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A note on the abundance conjecture

Tobias Dorsch and Vladimir Lazié¢

ABSTRACT

We prove that the abundance conjecture for non-uniruled Kawamata log terminal pairs
in dimension n implies the abundance conjecture for uniruled Kawamata log terminal
pairs in dimension n, assuming the Minimal Model Program in lower dimensions.

1. Introduction

The main outstanding conjecture in the Minimal Model Program (MMP) for projective varieties
in characteristic zero is that every Kawamata log terminal (klt) pair (X, A) with Kx + A pseudo-
effective has a minimal model (Y, Ay ) such that Ky + Ay is semiample. Such a minimal model
is called a good model. It is well known that the existence of good models implies the abundance
conjecture, which predicts that every minimal model is good.

We say that a pair is uniruled if the underlying variety is so, and similarly for a non-uniruled
pair. In this paper, we show that it suffices to prove the aforementioned conjectures for non-
uniruled pairs. More precisely, the following are our main results.

THEOREM 1.1. Assume the existence of good models for klt pairs in dimensions at most n — 1.

If the abundance conjecture holds for non-uniruled kIt pairs in dimension n, then the abun-
dance conjecture holds for uniruled klt pairs in dimension n.

THEOREM 1.2. Assume the existence of good models for klt pairs in dimensions at most n — 1.

Then the existence of good models for non-uniruled klt pairs in dimension n implies the
existence of good models for uniruled klt pairs in dimension n.

Observe that by passing to a terminal modification (see Definition 2.1 and Theorem 2.2),
and by using the main result of [BDPP13], Theorems 1.1 and 1.2 show that it suffices to prove
the existence of good models and the abundance conjecture for terminal pairs (X, A) with Kx
pseudoeffective.

The existence of good models for surfaces is classical. For terminal threefolds, minimal mo-
dels were constructed in [Mor88, Sho86], whereas minimal models of canonical fourfolds exist
by [BCHM10, Fuj05]. In higher dimensions, the existence of minimal models for klt pairs of log
general type is proved in [HM10, BCHM10], and by different methods in [CL12, CL13], whereas
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A NOTE ON THE ABUNDANCE CONJECTURE

abundance holds for such pairs by [Sho86, Kaw85b]. Minimal models for effective klt pairs exist
assuming the Minimal Model Program in lower dimensions [Birl1].

The abundance conjecture was proved for terminal threefolds in [Miy87, Miy88b, Miy88a,
Kaw92] and extended to log canonical threefold pairs (X, A) in the paper [KMM94]. The proof
in [KMM94] proceeds by running a Kx-MMP with scaling of A which is (Kx + A)-trivial, to
end up either with a Mori fibre space, or with a model (Y, Ay) on which Ky + (1 —¢)Ay is
nef for every 0 < € < 1. In the first case one is almost immediately done by induction even in
higher dimensions, whereas in the second case one uses Chern classes, the geometry of surfaces
and the case by case analysis of the numerical Kodaira dimension—the argument follows closely
the proof for terminal threefolds. A variation of the first case was implemented in [DHP13], and
we recall it in Theorem 3.3 below. However, this does not cover all uniruled pairs, as we explain
in Remark 3.4. Here we take a different approach to reduce to the case of smooth varieties with
effective canonical class.

We briefly explain the strategy of the proof. If (X, A) is a uniruled klt pair, then by [DHP13,
Proposition 8.7], we may assume that the adjoint divisor Kx + A is effective. We first show
that we may furthermore assume that X is smooth and A is a reduced simple normal crossings
divisor, and that there exists an effective Q-divisor D such that Kx + A ~qg D and the supports
of A and D are the same. Then we use ramified covers and log resolutions to construct a log
smooth pair (W, Ay/) and a generically finite morphism w: W — X such that Ky is an effective
divisor—we do this by carefully analysing the behaviour of valuations under finite morphisms.
We conclude by the construction of w and by the fact that the Kodaira dimension and the
numerical Kodaira dimension are preserved under proper morphisms; see Lemma 2.7.

In fact, our techniques lead to the following main technical result of the paper, which implies
Theorems 1.1 and 1.2.

THEOREM 1.3. Assume the existence of good models for klt pairs in dimensions at most n — 1.

