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Motivic integration over wild
Deligne—Mumford stacks

Takehiko Yasuda

ABSTRACT

We develop the motivic integration theory over formal Deligne-Mumford stacks over
a power series ring of arbitrary characteristic. This is a generalization of the corre-
sponding theory for tame and smooth Deligne—-Mumford stacks constructed in earlier
papers of the author. As an application, we obtain the wild motivic McKay correspon-
dence for linear actions of arbitrary finite groups, which has been known only for cyclic
groups of prime order. In particular, this implies the motivic version of Bhargava’s
mass formula as a special case. In fact, we prove a more general result, the invariance
of stringy motives of (stacky) log pairs under crepant morphisms.

1. Introduction

1.1 Background

The aim of this paper is to develop motivic integration over wild Deligne-Mumford (for short,
DM) stacks, that is, DM stacks whose stabilizers may have order divisible by the characteristic
of the base field. Motivic integration was introduced by Kontsevich during a lecture at Orsay
in 1995 and developed by Denef and Loeser [DL99] for varieties in characteristic zero. In earlier
papers [Yas04, Yas06], the author treated tame and smooth DM stacks, carrying forward the
approach of Batyrev [Bat99b] and Denef-Loeser [DL02] to the McKay correspondence via motivic
integration. An attempt of generalization to the wild case was started in [Yasl4], and a grand
design of the general theory was outlined in [Yas17a]. More work in this direction has been done
in [WY15, Yasl6, Yas17b, WY17, TY20, TY23], and the present work is based on that. Note
that our theory is new even in characteristic zero since we allow DM stacks to be singular.

Motivic integration for formal schemes over a complete discrete valuation ring by Sebag [Seb04]
is a generalization in another direction. In fact, the present paper treats formal DM stacks over
a power series ring k[t]. Thus we also generalize his theory except that we consider only the equal
characteristic case and we use a different version of the complete Grothendieck ring of varieties.
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MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

1.2 Twisted arcs

In a classical setting of motivic integration, given a k-variety X, one considers its arcs, that is,
k-morphisms Spec L[t] — X from a formal disk to X, where L is an extension of k. The space of
arcs, denoted by Jo, X, carries the so-called motivic measure. One studies integrals with respect
to it, which leads to useful invariants of X. When X is a formal scheme over k[t], one considers
k[t]-morphisms Spf L[t] — X instead.

In the generalization to DM stacks, we need to consider twisted arcs. Roughly, it means that
we replace a formal disk Spec L[t] (or Spf L[t]) with twisted formal disks; a twisted formal disk
is the quotient stack [E/G] associated with a normal Galois cover of a formal disk with Galois
group G. In the tame case, we only need to consider the p;-covers SpecL[tl/l]] — Spec L[t]
because they are the only possible Galois covers if L is algebraically closed. In the wild case,
there are infinitely many Galois covers even if we fix an algebraically closed coefficient field L
and a Galois group. Moreover, they cannot be parameterized by any finite-dimensional space.
We need to take all Galois extensions into account and to construct the moduli space of twisted
arcs on a formal DM stack X, which we denote by Joo X

1.3 The change of variables formula

After defining the motivic measure on the space J,X of twisted arcs, we then need to prove the
change of variables formula. In the case of schemes, the formula is written as

/ L' dpx = / L ef71 dpy
Joo X Joo Y

say for a proper birational morphism f: Y — X. Here j; is the Jacobian order function of f. We
generalize the change of variables formula to DM stacks. To do so, we first clarify the meaning
of a birational morphism of DM stacks; a morphism Y — X of DM stacks is said to be birational
if it restricts to an isomorphism )’ — X’ of open dense substacks )’ C X and X’ C X. We note
that a birational morphism is not necessarily representable. The following theorem is one of our
main results (see Theorems 11.13 and 16.1 for more general versions).

THEOREM 1.1. Let Y and X be DM stacks of finite type over k, and suppose that they have the
same pure dimension and are generically smooth over k. Let f: Y — X be a proper birational
morphism. Then, for a measurable function h on Js X,

/ ]Lh+5X d,uX — / Lhofoo—jf+5y duy .
JooX oY

Note that this theorem as well as some theorems below generalize to formal DM stacks
over k[t]. Actually, we first prove them for formal DM stacks over k[t] and then specialize them
to the case of DM stacks over k.

We call the new terms sy and sy in the above formula shift functions. When & is tame and
smooth, the function sy is basically the same as the age invariant in the McKay correspondence
or the fermion shift in physics (see [Rei02, Zas93]). In the wild and linear case, the function sy
has been determined in [Yasl7a] and has turned out to be related to Artin and Swan conduc-
tors [WY15]. Furthermore, it later turned out to be essentially the same as Frohlich’s module
resolvent [Fro76]. Determining sy in the non-linear and singular cases (Definition 11.6) is also
one of the new results in this paper.
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1.4 Stringy motives

As an application of Theorem 1.1, we obtain the main property of stringy motives of stacky log
pairs, that is, the invariance under crepant birational transforms. Consider a log pair (X, A) as
is standard in birational geometry, allowing X to be a normal DM stack over k. We define its
stringy motive to be the motivic integral

Mst(‘)(v A) = / LT(X’AV‘FEX d,u?( )

TooX
where f(x 4) is a function measuring the difference of /\d Qux/, and the (log) canonical sheaf of
(X, A) (see Definition 13.1). This generalizes the corresponding invariants previously considered
in more restrictive situations (see for instance [Bat99b, DL02, Yas06]). When X is a smooth
algebraic space and A = 0, this invariant specializes to the class {X} of X’ in our version of the
complete Grothendieck ring of varieties. Using Theorem 1.1, we will prove the main property of
this invariant, as follows.

THEOREM 1.2 (Theorem 16.2). For a proper birational (not necessarily representable) morphism
Y — X giving a crepant morphism (Y, B) — (X, A) of log pairs, we have Mg (), B) = Mg (X, A).

This is a broad generalization of the theorem of Batyrev [Bat99a] and Kontsevich (stated at
a lecture at Orsay in 1995) that K-equivalent complex smooth proper varieties have equal Hodge
numbers as well as its counterpart for complex orbifolds [LP04, Yas04, Yas06].

1.5 The wild McKay correspondence

A typical example of a proper birational morphism of DM stacks is the morphism
f[AL/G] — AljG

from the quotient stack to the quotient scheme associated with a faithful linear action of a finite
group G on the affine space A%. Indeed, if U C Ag is the open locus where the G-action is free,
then the quotient scheme U/G is an open subscheme of both [A?/G] and A{/G, and hence the
morphism f is birational. Note that f is not representable unless G is trivial. Treating such non-
representable birational morphisms is the reason why we introduce the notion of twisted arcs. If
the G-action has no pseudo-reflection, then the morphism is an isomorphism in codimension 1 and
hence a crepant morphism in the sense that the relative canonical divisor K A2/G]/(AL/G) vanishes.
Theorem 1.2 implies the following theorem, which we call the wild McKay correspondence.

THEOREM 1.3 (Corollaries 14.4 and 16.3). Suppose that a finite group G acts linearly and
faithfully on an affine space A% without pseudo-reflection. Then

My (AL/G) = / L4,
A
Here A¢ denotes the moduli space of G-torsors over the punctured formal disk Spec k(t) and v
is a function on Ag closely related to the shift function sy. The well-definedness of this integral
was proved in [TY23]. The integral on the right side is interpreted as the stringy motive of the
quotient stack X = [Az / G]. When working over an algebraically closed field of characteristic
zero, the integral on the right side reduces to the finite sum

3 L)

[9]€Conj(G)
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Thus Theorem 1.3 is a generalization of the McKay correspondence by Batyrev [Bat99b] and
Denef-Loeser [DL02] in characteristic zero. Note that Theorem 1.3 for the cyclic group of prime
order equal to the characteristic was essentially obtained in [Yas14] and that the point-counting
version of the theorem was proved in [Yas17b].

We give two applications of the wild McKay correspondence. The first application is an esti-
mate of discrepancy of quotient singularities; the discrepancy is a basic invariant of singularities
in the minimal model program. The following corollary generalizes results in [Yasl4, Yas19] for
the cyclic group of prime order to an arbitrary finite group.

COROLLARY 1.4 (Corollary 16.4). Suppose that a finite group G acts linearly and faithfully on
an affine space A‘lf and that G has no pseudo-reflections. Let X := Ag/G.

(1) We have
discrep(centers C Xging; X) = d — 1 — max { dim Xj,g, dim L% .
Ag\{o}

Here 0 € Ag is the point corresponding to the trivial G-torsor.

(2) If the integral [ A L4 converges, then X is log terminal. If X has a log resolution, then
the converse is also true.

This corollary allows us to compute in theory the discrepancy by computing the integral
1) Ag LL4=v, which is more of arithmetic nature. This computation was carried out in [Yas19, Yas14]
for the group Z/pZ with p the characteristic of k. The case of Z/p?Z was studied in a paper by
Tanno and the author [TY21].

The second application of the wild McKay correspondence is the following motivic version of
Bhargava’s mass formula [Bha07].

COROLLARY 1.5 (Corollary 16.5). Let S,, be the nth symmetric group, and let a: Ag, — Z be
the Artin conductor. Then

n—1
| L= P L,
Asn jZO

where P(n,m) denotes the number of partitions of n into exactly m parts.

The proof of this is basically a translation of the proof given in [Yas17b] of the original formula
into the motivic context.

1.6 Untwisting by Hom stacks

The key ingredient in the construction of our theory is the technique of untwisting, which reduces
the study of twisted arcs to that of ordinary /untwisted arcs. The origin of this technique is found
in [DLO2]. In [Yasl7a, Yasl6], it was further generalized to wild linear actions and non-linear
actions on affine schemes, respectively. In this paper, we develop it further and make it more
intrinsic by using Hom stacks.

For untwisting, it is essential to work with formal DM stacks over k[t]. Based on a work of
Tonini and the author [TY20], we construct a moduli stack of twisted formal disks, denoted by O,
and a universal family Eg — Spf k[t] x ©. For a formal DM stack X" of finite type over Spf k[t],
we define its untwisting stack as

Utgg(X) := Homg,

Homg %y riyo(€0, X x ©),
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the Hom stack of representable morphisms. For a technical reason, we modify it to what is
denoted by Utgp(X)P" by stratifying © to another stack I' and killing ¢-torsions. Then the
desired stack JooX of twisted arcs is obtained as the stack of untwisted arcs Jo, Utgp(X)P™"
of Utgp(X)P™. We can give it the motivic measure in the same way as in the case of schemes.

The proof of Theorem 1.1 is also based on untwisting. We reduce the theorem to the case
where X is a formal algebraic space X. The given morphism f: Y — X induces a morphism

U8 Utgp (V)P — X,
which in turn induces a map
Ty = Jso Utgr(y)pur — Joo X .

Since this is a map of untwisted arc spaces, it is relatively easy to generalize the change of
variables formula to this map. We will complete the proof by rewriting the formula in terms of f
instead of f"*8. At this point, the shift function sy naturally appears as the difference of the
Jacobian orders of f and fut8.

1.7 Related topics

To conclude the introduction, we mention a few related topics. Understanding wild ramification
in higher dimension is one of the central themes in arithmetic geometry (see for instance [Sail0,
11115]). The theory developed in this paper would be regarded as a new approach to it. Given
a wildly ramified finite morphism f: Y — X of some spaces, one natural method is to look at
ramification of f along a general curve C' — X. In our approach, we look at all “curves” rather
than a general one and integrate all information on ramification along them.

Recently Groechenig, Wyss and Ziegler [GWZ20] found an interesting application of a version
of p-adic integration on DM stacks to the study of Hitchin fibration. The motivic version of their
result was then obtained by Loeser and Wyss [LW21]. Although they considered only the tame
case, it would be interesting to incorporate the wild action into the subject.

1.8 Terminology, notation and conventions

Here we fix our basic setup such as terminology, notation and conventions. For the reader’s
convenience, we explain some notions whose definitions will be given later.

We denote the set of non-negative integers by N. For a category C, we mean by ¢ € C that c
is an object of C. We use the symbol ] to mean the coproduct (abstract disjoint union) and
reserve the symbol | | to mean the disjoint union of subsets.

We fix a base field k of characteristic p > 0. In Section 4 and Section 5.3, we assume p > 0.
At the beginning of these (sub)sections, we will repeat this assumption.

We denote by Aff or Aff; the category of affine k-schemes. For an affine k-scheme S = Spec R,
we denote by Affp or Affg the category of affine schemes over S. Unless otherwise noted, all
schemes, algebraic spaces and stacks as well as their morphisms are defined over k. Thus they are
regarded as categories fibered in groupoids over Aff. Similarly, unless otherwise noted, all rings
and fields contain k, and their maps are supposed to be k-homomorphisms. We consider only
separated schemes, algebraic spaces and (formal) DM stacks. Namely, their diagonal morphisms
are proper and hence finite.

A DM stack X is said to be almost of finite type if X' is isomorphic to the coproduct [[; X;
of countably many DM stacks X; of finite type.
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For a k-algebra R, we denote by R[t] (respectively, R(t)) the ring of power series (respectively,
Laurent power series) over R. Thus R(t) is the localization R[t]; of R[t] by ¢ (not the total
quotient ring of R[t]). For an affine scheme S = Spec R, we denote by Dg (respectively, D%,
Dfg) the affine scheme Spec R[t] (respectively, the affine scheme Spec R(t), the formal affine
scheme Spf R[t]). We often replace the subscript S with R. When R = k, we usually omit the
subscript.

For a stack X over Aff, by the 2-Yoneda lemma, we often identify an object of X over S € Aff
with a morphism S — X. We call it an S-point of X. We denote the point set of X by |X|; this
is the set of equivalence classes of geometric points Spec K — X. We give it the Zariski topology.
For a field K, we denote the set of isomorphism classes of K-points, X' (K)/ =, by X[K]. More
generally, for a subset C C |X|, we denote by C(K) the full subcategory of X' (K) consisting
of K-points Spec K — X mapping into C. Then C[K] denotes its set of isomorphism classes,
CIK]:=C(K)/ =.

For a formal DM stack X over Df and n € N, unless otherwise noted, we denote the fiber
product X xpg Spec k[t]/(t"*1) by X,.

We say that a morphism Y — X of DM stacks is a thickening if it is representable (by
algebraic spaces) and a closed immersion such that the map || — |X| is bijective.

We say that a morphism ) — X of DM stacks is birational if it restricts to an isomorphism
V' — X' of open dense substacks )’ C Y and X' C X.

We say that a finite group G is tame (with respect to p) if p does not divide §G. We say that
a formal DM stack is tame if the automorphism group of every geometric point is tame.

2. Ind-DM stacks and formal DM stacks

In this section, we introduce formal DM stacks, which are the main object of our study, as
a special case of ind-DM stacks. We then study their basic properties such as ones concerning
coarse moduli spaces.

DEFINITION 2.1. Let f: )Y — X be a morphism of stacks. We say that f is representable if for
every morphism U — X from an algebraic space, the fiber product U x x Y is isomorphic to an
algebraic space. Let P be a property of morphisms of algebraic spaces which is stable under base
change. We say that a representable morphism f: )Y — X of stacks has property P if for every
morphism U — X from an algebraic space, the projection ) xx U — U has property P.

DEFINITION 2.2. An ind-DM stack (respectively, ind-algebraic space, ind-scheme, ind-affine
scheme) is a fibered category over Aff isomorphic to the limit lim A}, of an inductive system
Xo = X1 — --- indexed by N of DM stacks (respectively, algebraic spaces, schemes, affine
schemes) in the sense of [TY20, Appendix A]. An ind-DM stack (respectively, ind-algebraic
space, ind-scheme, ind-affine scheme) is called a formal DM stack (respectively, formal algebraic
space, formal scheme, formal affine scheme) if we can further assume that the transition maps
Xn — X471 are (necessarily representable) thickenings.

By [TY20, Proposition A.5], an ind-DM stack is a stack. In [Sta20, tag OAIH], a formal affine
scheme is called a countably indexed affine formal algebraic space. There, it is showed that a
formal affine scheme can be written as

Spf A = liﬂSpec A/l ,
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where A is a weakly admissible topological ring which has a fundamental system
Ipyo>LD---

of neighborhoods of 0 € A consisting of weak ideals of definition. In a linearly topologized ring A,
a weak ideal of definition is an ideal consisting of topologically nilpotent elements (elements f
such that f™ — 0 as n — o0), and a weakly admissible ring is a separated and complete linearly
topologized ring having a weak ideal of definition.

For a formal DM stack & = lim A;,, its point set |X| is defined in the same way as for a
DM stack; it is the set of equivalence classes of geometric points Spec K — X (that is, such
morphisms for algebraically closed fields K). It is identified with |&},| for any n. Thus |X| has
the topology induced from the Zariski topology on |A,].

LEMMA 2.3. Let X be a formal DM stack.
(1) The diagonal morphism A: X — X x X is representable, unramified and finite (and hence
affine).
(2) For morphismsU — X andV — X from affine schemes (respectively, formal affine schemes),

the fiber product U x x V is an affine scheme (respectively, a formal affine scheme).

Proof. (1) Suppose X = liﬂXn for an inductive system X),, n € N, as in the definition. Let S
be an affine scheme, and let f: S — X x X be a morphism. By the definition of limits, f factors
through &, x &, for n > 0. By [T'Y20, Proposition A.2], we have
S X paxxa X =Im(S Xx,xx, Xn).
However, the transition morphisms S X x, x x, Xn — S Xx,,, 1 x X1 Xnt1 are isomorphisms. There-
fore, for n > 0, we have
SXpaxxAX =S Xy, xx, Xn.

Since the diagonal of X, is representable, unramified and finite, the right side of this isomorphism
is an affine scheme which is unramified and finite over S. This shows statement (1).

(2) By statement (1), if U and V are affine schemes, then
U><;(Vg (U X V) XXXX,AX

is also an affine scheme. Next suppose that U and V are formal affine schemes and are written,
respectively, as lim U, and limV,, as limits of affine schemes. Moreover, we may suppose that
morphisms U —+ X and V — X are given by morphisms U,, — &), and V,, — A},. Then

UXnglig(Un X x,, Vn)

Since the U,, X x,, V,, are affine schemes and their transition morphisms are thickenings, the limit
is a formal affine scheme. O

LEMMA 2.4. Let X be a formal DM stack. There exists a family of representable étale morphisms
Vi = X, i € 1, such that the V; are formal affine schemes and [[, V; — X is surjective.

Proof. Suppose X = ligl)(n, where the X,,, n € N, are DM stacks. There exists a family of étale
morphisms V; o — Ap from affine schemes such that [[, Vi o — Ap is surjective. By Lemma A.8,
they uniquely extend to V;, — A, with the same property, and the diagrams

‘/i,n — V;,n—&—l

oo

Xn - Xn+1
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are 2-Cartesian. Let V; := h%me, which is a formal affine scheme. By [TY20, Corollary A.3],
the diagrams

V;m —V;
X, —X
are also 2-Cartesian. Therefore, the morphisms V; — & satisfy the desired property. O

DEFINITION 2.5. We call a morphism [[, V; = X" or the formal scheme [[, V; as above an atlas
of X.

DEFINITION 2.6. We define D,, := Speck[t]/(t"*!) and Df := Spfk[t] = lim Dy,. For a DM
stack ®, we define Dg ,, := D;, x ® and Dfy := Df x & = @qu. When ® = Spec R, we also
write them as Dg,, and Dfg; they are isomorphic to Spec R[t]/(t"*!) and Spf R[t]. (We denote
the affine scheme Spec R[t] by Dg.)

DEFINITION 2.7. We say that a morphism f: ) — X of formal DM stacks is of finite type if for
every morphism U/ — X from a DM stack, the fiber product U x x ) is a DM stack of finite type
over U.

NOTATION 2.8. For a formal DM stack X of finite type over Dfg and n € N, we denote the fiber
product X xp¢ Dy, = X Xpg, Doy by &j.

With this notation, we have
XQXXDfliﬂDnglian.

Recall that the restricted power series ring k[t]{z1,...,x,} is the t-adic completion of the
ring k[t][x1,...,z,]. A k[t]-algebra is topologically finitely generated over k[t] if and only if it
is isomorphic to a quotient ring of k[t[{x1,...,x,} for some n € N.

LEMMA 2.9. Let X be a formal DM stack of finite type over Df. Then there exists an atlas
Spf A — X from a formal affine scheme such that A is a topologically finitely generated kt]-
algebra.

Proof. Let us take an atlas Spec By — &) from an affine scheme. The ring By is finitely gener-
ated as a k-algebra. Using Lemma A.8, we can inductively construct the following 2-Cartesian

diagrams for n € N:
Spec B,, — Spec By, +1

J J

Xn Xnt1 -
Let A := @Bn. By [GD60, Chapter 0, Proposition 7.5.5], the ring A is topologically finitely
generated as a k[t]-algebra. The morphism Spf A — X is an atlas. O]

LEMMA 2.10. Let &,, n € N, be DM stacks of finite type over D,,, and let X,, — X, 41, n € N, be
morphisms compatible with D,, — D,, 1. Suppose that X, — X,,+1 Xp_ ., Dy is an isomorphism.
Then X := hﬂ X, is a formal DM stack of finite type over Df.

n+1

Proof. By the assumptions, X, — &), 41 is a thickening. Therefore, X is a formal DM stack.
To check that it is of finite type over Df, it suffices to consider a morphism &/ — Df from
a quasi-compact DM stack. The morphism factors through D,, for n > 0. We have

Ufo)f%u XDnDn XDfX%Z/[XDn Xn,
which is of finite type over U. O
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DEFINITION 2.11. A coarse moduli space of an ind-DM stack X is an ind-algebraic space X
together with a morphism 7: X — X such that

(1) for any morphism f: X — Y with Y an ind-algebraic space, there exists a unique morphism
g: X — Y such that gom = f;

(2) for any algebraically closed field K /k, the map
XIK](= X(K)/ =) > Y(K)
is bijective.
Obviously, if it exists, a coarse moduli space of an ind-DM stack X is unique up to unique
isomorphism. Therefore, we call it the coarse moduli space of X.

LeEMMA 2.12. For a formal DM stack X = liﬂ)(n with X, quasi-compact, let X,, be the coarse
moduli space of X,, (which exists by the Keel-Mori theorem [KM97]). The limit X = lim X, is
the coarse moduli space of X.

Proof. Condition (2) in Definition 2.11 clearly holds. We will show the universality. Let f: X — Y
be a morphism with Y = lim Y; an ind-algebraic space. Since X, is a quasi-compact DM stack,
the composition &, — X — Y factors through Yj(,) for some i(n). The morphism &, — Yjn,
uniquely factors as X, — X, — Yj(,). We can take a strictly increasing function as i(n). The
morphisms X, — Yj,) define a morphism g: X — Y such that the composition X — X — Y
is equal to f. It remains to show the uniqueness of the morphism X — Y. Let h: X — Y
be another morphism such that XY — X by s equal to f. Suppose that h is represented by
morphisms Ay, : X, — Yj,). Replacing both i(n) and j(n) with max{i(n), j(n)}, we may suppose
that i(n) = j(n). By the universality of the coarse moduli space X, — X,, two morphisms
Gns hn: Xn = Yy, coincide. Therefore, g = h. O

LEMMA 2.13. Let X be a formal DM stack with the coarse moduli space X — X. Let Y — X be
a morphism of ind-algebraic spaces which is representable by algebraic spaces and flat. Then Y
is the coarse moduli space of X xx Y.

Proof. Let us write X as the limit lim &, of DM stacks X,,, and let X,, be the coarse moduli space
of X),. Let Y,, :=Y xx X,, and Y, := &), xx,, Yn. Since Y,, = X,, is a flat morphism of algebraic
spaces, Y, is the coarse moduli space of },,. By [TY20, Proposition A.2] and Lemma 2.12, we
have
Y=Yy xX@Xn%hg(Y Xx Xp) %ligYn.
Similarly,
XXXY%’XXX@Y %li%myn.

By Lemma 2.12, the limit Y = lignYn is the coarse moduli space of X xx Y = ligyn. O

For a further analysis of coarse moduli spaces, we recall the following result. See Section 4
for the relative Frobenius morphism.

LEMMA 2.14 ([Fog80, Proposition 1 in §2 (p. 1160) and Theorem in §5 (p. 1172)]). Let R be
a Noetherian k-algebra such that the relative Frobenius Fp/;,: Spec R — (Spec R)(l) is a finite
morphism (this holds for instance if R is a quotient of k[t1,...,tm]{x1,...,2n}). Suppose that
a finite group G acts on R as a k-algebra. Then the invariant subalgebra RC is Noetherian and
R is a finitely generated R®-module.

186



MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

LEMMA 2.15. With the same assumption as in Lemma 2.14, for an ideal I C R® and for every n,
we have

RY/I" = Tm((R/IV R)® — (R/I"R)Y) (n' >n).
In particular, the projective system (R/I"R), n € N, satisfies the Mittag-Leffler condition.

Proof. Since R is a finitely generated R%-module, we can identify R with the quotient module

(RG)@Z/ZRG't(fl(q)7""fl(q)> (f](q) c RG’)‘

q=1

Here we regard elements of (RG)®Z as column vectors. For each g € G, we fix a lift g: (RG)@ —

(RG)@I of g: R — R and suppose that it is given by the left multiplication with an [-by-l matrix
(Gij)1<ij<is Gij € RY. Then (R/I™R)Y consists of the residue classes {(z1, . . .,x;) of those vectors
Yay,...,2p) € (RG)@Z such that for some yj(.q) €ERY (1< qg<e 1<j<1), wehave

l c

l
xi—Zgzjxj—i—ZZyj(q)f](-Q)EO mod I" (g€ G, 1<i<l).

j=1 q=1 j=1

We regard these equations as RC-linear equations with unknowns x;, y](-q) and apply a version of

the approximation theorem for linear equations, [Ron06, Theorem 3.1]. There exists an iy € N

such that for a solution (mi,yj(.q) € (RG)@(CH)Z of the above equation for n = 7 + g, there

(9)

exist (avci, U:

)i,j,q

)2.7j7q € (RG)®(C+1)l satisfying

l c l
Ti — Zgijfj +ZZ@§Q)f§q) =0 (geG, 1<i<])
Jj=1 q=1 j=1
and
(2i.0\"),,, = (#.37),,, mod I'.

