—(IN+1) 4+ {0,1/ep;,...,(er; —1)/er;}} = 0. O

Ezample 4.6. The sets sRes(A) and 2A4 for the matrix
-1 0 1 2
A= < 111 1>
are sketched in Figure 1.

We give another estimate of the set 4.

LEMMA 4.7. Suppose NA = Z? NRxA. Let b € Z¢ Nint(R>gA); then A4 C —b + int(RsoA).
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=

— sRes(A) RsoA B 20,
FIGURE 1. The sets sRes(A) and A4

Proof. Let F be a face of R>¢A. Since F' has codimension and b, ¢ € RF, we can write ¢ = A\b+ f
for some f € R- F. If we set epy := (np,b) € Zso, we get ep = Aepyp. Hence,

fror-lo. )0} ={rr-lo )bl cmr-pap

C{R-F—b+(0,00)b} C —b+{R-F +(0,00)nr},

and therefore

er

m:ﬂ{Rw*[a1>fﬁchmmwm. O
F

Next, we draw a consequence for the canonical V-filtration with respect to ¢t = 0 on Hoig+/\;li.
We will not compute all of its filtration steps but only those corresponding to integer indices,
which is sufficient for our purpose. For this, consider the induced V-filtration on M A= I‘(W x Cy,

HOigr M7)

It is readily checked that ViﬁdM fi, is a good V-filtration on M fl/' As My is holonomic, hence
specializable along any smooth hypersurface, it admits a Bernstein polynomial by  (x) in the
sense of [MMO04, Définition 4.2-3]. On the other hand, for any section o: C/Z — C of the
canonical projection € — C/Z, there is a unique good (Z-indexed) V-filtration V,* M fv on M7,
such that the roots of bye(x) lie in Im(c); see [MMO04, Proposition 4.2-6]. From this, we deduce
the following result, which describes the integral part of the canonical V-filtration on M a.

PROPOSITION 4.8. If INA = Z4 N Rx0A and 3 € Ay, then for any k € Z, we have the equality
VEN, = ViEa M.

Proof. Recall (see [MMO04, Proposition 4.3-5]) that we have Ve+*Ar 5, =VFM ﬁ, for any a € C
and k € Z, where 0,: C/Z — C is the section of C — C/Z with image equal to [, «+1). Hence,
in order to prove the proposition, it is enough to show that VJ’“OM g, = VifldM g,. Using [MMO04,
Proposition 4.2-6], it remains to show that the roots of the Bernstein polynomial by, () are
contained in [0, 1).
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An element [P] of ViF,M ﬁ, for £ > 0 can be written as

l
Z tk (o)t P
=0

where [R] € Viﬁa“lMﬁ, and P; € Clwy, ..., wp|{(Ow,, - - Ow,). We have

[P] = +[R],

l
by (Dt — Z (0t)" P - by (Ost) | + by (0t — k) - [R]
Z 8tt P bm(@tt) [ ] + bm(att — k) . [R] .
=0
But S t*(94t)'P; - by (4t) - [1] € VESIMY, because 3_o t#(8t)' P € VED and byy(94t) - [1] €
VirlldM 2,. Therefore,
by (Ot — k) - [P] € Viig ' ML,

Now, let [P] € Vi;(fMﬁ, with £ > 0. It can be written as
l

PIRACHRE

1=0

[P] = +[R],

where [R] € V¥ N1 fv' By a similar argument, we have by (0st +k) - [P] € € Vo rm 3, This shows
bVia () | bpj(z). Because of Lemma 4.4, the roots of by, ,(z) are contained in [0,1); the claim
follows. =

4.2 Compatibility of filtrations

In this subsection, we are going to show a compatibility result between two filtrations on the
Dy-module M?, (recall that the d x (n + 1) matrix A’ has columns a, . .. Ay, Gy + -+ ay,).

Let, as before, F'4 be the filtration induced on M ﬁ, by the filtration Fo Dy by the orders
of differential operators. Moreover, let V* Dy, be the V-filtration on Dy, with respect to the
coordinate wy+1, and, as before, denote the induced filtration on M f;, by Vi M ﬁ,. Then the
main result of this subsection can be stated as follows.

PROPOSITION 4.9. Let A be a d xn integer matrix, and suppose NA = Z4NR>oA and NA # 79,
Let A" := (ay,...,a,,a; + -+ a,), and consider the left Dy,-module

=N
~ ﬂ _ ~ I
My = Dw/(Om) mer,,, + (B + i)y, a) -
Then the map
k k 7B ord 37708
V¥ Dy 0V FyDyyr — VifgM g, 0 E™ MY,

is surjective.

The proof of this result will occupy this entire section. Before going into it, let us comment on
how this result will enter in the calculation of the Hodge filtration on M f‘,. As will be explained in

more detail at the beginning of Subsection 4.3, we consider the mixed Hodge module h A*pCjﬂiH
with underlying Dyy-module h A+(’)§. If A and 8 satisfy the assumptions of Proposition 3.11,
then this Dy-module is /\;li. In order to compute the Hodge filtration on its module of global
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sections M g, we will first consider the module M”, = F(W’ , hi, +(’)§i) and compute the Hodge
filtration on it. We will use the fact that the embedding h 4/ : T < W’ can be factored as

T — WxC —s W =W x,,

where the first morphism is a closed embedding and the second one is the canonical open em-
bedding of W x €} into W’. Then the main tool to compute the Hodge filtration on M fl, is the
following formula of Saito (see formula (4.9) below). Let (./\/l, FH ) be any filtered Dy« ¢;-module
underlying a complex mixed Hodge module in MHM(W x Cj, C). Then the direct image j+ M
underlies a complex mixed Hodge module on W', and its Hodge filtration is given as

Bl M= 0, (VoM g (F M),
120

where V*jy M denotes the canonical V-filtration on jy M with respect to the divisor {t = 0}.
We are going to apply this formula for the case where M is the direct image of (’)51 under
the map ' — W x Cf (so that j. M = M’B,). Since this map is a closed immersion, we can
explicitly calculate the Hodge filtration on this direct image; that is, it is given as the shifted order
filtration for a cyclic presentation. Moreover, if 3 satisfies the assumptions of Proposition 4.8,
then we have VFM®, = Viﬁdev for all k£ € Z (in particular, for & = 0), so that we have to
compute the intersection of the order filtration on M f with the induced V-filtration on that
module. As we will see in Subsection 4.3, this is possible since these two filtrations satisfy the
compatibility statement of Proposition 4.9. Its proof relies on the very specific structure of the
hypergeometric ideal T4 = ((Em)melhA/ + (Ek + ﬂk)kzl,...,d) C Dy and uses non-commutative
Grobner basis techniques; a good reference for needed results is [SST00]. We will recall the main
definitions for the reader’s convenience.

For notational convenience, we rename the coordinate ¢ on W’ to be wy, 11, that is, (W', Oy)
= Clwsi, ..., wy, wyt1]. We work in the Weyl algebra Dy = Clwy, ..., wp4+1]{(Ow,,-- -, 0 )

) YWn+1

Any operator P € Dy has the so-called normally ordered expression P = Z(% 5) cm;uﬂ@g) €
Dyy+, where the sum runs over all pairs (v, d) in some finite subset of IN2(n+1)

First, we define partial orders on the set of monomials in Dy, Clw] := Clwi, ..., wyi1]
and Clw,¢] := Clwy, ..., wp41,&1,- .-, E&nt1], respectively, by choosing the weight vector (u,v) €
72"+ with u; +v; > 0 (for Dy and Clw,€]) and the weight vector u € Z"*! (for Clw]).
This means that the variables w; have weight u; and the partial differentials 9,, and ¢; have
weight v;. The associated partial order on monomials in Dy is defined as follows: if for two
monomials uﬂ@g} and w°0<, we have > uici +vid; < ) uiy; + vi0;, then by definition w'@g is
larger than w09 and we write w02 = (uw) wYd?. The partial orders on monomials in C[w] and
on monomials in Clw, ] are defined similarly. The weight vector (u,v) induces increasing and
decreasing filtrations on Dy given, respectively, by

U,V _ 1 P _ v a0
Fzg ) Dy = Z Cysw? Oy, and F (u,v)DW/ = Z cysw O,
> wivitvidi<p Do wiYiFvidi=>p

We define the graded ring Gl Dy =, F,g“’v)DW// FZEI_L;} )DW/ associated with the weight
(u,v). Notice that for (u,v) = (0,...,0,1,...,1) (that is, the w; have weight 0 and the 0,, have
weight 1), the ascending filtration F.(U’U)DW/ is the order filtration Fy Dy, and for (u,v) = (0, ...
0,—1,0,...,0,1), the descending filtration F(°u v)DW’ is the V-filtration with respect to wy41.

Y
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We get well-defined maps
in(uﬂl): DW’ — Grgu’v) DW’ = C[’U), g] 5
pP= Z cv(;uﬂafv > Ny ) (P) = Z 675w7€5 )
) > uivitvidi=m
where m := ord(, . (P) := max { > uivi + vidi | cq6 # 0}, and
in,: Clw] — Gry Clw] = Clw],
Q= Z cyw? — in, (Q) = Z csw®
Y > uiyi=m
where m = max { }_, ui; | ¢y # 0}, and
in ) - Clw,§] — Grl"") Clw, €] = Clw, 4],
R=> cyuw’® — ing,,)(Q) = > csw’
7,0 > uivitvidi=m
where m := ord(, ) (R) := max { }_, uy; +vi0; | ¢y5 # 0}. Notice that, in contrast to the case of
a total ordering, the initial terms in(, ,) and in, are in general not monomials.

Let I’ C Dy be a left ideal. The set ing,,y(I') is an ideal in Gr{™?) Dy and is called the
initial ideal of I' with respect to the weight vector (u,v). A finite subset G of Dy is a Grébner
basis of I' with respect to (u,v) if I' is generated by G and in(, ) (I") is generated by in(, . (G).
Similarly, let J' C Clw] and K’ C Clw,£] be ideals. The set in,(J') is an ideal in Gry Clw] and
is called the initial ideal of J’ with respect to the weight vector u. The set in(, ,y(K') is an ideal

in Gri"") C[w, €] and is called the initial ideal of K’ with respect to the weight vector (u,v). The
definition of a Grobner basis is parallel to the definition above.
Let I4 = ((Em) er., + (]5:’,’C +’Bk)k:1,...,d) be the hypergeometric ideal. The fake initial ideal

—/m

ﬁn(u,v)(fA/) is the following ideal in Gr(, ) Dw:

d
ﬁn(um) (jA/) = Gr(u’v) DW/ . inu(jA/) -+ Z Gr(u,v) DW/ . in(uvv) (Ek + Bk) 5
k=1
where J4 C C[w] is the ideal generated by (Opn) o

Consider the Koszul complex

. di) K_l ( Gl‘suﬂ)) (DW//DW’jA’)) di) K0<Gr£u’v) (DW’/DW’jA’)) — O 5
where
K_p( GI‘SU’U) (DW//DW/ jA’)) = @ GI‘EU’U) (DW//DW/ jA’)eil--.ip
1< < <ip<s+1
and
p ~
d_p(eil---ip) = Z(_l)kilin(uyv) (Ek + 5k)ezlgk2p '
k=1

The following statement is an easy adaption of [SST00, Theorem 4.3.5].

PROPOSITION 4.10. If the cohomology H ™' (K*( Gr{v?) (Dw+/Dw:Ju))) vanishes, then the ini-
tial ideal satisfies in, . (La) = fing, ) (La/).

290



HYPERGEOMETRIC HODGE MODULES

Proof. After a Fourier-Laplace transform w; — 0,, and 0,, — —=z;, the proof carries over word
for word from loc. cit. (Notice that in Chapter 4 of [SST00], the homogenity of A’ is assumed;
however, the proof of this statement does not need this requirement.) O

Recall that A’ is a matrix built from the matrix A by adding a column which is the sum

over all columns of A. Let J4 C Clwi, ..., wy,] be the ideal generated by (EZ)ZE]LA. We choose
generators gi,..., g1 of Ja. Notice that ¢1,...,0/-1,0¢ := Wpy1 — W1 - ... - wy is a basis of
JA/ C (D[’U)l, ey wn+1].

LEMMA 4.11. The elements g, ..., g form a Grébner basis of J with respect to the weight
vector (0,...,0,—e) with e > 0.

Proof. We have already seen that g1, . . ., g¢ is a basis of Jy/. It remains to prove that ing,..0—e (q1)
=01,---,i0(,. 0,—¢)(ge—1) = ge—1,I0(0,....0—¢)(ge) = W1 - . .. wy is a basis of in(g o _¢)(Jar). Let

l
T = ingi (4.5)
i=1

and —e - N := max{ord(, o) (7igi) | i =1,...,£}. Assume ord o _)(7) < —e- N; then the
maximal wy,1-degree component of the equation (4.5) is given by

/—1
0= Zwr]zvﬂpigi + wfzvﬂpe (wy e wy)
i=1
for polynomials p; € Clwy,...,w,]. Since Ja = (g1,---,9¢—1) is a prime ideal and wy - ...  wy, &
Ja, we conclude that p, € J4. Hence, there exist polynomials ¢; € Clws,...,w,] such that

pe=S\21 qigi. We get

¢ -1 -1 ¢
_ N N N+1 _ /
T = Z Ligi — Z Wy 1PiGi — Wy 1Pe - Ge + Wy Z 49 | = Z TiYi
i=1 i=1 i=1 i=1

for 2 € Clwy,...,wny1] with max{ord o _e(739:) | @ = 1,...,£} < —e- N. By induction,
we can reduce to the case ord(g, o ¢ (x) = —e - N. In this case, for the maximal w,1-degree
component, we get

in(0,...,0,7e) (x) = Z wﬁfﬂp;gi + wTJzVHP/Z ) (w1 R wn)
= Z w1 ping, oo (gi) + wfzv+1p2m(o,...,07—e) (9¢)
for polynomials p € Clwy, ..., wy,]. This shows the claim. O

PROPOSITION 4.12. Let A be a d x n integer matrix such that NA = R>gANZ? and NA # Z.
Let A’ be the matrix built from A by adding a column which is the sum over all columns of A.
Then

fin o) (Lar) = inu) (L)
if
(i) (u,v)=(0,0,...,0,1,1,...,1),
(i) (u,v)=1(0,...,0,—e,1,...,1,14+¢) for0 <e< 1.
Proof. The first case was proven in [SST00, Corollary 4.36] for homogeneous A. In order to
prove the statement for (u,v) = (0,0,...,0,1,1,...,1) in the general case, we first observe that
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G (y,u)(Dw/ Jar) is isomorphic to
G[é-lu oo 7§n+1] ®C C[]NA/] )

which is Cohen-Macaulay by the assumption NA = R>oA N Z% and the fact that NA = INA’ as
well as R>0A = RxpA'. It follows from [BGM15, Theorem 1.2] that the elements in, ) (Ey + Br)
are part of a system of parameters in C[¢1, ..., &+1] ®c C[INA'], and since this ring is Cohen—
Macaulay, they also form a regular sequence. Therefore, H!(K *(G1(u,0) (Dwr /Dy Ja))) =0,
and the claim follows from Proposition 4.10.

We prove the second claim. Since NA # Z< holds, the last column of A/, which is the sum
of the columns of A, is non-zero (this was shown above Lemma 4.4). Hence, we can assume (by
elementary row manipulations of A’, which do not change the ideal I,/) that the last column
of A’ is zero except for the entry in the first row. Set

n
ék = Zakiwi& for k= 1,...,d.
=1

We will use the generators g1, ..., ge_1 of J4 from Lemma 4.11. It follows from [BGM15, Theo-
rem 1.2] that é;,...,¢é, is part of a system of parameters for

C[gl) o 7571] ®C (D[]NA] = C[é-l) e aénvwla e 7wn}/®[€17 o )fnuwl) cee ,U}n]JA
= C[ﬁl)"'7§n7w17"'7wn}/(gla"'7gf—1)7
where C[INA| has Krull dimension d. Therefore,

C[é—l) cee 7€n7w17- . 'awn]/(glv ce. 7g€—15é15 “e 767')
has Krull dimension n.
We will show that the Krull dimension of

@[51,... ,fn,wl,...,wn]/(gl,.. Sy gp—1,W1 - .. 'wn,éz,...,ér) (46)
is also n (notice that we omitted é;). The variety corresponding to C[1, ..., &,] ®¢ C[INA] is
C'"x XpaCC"x(C",

where X 4 := Spec C[INA]. The toric variety X 4 is a finite disjoint union of torus orbits, where the
big dense torus lies in {wy -...-w, # 0} and the smaller-dimensional tori lie in {wy -... w, = 0}.
Hence,

@[513 ce. 7£n7w17 cee ,wn]/(gh- ey ge—1, w1 0 ... wn) (47)

has Krull dimension n+ d — 1. The torus orbits of X 4 correspond to the faces of the cone R>¢A,
where the big dense torus corresponds to R>¢A itself. For a face 7 C R>oA, the torus orbit
Orb(7) is given by Orb(7) = X4 N (C},)", where (C*)], = {w € C" | w; = 0 for a; & 7, wj # 0 for
aj € 7}. Hence, it suffices to prove that (C" x Orb(7)) NV ((éz,...,€éq)) has dimension n, where
V((é2,...,€q4)) is the vanishing locus of the ideal generated by és,...,¢éq. Set Cf = {§ € C" |
§& = 0 for a; & 7}. It is enough to show that Cf x Orb(r) N V((€3,...,€})) has dimension at
most #{i | a; € 7}, where € == >, , o, ariw;&;. The codimension of V((€5,...,€7)) is dim(7)
since (1,0,...,0) = (1/c)(a1 + - - - + ay,) (for a suitable ¢ € Z\ {0}) lies in the interior of R>pA,
hence not in 7, and therefore the matrix (ag;)r>2,i: a;e- has rank dim(7). By [BGM15, Lemma
1.1], the intersection of Cf x Orb(7) with V/((€3,...,€7)) is transverse. Since the codimension of
V((é3,...,€])) is dim Orb(7) = dim(7), the intersection has dimension {3 | a; € 7}. This shows
that the Krull dimension of (4.6) is n.
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Let
n
€ =é1+ (Z au) Tnp1&nt1 = Mo, 0—e1,.114¢) (E1+ B1),
i=1
é;c = ék = in(07.“707_671?_“71’1_’_6) (_EV;]/c + ﬁk) fOI' k = 2, e ,d
and
G; =1, 0—e1,..1,14e)(9) =gi for i=1,....0-1,
Ge =1 0,—e1,.1,1+e) (90) =w1-... wn. O
Since gy,...,gpand &, .., &, are independent of wy 41, &ny1 and & = é14 (31, a1) Tny1ént1

is (for degree reasons) a nonzerodivisor on

C[wn—i-lvgn-i-l] ®C C[Slu o 7§n7w17 “e 7wn]/(§17 .. 7§€7é27 “e 7éd)7

one easily sees that

C[wla s 7wn+17§1; <o 7§n+1]/(§17 90 éllv ) éél)
has Krull dimension n+ 1. It follows from (4.7) that Clwi, ..., wnt1,&1, -, &nt1]/(G1, - - -, Jp) has
Krull dimension n+ d+1; hence, €}, ..., €, is part of a system of parameters. By the assumption

on A, the ring
C[wl’ SRR) wn+1,§1, cee a£n+1]/(§17 s 7?671) = C[wnJrlv‘sl’ s 7€n+1] X C[]NA]

is Cohen-Macaulay. Since g, = wy -. . .- wy, is not a zero divisor in the ring above (because C[INA]
has no non-zero zero divisors), we see that the ring

C[’LUl, s 7wn+1;£17 v 7£n+1]/(§1> s 7?6)

is also Cohen-Macaulay, and therefore €},. .., €, is a regular sequence in

Clwi, - w1, &1, -5 €nptl /(G155 ) -

Gr(o,....0,—e,1,...,1,1+¢) (Dw/Dwrdar) == Clws, ..., wpt1,&1, - -+, &1/ @1y - - - G0)

and ék = in((]’“.70,_671’.“,171_’_6) (_E]/C —+ ﬁk‘) fOI' k = 1, v ,d, we have

H_l (K. ( Gr(():'"707_6717"'7171_'_6) (DW//DW/jA/))) = 0 :
Using Proposition 4.10 again, this shows the second claim.