If good models exist for log smooth klt pairs (X, A) of dimension n such that the linear
system |K x| is not empty, then good models exist for uniruled klt pairs in dimension n.

As a by-product, we obtain in Lemma 3.8 a result which can be viewed as a global version
of the index one cover [Rei80, Corollary 1.9] and might be of independent interest.

2. Notation and previous results

In this section we gather previous results which will be used in Section 3. We pay special attention
to the behaviour of discrepancies under finite morphisms; see Proposition 2.14. This result is
known [KM98, Proposition 5.20], but we provide the details for the benefit of the reader.

Throughout the paper we work over C. A pair (X, A) consists of a normal variety X and
a Weil Q-divisor A > 0 such that the divisor Kx + A is Q-Cartier. Such a pair is log smooth if X
is smooth and if the support of A has simple normal crossings. We use extensively singularities
of pairs; the standard reference is [KM98]. Unless explicitly stated otherwise, all varieties are
normal and projective.

2.1 Terminal modifications

Terminal modifications allow us to make the singularities of pairs simpler, by replacing klt by
terminal singularities.
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T. DorscH AND V. Lazié

DEFINITION 2.1. Let (X, A) be a klt pair. A pair (Y,T') together with a proper birational mor-
phism f:Y — X is a terminal modification of (X, A) if the following hold:
(i) The pair (Y,T') is terminal.
(ii) The variety Y is Q-factorial.
(i) Ky +T ~q f*(Kx + A).

We have the following existence result.
THEOREM 2.2. If (X, A) is a kIt pair, then a terminal modification of (X, A) exists.

Proof. See [BCHM10, Corollary 1.4.3] and the paragraph after that result. O

Recall that a variety X of dimension n is uniruled if there is a dominant rational map
P! x Y --» X, for some variety Y with dimY = n — 1. This property is preserved in the
birational equivalence class of X. The following result is fundamental.

THEOREM 2.3. Let X be a projective variety with canonical singularities. Then X is uniruled if
and only if Kx is not pseudoeffective.

Proof. For manifolds, this is [BDPP13, Corollary 0.3]. The result for varieties with canonical
singularities follows immediately. O

2.2 Good models

We recall the definition of log terminal and good models.

DEFINITION 2.4. Let X and Y be Q-factorial varieties, and let D be a Q-divisor on X. A birational
contraction f: X --» Y is a log terminal model for D if f, D is nef and if there exists a resolution
(p,q): W — X x Y of the map f such that p*D = ¢*f.D + E, where E > 0 is a g-exceptional
Q-divisor which contains the proper transform of every f-exceptional divisor in its support. If
additionally f.D is semiample, then the map f is called a good model for D.

Note that if (X, A) is a klt pair, then it has a good model if and only if there exists a Minimal
Model Program with scaling of an ample divisor which terminates with a good model of (X, A);
see [Laill, Propositions 2.4 and 2.5].

THEOREM 2.5. Assume the existence of good models for klt pairs in dimensions at most n — 1.

Let (X,A) be a klt pair of dimension n which is projective over a projective variety Z such
that Kx + A is effective over Z. Then (X, A) has a log terminal model over Z.

Proof. By [Birll, Corollary 1.7 and the paragraph after Definition 2.2], it is enough to show that
every Q-factorial divisorial log terminal (dlt) pair (Y, T") of dimension at most n—1 such that Ky +
I" is pseudoeffective has a minimal model in the sense of Birkar and Shokurov; see [Birll, Defini-
tion 2.1]. To this end, note first that x(Y, Ky +I') > 0 by our assumption and by [Gon12, Theo-
rem 1.5] and [FG14, Theorem 5.5]. We conclude by induction and by [Birll, Corollary 1.7]. O

Kawamata [Kaw85a] was the first to realise that the numerical Kodaira dimension, in the

case of nef divisors, plays a crucial role in the abundance conjecture. The concept was generalised
in [Nak04] to the case of pseudoeffective divisors.
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DEFINITION 2.6. Let X be a smooth projective variety, and let D be a pseudoeffective Q-divisor
on X. If we denote

(D, A) = sup {k € N | lim inf KX, |mD] + A)/m* > 0}
for a Cartier divisor A on X, then the numerical Kodaira dimension of D is
ko (X, D) =sup{o(D, A) | A is ample} .

