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Canonical models of toric hypersurfaces

Victor V. Batyrev

Abstract

Let Z be a nondegenerate hypersurface in a d-dimensional torus (C∗)d defined by a Lau-
rent polynomial f with a d-dimensional Newton polytope P . The subset F (P ) ⊂ P
consisting of all points in P having integral distance at least 1 to all integral supporting
hyperplanes of P is called the Fine interior of P . If F (P ) ̸= ∅, we construct a unique
projective model Z̃ of Z having at worst canonical singularities and obtain minimal
models Ẑ of Z by crepant morphisms Ẑ → Z̃. We show that the Kodaira dimension
κ = κ(Z̃) equals min{d− 1,dimF (P )} and the general fibers in the Iitaka fibration of
the canonical model Z̃ are nondegenerate (d− 1− κ)-dimensional toric hypersurfaces
of Kodaira dimension 0. Using F (P ), we obtain a simple combinatorial formula for the
intersection number (K

Z̃
)d−1.

1. Historical motivations

Let M ∼= Zd be a d-dimensional lattice that we identify with the character group of a d-dimen-
sional algebraic torus Td ∼= (C∗)d whose affine coordinate ring C

[
Td

] ∼= C
[
t±1
1 , . . . , t±1

d

]
consists

of Laurent polynomials

f(t) =
∑
m∈M

cmtm , cm ∈ C ,

where cm = 0 for all but finitely many m ∈ M . The Newton polytope P := Newt(f) of f(t) ∈
C
[
Td

]
is the convex hull of all m ∈ M such that cm ̸= 0. We assume dimP = d and write

f(t) =
∑

m∈A cmtm, where A ⊂ M is a finite subset with P = Conv(A). Following Askold
Khovanskǐı [Kho77], a Laurent polynomial f ∈ C

[
Td

]
and an affine hypersurface Z := {f(t) = 0}

⊂ Td are called nondegenerate if the Zariski closure ZP of Z in projective toric variety VP defined
by the normal fan ΣP has transversal intersections with all k-dimensional Td-orbits TQ ⊂ VP
corresponding to k-dimensional faces Q ⪯ P (k ⩾ 1).

The set of coefficients {cm}m∈A ∈ C|A| defining nondegenerate Laurent polynomials f(t) =∑
m∈A cmtm is a Zariski open dense subset UA ⊂ C|A| that can be explicitly described by the

nonvanishing condition for the principal A-determinant EA introduced by Israel Gelfand, Mikhail
Kapranov and Andrei Zelevinski [GKZ94].

According to Khovanskǐı [Kho77, Kho78, Kho84], one can resolve singularities of the pro-
jective hypersurface ZP ⊂ VP and obtain a smooth projective model Z of a nondegenerate
hypersurface Z ⊂ Td as Zariski closure Z of Z in some smooth projective equivariant torus
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Canonical models of toric hypersurfaces

embedding Td ↪→ V corresponding to a regular simplicial refinement Σ of the normal fan ΣP .
Obviously, there exist countably many possibilities to choose such a refinement Σ.

The minimal model program (MMP), or Mori theory, is aimed at constructing the most “eco-
nomic” projective representatives in each birational class of algebraic varieties. Such representa-
tives are called minimal models, and they are main objectives of MMP [KM98, Mat02, Bir18a].

The present paper is inspired by the author’s construction of (d − 1)-dimensional minimal
Calabi–Yau varieties Ẑ using projective compactifications of nondegenerate affine hypersurfaces
Z ⊂ Td defined by Laurent polynomials whose Newton polytopes P are reflexive [Bat94]. These
minimal Calabi–Yau varieties allow one to produce many topologically different examples of
smooth Calabi–Yau 3-folds and compute their Hodge numbers by combinatorial formulas, and
perfectly illustrate the mirror symmetry phenomenon in theoretical physics [CK99, KS98, KS00,
AGH+15]. We remark that the normal fan ΣP of any reflexive polytope P defines a Gorenstein
toric Fano variety VP . One can choose an “economic” simplicial refinement Σ̂ of ΣP such that the
corresponding toric variety V̂ has at worst terminal singularities and the corresponding proper
birational toric morphism V̂ → VP is crepant. Such a refinement Σ̂ may be not unique. The Zariski
closure Z̃ := ZP of the affine hypersurface Z ⊂ Td in Ṽ := VP is a Calabi–Yau hypersurface Z̃
with at worst Gorenstein canonical singularities. The minimal Calabi–Yau models Ẑ of Z are
partial crepant desingularizations of Z̃ obtained as Zariski closures of affine hypersurfaces Z ⊂ Td

in the simplicial toric varieties V̂ .

A generalization of the above construction to minimal models of arbitrary nondegenerate toric
hypersurfaces Z ⊂ Td has been suggested by Shihoko Ishii [Ish99], who showed that minimal
models of Z can always be obtained as Zariski closures Ẑ of Z in some appropriately chosen
simplicial toric varieties V̂ having at worst terminal singularities. Moreover, Ishii proposed two
ways for constructing such a toric variety V̂ : the traditional method and a shorter one.

The traditional method of MMP begins from a smooth projective model Z ⊂ V obtained in
some smooth toric variety V by Khovanskǐı’s method. The traditional MMP-method suggests
a sequence of birational modifications of the pair

(
V,Z

)
using the combinatorial framework of

toric Mori theory developed by Miles Reid [Rei83] (see also [Fuj03, FS04] and [CLS11, Sec-
tion 15]). It is useful to keep in mind the short exact sequence describing the canonical sheaf KZ

on Z by the adjunction formula:

0 → OV (KV ) → OV

(
KV + Z

)
→ KZ → 0 .

We remark that the Kodaira dimension κ := κ
(
Z
)
of the smooth hypersurface Z ⊂ V is

nonnegative if and only if the linear systems corresponding to some multiples of the adjoint
divisor KV + Z on V are not empty, that is, the adjoint class

[
KV + Z

]
belongs to the closed

cone Ceff(V ) ⊂ H2(V,R) of effective divisors of V .

If the adjoint divisor KV +Z is nef, then Z is a minimal model. Otherwise, there exists a toric
extremal rayR = R⩾0v ∈ H2(V,R) with negative intersection number

(
v,KV + Z

)
< 0. Applying

an elementary birational toric modification from toric Mori theory, one can obtain another pair(
V ′, Z

′)
consisting of a simplicial toric variety V ′ having at worst terminal singularities and

another projective model Z
′ ⊂ V ′ of Z, etc. Eventually, after finitely many elementary birational

toric modifications, one comes to a projective simplicial toric variety V̂ with at worst terminal
singularities containing a Q-Cartier divisor Ẑ such that the adjoint divisor K

V̂
+ Ẑ is nef. Then

the projective hypersurface Ẑ ⊂ V̂ is a minimal model of Z. Unfortunately, the traditional MMP-
method does not allow one to say much about the resulting simplicial toric variety V̂ and about
the minimal model Ẑ itself.
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For this reason, Ishii suggested a more informative and short way for constructing the sim-
plicial toric variety V̂ . It uses the rational polytope F (P ) ⊂ MR corresponding to the adjoint
divisor KV + Z on some smooth projective toric variety V obtained by Khovanskǐı’s method
using a refinement Σ of the normal fan of P . (Ishii denotes the rational polytope F (P ) by □h;
see [Ish99, Section 3.3].) It is easy to see that the rational polytope F (P ) is independent of such
a refinement Σ. We note that the polytope F (P ) was earlier introduced in the doctoral thesis of
Jonathan Fine [Fin83] and, following Reid [Rei87, Appendix to Section 4], we call the polytope
F (P ) the Fine interior of P . (Fine uses the name heart of P for the rational polytope F (P );
see [Fin83, Section 4].) An important observation of Ishii is that all 1-dimensional cones in the
simplicial fan Σ̂ defining the toric variety V̂ are uniquely determined by P . They are spanned
by the lattice vectors from a special finite set

SF (P ) := {ν1, . . . , νp} = Σ̂[1] ⊂ Σ[1]

characterized by the property

ν ∈ SF (P ) ⇔ min
x∈F (P )

⟨x, ν⟩ = min
x∈P

⟨x, ν⟩+ 1 .

Ishii called the lattice vectors ν ∈ SF (P ) contributing to the Fine interior F (P ). In the present
paper, we call the finite set SF (P ) the support of the Fine interior of P .

Ishii suggested to construct the simplicial fan Σ̂ with Σ̂[1] = SF (P ) as the normal fan of some
simple d-dimensional polytope □(ε) whose primitive inward-pointing facet normals are exactly
the lattice vectors ν1, . . . , νp ∈ SF (P ). Note that there exists a natural bijection between all

projective simplicial fans Σ̂ with Σ̂[1] = SF (P ) and maximal (p−d)-dimensional GKZ-cones, or
Mori chambers, in the moving cone of V̂ (see [OP91], [HKP06, Appendix A], [CLS11, Section 12]).
In order to obtain a minimal model Ẑ ⊂ V̂ , one has to choose the simple polytope □(ε) in such
a way that the corresponding Mori chamber contains the class of the adjoint divisor

[
K

V̂
+Ẑ

]
. In

[Ish99, Section 3.3], the simple polytope □(ε) was obtained by so-called “puffing up” the polytope
F (P ). We note that Ishii’s method does not use the toric crepant morphisms that appeared in
constructing Calabi–Yau minimal models corresponding to reflexive Newton polytopes P , and
her method does not show that in general the minimal model Ẑ can be always obtained as nef
divisor on the simplicial toric variety V̂ , that is, that the corresponding Mori chamber can be
chosen to contain simultaneously two nef divisor classes: the adjoint class

[
K

V̂
+ Ẑ

]
and the

class
[
Ẑ
]
. The latter is obtained in this paper using the canonical model Z̃ of Z and crepant

morphisms Ẑ → Z̃ that allow one the combinatorial computation of the Kodaira dimension κ
(
Ẑ
)
,

the intersection number
(
K

Ẑ

)d−1
and all plurigenera of the minimal model Ẑ via the polytope

F (P ); see [Gie21].

2. Introduction

In this paper, we suggest a new method of “puffing up” the Fine interior F (P ) and constructing
minimal models of nondegenerate hypersurfaces Z. This method is a direct generalization of the
construction of minimal Calabi–Yau models in the case of reflexive Newton polytopes P ; see
[Bat94]. If P is a d-dimensional reflexive polytope, then its Fine interior F (P ) is just the origin
0 ∈M , and the support of the Fine interior SF (P ) is exactly the set of all nonzero lattice points
on the boundary of the dual reflexive polytope P ∗; see Figure 1.

Recall that the construction of minimal Calabi–Yau compactifications Ẑ of Z consists of the
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P P ∗

Figure 1. Example of a polytope P and the dual reflexive polytope P ∗

following two steps [Bat94]:

• First, one considers the Zariski closure Z̃ of the affine hypersurface Z in the Gorenstein
toric Fano variety Ṽ := VP corresponding to the normal fan Σ̃ := ΣP of P . The projective
hypersurface Z̃ ⊂ Ṽ is a Calabi–Yau variety with at worst Gorenstein canonical singularities.
From now on, we call the projective hypersurface Z̃ the canonical model of Z ⊂ Td.

• Second, one considers the Zariski closure Ẑ of Z in the toric variety V̂ corresponding to
a maximal projective simplicial refinement Σ̂ of the fan Σ̃ satisfying the condition Σ̂[1] =
P ∗ ∩

(
Zd \ {0}

)
. The corresponding toric morphism V̂ → Ṽ is crepant, and Ẑ is a minimal

Calabi–Yau variety with at worst Gorenstein terminal singularities obtained as maximal
projective crepant partial desingularization (a MPCP-desingularization) of the canonical
model Z̃. Such a desingularization is determined by choosing triangulations of facets of P ∗,
and it is not unique in general.