COROLLARY 4.13. Let gy1,...,g9¢ € Clwi,...,w,11] be the generators of Jy defined above
Lemma 4.11.

(i) The (gi)i=1,...¢ together with (E'/{C + Bk)kzl _, form a Grobner basis of T4 with respect to
the weight vector (u,v) = (0,...,0,1,...,1).
(ii) Let (u,v) = (0,...,0,1,...,1), and set g; := ing,,(g:;) and E, = Ny, (E}, + Bk). The

elements (g;);=1,. ¢ and (E,’f)k:l
N (y,0) (Ia) = ing, ) ((91,- -, 90, Bl +Bi,..., B+ Ba))
= (glv"‘vgqui)"wE&) C C[wl)"'awn-i-l)gl)’"aén-i-l]

with respect to the weight vector (0,...,0,—1,0,...,0,1) (that is, w,4+1 has weight —1 and
&n+1 has weight +1).

d form a Grobner basis of
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Proof. (i) The set (g;)i=1,...¢ is a Grobner basis for Jar. Therefore, the elements in,(g;) = g;

generate iny, (jA/) = Ju. The elements (9i)i=1,..¢ and (Ek + ﬁk)kzl 4 enerate fA/, and the

-----

now follows from Proposition 4.12(i).

(i) It follow§ from the first point that the g; = in,,.(g:;) and the EI’C = Ny (E,’C + Bi)
generate in, ,) (IA/). We have to show that the inq o _10,.01)(g) for i = 1,...,d and the
ing, . 0,-1,0,..,0,1) (EI’C) generate ing, o _10,..,0,1) (in(uw) (fA/)). But this follows from (cf. [SSTO0O,
Lemma 2.1.6(2)])

ing, . 0,-1,0,.,01)(3) = N0,..0-e1,..1,1+e)(g) for i=1,...,¢,
ing, 010,01 (Fr) =in, _o—e1,. 11+e) (Er + Br) for k=1,...,d,

ing,..0,-1,0,...,0,1) (iN(u,0) (Ia)) = Ing,.0,—e1,.,1,1+e) (1)

for 0 < e < 1 and Proposition 4.12(ii). O

The second notion we are going to introduce relates the order filtration Fy on Dy, with the
V-filtration that already occurred in Subsection 4.1. Here we consider the descending V-filtration
on Dy with respect to w,41 = 0, which we again denote by V*Dy. We have

VODyr = Z (awn+1wn+1)i(wn+1)kpi

1,k=>0

for P; € Clwi, ..., wy|{Ow,,-..,0,) and

V Dy = w}\V'Dys and V Dy =05 . VODys (4.8)
j=0
for k > 0.
Recall the left ideal [4» C Dy and the left Dyy-modules M ﬁ, := Dy/ I, from above. We
define filtrations V%, and F¢™ on M¥, by
_ VFDy + Iy _ E, Dy + I

ViﬁdM’B/ = ———— and F;rdMﬁ/ =

IA/ IA/

We are now ready to prove the main result of this subsection.

Proof of Proposition 4.9. Let m € ViﬁdMﬁ, N F;rdMﬁ,. We can find P,Q € Dy such that
P e F,Dy, Q€ V*Dy and [P] = m = [Q]; that is, P = Q —i for some i € I4/. We have to find
a Q' with Q' € V¥Dy» N F,Dy» with P = Q' — ¢ for i’ € I. We will construct this element Q'
by decreasing induction on the order of ) by killing its leading term in each step. For this, we
will use the special Grébner basis of T4 which we constructed in Corollary 4.13.

Recall that the weight vector (u,v) := (0,...,0,1,...,1) induces the order filtration F.(u’v) =
Fo on Dy If R € Dy and k := ord(y ) (R), we define the symbol of R by o4 (R) = in(, ) (R)
and set 04(R) = 0 for ¢ # k. We define a second weight vector (v/,v") :== (0,...,0,-1,0,...,0,1)
which induces the descending V-filtration from (4.8) on Dyyr. The V-filtration and F-filtration
also induce filtrations V and F on Gr(.u’v) Dy = Grl' Dy = Clwy, . .., wng1, €1, -+ Engt]-

Let tg := ord(,,) Q, ti := ord(y,) 7, and set t := max(tq,t;). Obviously, we have ¢ > p. If
t = p, we are done. Hence, we assume t > p; thus, we have

O:O't(P) :O't(Q—i)
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and therefore ¢t = tg = t;, which implies 04(Q) = 04(i) # 0. Set kg := ord(y ) (0:(Q)); then we
have o4(i) = 04(Q) € Ve,

Recall from Corollary 4.13 that I, is generated by {G1,...,Gp} = {gl, g BB
E& + ﬁd}, that these elements form a Grobner basis with respect to the weight vector (u,v) and
that their initial forms

{él, ey ém} = {in(y0) (G1);s - - 00 (Gm) }

are a Grobner basis of in(, ) (f A/) with respect to the weight vector (u’,v’). Therefore, we can

write
m
ai(i) =Y _uG
=1
with 4 € Clwy, ..., Wpi1,£E1,. .., Enp1). Using a commutative version of [SST00, Theorem 1.2.10],
we can assume 7; € VFe=F  where k = ord(ufﬂ,/) (Gl). Since the elements G; are homoge-
neous with respect to the variables &, ...,&,4+1, we can also assume i€ Ft_tl Grlrf7 Dy, where

t = ord(u,v) (Gl) Let i, € Dy be the normally ordered element which we obtain from %l by
replacing & with 0,,. One sees easily that i,G; € F;Dy N V@ Dy, Therefore, the element
i’ :== Y ", 4;G} has the properties
Ut(i/) = Ut(i) = Ut(Q) and i € VkQDW/,

where the second property follows from ord, .\ (Gi) = ord(y (G’l) We therefore have P =
Q — i — (i — i) with Q — i’ € F,_1Dy» N V*eDyy. Since, obviously, we have k < kg, we
conclude that Q — i’ € F;_1Dy» N V¥Dyyr. The claim now follows by descending induction on
the order t. O

4.3 Calculation of the Hodge filtration
In this subsection, we want to compute the Hodge filtration on the mixed Hodge module

HO (ha Py ;
recall from Section 1 that P C?JH = (D%H[d] € MHM(T). Also recall that p@?’H has the underlying
filtered D-module ((’)?, FH Og), where the Hodge filtration is given by

B
FHOP _ Op forp>0,
e/
0 else.
We will use several different presentations of (’)g as a Dp-module; namely, for each o =
(0k)k=1,...d € Z%, we have a Drp-linear isomorphism

(T, O?) ~ D7 /(O tr + Br + i )k=1,...d

such that the Hodge filtration is simply the order filtration on the right-hand side.

As we have seen in Lemma 4.1, the morphism h4 can be decomposed into the closed em-
bedding k4: T — W* = W\D and the canonical open embedding [4: W* — W. We have to
determine the Hodge filtration on the direct image modules for both mappings. The former is
(after some coordinate change) a rather direct calculation and will be carried out in Lemma 4.14.
However, understanding the behavior of the Hodge filtration under the direct image of an open
embedding of the complement of a divisor (like the map [4) is more subtle and at the heart of the
theory of mixed Hodge modules (see, for example, [Sai90, Section (2.b)]). More precisely, since
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the steps of the Hodge filtration of a mixed Hodge module are coherent modules over the struc-
ture sheaf of the underlying variety, the usual direct image functors are not suitable for the case
of an open embedding as they do not preserve coherence. In order to circumvent this difficulty,
one uses the canonical V-filtration along the boundary divisor, as computed in Subsection 4.1.
Let us give an overview of the strategy to be used below. The actual calculation will be finished
only in Theorem 4.17, the main step being Proposition 4.16.

We will need the following formula (copied from [Sai93, Proposition 4.2]), which describes the
extension of a mixed Hodge module over a smooth hypersurface. Let X be a smooth variety, let
t,x1, ...z, be local coordinates on X and j: Y < X be a smooth hypersurface given by ¢ = 0.
Let M be a mixed Hodge module on X \ Y with underlying filtered D-module (/\/l, FH /\/l); then

FIHOj M= 0 FE VU M, where FIVOHY LM = VOH M. (FF M) (4.9)
120
with V9H%j, M the canonical V-filtration on the D-module H"j M ~ j, M, as introduced in
Definition 4.2.
If Y is a non-smooth hypersurface locally given by g = 0, we consider (locally) the graph
embedding
ig: X — X xC, x+— (,9(x))

together with its restriction ig: X \' Y — X x Cj. Notice that iy is a closed embedding. Given
a mixed Hodge module M on X \ Y, we proceed as follows. We first extend the Hodge filtration
of (ig)+M over the smooth divisor given by {t = 0} as explained above. Afterward, we restrict
the mixed Hodge module which we obtained to the smooth divisor given by {t = g}.
After these general remarks, we come back to the situation of the torus embedding ha: T — W
described at the beginning of this section. Consider the commutative diagram
ha

TR e Al w e wox,

\ i (4.10)

W x Cf,
where W* := W\ D =W\ {w; ... -w, =0} ~ (C*)" and where i4 is the graph embedding
ig: W —WxCy, wr— (w,wy-... wy) (4.11)
associated with the function g: W — C;, w +— w1 -...-wy,. Notice that i40l4 factors over W x Cj.

We have isomorphisms
ighar O = g laykay OF ~ jt+i;+k?A+Oqﬁv :
LEMMA 4.14. The direct image HOkAJ'_O/?v is isomorphic to the cyclic Dyy~-module
*Mi, := Dy~ /fg ,
where fg is the left ideal generated by (E’f+6k)k:1,...,d for B = (Br)k=1,..d € R? and (Em)

/mellg”
Furthermore, the Hodge filtration on M 4/ is equal to the induced order filtration, shifted by n—d;
that is,

H %47, rd Tk
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Proof. We factor the map k4 from above in the following way. Let A = C' - E - F' be the Smith
normal form of A; that is, C' = (¢,q) € GL(d,Z), F = (fuw) € GL(n,Z) and E = (14,04,n—q)-
This gives rise to the maps

ke: T — 1T, (t1,...,td) — (7?1,. . .,fd) = (zgl,. . .,Egd) s

kg: T — ((D*)n, (7?1,...,2?61) — (’J)l,...,wn) = (El,...,fd,l,...,l),

kp: (C)" — W*, (W1, ) — (w1, wy) = (@hr, . wdn)

For v € Z%, we have
kA_FOfY ~ (k‘F (e] ]{IE o kc)+0’}l ~ k‘F+k‘E+kC+O% .

Since all maps and spaces involved are affine, we will work at the level of global sections. We
have F(T, O%) = D7 /(Ontk + Vi)k=1,...d = Dr/(txO:, + Vi + 1)k=1,...4. Notice that the Hodge
filtration in this presentation is snnply the order filtration. Since k¢ is a change of coordinates,
we have I'(T, H' (kc)+OF) ~ DT/(ZZ | CritiO; -+t 1)k 1....q» and again the Hodge filtration

is equal to the order filtration. We now calculate r((c)n k:E+kc+(’)%). We have

I (€)™, Hkpi ket 0F) = (T, Hkc 1 OF) [Daysrs - - - O] (4.12)
d
~ D(c*)n/( (Z CriW;i O, + Yk + 1) (Wi — 1)id+1,...,n)~
i=1 k=1,....d

The Hodge filtration is (cf. [Sai93, formula (1.8.6)])
Fl o (@) Wiy ke OF)) = > FAT(T, 1oy OF) @ 07
p1+p2=p
= Y (T, %%k 0F) @ 07
p1+p2=p

= F T ((C*)", HkpikerOF)) .

Hence, we see that the Hodge filtration on the presentation (4.12) shifted by n — d is equal to

the order filtration; that is, Fp n—d) = FOrd

The map kr is again a change of coordinates, so we have

L((C)", Hokri ke, ko OF) 2 Dieoyr/ ( ( D ki, + Y + 1) s (w™ — 1)z’—d+1,.‘.,n>
k=1,...,d

j=1 =1,..,
J=1 k:l,...,d

where the m, are the columns of the inverse matrix M = F~!. The first isomorphism follows
from the equality A = C' - E - F. The second isomorphism follows from the fact that an element
m € Z" is a relation between the columns of A if and only if it is a relation between the columns
of E - F. So the Hodge filtration on the presentation (4.13) shifted by n — d is again the order
filtration. We have

n n n
Z akjwjawj +v%+1= Zakjaijj - Zakj + v+ 1.
j=1 j=1 j=1
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Setting v := >y akj + B — 1 shows that

MO, = HOkp O 9 L g0, 08 (4.14)

where the last isomorphism is given by right multiplication with ¢~ =g+ (here 1 :=(1,...,1)
€ 74). O

The next step is to compute the Hodge filtration of hA+(’)? o~ lA+kA+O:L; from that of kAJ’_Or?-v.
As the map [4 is an open embedding of the complement of a normal crossing divisor, we need
to consider the graph embedding iy with respect to the function g = wy - ... - w,. We proceed

as described at the beginning of this subsection; that is, we first extend the module 77, k A+(’)§
over the smooth divisor {t = 0}.

LEMMA 4.15. The direct image i;+k;,4+(9§ is isomorphic to the cyclic Dy x ¢z -module Dy x¢; /Z°,
where Z° is the left ideal generated by (E2+5k)k:1 g for B = (Br)k=1,...d € R< and (Em)meLA/‘
Recall that the vector fields E,; have been defined in formula (4.2) as Ev,’~C = D biOw, Wi+ Ot

for k =1,...,d. Furthermore, the Hodge filtration shifted by n — d + 1 is equal to the induced
order filtration; that is, we have

FpHZ';_,_kA+(9§ o~ F;i(i(n_d+1)DWxC§ /Z°.

Proof. We define

W= (W* x Cp) \ {f + g(w) = 0}

and factor the map ¢/ in the following way. Set
li: W5 — W, wr— (w,0) and ly: W — W* x C;, (Q,ﬂ — (w,tN—i—g(Q)),

and let l3: W* x C; — W x Cj be the canonical inclusion. We have i; = I3 0ly 0. For the
convenience of the reader, let us summarize these maps in the following diagram:

open embedding

complement of NCD ig
w W x Ct
la
el
7
closed | [1 g - open embedding
Jt complement of smooth divisor
17 lo * * l3 *
W—— W*xC; ———— W xCj.
= closed on

support

Notice again that all spaces involved are affine; hence, we will work with the modules of global
sections. Since l; is just the inclusion of a coordinate hyperplane, we have

T(W, HOl kay OF) = T(W*, HOka O5)[0].
The Hodge filtration is given by
D(W, B (O kas OF)) = > T(W*, FHH ka0, OF) @ 02 (4.15)
P1+p2=p
Notice that F(W, ’HolHk:AJr(%Q) ~ DW/I{’, where I7 is the left ideal generated by <Ek+ﬁk)k:1,.
(Em)mGEA and t.

Under this isomorphism, the Hodge filtration on F(ﬁ//, ’H0l1+kA+(97’31) shifted by (n—d)+1 is
equal to the order filtration, by Lemma 4.14 and (4.15). The map ls is just a change of coordinates;

d
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hence, under the substitutions ¢ +— t =  + g(w) and w;Oy, > W;Ow, + g(w)0; = w;Oy, + 04t for
i=1,...,n and by using the presentation of H° (kAJ,.O/?v) as acyclic D-module, we get that

D(W* x Cf, HOloy i1 kay OF) = Dwosccy /(B4 Br) oy g+ Om) per,, + (E— w1+ .- wy))
~ Dwexer /(B + O)ics,a+ (Om) e, ) (4.16)

where Ej was defined in formula (4.2) and A’ is the matrix defined just before that formula.
Notice that the Hodge filtration shifted by (n — d) + 1 is again equal to the order filtration.

Since the support of H012+l1+k,4+(’)§ lies in the subvariety {t = g(w)}, the closure of the
support in W x Cj does not meet D x C;. We conclude that

D(W x €, 102 kay OF) ~ D(W x Cf, HOlzyloy b1+ kat OF)
~ T (W* x €, HOloi 14 kay OF)
~ Dw+xe:/ ((E} + Bk)k:l,...,d + (ljm)melLA/)
~ Dywcy/((Bk + Br) ey, g+ (Om)
The Hodge filtration is then simply extended by using the formula
FEHOE ko OF ~ FEH L 1 1y ka OF ~ 13 FEH Ly 1y ka OF O

G]LA/) ’

I3

PROPOSITION 4.16. Let f € R®\ sRes(A). The direct image Hojt+i;+k,4+(’)§ is isomorphic

to the quotient Mﬁ, = Dwxc, /I, where T’ is the left ideal generated by (E,{C + ,Bk)kzl g and

(Gm)mGL . Furthermore, if 8 € 24, then the Hodge filtration on Dy x¢, /Z’ shifted by (n—d)+1
m) el ,,

is equal to the induced order filtration; that is,

FIH g kay OF = FI4 4oy Dwxe, /T

Proof. First recall that we have an isomorphism Jttigk A+O§ ~ H%gh A+Oéi. The composed
map i 0 ha is a torus embedding given by the matrix A’. Hence, we have an isomorphism
Hojt+i;+k:A+O§ ~ Mﬁ, for 3 € R? and B ¢ sRes(A’) = sRes(A). This shows the first claim.