If X is a projective variety and if D is a pseudoeffective Q-Cartier Q-divisor on X, then we
set ko (X, D) = ko (Y, f*D) for any birational morphism f: Y — X from a smooth projective
variety Y.

The following lemma shows that the function k, behaves similarly to the Kodaira dimension
under proper pullbacks.

LEMMA 2.7. Let D be a Q-divisor on a Q-factorial variety X, and let f: Y — X be a proper
surjective morphism. Then

k(X,D)=k(Y, f*D) and ky,(X,D)=rsY,f*D).
If f is birational and E is an effective f-exceptional divisor on Y, then
K(X,D)=kr(Y,f"D+FE) and ks(X,D)=r.(Y,f"D+E).
Proof. The first three relations are [Nak04, Lemma II.3.11 and Proposition V.2.7(4)]. For the

last one, we have P,(f*D + E) = P,(f*D) by [GL13, Lemma 2.16]; hence rk,(Y, f*D + F) =
ke (Y, f*D) by [Lehl3, Theorem 6.7]. O

The following result generalises [Kaw85a, Theorem 6.1]; it will be crucial in the proofs in the
following section.

LEMMA 2.8. Let (X, A) be a kit pair. Then (X, A) has a good model if and only if K(X, Kx+A) =
Ko (X, Kx + A)

Proof. This is [GL13, Theorem 4.3]. O

LEMMA 2.9. Let (X,A) and (X, A’) be pairs, and assume that there exist Q-divisors D > 0 and
D' > 0 such that

Kx+A~gD>20, Ky+A'~gD' >0 and SuppD = SuppD.
Then
KX, Kx +A)=r(X,Kx +A") and k,(X,Kx +A) =k, (X,Kx +A').

Proof. There exist positive rational numbers ¢; and ¢y such that t4D < D’ < t9D; hence
k(X,t1D) < k(X,D') < k(X,t2D). This implies the first equality, and the proof of the sec-
ond is analogous. O

2.3 Valuations under finite morphisms

DEFINITION 2.10. A geometric valuation I' on a normal variety X is a valuation on the function
field k(X) given by the order of vanishing at the generic point of a prime divisor on some proper
birational model f: Y — X: by abusing notation, we identify I' with the corresponding prime
divisor. If D is an R-Cartier divisor on X, we use multr D to denote multr f*D. The set f(I') is
the centre of I' on X and is denoted by cx(I).
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Remark 2.11. With notation from the definition, let R be a discrete valuation ring with quotient
field k(X) which dominates the local ring Ox ., () € k(X). Then there exists a morphism
Spec R — X which sends the generic point of Spec R to the generic point of X, and the closed
point of Spec R to the generic point of c¢x (T'); see [Har77, Lemma I1.4.4]. In particular, this holds
if R=0Oyr.

Remark 2.12. Let X be a normal variety, and let (R, m) be a discrete valuation ring such that
the quotient field of R is k(X). Assume that there is a morphism Spec R — X which sends the
generic point of Spec R to the generic point of X. Assume trdege(R/m) = dim X — 1. Then by
a lemma of Zariski [KM98, Lemma 2.45], the corresponding valuation is a geometric valuation
on X.

We first prove an easy algebraic result that we use in the proof of Proposition 2.14.

LEMMA 2.13. Let k C K be an algebraic extension of fields. Let (B, mp) be a discrete valuation
ring with the quotient field K, and let A = BNk and mg = mpNk. Then (A, my) is a discrete
valuation ring with the quotient field k such that the field extension A/m4 C B/mp is algebraic.