The main idea of the new construction of minimal models Ẑ is based on another “puffing
up” of the rational polytope F (P ) using the real full-dimensional polytopes F (λP ) ⊂MR which
are Fine interiors of the real λ-multiples of the lattice polytope P . If λ = 1 + ε, then for all
sufficiently small ε > 0, the normal fan Σ̃ of the full-dimensional real polytope F ((1 + ε)P ) is
independent of ε. Note that the fan Σ̃ is not simplicial in general, but all primitive lattice vectors
ν ∈ Σ̃[1] belong to the support SF (P ). Moreover, one has a Minkowski sum decomposition

F ((1 + ε)P ) = F (P ) + εC(P ) , where

C(P ) :=
{
x ∈MR | ⟨x, ν⟩ ⩾ min

p∈P
⟨p, ν⟩ ∀ν ∈ SF (P )

}
is a d-dimensional rational polytope containing P . We call the rational polytope C(P ) the canon-
ical hull of P .

The key step in our construction is to consider the toric variety Ṽ corresponding to the normal
fan Σ̃ of the d-dimensional Minkowski sum

P̃ := C(P ) + F (P ) .

We show that both the projective toric variety Ṽ = V
Σ̃

and the Zariski closure Z̃ of Z

in Ṽ have at worst Q-Gorenstein canonical singularities. Moreover, the canonical class K
Z̃

is

a semiample Q-Cartier divisor on Z̃. We call the projective variety Z̃ the canonical model of Z.
If Σ̂ is a maximal projective simplicial refinement of the fan Σ̃ with the property Σ̂[1] = SF (P ),
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then the corresponding toric morphism φ : V̂ → Ṽ is crepant, the toric variety V̂ has at worst
terminal singularities, and the Zariski closure Ẑ of Z in V̂ is a minimal model together with the
crepant morphism φ : Ẑ → Z̃. Moreover, the minimal model Ẑ ⊂ V̂ is a semiample Q-Cartier
divisor of V̂ .

The paper is organized as follows. In Section 3, we deal with combinatorial tools from convex
geometry ofM -lattice polytopes P . It turns out to be very useful to extend the class ofM -lattice
polytopes and consider a larger class of convex polytopes P ⊂ MR which includes all rational
polytopes and even some real ones. We call polytopes P in this class generalized Delzant polytopes
(see Definition 3.1). Using the dual N -lattice in NR and the natural pairing ⟨∗, ∗⟩ : M ×N → Z,
we consider the upper-convex piecewise linear function

MinP : NR → R, y 7→ MinP (y) := min
x∈P

⟨x, y⟩ (y ∈ NR)

associated with P ⊂ MR, and we use it in the definitions of the following three combinatorial
objects:

• the Fine interior of P :

F (P ) := {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ N \ {0}} ,

• the support of the Fine interior of P : (if F (P ) ̸= ∅):

SF (P ) := {ν ∈ N | MinF (P )(ν) = MinP (ν) + 1} ,

• the canonical hull C(P ) of P (if F (P ) ̸= ∅):

C(P ) := {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) ∀ν ∈ SF (P )} .

In Section 4, we concentrate our attention upon the canonical hull C(P ) of P . We call full-
dimensional generalized Delzant polytopes P such that P = C(P ) canonically closed. We show
that multiples λP of any full-dimensional generalized Delzant polytope P are always canonically
closed for sufficiently large λ≫ 1.

Our main interest in Section 5 is the relation between the canonical refinement Σcan
P of

the normal fan ΣP of P and its Fine interior F (P ). In particular, we show that the canonical
refinement Σcan

P of ΣP is the normal fan of the Fine interior F (λP ) for sufficiently large λ≫ 1.

Section 6 is devoted to main combinatorial results that we use in our construction of minimal
models of nondegenerate hypersurfaces Z via their Newton polytopes P . We denote by Ṽ the
projective toric variety defined by the fan Σ̃ that is the normal fan of the Minkowski sum
P̃ := C(P ) + F (P ). The toric variety Ṽ will play a central role in our construction. We show
that

1) the set Σ̃[1] of primitive lattice generators of 1-dimensional cones of the fan Σ̃ is contained
in SF (P );

2) the projective toric variety Ṽ is Q-Gorenstein, and it has at worst canonical singularities;

3) for any 2-dimensional cone σ ∈ Σ̃(2) spanned by two primitive lattice vectors νi, νj ∈ SF (P ),
one has the following two properties:

• the (d− 2)-dimensional affine linear subspace L1
σ ⊂MR defined by two linear equations

⟨x, νi⟩ = MinP (νi) + 1 , ⟨x, νj⟩ = MinP (νj) + 1

has nonempty intersection with the Fine interior F (P );
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• the (d− 2)-dimensional affine linear subspace L0
σ ⊂MR defined by two linear equations

⟨x, νi⟩ = MinP (νi) , ⟨x, νj⟩ = MinP (νj)

contains at least one vertex of the Newton polytope P .

We note that two Minkowski summands C(P ) and F (P ) of P̃ define two nef Q-Cartier divisors
on the toric variety Ṽ and two toric morphisms ϱ : Ṽ → VC(P ) and ϑ : Ṽ → VF (P ) that have
opposite properties with respect to canonical class K:

K > 0 Ṽ
ϱ

||

ϑ

""

K < 0

VC(P )
// VF (P ) .

The toric morphism ϱ : Ṽ → VC(P ) is birational and K-positive; that is, the Q-Cartier canonical

divisor K
Ṽ

has positive intersection with all 1-dimensional toric strata in Ṽ contracted by ϱ.

We show that via the toric morphism ϱ, one can consider Ṽ as a minimal canonical partial
resolution of VC(P ). The toric morphism ϑ : Ṽ → VF (P ) is either birational if dimF (P ) = d, or

a toric Q-Fano fibration if dimF (P ) < d. A maximal projective simplicial refinement Σ̂ of Σ̃ with
Σ̂[1] = SF (P ) defines a crepant birational toric morphism φ : V̂ → Ṽ such that V̂ is a projective
simplicial toric variety with at worst terminal singularities.

In Section 7, we define the canonical model Z̃ of Z as the Zariski closure of Z in the Q-
Gorenstein toric variety Ṽ . By the construction of Ṽ , the canonical model Z̃ is a big semiample
Q-Cartier divisor on Ṽ corresponding to the polytope C(P ). The crucial fact is that the canonical
model Z̃ is a normal variety satisfying the adjunction formula, so that the canonical class of Z̃ is
the restriction of the adjoint nef Q-Cartier divisorK

Ṽ
+Z̃ on the toric variety Ṽ to the semiample

hypersurface Z̃.

In Section 8, we show that the hypersurface Z̃ ⊂ Ṽ has at worst Q-Gorenstein canonical
singularities, and we obtain minimal models Ẑ of Z as Zariski closures of Z ⊂ Td in the simplicial
terminal toric varieties V̂ defined by the simplicial refinements Σ̂ of the normal fan Σ̃ satisfying
the condition Σ̂[1] = SF (P ).

In Section 9, using the toric morphism ϑ : Ṽ → VF (P ), we investigate the Iitaka fibration of Z̃
defined by the pluricanonical ring

R :=
⊕
m⩾0

H0
(
Z̃,mK

Z̃

)
.

In particular, we prove the following formula for the Kodaira dimension:

κ
(
Z̃
)
= min{dimF (P ), d− 1}

and compute the intersection number
(
K

Z̃

)d−1
:

(
K

Z̃

)d−1
=


Vold(F (P )) +

∑
Q≺F (P )

dimQ=d−1

Vold−1(Q) if dimF (P ) = d ,

2Vold−1(F (P )) if dimF (P ) = d− 1 ,

0 if dimF (P ) < d− 1 ,

where Volk(·) = k!vol(·) denotes the k-dimensional volume normalized by the condition Volk(∆k)
= 1 if ∆k is the basic k-dimensional lattice simplex.
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Recently, Julius Giesler found a nice general combinatorial formula for all plurigenera gm
(
Z̃
)

(m ⩾ 0); see [Gie21]. His formula yields another method of proving the above combinatorial

formula for
(
K

Z̃

)d−1
.

It is an important fact that the intersections of the canonical hypersurface Z̃ ⊂ Ṽ with the
(d−dimF (P ))-dimensional generic fibers of the toric morphism ϑ : Ṽ → VF (P ) are nondegenerate
toric hypersurfaces of Kodaira dimension 0 embedded into canonical toric Q-Fano varieties of di-
mension d−dimF (P ). In particular, we obtain that the toric pairs

(
Ṽ , Z̃

)
together with the toric

morphisms ϑ : Ṽ → VF (P ) corresponding to the adjoint nef Q-Cartier divisorK
Ṽ
+Z̃ provide toric

examples of the log Calabi–Yau fibrations suggested recently by Caucher Birkar [Bir18b, Bir21].

The last section, Section 10, gives a short overview of some possible further developments of
the considered topic and contains open questions.

3. Main combinatorial objects

Let M ∼= Zd be a lattice of rank d and N := Hom(M,Z) the dual lattice. We denote by
⟨∗, ∗⟩ : M ×N → Z the natural pairing. We extend this pairing to the real vector spaces MR and
NR. For any convex compact subset □ ⊂MR, we consider the upper-convex real-valued function
Min□ : NR → R defined as Min□(y) := minx∈□⟨x, y⟩.

The main combinatorial object in our study is a full-dimensional convex lattice polytope
P ⊂ MR, that is, a d-dimensional convex hull of a finite set A ⊂ M . We denote by ΣP the
normal fan of P . There is a bijection between k-dimensional faces Q ⪯ P (0 ⩽ k ⩽ d) and
(d− k)-dimensional cones

σQ := {y ∈ NR | MinP (y) = ⟨x, y⟩ ∀x ∈ Q} ∈ ΣP

in the dual space NR. The convex function MinP : NR → R is ΣP -piecewise linear; it defines an
ample Cartier divisor LP on the corresponding toric variety VP := VΣP

. Obviously, we have

MinP (y) = min
m∈P∩M

⟨m, y⟩ = min
m∈A

⟨m, y⟩ .

It turns out that our study of d-dimensional lattice polytopes requires us to consider a larger
class of convex polytopes. First of all, we need to work with rational polytopes in MR having
dimension at most d. Moreover, we must allow one to multiply any considered convex polytope
by positive real numbers and to shift these polytopes by real vectors x ∈MR. At the same time,
we want to keep connections of considered convex polytopes with the lattices M and N . All
these requirements lead us to a larger class of convex polytopes of dimension at most d that we
call generalized Delzant polytopes. This notion is inspired by the notion of Delzant polytopes in
symplectic toric geometry [Del88, Gui94, Can01].

Definition 3.1. Let P ⊂ MR be a compact convex polytope of dimension at most d. We call
P a generalized Delzant polytope if there exist a finite set of lattice vectors ν1, . . . , νs ⊂ N and
a finite set of real numbers δ1, . . . , δs ∈ R such that

P = {x ∈MR | ⟨x, νi⟩ ⩾ δi, 1 ⩽ i ⩽ s} .

The normal fan ΣP of a generalized Delzant polytope P is a generalized fan in NR defining a toric
variety V (ΣP ), see [CLS11, Definition 6.2.2], and the ΣP -piecewise linear function MinP defines
an ample R-Cartier divisor LP on V (ΣP ).
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F (P )

⟨x, ν⟩ = MinP (ν)

⟨x, ν⟩ = MinP (ν) + 1

Figure 2. Example of a polytope and its Fine interior

Example 3.2. A 2-dimensional generalized Delzant polytope P ⊂ R2 is simply a convex n-gon
whose sides have rational slopes.

Definition 3.3. Let P ⊂MR be a full-dimensional generalized Delzant polytope. We define the
Fine interior F (P ) of P as

F (P ) := {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ N \ {0}} ;

see Figure 2.

Remark 3.4. Obviously, the Fine interior F (P ) is a compact subset strictly contained in the
interior P ◦ of P , and F (P ) commutes with shifts by any real vectors; that is, for any generalized
Delzant polytope P , one has

F (P + x) = F (P ) + x ∀x ∈MR . (3.1)

Remark 3.5. Let P be a full-dimensional lattice polytope. Since MinP (N) ⊂ Z, every interior
lattice pointm ∈ P ◦∩M is contained in F (P ). So we obtain the inclusion Conv(P ◦∩M) ⊆ F (P ).
In particular, F (P ) ̸= ∅ as soon as P contains at least one interior lattice point. If dimP = 2,
one has the equality

F (P ) = Conv(P ◦ ∩M) ;

see [Bat17, Proposition 2.9]. This equality does not hold in general if dimP ⩾ 3.