For the second statement, suppose 5 € 4. The formula for extending the Hodge filtration
over the smooth divisor {t = 0} is

FEMS, =30 (VMG 0 P L MY (4.17)

>0
At the lth—E-l of glolzal sections, 1ihe adjunction morphism Mi/ — Gea g Mﬁ, is given by the
inclusion M g, — *M 2,, where *M 4/ is the Dy x¢;-module from Lemma 4.15 seen as a Dy x¢,-

module. Hence, at the level of global sections, formula (4.17) becomes
MG =" 0 (VOM, 0 B aT)
i>0
Since we have Fﬁr(nfdﬂ
The element 1 € Mg, is in VOATS, by Proposition 4.8 and 1 € F(lz_d)

)*Mg, = F;rd*Mﬁ, by the same lemma, we conclude that Ff_del, = 0.

+1*M f;, = F(‘)’rd*M ﬁ, and
therefore 1 € F(IZ—d)-s-lMA?" Notice that both (Mﬁ,, F.H) and (Mﬁ,, F.Ord) are cyclic, well-filtered
Dy «¢,-modules (see, for example, [Sai88, Section 2.1.1]); therefore, we can conclude that

rd 3B H B
F; MA/ CFp+(n—d+1)MA’
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In order to show the reverse inclusion, we have to show
d qrB H B i (170 78 H By i (170 7B dxprB
Fr Ny, o Bl qiy My =Y i (VOMy, N EL gy M) = 0 (Vg MYy, N Fgr§My,)
i>0 =0

for all p > 0, where the last equality follows from Proposition 4.8 and Lemma 4.15. Since we
have

Ferah, > 9iFS MY, for p>0 and 0<i <p
it remains to show
FEE‘;MQ, D Vingﬁ, N F;’i%*Mfl, for p>0 and 0<i<p
and
F;rde;, D Ving'B, N F;rd*Mﬁ, for p>0.
Now, let [P] € Vingﬁ/ N F;rd*Mﬁ,; then P € Dy ¢, can be written as
P=t"pP,+t*p_ 4.

with P € Clwy, ..., wn) (0, Oy, .- -, D) and Py # 0. Since t* - [P] € VE MY, 0 FOINY, it is
enough to prove

k rord 37 k 77 rd 37

tkperd g, S5 VE NG, 0 FALS, for p > 0.

Given an element [Q)] € Viﬁd]\?[ﬁ, ﬁF;rdMg,, using Proposition 4.9, we can find a Q" € V¥ Dy, N
F,Dw ¢, with [Q] = [Q']. But this element @’ can be written as a linear combination of mono-
mials tlowlll ...wflnafoag}l <O with pg+ -+ -+ pp < pand lg—po = k; hence, [Q'] € th;rdMﬁ,.
This shows the statement in the case NA # Z? (recall that INA # Z? was a condition used in
Proposition 4.9).

In the case NA = Z< the support of Mﬁ, is disjoint from the divisor {¢ = 0}; hence,
the extension of the Hodge filtration is simply given by FpH Mﬁ, = jt*Ff *Mi,. Since j; is an
open embedding, we have M fl/ =*M fl, and therefore also F;I M3, = Flf{ M 5,. This shows the
claim. 0

Now, we want to deduce the Hodge filtration on h A+O§~ from Proposition 4.16.

THEOREM 4.17. Let NA = Z4 N RxoA and B € R\ sRes(A). The direct image hA+(’)g is
isomorphic to the cyclic Dy -module Mfl = Dy /i', where T is the left ideal generated by
(Ek + 5k>k=1,...,d and (Eﬂ)me]LA' For g € A4, the Hodge filtration on Mﬁ is equal to the order
filtration shifted by n — d; that is,

H “B __ pord \B
Fp+(n_d)/\/l —Fz‘f MA.

Proof. Recall that we have ji o ig 0 kg = ig o ha, where iy is the graph embedding from (4.11).
The map iy can be factored as I, o i,, where

i W—W xC;, wr (w,0) and lg: W xC;— W xCp, (w,t)— (w,t+g(w)).
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Once again, we summarize the relevant maps in the following diagram:

WXC;

W l W W x C,

closed | 1 j open embedding
t complement of smooth divisor

i lo I3
W—2 s WrxC —2 3 WxC;.
= closed on
support

We first compute H° (l;l) +./\;lﬁ, with its corresponding Hodge filtration. Since (I,)~! is just
a coordinate change, similarly to formula (4.16), we get

D(W x Cp A (l9_1)+Mﬂ') ~ Dwxe;/ (B + /Bk)kzl,...,d’ (Em)mem’ () (4.18)

where the Hodge filtration on the right-hand side is the induced order filtration shifted by n—d+1.
Notice that the right-hand side of (4.18) is simply M fl [0;]; hence, the Hodge filtration on

My =T(W,M}) =T(W x € H'if (1;1) , M)
is simply the order filtration shifted by n — d by [Sai88, Proposition 3.2.2(iii)]. O

Remark 4.18. Let (’)é* = D¢~ /(0pt+5) and jo: C*— C be the inclusion. If 5 ¢ {—1, -2, -3, ...},
then

Jo+ O¢s ~ De/(Oht + B)
as well as
JorOE ™ ~ Djo DOL,. ~ Djos De-/(Ost + B) ~ DD/ (st + B) ~ De/(t0; — B) .
If, additionally, § € (—1,0], then by Theorem 4.17,
(jor Ob., FIT) ~ (Do / (0t + B), ™) .
In order to compute the Hodge filtration on jOT(’)(E;B_l, we use that (D(’)(E*ﬁ_l, Ff) = (D@* [ (Ot +
B), F,"ﬂ) and therefore (jo+]D)(9<E§_1, Ff) = (D@/(att—i-ﬁ), Ffﬁdl), since we assumed (3 € (—1,0].
We use the filtered resolution

Ot+

(DC* ’ FQOEdZ) (DC* ) Ffidl )

to resolve (D@/(é?tt + 6),F.°£d1) and apply Hom(—, (D@,F.Oidg) ® w)v() to compute the dual of
(Dc/(8it + B), F4) (cf. [Sai94, p. 55] for the choice of filtration on D¢ ® w ). This gives

(010" EfY) = (De/ (10, - B), F™)
for g € (—1,0].

5. Integral transforms of torus embeddings

In this section, we investigate how the Hodge filtration of @?,B behaves under a certain integral
transformation which depends on a matrix A and a parameter 3y. We show that the outcome

301



T. REICHELT AND C. SEVENHECK

of this transform is isomorphic to the GKZ system M%ﬁo’ﬁ ) (cf. Proposition 5.4). In the special

case By € Z, we will show that the integral transformation mentioned above is isomorphic to the
Radon transform of a torus embedding.

The Radon transformation has been extensively used in the previous papers [Reild, RS17]
in order to study hyperplane sections of toric varieties or, more precisely, fibers of Laurent
polynomials and their compactifications.

In the first subsection below, we give a brief reminder of how certain GKZ systems can
be constructed using the Radon transformation. The second subsection introduces an integral

transform that is able to produce all GKZ systems Mg with B ¢ sRes (K) and homogeneous A.

The next subsections (until Subsection 5.9) constitute the main part of this section, where we
study in detail how the various functors entering in the definition of this integral transformation
act on the twisted structure sheaf. One can roughly divide the construction in two parts: In
Subsection 5.3, we calculate the push-forward of a tensor product between the twisted structure
sheaf and a kernel to a partial compactification. Then one has to study the projection to the
parameter space (that is, the space on which the GKZ system is defined). The calculation of the
behavior of the filtration steps is non-trivial, as the higher direct images of these filtration steps,
being coherent O-modules, do not, a priori, vanish. However, we can show that this is actually
the case in the current situation. We formulate this result in the language of Z-modules (that is,
using the Rees construction for filtered D-modules) and make extensive use of (variants of) the
Fuler—Koszul complex of hypergeometric modules. All these intermediate steps are contained in
Subsections 5.4-5.9. A very important technical result is the calculation of some local cohomology
groups of a certain semigroup ring, contained in Subsection 5.8. The culminating point is then
Theorem 5.35, which gives a precise description of the Hodge filtration on certain GKZ systems.

5.1 Hypergeometric modules, Gauf3l—Manin systems and the Radon transformation

Here we give a brief reminder on the relationship between GKZ hypergeometric systems and
GauBi-Manin systems of families of Laurent polynomials as developed in [Reil4].

As in [RS15, RS17], we will consider a homogenization of the above systems. Namely, given

the matrix A = (ag;), we consider the system M%, where A is the (d+1) x (n+1) integer matrix

11 ... 1

~ » " 0 ail ... A1n

A= (g, ...,a,) = . : (5.1)
0 adqr ... Qdn

and B € C4tL.

In order to show that such a homogenized GKZ system comes from geometry, we have to
review briefly the so-called Radon transformation for D-modules; this was introduced by Brylin-
ski [Bry86], and variants were later added by D’Agnolo and Eastwood [DE03].

Let W be the dual vector space of V with coordinates wy,...,w,, and let Ag,..., A\, be
coordinates for V. We denote by Z C P(W) x V the universal hyperplane given by Z :=
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{3y Xiw; =0} and denote its complement by U := (P(W) x V) \ Z. Consider the diagram
U U U
o \[jU &

2 V. (5.2)

P(W) «——— P(W) x V
MZ]\ 7'('2Z
Z

From here on, we will use several variants of the so-called Radon transformation in the derived
category of mixed Hodge modules. These are functors from D*MHM(P(W)) to D*MHM(Dy)
given by

*R(M) =72, (WIZ)*M ~ Touizsiymi M,
'R(M) :=Do*RoD (M)~ 7% (wlz)!M ~ Touigyigmi M,
"Rest (M) := momi M,
Rest(M) =D 0 *Regy o D (M) = mpumy M,
"RUM) = i) (n1) (M) = maujinjimi (M),
'RO(M) =D o *RS oD (M) ~ 7, (xV) (M) = maujveiiyml (M).

The adjunction triangle corresponding to the open embedding j;; and the closed embedding iz
gives rise to the triangles of Radon transformations

'R(M) — '"Rest (M) — 'RO(M) 1, (5.3)
“RAUM) — *Ret (M) — *R(M) 5 | (5.4)

where the second triangle is dual to the first.

We now introduce a family of Laurent polynomials defined on 7' x A := (C*)? x C" using the
columns of the matrix A; more precisely, we put

PA: TXA—)V:(D/\O x A, (tl,...,td,)\l,...,An)i—> <—Z)\itai,)\1,...,)\n>.
i=1

The following theorem of [Reil4] constructs a morphism between the Gaufi-Manin system
HO(04+O1xp), or its proper version H(¢4:Orxa), and certain GKZ hypergeometric systems
and identifies both with a corresponding Radon transform.

For this, we apply the triangle (5.3) to M = ¢ DPQI and the triangle (5.4) to M = g.PQ¥,
where the map g was defined by

g: T — P(W), (tl,...,td)»—>(1:jgl:---:zﬂn).

THEOREM 5.1 ([Reil4, Lemma 1.11, Proposition 3.4]). Let A = (a4, ...,a,) € M(d X n,Z) and
A= (ag,ay,...,a,) € M((d+1) x (n+1),Z) be as above, and assume that A satisfies

(i) ZA = 74+,
(i) INA = RsoA N Z4+1,
Then for every 3 € NA and every ' € int (]NAV), we have

M = DMod (H™ ! (*RS(9.2QH)))  and  MZ” =~ DMod(H """ (R° (9D7Q}))).
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If we define
IME =1 (R (9.7QF))  and M =1 (R (9D PQY))
the following sequences of mixed Hodge modules are exact and dual to each other:
HNT,C)@rQl M (pa?Qn) v HY(T,C) © QY

0 —=H"("Rest (9:"Q7 ) —> H"(*R(9:"QF)) —= H" ' (*R2(9:"QF)) — H" "' (*Rest (9:7QF)) =0,

14

0<H " (Rest (9D 7QF)) = H " (R(9D"QF)) = H "' (R°(¢D7Q7)) < H ™" (Rest (97QF)) = 0.

S T

Hor(T,C) @ DPQY  H(paD?QY, ) e Hqo(T,C) @ D*QYf

PRrROPOSITION 5.2. Let 5 € NA and B’ € int (]N/T) There exists a natural morphism of mixed

Hodge modules between H./\/liﬁl(—d —n) and HM% which, on the underlying Dy -modules, is
given (up to multiplication with a non-zero constant) by

M ML P PP
where 8918 .= | 6];2 for any k = (ko, ..., k,) with A k= 54— B’.
Proof. First, notice that there is a natural morphism of mixed Hodge modules

HO (e aDPQF ) (—d — n) — HO (04" QP p)

which is induced by the morphism D”ng A=d—n)— pQ¥X A- Using the isomorphisms in the
second column, this gives a morphism

H('R(gDPQY)) (—n — d) — H"(*R(9:PQY)).
Now, we can concatenate this with the morphisms
H'("R(9:"Q1)) HH (RS (9:2Q1))

H("R(9DPQF)) (—n — d) «—— H ('R (9DPQF))(—n — d).

This gives the desired morphism of mixed Hodge modules between HM}B ,(—d —n) and HM%.
Then, it follows from [RS17, Lemma 2.12] that the corresponding morphism of the underlying
Dy-modules is (up to multiplication by a non-zero constant) right multiplication with A

We will now prove a partial generalization of Theorem 5.1 for non-integer 5.

PROPOSITION 5.3. With the notation as above, let 3 = (6o, B) € (Z X Rd) \ sRes (ﬁ), we have
an isomorphism

DMod (7—[”“ (*Rg (g*ng’H))) ~ ./\/lév .

This induces the structure of a complex mixed Hodge module on M% which we call HM%.
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Proof. Consider the following commutative diagram with cartesian square:

where 7 is the projection to the first factor. We have
= = 7 0, s
j+7r+g+(’)§1 ~ ]+h+7‘(’7—t076~ ~ hg+(’)((g*g)T[1} ~ h+0§3€°x@[1]

for every By € Z. Let *R2: D% (Dx) — Db (Dx) be the corresponding functor for D-modules
which is given by M — ma jut jTUWJ{M . We have an isomorphism

*Re (g+(9§) [-n —1] ~ FL (§+ﬂ+g+0§[—l]) ~ FL(hg+Oé€°;’8f)) ~ M%,

where the first isomorphism follows from [DE03, Proposition 1]. Notice that the various shifts
occurring in the formulas above stem from a different (shifted) definition of the (exceptional)
inverse image for D-modules in [DE03]. O

5.2 Integral transforms of twisted structure sheaves
Unfortunately, the Radon transformation produces only GKZ systems with 8y € Z, as we can
see in Proposition 5.3. To remedy this fact, we introduce an integral transformation which takes
care of that by twisting with a kernel which depends on (.

Let T = (C*)¢ and T := (C*)%1 be tori with respective coordinates t1,...,tq and tg, ..., 14,
and let W = V = C™"! with respective coordinates wy, ..., w, and Ag,...,\,. Consider the
torus embedding with respect to the matrix A

h = hg: f — W, (to,. . .,td) — (to,toiﬁl, ce ,tozﬁn) .
If 8 ¢ sRes (/~1), the GKZ system Mf} is given by FL(h+(’)iﬁ;). Consider the maps

oot Txv_Lay,

f

where F is given by (t1,...,tq, Aos- .., An) = Ao+ iy Ait%, where p1 and po is the projection
to the first and second factors, respectively, and where j is the inclusion.

Proposition 5.3 showed that a GKZ system with integer 5y can be expressed by a Radon
transformation, generalizing a result in [Reil4]. The Radon transformation *R? can be seen as
an integral transform from P” to C"*! with kernel jngCQH . Now, in order to construct GKZ
systems with general Sy, we could twist the kernel jU;ng , which means that instead of using
the constant module p(DIU{ on U, we could use a rank one local system on U with monodromy
e?™50 (notice that U has fundamental group isomorphic to Z). However, for computational
reasons, we use a slightly different approach. Instead of embedding the torus 7" in P™ and con-
sidering an integral transform from P" to C"*!, we directly define an integral transformation
from T to V with a kernel depending on fy and A (the matrix A is encoded in the map F)).
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We prove in Proposition 5.4 that the outcome of this integral transformation applied to the

Dp-module (9751 is indeed the GKZ system M%. Finally, we prove in Proposition 5.5 that this
approach is compatible with the original approach using the Radon transform from Proposi-
tion 5.3.

The following proposition is a variant of a theorem of D’Agnolo and Eastwood [DE03]. It
compares the Fourier—Laplace transform of the twisted structure sheaf under a torus embedding
with an integral transform of the twisted structure on a smaller torus. The latter description is
favorable since it naturally equips the GKZ system with the structure of a mixed Hodge module.

PROPOSITION 5.4. Let 8 = (B0, 3) ¢ sRes (Z); then
M5~ FL (hy OF) 2 1M (py (4107 @0 F1(j;06771))) -

Proof. Notice that the morphism h: T —» €™ factors as

Toxr 5w, (5.5)
where ; is the canonical embedding and k is given by (%o, ..., tq) — (to, tot, ... ,toﬁ%). Consider
the diagram

C l CxT i W CxT
f
4t P12 q1 P12
i kxidem
CxC dox (D><T><VX®Jrl W xV CxTxV—2 T,
q
p2 p13 q2 p13
C L Txv r 1% TxV

where the p;; are the projections to the factors ¢ and j, the maps [, ¢, p1, ¢1 are the projections
to the first factor and the maps f, g, p, p2, g2 are the projection to the second factor.

We have that }+(’)§ ~ j+0fé‘1 X Og ~ l+j+(’)€(l [—d] ® f*(’)g[—l]; hence, we get the following
isomorphisms:

B

FL(LO7)
~ FL(]{:+}+O§;) factorization of h (5.5)
~ g2+ (4] /<?+J+O/Z ® L)[-n —1]
o~ q27+(q k (l+j+(/) » ® f+06) ® L)[—n —d — 2] use (95; ~ Ogl X Or{,{
~ g2 +((k X 1d)+p12(l+ _|_O ® f+05i) ® L)[-n —d — 2] base change
~ go.4(k X 1d)+(p12(l+]+(9@* f+06) ® (k x id)+£)[—2d — 2] projection formula

= o (k x i) (1 X F) i 1O © g0 @ (k x i)t L)[-n — 24— 3] 9= fopm,

l0p12 :plo(ldXF)
~ p+p13’+(<id XF) Py j+OC* & g+(9é-3‘v & (k X 1d)+£> [—n —2d — 3] popis =g o (kxid)
~ pypi3 ((id xF)pfjLOL @ T 08 @ (id x F)* £1)[~3n — 2d — 3],
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~ pipiz+ (9707 @ (id xF)F (pf 1 O @ L1))[=2n — d - 3],

~ pip13,4 (P10 O @ (id x F)* (pf j1 OF @ L1))[~2n — d — 3] g=aops

~pi (gt 08 @ pi3 4 (id xF) T (pf 10X @ £1))[-2n — d — 2] projection formula
~py(qTO8 @ Frpyy (pfj+ O @ L£1))[-2n — d — 2] base change

~ pp(gtOF @ ;060 [—2n —d — 1] FL(j+ Of) =~ ;0%
~p,(q' 08 @ FTj; 0% Y 2n 4+ d + 1. g* =~ q'[2n + 2]

FteFi2n+24) O

The isomorphism Mi; ~ HEHdEL (p (qTOQ’q ® FTjT(’)(E;BO_l)), which holds for # € R\

sRes (A), endows the GKZ system with the structure of a complex mixed Hodge module. We
define the mixed Hodge module structure by

T = 2 (p, (7€ 0 F PO ). (5.6)

We now check that the Hodge module structure on M% induced by the definition (5.6) coincides
with the one of Proposition 5.3 in the case 3y € Z.