Proof. Let v: K — Z U {oo} be the valuation function corresponding to (B, mp). Then A =

{a € k|v(a) >0} and ma = {a € k [ v(a) > 0}, and it is immediate that k is the quotient field

of A. Let b € B and denote b = b+ mp € B/mp. Then there is a polynomial
p=T"+r,aT" "+ 41 €K[T]

such that p(b) = 0. Fix j € {0,...,n — 1} such that v(r;) < v(r;) for all i. If v(r;) > 0, then
p € A[T] and b is algebraic over A/my. If v(r;) < 0, then r;l € my and I/(T‘;lﬂ') > 0 for all 1.
Therefore,

D= 7“]-_1;0 mod ma € (A/ma)[T]

is a non-zero polynomial such that p(b) = 0, which proves the last claim. It remains to show
ma # {0}. Fix b € B with v(b) > 0, and let

p=ayT"+an1T" "+ +ag € A[T]

be a polynomial of minimal degree such that p(b) = 0, so that, in particular, ag # 0. Then we
have

0 <) < V(b(anbn_l +ap "4+ al)) =v(—ap);
hence ag € my4. O

PROPOSITION 2.14. Let w: X’ — X be a finite morphism of degree m between normal varieties,
let A be a Q-divisor on X such that (X, A) is a pair, and let A" be a Q-divisor on X' such that
Kx +A'=7*(Kx + A).

(i) For every geometric valuation E' over X' there exist a geometric valuation E over X and
an integer 1 < r < m such that w(cx/(E")) = cx(E) and

a(B', X' A'Y+1=r(a(E,X,A)+1).

(ii) For every geometric valuation FE over X there exist a geometric valuation E' over X' and
an integer 1 < r < m such that w(cx/(E")) = cx(E) and

a(B', X' A'Y+1=r(a(E,X,A)+1).

In particular, the pair (X, A) is log canonical (respectively, klt) if and only if the pair (X', A’)
is log canonical (respectively, klt).
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Proof. This is [KM98, Proposition 5.20], and in the following we reproduce the proof with more
details.

We claim that in both case (i) and case (ii) there is a commutative diagram

Y — vy

f’l lf (2.1)

X T35 X,

where f and f’ are birational morphisms, 7’ is finite, and there are prime divisors £ C Y and
E’ C Y’ such that 7/(E') = E. The claim immediately implies the proposition. Indeed, let
r = mult g (7")*E. Then locally around the generic point of E’ we have

Ky — (r—=1)E = (') Ky ~q (') (f*(Kx + A) + a(E, X,A) - E)
=(*"(Kx+A)+r-a(E,X,A)-E
~g Ky —a(E',X",A\")-E'+r-a(E,X,A) - E;

hence cases (i) and (ii) follow.

To see the claim in case (ii), let f: Y — X be a birational morphism such that £ C Y is a
prime divisor, and let Y’ be a component of the normalisation of the fibre product X’ x x Y that
maps onto Y. Then we obtain diagram (2.1), and since 7’ is surjective, there is a prime divisor
E' CY' with n/(E') = E.

In case (i), let (R',mp/) be the discrete valuation ring corresponding to the valuation E’, and
let R =R Nk(X) and mr = mp Nk(X). Since k(X) C k(X') is an algebraic extension of fields,
R is a discrete valuation ring with quotient field k(X) such that trdege(R/mpg) = dim X — 1
by Lemma 2.13. If E is the corresponding discrete valuation, then F is a divisorial valuation by
Remark 2.12. By Remark 2.11, there is a morphism p’: Spec " — X’ which sends the generic
point of Spec R’ to the generic point of X', and the closed point of Spec R’ to the generic point 7’
of ex/(E"). If n = w(n'), then

Oxny € Oxr gy Nk(X) C R NEk(X)=R;

hence by Remark 2.11 there is a morphism p: Spec R — X which sends the generic point of
Spec R to the generic point of X, and the closed point of Spec R to 7.

Let f: Y — X be a birational morphism such that F is a divisor on Y, and denote by X’
a component of the normalisation of the fibre product X’ x x Y that maps onto Y, so that we
have diagram (2.1). By the valuative criterion of properness, we have the diagram

Y ™,y

L N

Spec R’ LN SN P Spec R,

-

where ¢: Spec R' — Spec R is the morphism induced by the inclusion R C R’. Since f is sep-
arated, we have ' o #/ = 6 o+, which just says that E’ is a prime divisor on Y’ such that
' (E") =E. O
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3. Good models for uniruled pairs