Example 3.6. Let P be a 3-dimensional parallelepiped with eight lattice vertices

(0, 0, 0) , (−1, 1, 1) , (1,−1, 1) , (1, 1,−1) , (2, 0, 0) , (0, 2, 0) , (0, 0, 2) , (1, 1, 1) .

Then P has no interior lattice points, but F (P ) = {(1/2, 1/2, 1/2)} ̸= ∅. Note that the Fine
interior of the rational shifted polytope P ′ = P − (1/2, 1/2, 1/2) is {0}, and the polar dual of P ′

is the lattice polytope

Conv{±(0, 1, 1),±(1, 0, 1),±(1, 1, 0)} .

Remark 3.7. Note that the Fine interior is monotone, that is,

P ⊆ P ′ ⇒ F (P ) ⊆ F (P ′) ,
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because MinP (ν) ⩾ MinP ′(ν) for all ν ∈ N . In particular, one has F (P ) ⊆ F (λP ) for any real
λ ⩾ 1 if P contains the origin 0 ∈M . Using shifts as in (3.1), one easily obtains

F (P ) ̸= ∅ ⇒ F (λP ) ̸= ∅ ∀λ ⩾ 1 .

Proposition 3.8. Let P ⊂MR be a full-dimensional generalized Delzant polytope. There exists
a positive real number λ0P such that F (λP ) ̸= ∅ if and only if λ ⩾ λ0P . Moreover, the polytope
F (λP ) is full-dimensional if and only if λ > λ0P .

Proof. By Remark 3.4, we may assume that P contains the origin 0 ∈M . We set

λ0P := inf{λ ∈ R>0 | F (λP ) ̸= ∅} .

By Remark 3.7, we have F (λ0PP ) ̸= ∅ because MR is a complete Banach space. For all λ > λ0P ,
the polytope F (λP ) contains the full-dimensional Minkowski sum F

(
λ0PP

)
+
(
λ− λ0P

)
P . Thus,

F (λP ) is full-dimensional for all λ > λ0P . On the other hand, F
(
λ0PP

)
cannot be full-dimensional

because otherwise F
((
λ0P − ε

)
P
)
would be full-dimensional for sufficiently small ε > 0, and the

latter contradicts F
((
λ0P − ε

)
P
)
= ∅.

Definition 3.9. Let P be a d-dimensional generalized Delzant polytope. Assume F (P ) ̸= ∅. A
nonzero lattice point ν ∈ N is called essential for F (P ) if

MinF (P )(ν) = MinP (ν) + 1 .

The set of all essential lattice points ν ∈ N for F (P ) is called the support of F (P ); we denote it
by SF (P ).

Remark 3.10. Using Remark 3.4, we obtain that SF (P + x) = SF (P ) for all x ∈ MR. We call
a lattice vector ν ∈ N in a cone σ ∈ ΣP of the normal fan ΣP -irreducible if ν ̸= ν1 + ν2 for any
ν1, ν2 ∈ σ ∩N . Since the function MinP is linear on every cone σ ∈ ΣP , we obtain that the two
inequalities

⟨x, ν1⟩ ⩾ MinP (ν1) + 1 , ⟨x, ν2⟩ ⩾ MinP (ν2) + 1

for ν1, ν2 ∈ σ ∩ N imply ⟨x, ν⟩ ⩾ MinP (ν) + 2 > MinP (ν) + 1, where ν = ν1 + ν2, that is,
ν ̸∈ SF (P ). Therefore, every ν ∈ SF (P ) must be ΣP -irreducible. By Gordan’s lemma, the set of
ΣP -irreducible elements ν ∈ N for any σ ∈ ΣP is finite (Hilbert basis). So SF (P ) is a finite set
consisting of some ΣP -irreducible primitive lattice vectors ν ∈ N , and the Fine interior F (P ) is
a generalized Delzant polytope of dimension at most d. Moreover, one has

F (P ) = {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ SF (P )}

because the compact polytope F (P ) is strictly contained in the open halfspace

{x ∈MR | ⟨x, ν⟩ > MinP (ν) + 1} if ν ̸∈ SF (P ) ,

and we can ignore the corresponding inequality ⟨x, ν⟩ ⩾ MinP (ν) + 1 for F (P ).

Note that computer calculations of the Fine interior F (P ) and its support SF (P ) that are
using the Hilbert basis of lattice semigroups σ ∩ N can be rather time-consuming. Another
method for such a calculation of F (P ) and SF (P ) is provided by the next useful statement.

Proposition 3.11. Let P be a full-dimensional generalized Delzant polytope. Denote by
ΣP [1] ⊂ N the set of all primitive inward-pointing facet normals of P . Assume that F (P ) ̸= ∅.
Then

SF (P ) ⊆ Conv(ΣP [1]) .
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In particular, the set SF (P ) is finite, and

F (P ) =
{
x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ Conv(ΣP [1]) ∩ {N \ {0}}

}
.

Proof. First, we note that 0 ∈ Conv(ΣP [1]) because the lattice vectors in ΣP [1] generate the
complete normal fan ΣP . Take a lattice vector ν ∈ SF (P ). Since the normal fan ΣP is complete,
ν is contained in some d-dimensional cone σ ∈ ΣP (d). Consider the set of primitive lattice vectors

{ν1, ν2, . . . , νk} := σ ∩ ΣP [1]

such that σ =
∑k

i=1R⩾0νi. It is sufficient to show that ν ∈ Conv{0, ν1, . . . , νk} because of the
inclusion Conv(0, ν1, . . . , νk) ⊂ Conv(ΣP [1]).

Assume ν ̸∈ Conv(0, ν1, . . . , νk). It follows from the inclusion R⩾0ν ⊂ σ that there exists a
positive λ ∈ R such that λ < 1 and λν ∈ Conv(ν1, . . . , νk). In particular, one can write λν as a
nonnegative linear combination

∑k
i=1 λiνi with

∑k
i=1 λi = 1. Take any x ∈ F (P ), and consider

the linear combination of k inequalities ⟨x, νi⟩ ⩾ MinP (νi)+1 with the coefficients λi (1 ⩽ i ⩽ k).
We obtain ⟨x, λν⟩ ⩾ MinP (λν) + 1 because MinP is linear on σ. So we get

⟨x, ν⟩ ⩾ MinP (ν) + λ−1 > MinP (ν) + 1 ∀x ∈ F (P ) .

Hence ν ̸∈ SF (P ). This gives a contradiction.

Example 3.12. Let P be the 3-dimensional lattice parallelepiped from Example 3.6. Then SF (P )
consists of six lattice vectors

SF (P ) = {±(0, 1, 1),±(1, 0, 1),±(1, 1, 0)} .

Definition 3.13. Let P be a d-dimensional generalized Delzant polytope with F (P ) ̸= ∅. We
call the polytope

C(P ) := {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) ∀ν ∈ SF (P )}
the canonical hull of P . Note that C(P ) contains P because the inequality ⟨x, ν⟩ ⩾ MinP (ν)
holds for all x ∈ P and all ν ∈ N . In particular, C(P ) is a generalized Delzant polytope of
dimension d. The compactness of C(P ) follows from the compactness of F (P ) and from the
equality

F (P ) = {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ SF (P )}
in Remark 3.10 showing that the cone spanned by SF (P ) equals NR.

Remark 3.14. If P is a d-dimensional lattice polytope with F (P ) ̸= ∅, then C(P ) is a rational
polytope. In general, C(P ) is not a lattice polytope.

Example 3.15. Let P ⊂ R5 be the 5-dimensional lattice polytope defined by the inequalities

xi ⩾ 0 (1 ⩽ i ⩽ 5) , x1 + x2 + x3 + x4 + 2x5 ⩽ 7 , x5 ⩽ 3 .

Then F (P ) = {(1, 1, 1, 1, 1)} and

SF (P ) = {e1, e2, e3, e4, e5,−e1 − e2 − e3 − e4 − 2e5} .

The canonical hull C(P ) is a rational 5-simplex containing the rational vertex (0, 0, 0, 0, 7/2).
Note that the primitive inward-pointing lattice normal vector to the facet {x5 = 3} of P is not
an element of SF (P ).

Proposition 3.16. Let P ⊂ MR and P ′ ⊂ M ′
R be two full-dimensional generalized Delzant

polytopes with F (P ) ̸= ∅ and F (P ′) ̸= ∅. Then the Cartesian product

P × P ′ ⊂MR ×M ′
R
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is a full-dimensional generalized Delzant polytope with F (P × P ′) ̸= ∅, and the following state-
ments hold:

(a) F (P × P ′) = F (P )× F (P ′);

(b) SF (P × P ′) = {(ν, 0) | ν ∈ SF (P )} ∪ {(0, ν ′) | ν ′ ∈ SF (P
′)};

(c) C(P × P ′) = C(P )× C(P ′).

Proof. If

P = {x ∈MR | ⟨x, νi⟩ ⩾ δi, 1 ⩽ i ⩽ k} and P ′ = {x ∈MR | ⟨x, ν ′j⟩ ⩾ δ′, 1 ⩽ j ⩽ l} ,

then the product P × P ′ is defined by

P × P ′ = {(x, x′) ∈MR ×M ′
R | ⟨(x, x′), (νi, 0)⟩ ⩾ δi ∀i, ⟨(x, x′), (0, ν ′j)⟩ ⩾ δ′j ∀j} .

So P × P ′ is also a generalized Delzant polytope. For any (ν, ν ′) ∈ N ×N ′, we have

MinP×P ′(ν, ν ′) = MinP (ν) +MinP ′(ν ′) .

(a) If (x, x′) ∈ F (P × P ′), then

⟨(x, x′), (νi, 0)⟩ ⩾ MinP×P ′(ν, 0) ⩾ MinP×P ′((ν, 0)) + 1 ∀ν ∈ N \ {0} ,
⟨(x, x′), (νi, 0)⟩ ⩾ MinP×P ′(0, ν ′) ⩾ MinP×P ′((0, ν ′)) + 1 ∀ν ′ ∈ N ′ \ {0} ;

that is, (x, x′) ∈ F (P )× F (P ′). In follows that F (P × P ′) ⊆ F (P )× F (P ′). On the other hand,
if (x, x′) ∈ F (P )× F (P ′) and (ν, ν ′) ̸= (0, 0), then

⟨(x, x′), (ν, ν ′)⟩ = ⟨x, ν⟩+ ⟨x′, ν ′⟩ ⩾ MinP (ν) +MinP ′(ν ′) + 1 ⩾ MinP×P ′(ν, ν ′) + 1 .

(b) The equality

MinP×P ′(ν, ν ′) + 1 = MinF (P )×F (P ′)(ν, ν
′)

can hold only if ν = 0 or ν ′ = 0, which implies that we have ν ′ ∈ SF (P
′) or ν ∈ SF (P ).

(c) This follows from item (b).

Proposition 3.17. Let C(P ) be the canonical hull of a generalized Delzant polytope P with
F (P ) ̸= ∅. Then
(a) MinP (ν) = MinC(P )(ν) for all ν ∈ SF (P );

(b) F (P ) = F (C(P )); that is, the polytopes P and C(P ) have the same Fine interior.

Proof. (a) It follows from

C(P ) := {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) ∀ν ∈ SF (P )}

that MinC(P )(ν) ⩾ MinP (ν) for all ν ∈ SF (P ). The opposite inequality MinP (ν) ⩾ MinC(P )(ν)
holds for all ν ∈ N because P ⊆ C(P ).

(b) By Remark 3.10,

F (P ) = {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ SF (P )} .

On the other hand, we have the inclusion

F (C(P )) ⊆ {x ∈MR | ⟨x, ν⟩ ⩾ MinC(P )(ν) + 1 ∀ν ∈ SF (P )} .

By item (a), we have MinP (ν) = MinC(P )(ν) for all ν ∈ SF (P ). This implies the inclusion
F (C(P )) ⊆ F (P ).

Since P is contained in C(P ), we obtain the opposite inclusion F (P ) ⊆ F (C(P )).
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Corollary 3.18. The support of the Fine interior of C(P ) equals SF (P ).