PROPOSITION 5.5. If By € Z and (S, 3) & sRes (A), then there is an isomorphism
“RE(g.LCHP) [+ 1] = pu (¢PCH @ F*5PCE ) [2n + d +1].
Proof. Consider the following commutative diagram whose squares are cartesian:
[ — U

J iku ljU
EF Joxid

C~— Wy x VS Pw) x v -7,

F q T

TxV Wy —2 ~P(W)

/
q
T g

where Wy := P(W) \ {wo # 0} = C" with coordinates wi,...,w, and Uy = U N Wy. We
denote by p, po, m1 the projections to the first factor and by F' the map (w1, ..., wp, Ao, Ap) —

Ao + Z?:l Aiw;. We consider the coordinate change ¢g defined by

Zk:tk for kZl,...,d, X0:A0+2Ai§gi:F and Xi:Ai for z':l,...,n
i=1
on T' x V and the coordinate change g defined by

n
w; =w; for j=1,...,n, on)\o—FZ)\iwj:ﬁ and Xi:)\i for i=1,...,n
i=1

on Wy x V. Notice that with respect to these coordinates, the maps F and~ﬁ are given by
the coordinate function A\g. Let pr: V' — C be the projection ()\0, ey )\n) — Ag. We also have
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Yoo (gg x id) o gpgl = go X id, and the map ¢ factors as m o jg o (g x id). Hence, we get

pe(gPCEP @ FHjpcH o 20 + d + 1)

~ p(¢PCHP @ F*iPCl) 20 + d + 1) use fy € Z
~ py(P CJI{’B X pr* 5P Cg* )[n + 1] F is a projection after coordinate change
= (2 0 (jo x id) o (go X id))*(p@q{]’ﬂ R pr* P CE ) +1]  p=m o (jo x i) o (g x id)
~ (20 (jo x id))s(g0"C1" R pr*jiP O ) [n + 1]
~ (73 0 (jo x 1d))*(c}*go*f”CB ® F*jPCH)[n + 1] F is a projection after coordinate change
~ (1 0 (jo x id))s(F*gox"CHP @ by F*PCH ) [n + 1] base change, " and F smooth
~ (2 0 (jo x id))s(G" 90" T’ @ kyPCLL ) [n + 1]
) (

~ (3 0 (jo x id))«((jo x id)’ 19+ PCp ’6®kUip®Uo)[n+1] g=1Jjoogo

~ 71'2*( ikg* p@ Hp & (]0 X ld) kP (DUO)[n + 1] projection formula

—~
*
~

1

Tou (5 9 PCHP @ P CH) [ + 1)
~ WQ*jUIjEWTg*pC:,I{’ﬂ[n + 1] projection formula
~"R2(g:7Cp ) n + 1],

where the isomorphism (x) follows from the fact that nf g*pﬁg is localized along the divisor
P(W) \ Wp. O

5.3 Calculation in charts
We saw in Subsection 5.2 that the GKZ system M% can be expressed by an integral transforma-

tion from T to V with kernel F™* 'p(D_’BO_1 As a first step, we compute the Hodge filtration of an
intermediate step in this integral transformation, namely ¢* PC, B F*]nPCH —Fo= Y2n +d+1]
(cf. Lemma 5.7). We do this by giving different presentations of the kernel (cf. Lemma 5.6) and
by using several adapted coordinate systems on 7' x V' indexed by a variable « which goes from 0
to n. The reason for using these adapted coordinate systems (and not just one) is the fact that
we can rewrite the intermediate step as a direct product whose factors are easy to compute.
Since the projection p: T' x V. — V is not proper, we have to extend the intermediate step to
a partial compactification. Concretely, we are using the factorization

TxvV L pwyxv -y

of the projection ¢. Our goal in this section is to compute the underlying D-module N of
HAS = 124 (g id) (P € @ Frjpci o) (5.7)

together with its Hodge filtration on affine charts W, of P(W) x V. The different adapted
coordinate systems are now used to compute the direct image of the intermediate step under
the embedding T x V — W, x V, which is simply the restriction of A to the affine chart W,,.
It turns out that the underlying D-module of this direct image is a direct product of a torus
embedding with respect to a matrix A, and another rather simple module (cf. equation (5.8)).
We use Theorem 4.17 to compute the Hodge filtration on the first factor in Proposition 5.9; the
Hodge filtration on the second factor was computed in Remark 4.18.
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We define the map
F,:TxV —C,
(1t Mo ) > Ay D At % = <)\0 +)° )\,-taz) %
izu =
(notice that Fy = F'). We need the following result.
LEMMA 5.6. There is an isomorphism
FHjped ol ~ el ot
foru=0,...,n.
Proof. For u € {0,...,n} and G := (C*)?, consider the action
py: GXT XV —TxV,
(G1s s Gas e stas Aoy -5 M) = (F1ye oo b, Aog %, ooy Ang ™)

and the action G x C — C given by (g1,...,94,t) = g % - t. It is easy to see that the map
F: T xV — C is equivariant with respect to this action. Let i: T' — G x T be the embedding
(t1y...,tq) = (t1,...,ta,t1,...,tq). Since jgp(Dg;_ﬁo_l is a G-equivariant mixed Hodge module,
the module F!j!ngfﬁofl is also G-equivariant. Let p: G x T x V — T x V be the projection.
We have isomorphisms

e Y T S L
where the second isomorphism follows from the G-equivariance of F™* j;p(D;I —ho—1, O

We define a coordinate change ¢, by
Zk = tk ’ (F)V\Z),l#u = (A’L)Z;ﬁu and }v\u = Au + Z Aitgiigu .

Denote by C,, € GL(d + 1,Z) the matrix
1
—QAa1y 1
Cy = . ) )
—Qdy 1

and for 8 = (B, 8) € Z*, define
B* = (BY,8*) :=Cy-B.
Notice that EO = B’ since gg = 0.
LEMMA 5.7. (i) With respect to the coordinates defined by ¢,, the complex
¢ P @ FrjrCa P 2n + d + 1]
is isomorphic to
PR R pr PO )
where pr,,: V' — C is the projection (Xo, - ,Xn) — Xu In particular, we have

HE (g PCE" @ FEjPCa ™) =0 for k#2n+d+1,
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and the underlying D-module of H*" o1 (g p@g’ﬁu ® FjjnggL_Bo_l) is given by the exterior
product

DT/((afk;k + Bﬁ)k:l,...,d) 2 DV/((aXi)i¢U7Xu6Xu — o) -
(ii) For o € Z® and uy,us € {0,...,n}, the map

7_[2n+d+1 (q* pcg,ﬁul ® F*lj!ngi_ﬁo_l) . H2n+d+1 (q* p@?ﬂ“z-i-a ® F;Qj!p@g;—ﬂo—l)

u

given by right multiplication with t* at the level of Dy xr-modules is an isomorphism.

Proof. Notice that the map Fy, is just the projection ((fk)kzl e (Xz-)#u, Xu) — Xu with respect
to the new coordinates. This gives

q* pC’ZI—{,Bu ® F;J'pcg;_ﬁo_1[2n + d + 1] ~ pCJI_.,Lﬂu & przj|pcg;_60_1[n]

(the shifts can be seen by noticing that ¢*[n + 1], F*[n + d] and pr}[n] are exact). The rest is
clear.

.....

(Xi)i:07,,,7n) correspond to the maps ¢,, and ¢,,, respectively. The coordinate change ¢,, o qb;ll
is given by

7?k: = %Vka 5\u1 = Xul - Z Xizgiigul ’ XUQ = ,)\\/ulzgul e ) 5\1 = )\z
iFuy
for k=1,...,d and i # u1,us. We get the following transformations:

O5, 7 05, —tH b5, =05,
)\U1 8Xu1 - 60 — xugiqu 72”1 85\u1 + j\uza;\u2 - /BO = j\ugaj\u2 - 60 9

Floyy ~ Gy A=
aXuQ - t : 16}‘”1 ’

Op b+ B — Otk — Y (ki — g )NES 2105+ (auy — Q) My Dy, + B
1#ug
= afkfk + (aku1 - aku2)5\u2€)5\u2 + 18]1;1
= Otk + (Qkuy — Gruy)Bo + B = O i + 5,7,

where = means equality modulo the ideal generated by the operators on the left-hand side. This
shows that

DV/((aii)#ul’XmaXul — Bo) @ DT/((aEk?k + ﬁl?c“)kzl : d)

20ty

is actually equal to
DV/((af\i)i;ﬁuz’ 5\1@8;”2 - ,80) Ky DT/((at_kEk + 51?2)k=1,...,d)
after the change of coordinates ¢, o ¢, 11. It is then easy to see that the map
IDVXT/((aXi)i7éU2’Xu26Xu2 — Bo, (8&;’“ + 5;:2)k:1,“.,d)
= Dv/((0%,)i-uy: MuzOn,,, — B0y O + B> + o)y )

is given by right multiplication with £%. This shows the second claim. O

Let (wp : - -+ : wy,) be the homogeneous coordinates on P(W), and denote by j,: Wy, — P(W)
the chart w,, # 0 with coordinates w;,, := w;/w, for i # u. The map g factors over the chart W,
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and gives rise to the map

Gu: T — Wy, (b1, ty) — ((%07 % 19 %)

We define the maps

n
o
As mentioned above, we would like to compute the restriction of A to the affine chart W, x V.
For u=0,...,n, we set
HNu — HMWHXV ~ H2n+d+1 (gu % id)* (q* p@?ﬁ“ Q FJj!ngL_BO_l)

~ H™(g, x id). (PCR7" KpriiPCh )

~ Hn(pgu*@g’ﬁu X pij;ngi_BO_l)

~H° (pgu*@g’ﬁu) KH" (pijngg;_Bo_l) . (5.8)

We now apply the main result of Section 4 in order to compute the module gqu(’)gu together
with its corresponding Hodge filtration.

Notice that the embedding g, is given by the d x n matrix A, = (a};) with columns (¢; —a,,)
for i € {0,...,n} \ {u}. We need to check whether the matrices A, satisfy the conditions in

Theorem 4.17. Recall that g% := (5§, B*) := Cy - B.

LEMMA 5.8. Assume ZA = 73+ and NA = 74+ n R>0g. Then the matrices A, satisfy the
conditions
() 24, = 29,
(ii) NA, = Z¢ N RxpAy,
(ifi) if B € Az, then B* € A, .

Proof. Denote by A, the (d+1)x (n+1) matrix with columns (1, a;,—a,,) for i € {0,...,n}. We will
first show the two properties for the matrix gu Notice that we have C,, - A= Cu- ﬁo = Zu Since
Cy is a linear, invertible map, we get C, (Zg) = Zu, Cy (]Nﬁ) = ﬁu and Cy (R>oﬁ) = ]R>of~lu.
Therefore, the two properties hold for A, if and only if they hold for A.

Denote by p: Z31 — Z% the projection to the last d-coordinates. Since p maps (1,a; — a,)
to a; — a,, it is easy to see that the first two properties also hold for A,,.

It follows easily from the definition that B € A7 if and only if B“ € A5 . Hence, it is enough

to show that E = (Bo, B) € ™Ay implies § € 2A4. We first notice that there is a 1-1 correspondence
between facets of R>0A and facets of R>9A containing a, = (1,0,...,0) given by

F F=F+Rs-(1,0,...,0).

If np is a primitive, inward-pointing normal vector of a facet F' of R>oA, then the vector nz :=

(0,np) is a primitive, inward-pointing normal vector of the corresponding facet F of R>0ﬁ.
Since E = E?:()@i = (7’L + 172)7 we have €p = <nﬁ7@ = <(0,TLF), (n + 17Q> = <nF7Q> = €Ff. By
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Definition (4.3), we get

Bedz= () (R-F—[0,ep)-c}C [) {R-F—[0,e5) 2}

ﬁfacet Iifacgt
ag€EF
=8 [ R-F—[0,er) -c} =Aa. O
F facet

Denote the Z-module of relations among the columns of A, by L4,. In order to calculate
the direct image of O? under the map g,, we use Theorem 4.17, where A, takes the role of the
matrix B in that theorem.

PROPOSITION 5.9. Consider the Dy, -module Mﬁz as defined in Definition 3.5, that is, Mﬁz =
Dw, /fﬁz, where the left ideal fﬁz is generated by
mme]LAu = H Wiy — H wi, "
i#u: m;>0 i#u: m;<0
and the Euler vector fields
Ev]? + 5;? = Z azz‘awiuwiu + B]? = Z(akz - aku)awmwiu + /B]? .
iFu iFU
Then the direct image gu+(976f‘ is isomorphic to Mf;; Moreover, the Hodge filtration on Mf;;
is the order filtration shifted by n — d; that is,
ﬂ rd B
Proof. The statement follows from Theorem 4.17 and Lemma 5.8. O

We now want to compute how the D-modules gu+O§u glue on their common domain of
definition. Let uj,us € {0,...,n}, and denote the intersection Wy, N Wy, by Wy, u,. We fix
ui,ug € {0,...,n} with u; < ug. We have the following change of coordinates between the
charts Wy, and Wy,:

-1
uiu2

-1

for i#uy and Wy, = Wy y,

Wiy, = Wiy, W
which gives the following transformation rules for vector fields:

Wiy Oy, = Wiy O,y fOr i F w2 and  Wuyuy Owyy, = — g Wiy Oy, - (5.9)
iFUug

These transformation rules define an algebra isomorphism

Luqug - DWul [wz;lul] — DWuQ [w;11u2] ’

The module of global sections F(WuluZ,guﬁ(’):’[ﬁul) can be expressed as the quotient

DWu1 [w;;ul}/fﬁui, where Iﬁui C DWu1 [w;;ul] = C[(wiu1)i;ﬁu1“ uzm] ®@[(ww1)i¢u1] DWu1 is
the left ideal generated by

n n n
1) B +5 = Z i Owsyy, Wiy + Bt = Z pef Wity Oy, + Z apt + 8, k=1,....d,
: : —

iFu] iFuU] iFuq
—m
(2) H wlﬂl H Winy o me ]LAu1 :
m; >0 m; <0
i£u] i£u]
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Let 4% = Ez#ul akl, then I,B“l Ju—1 c DW“1 [ is the left ideal generated by

UZUI]

1) Z Qi Wiy O,y + B, k=1,....d,
i;ﬁ:ul

i 1
= Hwi;tl_ szuf’ lG]LAul.

1;>0 1;<0
iFug iFu]
. . . _1 .
We get the following isomorphism of Dy, [wuw 1]—modules.
1 Bu1 gul —yt1 1
DWu1 [wu2u1]/IAu1 — DWu1 [ U2u1] Ay , 1= H Wigy >

iFuy
which is the image of the isomorphism

O;u”rﬁkl*l — ngl 1= £_7u1 =t Diztug (@ =ay,)

I

under the functor g,,+ (cf. equation (4.14)). One obtains the same results for the chart W,, by
interchanging u; and ug above. Using the transformation rules (5.9), we can identify Dw,, [w‘l ]

uUq
with Dyy,, [w which gives a well-defined map

Ul _ AUl _ : U2 AU
bujusg - DWu1 [ u2u1]/ B uy K — DW’MQ [wu11u2]/‘[§u2 L

We can now give an explicit expression for the gluing map between the various charts of the
module g+Og.

wtuz)

LEMMA 5.10. The isomorphism between gul+O§u1 and guZ+0§u2 on their common domain of
definition Wy, 4, = Wy, N W, is given by
—1 r3v2
F(Wuluzvgu1+OT) = ‘DWul [ uzul} /IA — DWuQ [wu1u2] /IAu2 = F(Wu1u27.gu2+OT) s

P > Luyug (P)w”Jrl

uiug *
Proof. This follows easily from the discussion above by composing the three maps

DWul [ ugul] /Iﬂzl — DWu1 [ u2u1] /Iﬂul 7 —L> DWUQ [w_l ] jﬁzz_’yqa

1 UL U

78

- DWug [ U1U2] Augy

and by using the simple computation

(Hwiw) -L( wa11> :wZ;le. O
’i;ﬁUQ Z'#UI

Consider the following change of coordinates 6, on W,, x V:

n
Ay = Ay + Z)\jwju, X=X\ and W, = Wiy (5.10)
=
for i = 0,...,n and i # u. Notice that 0, Lo (gy x id) o ¢ gy x id and F, is just the projection
((wm)#u,/\o,--- by ) = A

PROPOSITION 5.11. Consider the original coordinates ((Wiy)iu, (Ao ---,An)) of Wy, x V. Then
there is an isomorphism of Dy, xv-modules Ny, ~ Dy, xv/ Kﬁf;, where ICZ; is the left Dy, xv -
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ideal generated by the following classes of operators:

n

(1) D a0, wi — > ariXiOx, + Br,

=0 =1
= _ | | m; I | —my;
(2) Dm - wiuz - wiu ' ) m e ]LAu )
m; >0 m; <0
1#u 1F#u

(3) Ox, — wiuOh, , i=0,...,n and i#u,
4 D Nox, —Bo
j=0

Moreover, for B: (Bo, B) € A5 and By € (—1,0], we have

FH dNufFordDWuXv/K

n

Proof. Recall that N, = MB @Dv/(( ) it A &u — 50) = Dwuxv/ﬁﬁ’i, where

’Cﬁ (K + 88 ket O ey (05,) 0 (Mads, = Bo)) -

Using the coordinate transformation (5.10), we see that /Eﬁ?; is transformed into the ideal ICﬁu
generated by the operators

Za}:i(awm _)‘ia)\u)wiu"i‘ﬂg, k= 1,...,d,

=0

1#u
= m; —my;
Dm:Hwiul_Hwiuz7 mE]LAu,
m; >0 m; <0
Ox, — WOy, , ©=0,...,n and i#u,
n
<)\u + E )\jwju> O, —Bo -
#u

The last operator can be rewritten (using the relations dy, — w0y, , that is, the third class of
operators) as

Z )\ja)\]. - /30 = ()\u + Z )\jwju> a/\u - ,B() .
7=0

=0
ju

The Euler-type operators Z a;(Ow,;,, — XiOx, )Wy, can be further simplified by writing
z;ﬁu

> a4, = NiOr Wi + B =Y iy (Qug i — XiOy,) + B

=0 =0
i#u iFu
= Z akzawwwzu Z agiAi 8)\ + Ay Z Ai 8)\ + Bk
=0
1;&11,
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n n
= Z ag; Oy, Wiy — Z akiXiOy; + akuBo + By

i=0 =1
n n
u
= E i Oy Wiy — E agiNiOy; + B »
i=0 =1

where the first equivalence follows by using the relation Z?:o AjOy; = (/\u + > -0 /\jwju)(%\u
ju

from above. Hence, we obtain the presentation N, ~ Dy, xv /ICiu, and the statement on the
Hodge filtration follows directly from Proposition 5.9. O

5.4 A Koszul complex

In this subsection, we will construct a strict resolution of the filtered module (NU,FH ) For
this purpose, we first describe an alternative presentation of the ideal ICEU C Dw,xv. Let
A3 be the (d+ 1) x (2n + 1) matrix with columns (0,a9 — a,),-- -, (O,EQU), ...,(0,a, —

a,), (1,a9),...,(1,a,) (here, the symbol ~ means that the zero column (0, a,, — a,,) is omitted).
In other words, we have

In Lemma 5.13, we prove that the D-module underlying N, is isomorphic to a partial Fourier—
Laplace-transformed GKZ system with respect to the matrix AJ and parameter (,. With the
help of the results in Subsection 3.1, we construct a D-free strictly filtered resolution of the
filtered module (Nu, F,H) in Proposition 5.15.