This implies that if an element @ of (R/I Z'R)G lifts to an element of (R/I Z'J”'OR)G, then x also
lifts to an element of RC. The first assertion of the lemma follows. The second assertion is then
obvious. O

COROLLARY 2.16. Under the assumption of Lemma 2.14, for an ideal I C R, we have a natural
isomorphism of ind-schemes

ling Spec R /I" & lim Spec(R/I"R)“ .
Proof. Maps RE/I" — (R/I"R)® define a morphism
a: lim Spec(R/I"R)% — lim Spec RY/I™.

Let f: N — N be a strictly increasing function such that Im((R/Iﬂ(")R)G — (R/I"R)Y) =
RE/I™. The maps (R/I?™ R)“ — RC/I™ define a morphism

b: lim Spec R%/I™ — lim Spec(R/1°™ R)“ 2 lim Spec(R/I" R)® .

We see that a and b are inverse to each other. O
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Let Spf R be a formal affine scheme of finite type over Df with an action of a finite group G.
The quotient stack [(Spf R)/G] is defined in the same way as in the case of non-formal schemes
and isomorphic to ligl[(Spec R/(t"))/G].

LEMMA 2.17. With the above notation, suppose that R satisfies the assumption of Lemma 2.14.
Then the coarse moduli space of [(Spf R)/G] is Spf R®. Moreover, if Spf R is of finite type over Df,
then so is Spf RC.

Proof. The coarse moduli space of [(Spec R/(t"))/G] is Spec(R/(t"))Y. By Lemma 2.12, the
limit hngpec(R/(t”))G is the coarse moduli space of [(Spf R)/G]. By Corollary 2.16, this is
isomorphic to Spf RE. The first assertion has been proved. If Spf R is of finite type over Df, then
since (R/(t"))Y — RY/(t™) is surjective for n > m, we see that (Spf RG)m = Spec R /(t™+1)
is of finite type over k. By Lemma 2.10, the second assertion follows. O

The following proposition says that every formal DM stack of finite type over Df is locally
a quotient stack.

PRrROPOSITION 2.18. Let X be a formal DM stack of finite type over Df. Then the coarse moduli
space X of X is a formal algebraic space of finite type over Df. Moreover, there exists an
atlas ]_[5/:1 V, — X such that each V, is a formal affine scheme of finite type over Df and
X xx V, = [W,/H,| for a formal affine scheme W., with an action of a finite group H,. In
particular, we have a stabilizer-preserving étale surjective morphism H;Zl[WV JH,] — X.

Proof. For each n, let X, := X xp D,, and X,, be its coarse moduli space. By Lemma 2.12, the
ind-algebraic space X = lim X, is the coarse moduli space of X. As is well known (see [AV02,
Lemma 2.2.3]), there exists an étale cover (Vj, — Xo)1<,<; such that for each v, the scheme V4
is affine of finite type over k and Wy 5 := V4 X x, Xy is isomorphic to [Wy ~/H,] for some affine
scheme W, and a finite constant group H acting on it. The morphism Wy, = Wy ,/H,] — Xo
is representable, étale, affine and stabilizer preserving, because Vj, — Xy is so. (Recall that we
consider only separated algebraic spaces. Therefore, Vj, — Xo is automatically affine.) We get
the diagram

WOKY X H,y = WO,’Y — W()ﬁ — Xy

of representable étale affine morphisms such that Wy , x H, = W, defines a groupoid in schemes
and Wy, is the associated stack. Let U — X be an étale morphism with U a formal affine scheme.
By pulling back by Uy — Xj, we get a similar diagram of affine schemes

W0777U0 X ny j WO7’Y:U0 - W0777U0 - UO ‘

Note that Wy .1, is a scheme in spite of its calligraphic letter. From the invariance of small étale
sites [GD67, Theorem 18.1.2], we get the corresponding diagram over each U,

Wn»’YaU’fL 2 H7 :; Wn777Un % WTL,’}/,Un ‘> Un N

By [Sta20, tag 05YU], these are all affine schemes and give quasi-coherent sheaves on the small
étale site on A),. Taking their relative spectra, we get the diagram of étale affine morphisms

Wiy x Hy 2 Wiy = Wiy = &y

such that W, , = [W,, ,/H,]. Since W, , — &), is étale and stabilizer preserving, if V,, , denotes
the coarse moduli space of W), -, then V;, , — X, is étale and W, , = &), X x, V), . Moreover, we
have natural morphisms V;, , — Vj41,4. Let W, := lianm Wy = ligW,W and V, := ligvnﬁ.
We have W, = [W,/H,] =2 X xx V,. The W, are formal affine schemes of finite type over Df.

188



MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

The morphisms V,, , — X,, are étale. The diagram

Viy = Vagiy

! !

Xp — Xn+1

is Cartesian. Indeed, since the horizontal arrows are universal homeomorphisms and the vertical
arrows are étale, the morphism V,, — V11, X x,,,, X, is étale and a universal homeomorphism.
Thus it is an isomorphism. By [TY20, Corollary A.3], the morphism V, — X is representable
and étale. By Lemma 2.13, the ind-algebraic space V, is the coarse moduli space of W,. By
Lemma 2.17, the ind-algebraic spaces V, are formal affine schemes of finite type over Df.

It remains to show that X is a formal algebraic space. For s > n, let Y;, ; C X, be the scheme-
theoretic image of X,,. By Lemma 2.15, there exists a strictly increasing function s: N — N such
that for any n and any s’ > s(n), the morphism Yy s(n) = Yn,s 1s an isomorphism. The natural
morphism Y, ;) — Y41, 5(n+1) 1S a thickening, and we have Y, 11 s(n41) XD, 1 Dn & Yy, (n)- The
morphisms X, — Y, ;) give a morphism X — @Ynys(n), and the morphisms Y, ;) = Xsn)
give a morphism hﬂYn’ s(n) — X. These are inverse to each other. Thus X = ligYn,s(n), which
is a formal algebraic space. By Lemma 2.10, it is of finite type over Df.

3. Galoisian group schemes

In this section, we study moduli stacks of finite group schemes of some class. In what follows, we
often identify a finite group G with the constant group scheme [] Spec F' over the spectrum
of a field F.

geG

DEFINITION 3.1. A finite group G is said to be Galoisian if there exist an algebraically closed
field K and a Galois extension L/K (t)) such that G = Gal(L/K (t)). We denote by GalGps a set
of representatives of isomorphism classes of Galoisian groups.

A finite étale group scheme G over a scheme S is said to be Galoisian if for every geometric
point s: Spec K — S, the fiber G, = G x g Spec K is a Galoisian finite group. For a Galoisian
group G, a finite étale group scheme G’ — S is said to be G-Galoisian if every geometric fiber
G, is isomorphic to G or, equivalently, if it is a twisted form of the constant group scheme
GxS—S.

When p = 0, Galoisian groups are nothing but cyclic groups. When p > 0, a Galoisian group
is isomorphic to the semidirect product H x C of a p-group H and a tame cyclic group C. For
these facts, see [Ser79, §IV.2, pp. 67-68]. In particular, a Galoisian group has a unique p-Sylow
subgroup. Any subgroup of a Galoisian group, as well as any quotient group, is again Galoisian.

DEFINITION 3.2. We define a category A — Aff fibered in groupoids as follows. An object over
S € Aff is a Galoisian group scheme H — S. A morphism (H — S) — (H' — 5’) is the pair
of a morphism S — S’ and an isomorphism of group schemes H — H' xg S. We call A the
moduli stack of Galoisian group schemes. For an isomorphism class [G] of a Galoisian group G,
we define Ajg C A to be the full subcategory of G-Galoisian group schemes.

We have A = HGGGales Aiq)- Let G be the universal Galoisian group scheme over A. This
is a category fibered in sets over A such that the fiber set over a Galoisian group scheme G — S
is the set of its sections G(5). The morphism G — A is representable and is finite and étale. In
what follows, for a finite group H or a finite group scheme H over k, we denote by B(H) the
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quotient stack [Speck/H] associated with the trivial H-action on Speck. The fiber (B(H))(S)
over S € Aff is the groupoid of H-torsors T' — S.

LeEMMA 3.3. For a Galoisian group G, we have Ajg) = B(Aut G).

Proof. We define a functor ®: B(AutG) — Ajg. With an Aut G-torsor T — S, we associate
the quotient Gp/AutG of Gp := G x T by the diagonal action, which is a group scheme
over S and a twisted form of the constant group scheme Gg — S. Next we define a functor
U: Ajg) — B(Aut G). With a G-Galoisian group scheme H — S, we associate an Aut G-torsor
Isog(Gg, H). Here a € Aut(G) acts by a- ¢ := poa™ 1.

Let us show that these functors are quasi-inverse to each other. For an Aut G-torsor T' — S,
we have a natural isomorphism

ur—s: T — Isog(Gs,Gr/ Awt G), t+— (g — (g,t)) )

This is Aut G-equivariant. Indeed, for a € Aut G, the above functor sends « - ¢ to

(9= (g.a-0) = (9~ (a7 Tg,t)) =a- (g (g,1)) -

Since any equivariant morphism of torsors is an isomorphism, ur_,g is an isomorphism of Aut G-
torsors and defines a natural isomorphism w: idgay gy — ¥ o .

For a G-Galoisian group scheme H — S, we have a morphism
Gs xIsog(Gs, H) = H, (g,¢) — ¢(g)-
This is Aut G-invariant. Indeed, for @ € Aut G, we have

a(g,¢) = (alg),¢oa™) = goa ' (a(g) = 8(g).
Thus we obtain a morphism
v—s: (Gs x Isog(Gg, H))/ AutG — H .
Etale locally on S, this is identified with the isomorphism
Gs x Isog(GsGs)/ Aut G — Gg.
Therefore, vg_.g is an isomorphism. We obtain a natural isomorphism v: ® o ¥ — id Ay ]

COROLLARY 3.4. For a Galoisian group G, the categories Aig and G := G X 4 A|g) are DM
stacks étale, proper and quasi-finite over k.

Proof. By Lemma 3.3, the category Al is a DM stack étale, proper and quasi-finite over k.
The morphism G — A is representable, étale and finite. Therefore, G is also a DM stack étale,
proper and quasi-finite over k. ]

4. Frobenius morphisms and ind-perfection

In this section, we assume p > 0 and discuss Frobenius morphisms and ind-perfection of DM
stacks.

For an IF,-algebra A, the pth power map A — A, f — f? gives a scheme endomorphism
Fg: S — S of the affine scheme S = Spec A. This is called the absolute Frobenius morphism of S.
Let X be a stack over [F,,. For each S € Affy,, we have the pullback functor Fg: X(S) — X(95)
of groupoids. These functors give an endomorphism of X over F,, which we call the absolute
Frobenius morphism of X and denote by Fy. Let S be an affine scheme over [F, and & a stack
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over S with structure morphism 7: X — S. We define the relative Frobenius morphism Fy g to
be the morphism

(Fy,m): X — xM .= x XS Fg S
We say that X is perfect over S if Fy g is an isomorphism.
For each n € N, we also define the n-iterated relative Frobenius morphism F'3, /s of X by

(F.7m): X = X = X xrgpm S.

We define the ind-perfection X of X to be the limit lim X as a category. This has the
natural structure of a stack over S, see [TY20, Appendix A], which is clearly perfect over S. We
have the expected universality, as follows.

LEMMA 4.1. For a morphism f: Y — X of stacks over S with X perfect over S, there exists an
S-morphism VP — X, unique up to 2-isomorphisms, such that the composition ) — Y'P°r — X
is isomorphic to f.

Proof. For n € N, we fix a quasi-inverse X1 — x() of X — x(+1) g5 that we get the
composition

To T € Affs and an object y € VP (T) represented by 3y’ € yn) (T'), we assign its image by
yo(T) Iy 2 (T) = X(T). The induced morphism VP — X is the desired morphism.  [J
LEMMA 4.2. Let Xy — X1 — --- be an inductive system of DM stacks of finite type such that

every transition map is representable and is a finite universal homeomorphism. Suppose that the
limit Y = h%m X; is perfect over k. Then the natural morphism Xéper — ) is an isomorphism.

Proof. Consider the inductive system Xi(n), (i,n) € N x N. We have
@X;Per ~ hﬂhﬂ‘)(z(n) ~ hﬂhﬂ‘)(z(n) o hﬂy(n) .

Since Y is perfect, the morphism y(’ﬂ — y(“+1> are all isomorphisms. We have ligln y<n> =y,

We claim that the morphisms X;per — X;ﬁr are isomorphisms. Indeed, for each 7, there exists

an m € N such that the morphism X; — Xl.(m) factors through X;1,. We obtain morphisms

X = Xipr — X 2l

Taking the ind-perfections, we obtain the following commutative diagram:

id
/\
iper iper iper iper
A7 A AT =AY
id

This shows the claim. From the claim, we deduce liny, X;per = Xéper, and the lemma follows. [

5. Formal torsors

Based upon results in [TY20], in this section, we construct moduli stacks of torsors over the
punctured formal disk and a “universal” family of twisted formal disks.
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5.1 The moduli stack A

For an affine scheme S = Spec R, we denote by D% or D7, the affine scheme Spec R(t]). Here R(t)
denotes the localization R[t]: of R[t] by ¢ (rather than the total quotient ring of R[t]). Namely,
this is the ring of Laurent power series with coeflicients in R.

DEFINITION 5.1. For a finite étale group scheme G — S over an affine scheme S, we define
a category fibered in groupoids Ag — Affg as follows: For an affine S-scheme T, the fiber
category Ag(T) is the category of G-torsors over D%.. For a finite group G, we define Ag — Aff,
by regarding G as a constant group scheme over k.

DEFINITION 5.2. We define a fibered category A — A as follows: For a Galoisian group scheme
G — S, the fiber category A(G — S) is Ag(S). (Thus the whole category A is the category of
pairs (G — S, P — DY) of a Galoisian group scheme G — S and a G-torsor P — D¥.) For an
isomorphism class [G] of Galoisian groups, we define Ag == A XA Aig-

For a morphism S — A corresponding to a Galoisian group scheme G — S, we have
A x4 8= Ag. Note that as a fibered category over Aff, the scheme S is Affg and the pro-
jection A x 4 S — S = Affg corresponds to the underlying functor Ag — Affg.

5.2 Uniformization

DEFINITION 5.3. For a finite étale group scheme G' — S, a G-torsor P — D% and a geometric
point x: Spec F' — S, we call the induced G p-torsor

P, ::PXDE D}—)D}

the fiber over x. We say that P — D3 or P is fiberwise connected or has connected fibers if for
every geometric point x of .S, the fiber P, is connected.

Remark 5.4. The fiber defined above is not the fiber of P — S over x in the usual sense; P, is
not the fiber product P x g Spec F' but the “complete fiber product.”

The following notions are taken from [TY23], though we restrict ourselves to fiberwise con-
nected torsors.

DEFINITION 5.5. Let G — Spec R be a Galoisian group scheme, and let P = Spec A — D% be
a fiberwise connected G-torsor. We say that this is uniformizable if there exists an isomorphism
A = R(s)) such that the map R(t) — A = R(s|) sends t to a series of the form s*“u for u € R[s]*.
We call such an isomorphism A = R(s)) a uniformization of P or A.

When this is the case, the image of s in A gives a uniformizer of the discrete valuation field
A ®pgy K(t) for any point Spec K — Spec R.

LEMMA 5.6. With notation as above, if R is reduced and A is uniformizable, then the image
of R[[s] — A is independent of the choice of the uniformization A = R(s).

Proof. Let A= R(r) be another isomorphism as in Definition 5.5. We regard R[s] and R[r] as
subrings of A and write r = su with u € A = R(s). For any point Spec K — Spec R, the image
of uin K(s) = A ®pgy K(t) is a unit of K[s]. This shows that u € R[s]* since R is reduced.
Here we used the fact that for a reduced ring R, an element u € R is zero (respectively, a unit) if

and only if for every point Spec K — Spec R, the image of u in K is zero (respectively, a unit).
It follows that r € R[s]. Similarly s € R[r]. Hence R[s] = R[r]. O
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DEFINITION 5.7. With notation as above, when R is reduced and A is uniformizable, we define
a subring O4 C A to be the image of R[s] by a uniformization A = R(s)). We call it the integral
ring of A or of the corresponding torsor Spec A — D7,

LEMMA 5.8. Under the assumption of Definition 5.7, the integral ring O 4 is stable under the
G-action on A.

Proof. Let A = R(s) be an isomorphism as above. For ¢ € G and for every point Spec K —
Spec R, the image of ¢g(s) in K(s) is a uniformizer. By the same argument as in the proof of
Lemma 5.6, the element g(s) is of the form su with u € R[s]*. In particular, g(s) € O4, which
implies the lemma. O

5.3 Ramification
In this subsection, we assume p > 0.

Let G be a Galoisian group, and let N C H C G be a subgroups such that N is a normal sub-
group of H. For a fiberwise connected G-torsor P — D¢ and a geometric point x: Spec F' — 5,
we have an H/N-torsor (P/N), — (P/H), with connected source and target. This corresponds
to a Galois extension L/K of complete discrete valuation fields with the common residue field
F; its Galois group Gal(L/K) is identified with H/N. The Galois group is equipped with the
(lower-numbering) ramification filtration

Gal(L/K) = Gal(L/K)y D Gal(L/K)1 D ---

such that Gal(L/K); = 1 for i > 0 (see for instance [Ser79, Chapter IV]). When Gal(L/K) =
H/N is a cyclic group of order p, there exists a unique ¢ such that Gal(L/K); # Gal(L/K)it1.
This i is called the ramification jump of the H/N-torsor (P/N), — (P/H),. If we write
(P/H); = Spec F(s), then by Artin-Schreier theory, we can write

(P/N)z = Spec F(s[x]/(z" — 2z — f)
for f € F(s|) of the form
f= Z fis™ (fjeF).
J>0,ptj
The action of G = (g) is given by ¢g:  — x + 1. This f is uniquely determined, and the
ramification jump is equal to max{j | f; # 0}. In particular, the ramification jump is prime

to p. If two geometric points x and z’ have the same image in S, then the ramification jumps of
(P/N), — (P/H), and (P/N), — (P/H), are equal. Thus we obtain a function |S| — N.

DEFINITION 5.9. Let G be a Galoisian group. A ramification datum for G is a function
r: (HN)—r(H,N)eN

on pairs (H, N) of a subgroup H C G and a normal subgroup N < H with §(H/N) = p. We
denote the set of ramification data for G by Ram(G).

Let r be a ramification datum for G. For a subgroup G’ C G, restricting to pairs (H, N)
with H C G’, we obtain a ramification datum on G’. When G’ is a normal subgroup, we also
have the induced ramification datum s for G/G’. For N < H ¢ G/G', if N,H C G are their
preimages, then s(H, N) := r(fI,N).

DEFINITION 5.10. When G is a Galoisian group and P — D7 is a connected G-torsor with F' an
algebraically closed field, we define the ramification datum rp so that rp(H, N) is the ramification
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jump of P/N — P/H. We say that a fiberwise connected G-torsor P — D¢ has constant rami-
fication if the map

|S| = Ram(G), =+ rp,

is constant. When G — S is a Galoisian group scheme, we say that a G-torsor P — D% has
locally constant ramification if there exists an étale cover (S; — S);er such that for each i, the
fiber product G' x5 S; is constant and Pg, — Dgi has constant ramification.

For n € N and S € Aff, let S(-™ be the scheme S regarded as a k-scheme by the morphism

S — Speck M Speck .

The morphism

g(-n) — g U)o

is a k-morphism with respect to the k-scheme structure S(—™. When k is perfect, we have
canonical k-isomorphisms (S (_”))(n) = (S (”))(_n) =S,
ProposITION 5.11. Let G be a p-group.
(1) Let r € Ram(G), and let P — D% be a G-torsor. Let
C :={[z] € |S| | Py is connected and rp, =r} .
Then C' is a locally closed subset of |S]|.

(2) Let P — DY be a fiberwise connected G-torsor having constant ramification. Suppose that S
is reduced. For n > 0, the induced G-torsor Pg(—n) — Dg(_n) is uniformizable.

Proof. We first prove both assertions in the case G = Z/p. Write S = Spec R. There exists
a Laurent polynomial of the form

F= 7 4 it ek it 4 fo (fi€R),

such that for ¢ > 0 with p | i, we have f; = 0 and P = Spec R(t)[x]/(aP — x + f) (see [TY20,
Theorem 4.13] and the part of its proof concerning the essential surjectivity). Consider the
iterated Frobenius S~™ = Spec R(-™) — § = Spec R with corresponding map ¢: R — R,
For each i, there exists a g; € R(™™) such that (¢;)?" = &(f;). By [TY20, Lemma 4.9], the
torsor Pg(-m) is then isomorphic to the torsor associated with

g= gjtij 4 gj_lt*(jfl) +-4g0.

For jo > 0, the locus in S(~™) of connected fibers and ramification jump jo is

(ﬂ V(gj>> \ V(gjo) -
J>Jjo

This shows assertion (1) in the case G = Z/p. Note that the locus of non-connected fibers is
;>0 V(g;). To show assertion (2) in this case, suppose that S is reduced and that P has constant
ramification jump jo. Then for every j > jo, we have V(g;) = S(-™) thus g; = 0. As V(gj,) = 0,
the element g;, is invertible. Since jp is prime to p, there exist positive integers a,b such that
—aj +bp = 1. Let us write S(~™ = Spec R’ and Pg(-m) = Spec A = Spec R'(t)[y]/(v* —y + 9),
and let s := y®® € A. For each point r: Spec K — S(=m) the elements SryYr € A, deduced
from s, y, respectively, have valuation 1 and —jo with respect to the normalized valuation of A,.
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We have

p—1

R(yl/ (" —y+9) =P R Y,

=0
and each s’ is uniquely written as s = Zf:_ol tiry', tig € R'(t). For each point r, the element
(t;1)r has valuation at least i — ljo. Since R’ is reduced, we have (t;;) € ¢~ . R'[t]. It follows
that any power series Zi>0 a;s', a; € R', in the variable s converges. It follows that there exists
a unique map ¢: R'[u] — A sending u to s. Thus we may think of the image of ¢ as the power
series ring R[s] with variable s. Clearly, R'(s) = R'[s] ® gy R’ () = A. The image of ¢ in A is
written as us?, u € R(s), such that at each point r: Spec K — S, the image u, € K(s|) of u is a
unit of K[s]. This means that « € R[s]*. Thus the isomorphism R'(s) = A is a uniformization.
Assertion (2) holds when G = Z/p.

Next we prove the general case by induction. Let n € N. We assume that both assertions hold
if §G < n and will prove the case G = n. Let P — D% be a G-torsor. For every normal subgroup
N < G of order p, the locus where the G/N-torsor P/N — D¢ has connected fibers, and the
ramification datum induced from r is a locally closed subset, say C' C S. We give it the reduced
structure. For any affine open U C C and for m > 0, the torsor (P/N);(—m) is uniformizable.
From the case G = Z/p, it follows that the locus where the N-torsor Py (—m) — (P/N)ym) =
Dg(_m) has connected fibers and ramification jump induced by r is locally closed. This shows
assertion (1). If P has connected fibers and constant ramification and if S is reduced, then
by the induction hypothesis, (P/N)g(-m) is uniformizable for m > 0. The N-torsor Pgm) —

(P/N)g=m) = D%, also has constant ramification. Thus, by assertion (2) for the case of
Z/p, for n > m, the N-torsor Pg(n)y — (P/N)g(-—n) = D%(—n) 18 uniformizable, which implies
assertion (2) for a general p-group. O

DEFINITION 5.12. We define A (respectively, Ajg), Ag) to be the full substack of A (respectively,
Agp, Ag) of fiberwise connected torsors with locally constant ramification. When G is constant
and r is a ramification datum for G, we define Af, to be the full subcategory of Ag of torsors
with ramification datum r.

For a Galoisian group G, we have Ajg) = A x 4 Ajg) and Ag = HreRam(G) A%.. For a Galoisian
group scheme G — S corresponding to S — A, we have Ag = A x4 S.
DEFINITION 5.13. For a ramification datum r for a Galoisian group G, let [r] be its Aut(G)-orbit.
We define AE‘} to be the essential image of the functor Hse[r} AL — A
For Speck — A|g) corresponding to the constant group G, we have
AFG]] X A Speck = H AL
S€|r]

LEMMA 5.14. For a Galoisian group G' and a ramification datum r, the stacks Ag and Ay, are
perfect over k.

Proof. If we prove the lemma when k = F,,, then the general case follows by base change along
Spec k — SpecF,,. Thus we may suppose that & is perfect. For S € Aff, the Frobenius morphism

Ac(S) = Ag(SED) = Al (9)

is an equivalence [TY20, Proposition 4.6]. By this equivalence, the property of having connected
fibers is preserved. The ramification data are also preserved. This proves the lemma. O
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LEMMA 5.15. For a Galoisian group G and a ramification datum r for G, the stack Ay, is
isomorphic to the ind-perfection X'P°" of a reduced DM stack X of finite type. The same is true

[r]
for A[G]'

Proof. Again we may suppose that k is perfect. By [TY20], we can write Ag = ligyi as the
limit of DM stacks of finite type such that the transition morphisms ); — );11 are representable,
finite and universally injective. In particular, we have |Ag| = |, |Vi|. Since torsors with the same
ramification datum r have the same discriminant, we have |Af,| C |V;,| for some ig; see [TY23].
(For each m, we can construct a family P — DY of totally ramified extensions of k(t) with S of
finite type which contains every totally ramified extension of discriminant exponent at most n.
This shows that A, is of finite type.) By Proposition 5.11, the set |Af;| is a locally closed subset
of |V,|. For i > g, let &; C Y be the reduced substack such that |X;| = |Af].