LEMMA 3.1. Let (X, A) be a pair, and let f: X --»Y be a birational contraction to a normal
projective variety such that Ky + fiA is Q-Cartier. Then
K:O'(X7 KX + A) < KU(K KY + f*A) .
Proof. Let (p,q): W — X X Y be a resolution of the map f. Write
Kw + Aw ~Q p*(KX + A) +F and Kw + A{/V ~Q q*(KY + f*A) + El,
where Ay > 0 and £ > 0 have no common components, and A{/V > 0 and £’ > 0 have no
common components. Since f is a contraction, the divisor Ay — Ay, is g-exceptional, and there
are effective g-exceptional Q-divisors ET and E~ such that Ay — A}, = ET — E~. Therefore,
Ky +Aw+E =Ky + Ay +EY ~qg ¢*(Ky + fA)+ E' + ET;
hence ko (W, K+ Aw + E~) = ko (Y, Ky + f«A) by Lemma 2.7. We conclude since x,(X, Kx +
A) = ke(W,Kw + Aw) < ko(W, K + Aw + E7) by Lemma 2.7. d
DEFINITION 3.2. Let (X, A) be a klt pair. Let G be an effective Q-Cartier Q-divisor such that
Kx + A + G is pseudoeffective. Then the pseudoeffective threshold (X, A; G) is defined as
7(X,A;G) =min{t € R | Kx + A +tG is pseudoeffective} .
THEOREM 3.3. Assume the existence of good models for klt pairs in dimensions at most n — 1.

Let (X, A) be a klt pair of dimension n. Let G be an effective Q-Cartier Q-divisor such that
(X,A+QG) is kIt and Kx + A+ G is pseudoeffective. Assume that Kx + A is not pseudoeffective,
in other words, that 7 = 7(X,A; G) > 0.

Then 7 € Q, and there exists a good model of (X, A + 7G). In particular,
KX, Kx +A+7G) > 0.

Proof. We follow closely the proofs of [DHP13, Proposition 8.7 and Theorem 8.8], which show
that 7 € Q and (X, Kx + A+ 7G) > 0. Fix an ample divisor A on X. For any rational number
0<z<T,let y, =7(X,A+zG; A). Note that y, = 0 and that y, is a positive rational number
for 0 < z < 7—rationality follows from [BCHM10, Corollary 1.1.7] and positivity from the fact
that Kx + A + G is not pseudoeffective when = < 7.

Let (z;) be an increasing sequence of non-negative rational numbers such that lim; o z; = T,
and denote y; = y,,. Fix 4, let f;: X --» Y] be the (Kx + A + z;G)-MMP with scaling of A, and
denote by A;, G; and A; the proper transforms on Y; of A, G and A, respectively. By [BCHM10,
Corollary 1.3.3], there is an extremal contraction g;: Y; — Z; of fibre type such that

Ky, + Aj + 2;G; + y;A; =4, 0.

Let E; be effective divisors on Y; whose classes converge to the class of Ky, +A;+7G; in N HY)r,
and let C' be a curve on Y; which does not belong to | JSupp E; and is contracted by g;. Then

(Kyi +Ai+TG¢)-C>O and (Kyi—l-Ai—i-iUiGi—i-yiAi)'C:O.
Therefore, there exists a rational number 7; € (x;, 7] such that (Ky, + A; +7:G;) - C = 0; hence
Ky, + A; + ;G =4, 0,

since all contracted curves are numerically proportional. In particular, if F; is a general fibre
of g;, and Ap, = A;|p, and G, = Gi|F,, then
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Denoting
7; = max{t € R | K, + Ap, + tGF, is log canonical} ,

we have z; < 7; since Kp, + Ap, + 2;GF, is log canonical for every i. If Kp, + Ap, + 7GR,
is not log canonical for infinitely many ¢, then after passing to a subsequence we may assume
7; < 7 for all i. Moreover, since x; < 7; and limx; = 7, we may assume that the sequence (7;) is
strictly increasing, which contradicts [HMX14, Theorem 1.1]. Therefore, Kp, + Ap, +7Gp, is log
canonical for 7 > 0, and then [HMX14, Theorem 1.5] implies that the sequence (7;) is eventually
constant; hence n; = 7 for ¢ > 0. In particular, 7 € Q.