As a first step, we prove some properties of the matrices AJ.

LEMMA 5.12. If, as before, ZA = 73! and NA = Z ' NR-oA hold, then we have ZAS, = 74+
and NAS = Z3H 1 N R0 A3

Proof. From ZA = 74 we conclude ZA3 = 7! since evidently ZA C ZAS. Hence, it remains
to show that the semigroup INA? is normal. We have

0 ... 0f[1]1 ... 1

0
Cu- A = , =: (a@},...,ay,a5,at,....ay) € M((d+1)x (2n+1),Z),
A, : A,

0

where C, € GL(d + 1,7Z) is the matrix already used in Lemma 5.8. It suffices to show the
normality property for the semigroup IN(C,, - A%) since C,, is an invertible linear mapping, hence
a homeomorphism. Suppose that we are given a linear combination

n n
_ — ~ d+1
v= E iy + E pjaj € 757,
i=1 §=0

where A, ptj € Rxo. Then v = >0 (A + )@t + ag - (Z?:o 1;). Clearly, > i—otj € N, and
moreover, the vector Y i | (A4 p)a¥ lies in R>9A,, but the latter semigroup is normal according

315



T. REICHELT AND C. SEVENHECK

to Lemma 5.8. Hence, we have )" | (A + pi)ay € INA,, and therefore v € NA, C N(C, - AS),
as required. ]

We now show that N, can be interpreted as a partial Fourier-Laplace transformed GKZ
system. For this, we consider the GKZ system M s on W x V with coordinates (wiy)itu,
Ao - - -> An- Let FLyj;,  be the partial Fourier-Laplace transformation which interchanges 0y,
with (ww)#u and wm with —0y,, -

V)~
LEMMA 5.13. Let Iﬁi be the left Dy, «v-ideal generated by the operators

)

D(m,l) = H ’U)ZZ H 81 H ’U) H 8_'

m; >0 ;>0 m; <0 ;>0
iFu 0<i<n i;ﬁu Oéign

where (m,1) = ((m3)izur lo, -+ In) € Lag,

(V)
— B = Zakﬁwmww—i—ZamA&\ By for k=1,....d
=1

z;éu
V) n
and Ej — fp:= Z A0y, — Bo

()~ )

Then we have Iﬁs IC , and hence the Dy, xy-module N,, is isomorphic to Dy, xv/ IAS. In

other words, we have an 1somorph1sm Ny, ~ FLWu /\/l’8 ..

) .
Proof. For the first statement, notice that [, o) equals the operator [, from the definition of
V) .
the ideal K. On the other hand, one can obtain all operators [ ,, ;) from the operators L, )

using the relations 0y, — w;,0y,. The last statement follows by interchanging 0,,,, with —w;,
and wj, with dy,, in the classes of operators of types (1), (2), (3) and (4) in the definition of the

ideal K" . O

(V)
Notice that the operators I} are the same operators as in Proposition 5.11(1), but multiplied

by —1, which is useful for a Fourier-Laplace transformation that will be performed below.
In order to construct a strictly filtered resolution of N, we use the theory of Euler— Koszul

complexes, which we explained in Subsection 3.1. It will be applied to the Dy, WXV -module M
As before, we work at the level of global sections.

Let FE’DW be the filtration on Dy, _,, corresponding to the weight vector

~

w= ((Weight(u?iu))i?gu, (weight (O, ) )istus Weight()\o), ..., weight(Ap,), weight(9y,), - - - ,Weight(a)\n))

=( 1,...,1, 0,...,0, 0,...,0, 1,...,1).
N—— ~—— ~—— S~——
n-times n-times (n+1)-times (n+1)-times

Notice that this filtration corresponds to the order filtration F,OrdDWuXv under the Fourier—

Laplace transformation functor FLy;, . We obtain a filtered resolution ((K¢,d), F*) of M 52.
Using Remark 3.3, we show that thls resolutlon is strict.
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LEMMA 5.14. The FEuler-Koszul complex (K’ F"J) is a resolution of (Mgs , F‘“’) in the category

of filtered DW v-modules (with respect to the filtration F“DW .v); that is, we have a quasi-
isomorphism K 2 = Mas, and the complex K3, is strictly filtered.

Proof. By Remark 3. 3 above, it is enough to show that H‘i(GrF&J K’) =0 for i > 1 and
HO(Grfw K;) ~ Grf MAs. Denote by GDW v = = Gr¥ Dy, .y the associated graded object
of Dy, v, by (Viu)iztu the symbol of (aww)#u and by p; the symbol of 9y, in GDy;, - Since
O(m,1) is homogeneous in (dy;) and ordg(dy,,) = 0 for all i # u, we have
Gr® (DWuxV/DWuxVJAZ) = GDWuxv/Jﬁi ,
where J9. is generated by
~—ki =l
Oy = [T o0 T w = I 0" 11 m
m;>0 ;>0 m;<0 1;>0
i;éu Ogién 1F#u o<isn
Notice that
GDWHXV/JZi ~ (D[(u”)m)#u, AQy - - - ,)\n] KcC (D[INAZ] .
The associated graded complex Gr® K} is isomorphic to a Koszul complex
Gr¥ K3 ~ Kos (GDy, /9., CEf ) k=o....) »
where 9B is defined by

n n
9B = apbii + Y agdig for k=1,....d and 9E}:=> A
itu i=1 i=0

It is shown in [BGMI15, Theorem 1.2 that the 9E} are part of a system of parameters. Since
INA7, is a normal semigroup (see Lemma 5.12 above), the ring GDy;, ./ J f&; is Cohen—Macaulay.
Hence, (9E}!)k=o0,...d is a regular sequence in GDWuxV/Jgi' This shows that H_i( Gr¥ K;) =0
for 4 > 1. On the other hand, it follows from [SST00, Theorem 4.3.5] that HO(Grf’ K3) =

GDWuxv/(Jfla + (9E}j)k:0w’d) ~ Gr¥ Mgi, as required. O

V)
As a consequence, we obtain the filtered resolution of N, we are looking for. Let J As be the

(V)
ideal in Dy, xv generated by the box operators [, ;) for (m,l) € Las. Put

) )
K, EB Dw,xv/ Jas€i,...i 5

0<i <<y <d

and define
(v). (V) (V)
K3 = Kos (DWuxv/ JA;j, (E% - 5k)k:0,...,d) )

(V) (V)
where the Ej denote the (pairwise commuting) endomorphisms of Dy, x1v/J4s induced from
(V) (V) (V)

right multiplication by E7 on Dy, xyv. Define a filtration {F.K ;} on K7 by

(V) V)
FKL, = P EmgPwaxv/ Ja -

0<i1 < <ip<d
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PRroPOSITION 5.15. We have a filtered quasi-isomorphism

(V)
(K;“F.) ~ (Nu,F.Ord) =~ (N’M7Fli|1»(n7d)) )

V)

that is, the complex (K, Fy) is a resolution of (N, F2

w ,+n_d) in the category of filtered Dy, xv -
modules.

V)
Proof. The filtered quasi-isomorphism (K o F.) ~ (Nu, F,Ord) is obtained by applying the Fou-
rier-Laplace functor FLy;, to the (filtered) Euler-Koszul complex (K3, F¢) from above (using

Lemma 5.14). The second filtered (quasi-)isomorphism (Nu, F,Ord) ~ (Nu, F.Ii(n, d)) is just the
content of Proposition 5.11. O

5.5 Z%-modules

In Subsection 5.4, we explicitly computed the filtered D-module (/\/ JFH ) in the charts W, x V.
Since the direct image of A" under mo: P(W) x V — V is the GKZ system we are looking for, we
would just need to compute a filtered version of Rmo, DRIP(W)xV/V(N ) using a Cech argument.
It turns out that the theory of Z-modules is most suitable for this task. Hence, here we lift
the results of Subsection 5.4 to the level of Z-modules. Following [Sab05], we first recall very
briefly the basic notion of Z-modules and the Rees construction which provides a functor from
the category of filtered D-modules to that of Z-modules. In Proposition 5.17, we compute the
corresponding Rees object of AV, and of its resolution (Lemma 5.18). We glue these resolutions
in order to obtain a global resolution of the Rees object of N in Proposition 5.19.

Let X be a smooth variety of dimension n. The order filtration of Dx gives rise to the Rees
ring RpDyx. Given a filtered Dx-module (M, FeM), we construct the corresponding graded
RpDx-module RpM := @,y Fi, Mz* . In local coordinates, the sheaf of rings RpDy is given by

RrDx = Ox|[z|(20z,,...,20a,) -
Denote the product X x C by 2. We will consider the sheaf
Ry = Oy Qoylz) RFDx
and its ring of global sections
Ry =12, Zy) = Ox(X)[2](20xy,.-.,20z,) .
Given an RpDx-module RpM, the corresponding & ¢ -module is
M= Og R0y REM.

This gives an exact functor 7 from the category of filtered Dx-modules M F(Dx) to the category
of Z 4 -modules Mod(Z4")

T : MF(Dx) — Mod(Zy), (M,FoM)v+— A .

We denote the category of Zs--modules which are quasi-coherent Oz--modules by Modg.(Z2).
We denote by QLI% = z_lﬁﬁ(x ¢/c the sheaf of algebraic 1-forms on £~ relative to the projection

Z — C having at most a pole of order 1 along z = 0. If we put QIZF = A*QL,. we get a de Rham
complex

0—0y, Lo, 4. Lo o,
where the differential d is induced by the relative differential dy.¢/¢. If X is a smooth affine
variety, we get the following equivalence of categories.
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LEMMA 5.16. Let X be a smooth affine variety. The functor
F(%, 0): Modqc(%%) — MOd(Rgg)
is exact and gives an equivalence of categories.

Proof. The proof is completely parallel to the D-module case (see, for example, [HTTO08, Propo-
sition 1.4.4]). O

One can also define a notion of direct image in the category of Z-modules. Since we only
need the case of a projection, we will restrict ourselves to this special situation. Let X and Y be
smooth algebraic varieties and f: X x Y — Y be the projection to the second factor. As above,
we have a relative de Rham complex Q.%x@//@ = Z_193{><Y><C/Yx0' If A is an Z 9 w»-module,
the relative de Rham complex DR 4y /o () is locally given by

d(w®m):dw®m+z< :

=1

A w) ® 20,,m ,

where (z;)1<i<n 18 a local coordinate of X. The direct image with respect to f is then defined as
fr M = Rf« DRy v 1oy (M)[n] .
Recall that for a filtered D-module (M, Fe M), the direct image under f is given by
fiM=RE(0 = M = Qxy/y @M = - = Q% 3y @ M = 0)[n]
together with its filtration
Fpft M= Rf.(0 = FM = QX 3y @ FpriM = - = Q% Ly 1y © FppnM = 0)[n]

Notice, however, that if (M, Fe, M) underlies a mixed Hodge module on X x Y, then the Hodge
filtration on the cohomology modules of the direct image complex is not, in general, given by
this definition unless X is projective. It is a straightforward exercise to check that the functor
7 commutes with the direct image functor f.

We will apply this to the filtered D-module (N, ') as defined in equation (5.7) in order to
compute HOmo N ~ HZnFdt+l (p+ (qfoi ® FT]'T(’)(EEO_l)) together with its corresponding Hodge
filtration. We denote the space P(W) x V x C by & x ¥. The corresponding Z-module is

N =T N)=02xy ®0puywyle] RruN .
The direct image with respect to my is then given by
Ty N = R (0 = N = Qg @ N == QY @ N = 0)[n]. (5.11)
Since this is rather hard to compute, we will replace the complex
0= AN = Qg @A =3V )y @ N =0

with a quasi-isomorphic one. For this, we will construct a resolution of 4. Let #, x ¥ := W, X
V x C, and denote the restriction of A" to #;, x ¥ by A,,. We write Ry, wy = T(Wu XV, By, v );
then the module of global sections of .4, is the Ry, «»-module

Ny :=T(#u x ¥V, N,).
PROPOSITION 5.17. The Ry, «»-module N,, is isomorphic to

—d
2" Ry xv /las,
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where 145 is generated by

Oy = [ wit T o)t = T wi™ T1 (z0a) 7",

m;>0 ;>0 m;<0 1;<0
iFEu 0<i<n iFu 0o<i<n

where (m, 1) = ((mi)izu,lo, -, ln) € Las,

n n
FZ — B = — Zazizawwww + Zaki)\iz(?)\i — B for k=1,....d
i=0 =1

n
and Fg — ﬂo = Z /\izﬁ,\i — ﬁo .
=0
Proof. This follows easily from Lemmas 5.13 and 5.16. O

We will now define a Koszul complex K, in the category of R,-modules which corresponds to

(V)
the Koszul complex K7, alluded to above. Write J4s for the left ideal in Ry, x4 generated by all
operators ﬁ(m,l) for (m,l) € Las. A computation similar to formula (3.1) shows that the maps

Ry xv/Jas — Ryxy/Jas ,
P——P.(E,—pB) for k=0,...,d

are well defined. Since [Ezl - Bkl,EZ2 — Biy] = 0 for ki, ks € {0,...,d}, we can built a Koszul

complex
=u

K3, := Kos (zn_d Ryxr/Iag, (- By — Bk)k:o,...,d) )
whose terms are given by
n
Zn_Qd_1 . RWuX“I//JAg —_— e — @Zn_d_l . RV//ux’V/JAa etNeE N Neg
i=1
— e RWuX‘///JAZ et1N---Neq.
LEMMA 5.18. The Koszul complex K, is a resolution of N,,.
Proof. In order to prove the lemma, it is enough to apply the exact Rees functor .7 to the

(V)
Koszul complex K? which is a strict resolution of N, in the category of filtered Dy, «v-modules

by Proposition 5.15. ]

We denote the corresponding resolution of A, = Ay, xv by %, We are now able to
construct a resolution of 4.

PROPOSITION 5.19. There exists a resolution £ ® of A" in the category of Z s y-modules which
is locally given by I'(#, x V', #*) = K3,

Proof. The resolution J£* is constructed by providing glueing maps between the Ry, . x7-
modules

ulu2

F(%IUQ X 7/’ </qi/u.l) = K’l.Ll [w;21u1] — F(%Nm X 7/7 %.2) = K;Q [wil ] )
which are compatible with the glueing maps on

F(%1U2 X 7/7%1) = Nul [w;21u1] — F(%IUQ X 7/"/%2) = NU2 [qulluﬂ .
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Notice that the latter maps are given by

-1

n+1
Nu1 [wu2u1

] — Nu2 [wvzlluQ] ’ Pr— lujug (P)wulug )
which follows from Lemma 5.10 and by tracing back the functors applied to g,+Or. By using

the same argument as in Lemma 5.10, we can show that the maps

-1 —1
Kv:l [wu2u1] — K’:L2 [wuluQ] ) Pr— lujug (P)U)Z;ZIQ

are well defined. We have to check that they give rise to a morphism of complexes. But this
follows from the commutativity of the diagram

P Lugun (P)w?HL

UL U

RWul XV//JU1 — RWu2 X‘///Juz

Bt =B B2 B u

RWul XV//JU1 —_— RWu2 X‘///Juz

P buyuz (P)wiphy

uiu2

5.6 A quasi-isomorphism

In order to compute the direct image of the Z-module .4 under 75, we have to deal with the
relative de Rham complex DR 5y /3 (4") (cf. formula (5.11)). In this subsection, we show in
Proposition 5.20 that this complex is quasi-isomorphic to a complex .£*® which is the top coho-
mology (with respect to the de Rham differential) of the double complex DR,y 4 (). In
Proposition 5.21, we give a local description of this complex £® on the charts #;, x 7.

As announced above, we now apply the relative de Rham functor DR 5y /4 to the resolu-
tion JZ® and get a double complex Q;;Qy vy ® A

n—1 o 1d™® oy 0
L — ny,y//y/(@e)i/ - ny'r//“//@%

Idnfl,OT Idn,OT

-1 1 d™! -1
"'*’Q?z}’xw/v@‘%/ HQ(’;@”/N/@&%/

[ [

The corresponding total complex is denoted by Tot (Q";:y Jy @ H ').

PRrROPOSITION 5.20. The natural morphisms of complexes
ot o+ ° . -1 ) _. O
Oy y ® A «—— Tot (Qﬂ’f‘ﬂ/"ﬂ ®H®) — Yoy jy ® H /Hd(ng,WW ®H®) =L

are quasi-isomorphisms.
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Proof. Since the double complex Q;;Qq,/ 4 ®J* is bounded, we can associate with it two spectral

sequences which both converge. The first one is given by taking cohomology in the vertical
direction, which gives the ;Fq-page of the spectral sequence. Since £ is a resolution of .4 and
Q{@x‘///“// is a locally free (that is, flat) O »y-module for every [ = 1,...,n, the only terms which
are non-zero are the [E? ““_terms, which are isomorphic to Q?;: v /V®</V . Hence, the first spectral
sequence degenerates at the second page, which shows that Qf';;ﬂy /7/®JV + Tot (Q;;F;‘V /V®‘%/ ')
is a quasi-isomorphism.