Proof. All lattice vectors ν ∈ SF (P ) are contained in the support of the Fine interior of C(P )
because

MinF (P )(ν)−MinC(P )(ν) = MinF (P )(ν)−MinP (ν) = 1 ∀ν ∈ SF (P ) .

The inclusion P ⊆ C(P ) implies that

MinF (P )(ν)−MinC(P )(ν) ⩾ MinF (P )(ν)−MinP (ν) ∀ν ∈ N .

Therefore, it follows from MinF (P )(ν)−MinC(P )(ν) = 1 that MinF (P )(ν)−MinP (ν) ⩽ 1. On the
other hand, MinF (P )(ν) − MinP (ν) ⩾ 1 holds for all ν ∈ N \ {0}. So, we obtain MinF (P )(ν) −
MinP (ν) = 1, and the support of the Fine interior of C(P ) is contained in SF (P ).

Corollary 3.19. Let P be a full-dimensional generalized Delzant polytope with F (P ) ̸= ∅.
Then C(C(P )) = C(P ).

Proof. The statement follows straightforwardly from Corollary 3.18 and Proposition 3.17.

4. Canonically closed polytopes

Definition 4.1. Let P be a full-dimensional generalized Delzant polytope P ⊂ MR with
F (P ) ̸= ∅. We call P canonically closed if C(P ) = P .

Remark 4.2. It follows from Corollary 3.19 that the canonical hull C(P ) of a full-dimensional
Delzant polytope P is always canonically closed.

Proposition 4.3. Let P be a full-dimensional generalized Delzant polytope with F (P ) ̸= ∅.
Then P is canonically closed if and only if for any facet Q ≺ P , the primitive inward-pointing
facet normal νQ belongs to SF (P ), that is, satisfies the equation MinF (P )(νQ) = MinP (νQ) + 1.

Proof. Assume that P is canonically closed. Then

P = C(P ) = {x ∈MR | ⟨x, v⟩ ⩾ MinP (ν) ∀ν ∈ SF (P )} .

Therefore, any facet Q of P is defined by the equation ⟨x, ν⟩ = MinP (ν) for some ν ∈ SF (P ).
The primitive inward-pointing lattice normal vector νQ to a given facet Q is uniquely determined
by Q. So νQ ∈ SF (P ).

On the other hand, one can always write a convex full-dimensional polytope P as intersection
of all half-spaces ⟨x, νQ⟩ ⩾ MinP (νQ) corresponding to its facet Q ≺ P :

P =
⋂
Q≺P

dimQ=d−1

{x ∈MR | ⟨x, νQ⟩ ⩾ MinP (νQ)} .

If all νQ belong to SF (P ), then C(P ) ⊆ P . The opposite inclusion P ⊆ C(P ) holds for all P .
Thus, we obtain P = C(P ).

Proposition 4.4. Let P be a 2-dimensional lattice polytope with F (P ) ̸= ∅. Then C(P ) = P .

Proof. By Proposition 4.3, it suffices to show that the primitive inward-pointing lattice normal νQ
to any 1-dimensional side Q ≺ P belongs to SF (P ). Take a 1-dimensional side Q ≺ P . By
Remark 3.5, we have F (P ) = Conv(P ◦ ∩M). In particular, {P ◦ ∩M} ≠ ∅, and we can find
a lattice point m ∈ F (P ) such that MinF (P )(νQ) = ⟨m, νQ⟩. Take two lattice points m1,m2 ∈ Q
such that m1 −m2 is a primitive lattice vector; see Figure 3.
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m2

m1

m

Figure 3. Construction in the proof of Proposition 4.4

Then the lattice triangle τ := Conv(m,m1,m2) is a standard basic triangle because it follows
from

⟨m, νQ⟩ = min
a∈F (P )∩M

⟨a, νQ⟩

that all lattice points in τ are only its vertices m, m1, m2. Therefore, the lattice distance between
the segment [m1,m2] and m is 1, and we obtain

⟨m, νQ⟩ = ⟨m1, νQ⟩+ 1 = ⟨m2, νQ⟩+ 1 .

Thus, νQ ∈ SF (P ).

Remark 4.5. The statement in Proposition 4.4 does not hold true in general for lattice poly-
topes P of dimension d ⩾ 3 or for 2-dimensional rational polytopes.

Example 4.6. Let P := Conv{e0, e1, e2, e3} ⊂MR be a 3-dimensional lattice simplex with vertices

e0 := (−1,−1,−1) , e1 := (1, 1, 0) , e2 := (1, 0, 1) , e3 := (0, 1, 1) .

Then F (P ) = {0} and C(P ) = Conv{e0, e1, e2, e3, e4}, where e4 := (1, 1, 1); that is, C(P ) ̸= P .
Note that the inward-pointing normal νQ = (−1,−1,−1) ∈ N to the facet Q := Conv{e1, e2, e3}
≺ P is not an element of SF (P ) because Q has lattice distance 2 from the origin 0 = F (P ).

Example 4.7. Let P ⊂ R2 be the triangle with vertices (−1, 0), (0, 3/2), (4,−5/2). Then the Fine
interior F (P ) is the triangle with vertices (0, 0), (0, 1/2), (1,−1/2). The canonical hull C(P ) is
strictly larger than the triangle P ⊊ C(P ); that is, P is not canonically closed. The integral
distance between the side Q := [(−1, 0), (0, 3/2)] and the rational vertex (0, 1/2) ∈ F (P ) is 2.
The canonical hull C(P ) is a quadrilateral containing one more vertex (−1, 1/2); see Figure 4.

Definition 4.8 ([Bat94]). Let P ⊂MR be a d-dimensional lattice polytope containing the origin
0 ∈M in its interior. The polytope P is called reflexive if the dual polytope

P ∗ := {y ∈ NR | ⟨x, y⟩ ⩾ −1 ∀x ∈ P}

is a lattice polytope.

Proposition 4.9. A d-dimensional lattice polytope P containing 0 in its interior is reflexive if
and only if F (P ) = {0} and P is canonically closed, that is, C(P ) = P .
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(−1, 1/2)

(4,−5/2)

(0, 3/2)

(−1, 0)
(0, 0)

Figure 4. Example 4.7

Proof. Assume that P is reflexive. Then the interior lattice point 0 ∈ P belongs to F (P ). On
the other hand, for every vertex ν ∈ P ∗, one has MinP (ν) = −1. Therefore, the inequalities
⟨x, ν⟩ ⩾ MinP (ν) + 1 defining F (P ) are ⟨x, ν⟩ ⩾ 0 for all vertices ν ∈ P ∗. There exists a positive
linear combination

∑
i λiνi of vertices of P

∗ which is equal to 0. Therefore, 0 ∈MR is the single
solution of the inequalities defining the set

{x ∈MR | ⟨x, ν⟩ ⩾ 0 ∀ν ∈ P ∗ ∩ (N \ {0})} .

It follows that F (P ) = {0} and that SF (P ) contains all vertices of P ∗. By Proposition 4.3, we
obtain C(P ) = P .

Now assume F (P ) = {0} and C(P ) = P . By Proposition 4.3, all primitive inward-pointing
normals νQ to facets Q ≺ P belong to SF (P ). So we obtain MinP (νQ) = MinF (P )(νQ)− 1 = −1.
Therefore, P ∗ is the convex hull of SF (P ); that is, P

∗ is a lattice polytope.

Remark 4.10. Using the classification due to Alexander Kasprzyk [Kas10], it was shown in
[BKS22] that up to a unimodular isomorphism there are 661 280 = 665 599 − 4 319 3-dimen-
sional lattice polytopes P with F (P ) = {0} which are not canonically closed, that is, which are
not reflexive. However, the canonical hulls C(P ) of these 3-dimensional polytopes P are always
reflexive.

Proposition 4.11. Let P be a full-dimensional generalized Delzant polytope with F (P ) ̸= ∅, and
let Q ≺ P be a facet of P . Assume that Q has nonempty Fine interior; that is, F (Q) ̸= ∅. Then
the primitive inward-pointing facet normal νQ belongs to SF (P ). In particular, a d-dimensional
lattice polytope P is canonically closed if every facet Q ≺ P contains at least one lattice point
in its relative interior.

Remark 4.12. The converse is not true in general. The lattice triangle with vertices (1, 0), (0, 1),
(−1,−1) is canonically closed, but all its facets (sides) have no interior lattice points.

Example 4.13. There are exactly nine examples of 3-dimensional lattice polytopes P with F (P )
nonempty and without interior lattice points [BKS22]. All these nine polytopes are canonically
closed because their facets contain at least one lattice point in their relative interiors.
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Proof of Proposition 4.11. Take a point q ∈ F (Q), and consider an arbitrary lattice vector ν ∈
SF (P ) such that ν ̸∈ RνQ. Then ν defines a nonzero element in the lattice N/ZνQ, and we
obviously have MinQ(ν) ⩾ MinP (ν). As q ∈ F (Q), we obtain

⟨q, ν⟩ ⩾ MinQ(ν) + 1 ⩾ MinP (ν) + 1 .

On the other hand, q cannot belong to F (P ) because q is in the relative interior of the facet
Q ≺ P . Hence q cannot satisfy the inequality ⟨q, vQ⟩ ⩾ MinP (νQ) + 1. Therefore, the lattice
primitive normal νQ must be essential for F (P ); that is, νQ ∈ SF (P ).

Corollary 4.14. Let P be a full-dimensional lattice polytope. Then for any integer k ⩾ d, the
lattice polytope kP is canonically closed.

Proof. The statement follows from Proposition 4.11 because for any (d− 1)-dimensional lattice
face Q ≺ P and for any k ⩾ dimQ+ 1 = d, the lattice polytope kQ always has lattice points in
its relative interior.

Corollary 4.15. Let P be a full-dimensional generalized Delzant polytope. Then for a suffi-
ciently large positive real number λ, the polytope λP is canonically closed.

Proof. By Proposition 4.11, it is enough to choose the real number λ ∈ R such that λQ has
nonempty Fine interior for any facet Q ≺ P .

Proposition 4.16. Let P be a full-dimensional generalized Delzant polytope with F (P ) ̸= ∅.
If P is canonically closed, then λP is canonically closed for all λ ⩾ 1.

Proof. By Remark 3.7, F (λP ) ̸= ∅ for any λ ⩾ 1.

Consider λ > 1. We claim that F (P ) + (λ − 1)P ⊆ F (λP ). Indeed, take x ∈ F (P ) and
y = (λ− 1)y′ with y′ ∈ P . Then for any ν ∈ N \ {0}, we get

⟨x, ν⟩ ⩾ MinP (ν) + 1 , ⟨y′, ν⟩ ⩾ MinP (ν) , ⟨y, ν⟩ ⩾ (λ− 1)MinP (ν) .

Thus, ⟨x, ν⟩ ⩾ λMinP (ν) + 1 = MinλP (ν) + 1; that is, x+ y ∈ F (λP ).

If ν ∈ SF (P ) is an inward-pointing primitive lattice normal to a facet Q ≺ P such that
⟨x, ν⟩ = ⟨y′, ν⟩+ 1 for some x ∈ F (P ) and y′ ∈ P , then λy′ ∈ λP , x+ (λ− 1)y′ ∈ F (λP ), and

⟨x− y′, ν⟩ = ⟨(x+ (λ− 1)y′)− λy′, ν⟩ = 1 ,

that is, ν ∈ SF (λP ). By Proposition 4.3, the convex polytope λP is canonically closed.

Corollary 4.17. Let P be a full-dimensional generalized Delzant polytope. Then there exists
a positive real number λP ⩾ λ0P such that λP is canonically closed if and only if λ ⩾ λP .

Proof. Define

λP := inf{λ ∈ R>0 | F (P ) ̸= ∅, C(λP ) = λP} .
Then λP ⩾ λ0P .