Since A is perfect, we also have Ag = hﬂz . y}”). We claim that

AE = @Xi(”) :

To show this, we first observe that Af, is a full subcategory of Ag and %ﬂzn Xi(n) is a full sub-
category of hglz . yi("). We need to show that their objects correspond through the isomorphism
Ag = hﬂm y}”). It is clear that every object of hgm Xi(") maps to an object of Af,. It remains to

show that every object of Af, comes from an object of Xi(n) for some 4, n. Let P — DY be an object
of AZ, over an affine scheme S. For some ¢ > ig, the morphism S — Af, factors through );. The
image of |S| — |Vi| is contained in |X;|. Let U; C ); be an open substack such that X; is a closed
substack of it. Let Z C Oy, be the defining ideal of &;. The morphism S;eq — S — U; factors
through A&}, which means that 7 is pulled back to the zero ideal sheaf by this morphism. Since U;
is of finite type and Z is locally finitely generated, for n > 0, the ideal Z is also pulled back to the
zero ideal sheaf by the morphism S(—™ — S — ;. This means that the morphism S — U;
factors through X;; equivalently, .S — L{i(") factors through Xi(n). We have proved the claim.

By Lemmas 5.14 and 4.2, if we put & := X}, we have A[, = X iper We have proved the first
assertion. Since A%rc]] X A Speck = Hse[r] A%, by [TY20, Lemma 3.5], the stack AE} is also the
inductive limit of DM stacks of finite type such that the transition morphisms Y; — )V;41 are
representable, finite and universally injective. The Frobenius morphism of A%rG]] becomes that of

Hse[r] A% by the base change with Speck — Ajg). Therefore, A%g] is also perfect over k. The
second assertion follows similarly. O

5.4 The stack A in characteristic zero or in the tame case
We return to the situation of arbitrary characteristic.

Let C; be the cyclic group of order [ such that if p > 0, then p 1 [. Every tame Galoisian group
is of this form. In characteristic zero, we define A, Ajg) and A as in Definition 5.12, removing
the condition of locally constant ramification; they are simply the substacks of A, Aig and Ag,
respectively, of fiberwise connected torsors. For the morphism p;: Speck — A(c], we have

Ate) XAy Speck = Ay = [T B,

Here the second isomorphism follows from [TY20, Theorem B]. In particular, Ac;) 1s a DM stack
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étale over k. The morphism
AM = A[Cl} XA[OZ] Speck — A[Cl]

is a torsor under the group Aut(C;) = (Z/IZ)*. The (Z/IZ)*-action permutes the components
of Ay, freely and transitively. Therefore,

Aieyy = (A /(Z)12)] = B
and, if Ay, ;, i € (Z/IZ)*, denotes the ith component, then the morphism
A,LL[,Z' - A[Cl] (51)
is an isomorphism.
In characteristic zero, we have A = [[;.(A(g,), which is a reduced DM stack almost of

finite type. In arbitrary characteristic, we put Atame 1= Hl>0;pﬂ A(c;- Note that the component
A = Ay, corresponding to the trivial cover Df — Df is isomorphic to Speck.

5.5 Integral models

LEMMA 5.16. Suppose p > 0 (respectively, p = 0). Let (G — S, P — D%) € A, where G — S is a
Galoisian group scheme and P — DY is a G-torsor. Suppose that S is reduced. Then there exists
a finite étale cover | [!_; S; — S such that for each i, the group scheme Gg, is constant, P, has
constant ramification and Py-m) is uniformizable for m > 0 (respectively, Ps, is uniformizable).

Proof. First consider the case p > 0. Since there exists a finite étale cover U — S such that Gy
is Zariski-locally constant, we may suppose that G is constant. Let H be the unique p-Sylow
subgroup of G. The quotient group G/H is a tame cyclic group, say of order [. Adding the [th
roots of unity to k, we may also suppose that the group scheme p; is isomorphic to the constant
group G/H. By [TY20, Theorem B], we have

Acn= [] B(G/H),
i)z

and components for i € (Z/IZ)* correspond to connected torsors. For i € (Z/IZ)*, if i' denotes
the integer representing ¢ with 0 < 7’ < [, then the standard morphism onto the ith component

Speck — AG/H

corresponds to the uniformizable torsor Spec k(t)[z]/ (2! —ti/) — Spec k(). Since this morphism is
finite and étale, there exists a finite étale cover V' — S such that the morphism V' — S — Ag/y
lifts to [1;¢(z/iz)« Spec k. Then (P/H)y is uniformizable. Thus we may also assume that P/H has
uniformization P/H = D¥. Since the H-torsor P — P/H = DY has locally constant ramification
and S is quasi-compact (recall that S is affine), there exists a stratification V = |_|§:l S; into
open and closed subsets such that each Pg, has constant ramification. By Proposition 5.11,
for m > 0, the H-torsor Psf‘m’ — PSZ.(‘"L)/H = D*S&m) is uniformizable, and so is the G-torsor

PS_(_m) — D;(,m>. We have proved the lemma whenlp > 0.

z i

When p = 0, the above argument for G/H shows the lemma. O

LEMMA 5.17. Let (G — S = Spec R, P = Spec A — DY) € A. Suppose that S is reduced and
that there exists a finite étale cover [[,.;S; — S such that every Ps, is uniformizable. Then
there exists a unique R[t]-subalgebra O C A such that

(1) O is a finite and flat R[t]-module;
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(2) Op = A, where the left side is the localization of O by t;

(3) for any U = SpecB — S such that Py is uniformizable, the subring O ®g[y B[t] C
A ®pgpy Blt] is the integral ring of Py (see Definition 5.7 ).

Proof. Let S;; = Spec R;j := S; x5S}, and write Ps, = Spec A; and Pg,; = Spec A;;. Let O; C A;
and O;; C A;; be the integral rings. Since R;; is a finitely presented R;-module (recall that an
étale morphism is by definition locally of finite presentation), by [TY20, Lemma 2.4] we have
R; [[t]] QR; Rij = Rz'j [[t]] Therefore,

Oij = Oi @,y Rij[t] = Oi @R, Rij ,
Aij = A @g,) Rij(t) = Ai Or, ) Rij(t) = Ai ®r, Rij -
By descent, we get a submodule O C A. Properties (1) and (2) hold since they hold after pullback
to Sl

Let U — S be as in property (3). Consider the finite étale cover [[,U xg S; — U. The
integral ring of Py and O ®pgpy) B[] are the same because they become the same when pulled
back to U xg S;. L]

DEFINITION 5.18. For a torsor P — D% as in Lemma 5.17, we call Spf O the integral model of P
and denote it by P. We also call the morphism P — Df}§ a G-cover.

PROPOSITION 5.19. (1) Supposep > 0. Let G be a Galoisian group and r a ramification datum

for G. Then there exist a reduced DM stack X of finite type and an isomorphism X'P°T =% A[g]
such that for any morphism S — X from an affine scheme, there exists an étale cover T — S &)y
an affine scheme such that the composite morphism

iper ~ [I‘]
T—-X— X = A[G]

corresponds to a uniformizable torsor.
(2) Let G be a tame cyclic group. Then Ag is a reduced DM stack of finite type, and for any
morphism S — Ay from an affine scheme, there exists a finite étale cover T' — S (necessarily

by an affine scheme) such that the induced morphism T — A[g) corresponds to a uniformizable
torsor.

Proof. (1) First consider the case where k = F,,. By Lemma 5.15, there exist a reduced DM

stack ) of finite type and an isomorphism yiper o A[g . Take an atlas U — )Y with U an affine
scheme. By Lemma 5.16, there exists a finite étale cover V' — U such that for m > 0, the
morphism V™ -y — A{g] corresponds to a uniformizable torsor. The stack X = Y=
satisfies the desired property. Indeed, since k is perfect, X(=™) is of finite type. Obviously, we
have Xiper o AFG]}. For any morphism S — X, the morphism S xx V(=™ — § is an étale cover
and the morphism S xy V(") — A[rG] is uniformizable since it factors through V(=) For a
general field k, we just take the base change X ®p, k.

(2) This is obvious. O

DEFINITION 5.20. When p > 0, for each [G] and [r], we choose a reduced DM stack of finite
type @Fg} as in Proposition 5.19(1). When G is tame, there is only one class [r], and we choose
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ol to be A(g)- We then define

[G]
— [r]
o:= ][ OG-
GeGalGps [rJeRam(G)/ Aut(G)
@[G] =0 x4y A[G] = H @FG]] .
[r]€eRam(G)/ Aut(G)
When p = 0, we define © := A and ©g) = A(g). For a Galoisian group scheme G — S, we define
@G =0 XA S.

All these stacks are almost of finite type; that is, each of them has only countably many
connected components, each of which is of finite type. By Lemma 5.17, for any morphism S — ©
from an affine scheme S, the induced torsor P = Spec A — D% has the subalgebra O C A.
Let O, := O/ (t"*1).

DEFINITION 5.21. We define a finite affine scheme Eg, over © by the property Eg, xg S =
Spec O,, for each S — ©. (This is also constructed as the relative spectrum Spec@O@,n of the
coherent sheaf Og , on O given by modules Oy, in Lemma 5.17.) There exists a natural mor-
phism Fg , — Dg,, := D, x ©, which is representable, finite and flat. We define the formal DM
stack Fg := lim Fg , and call this the universal integral model over ©. There exists a natural
morphism Fg — Dfg. For a morphism of stacks ¥ — ©, we call the induced morphism

Eg = E@ XDfg sz = E@ Xe X — sz

a G-cover.

For each point x: Spec K — ©, the fiber product Fg Xg Spec K is the integral model of the
G-torsor P — Dj- corresponding to x. Then Fg, Xe@ Spec K is its closed subscheme defined
by nt+1

By Lemma 5.8, the group scheme Gg := G X 4 © over © acts on Fg .

DEFINITION 5.22. We define £g 5, to be the quotient stack [Eg ,/Ge]. More precisely, we define
a stack £g 5, as follows. For U € Aff, an object of £g ,,(U) is a tuple (U — ©,P — U, P — Ey,,),
where P — U is a Gy-torsor and P — Ey,, is a Gy-equivariant morphism. We then define
o = liﬂﬁ@m and call it the universal twisted formal disk over ©.

For each morphism U — © from an affine scheme, we have &g , xo U = [Ey,,/Gu]. We have
natural morphisms of DM stacks Eg, — £o, — Deg, and ones of formal DM stacks Eg —
Eo — Dfg.

DEFINITION 5.23. A twisted formal disk over a field K is a formal DM stack £ over Df i induced
as the base change of &g — Dfg by a K-point Spec K — ©. Two twisted formal disks £ and &’
over K are said to be isomorphic if there exists an isomorphism & — £ which makes the diagram

E—¢&

N

Dfx

2-commutative.

LEMMA 5.24. For an algebraically closed field K, we have one-to-one correspondences

A[K] < ©]K] <> {twisted formal disk over K}/=.
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Proof. The first correspondence is clear. An isomorphism in A(K) gives an isomorphism
a: G = G of Galoisian groups and a Dj.-isomorphism P = P’ compatible with a for a G-
torsor P — D3, and a G'-torsor P’ — Dj.. For their models P and P’, the quotient stacks
F/ G] and [F/ G’ ] are clearly isomorphic twisted formal disks. Conversely, given an isomorphism
[E/G] — [E'/G"] of twisted formal disks over K, consider the fiber product U := E x(g/ /g E'.
This is finite and étale over both E and E’. Therefore, U is isomorphic to the coproduct of copies
of E and to the coproduct of copies of E’. Thus, if Uy is a connected component of U, then we
have isomorphisms F = Uy = E’ over Df . It follows that the corresponding Galois extensions
of K (t) are isomorphic and determine isomorphic K-points of A. O

6. Untwisting stacks

In this section, we introduce our main technical ingredient, the untwisting stack. We define it as
a certain Hom stack.

6.1 Some results on Hom stacks

DEFINITION 6.1. Let Y, X', S be stacks over Aff with morphisms )V — S and X — S. We define
Homg (Y, X) (respectively, Homgs" (Y, X)) to be the fibered category over S whose fiber category
over an S-point S — S is Homg(Y x5 S, X xs S) (respectively, Homg" (Y xs S, X xs S5)), the

category of S-morphisms (respectively, representable S-morphisms).

Note that the canonical functor
Hom P (Y xs S, X xs5) = Homg" (Y x5 S, X)

is an equivalence. We often identify the two categories through this equivalence. A basic result
on Hom stacks is the following one by Olsson.

THEOREM 6.2 ([Ols06, Ols07]). Let S be a scheme, and let X and Y be DM stacks of finite
presentation over S. Suppose that ) is proper and flat over S and that there exists a finite, finitely
presented, flat and surjective morphism Z — Y from an algebraic space. Then Homg(Y, X) is
a DM stack locally of finite presentation over S, and @?p (Y, X) is an open substack of it.

We prove a slight generalization of this theorem as well as auxiliary results on Hom stacks.

LEMMA 6.3. Let S be an algebraic space, and let Y, X, W be algebraic spaces of finite presen-
tation over S. Suppose that Y is flat and proper over S. Let X — W be a closed immersion.
Then the induced morphism

Homg (Y, X) — Homg(Y, W)

is also a closed immersion.

Proof. A closed immersion is characterized by three properties: universally closed, unramified
and universally injective [Sta20, tag 04XV]. We check these properties.
Universally injective: This is obvious.
Unramified: Let T — T’ be a thickening of S-schemes. We need to show that given the
diagram of solid arrows
T — Homg(Y, X)
e
(

T' Z> Homg(Y, W),
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there exists at most one dashed arrow making the whole diagram commutative. This holds
because for the corresponding diagram of solid arrows

Y xgT—X

b7

YXSTIQW,

there exists at most one dashed arrow since X — W is unramified.

Universally closed: Let R be a valuation ring, and let K be its fraction field. Suppose that
we have the commutative diagram of solid arrows

Spec K — Homg(Y, X)

AP

Spec R — Homg (Y, W).

We need to show the existence of the dashed arrow making the whole diagram commutative.
Let f: Y xg Spec R — W be the morphism corresponding to the bottom arrow. The induced
morphism g: Y x gSpec K — W factors through X . This means that g~'Zx = 0, where Zy C Oy
is the defining ideal sheaf of X C W. Since Y x g Spec R is flat over Spec R, the structure sheaf
of Y xg Spec R has no R-torsion. This implies that f~'Zx = 0 and that f factors through X.
This implies the existence of the dashed arrow. O

LEMMA 6.4. Let S be an algebraic space of finite type, and let Y and X be algebraic spaces of
finite type over S. Suppose that Y is flat and finite over S. Then Homg(Y, X) is an algebraic
space of finite type.

Proof. First consider the case where S, Y, X are all affine schemes, say S = SpecR, X =
Spec A and Y = Spec B and B is a free R-module of rank m. Suppose that the scheme X is
embedded in A}. By Lemma 6.3, the subspace Homg(Y, X') of Homg(Y, A™) is closed. An element
f € Homg(Y, A™)(Spec B) is given by f*: Blz1,...,x,] — B®™. Therefore, we have a universally
injective morphism

Homg (Y, A") — Ag™.
As a consequence, Homg(Y, X) is quasi-compact and of finite type in this case.

We reduce the general case to the above special case step by step. Firstly, taking the base
change by a surjective morphism S’ — S, we may suppose that S is an affine scheme, which
implies that Y is also affine. By a further base change, we may suppose that if S = SpecR
and Y = Spec B, then B is free over R. There exists a surjective finite-type morphism 7' — §
such that each connected component of (7' Xg Y),eq maps isomorphically onto 7. This al-
lows us to reduce to the case where Y = [[',Y; and Yj,eq — S is an isomorphism. Then
Homg(Y, X) = [[I~, Homg(Y;, X). Thus we may further suppose that Yeq — S is an isomor-
phism. The morphism S = Y;eq — Y induces a morphism Homg(Y, X) — Homg(S, X) = X.
For an étale morphism U — X, we have

Homg(Y, X) xx U = Homg(Y,U).
We can see this by looking at the diagram
T—U

o

YT—>X
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deduced from a morphism 7" — S. Using this, we reduce the problem to the case where X is an
affine scheme. This completes the proof. ]

LEMMA 6.5. Let S be a DM stack of finite type, and let Y and X be DM stacks of finite type
over §. Suppose that ) is flat and finite over S and that there exists a finite, étale and surjective
morphism U — Y such that U — S is representable. Then Homg(Y, X) and Homs" (Y, X) are
DM stacks of finite type.

Proof. Let T'— S be an atlas. Then
Homg (Y, X) xs T = Homp(Y xs T, X xx T),
Hom¢P (Y, X) xs T = Homy P (Y xs T, X xx T)

are DM stacks locally of finite type. The stacks Homg (Y, X) and Homg” (Y, X) are also DM
stacks locally of finite type, by Lemma A.3. To show that they are of finite type, it suffices to
show that Homg (), &) is of finite type in the case where S = S is a scheme. Let X be the coarse
moduli space of X'. Then the morphism Homg(Y, X') — Homg(Y, X) is of finite type by [Ols07].
By the assumption, there exists a finite, étale and surjective morphism U — ) from an algebraic
space. Let V' :=U xy U. We have a short exact sequence

Homg(Y, X) — Homg (U, X) = Homg(V, X).

By Lemma 6.4, the right two Hom spaces are of finite type. It follows that Homg(Y, X) is of
finite type. Therefore, Homg¢(), X) is also of finite type. O

LEMMA 6.6. Let C be a DM stack, and let £, X, Y, Z be DM stacks over C. Let f: Y — X
and g: Z — X be C-morphisms. Then there exists an isomorphism

Hom¢(€,Y xx Z) — Home(€,Y) Xpom, (e,x) Home (€, Z) .
If f and g are representable morphisms of formal DM stacks, then there exists an isomorphism
Hom"(€,Y xx Z) — Hom (€, V) Xpgoprer (e x) Home P (€, Z) .
Proof. Let S — C be a morphism from an affine scheme. We define £g to be the base change of £
by S — C, and similarly for Xg, Vg and Zg. Let v: £¢ — YV Xy Z be a C-morphism. We get the
induced morphisms pyovy: Eg = YV, pzovy: Es — Z and the isomorphism fopyoy = gopzo~.
This defines a morphism
Hom¢(€,Y xx Z) — Home(E,Y) XHom, (e,x) Home (€, Z) .
We need to show that
Homg(Es, (¥ xx Z)s) — Homg(Es, Vs) XHomg(£g,x5) Homs(Es, Zs)
is an isomorphism. This follows from
Vs Xxg Z5 =2 (Y xx Xg) Xxg (Z2xx Xs) ZY Xy Zxx s =Y xyZxeS
and the fact that
Homg(Es, Vs xxg Zs) — Homgs(Es, Vs) X Homg(£s,xs) Homs(Es, Zs)

is an isomorphism by [Ols16, § 3.4, pp. 82-83].

For the second assertion, since f and g are representable, Hom;"(£,Y) and Hom;" (&, Z)
map into Hom; " (€, X). Let §: g — Vg X x4 £ be a morphism over S. It suffices to show that 3
is representable if and only if the induced morphisms £ — Vg and £ — Zg are representable.
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This reduces to proving the following fact: Suppose that B — A and C — A are injective
homomorphisms of groups and that D is another group. Then a homomorphism D — B x 4 C
is injective if and only if D — B and D — C are injective. But this is obvious. O

6.2 Untwisting stacks

DEFINITION 6.7. Let X be a formal DM stack of finite type over Df. We fix a stack © as in Defi-
nition 5.20. We define the total untwisting stack Utgg(X) to be the Hom stack Hompp (€e, Xo),
where Xg := X X ©. This is a fibered category over Dfg such that for a morphism U — Dfg
from an affine scheme, the fiber category Hoimrgfc_) (€0, Xo)(U) is the category Homy;” (€g Xpte U,
Xo Xpfg U) of representable morphisms £g Xpg, U — Xo Xpgg, U over U. For any morphism
o: % — O of stacks, we define

Utgy(X) = Utg, (X) := Hompy (e, Xe) xe X(= Hompy (&, Ax)),
where &y, := Eo Xg .

LEMMA 6.8. For a Galoisian group G and a ramification datum r for G, the stack Utge[r (X) is
[G]

a formal DM stack of finite type over Df G[r]
[G]

Proof. First note that @% ]] is a DM stack of finite type. Let V' — @%] be an atlas. For each n € N,
Utgv( )n = Homgp (5\/’”,.)("/7”) = Utge{r]]( ) e{g] Vv

is a DM stack of finite type by Lemma 6.5. By Lemma A.3, the stack Utggm () is a DM stack
[G]
of finite type. The lemma follows from Lemma 2.10. O

By Lemma 5.24, for an algebraically closed field K, the set of K-points
Utge (X)[K] = Utge (X)o[ K]

is identified with the isomorphism classes of pairs (£,& — X)) of a twisted formal disk £ over K
and a representable morphism & — X. Here two pairs (£,a: & — X) and (€',b: &) — X) are
isomorphic if there exists an isomorphism h: & — &’ such that a is isomorphic to

hxpeD b
gy D0, er by x

LEMMA 6.9. Let S = Spec R be an affine scheme, and let £ and X be DM stacks over Dg =
Spec R[t]. Let & and X be their t-adic completions, which are formal DM stacks over Dfg =
Spf R[t]. Then we have an isomorphism of stacks over Dfg

Homp} (5 X) Hom@,k’).

Proof. For n € N, we put &, := & xpg Dg,, = é Xptg Ds,n and similarly for A&,. Any mor-
phism U — Dfg from an affine scheme factors through Dg ,, for some n € N. Therefore, we have
natural isomorphisms

HompF (é /f’)( ) = (Homrep (é A) Xptg D) (U)
= Homfjep (En, X)(U)

= (Homp{ (€, X) xpg Dsn) (U)

= Homys? (€, X)(U) =
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LEMMA 6.10. If Y — X is representable and étale, then Utgg(Y) — Utgg(X) is also repre-
sentable and étale. If Y — X is stabilizer preserving, étale and surjective, then Utgg()) —
Utge (X) is surjective.

Proof. Let Spec K — Dfg be a geometric point, and let r: Spec K — Utgg()) be a lift of it.
The latter corresponds to a representable morphism Espec k — V. The automorphism group of
this morphism is equal to Autyg, (y)/Dte (r), the group of those automorphisms of the object
7 that map to the identity morphism in Dfg. By Lemma A.4, the map Autyg, (y)/pie(r) —
Autyg, (x)/Dre (') 18 injective, where r': Spec K — Utgg(&') is the image of r and corresponds
to the composition Espec k' — Y — X'. By Lemma A.1, the map Autyyg, (y)(r) — Autyg, () (1)
is also injective. Therefore, for each n, the morphism Utgg()), — Utgg(X), of DM stacks is
representable. We conclude that the morphism Utgg(Y) — Utgg(X) is also representable.

Consider a 2-commutative diagram

S Utge (V)

LJ / i
such that S, S’, U are algebraic spaces and ¢ is a thickening. Ignoring U, we obtain the corre-
sponding diagram

Eg—=Y (6.1)

[/}

Egr — X .

Since Y — X is representable and étale, by Lemma A.7 there exist a morphism £ — ) and
two 2-morphisms forming the 2-commutative diagram

Eg—=Y

Vazd

Eg ——X

which induces (6.1). Moreover, such a triple of a morphism £ — ) and two 2-morphisms is
unique up to unique isomorphism (see the uniqueness assertion in Lemma A.7). We have the
corresponding diagram

S Utgg (V)

I/ 7|

This shows that there exists a unique dashed arrow fitting into the commutative diagram of
algebraic spaces

8§ —U Xugg(x) Utge (V)
-7 \L
S = U.
Therefore, U X g, (1) Utgg(Y) — U is étale for any morphism U — Utgg(X) from an algebraic
space. It follows that Utgg(Y) — Utgg(X) is étale.
Now suppose that ) — X is stabilizer preserving, étale and surjective. Let Spec K —
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Utgg(X) be any geometric point. This induces a geometric point
x: Spec K — Espec k —+ X .

Let y: Spec K — Y be a lift of . For some finite group G and a scheme E with F,.q = Spec K,
we have Especx = [E/G]. The representable morphism Egpec k' — A induces an injection
G — Auty(z). Since ) — X is stabilizer preserving, the composition

BG = [Ereq/G] — Especk = X
lifts to BG — Y. We obtain a 2-commutative diagram
SpecK —BG —=)Y
| | (6.2)

gSpecK —X.

The morphism B G' — Espec i is a thickening. By Lemma A.7, there exists a morphism Espec k' —
Y fitting into (6.2). It gives a K-point of Utgg()) lying over the chosen K-point of Utgg(X).
This shows the desired surjectivity. O

6.3 The case of quotient stacks
For a formal scheme X of finite type over Df with an automorphism «, the a-fixed locus X¢ is
defined to be

X X(idx,a). X xpeX,a X -

This becomes a closed subscheme of X by the first projection. When a finite group H acts on X,
we define the H-fized locus X to be J,cpy X"

DEFINITION 6.11. Let G be a Galoisian group, let V be a formal scheme over Df with an action
of a finite group H, and let +: G — H be an embedding of finite groups. We define Utgg_, (V')
to be the G-fixed locus of HomD(_)G (Eog, Vo) by the action g(f) :=t(g)fg~ .

Note that the Hom stack Homp, oc (Eog, Vo) is identical to the Weil restriction
REe,, /Dte, (V XDte,, Fog) -

An object of Utgg,, ,(V') over an S-point S — Dfe,, is an t-equivariant morphism Ee X pr, , S
— V. This induces a representable morphism

[(Eec Xpro,, §)/Gl = €0 Xpto, S = [V/U(G)] = [V/H].
In turn, this leads to a morphism
H Utge,,. (V) = Utge,, (X),
+€Emb(G,H)
where Emb(G, H) is the set of embeddings G < H.

We define actions of H and Aut(G) on [], Utgg, (V). For h € H, let ¢, € Aut(H) be
the automorphism f — hfh~'. Given an t-equivariant morphism v: F — V, the composition

Fhvhvis cpt-equivariant. Sending F' — V to FF — V LN 7 gives a morphism Utgg , ,(V) —
Utgo,, ¢, (V) and defines an H-action on [, Utgg,, (V).

For ¢ € Aut(G), let F(©) be the scheme F with the new G-action such that the automor-
phism ¢ !(g): F — F for the old action is the new g-action. Then the same scheme mor-
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phism ¢: F(© — V is now wc!-equivariant. Sending ' — V to F © 5 v gives a morphism
Utg@GVL(V) — Utg@G7LC—1(V) and defines an Aut(G)-action on [], Utg@ch(V).