We now look at the second spectral sequence, which is given by taking cohomology in the
horizontal direction. We claim that ;;EY'? = 0 for ¢ # 0. It is enough to check this locally on
the charts #, x ¥ using, moreover, Lemma 5.16 at the level of global sections. Notice that the
complex

L(Wux ¥, Q.gj:'r//% ® ")
is isomorphic to a direct sum of Koszul complexes Kos® (z_d_lR%Xy/ /Jas s %(z(‘)wm-)#u), where
each summand is given by

Zn_d_lRWan///JAi —_— s — Z_d_lRWuxy//JAiel N Nep.
The quotient Ry, x»/Jas can be written as

Clz, (20w, )iza] @crz] (Cl2; X0y - -+ Ay (Win)izta) (2025 - - -5 205, ) / (B mp)) (ml)el 45 ))-

Since the operators z0,,, - act only on the first term in the tensor product, we immediately see
that HEf’q =0 for ¢ # 0.

The fact that Tot (Q;{;ﬁy v ® H*) — £ is a quasi-isomorphism follows from the fact that

171EP? = 0 for ¢ # 0, that is, the second spectral sequence degenerates at the second page. [

The next result is an explicit local description of the complex .Z°.
PROPOSITION 5.21. For any u € {0,...,n}, define the ring
Sy = Clz, Moy -, Ay (Win)izu] (20205 - - -, 200,,)
and denote by . the sheaf of rings on & x ¥ which is locally given by
LW x V) =Syxr
with glueing maps
S, xv [w;;ul] — Sy, x7 [w;llm] y P 1y, (P).

Denote by J s the left Sy, y-ideal generated by the Box operators i(ml) for (m,1) € Ly . Note
that this is a slight abuse of notation, as the ideal generated by the same set of operators in
the ring Ry, x» was also denoted by J as ; it is justified by the fact that these generators do not
contain the variables z0,,,. Then the complex £* is given locally by

D(Wo x ¥, ZL%) ~Kos* (2 Sy, xv /T as, (B, — Br) (5.12)

k:o,...,d) )
whose terms are given by
—2d—1 —d
A SWHXV//JAZ—>--~—>Z Sy//uxy//JAiel/\”-/\ed,
where

Ep—Bri= axriz0y, —Bx for k=1,...,d and Eo—fy:=Y» Nzdx — .
=1 =0
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Proof. 1t follows from Proposition 5.20 that the Oth cohomology of the complex (Q;;;LHI/ % ®

HP, Hd"p) is a direct sum of terms of the form H° (z_dKos' (Ry/ux«y//JAi, %(z@wiu-)#u)). Taking
the cokernel of left multiplication on Ry, «v/J As by 20y,,, we see that we have an isomorphism
of Sy, x»-modules

H (ZdeOS. (RWHX’V/JA;Za (Zawm-)i?gu)) ~ ZﬁdSWqu/JAZ .

Hence, equation (5.12) follows. O

u )

The ideals J 45 glue to an ideal # C .. Notice that the Euler vector fields (Ek — ﬁk) b—0....d
are global sections of .. We recall from Proposition 5.19 that the glueing maps for I'(%#,, x ¥,
%y ® XP) are given by

n n
—n—1 n+1

/\ dwim ® P r— /\ dwiug : (wuluz) @ buyug (P)wuj_uz .

i=0 i=0

iFuq i#ug

Since both powers of w4, on the right-hand side cancel when we consider the quotient .£7, we
see that

ZL* ~ Kos® (z*dY//, (Ek - Bk)kzo,...,d> :

Summarizing, Propositions 5.20 and 5.21 show that instead of computing the direct image (5.11),
we can compute

Rrz(£*) = R (27 Kos* () 7, (B = Br)_o...a)) -

5.7 Computation of the direct image
In this subsection, we continue our computation of ma; 4" ~ Rma,(£*). Because ¥ is affine, it
is enough to work at the level of global sections (cf. Lemma 5.16). We get

TR, (£*) ~ RT Rmy, (£*) ~ RI(£*) ~ RT (Kos®* (2 .7/ 7, (E — B)k=0,..d)) »  (5.13)
where the first isomorphism follows from the exactness of I'(¥/, e). Hence, we have to consider
the hypercohomology of a Koszul complex on ./ _#.

We will show that each term of this Koszul complex is I'-acyclic. For this it is enough to
show that ./ ¢ is I'-acyclic. In Proposition 5.22, we show that ./ ¢ is acyclic and that its
corresponding associated graded module has an easy description in terms of the “semi” R-module
S/Jas on C, x W x V if all local cohomologies of S/J4s with respect to the ideal (wy, ..., wy,)
vanish. Finally, we show in Lemma 5.24 that the computation of these local cohomologies can be
reduced to the computation of local cohomology groups of semigroup rings, which is a problem
in commutative algebra which we tackle in Subsection 5.8.

Recall that & x ¥ = C, x P(W) x V. We denote the space C, x W x V by # x V. Let
S:= (D[z,wg,...,wn,)\o,...,)\n]<28>\0,...,z6,\n>,

and consider the S-module S/J 45, where the left ideal J 4+ is generated by

Ogmy) = H w;" H(za&.)li - H w; ™ H(za)\i)*li for (m,l) € Lgs,

m; >0 ;>0 m; <0 1;<0
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the matrix A® is given by

1 1 1 0 0 0

0 0O 1 1 1
A% = (a],...,a5,b3,...,b°) = 0 ai1 ... ain 0 a1 ... ain

0 agpn ... agn 0 ag1 ... agn

and IL 45 is the Z-module of relations among the columns of A®. Notice that S/J 4s is Z-graded by
the degree of the w;. Denote by S, the localization of S with respect to w,; then one easily sees
that the degree zero part [Sy, /Jas]o of Sw, /Jas is equal to T(#y, x ¥, 7| #) =~ Sy, xy/Jas if

we identify w;/w,, with w;,. Let S/J4s be the associated sheaf on &7 x ¥ having global sections
[S/Jas]o; then we obviously have

S/JAS 25//%
Define

TS 7):=EPT(@ x ¥, (] 7)a).

a€Z
We want to use the following result applied to the graded module S/J 4s.

PROPOSITION 5.22 ([GD61, Proposition 2.1.3]). There is the following exact sequence of Z-graded
S-modules:

0—>H (S/JAs)—>S/JAs —>F(<7//)—>H (S/JAs) —0

and for each © > 1, there is the isomorphism

D H (P x ¥.(#] 7)) = HE(S /). (5.14)
a€Z
where (w) is the ideal in C[z, g, . .., Ap, Wo, - . ., wy] generated by wo, . .., wy,.

Proof. In the category of C[z, Ao, . . ., An, Wo, - . . , wy|-modules, the statement follows from [GD61,
Proposition 2.1.3]. The statement in the category of S-modules follows from the proof given
there. O

In order to compute the local cohomology of S/J4s we introduce a variant of the Ishida
complex (see, for example [BHI8, Theorem 6.2.5]). Let T := Clwo, ..., Wy, 205, --.,20,] C S
be a commutative subring, and let C[INA®] be the affine semigroup algebra of A®, that is,

CINA*] = {y¢ € Clyg, ..., ys,] | c € NA® C Z¥2} .
We have a map
Pps: T — (D[INAS] y Wi ygf ’ Za)\i — ybf .

Notice that the kernel K4s of ®4: is equal to the ideal in T" generated by the elements Uy ),
hence

T/K s ~ C[INA?].
Remark 5.23. The Z-grading of T by the degree of the w; induces a Z-grading on C[INA?
since the operators [ ;) are homogeneous. The semigroup ring C[NA®] Cc C [Zd+2] also carries

a natural Z%t2-grading. Looking at the matrix A®, one sees that the Z-grading coming from T
is the first component of this Z%*2-grading.
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We regard C[INA?®| as a T-module using the map ® 4+, which gives the isomorphisms
S/JAS ~ 5 Q7 T/KAS ~ S QT (D[]NAS] .

We want to express the local cohomology of S/.J4s by the local cohomology of the commutative
ring C[INA®]. For this, let I be the ideal in C[INA®] generated by y%, ..., y%; then we have the
following change of rings formula.
LEMMA 5.24. There is the following isomorphism of Z-graded S-modules:

H(\y(S/Jas) ~ S @ HF(CIINAY)).
Proof. Notice that if S was commutative, this would be a standard property of the local co-
homology groups. Here we have to adapt the proof slightly. First, notice that it is enough to
compute H ("“w)(S /J4s) with an injective resolution of T-modules. To see why, let I® be an injec-
tive resolution (in the category of S-modules) of S/.J4s. Since S is a free, hence flat, T-module,
it follows from Homg(S @7 M,I) ~ S @p Homp(M,I) that an injective S-module is also an
injective T-module. Therefore, we have

H{\y (S Jas) = HT () (I%) = H T p(1%) ~ Hf(S/ Jas) ,
where I’ is the ideal in T generated by wq, ..., w, and the second isomorphism follows from the
equality
T (w) (Ik) = {a: € I* | Vi 3k; such that wfix = 0} =Ip (Ik) .
Let J* be an injective resolution of T//K 4s. In order to show the claim, consider the following
isomorphisms:
S @r Hf* (CINA®)) = S @p Hf,(T/Kas) = S @p H*T11(J°)
~ H¥(S @r Tp(J®) ~ HT (S @r J*) ~ HY(S/Jas),

where the third isomorphism follows from the fact that S is a flat T-module and the fifth

isomorphism follows from the fact that S ®7 J® is a T-injective resolution of S/Jgs ~ S @7
T/K gs. O

5.8 Local cohomology of semigroup rings
In this subsection, we compute local cohomology groups of some special semigroup rings associ-
ated with the semigroups INA®. These local cohomology groups turned up in Lemma 5.24. We will
use their vanishing in Subsection 5.9 (specifically in Corollary 5.32) to prove the I'-acyclicity of
a Koszul complex. We show that these local cohomology groups can be expressed as the cohomol-
ogy of the Ishida complex of C[INA®] (cf. Proposition 5.25). Since A% is a (d+2) x (2n+2) integer
matrix, the Ishida complex carries a natural Z%t2-grading. The vanishing of certain graded pieces
of the Ishida complex and of its cohomology depends on the position of the degree as seen as an
element in R%*?2 in relation with the cone spanned by the columns of A° (cf. Lemma 5.26 and
Proposition 5.30).

Let F be the face lattice of R>9A®, and denote by F, the sublattice of faces which lie in the
face o spanned by ag, ..., a;. For a face o of R>9A?®, consider the multiplicatively closed set

U, = {y9 | c € N(A® ﬂa)} ,
and denote the localization with respect to U, by C[INA®], = C[INA® + Z(A® N o)]. We put

Ly = @ o4’

TEFo
dim 7=k
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and define maps f*: L¥ — LE+! by specifying their components
if 7' ¢ 71,
e(r',T)nat if 7 C 7T,

where € is a suitable incidence function on F, and nat is the natural localization morphism. The
Ishida complex with respect to the face o is

F o1 C[INA®],, — C[INA®], to be

L3:0—ILY — L — ... — L& 0.
The Ishida complex with respect to the face o can be used to calculate local cohomology groups
of C[INA®].

PROPOSITION 5.25. As above, denote by I C C[INA®| the ideal generated by the elements
® 45 (w;) = y%. Then for all k, we have the isomorphism

H¥(C[NA®)) ~ H*(L?).

Proof. The proof can be easily adapted from [BH98, Theorem 6.2.5]. For the convenience of the
reader, we sketch it here together with the necessary modifications . In order to show the claim,
we have to prove that the functors N +— H¥*(L%® N) form a universal J-functor (see, for example,
[Har77]). If we can additionally show that

HY(C[NA®]) ~ HO(L?), (5.15)

the claim follows by [Har77, Corollary I11.1.4]. Let F,(1) be the set of 1-dimensional faces in F,
and notice that

HY (C[INA®]) ~ ker <@[]NAS] P (D[]NAS]T> ~ H(L® @1 M),
TEF,(1)
where I’ C C[INA?] is the ideal generated by {y% | Rsoa; € F,(1)}. In order to show (5.15), we
have to show that rad I’ = I since obviously HY,(C[INA®]) = H? ,;,(C[INA®]). Since I’ C I and
I =rad I (here, I is a prime ideal corresponding to the face spanned by af, ..., a;,), it is enough
to check that a multiple of every y< € I lies in I’. But this follows easily from the fact that the
elements {af | R>oa; € F,(1)} span the same cone over Q as the elements {ag,...,a;}.

The proof that N ~ HF(LS @7 N) is a d-functor is completely parallel to the proof in
[BHOS|. O

Notice that the complex L? is Z9*+2-graded since C[INA®] is Z9*2-graded. In order to analyze
the cohomology of L?, we look at its Z%t2-graded parts. For this, we have to determine when

o)

(C[INA®];); # 0 (and therefore (C[INA®],), =~ C) for x € Z4+2.

We are following [BH98, Chapter 6.3]. Denote the cone RxqA® C R4 by Cys. Let z,y €
R*2, We say that y is visible from x if y # = and the line segment [z, 3] does not contain a point
Yy € Cas with i # y. A subset S is visible from X if each v € S is visible from x.

Recall that the cone Cxs is given by the intersection of finitely many half-spaces
Hf ={z e R*"? | (n;,z) >0}, 7e€F(d+1),
where F(d + 1) is the set of (d + 1)-dimensional faces (facets) of C'4s. We set
2 ={7|(n,z)=0}, 2t ={r|{n;,z)>0}, 2= ={r]|(n,z)<0}.

LEMMA 5.26 ([BHI8, Lemmas 6.3.2 and 6.3.3]). (i) A point y € Cas is visible from a point
r € R¥2\ Cys if and only if y° Nx™ # 0.
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(ii) Let € Z%*2, and let T be a face of Cas. The C-vector space (C[INA®],), is non-zero if and
only if T is not visible from x.

Recall that the facet o € F(d+1) is spanned by af, ..., a;. It is the unique maximal element
in the face lattice F, C F. Denote by H, its supporting hyperplane (that is, 0 = Cys N H, ),
which is given by

H, = {aj c RA+2 | (ng,z) =0},
where n, = (0,1,0,...,0). Let 7 € F, be a k-dimensional face contained in o, and set I := {i |
a? € 7}. Notice that the vectors {a] | i € I;} span the face 7. This face 7 gives rise to two other
faces, namely its “shadow” 7%, which is spanned by the vectors {b; | af € 7}, and the unique
(k + 1)-dimensional face 7¢ which contains both 7 and 7°. Let {7,...,7n} = F»(d) be the faces

of dimension d contained in o, which give rise to the facets 77, ..., 75,.

Ezample 5.27. Consider the matrix

11 1 0 0 0
A=10 0 0 1 1 1
01 -1 0 1 —1
The face o is generated by (1,0,0), (1,0, 1), (1,0, —1) and its shadow ¢ is generated by (0, 1,0),
(0,1,1), (0,1, —1). The facet 7¢ is generated by 7 and its shadow 7. See Figure 2.

FIGURE 2. Facets corresponding to the matrix A% in Example 5.27

First, notice that by Lemma 5.26(i), the facet o is visible from a point 2 € R%*2 if and only
if (ngy,z) < 0. If (ng,z) > 0 holds, it follows from Lemma 5.26(i) that a face 7; C o is visible
from z if and only if the facet 7 is visible from z; that is, <n7f’ x) < 0.

We define
S =7 (R(gg, ..., a5) + Roo(b, ..., b5));
this is the set of Zt2-degrees occurring in C[INA®],. Also notice that we have

H, =R(a,...,a’) and HI =R(af,...,a5) + Rso(df,...,b5).

» Sn

Given a point € S with (ny,z) > 0, we will construct a point 3, € Z42 which lies in H,
such that 7; is visible from z if and only if it is visible from y, for all ¢ = 1,...,m. Denote
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by z, the projection of z to the sub-vector space generated by bg,...,0b;. Since the semigroup
generated by these vectors is saturated, we can express z, as a linear combination with positive
integers

n
2y = Zr?bf with rj € N.
1=0

Since we have 0 = <n7ic,gj = b5 = (n,(1,-1,0,...,0)) for any Qj,bj € 77, the first two
components of the vector nc are equal. Hence, if we set

n n
— T s zps
Ygp =T + E ria; E T’JQJ,
j=0 i=0

we easily see that
(nre,z) = (Nre,yz) for i=1,...,m. (5.16)
It follows that 7; is visible from any point x € S if and only if it is visible from y,, as required.

Let us remark that the vectors xz and y, differ only in the first two components because the same

is true for the pair of vectors (af,b;) for all i € {0,...,n}.

LEMMA 5.28. In the above situation, let x € S. Then y, € SN H,, and we have
(Lg)z = (Lg)y, -

Proof. For the first point, notice that the vector x — z, is precisely the projection of x to H,. On
the other hand, we have y, =z — 2z, + > nfa?, and > n¥a’ is an element of H, anyhow.

The second statement is an easy consequence of Lemma 5.26(ii). More precisely, equa-
tion (5.16) shows that the visibility of some facet 7 is the same from z and from y,. Moreover, o
is not visible from both = and y, (that is, (ny,,z) > 0 and (n,,y,) = 0); hence, also the visibility
of 7; is the same from = and from y,. We conclude that any localization C[INA®|, (for any face
T C o) vanishes in degree z if and only if it vanishes in degree y,. This yields the desired equality

(L)e = (L3, =

We are now able to compute the cohomology of the Ishida complex with respect to the face o.
Set

H_ :={zx e R (nre,z) <0} for i=1,...,m,
and define
S =2 nH N )H.
i=1

Notice that S = Z4t2 N H}; hence, we have a natural inclusion S~ C S.

Ezxample 5.29. We consider again the matrix

11 100 O
A*=10 0 0 1 1 1
01 -1 01 -1
and take the point x = (—1,1,1). Its projection to R(b§, ..., b5) is (0,1, 1); hence, we get

ye = x4 (1,0,1) — (0,1,1) = (0,0,1) € H" .
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FI1GURE 3. Facets corresponding to the matrix A® in Example 5.29

PROPOSITION 5.30. Let A° be as above. Take any x € 792, and let L% be the Ishida complex
with respect to the face o generated by aj,af, ..., a;.

(i) Ifx ¢ S, then (L2), = 0.
(ii) Ifx € S\ S™, then H(LS), = 0 for all i.
(iii) Ifz € S~, then H'(L%), =0 fori # d+ 1 and H*™(L?), ~ C.

Proof. The first point follows from the fact that we have (C[INA®],), = 0 for = ¢ S, hence
(L%); = 0 for all i. For the proof of the second and third point, it is sufficient to consider the
case where x € H,: Namely, in both cases, we have z € S, so that Lemma 5.28 applies. We can
thus replace = by y,, that is, (L3); = (L3 )y,. Moreover, z € S~ if and only if y, € S~ N H, by
formula (5.16). Hence, we will suppose in the remainder of this proof that z € S N H,.