By Proposition 4.16, λP is canonically closed for any λ > λP . We claim that λPP also is
canonically closed. The polytopes λP and F (λP ) continuously depend on λ. By Proposition 4.3,
we have to show that for any primitive inward-pointing facet normal νQ of P , one has νQ ∈
SF (λPP ). Indeed, by taking the limit from above, we obtain

1 = lim
λ→λP+0

(
MinF (λP )(νQ)−MinλP (νQ)

)
= MinF (λPP )(νQ)−MinλPP (νQ) ;

that is, νQ ∈ SF . By the definition of λP , the convex polytope λP is not canonically closed for
λ0P ⩽ λ < λP .
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Θ∗
σ

σ̌

µ1µ2

µ3

00

Θσ

σ

Figure 5. Rational finite polyhedral cone σ and its dual σ̌

Definition 4.18. Let P be a d-dimensional lattice polytope P ⊂MR with F (P ) ̸= ∅. We call P
integrally closed if Conv(C(P )∩M) = P . It is clear that every canonically closed lattice polytope
P is integrally closed.

Remark 4.19. By Proposition 4.4, every 2-dimensional lattice polytope is simultaneously inte-
grally closed and canonically closed.

Remark 4.20. The 5-dimensional lattice polytope P in Example 3.15 is integrally closed, but it
is not canonically closed because F (P ) = {0} while P is not reflexive (cf. Proposition 4.9).

Remark 4.21. Integrally closed lattice polytopes P with F (P ) = {0} are called pseudoreflexive
in [Bat17]. They satisfy a combinatorial duality that generalizes the polar duality for reflexive
polytopes. Anvar Mavlyutov suggested to use this generalized duality in the mirror symmetry
for Calabi–Yau complete intersections in toric varieties [Mav11].

5. The Fine interior and the canonical refinement

In this section, we consider toric varieties associated with noncompact polyhedra [CLS11, Sec-
tion 7.1].

Let σ ⊂ NR be a d-dimensional rational finite polyhedral cone with vertex 0 = σ ∩ −σ.
Consider the d-dimensional convex lattice polyhedron

Θσ := Conv(σ ∩ (N \ {0})) ⊂ σ

with recession cone σ. Then the polar dual d-dimensional rational polyhedron

Θ∗
σ := {x ∈MR | ⟨x, y⟩ ⩾ 1 ∀y ∈ Θσ}

is contained in the dual cone σ̌ := {x ∈ MR | ⟨x, y⟩ ⩾ 0 ∀y ∈ σ} which is the recession cone
of Θ∗

σ; see Figure 5.

One has a natural bijection between compact facets θi ≺ Θσ and rational vertices µi ∈ Θ∗
σ such

that

θi = {y ∈ Θσ | ⟨µi, y⟩ = 1} .
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Denote by M(σ) := {µ1, . . . , µs} the set of all (rational) vertices of the polyhedron Θ∗
σ. Then

M(σ) belongs to the interior of the recession cone σ̌, and we have

Θσ = {y ∈ σ | ⟨µ, y⟩ ⩾ 1 ∀µi ∈ M(σ)} , Θ∗
σ = Conv(M(σ)) + σ̌ .

Definition 5.1. Consider the upper-convex piecewise linear function on σ

γσ(y) := MinΘ∗
σ
(y) = min

x∈Θ∗
σ

⟨x, y⟩ = min
µi∈M(σ)

⟨µi, y⟩ ∀y ∈ σ .

The domains of linearity of the function γσ correspond 1-to-1 to rational points µi ∈ M(σ), and
they define a fan σcan which is called the canonical refinement of the full-dimensional cone σ.
The canonical refinement σcan is the normal fan of the convex polyhedron Θ∗

σ; see [CLS11,
Definition 7.1.3].

Proposition 5.2 ([CLS11, Proposition 11.4.15]). Let Xσ be the affine toric variety of a d-
dimensional cone σ ⊂ NR. Then the canonical refinement σcan of σ defines a quasi-projective
toric variety Xσcan together with a proper toric morphism

φσ : Xσcan → Xσ

such that the toric variety Xσcan has Q-Gorenstein canonical singularities and the canonical
class KXσcan

is an ample Q-Cartier divisor defined by the upper-convex σcan-piecewise linear
function γσ = MinΘ∗

σ
. In particular, Θ∗

σ is the supporting polyhedron of the canonical class
on Xσcan .

Our interest in the canonical refinements is motivated by the following statement.

Theorem 5.3. Let ΣP be the normal fan of a d-dimensional generalized Delzant polytope P ⊂
MR; that is,

P =
⋂

σ∈ΣP (d)

(pσ + σ̌) ,

where pσ ∈ P denotes the vertex of P corresponding to a d-dimensional cone σ ∈ ΣP (d). Then

F (P ) =
⋂

σ∈ΣP (d)

(pσ +Θ∗
σ) .

Proof. Take a d-dimensional cone σ ∈ ΣP (d). Then for any nonzero lattice vector ν ∈ σ ∩N , we
have MinP (ν) = ⟨pσ, ν⟩, where pσ is the vertex of P corresponding to σ. Hence, we obtain

pσ +Θ∗
σ = {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈ σ ∩N \ {0}}

because ⟨x, ν⟩ ⩾ MinP (ν) + 1 is equivalent to ⟨x− pσ, ν⟩ ⩾ 1. Since ΣP is a complete fan, every
lattice vector ν ∈ N is contained in some d-dimensional cone σ. This implies the statement.

Corollary 5.4. Let σ ∈ ΣP [d] be a full-dimensional cone of the normal fan ΣP . We denote by
σcan[1] be the set of all primitive lattice generators of 1-dimensional cones in the fan σcan. Then

F (P ) =
{
x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) + 1 ∀ν ∈

⋃
σ∈ΣP (d)

σcan[1]
}
.

One can extend the notion of the canonical refinement from “local” to “global” by gluing
the canonical refinements σcan of d-dimensional cones σ ∈ Σ(d) of a complete fan Σ. Using the
equalities

Θσ ∩Θσ′ = Θσ∩σ′ ∀σ, σ′ ∈ Σ(d) ,
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we can glue local canonical refinements σcan of cones σ ∈ Σ(d) and obtain a global canonical
refinement Σcan of the complete fan Σ.

In the next section, we will prove the following general statement about the canonical re-
finement Σcan

P of the normal fan ΣP of a canonically closed full-dimensional generalized Delzant
polytopes P .

Theorem 5.5. Let P be a canonically closed full-dimensional generalized Delzant polytope with
F (P ) ̸= ∅. Then for any λ > 1, the normal fan ΣF (λP ) of the full-dimensional polytope F (λP )
is the canonical refinement Σcan

P of the normal fan ΣP of P , and one has the Minkowski sum
decomposition

F (λP ) = F (P ) + (λ− 1)P .

Corollary 5.6. Let P be a canonically closed full-dimensional generalized Delzant polytope
with F (P ) ̸= ∅. Then one has the Minkowski sum decomposition

F (2P ) = F (P ) + P .

Proof. The statement follows from Theorem 5.5 if one takes λ = 2.

Corollary 5.7. Let P be an arbitrary d-dimensional generalized Delzant polytope, and let Σcan
P

be the canonical refinement of its normal fan ΣP . Then Σcan
P is the normal fan ΣF (λP ) of the

Fine interior F (λP ) for all λ≫ 1.

Proof. For λ ≫ 1, the polytope F (λP ) is full-dimensional and the polytope λP is canonically
closed (see Corollary 4.15 and Proposition 4.16).

Proposition 5.8. Let P be a canonically closed d-dimensional generalized Delzant polytope with
F (P ) ̸= ∅. Then for any λ > 1, the combinatorial type of the polytope F (λP ) is independent
on λ, and the set of vertices of F (λP ) equals⊔

σ∈ΣP (d)

{λpσ + µi | µi ∈ M(σ)} .

Proof. By Theorem 5.5, for λ > 1, the normal fan of F (λP ) is just the canonical refinement of ΣP

which is independent of λ > 1. The combinatorial structure of the polytope F (λ) is dual to that
of its normal fan. So it is also independent of λ > 1. Using the Minkowski sum decomposition

F (λP ) = (λ− 1)P + F (P ) , λ > 1 ,

we see that every vertex q ∈ F (λP ) has a unique representation as a sum

q = (λ− 1)pσ + r = λpσ + (r − pσ) ,

where pσ is a vertex of P corresponding to some d-dimensional cone σ ∈ ΣP (d) and r is a vertex
of F (P ) such that r− pσ ∈ σ̌. Note that the vertex q of F (λP ) corresponds to a full-dimensional
cone of the canonical refinement Σcan

P which is contained in σ and spanned by some compact
facet θi ≺ Θσ. Therefore, the vertex r ∈ F (P ) ⊂ P determines the facet θi ≺ Θ by the condition

θi = {y ∈ Θσ | ⟨r − pσ, y⟩ = 1} ;

that is, r − pσ = µi ∈ M(σ) and q = λpσ + µi.

Corollary 5.9. Let P be any 2-dimensional lattice polytope with F (P ) ̸= ∅. Then F (P ) is the
convex hull of the lattice points ⋃

σ∈ΣP (2)

{pσ + µi |µi ∈ M(σ)} .
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Proof. We know that if P is a 2-dimensional lattice polytope with F (P ) ̸= ∅, then P is canonically
closed and F (P ) = Conv(Int(P ) ∩M). For any 2-dimensional cone σ ∈ ΣP (2), the set M(σ)
consists of lattice vectors because the canonical refinement Σcan

P of ΣP defines a 2-dimensional
Gorenstein toric variety. By Proposition 5.8, for all λ > 1, the set of vertices of the Fine interior
F (λP ) equals ⊔

σ∈ΣP (2)

{λpσ + µi | µi ∈ M(σ)} .

Taking the limit λ→ 1, we obtain that all vertices of F (P ) are contained in the finite set of the
limiting lattice points ⋃

σ∈ΣP (2)

{pσ + µi | µi ∈ M(σ)} ⊂ Int(P ) ∩M .

Note that after taking the limit t→ 1, two disjoint finite subsets

{pσ + µi | µ ∈ M(σ)} , {pσ′ + µj | µj ∈ M(σ′)}

corresponding to different 2-dimensional cones σ, σ′ ∈ ΣP (2) may get common elements. This
happens, for example, for all 2-dimensional reflexive polygons.

6. The canonical toric variety Ṽ

Definition 6.1. Let P be a full-dimensional generalized Delzant polytope with F (P ) ̸= ∅.
Consider the continuous real function δP : NR → R,

δP (y) := MinF (P )(y)−MinP (y) , y ∈ NR .

Proposition 6.2. The function δP is linear on cones of the normal fan of the Minkowski sum
P + F (P ), and it has the following properties:

(a) δP (y) ⩾ 0 for all y ∈ NR;

(b) δP (y) = 0 if and only if y = 0;

(c) δP (λy) = λδP (y) for all λ ∈ R⩾0;

(d) {ν ∈ N | δP (ν) = 1} = SF (P );

(e) {ν ∈ N | 0 < δP (ν) < 1} = ∅.

In particular,

∆P := {y ∈ NR | δP (y) ⩽ 1}
is a full-dimensional compact subset in NR containing SF (P ) on its boundary.

Proof. The normal fan Σ′ of the Minkowski sum P + F (P ) is the coarsest common refinement
of the normal fans ΣP and ΣF (P ); see [CLS11, Proposition 6.2.13]. Therefore, the upper-convex
functions MinP and MinF (P ) are linear on each cone of the normal fan Σ′. This implies item (c).
Since the polytope F (P ) is strictly contained in the interior of P , we have MinF (P )(y) > MinP (y)
for all y ∈ NR \{0}. This implies items (a) and (b). The statement (d) follows from the definition
of SF (P ), and item (e) follows from the inequality MinF (P )(ν) − MinP (ν) ⩾ 1 for all nonzero
ν ∈ N .

We note that the compact set ∆P is usually not convex (see Figures 6 and 8).
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Theorem 6.3. Let P be a full-dimensional generalized Delzant polytope (F (P ) ̸= ∅). Denote
by Σ̃ the normal fan of the Minkowski sum P̃ := F (P ) + C(P ). Then any primitive inward-
pointing facet normal ν ∈ Σ̃[1] is contained in the support of the Fine interior SF (P ).