Now, for the rest of the proof fix any such i > 0 for which n; = 7, and let (p,q): W — X x Y]
be a resolution of the map f;:

We may write

Kw +Aw ~op*(Kx +A+7G) + E,
where Ay and E are effective Q-divisors without common components. We want to prove that
(X, A+ 7G) has a good model; hence by Lemmas 2.7 and 2.8, it is enough to show

IQ(VV, Kw + Aw) = RJ(VV, Kw + Aw) . (3.2)

If we denote Fyy = ¢~ '(F;) C W, then (qlry )« (Kry + Awlry) = Kp, + AF, + 7GEy; hence by
Lemma 3.1 and by (3.1),

HO(Fw, KFW + AW|FW) < /ig(Fi,KFi + AFi + TGFZ) =0. (3.3)
When dim Z; = 0, we have Fyy = W and (3.3) implies (3.2) by [Nak04, Corollary V.4.9)].

When dim Z; > 0, the divisor Ky + Ay is effective over Z; by induction on the dimension
and by [BCHMI10, Lemma 3.2.1]. By Theorem 2.5 and by [Fujll, Theorem 1.1], there exists
a good model (W, Aw) --+ (Win, Amin) of (W, Aw) over Z;. Let ¢: Winin — Wean be the
corresponding fibration to the canonical model of (W, Ay) over Z;. Since Ky + Ay is not big

over Z; by (3.3), we have dim Wean < dim X. By [Amb05, Theorem 0.2], there exists a divisor
Acan on Weay such that the pair (Wean, Acan) is kit and

Kw, .. + Anin ~Q (P* (KWCM, + Acan) .

Since we assume the existence of good models for klt pairs in dimensions at most n — 1, we
have k(Wean, Kw..., + Acan) = Ko (Wean, Kw.,, + Acan) by Lemma 2.8, and hence (3.2) holds by
Lemma 2.7, which concludes the proof. O

Remark 3.4. Let (X, A) be a uniruled klt pair such that Kx is not pseudoeffective and Kx + A is
pseudoeffective. A natural strategy to construct a good model of (X, A) is to run a (Kx + 7A)-
MMP, where 7 = 7(X,0;A), and which we know terminates with a good model (Y, Ay) by
Theorem 3.3. The main problem is that this MMP does not preserve sections of Kx + A. An
instructive example is when Kx ~g —7A, where A is nef and not big, and for instance p(X) = 2.
Then one might want to run the (Kx + (7 — ¢)A)-MMP with scaling of an ample divisor A,
where 0 < € < 1. If the nef cone Nef(X) is not equal to the pseudoeffective cone Eff(X), then
this MMP ends up with a model on which the proper transform of Kx + A is ample, regardless
of the Kodaira dimension of Kx + A.
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THEOREM 3.5. Assume the existence of good models for klt pairs in dimensions at most n — 1,
and the existence of good models for log smooth klt pairs (X,A) in dimension n such that
|Kx| # 0.

Let (X, A) be a log smooth log canonical pair of dimension n and assume that there exists
a Q-divisor D > 0 such that Kx + A ~qg D and Supp A = Supp D. Then

KX, Kx +A) =ke(X,Kx +A).
Proof. Replacing A by [A], by Lemma 2.9 we may assume that the divisor A is reduced. In the
course of the proof, we construct a tower of proper maps
(T, A7) = (W, Aw) =5 (X', Ax) = (X, 4A),
where 7 and p are finite and g is birational, such that for each X € {T, W, X'} we have
KX, Kx +Ax) =r(X,Kx +A) and ks(X, Kx +Ax) =ks(X,Kx +A).

The pair (T, A7) will be a log smooth klt pair with |Kp| # (), which allows us to conclude.

Let m be the smallest positive integer such that m(Kx +A) ~ mD, and denote G = mD. Let
m: X’ — X be the normalisation of the corresponding m-fold cyclic covering ramified along G.
Note that X’ is irreducible by [EV92, Lemma 3.15(a)] since m is minimal. Then there exists an
effective Cartier divisor G’ on X’ such that

G =mG" and 7 (Kx+A)~G .
Let A’ = (G')eq- By the Hurwitz formula, we have
Kx+ A =" (Kx +A),
and the pair (X', A’) is log canonical by Proposition 2.14. We have
K(X,Kx +A)=r(X"Kx' +A") and k.(X,Kx +A) = ko (X', Kxr + A')

by Lemma 2.7. We claim that for every geometric valuation E’ over X’ we have a(E', X', A') € Z.
To prove this, let E’ be a geometric valuation over X’. Then by Proposition 2.14, there exist a
geometric valuation E over X and an integer 1 < r < m such that

a(E X'\ A')+1=r(a(B,X,A)+1). (3.4)

Since (X, A) is log smooth and A is reduced, we have a(E, X, A) € Z, which together with (3.4)
implies the claim.