The two actions commute, and we obtain the Aut(G) x H-action. The morphism [ [ Utgg,, (V')
— Utgg,, (X) is invariant for the H-action and equivariant for the Aut(G)- and Aut(G) x H-
actions. From the universality of quotient stacks [Rom05] (similar to that of quotient schemes),
we obtain morphisms

KeEm]E([G H) Utg@g’b(vo /H] > Utte (%), (6:3)
[(LEEHHG’H) UtgeG,L(V)>/ Aut(G) x H] — Utgg,, (X). (6.4)

Note that ©c — O, as well as Utgg ,(X) — Utge,, (X), is an Aut(G)-torsor since it is
a base change of Speck — Aig = BAut(G). Since Aut(G) acts freely on Emb(G, H), if
Emb(G, H)/ Aut(G) denotes a set of representatives of Aut(G)-orbits, we have

(I veem)/am@]=  II Va0,
+€Emb(G,H) +€Emb(G,H)/ Aut(G)
The Aut(G) x H-action on Emb(G, H) is not generally free. The stabilizer of ¢ is
{("en, h) | h € Nu(U(G))} (= Nu(u(G)))-

Here Ny (¢(@)) is the normalizer of «(G) in H, and t*cp, is the automorphism of G corresponding
to cply(@) via . We have the induced Ny (4(G))-action on Utgg,, ,(V); for h € Ny («(G)),

h: Utg@c,b(v) — Utg@g,chL(V) — Utg@g,chL(L*ch)—l(V) = Utg@g,L(V)
is the composition of morphisms given above. Therefore,
(0 Utk ) /(@) < )|
+€Emb(G,H)

= [Utge,.(V)/Nu((G))]. (6.5)
t€Emb(G,H)/(Aut(G)x H)

Note that Emb(G, H)/(Aut(G) x H) is in one-to-one correspondence with the set of H-conjugacy
classes of subgroups G C H such that G’ = G. In particular, if G is a cyclic group of order I,
then it is in one-to-one correspondence with the set of conjugacy classes of H that have order I.
We also have

K 1 Utg@cW))/H]g [T [Utge,.(V)/Culue))].

+€Emb(G,H) +€Emb(G,H)/H

Here Cy(1(G)) denotes the centralizer of «(G) in H.
LEMMA 6.12. The morphisms (6.3) and (6.4) are isomorphisms.

Proof. It suffices to show that ] [,cgun(q i) Utges,. (V) = Utge,, (X) is an H-torsor. This is true
because the base change by Fe, — Dfg, is an H-torsor, as proved in Lemma 6.13. O
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LEMMA 6.13. Let X := [V/H]|. The diagram

L. crmb(c,m) Utgos, (V) XDig,, Eog —=V

}

Utge, (X) Xpre,, Fog X
is 2-Cartesian. In particular, the left vertical arrow is an H-torsor.
Proof. Since V. — X = [V/H] is an H-torsor, the second assertion follows from the first.

Let s: S — Dfg, be a morphism from an affine scheme, let Eg := Eg, Xg,,s S and &g =
oo X0g,s9, and let Vg :=V xpp S and Xg := X xp¢S. The fiber over s of the fibered category
(Utgo,, (X) XDfo,, Fo,) xx V — Dfg,, is regarded as the category of 2-commutative diagrams
of the form

S Vs

i/v (6.6)
Eg >&s— Xg,

where the dotted arrows are the canonical ones, the normal arrows are S-morphisms and the thick
arrow is a witnessing 2-isomorphism. On the other hand, the fiber over s of the fibered category
Utge..(V) Xpio,, Eog —+ Dfey, is identified with the category of diagrams of S-morphisms

S Vs
| - (6.7)
Eg

where EFg — Vg is t-equivariant.
Given a diagram of the form (6.7), we obtain dashed arrows and thick arrows forming the
2-commutative diagram

\ /=

Eg ==& ->[Vg/u(H)] > Xs .

Again, the dotted arrows are the canonical ones. Thus we obtain a diagram of the form (6.6)
and a morphism

Utgo. (V) Xpio, Fog = (Utge (X) Xpio, Fog) xx V.

Conversely, given a diagram of the form (6.6), by Lemma A.7, we obtain a dashed arrow and

a 2-isomorphism for each triangle in
S
! / -7

Eg >E&s— Xg,

Vs
Y

which induces the given 2-isomorphism for the rectangle. We claim that there exists a unique
decomposition S = HbeEmb(G H) S, into open and closed subschemes such that the morphism
Eg — Vg restricts to t-equivariant morphisms Fg, — Vs,. The subdiagram

Es Vs

' '

Es = [Es/H] — X5 = [V5/G]
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gives a morphism of groupoids (Egx H = Eg) — (Vs xG = Vg). Therefore, there exists a unique
decomposition S = ]_LeEmb(G, H) S, into open and closed subschemes such that for each ¢, the
morphism Eg x H — Vg x G restricts to a morphism Eg, x H — Vg, x G compatible with ¢.
This shows the claim. Thus we have obtained a morphism

(Utgo, (X) b, €og) xa V= [ Utgey.(V) xne,, Pog -
t€Emb(G,H)

We can check that the resulting morphisms between

(Utgeg, (X) XD, €o,) xx V' and IT Utgey.(V) xpo, Feu
+€Emb(G,H)
are quasi-inverse to each other by using the uniqueness in Lemma A.7. 0

6.4 Variants of inertia stacks
Recall from Section 3 that A denotes the moduli stack of Galoisian group schemes and G — A
is the universal group scheme.

DEFINITION 6.14. We define a fibered category BG — A as follows: for an object G — S
of A, which is by definition a Galoisian group scheme over an affine scheme, the fiber category
(BG)(G — 9) is (BG)(S5), that is, the groupoid of G-torsors over S. For a Galoisian group G,
we define BGjg) :=BG x4 Ajq)-

DEFINITION 6.15. Let Z be a DM stack of finite type over k. For a Galoisian group scheme
G — Speck, we define I(?) Z .= Homg? (BG, Z). We define 1) z .= [cegaiaps 19 z.

For a Galoisian group G, we define I1[¢) Z .= Homfjfg] (BGig), Z). We also define 1z .=
HGEGales I[G} Z.

These are variants of inertia stacks, and their relation is closer in the tame case, as we will
see in Section 15. For the morphism Speck — Ajg given by G — Speck, we have 16) z ~

16l z X Ay Speck.

LEMMA 6.16. Let Z be a quotient stack [V/H] associated with a finite group action H ~V on
an algebraic space. For a Galoisian group G, we have

1<G>Z%[< I V“@)/H]z T V9 cuwa))

+€Emb(G,H) +€Emb(G,H)/H
and
11¢] z =~ K 11 VL(G)>/(Aut(G) X H)] o 11 V4D N («(G))] -
+€Emb(G,H) +t€Emb(G,H)/(Aut(G)xH)

Proof. We apply the same arguments as in the proof of Lemma 6.12 to BG = [Spec k/G], V1{¢) =
Homg,,. x(Speck, V) (the right side is the scheme of t-equivariant morphisms) and 14l z. O
For a formal DM stack X of finite type over Df, we have a morphism
Utge,, ()0 — 19(Ap)

as follows. Let S — D07@[G] be a morphism with S € Aff and Gg — S the associated group
scheme and

Eg := SQ[G] XDfe[G] S — X
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a representable morphism, which give an S-point of Utg@[G] (X)o. The given section S — Eg has

automorphism group scheme Gg. Therefore, we have a closed immersion B(Gg/S) < Es. We send
the above S-point of Utgg(X)o to the S-point of II¢!(X) defined by the induced B(Gg/S) — Xo
and Gg: S — A[G]'

By base change along the morphism Speck — A|g], given by a Galoisian group G, we get
a morphism

Utgo,, (X)o — I (Xp).

6.5 More on untwisting stacks

In this and the next subsection, we use a few notions from rigid geometry, for which we refer the
reader to [Abb10]. With a formal scheme X of finite type over Df, we can associate a coherent
rigid space X™8, which may be regarded as the “generic fiber” of X — Df.

DEFINITION 6.17 ([Abb10, Proposition 6.4.12]). Let U and V be formal affine schemes of finite
type over Df, and let f: V — U be a Df-morphism. We say that f is rig-étale if the induced
morphism f"8: V& — U8 of coherent rigid spaces is étale.

LEMMA 6.18. Let g: Z — Y and f: Y — X be morphisms of coherent rigid spaces.

(1) If f o g is étale and f is unramified, then f is étale.

(2) If f o g is étale, g is étale and the map (Z) — (Y') of sets of rigid points is surjective, then

f is étale.

Proof. (1) This is [Abb10, Proposition 6.4.3(vi)].

(2) Let y € (Y) be any rigid point, let z € (X) be its image, and let z € (Z) be a lift of y.
Let Z, denote the fiber of Z — Y over y, and similarly for Z, and Y,. By [Abbl0, Proposi-
tion 6.4.24(v)], the extensions Og, ./k(y) and Og, ./k(zx) are finite separable field extensions.
If m denotes the maximal ideal of Oy, ,, then since Oz, . is a field, we have mOyz, . = 0. Since

Oy, y — Oz, . is faithfully flat, it is injective. Therefore, m = 0 and Oy, , is a field. This is a
finite separable extension of k(z) since Oy, . is so. Therefore, f is étale. t

LEMMA 6.19. Let
vLo
V—=U
T
be a commutative diagram of formal schemes of finite type over Df. Suppose that the vertical

arrows are étale and surjective. Then f is rig-étale if and only if f is rig-étale.

Proof. 1f either f or f is rig-étale, then V — U is rig-étale. Since V — V is étale and surjective,
the map <V> — (V) is surjective. Now the “if” and “only if” parts follow from assertions (2)
and (1) of Lemma 6.18, respectively. O

DEFINITION 6.20. Let ) and X be formal DM stacks of finite type over Df. We say that a
Df-morphism Y — X is rig-étale if it fits into some 2-commutative diagram

V—=U

o

y—X

such that vertical arrows are atlases from formal affine schemes and the upper arrow is rig-étale.
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By Lemma 6.19, “some” in the last condition can be replaced by “any.”

LEMMA 6.21. Let G be a finite group, and let V be a formal scheme of finite type over Df with
an action of G. Then the natural morphism

Utg@G’L(V) XDf@G E@G —V x B¢
is rig-étale.

Proof. By the construction of O (see Definition 5.20), there exists an atlas T'= Spec R — Og¢
from a formal affine scheme which corresponds to a uniformizable torsor

Pr = Spec A — D7 = Spec R(t)) .
Let Er = Spf O4 — Dfr be its integral model, and let E"& — DfrTig be the induced morphism

of rigid spaces, which is an étale G-torsor.

Let Vo := V' xT. It suffices to show that the morphism of formal schemes Utgy,, (V') xpt, Er —
Vr is rig-étale. Here Utgr (V) := Utgg,, (V) xes T- By definition, Utgy (V') is the G-fixed
subscheme of the Weil restriction Rg, /b, (Vi Xpt, E). By [Ber00, Proposition 1.22], the rigid

space Utgy, (V)" is an open subspace of R Ve X pyprie Erig)G. It suffices to show that
’ T

Erie /Df 8 (
. . I'lg . rlg G . rlg rlg
0: R puie jppe (Vi X B ) X s B8 = Vp
is formally étale. Let us consider the commutative diagram of solid arrows

¢

S R

rig . rig G . Tig
(Vr X peris Eme) X perie K

Erig/Df;ig
£ -7 o (6.8)
. Ve,

where S < S’ is a thickening of coherent rigid spaces over Df?g. The S-point ¢ is given by the pair
(f,s) of a G-equivariant morphism f: S X mig B — V;® and a Df;®-morphism s: § — E"&.
. T
Since the G-torsor S X uis E™ — S has the section o := (idg, s), we have the decomposition
T
8 X s E'E =] go(9). (6.9)
geG

The morphism 6 sends the S-point ¢ to the S-point

R A
This 1 extends an S’-point ¢': S’ — VTrig. Thanks to the above decomposition (6.9), the mor-
peie B8 — Vp¥, which

E"&. On the other hand, since E"& — ngrig is étale, the morphism s

phism ¢’ uniquely extends to the G-equivariant morphism f’: S’ x

restricts to f on S x

Df7#
also uniquely extends to s': S’ — E'8. The pair (f’,s’) gives the unique dashed arrow fitting in
diagram (6.8). Thus 6 is formally étale. O

LEMMA 6.22. The morphism Utgg(X) xpt, o — X X © is rig-étale.

Proof. It suffices to show that for each Galoisian group G, the morphism

Utg@G(X) XDf(_)G EQG — X X @G
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is rig-étale. Moreover, by Lemmas 2.18 and 6.10, we can reduce to the case where X" is a quotient
stack [V/H] associated with a formal scheme V' with an action of a finite group H. Consider the
following 2-commutative diagram:

[Lermb(c,m Utges, (V) Xpig, Eog —V x O¢

| |

Utg@G(X) XDfe,, o X X Og.

Since the vertical arrows are étale and the upper arrow is rig-étale, we conclude that the bottom
arrow is also rig-étale. O

Remark 6.23. In the non-formal setting, the “untwisting stack” for a uniformizable G-torsor
does not change the generic fiber. Lemma 6.22 is an analog of this fact. More precisely, let X be
a (non-formal) DM stack of finite type over the genuine scheme D = Spec k[t], let T be an affine
scheme, and let Spec A — D7 is a uniformizable G-torsor. Consider the non-formal counterpart

Ur := Homp" ([Spec O4/G], X xp Dr)
of the untwisting stack Utg,(X). We have
Ur xp D* = Homp? ([Spec O4/G], X xp D7) xpy D}
= mﬁ;([SpecOA/G] Xps D, X xp Df)
= HowP([Spec A/G), ¥ xp Dj)
Hom!S? (D, & xp D)

gXXDD}.

I

In particular, if T = Spec k, the two D-stacks Uspecr and X share the generic fiber.

LEMMA 6.24. Let Y — X be a closed immersion of formal DM stacks of finite type over Df. The
induced morphism Utgg(Y) — Utgg(X) is a closed immersion.

Proof. For each G € GalGps, we prove that Utgo,, ) — Utg@[G](X) is a closed immersion.
By base change, it suffices to show that Utgg () — Utgg,(X) is a closed immersion. Let
"= [1,[W,/H,] — X be as in Lemma 2.18, which is a stabilizer-preserving, étale and surjective
morphism, and let )’ := Y xx X’. By Lemma 6.6, the diagram

Utge,, (V) = Utge,, (A7)

! }

Utge, (V) — Utgg,, (¥)

is 2-Cartesian. The upper arrow is a closed immersion by Lemmas 6.13 and 6.3. By Lemma 6.10,
the vertical arrows are étale and surjective. Therefore, the bottom arrow is also a closed immer-
sion. O

Let X be a formal DM stack of finite type and ) a closed substack of X defined by an ideal
sheaf 7 C Ox. Let },,) denote the closed substack defined by It We get an inductive system
of closed substacks

Y=Yo = Yoy =
We define the ind-DM stack X to be the limit ligy(n) and call it the completion of X along ).
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LEMMA 6.25. Let I' be a DM stack of finite type, and let I' — ©(g be any morphism. Suppose

Y C X, = X xp¢ Df,, for some m € N. Then Utgr (5('\) is the completion of Utgp(X) along
Uter(V;) for any i > §G — 1.

Proof. The stack Utgp (.5('\ ) is the limit of Utgr (), n € N, while the completion of Utgp(X)
along Utgp()(;)) is the limit of Utgr(Y))(ny, n € N. It suffices to show that for every n, there
exists an n’ such that

Utgr(Vim)) C Utgr (Vi) () (6.10)

Uter (Vi) () € Uter (Vi) - (6.11)

To show these, we may suppose I' = O|¢); in particular, we may suppose that I' is reduced.
Since Y C &y, the morphism Utgp(Y(y))rea — Dfr factors through Dr o and
Utgr(Vin) )red XDt T = Utgr(Y(n))red XDr o €T0 -
Let A be the nilradical of the structure sheaf of Utgp (y(n))red XDr o €10, which is the pullback
of the nilradical A of the structure sheaf of &r . Since (N')*¢ = 0, we have N*¢ = 0. Consider
the universal morphisms
u: Utgr(Yn))red XDty T = Vi) -

If 7 denotes the defining ideal of Y C J};), which is nilpotent, then w~'Z c N. It follows that
u1Z8¢ = 0. This means that u factors through V(#) whenever ¢ > §G — 1. In turn, this shows
that

Utgr (Vm)rea C Utgr (V) -
Inclusion (6.10) follows.

Inclusion (6.11) holds in a more general situation. For any closed substack Z C X, consider
the 2-commutative diagram

UtgF(Z) XDfp Er—Z
b
Utgr(Z) () Xpty &r & X

Let J and Zz be the defining ideals of the left and right vertical arrows, respectively. We have
b'Zz =0, ¢c'Zz ¢ J and J*"! = 0. Therefore, c‘lIZ;H = 0. This shows that ¢ factors
through Z,,). Therefore, Utgr(Z),) C Utgr(2(,)). In particular,

Utgr (Vi) ) € Utgr (Vi) m)) = Utgr (V1) (ns1)-1)) - O

6.6 Rig-pure formal stacks and flattening stratification
DEFINITION 6.26 ([Abbl0, §1.8.30, p. 43]). Let A be a k[t]-algebra. We say that A is rig-pure

if one of the following equivalent conditions holds:

(1) The element ¢ € A is not a zerodivisor.
(2) The localization map A — A; is injective.

(3) The scheme-theoretic closure of the open subscheme Spec A; C Spec A in Spec A is Spec A.

For a k[t]-algebra A, the associated rig-pure algebra of A, denoted by AP"™, is defined to be the
image of the map A — A;.
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This construction is characterized by the universality: the map A — APY is the universal
map from A to a rig-pure algebra.

LEMMA 6.27. Let A be an R[t]-algebra and A — B a flat homomorphism of rings. Then there
exists a natural isomorphism BPY & APY © 4 B. In particular, B is rig-pure if A is rig-pure, and
the converse is also true if A — B is faithfully flat.

Proof. This is [Abb10, Corollary 5.1.13 and Lemma 5.11.9]. For the sake of completeness, we
give a proof. Let C be an A-algebra which is rig-pure. Then the map C — C; is injective.
Applying — ®4B, we get a map C ®4 B — C; ®4 B = (C ®4 B);. Since A — B is flat, this
is injective, which means that C ® 4 B is rig-pure. We apply this to C' = APY and get that
AP ® 4 B is rig-pure. From the commutative diagram

A——2B

b

ur ur
Apur . ppur

we get a map AP" ® 4 B — BPY. By the universality of BP" this map has an inverse, and the
first assertion follows.

If A is rig-pure, then we have A = APY, which implies B = BPY, that is, B is rig-pure.
Conversely, if B is rig-pure, then B = A ®4 B — APY ® 4 B = BPY is an isomorphism. Now, if
A — B is faithfully flat, this implies that A — APY is also an isomorphism and A is rig-pure. [

LEMMA 6.28. Let A be a R[t]-algebra. Suppose that AP is flat over R[t]. Then, for any ring
map R — S, we have AP" ®@pgp S[t] = (A @gpgq S[E])P™.

Proof. Asabase change of A — AP"™ — A;, we get Ag — (AP")g — (Ag)¢, where the subscript S
means the base change by R[t] — S[t]. Therefore, we get surjective maps Ag— (AP")g— (Ag)P"".
If (Ag)ttor denotes the submodule of ¢-torsions of Ag, we have

(AS)t-tor = KeI'(AS — (As)pur) D) KGT(AS — (Apur)s) D) (AS)t-tor .

The last inclusion holds since (AP")g is flat over S[t] as well as over k[t] and has no ¢-torsion.
Thus the two kernels are equal. It follows that (AP")s — (Ag)P"™ is an isomorphism. We have
proved the lemma. O

COROLLARY 6.29. Let X be a formal DM stack of finite type over Df. Then there exists a unique
closed substack XP"" C X such that for any flat finite-type morphism Spf A — X', the scheme-
theoretic preimage of XP" in Spf A is Spf AP,

Proof. Let Spf B — X be an atlas. By Lemma 2.10,
Spf B x x Spf B (= @(Spf B)n X x, (Spf B)y)

is a formal affine scheme of finite type; we write this as Spf C. The groupoid Spf C = Spf B in-
duces the groupoid Spf CP" = Spf BPY. Let APY be the stack associated with the last groupoid,
which is regarded as a closed substack of X. We show that this satisfies the desired property.
Let Spf A — X be a flat finite-type morphism. Let Spf R := Spf A xy Spf B. The preimage
of XPY in Spf B is Spf BP"™ by construction. Since B — R is flat, by Lemma 6.27, the preimage
of AP in Spf R is Spf RP". Since Spf R — Spf A is étale and surjective, a closed subscheme of
Spf A is uniquely determined by its preimage in Spf R. The preimage of XP" in Spf A and the
closed subscheme Spf AP"" C Spf A are both pulled back to Spf RP". Therefore, the two closed
subschemes are the same. The uniqueness of XP" is clear. O
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DEFINITION 6.30. We call XPY in the last corollary the associated rig-pure stack of X.

LEMMA 6.31. Let X be a DM stack of finite type, and let Z — Dfy, be a morphism of formal

DM stacks of finite type over Dfy,. Suppose that ZP" is flat over Dfy;. Then, for any morphism
of DM stacks ¥’ — 3, we have (Zx/)P" = (ZP")yy.

Proof. This is a direct consequence of Lemma 6.28. O

LEMMA 6.32. Let 3 be a reduced DM stack of finite type, and let X be a rig-pure formal stack
of finite type over Dfy,. Then there exists an open dense substack ¥° C ¥ such that the induced
morphism X Xy ¥° — Dfyo is flat.

Proof. By the base change along an atlas S — X, we can reduce the lemma to the case where X is
a scheme. Restricting to an irreducible component of 3, we may further assume that X is integral.
Let n — X be its generic point. Since & is rig-pure over Dfy,, the morphism X xyx n — Df,, is
flat. Let U C |X| be the flat locus of the morphism X — Dfy, which is an open subset by
[Abb10, Corollary 5.3.10]. The image of |X|\ U in |¥| = |Dfy| is a constructible subset which
does not contain the generic point. Removing the closure of this image, we obtain an open dense
subscheme 3° C ¥ having the desired property. O

COROLLARY 6.33. Let X be a DM stack of finite type, and let Z be a formal DM stack of
finite type over Dfy. Then there exist finitely many locally closed reduced substacks ¥; — X,
i € I, such that |X| = | |;c; |%;| and for every i € I, the associated rig-pure stack (Zx,)P"" of
Zy, = Z Xx %; is flat over Dfy,.

Proof. This follows from Lemma 6.32 and the fact that || is a Noetherian topological space. [

DEFINITION 6.34. For a formal DM stack X of finite type over Df and for each @Fg], we take
[r] [r] ]| _ [r]
locally closed reduced substacks @[G]’i - @[G} such that ‘@[G]‘ =1, }@[G},i‘ and Utgg{gw()()pur

is flat over Df @{g]ﬂ.. For each GG, we write F[G] = I—[[I‘Li @{gm

r|,i

6{2]]72 We Write FX = F = H[G],[
and ' :=I'g] X 44 Spec k.

Thus I' = 'y is a DM stack of finite type given with a morphism I' — © such that the map
IT'| — |6, as well as the maps I'[K] — O[K] for algebraically closed fields K, is bijective and
Utgp(X)P™ is flat over Dfr.

For a tame cyclic group Cj, we have
F[Cl} = @[Cl] = A[Cﬂ and FC; = @Cl = ACZ .
In particular, I' contains A¢ame as an open and closed substack.

LEMMA 6.35. Suppose that X is flat over Df and has pure relative dimension. Let I' = 'y be as
above. Then Utgp(X)P" has pure relative dimension over Dfr equal to the relative dimension
of X over Df.

Proof. This follows from Lemma 6.22. O

PROPOSITION 6.36. Let Y be a formal DM stack of finite type over Df and X a formal algebraic
space over Df. Let f: Y — X be a Df-morphism, and let I' = I'y be as in Definition 6.34. For
each locally finite-type morphism of DM stacks ¥ — I', there exists a Df-morphism

f®: Utgg )P — X
satisfying the following properties:
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(1) If Spf A — Utgy (V)P is a flat morphism corresponding to a representable morphism
Es Xpty, Spf A — Y, then the morphism Spf A — Y — X deduced from this by taking
coarse moduli spaces is the same as the composition Spf A — Utgs,(V)P™ — X. Here ) is
the coarse moduli space of ). (Note that since Spf A — Dfy, is flat, by Lemma 2.13, the
coarse moduli space of &, xpg,, Spf A is Spf A.)

(2) For a locally finite-type morphism ¥’ — ¥ of DM stacks, the composition

utg

Uty (V)P — Uty (V)P 2= X
is the same as fy®.

Proof. Let W — T' be an atlas, let U := Utgp(Y)P"™ and Uy := Utgy (Y)P™, and let Vo —
Uw be an atlas from a formal scheme and Vi := Vi xiy Vi so that we have the groupoid in
formal schemes Vi = V4. The morphisms V; — U, i = 0,1, correspond to representable Df-
morphisms 7;: &r Xpg. Vi = Ew Xxpry,, Vi — Y. The coarse moduli space of &y is Dfyy. Since
Vi — Dty is flat, by Lemma 2.13, the moduli space of £ X p¢,. V; is V;. Therefore, the morphisms
fovi:ér xpgp Vi = X induce morphisms g;: V; — X. The morphisms §; define a morphism
(Vi = W) — (X =2 X) of groupoids. Finally, this induces a morphism of the associated stacks,

U=W/Vol = X =I[X/X].

For any morphism > — I, by base change, the groupoid Vi = Vj induces a groupoid Vi 5; = Vo &
whose associated stack is Utgy,(V)P". We define Utgy,(f) to be the stack associated with the
morphism of groupoids (Vi x, = Vo n) = (X =2 X). We easily see that these morphisms satisfy
the desired properties. O

Remark 6.37. The reason why we need a flattening stratification as in Corollary 6.33 and Defini-
tion 6.34 is that the coarse moduli space does not commute with non-flat base change in the case
of wild DM stacks. This prevents us from having a natural morphism Utgg()) — Utgg(X). For
instance, a Dp ,-point of Utgg(Y) over Dg,, < Dfpg, a typical non-flat morphism, corresponds
to a representable morphism &, = [E,,/G] — Y for some G-covering E — Dfg. But the G-action
on F, may be trivial, and the coarse moduli space of &, may be E, rather than Dg,. Thus we
would get a morphism FE,, — X rather than a desired morphism Dpg, — X.