Proof. Since all generalized Delzant polytopes λP (λ ∈ R>0) have the same normal fan, by
Proposition 3.11, there exists a finite subset S ⊂ N such that SF (λP ) ⊆ S for all λ ⩾ 1. Recall
that for any λ > 1, the Fine interior F (λP ) is full-dimensional because it contains the full-
dimensional Minkowski sum F (P ) + (λ− 1)P (see the proof of Proposition 4.16). On the other
hand, any primitive inward-pointing facet normal νQ of the polytope F (λP ) belongs to SF (λP );
that is, νQ ∈ S. For sufficiently small ε > 0, the set {ν1, . . . , νk} = Σ[1] := ΣF ((1+ε)P )[1] ⊂ N of
all primitive inward-pointing normals to facets Q1(ε), . . . , Qk(ε) of the full-dimensional polytope
F ((1 + ε)P ) does not depend on ε, and the corresponding supporting affine hyperplanes Hi(ε)
spanned by the facets Qi(ε) contribute to the Fine interior F ((1+ ε)P ) of the polytope (1+ ε)P ;
that is, Σ[1] = {ν1, . . . , νk} ⊆ SF ((1 + ε)P ) and

MinF ((1+ε)P )(νi)−Min(1+ε)P (νi) = 1 ∀i ∈ {1, . . . , k} .

The polytopes (1 + ε)P and F ((1 + ε)P ) depend continuously on ε. Hence, by taking the limit
ε→ 0, we obtain that

MinF (P )(νi)−MinP (νi) = 1 ∀i ∈ {1, . . . , k} ;

that is, {ν1, . . . , νk} = Σ[1] ⊆ SF (P ).

Next we want to show that for sufficiently small ε > 0, one has the following Minkowski sum
decomposition:

F ((1 + ε)P ) = F (P ) + εC(P ) .

Note that the full-dimensional polytope F ((1+ε)P ) is the intersection of the k half-spaces defined
by primitive lattice facet normals ν1, . . . , νk. So we have

F ((1 + ε)P ) = {x ∈MR | ⟨x, ν⟩ ⩾ Min(1+ε)P (ν) + 1 ∀ν ∈ Σ[1]}
= {x ∈MR | ⟨x, ν⟩ ⩾ (1 + ε)MinP (ν) + 1 ∀ν ∈ Σ[1]}
= {x ∈MR | ⟨x, ν⟩ ⩾ (MinP (ν) + 1) + εMinP (ν) ∀ν ∈ Σ[1]} .

This implies that

F (P ) + εC(P ) ⊆ F ((1 + ε)P

and that the full-dimensional polytope F ((1 + ε)P ) defines an ample R-Cartier divisor

D(ε) :=

k∑
i=1

−(1 + ε)MinP (νi)Di −
k∑

i=1

Di

on the projective toric variety V := V (Σ) of the fan Σ which is independent of the small ε > 0.
In particular, D(ε)−D(ε′) = (ε′ − ε)

∑k
i=1MinP (νi)Di is an R-Cartier divisor on V . Therefore,

D := −
k∑

i=1

MinP (νi)Di

is an R-Cartier divisor on V .

We claim that any primitive inward-pointing facet normal ν ∈ SF (P ) of C(P ) is contained
in Σ[1]. Indeed, let Γν ⊂ C(P ) be a facet of C(P ) defined by the equation ⟨x, ν⟩ = MinP (ν).
Then there exist a point x′ ∈ F (P ) such that ⟨x′, ν⟩ = MinP (ν) + 1. The (d − 1)-dimensional
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polytope x′ + εΓν is contained in F (P ) + εC(P ) ⊆ F ((1 + ε)P ), and

⟨x′′, ν⟩ = (1 + ε)MinP +1 = Min(1+ε)P (ν) + 1 ∀x′′ ∈ x′ + εΓν .

Hence, x′ + εΓ is a facet of F ((1 + ε)P ) and ν ∈ Σ[1].

Since the full-dimensional polytope C(P ) equals the intersection of all half-spaces ⟨∗, ν⟩ ⩾
MinP (ν) defined by primitive inward-pointing facet normals ν ∈ SF (P ), and MinC(P )(ν) =
MinP (ν) for all ν ∈ SF (P ) (see Proposition 3.17(a)), we obtain

C(P ) = {x ∈MR | ⟨x, ν⟩ ⩾ MinP (ν) ∀ν ∈ Σ[1]} ,

that is, that the Σ-piecewise linear function corresponding to the R-Cartier divisor D equals the
upper-convex Σ-piecewise linear function MinC(P ).

On the other hand, MinF (P ) is the limit ε → 0 of convex Σ-piecewise linear functions
MinF ((1+ε)P ). Therefore, MinF (P ) is also an upper-convex Σ-piecewise linear function. Now we
obtain that for sufficiently small ε > 0, the strictly upper-convex Σ-piecewise linear function
MinF ((1+ε)P ) equals the sum of two upper-convex Σ-piecewise linear functions:

MinF ((1+ε)P ) = MinF (P )+εMinC(P ) .

Therefore, F ((1+ε)P ) = F (P )+εC(P ), and Σ is the coarsest common refinement of the normal
fans ΣF (P ) and ΣC(P ) (see [CLS11, Proposition 6.2.13]). In particular, the projective fan Σ with

Σ[1] ⊂ SF (P ) equals the normal fan Σ̃ of the Minkowski sum P̃ := C(P ) + F (P ); that is,
Σ̃[1] ⊂ SF (P ).

Corollary 6.4. Let P ⊂ MR be a full-dimensional lattice polytope with F (P ) ̸= ∅, and let
P̃ := F (P )+C(P ). Then the normal fan of P̃ equals the normal fan of F ((1+ε)P ) for sufficiently
small positive ε.

Proof. The statement immediately follows from the proof of Theorem 6.3.

Corollary 6.5. Let P ⊂ MR be a full-dimensional lattice polytope with F (P ) ̸= ∅, and let
P̃ := F (P ) + C(P ). Denote by Ṽ the projective toric variety of the normal fan Σ̃ of P̃ . Then Ṽ
is a Q-Gorenstein toric variety with at worst canonical singularities.

Proof. Since Σ̃ is a common refinement of the normal fans ΣC(P ) and ΣF (P ), both functions

MinC(P ) and MinF (P ) are Σ̃-piecewise linear. It follows that

δC(P ) := MinF (P )−MinC(P )

is also Σ̃-piecewise linear. By Proposition 3.17(a), the Σ̃-piecewise linear function δC(P ) has

value 1 on every primitive lattice vector ν ∈ Σ̃[1] ⊆ SF (P ). Therefore, the canonical class of Ṽ
is a Q-Cartier divisor defined by the Σ̃-piecewise linear function δC(P ). By Proposition 3.17 and
Corollary 3.18, we can apply Proposition 6.2 to the rational polytope C(P ) and obtain

δC(P )(ν) = MinF (P )(ν)−MinC(P )(ν) ⩾ 1 ∀ν ∈ N \ {0} .

Therefore, all singularities of the toric variety Ṽ are at worst canonical.

Corollary 6.6. Let Σ̂ be a projective refinement of the fan Σ̃ such that Σ̂[1] = SF (P ). Then
the corresponding projective toric morphism φ : V̂ → Ṽ is crepant. Furthermore, if ψ : V → Ṽ
is a toric desingularization of Ṽ defined by a regular refinement Σ of Σ̃, then

KV = ψ∗K
Ṽ
+

∑
ν∈Σ[1]\Σ̃[1]

ã(ν)Dν ,
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where ã(ν) := δC(P )(ν)−1 = MinF (P )(ν)−MinC(P )(ν)−1. In particular, φ : V̂ → Ṽ is a maximal

projective partial crepant desingularization of Ṽ .

Proof. By Proposition 3.17(a), the Σ̃-piecewise linear function δC(P ) := MinF (P )−MinC(P ) rep-

resenting the canonical class K
Ṽ

takes value 1 on every lattice vector ν ∈ SF (P ) = Σ̂[1]. There-
fore, φ∗K

Ṽ
= K

V̂
; that is, φ is crepant.

If ψ : V → Ṽ is an arbitrary toric desingularization of Ṽ defined by a regular refinement Σ
of Σ̃, then the discrepancy ã(ν) for a divisorial valuation ν ∈ N is the difference between the
values of the Σ-piecewise linear functions corresponding to KV and K

Ṽ
; that is,

ã(ν) = δC(P )(ν)− 1 = (MinF (P )(ν)−MinC(P )(ν))− 1 .

In particular, ã(ν) = 0 if and only if ν ∈ SF (P ); that is, φ is a maximal projective partial crepant
desingularization of Ṽ .

Theorem 6.7. Let P ⊂ MR be a full-dimensional lattice polytope with F (P ) ̸= ∅, let P̃ =
C(P ) + F (P ), and let Σ̃ be the normal fan of P̃ . Consider an arbitrary 2-dimensional cone
σ ∈ Σ̃, and denote by νi, νj ∈ Σ̃[1] ⊆ SF (P ) its spanning primitive lattice vectors. Then

(a) the (d− 2)-dimensional affine subspace L1
σ ⊂MR defined by the equations

⟨x, νi⟩ = MinP (νi) + 1 , ⟨x, νj⟩ = MinP (νj) + 1

has nonempty intersection with F (P );

(b) the (d− 2)-dimensional affine subspace L0
σ ⊂MR defined by the equations

⟨x, νi⟩ = MinP (νi) , ⟨x, νj⟩ = MinP (νj)

contains at least one vertex of P .

Proof. (a) By Corollary 6.4, the normal fan of P̃ equals the normal fan of the Fine interior of
(1 + ε)P for small ε > 0. Therefore, for these ε, the d-dimensional polytope F ((1 + ε)P ) has
a (d−2)-dimensional face Γσ,ε whose affine span is the intersection L1

σ,ε of two affine hyperplanes
defined by the equations

⟨x, νi⟩ = Min(1+ε)P (νi) + 1 , ⟨x, νj⟩ = Min(1+ε)P (νj) + 1 .

Assume that the intersection L1
σ ∩ F (P ) is empty. This means that the distance between the

compact convex set F (P ) and the affine linear subspace L1
σ is positive. On the other hand, we

have

L1
σ = lim

ε→0
L1
σ,ε , F (P ) = lim

ε→0
F ((1 + ε)P ) .

This implies that for sufficiently small ε > 0, the intersection Lσ,ε ∩ F ((1 + ε)P ) must also be
empty. The latter contradicts the fact that the (d − 2)-dimensional face Γσ,ε of F ((1 + ε)P ) is
contained in L1

σ,ε for all sufficiently small ε > 0.

(b) Consider the 2-dimensional sublattice Nσ ⊂ N spanned by N ∩ σ. Then Nσ
∼= Z2 is

a direct summand of N . Let e1, e2 be a Z-basis of Nσ. Consider the lattice projection

πσ : M → Z2 , m 7→ (⟨m, e1⟩, ⟨m, e2⟩) .

Since Ṽ has at worst canonical singularities, the lattice triangle with vertices 0, νi, νj has no
interior lattice points, and one can choose a Z-basis e1, e2 ∈ Nσ in such a way that νi = e1 and
νj = e1 + ke2 for some positive integer k. We claim that all k + 1 lattice vectors

e1, e1 + e2, e1 + 2e2, . . . , e1 + (k − 1)e2, e1 + ke2
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belong to SF (P ). For the lattice vectors e1 = νi and e1+ke2 = νj , this follows from Theorem 6.3.
By Proposition 3.17(a), we have

MinC(P )(νi) + 1 = MinP (νi) + 1 = MinF (P )(νi) ,

MinC(P )(νj) + 1 = MinP (νj) + 1 = MinF (P )(νj) .

The functions MinF (P ) and MinC(P ) are linear on the 2-dimensional cone σ. This implies

MinC(P )(ν) + 1 = MinF (P )(ν)

for any lattice point ν of the segment [νi, νj ]. By Corollary 3.18, all these points belong to
SF (P ) = SF (C(P )). In particular, we have

MinP (ν) + 1 = MinF (P )(ν) ∀ν ∈ Nσ ∩ [νi, νj ] ;

that is, e1 + re2 ∈ SF (P ) for all r ∈ {0, 1, . . . , k}.
Now apply item (a) and take a point p0 ∈ F (P ) ∩ L1

σ. Then

⟨p0, νi⟩ = MinP (νi) + 1 = MinF (P )(νi) , ⟨p0, νj⟩ = MinP (νj) + 1 = MinF (P )(νj) .