Now, if g: W — X' is a log resolution of the pair (X', A’), by the claim we may write
Kw + Aw ~g ¢"(Kx' + A') + Ew ~ ¢*G' + Ew ,
where Ay and Ey are effective integral divisors with no common components. Then
KX, Kx +A)=r(W,Kw +Aw) and ks(X,Kx +A) =k, (W, Kw + Aw)
by Lemma 2.7, and the divisor Gy = ¢*G’ + Ew — Ay is Cartier. We have
Kw ~q Gw,

and we claim that Gy > 0. Indeed, if S’ is a component of Ay, then (5", X', A’) = —1. By
Proposition 2.14, there exist a geometric valuation S over X and an integer 1 < r < m such that
m(ex(9")) = ex(S) and

a(S", X", A" +1=r(a(S,X,A)+1).
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This implies a(S, X, A) = —1; thus c¢x(S) C Supp A because (X, A) is log smooth. From here
we obtain cx/(S’) € 7 *(SuppA) = SuppG’, and in particular S’ C Supp ¢g*G’. Therefore
mults: ¢*G’ > 1 = multgs Ay, and the claim follows.
Now, consider the kit pair (K, %AW). Since Ky + %AW ~q Gw + %AW, Kw + Aw ~q
Gw + Aw and Supp(Gw + %AW) = Supp(Gw + Aw), by Lemma 2.9 we have
KX, Kx +A)=rc(W,Kw + 3Aw) and k.(X,Kx +A) = ko (W, Kw + 3Aw).

Let k be the smallest positive integer such that k(Ky — Gw) ~ 0, and let p: T — W be the
corresponding k-fold étale covering. Then

Ky = Ky ~ p*Gw >0,
and setting Ap = ,u,*(%AW), the pair (K7, Ar) is klt by Proposition 2.14. We have
KX, Kx +A)=r(T,Kr+Ar) and ks(X,Kx + A) = ks(T,Kr + Ar)
by Lemma 2.9; hence (X, Kx+A) = k,(X, Kx+A) by our assumptions and by Lemma 2.8. [

Remark 3.6. In the proof of Theorem 3.5, the inclusion X'\ A’ C X’ is a toroidal embedding
since the pair (X, A) is log smooth [Aral4, Lemma 1.1]; that is, it is locally analytically on X’
isomorphic to an embedding of a torus into a toric variety. By [AW97, Theorem 0.2], there exists
a toroidal resolution h: (U,Ay) — (X', A’). Then we have Ky + Ay = h*(Kx + A’). Indeed,
locally in the analytic category both sides of this equation are trivial, which implies that all
relevant discrepancies are zero. This is all implicit already in [KKMSD73|. The pair (U, Ay) is
log smooth, and as in the proof of Theorem 3.5, one shows that Ky is linearly equivalent to an
effective Cartier divisor. Compare to [dFKX, Section 5].

Finally we can prove our main results.

Proof of Theorem 1.3. Let (X,A) be a uniruled klt pair. By replacing (X, A) by its terminal
modification, see Theorem 2.2, we may assume that the pair (X,A) is terminal, and thus
that Ky is not pseudoeffective by Theorem 2.3. Let 7 = 7(X,0;A) = min{t € R | Kx +
tA is pseudoeffective}. Since Ky is not pseudoeffective and Kx + A is pseudoeffective, we have
0<7<1 If 1 =1, then we conclude by Theorem 3.3.