We will reduce statements (ii) and (iii) for z € S N H, to the computation of the local
cohomology of a semigroup ring with respect to a maximal ideal via the Ishida complex, as
done in [BH98, Theorem 6.3.4]. For this, we will use the matrix A = (ag,ay,---,a,), which
can be seen as the matrix of the first n + 1 columns of A%, with the second row deleted. The
semigroup INA (respectively, the cone C';) embeds into INA® (respectively, into C4s) via the map
a; — a, and these embeddings are compatible with the embeddings R ! < R"*2 (respectively,
77— 77 F2) given by

(x17x37x4 LR 7xd+2) — (xlv 0,.’133,1'4, [ 7xd+2) .
The following equality of semigroups holds true:

ST NH, =27 nInt(-C5), (5.17)
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where both intersections are taken in Z%t2. To show this, notice that Ci=Rxo(ay,---,a;)NHy,
that 77 N H, = 7; and hence

m
m cﬂH —Int(—Cg).
=1

Consider the projection map

p: Rd+2 — Rd+1 ) (1:15'1"275637 s 7$d+2) — (:Ulvx?n s 7xd+2) )
which forgets the second component; then for all 7 C ¢ and all elements x € SN H,, we have

(CINA%), = (CINALy(r) () -

Under this isomorphism, the Z4+2-graded part (L), of the Ishida complex with respect to the
face o goes over to the Z%!-graded part (L®)p(z) of the Ishida complex considered in [BH9S]
(that is, the Ishida complex of the semigroup C[]Ng] with respect to the maximal ideal generated
by (wp, ..., wy)). By formula (5.17), the proposition now follows from [BH98, Theorem 6.3.4]. [

We finish this subsection with the following easy consequence, which will be crucial in the
proof of the main result (Theorem 5.35 below).

COROLLARY 5.31. In the above situation, we have H'(L%) = 0 for alli # d+1, H*1(L2), = 0 for
all v € Z4T2\S™ and degy (H¥(L2),) < 0 for » € S~, where degy(—) refers to the Z-grading
of H'(L?) corresponding to the first row of A®.

In other words, the cohomology groups of the Ishida complex (with respect to the face o) are
concentrated in negative degrees.

Proof. The first two statements are precisely those from Proposition 5.30, items (i) and (ii). In
order to show the third one, notice that for any x € S, we have degy(x) < degy(y.) (this follows
from the very definition of the vector y,). Now, let = € S~, and suppose H%*1(L%), # 0. From
Lemma 5.28, we deduce that

Hd—l—l(L;) _ Hd+1(L.)yz,
and as already remarked above, y, € S~ N H, because x € S~. However, we deduce from

formula (5.17) that degy(ys) < 0 if y, € S~ N H,, so that we obtain degy, (H*(L3),) < 0, as
required. O

5.9 Statement and proof of the main theorem

In this subsection, we finally finish the computation of the direct image w9, .4". The I'- cyclicity
of &/ 7 (cf. Corollary 5.32), which follows directly from the results of Subsections 5.7 and 5
enables us to compute the global sections of 7w .4 as the cohomology of a Koszul complex (cf.
Proposition 5.33). Finally, we are able to compute the Hodge filtration on the GKZ system in
Theorem 5.35.

COROLLARY 5.32. The .¥-modules ./ # are I'-acyclic.

Proof. 1If we consider the degree zero part of formula (5.14), then it suffices to show that the
Z-graded local cohomology S-modules H (*w)(S/ Ja,) are concentrated in negative degrees. By
Proposition 5.25 and Lemma 5.24, these local cohomology groups are calculate by the Ishida
complex L3 ; that is, we have isomorphisms

HE,(S/Ja,) = S ©r HY(CINA®]) = § ©p HY(LY).
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The cohomology groups H¥(L2) are concentrated in negative degrees by Corollary 5.31 (and
tensoring with S does not change the Z-degree, which is counted with respect to the degree of
the variables wo, ..., wy). Hence, the result follows. O

PROPOSITION 5.33. There is the following isomorphism in D(%y):
F7T2+JV’1F(KOS ( _dy// (E Bk)k 0 d))

77777

Proof. By formula (5.11) and Propositions 5.20 and 5.21, we have the isomorphisms
[y = TRmou (U357, )y @ A) = RURm3. (Q35), ) @ )

~ RU(Q%7, ) ® A) =~ RL(ZL*).

Using the last isomorphism in (5.13) and Corollary 5.32, we get
RU(Z*) ~ RT' (Kos® (27 /_# . (E)k=0.,...4)) =~ T'(Kos* (¢ %7/ 7, (E)k:O,...,d)) . O
Denote by Ry the ring
Ry = Clz, Ao, .- s An](20xg, - - -, 204,.) ,

let J % C Ry be the left ideal generated by

O} = [Jzox)" = [] (208,) 7% for Le Ly,

;>0 ;<0
and let 1 j‘i C Ry be the left ideal generated by J % and the operators
Ej — By := Zn:aki/\iza,\i — B, for k=1,....,d, Ey—fBp:= znjxizaui — B .
=1 i=0

LEMMA 5.34. There is the following isomorphism of Ry -modules:

D H (moy N ) = HO(Dmgy N) ~ 27 Ry /15

Proof. The first isomorphism follows from Lemma 5.16. The second isomorphism follows from
Proposition 5.33, the isomorphism I'(.’/_#) ~ Ry /J % and the isomorphism

Z_dR’V/I% ~ HY (Kos® (z_dR%/J’L, (Ek - 5k)k:o d)) : =

We are now able to prove the main theorem of this paper. Let A be the (d+1)x (n+1)
integer matrix

1 1 ... 1
g _ 0 allr ... QA1n
0 apn ... agn

given by a matrix A = (a,j) such that ZA = 7! and such that NA = Z4T N R0 A.

THEOREM 5.35. Let A be an integer matrix as above, 5 € 2y and By € (—1,0]. The GKZ

system MP carries the structure of a mixed Hodge module whose Hodge filtration is given by
the shifted order filtration, that is,

(/\/lg,Ff{) (M’B Ford) .
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Proof. Recall from Proposition 5.4 that we have the isomorphism
HM% ~ 2ntd+1 (p* (q*P(Di ® F*j!pcé*ﬁO*l)) e MHM(V).
The underlying Dy -module of this mixed Hodge module is
H2n+d+1 (p+ (qTOYﬁ: ®0 F‘i‘ (]TO(E*BO_I))) ~ HO(7TQ+N) )

We have already computed the Hodge filtration of A (more precisely, we have computed it on
the restrictions A, of N to each chart W, x V in Proposition 5.11). In order to compute the
Hodge filtration under the direct image of 7o, we will use the results obtained above and read

off the Hodge filtration from the corresponding %y -module .7 (M%, F™). We have the following
isomorphisms:

Fﬂ(/\/lg, F) =TT (HO (o N, FT)) = T HO(may V) ~ 27 Ry /T

Using these isomorphisms, the claim follows easily. O

5.10 Duality

For applications like the one presented in the next section, it will be useful to extend the com-
putation of the Hodge filtration on M’% to the dual Hodge module ]D)M%. This is possible under
the assumption made in the main theorem, Theorem 5.35, plus the extra requirement that the
semigroup ring (D[]Ng] is Gorenstein. More precisely, it follows from [Wal07] that under these
assumptions, the Dy -module DM% is still a GKZ system. Hence, it is reasonable to expect that
its Hodge filtration will also be the order filtration up to a suitable shift.

The Gorenstein condition for normal semigroup rings has a well-known combinatorial expres-
sion (see [BH98, Corollary 6.3.8]), namely, C []NAV] is Gorenstein if and only if there is a vector ¢
such that the set of interior points int(INA) (that is, the intersection int(RsoA) N Z*) is given
by ¢+ INA.

THEOREM 5.36. Suppose that A € M(d+1xn+1,Z) is such that ZA = 73 and NA =
Z N RsoA and such that int(NA) = ¢+ INA for some ¢ = (co,¢) € Z*, and take B € .
Then we have ~ ~
—B—c
]D)./\/lfT ~ M g’g ,
and the Hodge filtration on ]D)/\/l% is the order filtration shifted by n + co; that is, we have

H EN rd —E—E
FIDME ~ F, M

—n—co A

Proof. The proof is very much parallel to those of [RS15, Proposition 2.19] and [RS17, Theorem
5.4]; we will give the main ideas here once again for the convenience of the reader. We again work
with the modules of global sections and write Dy := C[Xo, ..., An](Oxg; - - -, 0z,) and Sy for the
commutative ring C[Oy,, ..., 0x,]/(0i)ier; These rings are 74+ graded by deg()\;) = —a; and

In order to calculate DM g together with its Hodge filtration, we need to find a strictly filtered

free resolution (L, F4) 5 (Mg, F,H) = (Mg, Ffﬁl) We have already used in the previous

sections of this paper resolutions of “Koszul”-type for various (filtered) D-modules. Here we
consider the Euler—Koszul complex

K* := Kos (Dv ®¢a,] S5 (Ex — Br)k=0....) »
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as defined in Subsection 3.1, and a generalization to Z*!-graded C[9,]-modules (for details, see
[MMWO05]).

A free resolution of M é is constructed as follows: Take a C[J]-free graded resolution of
T* — S3, and define L*® to be the total complex Tot(K'(E — B, Dv ®¢[a,] T')). The double
complex K* (E — B,Dy Qs ] T‘) exists since K*® (E — B, Dy ®cg] —) is a functor from the
category of Z*1-graded C[9]-modules to the category of (bounded complexes of) Z*!-graded
Dy-modules. Then we have L™ = 0 for all £ > n+ 1 (the length of the Euler-Koszul complexes
is d+ 1, and the length of the resolution T, —» P is n —d+ 1; hence, the total complex has length
(d+1)+(n—d+1)—1=mn+1). Moreover, the last term L~""! of this complex is simply equal
to Dy (and so is the first one, L).

As we have int (]Ng) =c+ ]Ng, the ring C []Ng] ~ S 7 is Gorenstein; more precisely, we have
ws; =8 7(¢), where wg ; s the canonical module of S 7. Then a spectral sequence argument (see
also [Wal07, Proposition 4.1]), using

- 0 ifi<n-—d
Extg S w ~ ’

ol (Siwopa) {Sg(a fimn—d

shows that
DM? = M=P7¢
A A
In order to calculate the Hodge filtration on Mig, we remark that the Euler—-Koszul complex

is naturally filtered by putting

F,K7t = @ g?ﬁl—l (Dv ®¢g) S3)eir...iy -

0<ip <<y <l

Notice that Dy ®¢g) S7 =~ DV/(DL)LEJL;, so that this Dy-module has an order filtration in-
duced from F™ Dy . In order to show that (K*®, F,) —» (M g, FH ) is a filtered quasi-isomorphism,

it suffices (by Lemma 3.2) to show that Grf K* — Grl M g is a quasi-isomorphism. This fol-

lows from [SST00, formula (4.32) and Lemma 4.3.7], as (D[]N;q is Cohen-Macaulay due to the
normality assumption on A. The final step is to endow the free resolution L® = Tot (K *(FE —

B, Dv ®¢a,) T’)) with a strict filtration Fy and to show that (Ls, Fs) 5 (Mg, F,H) As the
resolution 7y — S5 is taken in the category of 79+ -graded C[9]-modules, the morphisms of this
resolution are homogenous for the (Z-)grading deg();) = —1 and deg(dy,) = 1 (notice that this
is the grading given by the first component of the Z%t!-grading of the ring Dy Qclg) S 7). Hence,
these morphisms are naturally filtered for the order filtration Ford (DV ®clg) S g), and they are
even strict: for a map given by homogenous operators from C|[J], taking the symbols has simply
no effect, so that Grl'(Dy, ®@c¢ja) Te) — Grl o (Dy ®¢jg) S7) is a filtered quasi-isomorphism (and
similarly for the sums occurring in the terms K—!). However, we have to determine the Z-degree
(for the grading deg(dy,) = 1) of the highest (actually, the only non-zero) cohomology module
Ext%[_a‘f(S T wWepg)): it is the first component of the difference of the degree of wgg) (that is, the

first component of the sum of the columns of g), which is n + 1, and the first component of

the degree of wg ., which is ¢g. Now the shift of the filtration between M S and the dual module
M;HCO’C) is the sum of the length of the complex K*(E — 8, Dy ®¢qg S7), that is, d + 1, and
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the above Z-degree of Exty, [8](SA’WC[¢9}) that is, n + 1 — co. Hence, the filtration FeL "1 is
again the shifted order filtration; more precisely, we have

—n—1 d
Fp L7 = FAG a1y - (n1-c) PV = F o ie,Dv -

Now, it follows from [Sai94, p. 55] that
- . y
[D)(Mg, FH) ~ Homp,, ((L  Feo), ((DV & QQ—H) s Feo(ni1)Dv @ (QT\;H)V)) )
so that we finally obtain
Fl H))Mé = pord M:E*("’O’C). 0

p—n—co

We now consider the special case 8 = 0. From Proposition 5.2, we know that up to multipli-
cation by a non-zero constant, we have the morphism

o1 B M) = Bl D(MY) = FID(MS) (—n — d) — F' M = FEa MY,
P P90

where §(c0:) =11, 8’“ for any k = (ko,...,k,) with A k= (co, c). Since A is homogeneous,
we have ) k: =cp. As a consequence, we obtain the following result.

COROLLARY 5.37. Under the above assumptions on Z, the morphism

Qb: (M (cosc) Ford ) SN (Ml%a F.Ord), P— P a(co,c)

i e—Cp

(where 9(°09) is as above) is strictly filtered.

Proof. Since both filtered modules (M;CO’C), Ff’i%o) and (M%, F,Ord) underly mixed Hodge mod-
ules on V' by Theorem 5.35 and the morphism is induced from a morphism in MHM(V, C), we
obtain the strictness statement we are looking for. O

Remark 5.38. If (D[]Ng] is not Gorenstein but normal (and therefore Cohen-Macaulay), then
the proof of Theorem 5.36 shows that

DMfT ~H(E + B, Dy @ Ext" (S1,wepa,))) ~ H(E+ B, Dy ®ws,) -

Recall that the canonical module wg . of S; is isomorphic to (D[int(]NZl)] in the category of Z+1-
graded C[0,]-modules. The module wg; carries a Z-grading given by the first component of the
7% grading. Hence, Dy ®Q¢la,| Ws; carries an order filtration which induces a filtration F™ on
HUE + 8,Dy ® ws ;). We therefore get

FH]D)Mﬁ ~Fd  HY(E+B,Dy ®ws,),
where ¢ := min{degy(P) | P € C[int(INA)]}. Let ¢ € deg (C|int (INAV)]) with ¢ = (cg,c¢). As
done in the proof of [Wal07, Proposition 4.4], it can be shown that the inclusion Sz[—¢] —
(D[int (]Nﬁ)] induces an isomorphism M~—#-¢ 5 HY(E + B, Dy ® wgg); however, we do not
expect (M_ﬁ_g, F,Ord) — (HO(E +6,Dy ® wsg), F,Ord) to be a filtered isomorphism.

5.11 Hodge structures on affine hypersurfaces of tori

In this subsection, we explain how our main result implies in a rather direct way a classical
theorem of Batyrev concerning the description of the Hodge filtration of the relative cohomology
of smooth affine hypersurfaces in algebraic tori.
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We first want to recall the sheaf-theoretic definition of relative cohomology. Let X be a
topological space and K be a closed subset. Denote by j: X \ K — X the open embedding of
the complement. The relative cohomology of the pair (X, K) is defined as the hypercohomology

H'(X,K;C) =H(X,jj 'Qx).
If X and K are quasi-projective varieties, the relative cohomology of the pair (X, K) carries
a mixed Hodge structure, which is given by H? (X, j!j_ng).

We want to compute this in the following situation: Consider, as in Section 5, the family of
Laurent polynomials ¢ 4: T x A — V = Cy, x A, where ZA = Z*! and NA = Z4 1 NR>oA. Let
A := Conv(agy,ay,...,a,) be the convex hull of the exponents of ¢4, where gy := 0. Let 7 C A
be a face of A, z € V and

Fg,m = Z witgi .

1 a, €T

DEFINITION 5.39. The fiber gozl(x) is non-degenerate if for every face 7 of A, the equations

OF7
Fl,=ti——" ==t
Ax 8t1

aFg’z 0
Oty

have no common solution in 7.

Let z € V be such that the fiber ¢ '(7) is non-degenerate. We give a model of H*(T, 7' (z); C)
as the quotient of a graded semigroup ring and compute explicitly its Hodge filtration. This re-
covers a result of Stienstra [Sti98, Theorem 7] using results of Batyrev [Bat93].

LEMMA 5.40. Let x € V, and let i,: {x} — V be the inclusion. Suppose that " (x) is non-de-
generate.

(i) The fiber ' (z) is smooth.

(ii) The map i, is non-characteristic with respect to M%.

Proof. The first statement follows directly from the definition for 7 = A. The second statement
follows from [Ado94, Lemma 3.3]. O

Consider the following diagram (cf. diagram (5.2)):

Y

I

U
jjU
TxV — 2 L pwyxvV — 2 3y,
iz]
> Z

J

r

where Y and I' are the pull-backs such that both squares on the left are cartesian. Notice that
I' is given as a subpace of T' x V by the equation Ao + Y ;- ; A;it% = 0; hence, I is the graph of
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p4 and Y is its complement in T x V. Restricting this diagram to some z € V, we therefore get

T\ ¢ '(z) —L— U,

i £ \k

T J P(W) —= {z}. (5.18)

W) ———
%] . ZI %
Ly

(@) —F——
LEMMA 5.41. Let x € V be such that QOZI(SL‘) is smooth; then we have the following isomorphism
in DP(MHM(P(W))):

We will need the following statement.

7‘ f_l P—
gedtd QF =519, Q7\ 1) -
Proof. The statement follows using the following chain of isomorphisms:

- =1, ! . ._ H . =1 g . ~H
gdvi QF = jii g Qf ~ 519,77 Qf = 315, QP s

where the second isomorphism follows from base change. It remains to show the first isomorphism.
Notice that we have the two triangles

G g — g —iitg T and gfi — g — gaiii
So it is enough to show igi*g*Q¥ ~ g*fﬂ*Qg. But this can be seen as follows:
where we use the smoothness of ¢ ~1(x) in the first and third isomorphism. O
In order to prove the statement that the restriction of the GKZ system is isomorphic to

a relative cohomology group, we have to rewrite the GKZ system as a Radon transform. For
this, consider the diagram

T\p o) — 2 U, — = {2}
. fo L
Y U 2 s V

where all squares are cartesian.