By the linearity of MinF (P ) on σ, we obtain

⟨p0, ν⟩ = MinP (ν) + 1 ∀ν ∈ Nσ ∩ [νi, νj ] .

In particular, this implies

⟨p0, ν⟩ ∈ Z ∀ν ∈ Nσ ∩ [νi, νj ] .

Since the set Nσ ∩ [νi, νj ] generates the sublattice Nσ ⊆ N , we obtain that the πσ-projection
of p0 ∈MQ to Q2 is a lattice point p0 ∈ Z2.

Obviously, the projection Pσ := πσ(P ) ⊂ R2 is a lattice polygon contained in the angle Aσ

defined by two inequalities ⟨x, νi⟩ ⩾ MinP (νi) and ⟨x, νj⟩ ⩾ MinP (νj):

Pσ ⊂ Aσ =
{
(x1, x2) ∈ R2 | x1 ⩾ MinP (νi), x1 + kx2 ⩾ MinP (νj)

}
,

and both sides of Aσ contain lattice vertices of Pσ. Moreover, the lattice point p0 ∈ Z2 ⊂ R2 is
the intersection of two lines with equations

x1 = MinP (νi) + 1 , x1 + kx2 = MinP (νj) + 1 .

Therefore, the intersection of two another lines with equations

x1 = MinP (νi) , x1 + kx2 = MinP (νj)

is also a lattice point q ∈ Z2 which is the vertex of the angle Aσ ⊂ R2. By shifting the lattice
polytope P , we can now assume without loss of generality that MinP (νi) = MinP (νj) = 0. Then
we obtain q = (0, 0) and p0 = (1, 0), the 2-dimensional lattice polygon Pσ = πσ(P ) is contained
in the angle

Aσ =
{
(x1, x2) ∈ R2 | x1 ⩾ 0, x1 + kx2 ⩾ 0

}
,

and Pσ has lattice vertices on both sides of Aσ. Moreover, Pσ contains the lattice point (1, 0) =
p0 = πσ(p0) ∈ πσ(F (P )) in its interior. Elementary convexity considerations show that all above
conditions for Pσ together with the condition (0, 0) ̸∈ Pσ can be satisfied only if k = 1 and (0, 1),
(1,−1) are vertices of Pσ. In the last situation, the lattice vector 2e1+e2 = e1+(e1+e2) = νi+νj
must belongs to SF (P ) because the line 1 = 2x1 + x2 defines a side of Pσ and the line 2 =
2x1 + x2 contains (1, 0) = πσ(p0) ∈ πσ(F (P )). The conclusion that ni, nj , νi + νj ∈ SF (P ) leads
to contradiction since SF (P ) = SF (C(P )), F (P ) = F (C(P )) and the two functions MinF (P ),
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MinC(P ) are linear on the cone σ ∈ Σ̃ spanned by ni and nj (see Remark 3.10). So we obtain that
(0, 0) must be a vertex of Pσ, and there exists a vertex v ∈ P ∩ L0

σ such that πσ(v) = (0, 0).

Proof of Theorem 5.5. Let P be a full-dimensional canonically closed Delzant polytope. By
Proposition 4.16, we have C(λP ) = λP for all λ ⩾ 1. In the proof of Theorem 6.3, we have
shown that for sufficiently small ε = λ − 1 > 0, we have F (λP ) = F (P ) + (λ − 1)P and the
normal fan Σ of F ((1+ ε)P ) equals the normal fan Σ̃ of F (P )+P . In other words, Σ̃ is a refine-
ment of the normal fan ΣP such that the corresponding refinement of any full-dimensional cone
σ ∈ ΣP (d) is determined by the full-dimensional domains of linearity in σ of the Σ̃-piecewise
linear function

δP (y) = MinF (P )(y)−MinP (y) = MinF (P )(y)− ⟨pσ, y⟩ ∀y ∈ σ ,

where pσ is a vertex of P corresponding to σ ∈ ΣP (d). Since F (P ) ⊂ pσ +Θ∗
σ (see Theorem 5.3),

we obtain that γσ(y) ⩽ MinF (P )(y)− ⟨pσ, y⟩ for all y ∈ σ. This implies

Θσ = {y ∈ σ | γσ(y) ⩾ 1} ⊆ {y ∈ σ | MinF (P )(y)− ⟨pσ, y⟩ ⩾ 1} .

Since Σ̃[1] ⊂ SF (P ) and MinF (P )(ν) − ⟨pσ, ν⟩ = 1 for all ν ∈ SF (P ), we obtain the opposite
inclusion

{y ∈ σ | MinF (P )(y)− ⟨pσ, y⟩ ⩾ 1} ⊂ Θσ .

Therefore, we obtain the equality of the convex sets

{y ∈ σ | MinF (P )(y)− ⟨pσ, y⟩ ⩾ 1} = Θσ

for any σ ∈ ΣP (d); that is, the refinement of ΣP defined by the fan Σ̃ is canonical. The equality
{y ∈ σ | MinF (P )(y) − ⟨pσ, y⟩ ⩾ 1} = Θσ shows that full-dimensional subcones in the canonical
refinement of a cone σ ∈ ΣP correspond 1-to-1 to rational vectors µ = f − pσ ∈ M(σ), where f
is a vertex of F (P ).

It remains to show F (λP ) = F (P )+(λ−1)P for all λ > 1. By Corollary 5.4, the 1-dimensional
primitive lattice generators of the normal fan of F (λP ) are contained in Σcan[1] = {ν1, . . . , νk},
where Σcan = Σ̃ is the canonical refinement of the normal fan of λP . Therefore, we can obtain
F (λP ) as

F (λP ) =
{
x ∈MR | ⟨x, ν⟩ ⩾ MinλP (ν) + 1 ∀ν ∈ Σ̃[1]

}
.

On the other hand, the Minkowski sum F (P ) + (λ − 1)P corresponds to the sum of two nef
R-Cartier divisors on Ṽ :

−
k∑

i=1

(1 +MinP (νi))Di , −
k∑

i=1

(λ− 1)MinP (νi))Di .

By adding these divisors, we obtain the ample R-Cartier divisor on Ṽ

−
k∑

i=1

(1 + λMinP (νi))Di = −
k∑

i=1

(1 +MinλP (νi))Di .

This implies F (λP ) = F (P ) + (λ− 1)P .

Corollary 6.8. Let P be a full-dimensional generalized Delzant polytope (F (P ) ̸= ∅). Then

P̃ := F (P ) + C(P ) = F (2C(P )) .

Proof. It is sufficient to apply Theorem 5.5 to the canonically closed polytope C(P ) and put
λ = 2, because F (C(P )) = F (P ) (see Proposition3.17(b)).
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0

Figure 6. A 2-dimensional lattice polytope and the normal fan of the Minkowski sum P + I(P )

The following result of Robert Koelman was pointed out to the author by Dimitrios Dais; see
Figure 6 for an example.

Corollary 6.9 ([Koe91, Corollary 2.4.3, p. 52]). Let P be a 2-dimensional lattice polytope.
Assume that I(P ) := Conv(P ◦ ∩M) is nonempty. Then the normal fan of the Minkowski sum
P + I(P ) defines a projective toric surface Ṽ with at worst Gorenstein quotient An-singularities.

Proof. By Remark 3.5 and Proposition 4.4, we have F (P ) = I(P ) and C(P ) = P . Therefore,

P̃ = C(P ) + F (P ) = P + I(P ) .

Now the statement follows from Theorem 6.3 and Corollary 6.5 because 2-dimensional canonical
toric singularities are exactly An-singularities; see [CLS11, Proposition 11.2.8].

7. Canonical models of hypersurfaces and the adjunction

Let V = VΣ be any d-dimensional normal toric variety defined by a fan Σ ⊂ NR. We consider
the Zariski closure Z in V of an affine hypersurface Z ⊂ Td defined by zeros of a Laurent
polynomial f . We need the following general statement.

Proposition 7.1. Let Z ⊂ Td be an arbitrary (not necessarily nondegenerate) affine hypersur-
face defined by a Laurent polynomial f(t) with Newton polytope P . Then the Zariski closure Z
of Z in a normal toric variety VΣ is linearly equivalent to the torus-invariant Weyl divisor

Df := −
∑

ν∈Σ[1]

MinP (ν)Dν .
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Proof. The Weyl divisor class group of a normal toric variety VΣ does not depend on torus orbits
of codimension greater than or equal to 2. Therefore, we can assume that the fan Σ consists only of
cones of dimension 0 and 1, where 1-dimensional cones σ = R⩾0ν ∈ Σ[1] are spanned by primitive
lattice vectors ν ∈ Σ[1]. The toric variety VΣ is smooth because VΣ is normal. Therefore, Weyl
divisors D on VΣ can be identified with the invertible sheaves O(D) using the local equations
of D in VΣ. We may consider the Zariski closure Z as the zero set of a natural global section
s ∈ H0

(
V,O

(
Z
))

and use the open affine covering

VΣ =
⋃

σ∈Σ(1)

Uσ ,

where every open subset Uσ consists of two torus orbits: the open torus Td and the closed torus
orbit Dν ⊂ Uσ isomorphic to the divisor

{t1 = 0} ⊂ C× (C∗)d−1 = SpecC
[
t1, t

±
2 , . . . , t

±
d

] ∼= Uσ .

The maximal ideal (tν) in the local ring of Dν ⊂ Uσ ⊆ VΣ defines a discrete valuation of
C(t1, t2, . . . , td) which has value 1 on tν := t1 and value MinP (ν) on the Laurent polynomial f(t).

In particular, the Laurent polynomial t
−MinP (ν)
1 f(t) defines the local equation of the Zariski

closure Z in Uσ. Therefore, the rational function t
MinP (ν)
ν /f(t) is the generator of the invertible

sheaf O
(
Z
)
over Uσ. On the other hand, the invertible sheaf O(Df ) corresponding to the torus-

invariant divisor Df := −
∑

ν∈Σ[1]MinP (ν)Dν is generated over Uσ by t
MinP (ν)
ν , where tν is

the generator of the vanishing ideal of the closed torus orbit Dν ⊂ Uσ. The multiplication by
the Laurent polynomial f defines an isomorphism O

(
Z
) ∼= O(Df ). Therefore, Df is linearly

equivalent to Z.

Corollary 7.2. The divisor class [
Z
]
∈

⊕
ν∈Σ[1]

ZDν
∼= ZΣ[1]

of the Zariski closure Z of Z in VΣ depends only on the Newton polytope P of the defining
Laurent polynomial of f . If one chooses another Laurent polynomial f(t)tm (m ∈ M) defining
the same affine hypersurface Z ⊂ Td, then P will be replaced by the shifted Newton polytope
P +m and one obtains [

Zf(t)tm
]
=

∑
ν∈Σ[1]

(MinP (ν) + ⟨m, ν⟩)Dν .

Definition 7.3. Let Z ⊂ Td be a nondegenerate affine hypersurface defined by a Laurent
polynomial f(t) with Newton polytope P . We assume F (P ) ̸= ∅ and call the Zariski closure
Z̃ ⊂ Ṽ in the projective toric variety associated with the rational polytope P̃ := F (P ) + C(P )
the canonical model of Z.

Proposition 7.4. The canonical model Z̃ is a semiample big Q-Cartier divisor on the toric
variety Ṽ .

Proof. Since the full-dimensional polytope C(P ) is a Minkowski summand of P̃ , we obtain a nat-
ural birational toric morphism ϱ : Ṽ → VC(P ), and the canonical model Z̃ is the pull-back under

ϱ of the ample Q-Cartier divisor ZC(P ) ⊂ VC(P ). This implies the statement.

Remark 7.5. Note that if P = C(P ), then the toric morphism ϱ : Ṽ → VC(P ) = VP is determined

by the canonical refinement Σcan
P of the normal fan ΣP , and the singularities of Z̃ are toroidal.
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In general, we have P ̸= C(P ) if P contains facets Q whose normals do not belong to SF (P ).
These “bad facets” of P define divisors on VP and on Z that must disappear on Ṽ and on the
canonical (respectively, minimal) models Z̃ (respectively, Ẑ). Therefore, in general, there is no
birational toric morphism

ρ′ : Ṽ → VP .