Therefore, we may assume 7 < 1, and hence by Theorem 3.3 there exists a Q-divisor D, > 0
such that Kx + 7A ~g D,. This yields
Kx+A~gD>0, where D=D,+(1-7)A.
In particular, Supp A C Supp D. Let f: Y — X be a log resolution of the pair (X, D). Then we
may write
Ky +T ~q f"(Kx + A) + E,
where I' and E are effective Q-divisors with no common components, and I' = f,'A since

(X,A) is a terminal pair. In particular, if we denote Dy = f*D + E, then Ky +I' ~g Dy and
Supp I’ C Supp Dy. We have

R(X,Kx +A)=r(Y,Ky +T) and k;(X,Kx +A)=rks(Y,Ky +1)

by Lemma 2.7; hence by replacing (X, A) by (Y,I') and D by Dy, we may assume that (X, D)
is a log smooth pair. Finally, by replacing A by A +eD for 0 < ¢ < 1, we may further assume
Supp A = Supp D. We conclude by Theorem 3.5 and by Lemma 2.8. O
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Proof of Theorem 1.1. Let (X,A) be a uniruled klt pair. As in the proofs of Theorems 1.3
and 3.5, there exists a log smooth klt pair (T, Ar) such that |K7| # 0 and

K(X,Kx—FA):H(T,KT—i-AT)ZO and HU(X,K)(—I—A):K:g(T,KT—i-AT).

In particular, T' is not uniruled by Theorem 2.3. By Theorem 2.5, there exists a log terminal
model (T, Ar) --» (T', Aps) of (T, Ar); hence

K)(T/, KT’ + AT’) = KZO—<T/,KT/ + AT’) R

since we assume the abundance conjecture for non-uniruled pairs. We conclude by Lemmas 2.7
and 2.8. O

Proof of Theorem 1.2. The result is immediate from Theorem 1.3. O

Remark 3.7. Assume that for every smooth variety of dimension n with Kx pseudoeffective we
have (X, Kx) > 0. Then the previous proofs show that if good models exist for log smooth klt
pairs (X, A) of dimension n such that the linear system |Kx| is not empty, then good models
exist for klt pairs in dimension n.

Indeed, by Theorem 1.2 we only have to show that the assumptions imply the existence of good
models for non-uniruled klt pairs in dimension n. Fix such a pair (X, A), and note that we may
assume that the pair is terminal by Theorem 2.2. Then (X, Kx) > 0 by our assumption; hence
there exists an effective divisor D’ such that Kx ~g D’. In particular, by denoting D = D"+ A
we have Kx + A ~g D and SuppA C Supp D. As in the proof of Theorem 1.3, by passing
to a log resolution, we may assume that (X, D) is log smooth. By replacing A by A + D for
0 < e <€ 1, we may further assume Supp A = Supp D, and we conclude by Theorem 3.5 and by
Lemma 2.8.

This leads to the following result.

LEMMA 3.8. Let (X, A) be a Q-factorial terminal pair such that k(X, Kx) > 0. Then there exist
a generically finite morphism f:Y — X from a smooth variety Y and an effective Q-divisor I'
on'Y with simple normal crossings support such that the pair (Y,T') is klt, |Ky| # 0 and

RX,Kx +A)=r(Y,Ky +T) and k;(X,Kx+A)=rks(Y,Ky +T).
If A =0, we may additionally assume I" = 0.

Proof. The first claim follows from the proof of Theorem 1.3. When A = 0, as in Remark 3.7
we may assume that X is smooth and that there exists a Q-divisor D’ > 0 with simple normal
crossings support such that Kx ~g D’. Setting Ax = ¢D’ and D = D'+ Ax for a rational
number 0 < ¢ < 1, we have Kx + Ax ~g D and 0 < multg Ax < multg D for every compo-
nent F of D. Then with notation from the proof of Theorem 3.5, we obtain a generically finite
map (W, Aw) — (X, Ax) such that the pair (W, Ay ) is log smooth,

K(W, Kw + Aw) = H(X,KX + Ax) and HU(W, Kw + Aw) = HU(X, Kx + Ax),

and Ky ~q Gw for some Cartier divisor Gy such that—crucially—Supp Gy = Supp(Gw +
Ay ). In particular, by Lemma 2.9 this implies

kW, Kw) = k(X,Kx) and k,(W,Kw) =rs(X,Kx).

Finally, one more étale cover allows us to conclude as in the proof of Theorem 3.5. O
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