PROPOSITION 5.42. Let x € V' be such that gpzl(x) is non-degenerate; then there is an isomor-
phism of mixed Hodge structures

in M% ~ Hd(T, gazl(x); C),
and H (T, ;" (z); C) = 0 for i # d.
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Proof. Consider the following isomorphisms:

inmy (1) 9P Qf =~ myify, (n7)*9.PQY base change
~ () oiv,) "R
~ m(rl oiv,) 9" QT (} oir;,) open
~ 707, (m) 0ix) QY base change
~ TG (my 02)"TQT (x) ©7,) open
~ 113, Qo1 (0
We can rewrite this further by looking at a part of diagram (5.18):
T\¢ ' e) ——— U,
U
i Iy
T g P(W) —=—3 {x}.

We have

ey 7.—1 Ca—
TxxGxJ1] pQ¥ = s Gy ”Qﬁ\w( ) = 77;,;'9* QT\q, Lg) = ~ Wg (7T1 ) g*pQT )

where the last isomorphism follows from the calculation above. If we take cohomology and keep
in mind that ¢, is non-characteristic, we get

HY(T, 3! (2);€) ~ H™ ¥ (rpug.j1 7 QA
~ M (772! (771 )*g*pQT)
~ I d—l—n—i—l(ﬂ_g( ) g*pQg)
~ l Hz d+n+1 (*Ro (g*pQT))
Since H* (*Rg (g*pQ%')) =0 for k #n+1and H* (*R (g pQT)) = M% for k = n+1, the claim

follows. O
Denote by Sy := C[]szﬂ - (D[ua[, .. ucﬂ the semigroup ring generated by u, ..., uln,
where A = (g, ... ,a,) is the matrix from (5.1).

Define the differential operators

Dy, ::Z(&kixig@—i—ui@ui) for k=0,...,d and fixed = (zg,...,2,) €V,

i=0
which act on C[ a—L, ufﬂ and which preserve S 7. For wb = ylodo . ylnan ¢ G 1, we define
the degree deg(ul) = Z . Define a descending ﬁltratlon F* of C- Vector spaces on Sy, where
Fd“Sg = 0 and the filt ratlon step F4— kS is spanned by monomials ut with deg ( ) < k.

THEOREM b5.43. Let x € V be such that gpzl(:n) is non-degenerate; then the following isomor-
phism of filtered vector spaces holds:

(ixM% Fl') ~ (S3/(DrSDk=0,...as F*) -

Proof. Since we have assumed that i, is non-characteristic with respect to M%, the only non-zero
cohomology group of i;/\/l% is Hoi;/\/l% ~ (N — ﬂzi)izo,,_,,n\/\/l%.
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We define a C-linear map
S — (N - 2i)iz0,..n\M%, o gl 8300 T 35\72 .

We want to show that this map factors over S7/ (DkS g) so that ¥’ descends to a map

k=0,...,d’

v S/T/(DkSAi)k:O,...,d — ()\Z — xi)i:07__,7n\./\/l% .

Let P = u'% . . .yM@; then V(P )z@i‘)-...-(‘?lﬂ and

V' (DyP) = (Z apiwiu® P + Z il P)
(Z aki®iOx, + Z kil ) pP) = (Z aRiNiOx, + Y dkih’) ¥(P)
i=0 i=0
<Zakl)\ 8)\ ) =0.

We will now construct an inverse © to W. If P € Dy is a normally ordered element, We denote
by P € S7 the element which is obtained from P by replacmg \; with z; and ), with uli%; that
is, if P = )\ko )\ﬁ“(?l;’o- 8;7;, the element P is given by a;o <o ghngloao . ylnan  This gives
the map

@/: (/\Z — xi)i:07,,_,n\DV — Sg/(DkS~) =0,...d° P F

We want to show that ©' factors over (A; — z;)i—o..n\MY 1> so that ©’ descends to a map

O: (A — l‘i)i=0,.--,n\MA — Sﬁ/(DkSﬁ)kzo,...,d’ P+ P.
We have to show that ©'(P - E;) = 0 and ©'(P -0;) = 0 for k = 0,...,d and [ € . We can
assume that P is a monomial A --- A 8&00 . ~8f\*;:

O (N - Arol 0 Ey) = © (Ago N Ol (Z akmia&»

=0

=0 ()\f)o S Mn (Z (ariXiOx, + &kili)) ‘95\00 - "%,2)

=0
n
= ap -y E (GRimiu® + agils) | w0 ylv

aklx’bu i + aklll)> x‘éo . :L“ZL" . QZO'QO .. 'an-go

n
( akzxzu i + ulauz)> . :L'*(])O e x"Zln . QZO'QO .. .an'ﬁo
0

and

o e 0 =it o (11 - [T )

;>0 1;<0
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frnd x'g)o P x%’”ulo'go .. .Ql"'gn ( H gllgz — H u_l’i'ai>

1;>0 ;<0

— xéo L xjnulo‘% L. uln@n <U,Zli>0 lira; uw Zzi<o li@z‘)
n = U u
=0 ,

where the last equality follows from ;" ;l;a; = 0. This shows that ¥ is an isomorphism. The
statement about the Hodge filtration follows from Theorem 5.35, the fact that x is a smooth point
of ./\/l% and the definition of the inverse image of filtered D-modules (cf. [Sai88, Chapter 3.5]; no-
tice that no shift in the Hodge filtration occurs since we are dealing with left D-modules instead
of right D-modules as in [Sai88]). O

6. Landau—Ginzburg models and non-commutative Hodge structures

In this final section, we will give a first application of our main result. It is concerned with Hodge-
theoretic properties of differential systems occurring in toric mirror symmetry. More precisely,
we will prove [RS17, Conjecture 6.15], showing that the so-called reduced quantum D-module of a
nef (also called weak Fano) complete intersection inside a smooth projective toric variety under-
lies a (variation of) non-commutative Hodge structure(s). We will recall the necessary notation
and results of [RS17] and then deduce this conjecture from our main theorem, Theorem 5.35.
The basic strategy to obtain the proof of the conjecture is to identify the reduced quantum D-
module with an object which is the Fourier—Laplace transform of a filtered D-module underlying
a pure polarized Hodge module. The latter is nothing but the image of the duality morphism
from Corollary 5.37. Notice that this corollary depends in an essential way on our main Theo-
rem 5.35 since the strictness of the duality morphism with respect to the order filtrations holds
only because the latter are (up to a shift) the Hodge filtrations of mixed Hodge modules. The
identification with the reduced quantum D-module relies on the explicit description of the latter
from [MM17] (already used extensively in [RS17]).

Let X5, be a smooth, projective and toric variety with dime(Xs) = k. Put m := k + ba(Xys).
Let Ly, ..., L; be globally generated line bundles on X5, (in particular, they are nef according to
[Ful93, Section 3.4]), and assume that —Kx;, — Z§:1 c1(£;) is nef. Put € := @l_, L;, and let £V
be the dual vector bundle. Its total space V(EY) := SpecOXE (Sym@XZ (£)) is a quasi-projective
toric variety with defining fan ¥’. The matrix A € M ((k+1) x (m+1),Z) whose columns are the
primitive integral generators of the rays of ¥’ then satisfies the conditions in Theorem 5.36. More
precisely, we have ZA = 71 and it follows from [RS17, Proposition 5.1] that the semigroup NA
is normal and that we have int (]Ng) =+ INA, where ¢ = Z?:;iﬂ e; = (1+1,0,1), with e; the
ith standard vector in Z+7+,

The strictly filtered duality morphism ¢ from Corollary 5.37 is more concretely given as

o: (MY Bt ) s (MY EY), P Py Onry o O

PROPOSITION 6.1. The image of ¢ underlies a pure Hodge module of weight m + k + 21, where
the Hodge filtration is given by

Fflim(¢) = im(¢) N FG M.
Proof. This is a consequence of [RS17, Theorem 2.16] and Proposition 5.2. O]

A main point in the paper [RS17] is to consider the partial localized Fourier transformations
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of the GKZ systems M%. We recall the main construction and refer to [RS17, Section 3.1] for
details (in particular concerning the definition and properties of the Fourier-Laplace functor FL
and its “localized” version FL!°). As in Subsection 5.1, let A be the affine space €™ with

coordinates Ap,..., Ay (so that V' = Cy, x A), and put V= C, x A. Let M\Efo’ﬂ) be the
Dy-module Dy [271] /Z, where T is the left ideal generated by the operators ﬁé (for all I € Ly),
Ej — Bz (for j=1,...,k+1) and E — fyz, which are defined by

D= ] G-on)™" = I z-an)",

i: ;<0 i ;>0
m+l1 m+l

Ej = E ajj Z)\Z‘a)\i , FE:.= ZQaZ + E Z)\ia)\i .
=1 =1

We denote the corresponding Dy-module by M\ffo’ﬁ). Then we have [RS17, Lemma 3.2]
FLI/(\)C (ME‘?O7B)) — M\Efo—&-lﬁ) .

Consider the filtration on Dy for which deg(z) = —1, deg(9.) = 2, deg(\;) = 0 and deg(dy,) = 1.
Write MEF#(Dy; ) for the category of well-filtered Dy;-modules (that is, Dy-modules equipped with
a filtration compatible with the filtration on Dy, just described and such that the corresponding
Rees module is coherent over the corresponding Rees ring). Denote by G, the induced filtrations

on the module M\Efo’ﬁ ), which are R¢,xa-modules. We have

Goﬂfo’ﬁ) = RCZXA/RCZXA(EL)IGLA + Re.xAE + RCZXA(Ej)kzl’_..7k+l

and Gk/(/l\ffo”g) = 2k 'Go/(/l\(fo’ﬁ) In general, the modules /T/l\(AﬁO’B) and their filtration steps may be
quite complicated. However, in [RS17], we have considered their restriction to a specific Zariski-
open subset A° C (A\ Urtw; = 0}) C A (called W° in [RS17, Remark 3.8]), which contains
the critical locus of the family of Laurent polynomials associated with the matrix A (but excludes
(Bo,B)

certain singularities at infinity of this family). Denote by O//\/\lfo’m the restriction (./T/l\ 0 )| ©. x Ao

together with the induced filtration G.OJT/l\(AﬁO’ﬁ ) Then Gkoﬂ/l\ffo’ﬁ ) is Og. x pe-locally free for all k.
Moreover, the multiplication by z is invertible on M\Efo’ﬁ ), filtered with respect to G (shifting
the filtration by 1), and so is its inverse. Hence, we have a strict morphism

2o (MY G) — (MPTH Gar)

We also need a slightly modified version of the Fourier-Laplace transformed GKZ systems.
More precisely, define the modules N ﬁ as the cyclic quotients of D¢, x a0 [z_l] by the left ideal

generated by ﬁL for [ € L4 and Ej —zfj for j =0,...,k + ¢, where

0, := 11 Ai(z . 9;)h 11 [[iz-0:) —z-v)

ie{l,....m}: ;>0 ie{m+1,..m+i}: [;>0v=1
m-+l —l;
l; —1; —1;
~ I - 11 Az 9y) 11 [Tz 0) = z-v).
i=1 1e{1,....,m}: [;<0 ie{m+1,...m+1}: ;<Ov=1

Consider the invertible morphism

- oﬁj&o,g,g) N oﬂ;(m,gl)
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given by right multlphcatlon with 2! Hzﬂﬂ 41 i (recall that A\; # 0 on A°). We define ¢ to be

the composition gb = gb o ¥, where gb is the morphism
7. ox—(21,0,1) 1 7(=1,0,0)
d) . OMA _> o A

given by right multiplication with dy,,,, - ... 0x,,,,- In concrete terms, we have

& OJ’\ZE‘U,Q,Q) . O/T/I\SLQ’Q) ’

xr — (Z(a: AP WU Amat) =T+ (2Am410m+1) « -+ (ZAmg1Oma1) -
We have an induced filtration G, °./\/ (000) which satisfies
GoN' Y = R, wne /R, xae (Dl)zeL + Re, xae (Bj — = 2Bi) ... mti

and G O/\7(07Q»Q) — k . G ON(()?QvQ)

In order to obtain the lattices G, we need to extend the functor FLlOC to the category of
filtered D-modules.
DEFINITION 6.2. Let (M, Fu) € MF(Dy) = MF(Dg,  x4). Define M 0,.}] :==Dv (8] ©@p, M,

and consider the natural localization morphism loc: M — ./\/l[ ] We define the saturation
of Fy to be

FM[051] =3 037 loc (Fiy s M) (6.1)

J=0
and we denote by G¢M the filtration induced from FjM [8;01] on M := FLY¢(M) € M, (Dy) =

M}, (D, xa)- Notice that for (M, Fy) = (//\/\lffo’ﬁ), F,Ord), the two definitions of G, coincide: as we
have

F]SrdMEfO—lﬂ) [8;01] = im (8];0@[/\0, Ay 7)\m+l] <8;01, 8;018)\1, e, 8;018,\m+l>)

in ./\/1%80_1"8 ) [8;01], the filtration induced by F,?rd/\/l%ﬁo_l’ﬁ ) [3;01] on M\fo’ﬁ) is precisely
Gkﬂffo’ﬂ).

We denote by ( loc Sat) the induced functor from the category MF(Dy ) to the category
MF?*(D3) which sends (M,F.) (M,G.).

From the above duality considerations, we deduce the following result.

PROPOSITION 6.3. The morphism
7. 047(0,0,0) on(=10,0)
¢: Ny /\/l
is strict with respect to the filtration G,; in particular, we have
Qg( ON(OOO)) Go oM( lOO) Aim (5)
Moreover, the object (im ((b),G.) is obtained via the functor ( Llpe Sat) from (im(gb),F,H =
Fff}ﬁl) which underlies a pure Hodge module of weight m + k + 2l by Proposition 6.1.

Proof. The morphism W is invertible and filtered (shifting the filtration by —I), and its inverse
is also filtered. Hence, it is strict. Therefore, the strictness of ¢ follows from the strictness of z¢.
We will deduce the latter from the strictness property of the morphism ¢ in Corollary 5.37.
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Notice that the morphism QAﬁ is obtained from ¢ by linear extension in 0;01. Recall that the
morphism

qb: (M:Z(lJrl,Q,l)’ F.ord) N (_/\/l%, F.O_T_Cll_i_l)

was strict; hence, equation (6.1) yields the strictness of
” 'V QZ’le A 7l»Q7Q
o (M0 Gy — (MU0 a.y).
Finally, as already noticed above, this yields the strictness of
o=pou: (NP G) — (M a,). O

The following corollary is now a direct consequence of [Sab08, Corollary 3.15]. See [Sabll]
for a detailed discussion of the notion of a variation of pure polarized non-commutative Hodge
structures.

COROLLARY 6.4. The free O¢_xpro-module Go".//\/\li‘_l’g’g) N im (5) underlies a variation of pure
polarized non-commutative Hodge structures on A°.

The main result in [RS17] concerns a mirror statement for several quantum D-modules
which are associated with the toric variety Xy and the split vector bundle £. In particular,
one can consider the reduced quantum D-module QDM(Xy, &) which is a vector bundle on
C. x H*(Xs, C) x BE, where Bf := {q € (C*)®2(%) | 0 < |¢| < ¢}, together with a flat connection

V: QDM(Xs, €)
— QDM(Xth) ®OC2xH0(XE,C)XB§ Z_lgészO(Xg,C)ng (lOg({O} X HO(XEv C) X B:)) ’

We refer to [MM17] for a detailed discussion of the definition of QDM(Xs;, £); a short version can
be found in [RS17, Section 4.1]. Notice that in loc. cit., QDM(Xs, &) is defined on some larger set,
but in mirror-type statements, only its restriction to H°(Xs, C) x C, x B? is considered. From
here on, we will need to consider a Zariski-open subset of KM®° C (C*)?2(X2) which contains B .
We recall the main result from [MM17], which gives a GKZ-type description of QDM(Xy, £). We
present it in a slightly different form, taking into account [RS17, Proposition 6.9]. Let R¢. xxcaq0
be the sheaf of Rees rings on C, x KM and R¢_yx o its module of global sections. If we write
q1,- -, qr for the coordinates on (C*)" (with r := ba(Xx)), then R¢_ «xrqpo is generated by zq;0y,
and 220, over Og. xxame-

The following result uses the notion of “quantized operator” defined in [MM17, Notation 4.2]
and [RS17, Theorem 6.7].

THEOREM 6.5. For any L € Pic(Xy), write Le Re. xxme for the associated quantized operator.
Define the left ideal J of R¢,xicme by

J := Re,sime (Qulier,,, + Re.xiome - B,

where
li—l R lm+l .
Q= H H (Di — Vz) H H (.Cj + Vz)
ie{l,....m}: ;>0 v=0 Je{1,....c}i lpyj >0 v=1
—1;—1 . _lm-H .
— QL- H H (Di — VZ) H H (Lj + Vz) ,
ie{l,...m}: ;<0 v=0 Je{1,....c}: by ;<0 v=1

E = 2283 - KV(&‘\/) .
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Here we write D; € Pic(Xy) for a line bundle associated with the torus invariant divisor D;,
wherei=1,...,m. Let K C Rg,_xxme be the ideal

k ¢
K = {P € Ro.xime | Ip€Z, ke N: HH(f+p+i)P € J}
i=0j=1
and K the associated sheaf of ideals in R¢, xxme-
Suppose as above that the bundle —K x;, — Zé‘:1 L; is nef, and moreover that each individual

bundle L; is ample. Then there is a map Mir: B} — H°(Xs,C) x B? such that we have an
isomorphism of R¢, x px-modules

(o

(Re. xxme /’C)mzx B — (idg. xMir)*QDM(Xs, €) .

In order to relate the quantum D-module QDM (Xx, &) with our results on GKZ systems,
we will use the restriction map p: KM® < A as constructed in [RS17, discussion before Defini-
tion 6.3]. Then it follows from the results of [RS17, Proposition 6.10], that we have an isomor-
phism of R¢, xicme-modules

Re e /K = (ide, xp)* (F(GoNP)).
Now we can deduce from Corollary 6.4 the main result of this section.

THEOREM 6.6. Consider the above situation of a k-dimensional toric variety Xs; and globally
generated line bundles Ly, ..., L; such that —K x;, — & is nef, where £ = @é':lﬁj with L; ample for
j =1,...,1. Then the smooth R¢,xxme-module (idg, xMir)*QDM(Xx;, £) (that is, the vector
bundle over C, x KM°® together with its connection operator V) underlies a variation of pure
polarized non-commutative Hodge structures.

Proof. The strictness of quﬁ as shown in Proposition 6.3 shows that Go./T/l\Eq_l’Q’Q) N im ((E) =

<;~5(G0./\/' (07979)); hence, by Corollary 6.4, the module <;~5(G0./\/' (07979)) underlies a variation of pure
polarized non-commutative Hodge structures on A°. Hence, the assertion follows from the mirror
statement of Theorem 6.5. O]
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