Remark 6.38. For a morphism ) — X of formal DM stacks of finite type over Df and for
a suitable choice of I'yy and I'y, we would like to have a morphism

Utgr,, (V) — Utgp, (X).

However, obtaining this was technically difficult, and we are content with restricting ourselves
to the case where X is a formal algebraic space.

7. Stacks of jets and arcs

In this section, we first define stacks of untwisted jets and arcs on formal DM stacks. Next we
define stacks of twisted jets and arcs, using untwisting stacks and stacks of untwisted jets and
arcs.

DEFINITION 7.1. Let & be a DM stack almost of finite type and X a formal DM stack of finite
type over Dfg. For n € N, we define the stack of (untwisted) n-jets on X, denoted by Jg , X
or J, X, to be the Weil restriction Rp, /¢(Xn). Namely, J,, X is a fibered category over ® such
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that the fiber category over an S-point s: .S — ® is
(Jn X)(S) = HOIHDS,n (Ds,n, Xn X S) = HOHlDf<I> (DS,m X) .

LEMMA 7.2. The stack J, X is a DM stack almost of finite type, and the morphism J, X — ®
is of finite type.
Proof. We claim
Jn & = Homeg (Do ny Xn) X Homg (D De.n) P
where ® — Homg (D4 5, Dg 5,) is the morphism induced by the identity morphism Dfg ,, — Dfg .
For an object s € Dg ,(.5), if {s} denotes the category consisting of s and its identity morphism,
then
(Homg (Do ,n, Xn) XHomy (D Da.) P)(8) = Homg(Dgp, Xn X S) XHomg(Ds,,.Ds.) 15}
= HomDs,n (DS,m Xn X P S)
= (Jn X)(s).

Thus the claim holds. Applying Lemma 6.5 to each connected component of ¢, we get the
lemma. O

For n = 0, we have Joo X = Ap. For n > m, the closed immersion D,, < D, induces
a morphism 7)), : J, X — J,,, X.
LEMMA 7.3. The morphism 7!, is representable and affine.

Proof. For an atlas U — ®, we have (Jo n X) Xo U = Jy,(X X U). Therefore, we may suppose
that ® = U is a scheme. For an atlas V' — X, we have (Jy, X) xx V = Jy,, V as in the case of
étale morphisms of schemes. Indeed, for the 2-commutative diagram of solid arrows

Spec R

[ |

Spec R[[t]]/(t;“) — X,

there exists a unique dashed arrow fitting into the diagram. This shows the last isomorphism.
Thus we may also suppose that X = V is a formal scheme. The problem is now reduced to the
case of formal schemes. The lemma is well known in this case (see for instance [CNS18, §3.3.4,
p. 249]). O

From this lemma, we get a projective system (J, X, 7" ) of DM stacks almost of finite type
having affine morphisms as transition morphisms. Therefore, the projective limit

Jooo X =Jo X 2ZI'£1JnX
exists and is a DM stack.

DEFINITION 7.4. We call Joo X the stack of (untwisted) arcs on X.

A point of |Joo X| corresponds to an equivalence class of pairs of a geometric point Spec K — &
and a lift Df x — X of the morphism Dfx — Dfg.

Stacks of untwisted jets are functorial in X'. Let ¥ and ® be DM stacks almost of finite type,
and let ) and X be formal DM stacks of finite type over Dfy and Dfg, respectively. Let ¥ — &
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be a morphism, and let f: )Y — X be a morphism compatible with the induced morphism
Dfy — Dfg. Then we obtain a morphism

fn: J\P,ny — J@,n X
compatible with ¥ — ®. This sends an S-point of Jy , Y given by a pair (S — ¥,Dg,, = V) to
the induced pair (S = ¥ — ®,Dg,, - Y — &).

DEFINITION 7.5. A twisted arc of X is a representable morphism £ — X', where £ is a twisted for-
mal disk over some algebraically closed field. We say that two twisted arcs £ — X and &' — X, say
over K and K’, are equivalent if there exist morphisms Spec K” — Spec K and Spec K" — Spec K’
with K" an algebraically closed field and an isomorphism Ex» — &}, such that

EK// — 5}{//

N

X

is 2-commutative.

DEFINITION 7.6. Let & be a formal DM stack of finite type over Df, and let I' = 'y be as in
Definition 6.34. For n € N, we define the stack of twisted n-jets on X', denoted by Jr ,X or J,X,
to be Jp , Utgp(X)P™. We define the stack of twisted arcs on X, denoted by Jr oo X or T X, to
be Jr oo Utgp(X)PU.

Let K be an algebraically closed field, let E — Dfi a G-cover for some Galoisian group G
corresponding to a K-point e: Spec K — T, and let £ = [E/G] be the induced twisted formal
disk. We have

(JooX)(e) = lim Hompg (D n, Utgspee i (X))

= HOIan(DfK, Uthpec K(X)pur)

= Home(Dva Uthpec K(X))

= %in Home(DKJ“ UthpecK(X))

= lim Hompy (€, X)

= Hompf (€, X).
It follows that the point set |7 X| is in a one-to-one correspondence with the set of equivalence
classes of twisted arcs of X'. This also shows that |7 X| is independent of the choice of T

Over the component Speck = Ay C I' corresponding to the trivial Galoisian group G = 1,
we have

Utgy,, (X) = Hom{F(Df, X) = X .
Therefore, the stack of untwisted arcs Jo, X is regarded as an open and closed substack of JuoX.

If f: YV — X is a morphism from a formal DM stack ) to a formal algebraic space X which
are both of finite type over Df, then we have the map

which sends the class of a twisted arc £ — Y to the class of the arc Df x — X obtained from the
composite & — Y — X and the universality of the coarse moduli space &€ — Df. This map is
nothing but the map

(f"8)o0t [Joo Utgp (V)] = oo X1,
which is associated with the morphism f%: Utgp()) — X obtained in Proposition 6.36.
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8. Jacobian order functions

In this section, we define Jacobian order functions, denoted by j, of formal DM stacks and of
morphisms between them.

Let ® be a DM stack of finite type, and let X be a formal DM stack flat and of finite type
over Dfg.

DEFINITION 8.1. For a field K, let
ord: K(t) — Z U {oo}

be the order function (the normalized additive valuation) with convention ord 0 = co. For a finite
extension L/K(t]) of degree r, we continue to denote by ord the unique extension of ord to L,
which takes values in 2Z U {oo}. Let Op, be the integral closure of K[t] in L. For an ideal I
of Oy, say generated by a, we define ord I := ord a.

DEFINITION 8.2. Let Z be a coherent ideal sheaf on (the small étale site of) X'. For a finite
extension L/K (t) and a Df-morphism 3: Spf Oy — X, the pullback 3717 is an ideal of Or, and
we define
1
ordz(B) :=ord 3T € ~Z U {0} .
T

For a twisted arc v: £ — X with £ defined over K, let us take a finite Df g-morphism Spf Oy — &£
for some finite extension L/K (t), and let 8: Spf O — £ — X be the composition. We define

ordz(7y) := ordz(B) .

The last definition is independent of the choice of Spf O — &£. This follows from the fact that
if B: Spf O, — X is a morphism as above and ': SpfOp — Spf O, — X is the one deduced
from ( and a finite extension L'/L, then ordz(3) = ordz(8').

We use sheaves of differentials. This well-known notion for schemes is generalized to formal
schemes (see for instance [TLR07, CNS18, Abb10]). We generalize it further to formal DM stacks.

DEFINITION 8.3. We define the sheaf of differentials of X over Dfg, denoted by Qy/pr,, as
follows. For each atlas u: U — X from a formal scheme which fits into a 2-commutative diagram

U—X

Voo

Dfr — Dfg

for some atlas 7' — @, the sheaf Q0 /pg, is independent of the choice of 7" — ®; we denote it
by Qp/pt, - For such an atlas U — X, the morphism U xx U — X is also an atlas satisfying the
same condition. For projections p1 p2: U xx U = U, we have canonical isomorphisms

PIQ/DEy = Q2 u/Ds = P22 /Dy -
We define Qxpy, to be the coherent Ox-module associated with these data.
DEFINITION 8.4. Suppose that X has pure relative dimension d over Dfg. We define the Jacobian
ideal sheaf Jacy pr, C Ox to be the dth Fitting ideal sheaf of {2y pr, . We denote the associated

order function ordjac, /by OO |TooX| by jx =jx /®- The singular locus of X over ® is the closed
substack defined by Jacypt,; it is denoted by Xging.

DEFINITION 8.5. We say that for a formal DM stack X of finite type and flat over Df i with K
a field, a closed substack Y C X is narrow if for every geometric point y: Spec L — Y, we have
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dim Oy , < dim Oy ,. When ® is a DM stack almost of finite type and & is a formal DM stack
of finite type and flat over Dfg, we say that a closed substack Y C X is narrow if for every

geometric point Spec K — @, the fiber product ) x¢ Spec K is a narrow closed substack of
X xg Spec K.

DEFINITION 8.6. We say that X is fiberwise generically smooth over Dfg if X C & is narrow.

Remark 8.7. When & = Speck and X is a formal affine scheme Spf A, the formal scheme X
is said to be rig-smooth [Abb10, Definition 1.14.7] if we have the inclusion V' (Jacy,ps) C V (2)
of closed subsets of Spec A, where we regard Jacy ps as an ideal of A. When X is rig-pure,
“rig-smooth” implies “generically smooth,” but the converse is not true.

If X is fiberwise generically smooth and has pure relative dimension d over Dfg, then Qy /pg,
has generic rank d and Qf\,/qu) = /\d Qux/pf, has generic rank 1. (By this, we mean that for
every étale morphism u: Spf A — X, the associated A-module has the indicated generic rank.)

DEFINITION 8.8. Let ¥ — ® be a morphism of DM stacks almost of finite type. Let } and X
be formal DM stacks of finite type, flat and fiberwise generically smooth over Dfy and Dfg,
respectively, both of which have pure relative dimension d. Let f: )Y — X be a morphism
compatible with Dfy — Dfg. Let v: £ = [E/G] — Y be a twisted arc, let §: E — Y be the
induced morphism, and let Og be the coordinate ring of E. Suppose that we have jy ¢ (3) < oo
and jy /o (f o B) < oo. Let

b *
B ey = (8795 pr, ) /tors
(f 0B e, = ((f 0 B)" % /py, ) /tors
be flat pullbacks, which are free Og-modules of rank 1. We define
b
B Q;C)lz/qu,
Im((f o 5)m§lc/qu, - 5"(2%,/%)

When either jy g (8) = 00 or jy/a(f o §) = oo, we define j¢(v) = jf(B) := oo.

ir(v) =ip(8) == ﬂélength € NU {oo}.

Similarly, we define
8"y piy = (8" Qy e, ) /tors,
(f ©B)" Qe /pry == ((f © B)*Qx/pry ) /tors,

which are free Og-modules of rank d. For suitable bases, the map (f o B)bQ X/Dfp — ﬁbﬂy /Dy
is represented by a diagonal matrix diag(7®!,..., 7% ), where 7 is a uniformizer of O and we

have §G - j¢(vy) = Ele a;.

DEFINITION 8.9. We define the Jacobian ideal sheaf Jacy C Oy of f to be the Oth Fitting ideal
of Qy/(xxqw)-

LEMMA 8.10. We have jf < ordjac,. Equality holds if Y is smooth over Diy.

Proof. We first recall two properties of Fitting ideals. Firstly, Fitting ideals commute with base
change [Eis95, Corollary 20.5]. Secondly, for a discrete valuation ring R with maximal ideal ()
and for an R-module M = R®" & @2:1 R/(m%) of rank r, we see

Fitt, (M) = (=1 %)

219



T. YASuDA

by a direct computation. From these properties, we have
#G - ordjac, (8) = length 8*Qy/xy pw) - (8.1)
Consider the exact sequence
(f o B)* Qe — B*Qy/pry — By jxxgw) = 0.

The map « induces (f o 6)bQX/qu) — BbQ)}/Df\P by taking quotients by the torsion parts. If this
is represented by a diagonal matrix diag(7n®,...,n%), then since its cokernel is isomorphic to
@le Og/(m%), we have

B Qy iy
Im((f o ﬁ)bQ)(/qu) — ﬁbe/qu,) '

The last quotient module is a quotient of Coker(a) = v*Qy /xy v The first assertion follows
from (8.1) and (8.2). If Y — Dfy is smooth, then v’Qy pg, = 7*Qy/py, and

4G i (B) = length (8.2)

YDy /Dty
Im((f © 8)°Qx/pry — B°Qy/dry)

which shows the second assertion. O

=7V Qy/x %

LEMMA 8.11. Let f: Y — X be as above, and let g: Z — ) be another morphism satisfying
the same condition. Let $: Spf O, — Z be a Df-morphism for L/K(t) as before. Let By =
gofB: SpfOp — Y and By = fogo~: Spf O — X be the induced morphisms. Suppose that
iz(B), 1y(By) and jx(Bx) have finite values. Then

170g(P) =g (B) +if(By)-

Proof. Let r := [L : K(t)], and let m C O be the maximal ideal. Suppose that Z is defined
over Dfy. We have

(BY) g, = " BOZ e
(BX)bQi'/Df(I) — mjfog(ﬁ)TBdeZ/Df-r ,
(ﬁX)ng(/qu) = mjf(ﬁy)r(ﬁy)bﬂgi/mq, .

The first and third equalities imply (BX)deX/qu) = mjf(ﬁy)r‘*'jg(ﬁ)rﬂdeZ/DfT. Comparing this

with the second, we get the lemma. O

9. Grothendieck rings and realizations

In this section, we define several rings constructed from the Grothendieck ring of varieties. We
will define motivic measures to take values in these rings in later sections.

DEFINITION 9.1. For an algebraic space S of finite type over k, we denote by Varg the category of
algebraic spaces of finite type over S. We define Ky(Varg) to be the quotient of the free Z-module
generated by isomorphism classes {X} of X € Varg modulo the scissor relation: if Y C X is
a closed subspace, then {X} = {X \ Y} + {X}.

Remark 9.2. We do not use the usual notation [X] to avoid the confusion that the symbol [X/G]|
would have two meanings, a quotient stack and the class of a quotient space X/G in the
Grothendieck ring.
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Remark 9.3. The usual definition of the Grothendieck ring of varieties uses schemes rather than
algebraic spaces. But every algebraic space X of finite type admits a stratification X = | |, X;
into finitely many locally closed subspaces X; which are schemes. Therefore, the use of algebraic
spaces causes no essential difference. But algebraic spaces are more natural for our purpose
because they appear as coarse moduli spaces of DM stacks.

Remark 9.4. One may consider the Grothendieck semiring instead of the Grothendieck ring
so that one can obtain slightly finer invariants (see for instance [Yas06, §3.1, p. 725], [CNSIS,
Chapter 2, Definition 1.2.1]).

The scissor relation in particular implies that {X} = {X,cq}. For a constructible subset C
of X € Varg, if C = ||, C; is a decomposition into finitely many locally closed subsets, then
we define {C'} :=>"" {C;} € Ko(Varg), which is independent of the decomposition.

The additive group Ko(Varg) becomes a commutative ring by the multiplication {X }{Y'} :=
{X xsY}. We denote {Ag} € Ky(Varg) by L. For a positive integer r, we define a ring Ky(Varg),
by adjoining an rth root LY/ of L formally. Namely, Ko(Varg), = Ko(Varg)[z]/(z" — L), and
we denote the class of z by L'/". We define Mg and Mg, to be the localization of Ky(Varg)
and Ky(Varg), by L, respectively.

DEFINITION 9.5. We say that a morphism f: Y — X between algebraic spaces of finite type
is a pseudo-A"-bundle if for every geometric point z: Spec K — X, its fiber is universally
homeomorphic over K to A’ /H for some finite group action H ~ A’. In particular, a universal
bijection Y — X between algebraic spaces of finite type is a pseudo-A’-bundle. More generally,
let f: Y — X be a morphism between DM stacks of finite type, and let D C |Y| and C' C |X| be
constructible subsets with f(D) C C. We say that the map f|p: D — C is a pseudo-A"-bundle if
there exist stratification D = | | ; D; and C = | | ; C; into locally closed subsets such that for
every i, we have f(D;) C C; and if D; C Y and C; C X are the associated reduced locally closed
substacks, then the induced morphisms of coarse moduli spaces, D; — C;, are pseudo-A"-bundles.

DEFINITION 9.6. We define the quotient group Ky(Varg)!. by the following relation: for a pseudo-
A"-bundle Y — X of algebraic spaces of finite type over S, we have {Y'} = {X}L".

In particular, for a universally bijective morphism ¥ — X in Varg, we have {Y} = {X}
in Ko(Varg),. If X is a DM stack of finite type over S and X is its coarse moduli space, then
we define {X} := {X} € Ko(Varg),. If C C |X| is a constructible subset, then we define
{C} € Ko(Varyg), either as the class {C'} of the image C' C |X| of C or as Y1 {C;} for locally
closed substacks C; C X such that C' = | |, |C;|]. These coincide thanks to the relation above.
Indeed, if C; C X is the image of C;, say with the structure of a reduced algebraic space, then
the morphism C; — C; is a universal homeomorphism and {C;} = {C;}. We define M's and M,
to be the localizations of Ky(Varg) and Ko(Varg). by L, respectively. 7

LEMMA 9.7. Let S be an algebraic space of finite type, let Y and X be DM stacks of finite type
over S, and let D C |Y| and C C |X| be constructible subsets. Let f: ) — X be an S-morphism
such that f(D) C C and f|p: D — C is a pseudo-A%-bundle. Then, for every positive integer r,
we have

{D} = {C}L? € Ko(Vars).,.
Proof. We take stratifications D = | |; D; and C' = | |, C; as in Definition 9.5. We then have

{Dy =3 (i} =D {Di} = Y {CILt = {Ci? = {3 O
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For a morphism f: S — T between algebraic spaces of finite type, we have a map Ky(Varg) —
Ko(Varr) sending the class {¢: X — S} of an S-space to the class {fo¢: X — T} of the induced
T-space. This induces maps Ko(Varg)" — Ko(Vary)' and M’y — M’.. We denote these maps
by fS_>T. When T = Spec k, we also denote them by fS. We call them integration maps.

Next consider the case where S is only locally of finite type over k. We define
M/S = hglM/U )
U

where U runs over quasi-compact open subspaces of S. Let f: S — T be a morphism between
algebraic spaces, locally of finite type over k. Let U C U’ € S and V C V' C T be finite-type
open subspaces such that f(U) C V and f(U’) C V'. Then we have the following commutative
diagram of integration maps:
M/U — Mb/

Therefore, taking limits, we get the integration map [ .1 Mg — M7

Given an S-scheme X which is of finite type over k, we define {X} € M in the obvious
way: If a finite-type open subset U C S contains the image of X, then {X} € Mls,r is defined
to be the image of {X} € Mj;,.. For n € 17, we also define {X}L" € M, to be the image
of {X}L" € My;,.. Then MY . is generated by elements of this form.

For m € %Z, we define F),, C M’S’T to be the subgroup generated by elements of the form

{X}L", n € 1Z, such that dim X +n < —m. Here dim X means the dimension of the scheme X,
not the relative dimension over S. These groups form a descending filtration of ./\/l/sm. We define

/@::l'&n S/ Fm -

The integration map |, g_,p extends to the completions:

M s M
/ : Mg, = My,
S—T

To extract cohomological or numerical data from elements of the Grothendieck ring of varieties
or rings derived from it as above, one often considers realization maps. We first consider the [-adic
realization. Suppose that k is finitely generated. Let [ be a prime number different from p. Let
Gr = Gal(k*P/k) be the absolute Galois group of k, and let WRepg, (Q;) be the abelian
category of mixed [-adic representations of Gy (see [NS11, Example 2.9, p. 152]). With this
abelian category, we associate the Grothendieck group Ko(WRepg, (Q;)) which has the ring
structure induced by tensor products. We then have the realization map

Ko(Varg) — Ko(WRepg, (Q1), {X}— xi(X):= Z(—l)i[Hf:(X/;,Qz)] : (9.1)

This extends to a map of complete rings
M, — Ko(WRepg, (Q1)) - (9.2)
Here the completion K (WReka (Ql)) is with respect to a filtration defined in terms of weights.

LEMMA 9.8. Let X be a DM stack of finite type and X its coarse moduli space. Then, for
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every i € Z, we have isomorphisms of cohomology groups (with compact support)
H'(Xp, Q) = H' (X, Qi) and  Hi(Xp, Qo) = H (A, Qi)
which are compatible with Gal(k/k)-action.

Proof. We literally follow the proof of [Sun12, Proposition 7.3.2], a similar result for Q;-coefficient
cohomology of stacks over a finite field. Let w: X — X be the given morphism. Since 7 is proper
and quasi-finite, R*mQ; = R, Q; = 0 for 4 > 0. Moreover, the natural map Q; — 7.Q; = mQ,
is an isomorphism. The proposition follows from the degeneration of the spectral sequences
H' (X5, Rim Q) = H (X}, Q) and HL(Xj, RImQ;) = HEV (A%, Q). O

LEMMA 9.9. Let f: Y — X be a representable morphism between DM stacks of finite type,
and let d € N. Suppose that for every geometric point Spec K — X, the fiber Y Xy Spec K is
isomorphic to A% over K. Then

HIP24(Y, Q) = HL(XG, Qi) (—d) -

Proof. Since Hfl(A%,QZ) = 0 for i # 2d, we have R'fiQ; = 0 for i # 2d, and the trace map
R2?£,Q;(d) — Qy, see [Ols15, Theorem 4.1], is an isomorphism. Thus

HEP2 (g, Qu) 22 H (A5, R* i) 22 Hy(Xg, Qi) (—d).- O
LEMMA 9.10. For a finite group action G ~ A¢, we have

H.((AL/G) ;. Q) = HL(A], Q) = {Sl(_d) (i = 2d),

Proof. We have
H((A%/G)p Qi) = H([AY/G Qu) = HE?((B Gy, Qu)(—d) = He > (Speck, Qi) (—d),

where the first and last isomorphisms follow from Proposition 9.8 and the middle one from
Lemma 9.9. O

LEMMA 9.11. Let f: Y — X be a representable morphism between DM stacks of finite type,
and let d € N. Suppose that for every geometric point Spec K — X, the fiber J X x Spec K is
universally homeomorphic to AC}( /G over K for some finite group action G A% over K. Then

HP2 (Vg Qi) = Hy(X, Qo) (—d) -
Proof. Thanks to Lemma 9.10, the same proof as that of Lemma 9.9 is valid. 0

In particular, this shows that for a pseudo-A"-bundle Y — X, we have

xi(Y) = xa(X)xi(Ay) = xi(X)[Qi(=r)] -
Therefore, maps (9.1) and (9.2) induce maps
Ko(Vary)' — Ko(WRepg, (1)), M} — Ko(WRepg, (Q)).
For each r € N, we also have a map

//\
k7

M, — KO(WR;p\Gk(@Z))

T
Here we define Ko(WRepg, (Q;)), by formally adjoining an rth root of [Q;(—1)] = x;(A}). If
there exists a 1-dimensional representation V€ WRepg, (Q;) such that V& = Q;(—1), then we
also have a map

re

o —

M;,, — Ko(WRepg, (Q))
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sending L'/ to [V]. By [Ito04, §5.3, p. 1510], such a V exists if we replace the base field k with
a finite extension of it.

Similarly, when k is a subfield of C, we can define
'Y
k’

M, — Ko(MHSY™ |

T

where MHS'/" is the abelian category of %Z—indexed mixed Hodge structures [Yas06, §3.8,
p. 741].

Over any field k, we have the Poincaré polynomial realization
My, — Z[T][177]
(see [Nicll, Appendix]). When £ is a subfield of C, we also have the E-polynomial (Hodge-Deligne
polynomial) realization,
@ N Z[ul/r7vl/r] [[ufl/rj Ufl/rﬂ )
For other realization maps, we refer the reader to [NS11, CNS18].

10. Motivic integration for untwisted arcs

In this section, we develop the motivic integration over formal DM stacks by restricting ourselves
to untwisted arcs. We can do this in a way quite similar to that used in the less general cases of
schemes and formal schemes. Throughout the section, we make the following assumption.

ASSUMPTION-NOTATION 10.1. Let ¥ and ® be reduced DM stacks almost of finite type, and
let Y and X be formal DM stacks of finite type and flat over Dfy and Dfg, respectively, which
have pure relative dimension d and are fiberwise generically smooth. Let ¥ — ® be a morphism,
and let f: )Y — X be a morphism compatible with Dfy — Dfg. We suppose that the Jacobian
ideal sheaf Jacy defines a narrow closed substack of ).

We also fix a positive integer r so that functions on arc spaces and motivic measures will take
values in %Z U {oo} and M7, , respectively.

We first note that for an étale morphism V — X from a formal scheme and a geometric point
Spec K — ®, we have

(JnX) xx Vo=J,V and (Jon, V)Xo Spec K = Jspec kn(V X o Spec K) .

Therefore, we can often reduce problems on untwisted arcs and jets to the case of formal schemes
over Df i, which was treated in [Seb04, CNS18]. We denote the morphism Joo X' — J,, X by 7,,.

DEFINITION 10.2. Let C' C |JxoX| be a subset. We say that C' is cylindrical of level n (n € N)
if there exists a quasi-compact constructible subset C,, C |J,,X| such that 7, 1(C,) = C. We say
that C is cylindrical if it is cylindrical of level n for some n € N.

Note that by [CNS18, Appendix, Proposition 1.3.3], a subset C' is cylindrical if and only if it
is a quasi-compact constructible subset.

DEFINITION 10.3. We say that a subset C C [JooX| is stable of level n if

(1) C is cylindrical of level n and
(2) for every n/ > n, we have that 7, (C) — m,(C) is a pseudo-A%-bundle.

We say that C is stable if it is stable of level n for some n € N.
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DEFINITION 10.4. Let Z be an algebraic space almost of finite type, and let & — Z be a
morphism. For a stable subset C of level n, we define its measure by

e 2(C) = {ma(CYL™™ € My, .
Clearly, we have [, ux z(C) = px(C).
For a cylindrical subset C and e € N, let
o = {ceC|jx(c) <e}.
By Lemma 10.15 below, this is a stable subset.
DEFINITION 10.5. For a cylindrical subset C, we define
px,z(C) = lim py 7 (C).
The limit exists by the same argument as in [DL02, Appendix A.2].
Recall thi\ ﬂ; is defined as the completion QHM’ZT /Fpm. This has the filtration F.@
given by F, M = @n>m Fo./F,.
DEFINITION 10.6. We define the seminorm

—

7 R, amlaf =277,
where m is the largest m € %Z such that a € F;,, M’, .

For an element {V}L", r € L7, we have ||[{V}L"| = 24™mV*" which is independent of Z.
DEFINITION 10.7. A subset C' C |JoX| is said to be measurable if for every e > 0, there exist
cylindrical subsets C'(¢) and A;(¢), i € N, such that (CAC(€)) C |J; Ai(e) and [[px,z(Ai(e))|| <€
for every 7. For a measurable subset C, we define

NX,Z(C) := lim /L/\gz(C(E)) S M/Zr .
e—0 ’
We define a negligible subset to be a measurable subset of measure zero.

Note that ||px,z(—)|| is independent of Z. Therefore, the measurability and negligibility are
also independent of Z. Clearly, cylindrical subsets are measurable. We have a map

px,z: {measurable subset of |Joo X'|} — H’Z\T

Let Cj, i € N, be a countable family of mutually disjoint measurable subsets of |JooX|. Then | |, C;
is measurable if and only if lim; o ||, z(Ci)|| = 0 (see [CNS18, Chapter 6, Proposition 3.4.3]).

If this is the case, we have
Hx.z < |_| Ci) = Z px.z(C).

LEMMA 10.8. Let Z C X be a narrow closed substack. Then |JoZ| C |JooX| is negligible.
Proof. This is known for the case of formal schemes over Df ¢ and essentially follows from the

fact that fibers of the map

7rn+1(|jooZD — Wn(‘jOOZD
have dimension less than d. We can show that this fact also holds in our situation; we can reduce
it to the classical case by the base change along Spec K’ — ® and an atlas V — X x4 Spec K.
The fact similarly also implies the lemma in our situation. O
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DEFINITION 10.9. Let A C |JooX| be a subset and h: A — 1Z U {cc} be a function. We say
that h is measurable if there exists a decomposition A = | |,y 4; into countably many measurable
subsets such that for each 4, the restriction h| 4, is constant and if h(A4;) = oo, then A; is negligible.
If h is measurable, then for A; as above, we define

/ALh d,u;(,Z = ZMX’Z(Ai)Lh(Ai) S M/Z,r U {OO} .
€N

This is independent of the decomposition A = | |; A;. For a morphism Z — Z’ of algebraic
spaces almost of finite type, we have

/ /]Lh d,U«X7Z_/LthX,Z’~
Z-2'JA A

NoTATION 10.10. In the rest of this section, for a ring R, we denote the ideal (t"*!) C R[t]
by % and the quotient (¢™*1)/(¢"*1) for n > m by t7 . For an arc v: Dfe — X, we denote

by fy"QX/chp the flat pullback (w*QX/qu)) /tors. By v, we denote the n-jet Dy, — & deduced
from .

Let v: V = Spf R — X be an étale morphism. For n/,n € NU {oo} with n’ > n, we have the
following 2-Cartesian diagram:

I V=T X

J,V—IJ, X.

Let K be an algebraically closed field, and let 5 € (Joo V)(K) and v := v(f) € (Joo X)(K). In
particular, a K-point 5’ € (Joo V)(K) over 3, is identified with a pair (7', ) of 7' € (Joo X)(K)
and an isomorphism «: v, = v/,. For such #’, the map

(8)" = B": R— K[t]

has image in "*!, and the induced map R — t;H

(nt1) 15 & k[t]-derivation. This corresponds to

a K[t]-module homomorphism

B*Qvpry = 7V Qx/pry — %11) :

Suppose a := jx(y) < oo. The torsion part of 7*Qy p¢, has length a and is of the form
P, K[t]/t*, > ,a; = a. If 2(n+ 1) — (n + ¢+ 1) > a, equivalently if ¢ < n —a + 1, then
the composite

* 1 1

7 /piy t;(JrrzH) — t e

kills the torsion part of 7v*Qx pg, and factors through the flat pullback Yy /Dfg-
NoOTATION 10.11. We denote the corresponding element of

Hom g (Y Qv /Dty st esr)
by 63+¢(B; ') or 63137, ).

For another such 3" € (Jo, V))(K), we have
Bte = Brre & 6,7(B; B') = 0,7(8; 8) - (10.1)

Let F denote the fiber of #77¢: J,, 1.V — J, V over 3,, and let F' := FN7,((Joo V) X Spec K),
the locus of n-jets in F' that lift to arcs. Since 2n + 1 > n + ¢, by [CNS18, Proposition 2.2.6],
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F(K) is identified with Hom gy (’Y*QX/qu),tZii_’_l) & K", with r some non-negative integer.
Moreover, F' is isomorphic to A’.

LEMMA 10.12. If c < n —a+ 1, the map ' — 67"¢(B3; 3') gives a bijection
F'(K) = Homppg (7' Qa/peg thfern) -

Proof. The injectivity follows from (10.1). When ¢ = 1, we have F’ = A% (see [Loo02, Lem-
ma 9.1]). We denote F’ by F! to specify the dependence on ¢. For 0 < ¢ < ¢, by the case ¢ =1,
the map F/, — F/, | is a pseudo-A%bundle. By Lemma 9.7, we have {F} = {F/, | }L? and
{F!} = L% Since
e — Hom gy ('YbQX/quthiiﬂ) = K™

is injective, its image is a constructible subset with class L% in Ky(Vary)'. Therefore, the com-
plement of the image has class L4 — L% = 0. This shows that it is empty; thus the map is
surjective. ]

From this lemma, we obtain the following.

LEMMA 10.13. The locus F' is a d-dimensional linear subspace of F = A'.. In particular, F’ is
a closed subscheme of F' and is isomorphic to AC}(.

LEMMA 10.14. Let h: W — V be a map between DM stacks of finite type, and let D C |W)|
and C C |V| be constructible subsets such that h(D) C C. Suppose that for every ¢ € |C|, the
intersection h™'(c)N D is a closed subset of h=(c). Then there exists a stratification C' = ||_; C;
such that h=1(C;) N D is a locally closed subset of |W|.

Proof. By taking an arbitrary stratification C' = | |' ; C; and restricting to each Cj, we can
reduce the lemma to the case |V| = C. Moreover, we may suppose that V is irreducible. Under
these assumptions, it suffices to show that there exists an open dense subset U C |V| such
that h=%(U) N D is a locally closed subset of [W|. Let n € |V| be the generic point, and let
h=1(n) N D be the closure of h~(n) N D in |[W|. Since h=1(n) N D and D coincide over 7, the
symmetric difference

h=Y(n)NDAD := (f~'(n)NnD\ D) U (D\ f~1(n) N D)
has non-dense image in |V|. Let U C C be the complement of the Zariski closure of this image.
Then
Y U)YND=hr"Y(U)NhL(n)ND
is a closed subset of h~}(U) and a locally closed subset of [W). O

LEMMA 10.15. For a € N and any quasi-compact substack T C @, the set

v (@) N ((Joo &) X0 1)
is stable of level a.
Proof. Let us denote this set by C. Then 7,(C) is quasi-compact and constructible. It suffices to
show that for every b > a, the map mp,1(C) — 73(C) is a pseudo-A%-bundle. By Lemmas 10.14
and 10.13, there exists a stratification m,(C) = | |, m(C); into locally closed subsets such that

the preimage mp11(C); C mpe1(C) of mp(C); is also locally closed. We regard these locally closed
subsets as substacks of J, X or Jp, 1 X. For a geometric point £: Spec K — m(C);, if G is its
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automorphism group, we have the following 2-commutative diagram of stacks over K:

AY —=[AL /Gl 41 (C)i @k K

i i i

Spec K BG¢ TI'b(C)Z' R K.

Here the two squares are 2-Cartesian, and the arrows of the form < are closed immersions. This
induces a universally injective morphism of coarse moduli spaces

ACII(/G — 7Tb+1(C)i ®Qr K.

The image of this map is the fiber of m,11(C); ®x K — m(C); ® K over the point induced by &.
We conclude that w41 (C) = m,(C) is a pseudo-A%bundle. O

LEMMA 10.16. Let v € (Joo V)(K) and n € (Joo X)(K) with K an algebraically closed field.
Let e :=jf(y) and a := jx(foo (7)), and let n € N be such that n > 2e 4 a. Suppose that there
exists an isomorphism o : f,(v,) = 1. Then there exists a § € (Joo V) (K) such that v, = &p—e
and fo (&) = n.

Proof. We have a K [t]-module homomorphism
St (v o fim,0): (vo ) Qaypr, = 6Ly

For suitable bases, the map of free modules (y o f)bQX/qu) — 'bey/qu, is represented by a di-

agonal matrix diag(t“!,...,t) with Z‘ij:l e; = e. Therefore, 67! (y o f;n) is induced by some

map vbe/qu, — thrSH. Since n > 2e + a, we have

n+2)—(n—e+l)=e+1<(n—e€e)—a+1.

By Lemma 10.12, this map is 6,7} (v; €1, aM)) for some 1) € (Joo V)(K) and an isomorphism

o)y, = 7(1126 We have an isomorphism f, (fgil) & p,41 compatible with ¢ and oV,

Applying the same argument to £ and 7 instead of v and 7, we obtain (@) e (Joo V)(K) and
isomorphisms fr(f_)e 11 = ,(12_) er1 and frio (52%22) = Nn42. Repeating this procedure, we obtain
a sequence &) € (Joo V)(K), i > 0, with isomorphisms 57(3@“ ~ 57(5213_1. and f4; (57(31) > Mt
The sequence fszeﬂ € (Jn—eti V)(K) gives the limit £ € (Joo V)(K) such that v,—. = &,—c

and fo(€) = 1. O

Remark 10.17. If v and 4/ correspond to twisted arcs Eg — Y and &}, — Y, respectively, then
the equality mp—c(7) = mh—c(7') especially implies that Ex = .

DEFINITION 10.18. For a subset C' C |Joo)|, we say that fx|c is geometrically injective if
for every algebraically closed field K, the map folc(x]: C[K] = (Joo X)[K] is injective. We
say that f|o is almost geometrically injective if there exists a negligible subset C' C C such
that f|c\cr is geometrically injective.

Let B C |JooX| be a subset such that fo(C) C B. We say that fo|c: C — B is almost
geometrically bijective if there exist negligible subsets B’ C B and ¢’ C C such that for each
algebraically closed field K, the map fo induces a bijection (C'\ C")[K] — (B \ B)[K].

LEMMA 10.19. Let e, n € N with n > e, and let C C |Joo)Y| be a stable subset of level n — e.
Suppose that jr|c takes constant value e. Suppose n > 2e +jx(v) for every v € C. Suppose that
foolc is geometrically injective. Then m,(C) — f,m,(C) is a pseudo-A¢-bundle.
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Proof. Let v,+" € C(K) be such that f,,(vn) =& fn(v,,)- Applying Lemma 10.16 for n = foo(7'),
we see that there exists a £ € (Joo V)(K) such that v, = &—e and foo(§) = foo(y'). By
the injectivity assumption, we have £ = 4/; we conclude that v,—. = 7/,_.. Namely, a fiber of
Tn(C) = fomn(C) is contained in a fiber of 7, (C) = mp—(C). We may suppose that m,(C) and
Tn—e(C) are locally closed subsets. We regard them as substacks. From v,,_.: Spec K — m,_.(C),
we obtain the following 2-Cartesian diagram as in the proof of Lemma 10.15:

Afe —= [A¥)G] 7, (C) @1 K

i | )

Spec K —=BG“——=7,_.(C) @i K .
By Lemma 10.12, the K-point set of the above A% is identified with

Homep (4" Qy/ory sty i) -
The kernel of the map

+1) tn—e—‘rl

— Homk[[t]] ((’7 © f)bQX/qu>a n+1 )

parametrizes pairs (7, a,) of 7, € T ((Joo X)(K)) and an isomorphism ~),_, = 7,_. such
that the induced isomorphism fr—c(Yn—c) = fo—e(Vh_.) lifts to fr(ym) = fn(v),). This map is

Hom ey (V' Qi Gy s

represented by a diagonal matrix diag(t®!,...,t%) with fo:l e; = e. The kernel is isomorphic
to @le tZ;?H >~ K% The image of the corresponding subspace A% = W C A% in 7, (C) @y K
is the fiber of
Tn(C) @ K = frmn(C) @ K

over the point fy,(7y,). We see that W is stable under the G-action. We obtain a closed immersion
[W/G] = m,(C) ®p K. The induced morphism of coarse moduli spaces W/G — m,(C) @ K is a
universally injective morphism onto the fiber of m,(C) — f,m,(C) over the image of f,(v,). We
have proved the lemma. O

LEMMA 10.20. Let C C |J)Y| be a measurable subset such that j; has constant value e < 0o
on C. Suppose that fu|c is almost geometrically injective. Then

py,z(C) = pa,z(foo (C))LE.

Proof. By a standard limit argument, we can reduce to the case where C' C |J» )| is a stable
subset such that j; and jx o fo, are nowhere infinity on C and the f|c(x) are injective. For n > 0,
by Lemma 10.19, we have

19,2(C) = {ma(C)IL™"" = {mn foo (C) YL~ = iy 7(foo (C)LE. =

CoroLLARY 10.21. Let C' C [J)| be a stable subset. Suppose that ordjac, and jx o fu are
nowhere infinity on C. Then f«(C) is also stable.

Proof. For e € N, let C. be the locus in C with ordja ;= e This is a stable subset since
whether we have ordjac,(y) = e is determined by the n-jet v,. We have C' = | |, Ce. By [Loo02,
Lemma 2.3] (although this paper assumes that the base field has characteristic zero, this lemma is
characteristic-free), C' is covered by finitely many C,. Thus ord .. ; |c is bounded. By Lemma 8.10,
the function j; is also bounded. By the same argument, (jx o foo)|c is also bounded. Let us take
e,a,n € Nsuch that n > 2e+a, jflc <e, (jxofx)|c < a and C is stable of level n—e. Let v € C
and 1 € |JooX|. If fr(n) = 1, then by Lemma 10.16, if f,(7,) = 1y, there exists a £ € |Joo X|
such that foo(§) =n and v,,—c = &,—¢. Since C is stable of level n — e, we have £ € C. Therefore,
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1 € foo(C). We have showed that fo(C) is cylindrical of level n. Since jx[s (¢ is bounded, we
can deduce from Lemma 10.15 that f.(C) is also stable. O

LEMMA 10.22. Let C C |Jx)Y| be a measurable subset. Then fo(C) is also measurable and
| (foo (CNI < ||py(C)||. In particular, if C' is negligible, then so is foo(C).

Proof. Let Co C C be the locus where either j; or jx o fo has value co. Under Assumption-
Notation 10.1, by Lemma 8.10, there exists a narrow closed substack Z C ) such that C,, C
|[Joo Z]. Let us show that f(]JeoZ|) is negligible, hence so is foo(Coo). Since a countable union
of negligible subsets is negligible, we may suppose that Z is contained in ) xy ¥y for some
connected component Wy of W. For each geometric point ¥: Spec K — Wy, consider the induced
morphism fx: Vi — Xi of formal DM stacks of finite type over Df ¢ and the induced narrow
substack Zx C Vi. The scheme-theoretic image Wy of Zk in Xk is again narrow. Therefore,

dim 7, 0 foo([Joo ZK|) < dim 7, ([JocWk]|) < (d—1)(n+1).

This shows dim 7,0 foo (| Joo Z|) < (d—1)(n+1)+dim ¥y. Therefore, the measure of the cylindrical
subset 7, (7, © foo(|Joo Z])) tends to zero as n tends to infinity. Since

Foo(TooZ]) € (70 (7 © foo([T21))

we see that foo(|JooZ|) is negligible.
We can write C'\ Cs = | |;cry C; such that for each 4, the set C; is measurable and j; and
jx © foo are bounded on Cj. For each Cj, we can take stable subsets Cj(e) and A;j(e), j € N, of

|JooY| as in Definition 10.6 such that j; and jx o fo are bounded on each of these stable subsets.
We have

Foo(C) A foo(Ci(€)) C foo(CiACi(e Ufoo i

By Corollary 10.21, the subsets foo(Ci(€)) and foo(A;s;(€)) are stable, and we have

[l (foo (Cil )| < [y (Ci()) | and [|pa (foo (Aij(€)) ] < |y (Aij(€))]] -

This shows that fo(C;) is measurable with ||y (fooCi)) || < ||x (C)]|. Since lim;_ o0 || 1y (C5) || =0,
we have limj.oo [|1x (foo(C5))[| = 0. Therefore, foo(C) = |;enufoo} foo(Ci) is also measurable.
The inequality of the lemma is clear. O

LEMMA 10.23. (1) Let A C |JooX| be a subset with A C foo(|Jso)|), and let h: A — 1ZU{occ}
be a function. If h o foo: f'(A) — %Z U {oo} is measurable, then so is h.

(2) Let B C |JY| be a measurable subset such that fo|p is almost geometrically injective. If
a function h: fo(B) — 2ZU{oc} is measurable, then ho fo: B — 1ZU{oo} is also measurable.

Proof. (1) Let f3;'(A) = | ],y Bi be a decomposition as in the definition of measurable functions.
Then h is constant on each f(B;). By Lemma 10.22, the subsets fo(B;) are measurable, and

px(foo(Bi)) = 0if puy(B;) = 0. If we put A; := foo(By) \U]Q foo(Bj), we have
A= fo(Bi) = | ] 4.
€N €N
This decomposition of A shows that A is measurable.
(2) Removing the negligible subset (ordjac;) ™ (00) U (ja © foo) "' (00), we may suppose that
these two functions are nowhere infinity. For e,a € N, let

Be,a = (OrdJaCf)_l(e) N (JX © foo)_l(a) )
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which is a measurable subset. Then hl;_ (g, )i foo(B) — 17 U {oo} is a measurable function.
Let foo(Be,a) = L; Ci be a decomposition into countably many measurable subsets such that for
every i, the restriction h|¢, is constant and if h|c, = 0, then C; is negligible. From Lemma 10.19,
we deduce that f.!(C;) is also measurable and if C; is negligible, so is f.!(C;). This shows the
assertion. ]

LEMMA 10.24. Let Z C Oy be an ideal sheaf defining a narrow closed substack. Then
ordz: |[JooX| = Z U {00}
is a measurable function.

Proof. It suffices to show that for each connected component Y of ®, the restriction of ordz
to (Joo X) xo T is measurable. Therefore, we may suppose that ® is of finite type. Let Cpp :=
{ordz = a, jx = b}. We have |JoX| = Uoga,bgoo Cap- If a = 00 or b = oo, then C,, is negligible.
Otherwise, C, is stable of level max{a, b} by Lemma 10.15. The lemma follows. ]

LEMMA 10.25. With the above notation, the function jf: |JooY| — Z U {00} is measurable .
Proof. Let h: Z — Y be the blowup along Qg, /Dty DS 4, /iy (I the sense of [Vil06]), so that

hbﬁg,/qu’ = h*QSI//qu, /tors,

(f 0 h)’Q% pe, = (F 0 B)* Q% g, /tors
are invertible sheaves. By Assumption-Notation 10.1, the morphism hoo: [JooZ| — [Jo)] is
almost geometrically bijective. The image of (f oh)"QdX /Dts thSi) /Dty is written as 7 -thglj /Dty
for some locally principal ideal sheaf Z, which defines a narrow substack. Then j; o hy is equal
to ordz outside the negligible subset {jx o foo © hoo = 00} U {jy 0 hoo = c0}. The function ordz
is measurable. By Lemma 10.23, the function j; is measurable. 0

The following is the change of variables formula (also called the transformation rule) for
untwisted arcs in the present setting.

THEOREM 10.26. We keep Assumption-Notation 10.1. Let A C |J)| be a measurable subset.
Suppose that f|a is almost geometrically injective. Let h: foo(A) — 2Z U {oc} be a function
such that h o fo, is measurable. Then

/ L" dux,z = / Lof=ir dpy, 5 .
foo(A) A

Proof. Removing a negligible subset from A, we may suppose that all relevant measurable func-
tions are nowhere infinity. There exists a decomposition A = | |; A; into countably many mea-
surable subsets A; such that ho f, and j; are constant on each A;. By Lemma 10.19,

/ L iz = 3 e (oo (Ag) JLHU(40)
foo(A) 7

= Y b AGLI AN [ LSy =
i A

11. Motivic integration for twisted arcs

In this section, we develop the motivic integration over formal DM stacks for twisted arcs. Using
untwisting stacks, this is reduced to the motivic integration for untwisted arcs.
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DEFINITION 11.1. Let X be a formal DM stack of finite type over Df, and let I X’ be its inertia
stack with trivial section e: X — I X. We define the stacky locus X of X to be the scheme-
theoretic image of the finite morphism IX \ ¢(X) — X. We say that X is spacious if Xy is
a narrow closed substack of X.

In the rest of this section, we make the following assumption.

ASSUMPTION-NOTATION 11.2. Let X and ) be formal DM stacks of finite type, flat and of pure
relative dimension d over Df. Suppose that they are spacious and generically smooth over Df.
Let f: Y — & be a morphism over Df such that the Jacobian ideal sheaf Jac; defines a narrow
closed substack of V.

Let X be the coarse moduli space of X, and let Xy C X be the scheme-theoretic image of Xy;.
LEMMA 11.3. The subspace Xy, C X is narrow.

Proof. By Lemma 2.18, we can reduce the lemma to the case where X is a quotient stack
[Spf R/G| with G a finite group. Let I C R be the ideal defining the preimage of Xy in Spf R.
The assumption that X is spacious means that V' (I) C Spec R is nowhere dense. Then the image
of V(I) in Spec RY is also nowhere dense. This shows the lemma. O

From the morphism wﬁtg: Utgp(X)P"™ — X as in Proposition 6.36, we obtain maps
|TocX| = [Joc X| (11.1)
and
(T X)[K] = (Joo X)(K) (11.2)
for each algebraically closed field K. These maps send a twisted arc &€ — X to the arc of X

induced by taking coarse moduli spaces. The notion of twisted arcs is necessary for the following
proposition to holds.

PROPOSITION 11.4. Let Xy C X be the scheme-theoretic image of Xy. For every algebraically
closed field K, the map

(Too XK\ (Too st )[K] = (oo X)(K) \ (Joo Xet) (K)
is bijective. In particular, the map | JooX| — |JooX| is almost geometrically bijective.

Proof. First note that if a twisted arc £ — X with £ a twisted formal disk over K does not factor
through Xy, then the induced arc Dfx — X does not factor through Xy either. Therefore, we
have the map of the lemma. Conversely, given an arc Df x — X which does not factor through X,
we can construct a twisted arc of X as follows. Let £ be the normalization of (X x x Df g )P"".
Since X is spacious, so is £. We conclude that £ is a twisted formal disk over K. The morphism
& — X is a twisted arc over K, which maps to the given arc Df x — X. Therefore, the map of
the lemma is surjective.

To show the injectivity, let £ — X be a twisted arc and Df x — X the induced arc. Let £ — X
be the twisted arc induced by this arc on X by the above construction. Let us show that the
induced morphism £ — £ is an isomorphism. Let F and E’ be Galois covers of Df g correspond-
ing to & and &', respectively. Since the morphism £ — & is representable, the Galois group
of B/ — Dfg can be embedded into the one of E — Df . In particular, the degree of E — Dfg
is greater than or equal to that of E/ — Dfg. The morphism E’ x¢ E — E’ is étale and finite.
Therefore, each component of E' x¢ E is isomorphic to E’. For a component F, the morphism
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E' = F — FE is a finite dominant Df-morphism. But, the degree of E — Df is greater than or
equal to that of £/ — Df . Therefore, the morphism E’ — E is an isomorphism. This shows that
the morphism £ — £ is an isomorphism. As a consequence, the isomorphism class of the twisted
arc £ — X is determined by the induced arc Df g — X. This implies the desired injectivity. We
have proved the first assertion of the proposition. The second assertion immediately follows. [

DEFINITION 11.5. Let I' = 'y be as in Definition 6.34. Let I' — Z be a morphism with Z
an algebraic space almost of finite type. We define the motivic measure px z on |JoiX| =
|Joo Utgp(X)PY| to be fiygg,.(xjpur. For a measurable function h: A — 17 U {oc} on a subset

A C |JsoX|, the integral [, L"dpx z € @ U {oo} is defined as in Definition 10.9.

Note that this motivic measure is independent of the choice of I'.

Consider the following commutative diagram of natural morphisms among formal DM stacks
over Dfp:

Utgp(X)PY xpg. Er —— Utgp(X)PW
r| et (11.3)
X X.

™

Here r is the universal morphism, and s is the projection. A twisted arc v: £ — X, say over
an algebraically closed field K, corresponds to an arc 7': Df g — Utgy (X)P". These lift to the
same £-morphism 7: & — Utgg (X)P" xpg, €. We define the Jacobian ideal sheaves js and j,,
regarding Utgp(X)P" Xpg. & and Utgp(X)P™ as formal DM stacks over Dfr and regarding X
as a formal DM stack over Df.

DEFINITION 11.6. We define the shift number sx(7y) of v to be
sx(7) :=1s(¥) —ir(7) € Z.
Note that if X is a formal algebraic space, then sy = 0. This follows from
Ut ()P = Utgr, (X" = &
Since r and s are rig-étale (see Lemma 6.22), we always have js(§) # oo and j.(§) # oo.

If i-(7) = jz(7) < oo, then j(y) < co. By Lemma 8.11, outside the negligible subset j—'(c0),
we have

sx(7) = ir() = imue(7') - (11.4)

LEMMA 11.7. Let Z C Oy be an ideal sheaf defining a narrow closed substack. Then the function
ordr on |JooX| is measurable.

Proof. Note that for the case of formal schemes, the lemma is well known and easy to show. It
is straightforward to generalize it to formal DM stacks as far as untwisted arcs are concerned.
We will reduce the lemma to the case of untwisted arcs.

It suffices to show that for each connected component I'y C I and a € Q5q, the set
C = (ordz) (@) 1 [Ty e Y|

is cylindrical. Whether a twisted arc v: € — X has the value ordz = a is determined by
the induced twisted n-jet for n > |a|. Namely, we have C = 7, 'm,(C). We need to show
that for n > 0, the subset C, := m,(C) is constructible. To do this, let us take an atlas
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Spec R — TI'g such that the corresponding torsor over D% is uniformizable. Then we can write
Er = [Spf R[s]/G]. For each n, we have maps

jSpec R,nX = jFO,nX
&
Jﬁg.(n+1)_1(.)( XDf Spfk[[s]]) .
The map « is surjective. The map 3 sends a twisted n-jet [(Spec K[[s]]/(t"“))/G] — X of X
to the induced untwisted (§G(n + 1) — 1)-jet of X Xp¢ Spf k[s]
Spec K[s]/(t"™) = Spec Kﬂs]]/(sﬁa("ﬂ)) — [(Spec K[s]/(t"™))/G] — X xp¢ Spfk[s] .

Let Z’ be the pullback of Z to X' xp¢ Spf k[s]. For n>> 0, let By C |[Jyg.(n+1)—1(X XDt Spf k[s])]
be the locus where ord Z’ has value #G - a, which is constructible. We see that C, = a(ﬁfl(Ba))
is also constructible, which completes the proof. O

LEMMA 11.8. The Jacobian order function j; on | JxX| associated with the coarse moduli space
m: X — X is measurable.

Proof. As in the proof of Lemma 10.25, we take a blowup h: £ — X such that thdX/Df
and (o h)bﬂg(/Df are invertible sheaves. The image of (7 o h)deX/Df — hbﬂgl(/Df is written

as T - thle /Df for some locally principal ideal sheaf 7 C Oz that defines a narrow substack.
Then j; o hy is equal to ordz outside a negligible subset. Now the lemma follows from Lem-
mas 11.7 and 10.23. O

COROLLARY 11.9. The function sy on |JsX| is measurable.

Proof. The functions j, and j,» are measurable by Lemmas 11.8 and 10.25, respectively. From
(11.4), we deduce that sy is also measurable. O

LEMMA 11.10. Outside a negligible subset of | Jx)|, we have

§Y = 5x 0 foo = if — j(mofyute + igute © foo
In particular, if X is a formal algebraic space, then sy = j; —j futs.
Proof. In this proof, we ignore negligible subsets, and equalities below hold outside some negli-
gible subset. First consider the case where X is a formal algebraic space. Given a twisted arc ~y
on Y, we define 4 and +' as above. Consider a diagram similar to (11.3) with f in place of 7. By
Lemma 8.11, we have
jf('V) +ir(7) = jfor(:Y) = jf“tgos(:Y) =Js(¥) + jf“tg (7/) .
Therefore,
sy(7) =3s(7) —ir(3) =iy (v) —jpue(y) .
Thus the second assertion of the lemma holds. We then apply this to 7 and 7o f to get sy =
jmof — J(mofyute and Sx = jr — jrute. Therefore,
§Y —5x 0 foo = Jmof —Jr © foo —)(mofyute + Izt O foo
= ]f - j(ﬂ'of)“tg + juts © foo )

where the last equality follows from Lemma 8.11. We have obtained the first equality of the
lemma. O

234



MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

Remark 11.11. If we constructed f"'&: Utgp, (¥)P™ — Utgp, (X)P" (see Remark 6.38), then
we would get 53 — sy 0 foo =i — jruts in place of the equality of Lemma 11.10.

COROLLARY 11.12. The function j§ on |Jx)| is measurable.
Proof. By Lemma 11.10, outside a negligible subset, we have

jf =5y —SxO©° foo +j(7rof)utg — jputg O foo .

By Lemmas 10.23 and 10.25 and Corollary 11.9, the four functions on the right side are measur-
able. Therefore, j; is also measurable. ]

Generalizing maps (11.1) and (11.2) associated with 7: X — X, we now define maps | 7,0)| —
|TooX| and (JooV)[K] — (JoX)[K] associated with the given morphism f: ) — X. For a
twisted arc v: £ — ) over an algebraically closed field K, let

E-&8Lx
be the canonical factorization of the composition &€ — Y — X as in [Yas06, Lemma 25]
(cf. [AOV11, Theorem 3.1]) so that 7/ is a twisted arc. Note that the paper [Yas06] treats the non-
formal situation, but it is straightforward to generalize it to the formal situation. If &€ = [E/G]

for a G-cover E — Dfg and if y and z denote the induced K-points of ) and X, respectively,
then we have maps

G — Auty(y) — Auty(x),
the left one being injective. Let N <1 G be the kernel of this composite map. Then
&' =[(E/N)/(G/N)].
We have the map
(JTD)K] = (TX) K], Y] [V]
as well as
|Tocd| = | T X] .
We denote these maps by foo. We say that foo| 4 is geometrically injective if for every algebraically

closed field K, the map fuo|a(x] is injective. We say that fw|a is almost geometrically injective
if there exists a negligible subset A’ such that fu| A\4’ is geometrically injective.

The following is the change of variables formula for twisted arcs.

THEOREM 11.13. We keep Assumption-Notation 11.2. Let A C |Jx)| be a subset such that
foola is almost geometrically injective. Let h: foo(A) — 1Z U {co} be a measurable function.
Then

/ LAFsx dpuy = / Lhefeeirtey gy, € M, U{oo}.
foo (A) A
Proof. First consider the case where X is a formal algebraic space. By Lemma 6.22; the morphism

fute: Utgr,, (V)P™ — X satisfies the assumption of Assumption-Notation 10.1 with ¥ = T'y, and
® = Speck.

By definition, | 7| is identical to |Joo Utgp, (J)P""]. Moreover, the two measures HUtgp, ()P
and py on this space are equal. Applying Theorem 10.26 to "8, we obtain

/ L" dpux = / LIS dpryg, gy = / LIl dyy
foo(A) A Y A
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By Lemma 11.10, this is equal to [, L"*/==15%5Y di3,. Thus the theorem holds in this case.

For the general case, let 7: X — X be the coarse moduli space. Let h and j; be the functions
corresponding to h and jr, respectively, through the almost geometric bijection 7o : |JooX| —
|[JooX| (see Lemma 11.4). By Lemma 8.11, outside a negligible subset, we have

j;o(ﬂof)w_jﬂof:jrrofoo_jwof:_)f~

Therefore, by the special case discussed above, we have

/ Lhofoo—is+sy duy = / Lﬁo(ﬂof)oo+i:°(7f0f)oo*J'woerﬁy duy = / Lﬁﬂ: dux
A A (mof)oo (A)
— / ]LEOWOO+)':O7T(X>7]'71—+5X d,u.)( — / Lh+5_;( dMX ) 0
Joo(A) foo(A)

12. Log pairs

In birational geometry, one often consider log pairs; a log pair means the pair of a normal
variety X and a Q-divisor D on X such that Kx + D is Q-Cartier. In this section, we generalize
this notion by allowing X to be a formal DM stack. In the next section, we will associate an
invariant with a generalized log pair and apply the change of variables formula to study properties
of this invariant.

Let X be a formal stack over Dfg as in Assumption-Notation 10.1. Moreover, we suppose
that & is normal; the local rings Oy , of all geometric points are normal.

DEFINITION 12.1. A closed substack H C X is said to be irreducible if for any closed substacks
H; C X, i = 1,2, such that H = Hi U Ho, we have either H = Hi or H = Hs. A prime
divisor on X means an irreducible and reduced closed substack B C X of codimension 1. A
divisor (respectively, Q-divisor) A on X is a formal combination 22:1 ¢iA;, ¢; € 7 (respectively,
¢; € Q), of prime divisors A; on X'. We say that a (Q-)divisor A =", ¢;A; is narrow if for every
1 with ¢; # 0, the closed substack A; C X is narrow. The support Supp A of A is defined to be
the reduced closed substack (J,., 20 Ai-

We need to consider fractional ideals of rings which are not necessarily integral domains; for
this notion which is not so common in this generality, we refer the reader to [LMT71].

DEFINITION 12.2. Let § C Oy be the subsheaf of sections which are not zerodivisors at the
stalk Oy, of every geometric point x: Spec K — X. We define the sheaf of total quotient
rings, denoted by Kx, to be the sheaf associated with the presheaf U — S(U)~10x(U). A
fractional ideal sheaf on X is a coherent Oxy-submodule £ C Ky such that for every geometric
point Spec K — X, there exist an étale neighborhood U — X and an f € S(U) such that
[ Ly C Ox|u.

Let F be a torsion-free coherent sheaf on X' of generic rank 1. A fractional submodule of F
is a coherent Ox-submodule £ of ST'F = F ®p, Kx such that for every geometric point
Spec K — X, there exist an étale neighborhood U — X and an f € S(U) such that f-L|y C Flu.

DEFINITION 12.3. For a divisor A = ), ¢;A;, we define a fractional ideal sheaf Ox(A) in the
usual way: a local section s of Ky belongs to Ox(A) if and only if for each 4, the order of s along
A; is at least —¢;.
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DEFINITION 12.4. We define the canonical sheaf wy pt, to be (Q%/Df ) v , the double dual

(that is, the reﬂexwe hull) of Q4 ¥ /Dty For r € N, we define w?, X/Dfg 1O be the reﬂexwe rth power

/ r
((w;(/qu> )®”") . For a divisor A, we define w[X}/Df (A) to be the double dual ( L(}/Dfé ® Oy (A))Vv.

A log pair means the pair (X, A) of a formal stack X as above and a narrow Q-divisor A on it
such that for some r > 0, the divisor A has integral coefficients and wB?/chp (rA) is an invertible
sheaf. (Namely, Ky pg, + A is Q-Cartier, according to the terminology which is little inaccurate
but common in birational geometry.) We call A a boundary divisor or simply boundary. If wg;]/qu)
is invertible for some r > 0, then we identify X with the log pair (X, 0).

A morphism (Y, B) — (X, A) of log pairs is just a morphism ) — X’ of ambient stacks as in
Assumption-Notation 10.1. We say that a morphism f: ﬂy,B) — (X ,A? is crepant if the mor-
phism f*Q4%, /Dy QSI) /Dt induces an isomorphism f*w;]/qu) (rA) — w;;}/qul (rB) of fractional
modules for sufficiently factorial 7 (that is, f*(Kx/p¢, + A) = Ky/ps, + B).

LEMMA 12.5. Let (X, A) be a log pair and X the coarse moduli space of X. There exists a unique
boundary A on X such that the morphism (X, A) — (X, Z) is crepant.

Proof. Consider the case where X' is a quotient stack [V/G] for a finite group G. Then X = V/G.
We have the relative canonical divisor Ky, x, a divisor on V. Let A be the Q-divisor on V'
corresponding to A, and let

_ 1 _
A = EW*(KV/X +A)

with 7 denoting the morphism V' — X. Then
W*(KX +Z) ZW*Kx—l-KV/X—i-A:ffv-i-/I.

This means that (X, A) — (X, Z) is crepant. It is clear that A is the unique boundary with this
property. The uniqueness allows us to glue boundaries A defined étale locally to get the desired
boundary A in the general case. O

DEFINITION 12.6. Let (X', A) be a log pair, and let r be a positive integer such that w[Q?/an (rA)

is invertible. Let L/K(t) be a finite extension, and let 5: SpfOr, — & be a Df-morphism

which does not factor through Supp A. Then g* Wl g /Df (rA) is a non-zero fractional submodule
b @r
of 8 ( ¥/Dta ) . We define

fe,)(B) = %Ord 8" (% p1,) ™" 5*w[;;/Df (rA)].

Here [M : N|:={s € Or | sN C M}, a fractional ideal of Or. When X is defined over Df, for a
twisted arc v: £ — & which does not factor through Supp A, we define f(x 4)(7) to be fx 4)(5)
for 8: Spf O — & — X induced by any finite dominant Df-morphism Spf Oy — £.

LEMMA 12.7. The function f(X,A) on |Jp X | is measurable. When ® = Speck, the function
f(x,a) on | T X| is also measurable.

Proof. There exists an ideal sheaf J such that

j(QX/qu,)®T - ng]/Df (rA).

As in the proof of Lemma 10.25, there exists a blowup h: Z — X such that h~!7 and
% (QdX /D )®T are invertible. Then, for some locally principal ideal sheaf Z on Z,

T W (Qpr,) T =T g, (rA).

237



T. YASuDA

Outside a negligible subset, we have fx 4) 0 hoo = %(ordz —ordy-17). By Lemmas 10.24 and
11.7, the right side is measurable, and so is the left side. By Lemma 10.23, the function f(x 4) is
measurable. O

LEMMA 12.8. Let f: (Y, B) — (X, A) be a crepant morphism of log pairs. We have the following
equality between functions on |Jx)| outside a negligible subset:

fla,a)© foo =Fy,B) T -

Proof. Let 8: Spf O — Y be a morphism as before. For a sufficiently factorial r, we consider
three Or-modules

* px * b(Od ® brod ®
My :=p*f WK:]/Df@(TA) =0 wg}/DfQ(TB)a My =B (5 pe,) " Mz = (foB)(Qpr,) -
Ignoring a negligible subset, we may suppose that they are free of rank 1. We have
Gy, (8B 8G-r-f( x4y (foB Gor
My - My] :mgg mf,B)( )’ M - My] = m's e, ( )7 (M : M) :mﬁE ris(8)

The lemma follows from the equality [Ms : M| = [M3 : M][Ms : M;]. O

For a log pair (X, A), let X be the coarse moduli space of X, and let A be the Q-divisor
such that (X,A4) — (X, A) is crepant. Let Utgp(X)"" be the normalization of Utgp(X)P™.
Let A" be the unique Q-divisor such that (UtgF(X ynor A“tg) — (X , A) is crepant; with the

conventional notation, if 7: X — X is the given morphism and if ¢: Utgp(X)*" — X is the
induced morphism, then

Autg - ¢* (KX/Df + Z) - KUtgF(X)nor/DfF .

LEMMA 12.9. If v denotes the normalization morphism Utgp(X)*°" — Utgp(X'), then we have
the following equality of functions on |J Utgp(X)"°"| outside a negligible subset:

Sy OVpo = f(UtgF(X)nor7Autg) — f(.X,A) O Vno + jy .

(Note that fx, 4 is a function on |JooX| = |Joo Utgp(X)P].)
Proof. By Lemma 11.10, we have sy = jr — jyute. By Lemma 12.8, we have
Jr = fxa) © Moo — fa,4) 5 Jo = fix4) © Poo = f(Utgp(a)mor, auts) -
By Lemma 8.11, we have jg = j, + jrute 0 Voo. Thus
Sy O Vs = (f(X,Z) O oo — f(X,A)) 0 Voo — jpute O Voo
= f(x,Z) © Poo — f(x,4) © Voo + v — Jo

= f(UtgF(X)nor7Autg) — f(X,A) 0 Voo + jy . ]

13. Stringy motives and the wild McKay correspondence

We associate stringy motives with log pairs and reformulate the change of variables formula as
a property of stringy motives. This invariant is a common generalization of stringy E-function and
orbifold E-function [Bat99b]. Following Denef-Loeser’s approach [DL02], we define this invariant
as an integral on the space of twisted arcs, | J-X|, even if the ambient formal stack X is singular.

We fix a sufficiently factorial positive integer r so that all relevant functions on spaces of
(twisted or untwisted) arcs have values in 1Z U {oo}.
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DEFINITION 13.1. Let (X, A) be a log pair over Df, and let C' C |X| be a constructible subset.
Let |JoX|c C |TsoX| be the preimage of C' by mp. Let I' = 'y — Z be a morphism to an
algebraic space almost of finite type. We define the stringy motive of (X, A) along C as

Mgt z(X, A)c = /| | Liceatsx dyy 5 € My U{oo}.
JooX C

DEFINITION 13.2. Let (X, A) be a log pair over Dfy with @ a reduced DM stack almost of finite
type, and let C' C |X| be a constructible subset. Let [JooX|c C |JooX| be the preimage of C
by my. Let ® — Z be a morphism to an algebraic space almost of finite type. We define the
untwisted stringy motive of (X, A) along C as

MY% (X, A)c = /| | L@ duy , € @U {0}
JooX|c

For these invariants, we usually omit the subscripts Z when Z = Spec k and C when C' = | X|.
We have

/ My 2 (X, A)e = My (X, A)c
Z—=7"

in particular,

/ My 2(X, A)e = My (X, A),
7

and similarly for the untwisted stringy motive. When X is a formal algebraic space over Df,
obviously My z(X, A)o = MY% (X, A)c.

Let (X, A) be a log pair over Df, and let (X, A) and (Utgp(X)™", A"€) be the induced log
pairs (see Section 12). Let C' C |X| be a constructible subset, C C |X]| its image of C' and
C"8 C |Utgp(X)°| the preimage of C.

THEOREM 13.3. We keep the notation above. Let T be the coarse moduli space of I'. We have
Mg (X, A)e = My (X, A) 5

= Mélgd (UtgF (X)norﬂ AUtg) Cutg

= [ M Uy, A
In particular, if A =0 and the stacky locus Xy C X has codimension at least 2, then
Mst(X)C' = Mst(X)é .

Proof. By the change of variables (Lemma 11.10) and by Lemma 12.8, we have

/ Li.a s gy = / L duy = / LI Uter(0mravd) gy
|TsoX | oo Xz [Joo Utgr (X)°F| qute

_ f U x)nor gutd _
_// L (Uter O A T
I' J1Joo Utgp (X)2F| qutg

These equalities show the first assertion. If A = 0 and the stacky locus Xy C X has codimension
at least 2, then A = 0 and the second assertion follows. ]

We apply this theorem to the case of a quotient stack. Let V be a formal scheme of finite
type, flat and generically smooth over Df. Suppose that a finite group H acts on V and that
the quotient stack X := [V/H] is spacious, equivalently that if V* h € H, are the h-fixed
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subschemes, then ¢ g 113 V" is a narrow subscheme of V. Let (V, A) be a log pair such that A

is stable under the H-action. Let (V/H, A) be the induced log pair such that (V, A) — (V/H, A)
is crepant. Let I' := 'y for X', and let I'¢ := I' xg ©¢. Then I'¢ — O« is representable and
universally bijective. Moreover, Utgp, ,(V)P' is flat over Dfp, for every « € Emb(G, H). We
denote by Utgp,, (V)" its normalization. Let C' C [V/| be an H-stable constructible subset
and C C |V/H| its image. For an embedding ¢: G < H of a Galoisian group, let A, be the
restriction of A" to [Utgp, ,(V)*/Ng(«(G))], and let C, C ’[UtgFG7L(V)n°r/ Ny («(G))]| be
the preimage of C.

COROLLARY 13.4. We have

Ma(V/H A)g= >, >, Mﬁd<[M]A>c

GeGalGps e Erunt?(GC;;(H}}

Proof. Let X = [V/H], and define (Utgp(X)"", A"¢) as before. By Theorem 13.3, we have
Mt (V/H, A) = My (Utgp (X)"", A™)
By Lemma 6.12 and (6.5), we have

Utgp(X) = H Utgr,, (X)

(Cutg *

GeGalGps
=~ J] K 11 UtgFG,L(V)>/Aut(G)xH]
GeGalGps +€Emb(G,H)

~ 1 [T [Utgen.(V)/Nu((G)).

G€GalGps .eEmb(G,H)/(Aut(G)x H)

Therefore, M4 (Utgp(X)mer, Aute) is equal to the right side of the equality of the lemma. [

(Cutg

Remark 13.5. Corollary 13.4 is the motivic version of the main result of [Yas17b], formulated by
using stacks. Note that the untwisting stack considered in this paper is essentially the same as
the one considered in [Yas16, Yas17b] (see Remark 14.5).

DEFINITION 13.6. Let f: Y — X be a morphism of formal DM stacks as in Assumption-
Notation 11.2. We say that f: Y — X is a pseudo-modification if fo: |TooX| = |TeoX] is
almost geometrically bijective.

Example 13.7. The following are examples of pseudo-modifications:

(1) the t-adic completion of a (not necessarily representable) proper birational morphism W— V
of DM stacks of finite type over D = Spec k[t],

(2) the blowup along a closed substack,

(3) the relative coarse moduli space Y — X of some morphism ) — Z of formal DM stacks of
finite type over Df.

A composition of finitely many such morphisms is also a pseudo-modification.

THEOREM 13.8. Let f: Y — X be a pseudo-modification which induces a crepant morphism
(V,B) — (X, A) of log pairs over Df. Let C C |X| be a constructible subset and C C |))| its
preimage. Then

Mst(XvA)C = Mst(ya B)C‘ .
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Proof. With notation as before, we have My (X, A)c = Mst( )U Applying Theorem 11.13
to the crepant morphism (Y, B) — (X, Z), we see that Mg (X, A) = Mg (Y, B)g- O

14. Linear actions

In this section, we focus on a linear action of a finite group on an affine space over Df and
the associated quotient stack/scheme. We specialize results obtained in earlier sections to this
situation and get a more explicit formula, the wild McKay correspondence.

Let K be an algebraically closed field, let M be a free K[t]-module of rank d, and let S*M
be its symmetric algebra over K[t], which is isomorphic to the polynomial ring K[t][x1, ..., z4].
Suppose that M is given a K[t]-linear action of a finite group H, which induces an H-action
on the scheme W = Spec S*M = AdDK and one on the formal scheme V := Spf@ = AdeK,

where S*M is the t-adic completion of S*M. Let ¢: G — H be an embedding of a Galoisian
group. For a G-cover E — Dfg, we define the tuning module

Eg, = Hom}(M (M,Og),

the module of t-equivariant K [t]-linear maps [Yasl6, §4, p. 127] (cf. [WY15, Definition 3.1]).
This is again a free K[t]-module of rank d. Moreover, this is also a saturated K [t]-submodule
of Homg (M, Op); that is, the quotient module Hom gy, (M, Op)/ZE is a torsion-free (hence
free) K[t]-module. It follows that the map of dual K[t]-modules

Hom g (M, Op)’ — E%,L
is surjective. Let
MFL=2Y,, W/Fl=Specs*(MP) and VPl .= sprse(a/") = w/Fl.

We have the following commutative diagram of natural morphisms [Yas16, diagram (4.1), p. 130]:

W, @k O — w, "l

i

w

W/H.

Taking t-adic completion, we have the corresponding diagram for V in place of W.

Let E: Spec K — O¢g be a morphism corresponding to our G-cover E — Dfg, and let
Utgp (V) = Utge, (V) xXeg,E Spec K.

LeEMMA 14.1. We have a Df-isomorphism Utgg ,(V)P"" = 17 compatible with the morphisms
to V/H. In particular, Utgg ,(V)P" is smooth over Df.

Proof. Let E* := SpecOp be the scheme corresponding to the formal scheme E. The formal
scheme Utgp ,(V)P' is the completion of the closure of Homp,(E®, W) xp D* in Homyp, (E®, W)
(see Remark 6.23). We note that

M ® Oy = Homgpy (MY, K[t]) ®kpyq OF
= Homypy (M”, OF)
= Homgpy (M"Y @y Op, K[t])
= Homgpg (M, Op)”
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Here duals are taken as K [t]-modules. The D-scheme Homp (E?, W) is identified with
Spec S* (M QK[ Oy) = Spec S* Hom gpy (M, Ogp)".
Indeed, for a morphism Spec R — D,
Homp, (£, W)(Spec R) = Hom g [y (S* M, Op @k R)
= Hom g [1)-mod (M, O @k[sp 1)
= Hom g [t]-mod (M, Hom k1 (Of;, R))
= Hom g []-mod (M QK] O}, R)
= Hom [ ag (S* (M @k OF), R)
= (Spec S*(M ® k[ O))(Spec R) .
Therefore,
Homp (E*, W) xp D* = Spec S® Hom ) (M @ K (t), Or @xpp K(t))"
and for ¢: G — H,
Homp, (E®, W) xp D* = Spec §* Hom{ ) (M @y K(t), O @5y K(t))" .
Since Hom gy (M, Op)Y — E%,L is surjective, we may regard WLlE| as a closed subscheme of
Spec S*(M gy O},). This closed subscheme is integral and over D* coincides with the fiber
product Homp (E®, W) xp D*. Therefore, Wl is the closure of Homp (E?, W) xp D*. Since the

completion of WLlE‘ is VL|E‘, the lemma follows. O

Following [WY15, Definitions 3.3] and [Yas16, Definition 5.4] (cf. [Yasl17a, Definition 6.5]),
we define

1 H M,0
v(E) ::ﬁ—Glength OmOKE[[t]-](EE )

LEMMA 14.2. Let f: E — V be an t-equivariant Df g-morphism, let X := [V/H], and let
v: & = X be the induced twisted arc. Then sy (y) = —v(E).

Proof. Let B be the Q-divisor on V/H such that V' — (V/H, B) is crepant. Then the induced
boundary on Utgg ,(V)PU" = AdeK is the relative anti-canonical divisor

~Kutgp, (v (v/m.B) = ~Kurg (vypuroty + 0 (K vy e + B),
where u is the morphism Utgg ,(V)P* — V/H. (Note that since Utgg (V)P is already normal,

we do not need to normalize it.) This is the vertical divisor Utg ,(V)§" = A% with multiplicity

—v(E) (see [Yasl6, Lemma 6.5]). Since V is smooth over Dfg, we have Q“i//Df = wypf and
f(v/m),0) = 0. Therefore, by Lemma 12.9, we have

52(7) = futge ()por, ave| g oppur) (V) = v/ m1.0)

= Fotge, (vyrr —u(m) Utg, (Vi) (P)
=—v(E).

Note that the last equality holds because Utg Eyb(V)gur, as well as its pullback by 3, is a closed
subscheme defined by ¢t € K[t]. O

The following lemma was proved in [TY23] by a different and more direct method.

242



MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

LEMMA 14.3. Let us fix an embedding v: G — H. The map
’AG‘ = Qv [E] = U(E)

is locally constructible; for every substack W C Ag of finite type, the restriction of this function
to |W)| is constructible (that is, every fiber is a constructible subset).

Proof. Let I'¢ be as in the paragraph before Corollary 13.4. We further assume that each con-
nected component of it is irreducible. We claim that for a suitable choice of I'g, the boundary
on Utgr (V) is vertical. Then the function v on |[Ag| = [T'g| is constant on each connected
component of I'g, and the lemma follows.

To show the claim, let I'g o be a connected component of I'. Let us write the boundary
on Utgp G0 (V)as A= 22:0 c; A; with A; prime divisors and ¢; € QQ, where Ay is the vertical divi-
sor Utgrayo(V). For a geometric generic point 77: Spec K — I'g g, the pullback of A to Utg; (V) is
the vertical divisor. Therefore, the image of AgN Ui>1 A; on I'g g is a constructible subset which
does not containing the generic point. Removing its closure, we get an open dense substack
T C I'go such that the boundary on Utgy (V) is vertical. This shows the above claim. O

By Lemma 14.3, for each s € ﬁ%Z, there exist a DM stack Cs; almost of finite type, and

a stabilizer-preserving and geometrically injective map C; — Ay which maps onto v=1(s). We
define {v™(s)} to be {Cs} if C; is of finite type. If not, we put {v"'(s)} := co. We can define

Ld_v — —1 Ld 8
fEm 2
SE 7 jo

In [TY23], we study this kind of integrals more systematically and especially prove the well-
definedness of the above integral.

COROLLARY 14.4. Suppose that a finite group H acts on Ade linearly. Let X = A¢ be/H, and
let A be the boundary on X such that A%. — (X, A) is crepant. (Note that if the morphism
Ade — X is étale in codimension 1, then A =0.) Then we have

Mst(X,A)_/AH]Ld_”<~ Z {v7!(s) L >

Z

Proof. As in the proof of Lemma 14.3, we can choose I'ig so that the function v on |F[G]] is
locally constant. Let vg; be the value of v on a connected component |I'ig;|. By Corollary 13.4,
we have

Mst(X, A) = Mst(X) = / Liv d,U,X
|Too X

= Z ZMX(jF[GMooX)LﬂG’i

GeGalGps ¢
C Y S {Untr (XTI
GeGalGps ¢
By Lemma 6.12 and (6.5), we have
(Unteg, (00 = [ (Utare, (VIE™/ Nu((G))}
Emb(G,H)
C A X H
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pur

Here I'g; := () X4 Speck. Since Utgp,, . (V) — La,i is Ng(«(G))-equivariant A?-bundle,
we have

{Uterg,, (V)0 /Nu(U(@)} = {Tai/ Nu((G) L.
We conclude that

Ma(X,P)= > >[I A{Tci/Nu((@)yLi—ve:.

GEGalGps (€N ¢ Bmb(G.H)
The map
II II I Tei/Nawa)— A
GEGalGps €N ¢ Bmb(G.H)
is geometrically bijective. Therefore, Mg (X, P) = [ Ax Lé, O

Remark 14.5. If X is a formal affine scheme of finite type over Df with an action of a finite
group H, then we can embed it by an equivariant closed immersion into an affine space Afj; with
a linear action of H (see [Yasl6, Remark 7.1]). By Lemma 6.24, the stack Utgp([X/H])P"™ is
a closed substack of Utgp([Af;/H])P"™. Therefore, for a twisted formal disk £ over K, the fiber
Utge ([X/H])P™ = Utgp([X/H])P"™ xp ¢ Spec K is essentially the same as the untwisting variety
denoted by vl in [Yas16].

15. The tame case

In this section, we suppose that X is a tame formal DM stack of finite type over Df; that is,
the automorphism group Aut(z) of every geometric point z: Spec K — X has order prime to p
(we follow the convention that 0 is prime to every positive integer so that the above assumption
holds whenever p = 0). We also suppose that X’ is spacious and generically smooth over Df,
as before. Specializing to this situation, we see how to recover results in [Yas06] from the more
general ones in the present paper.

For a wild Galoisian group G, the stack Utgr[ a (X) is empty. Hence

Utgr(X) = Utgy,,,. (X) = [ Utes, (X).
1>0; pfl

Theorem 13.3 is now rephrased as follows.
PROPOSITION 15.1. Let (X, A) be a log pair over Df such that X is tame. Let A}ltg be the

induced boundary divisor on UtgA[Cl] (X)Pwr. Let C' C |X| be a constructible subset and Clutg C
|UtgA[Cl] (X)P| the induced constructible subsets. Then we have

Ma(X, Ao = Y My (Utgy,, (X)), 4")
1>0;ltp

utg -
Cl

LEMMA 15.2. Suppose that a tame finite group G acts on k[t][x1,...,zy] over k[t]. Then there
exist coordinates yi,...,yn € k[t][x1,...,zn] (that is, k[t][y1, ..., yn] = E[t][x1,. .., zn]) such
that the action preserves the subring kfyi,...,ys]] and the induced action on k[yi,...,yn] is
k-linear with respect to y1,...,Yn.

Proof. As is well known, we can linearize the action over k; there exists a regular system of
parameters zo, ..., z, of k[t][x1,...,x,] for which the G-action is k-linear. Since G is tame, by
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Maschke’s theorem, linear GG-representations over k are semisimple. If m denotes the maximal
ideal of k[t][x1,...,zy], then the image of the map of linear representations

)/ (t?) — m/m? = @k %

is a direct summand. Let V' C €,k - z; be a complementary subrepresentation of it, and let

Y1,---,Yn be a basis of V. Since t,y1,...,y, generates m/m?, we have
klt]lzy, - @n] = K[, - - -5 ynl -
We easily see that y1,...,y, satisfies the desired property. O

LEMMA 15.3. If X is smooth of pure relative dimension d over Df, then for every [, the stack
UtgA[cl] (X)PUr is smooth of pure relative dimension d over DfA[cl], unless it is empty.

Proof. We may assume that k is algebraically closed. A k-point of Utg Ac (X ) corresponds to
a morphism EA 0 = &. Let x: Speck — X be the induced k- pomt We have the corre-

sponding closed embeddmg Y := BAut(x) < X. The completion X of X along this closed
substack is isomorphic to [Spf k[t][x1,...,z4]/ Aut(x)]. By Lemma 15.2, we may suppose that
the Aut(x)-action on k[[t][z1,...,z4] is the scalar extension of a k-linear action on kfz1,...,z4].
For i > 0, the given k-point of UtgA[c,] (X) sits in UtgA[CZ] (V(i)), where V; is the ith infinitesimal
neighborhood of ). By Lemma 6.25, the completion of UtgA[Cl](X) along UtgA[Cl]()}(i)) is iso-
morphic to Utg Aoy (/i’\ ) On the other hand, Utg Aoy (5(\ ) is also isomorphic to the completion of

Utgy, o ([Af;/ Aut(z)]) along some closed substack. The lemma follows from Lemma 14.1. [

Recall Ay, = T1z/2)« B (see Section 5.4). If Ay, 1 denotes its first component, then the
morphism Ay, 1 — Ay is an isomorphism (see (5.1)). Hence the morphism

UtgAHlﬁl (X)() — UtgA[Cl] (X)D
is also an isomorphism. We define a morphism
Utgy, ,(X)o — 1) x,

as follows. For an S-point of Utg, (X)) corresponding to £ = [Eg/m] — X, we have the
induced closed immersion B y; x § < Eg. With the above S-point of Utg A, (X)), we associate
the S-point of I™) X given by the composition By x § — Eg — X.

Now suppose that X is smooth and of pure relative dimension d over Df. Let o: Spec K —
1) X be a geometric point. The tangent space T, , . at the induced point x: Spec K — Xy k,
which is a d-dimensional K-vector space, has an Aut(x)-action. The point « induces an injection
= MK Aut( ) and a m,K—action on TXO,K@‘

LEMMA 15.4. With notation as above, the morphism UtgAM’l(é’C’)O — 10m) Xy is representable,
and its fiber over o € (I(“l) Xo) (K) is isomorphic to Af., where c is the codimension of the fixed

locus (T, e o)' in Ty 4 o

Proof. By Lemma A.5, the map Aut(Eg — Ap) — Aut(By x S — Ap) is injective. Therefore,
the morphism of the lemma is representable.

Let x: Spec K — X be the point induced by «. Suppose that the completion of Xp  at x
is [Spf K[z1,...,24]/G], where G acts linearly on K[xz1,...,24]. Then py  also acts on this
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power series ring through a. We can choose coordinates x1,..., x4 so that p i acts diagonally
on @, Kz;; for ¢ € py i, we have (- z; = (“x; (0 < a; < l). A K-point of the fiber over a
corresponds to a fu g-equivariant morphism

v: SpecK[[tl/l]]/(t) — Spf K[z1,...,24] .

Such a morphism is determined by the images of x; in K [[tl/ 'T/(¢), which should be of the form

. e K - teill (ai#O),
7 (%){zo (a; =0).

Note that v* is a morphism of local rings and z; should be mapped into the maximal ideal (tl/ ! );
thus v*(z;) cannot be a non-zero scalar in K - t°. This shows that the fiber over « is an affine
space of dimension #{i | a; # 0}, which is equal to the codimension of (Tx, , )" X. O

Note that Utg,, (X)o has pure dimension d, while 1) X has the same dimension as
(Txy g o)X at . Lemma 15.4 is compatible with this fact. The codimension of (T, . )X

depends only on the connected component of 1) Xy on which « lies. The value of the func-
tion sy as a point of | Jx/X| also depends only on the connected component of its image on
1) X, through the map

T = JoX = Utgy,  (X)o — 100 &
For a connected component Z C I¢") Xp, we write these values as ¢(Z) and sx(Z), respectively.
COROLLARY 15.5 (cf. [Yas06, Corollary 72]). If X' is smooth over Df, we have
MyX)o= 5 Y {CoLe@rex@)
1>0;pfl ZC10m) X,

where Z runs over connected components of 1) Xy and Cz denotes the preimage of C' in |Z|.

Proof. By Proposition 15.1, we have
Mat(X)e =Y M#(Utgn,, (0P, A1) cuss
lp

Locally at the level of completion, X is the quotient stack associated with a linear action. The
boundary A}ltg is a vertical divisor; on each connected component W of Utg Aoy (X), the coeffi-

cient of this divisor is —sx (W) (see the proof of Lemma 14.2). Therefore,

Ma(X) =) > {wiexv),

ltp WCUtgA[Cl] (X)

By Lemma 15.4, this is equal to Zl*p ZZCI(HZ)(X){Z}LC(Z)+5X(Z)' 0

Remark 15.6. In the present paper, we adopt a definition of twisted jets slightly different from
the one in [Yas06]. A twisted n-jet is a morphism from

[(Spec K[/ (")) /1]

in the present paper, while it is a morphism from

[(Spec K [e/1] / (#7D71) /]
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in [Yas06]. Our stack 1) X was the stack of twisted O-jets of order I in [Yas06], which was
denoted by Jézl’ . Lemma 15.4 shows that our motivic measure on |J-X| and the one given
in [Yas06] differ by the factor of L<2). The value of s also differs in the present paper and the
paper [Yas06] by ¢(Z).

Remark 15.7. Corollary 15.5 readily implies a refinement of the Reid—Shepherd-Barron—Tai crite-
rion for terminal/canonical tame quotient singularities, the homological McKay correspondence
and Ruan’s conjecture (and its l-adic cohomology version) on orbifold cohomology [Yas06, Corol-
laries 5-8]. (There is an error in [Yas06, Corollary 5]; we need to take the minimal discrepancy of
divisors over X having centers in the singular locus rather than all divisors over X. See [Yas19]
for the relation between this version of minimal discrepancy and stringy invariants.)

16. DM stacks over k

People are more interested in DM stacks of finite type over k£ than in formal DM stacks of
finite type over Df. One reason for our use of formal stacks is that it is essential both in our
construction of stacks of twisted arcs and in the proof of the change of variables formula. However,
many results are also formulated for DM stacks of finite type over k and regarded as a special
case of those results for formal stacks. For the reader’s convenience, we state them below. We
also give a few applications of them.

Let X be a generically smooth DM stack of finite type over k& which has pure dimension d.
This induces the formal DM stack X x Df of finite type over Df. We define the stack of twisted arcs
on X, denoted by JsoiX, to be Joo(X x Df). We define the measure py and the shift function
sy on it to be puxxpr and sy«pf, respectively. A point of | JX| corresponds to a class of a
representable morphism £ — X from a twisted formal disk £. With the obvious translation of
notions to this setting, from Theorem 11.13, we obtain the following change of variables formula.

THEOREM 16.1. Let Y and X be generically smooth DM stacks of finite type over k which
have pure dimension d. Let f: )Y — X be a morphism such that Jacy defines a closed substack
of positive codimension. Let A C |Jx)Y| be such that fo|4 is almost geometrically injective.
Let h: foo(A) = 1Z U {oc} be a measurable function. Then

/f " LAt dpy = /Al[dhof“’jfﬁy duy € ./\//l;:r U{oo}.

We can also define a log pair (X, A) for a DM stack X of finite type over k which is generically
smooth and normal. We define its stringy motive Mg, z(X, A) € @ U {oo}, where Z is an
algebraic space almost of finite type, given with a morphism I'y — Z. In this setting, it is
more natural to consider (not necessarily representable) proper birational morphisms instead of
pseudo-modifications. Recall that a morphism Y — X of DM stacks is said to be birational if

it restricts to an isomorphism )’ — X’ of open dense substacks )’ C X and X’ C X. From
Theorem 13.8, we obtain the following.

THEOREM 16.2. Let f: Y — X be a proper birational morphism of DM stacks of finite type
over k which induces a crepant morphism (V,B) — (X, A) of log pairs over k. Let C C |X| be
a constructible subset and C' C |Y| its preimage. Then

Mst(X)A)C = Mst(yv B)é .

From Corollary 14.4, we obtain the following.
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COROLLARY 16.3 (Wild McKay correspondence). Suppose that a finite group G acts linearly on
Al. Let X :== A%/G, and let A be the boundary on X such that A} — (X, A) is crepant. (Note
that if the morphism Az — X is étale in codimension 1, then A = 0.) Then we have

Mg (X, A) = / LV,
Ag

We can use the wild McKay correspondence to evaluate the discrepancy of quotient sin-
gularities, an invariant of singularities appearing in the minimal model program. Consider the
invariant

discrep(centers C Xging; X)
defined to be the infimum of the discrepancies of divisors over X with center included in the
singular locus Xging (see [Koll3, Definition 4.7.4] or [Yas19, Introduction]). Let o € Ag be the
point corresponding to the trivial torsor, and let Ag \ {o} = |, Ci be a stratification into
countably many constructible subsets (of finite dimensions) such that v is constant on each
stratum. We define
dim L4 = sup {dim C; + d — v(C;)} € QU {0} .
Ac\{o} ¢

This is independent of the choice of the stratification.

COROLLARY 16.4. We keep the notation of Corollary 16.3. Suppose that the morphism Aﬁ - X
is étale in codimension 1.

(1) We have

discrep(centers C Xging; X) =d — 1 — max{dim Xsing, dim Ld”} .
Ag\{o}

(2) If the integral [ A L= converges, then X is log terminal. If X has a log resolution, then
the converse is also true.

Proof. Assertions (1) and (2) can be proved in the same way as they are proved in [Yas19] and
[Yas14], respectively, for G = Z/pZ. We only give a sketch.

(1) We can similarly define the dimension of Mg (X)x,;,, € Z U {oo}, whether the integral

diverges or not. Evaluating it by using infinitely many modifications Y — X, we get

discrep(centers C Xging; X) =d — 1 — dim Mg (X) x

sing

(see [Yas19, Proposition 2.1]). On the other hand, the version of the wild McKay correspondence
for Mg (X)x,,.. shows

sing
MSt(X)Xsing = {Xsing} + / L.
Ac\{o}

Note that the term { Xging} on the right side is the contribution of the trivial torsor to M (X) x,,, -
Assertion (1) follows from these.

(2) The convergence of Mg (X) implies that X is log terminal. The converse is true if X has
a log resolution. By the wild McKay correspondence, the convergence of Mg (X) is equivalent to
that of fAc Ld-v, O]

Let us consider the case where G = S,,, the symmetric group, and let a: Ag, — Z be the Artin
conductor. This function associates with a geometric point Spec K — Ag, the Artin conductor
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(see [Ser79, Chapter VI]) of the corresponding map Gk ) — Sn C GLy(C), where G iy denotes
the absolute Galois group of K (t) and S, is embedded into GL, (C) by the standard permutation
representation. As an application of Corollary 16.3, we obtain the motivic version of Bhargava’s
mass formula [Bha07].

COROLLARY 16.5. We have the following equality in //\/l\;c:

n—1
/ L= P(nn—iL".
Asy, =0

Here P(n,m) denotes the number of partitions of n into exactly m parts.

Proof. Consider the action of S, on Az” = (A%)n by permutation. The quotient variety X =
Ai" /Sy is the symmetric product S”Ai; it has a crepant resolution by the Hilbert scheme of n
points on Az, denoted by Hilb" (Az) — X; see [Bea83, BK05, KT01]. From a cell decomposition
of Hilb™(A?) as in [ES87] (see also [CV08] for the case of a general base field), we can deduce

Mg (X) = {Hilb" (A7)} =D P(n,n— )L

On the other hand, by [WY15, Theorem 4.8], the function a is equal to the v-function associated
with the action S, ~ Ain. The corollary now follows from Corollary 16.3. 0

Appendix. General results on stacks

In this appendix, we collect general results on (mainly DM) stacks which are necessary in this
paper. Some of them would be well known to specialists, but the author could not find them in
the literature.

We first recall that a morphism f: Y — X of DM stacks is representable if and only if for
every geometric point y: Spec K — ), the group homomorphism Auty(y) — Autx(f(y)) is
injective [AV02, Lemma 4.4.3]. We say that f is stabilizer preserving if for every y, the map
Auty(y) — Autx(f(y)) is an isomorphism. If ) lies over another stack S, then we can consider
the kernel Auty/s(y) C Auty(y) of Auty(y) — Auts(y) with § € S the image of y.

LEMMA A.1. Suppose that f: Y — X is an S-morphism, and let y be a geometric point of ).
Then Auty(y) — Autx(f(y)) is injective if and only if Auty,s(y) — Auty,s(f(y)) is injective.

Proof. The “only if” is clear. We prove the “if” part. For a € Auts(y), if Auty(y), and
Auty(f(y))a denote the preimages of o in Auty(y) and Autx(f(y)), respectively, and if these
preimages are not empty, then each map Auty(y), — Autx(f(y))a is isomorphic to the map

Auty(y)o = Auty,/s(y) — Autx(f(y))o = Auty/s(f(y))
as a map of sets. This shows the “if” part. O
LEMMA A.2. Let g: Z — Y and f: Y — X be morphisms of stacks. Let P be a property of

morphisms of stacks which is stable under base change and composition. If the diagonals A, and
Ay have property P, then so does A qg.
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Proof. Consider the 2-commutative diagram

Z

I8

Afog ZXJ}ZHJ}

e 11

ZXXZ%yXXy.

The square in the diagram is 2-Cartesian. Therefore, ¢ has property P. It follows that Ay, =
¢ o A4 has property P. O
LEMMA A.3. Let

Xr— X

T—S

be a 2-Cartesian diagram of stacks. Suppose that S and X7 are DM stacks and T — S is an
atlas. Then X is a DM stack.

Proof. By the assumption, the diagonal Ay, is a representable, unramified and finite mor-
phism. This is the base change of Ay /s along T' — S. Therefore, Ay /s is also a representable,
unramified and finite morphism. By Lemma A.2, the morphism Ay = Ay/gspeck i also repre-
sentable, unramified and finite. If U — X is an atlas, then so is U — Xp — X. We have proved
the lemma. O

LEMMA A4. Let h: Z — Y and f: Y — X be morphisms of DM stacks. Suppose that f is
representable (respectively, stabilizer preserving) and unramified. Then Aut(h) — Aut(f o h) is
injective (respectively, bijective).

Proof. Consider the morphisms

151X x5 Y.

Since a o b is representable, so is b. Since a o b is finite and «a is separated, b is finite. Since a o b
and a are unramified, b is unramified. Thus b is representable, finite and unramified. When f is
representable, b is also universally injective. By [Sta20, tag 04XV], the morphism b is a closed
immersion. When f is stabilizer preserving, by [Sta20, tag 0DU9], the morphism b is an isomor-
phism. Therefore, for each object u € Z, say over U € Aff, we have an injection (respectively,
an isomorphism) Aut(h(u)) — Aut(f o h(u)) of group schemes over U and an injection (respec-
tively, an isomorphism) Aut(h(u)) — Aut(f o h(u)) of groups. An automorphism Aut(h) is by
definition a collection of automorphisms «,, € Aut(h(u)), v € Z, with a suitable compatibility.
Therefore, the lemma follows. O

LEMMA A5, Let h: Z2 — Y and f: Y — X be morphisms of DM stacks. Suppose that h is
a thickening. Then the map Aut(f) — Aut(f o h) is injective.

Proof. Let s: S — )Y be a morphism from an affine scheme, and let t: T := S Xy Z — Z be
the projection. Automorphisms o € Aut(f o s) and 8 € Aut(f o hot) with o — [ induce the
following commutative diagram:

Auty(f ohot) — Autg

(
1 |

R ————e

Qs

fos)
!
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Since X is a DM stack, the morphism Autg(f o s) — S is unramified. Since ' — S is a
thickening, ay is determined by [s. Since we have this for each object s € Y(.5), we have proved
the lemma. O

LEMMA A.6. Let f: )Y — X be a stabilizer-preserving étale morphism of DM stacks such that for
every algebraically closed field K, the map Y[K| — X[K] is bijective. Then f is an isomorphism.

Proof. Let V — X be an atlas. It suffices to show that V xx Y — V is an isomorphism. This is
an étale surjective morphism of algebraic spaces. It suffices to show that (V xx V)(K) — V(K)
is injective. In turn, it suffices to show that for every geometric point x: Spec K — X', we have
(Spec K X x V)reqa = Spec K. Let G be the automorphism group of . Then we have the induced
closed immersion BG = [Spec K/G] < Xk. Since Y — X is stabilizer preserving, we have

(BG X Vi)red = (BG Xx V)rea =BG

Therefore, we have

(Spec K X x V)red = (Spec K xpg BG X x V)red = Spec K . dJ

LEMMA A.7. Let f: Y — X be a representable morphism of DM stacks which is formally étale (in
the sense that for every morphism V- — X from algebraic space, Y xx V' — V is formally étale).
Let v: D — & be a thickening of DM stacks. Suppose that we have the following 2-commutative
diagram:

D

L

y

"

E—X.

N

Then there exist a dashed arrow 7 (l-morphism) and two thick arrows c«, [ (2-morphisms)
forming a 2-commutative diagram

D N
N -
3 7 - / b1
E=Z X
which induces 1. Moreover, for two such tuples (v,a, ) and (v/,d/,3), there exists a unique
2-isomorphism v = ~' through which « and o/ as well as 8 and 3’ correspond to each other.

N,

Proof. Consider the 2-commutative diagram

D

N®

Exx Y=Y

R

E——X.

The two triangles and the square in this diagram are given witnessing 2-isomorphisms which
induce 1. The image of |D| — |€ x x )| is an open and closed subset. Let £’ be the corresponding
open and closed substack. By Lemma A.6, the morphism £ — £ is an isomorphism, which we
denote by a. We choose the quasi-inverse b: £ — £’ of the natural isomorphism a: & — £ and
witnessing 2-isomorphisms « and [ of the two right triangles in the following diagram which
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induce the identity of a:

&=y

E—X.

Indeed, such a choice exists. First we choose any isomorphism «: idg: — b o a, which induces
a(a): a = aoboa and an isomorphism Iso(aoboa,a) — Aut(a). We also have an isomorphism
Aut(a o b,idg) — Iso(a o bo a,a) induced by a. We choose 8 € Aut(a o b,idg) to be the one
corresponding to id, through the two isomorphisms. The first assertion of the lemma follows.
For another quasi-inverse t': £ — £’ and an isomorphism o': idgr — b o a, we obtain a unique
isomorphism £: b — b compatible with o and o’; for any ¢’ € &', the morphism ¢: b(a(e)) —
V(a(e')) is given by o’ o a1 O

LEMMA A.8. Let Y — X be a thickening of DM stacks, and let U — ) be an étale morphism
from an algebraic space (respectively, scheme, affine scheme). There exist a thickening U — U
of algebraic spaces (respectively, schemes, affine schemes) and an étale morphism U — X such
that the diagram

U—=U

y—=4X

is 2-Cartesian. For another pair (U S U U - X ) of such morphisms, there exists a unique
isomorphism U = U’ compatible with these morphisms.

Proof. We take an étale groupoid in affine schemes,W = V inducing X. Let Wy = V) and Wy =
Vir be its base changes by V — X and U — X, respectively. These are again étale groupoids in
affine schemes. The morphisms Wy — Wy and Viy — Vy, are étale, and the morphisms Wy — W
and V) — V are thickenings. By the invariance of the small étale site by a thickening [Sta20,
tag 05ZH], they fit into the unique Cartesian diagrams

Vo=V Wy —W,

SR N S

Vy—V, Wy—=W.

Here horizontal arrows are thickenings and vertical arrows are étale. We obtain an étale groupoid
Wy = Vi, which induces a DM stack U. It fits into the Cartesian diagram

U-—-=U

b

y—X

with horizontal arrows being thickenings and vertical arrows being étale. It follows that U is
an algebraic space. By [Sta20, tags 06AD and 05ZR], if U is a scheme (respectively, an affine
scheme), then so is U. We have proved the first assertion.

For the second assertion, let U” C U xx U’ be the image of U, which is an open and closed

252



MOTIVIC INTEGRATION OVER WILD DELIGNE-MUMFORD STACKS

subscheme. We get the third pair (U — U”,U" — X) with the same property. The projections
U" — U and U” — U’ are isomorphisms, giving the desired isomorphism U — U’. O
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