This is the reason why the singularities of canonical and minimal models Z̃ and Ẑ are not toroidal
in general. We illustrate this fact in Example 8.3 (Case 1).

The next theorem is very important.

Theorem 7.6. The canonical model Z̃ is a normal variety, and it satisfies the adjunction formula

K
Z̃
=

(
K

Ṽ
+ Z̃

)
|
Z̃
. (7.1)

The main technical difficulty in the proof of Theorem 7.6 is the fact that the hypersurface
Z̃ ⊂ Ṽ may contain some torus orbits in the toric variety Ṽ . This could make problems for the
adjunction as can be seen from the next example.

Example 7.7. Consider a surface S ⊂ P(1, 1, a, a) = V (a ⩾ 1) defined by weighted homogeneous
equation of degree a+ 1

z0z2 − z1z3 = 0 .

Then the surface S is smooth and isomorphic to the ruled surface Fa−1. However, if a ⩾ 3, the
adjunction formula for S does not hold because Fa−1 is not a del Pezzo surface. The adjunction in
this case fails because the singularities of the weighted projective space V include a 1-dimensional
torus orbit Θ ⊂ V contained in S. This is an example of a quasi-smooth divisor S in the weighted
projective space that is not well formed in sense of Fletcher [Ian00].

Our proof of Theorem 7.6 is based on the following statement.

Proposition 7.8. None of the (d − 2)-dimensional torus orbits Tσ ⊂ Ṽ corresponding to
2-dimensional cones σ ∈ Σ̃ is contained in the canonical model Z̃.

Proof. Let νi, νj ∈ N be primitive lattice generators such that σ = R⩾0νi+R⩾0νj . Consider two
supporting hyperplanes

Li : ⟨x, νi⟩ = MinP (νi) and Lj : ⟨x, νj⟩ = MinP (νj) .

Then Li ∩ P ̸= ∅ and Lj ∩ P ̸= ∅. Moreover, the Zariski closure Zσ of Z in the open affine toric

subvariety Uσ ⊂ Ṽ corresponding to the 2-dimensional cone σ contains the unique closed torus
orbit Tσ ⊂ Uσ if and only if Li ∩ Lj ∩ P ̸= ∅. It remains to apply Theorem 6.7(b).

Proof of Theorem 7.6. Since a normal toric variety Ṽ is Cohen–Macaulay and Z̃ is a hypersurface
in Ṽ , by Serre’s criterion for normality, it is sufficient to show that Z̃ is smooth in codimension 1.
It is enough to check that smoothness on the open subset

Ũ (2) :=
⋃
σ∈Σ̃

dimσ=2

Uσ

because the complement W := Ṽ \ Ũ (2) has codimension 3 in Ṽ . By Proposition 7.8, for every
2-dimensional cone σ ∈ Σ̃, the closed torus orbit Tσ is not contained in the Zariski closure Z̃. Let
Q := Li ∩Lj ∩ P . Then Q is a face of P . If dimQ = 0, then Tσ ∩ Z̃ = ∅, and therefore Uσ ∩ Z̃ is
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smooth. If dimQ > 0, then it follows from the nondegeneracy of Z that the intersection Tσ∩ Z̃ is
transversal along a smooth reduced divisor in Tσ, and singularities of Uσ ∩ Z̃ must be contained
in Tσ ∩ Z̃; that is, they have codimension at least 2.

Finally, the adjunction holds for the canonical model Z̃ ⊂ Ṽ because Z̃ is transversal to all
torus orbit in U (2) and the adjunction holds on the open subset U (2) ⊂ Z̃.

8. Minimal models

Theorem 8.1. The projective hypersurface Z̃ ⊂ Ṽ is a Q-Gorenstein variety with nef Q-Cartier
canonical divisor K

Z̃
and with at worst canonical singularities.

Proof. We take a common regular refinement Σ of the normal fan ΣP and of the fan Σ̂. Denote
by Z the Zariski closure of Z in the smooth toric variety V := VΣ. By Proposition 7.1, we have
Z =

∑
ν∈Σ[1]−MinP (ν)Dν . Combining this with KV =

∑
ν∈Σ[1]−Dν , we obtain

KV + Z =
∑

ν∈Σ[1]

(−1−MinP (ν)) ·Dν .

We may consider Σ as a regular refinement of Σ̃ and obtain the birational toric morphism
φ : V → Ṽ . Then

KV + Z = φ∗(K
Ṽ
+ Z̃

)
+

∑
ν∈Σ[1]\Σ̃[1]

a(ν)Dν . (8.1)

In order to compute the discrepancies a(ν), we write the right-hand side in the last equality as
a linear combination of the toric divisors Dν (ν ∈ Σ[1]) using

φ∗(K
Ṽ
+ Z̃

)
=

∑
ν∈Σ[1]

−MinF (P )(ν)Dν

=
∑

ν∈Σ̃[1]

−MinF (P )(ν)Dν +
∑

ν∈Σ[1]\Σ̃[1]

−MinF (P )(ν)Dν

=
∑

ν∈Σ̃[1]

(−1−MinP (ν))Dν +
∑

ν∈Σ[1]\Σ̃[1]

−MinF (P )(ν)Dν ,

φ∗(K
Ṽ
+ Z̃

)
+

∑
ν∈Σ[1]\Σ̃[1]

a(ν)Dν =
∑

ν∈Σ̃[1]

(−1−MinP )Dν +
∑

ν∈Σ[1]\Σ̃[1]

(−MinF (P )+a(ν))Dν .

This implies

−1−MinP (ν) = −MinF (P )+a(ν) ∀ν ∈ Σ[1] \ Σ̃[1] .
Now we restrict equation (8.1) to Z and obtain

KZ = φ∗(K
Z̃

)
+

∑
ν∈Σ[1]\Σ̃[1]

a(ν)
(
Dν ∩ Z

)
. (8.2)

Since

a(ν) = MinF (P )(ν)−MinP (ν)− 1 ⩾ 0 ∀ν ∈ N \ {0} , (8.3)

the singularities of Z̃ are at worst canonical.

Theorem 8.2. Let Σ̂ be a maximal projective simplicial refinement of the normal fan Σ̃ = Σ
P̃

with Σ̂[1] = SF (P ). Then the Zariski closure Ẑ of the affine hypersurface Z ⊂ Td in V̂ := V
(
Σ̂
)
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is a projective minimal model of Z; that is, Σ̂ is a Q-factorial projective algebraic variety with
at worst terminal singularities and with semiample canonical class K

Ẑ
. Moreover, the crepant

birational toric morphism φ : V̂ → Ṽ induces a birational crepant morphism φ : Ẑ → Z̃.

Proof. The same arguments as above show that the singularities of Ẑ are at worst terminal, and
the induced birational morphism φ : Ẑ → Z̃ is crepant because the equality

a(ν) = MinF (P )(ν)−MinP (ν)− 1 = 0

holds if and only if ν ∈ SF (P ).

Let us consider some of the simplest examples in arbitrary dimension d showing the roles of
F (P ), SF (P ) and C(P ) in constructing minimal models of nondegenerate toric hypersurfaces
Z ⊂ Td.

Example 8.3. Let P ⊂ Rd be the d-dimensional lattice polytope defined as

P :=

{
x ∈ Rd

⩾0 | a ⩽
d∑

i=1

xi ⩽ b

}
for some integers 0 ⩽ a < b. Then

F (P ) =

{
x ∈ Rd

⩾1 | a+ 1 ⩽
d∑

i=1

xi ⩽ b− 1

}
.

So F (P ) ̸= ∅ if and only if b ⩾ max{d+ 1, a+ 2}.
Let e1, . . . , ed be the standard basis of Zd ⊂ Rd. There are two possibilities for SF (P ) if

F (P ) ̸= ∅:

Case 1. SF (P ) =
{
e1, . . . , ed,−

∑d
i=1 ei

}
. This happens if and only if b ⩾ d+1 and a+2 ⩽ d.

In this case, we have

C(P ) =

{
x ∈ Rd

⩾0 |
d∑

i=1

xi ⩽ b

}
,

and the minimal model Ẑ = Z̃ is a projective hypersurface of degree b in Pd that may have an
isolated terminal singularity at the origin 0 ∈ Cd ⊂ Pd if a ⩾ 2. If a ⩾ 2, then C(P ) ̸= P , and
the isolated singularity of the minimal model is not toroidal as soon as a ⩾ 3.

Case 2. SF (P ) =
{
e1, . . . , ed,−

∑d
i=1 ei,

∑d
i=1 ei

}
. This happens if and only if b ⩾ a + 2 ⩾

d + 1. If these inequalities hold, we have C(P ) = P , and the minimal model Ẑ = Z̃ = Z is
a smooth projective hypersurface, namely the Zariski closure of Z in the smooth toric variety
V̂ = Ṽ = VP obtained from Pd by the blow-up of the origin 0 ∈ Cd ⊂ Pd.

9. The Kodaira dimension of toric hypersurfaces

We begin this section with simple illustrating examples showing some properties of the Kodaira
dimension and of the Iitaka fibration for (d−1)-dimensional smooth projective hypersurfaces Xa,b

of bi-degree (a, b) in the product Pd1 × Pd2 of two projective spaces (d = d1 + d2). We use these
examples to illustrate general properties of the Kodaira dimension and the Iitaka fibration for
canonical models of nondegenerate affine hypersurfaces Z ⊂ Td defined by Laurent polynomials
with d-dimensional Newton polytopes P .
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The hypersurfaces Xa,b ⊂ Pd1 ×Pd2 have nonnegative Kodaira dimension κ(Xa,b) if and only
if a ⩾ d1 + 1 and b ⩾ d2 + 1.

• If a > d1 + 1 and b > d2 + 1, then the canonical class of Xa,b is ample and κ(Xa,b) =
dimXa,b = d− 1; that is, Xa,b is a smooth projective variety of general type.

• If (a, b) = (d1 + 1, d2 + 1), then Xa,b has trivial canonical class and Xd1+1,d2+1 is a (d− 1)-
dimensional Calabi–Yau hypersurface; that is, κ(Xd1+1,d2+1) = 0.

A more interesting situation appears if, for example, a = d1 + 1 but b > d2 + 1. In this
case, the canonical invertible sheaf on Xa,b is the restriction to Xa,b of the semiample sheaf
K := O(0, b−d2−1) on Pd1×Pd2 . The global sections of K define the natural surjective projective
morphism ϑ : Pd1 × Pd2 → Pd2 which is a trivial Pd1-fibration, a Fano fibration, over Pd2 . The
restriction of ϑ to the hypersurface Xa,b defines a proper surjective morphism Xa,b → Pd2 whose
general fibers are anticanonical hypersurfaces of degree d1 + 1 in Pd1 .

There are two cases:

• If d1 = 1, then the anticanonical hypersurface in Pd1 consists of two points in P1 and
the morphism ϑ : X2,b → Pd2 is a double covering of Pd2 , a higher-dimensional analog of
hyperelliptic curves. In particular, the Kodaira dimension of X2,b is d− 1.

• If d1 > 1, then for a general point p ∈ Pd2 , the fiber ϑ−1(p) ∩ Xd1+1,b is an irreducible
(d1−1)-dimensional Calabi–Yau hypersurfaces of degree d1+1 in Pd1 . By Proposition 3.16,
the Newton polytope P of Xd1+1,b is a product of two simplices of dimensions d1 and d2.
The Fine interior F (P ) is a d2-dimensional simplex. It is easy to see that the pluricanonical
ring of Xd1+1,b is the (b − d2 − 1)-Veronese ring of Pd2 and that the Kodaira dimension
of Xd1+1,b equals d2, that is,

κ(Xd1+1,b) = dimF (P ) = d2 < d− 1 .

Now we consider a general case of the toric fibration ϑ : Ṽ → VF (P ) corresponding to the

Minkowski summand F (P ) of the full-dimensional polytope P̃ = F (P ) + C(P ), where k :=
dimF (P ) < d. Define the (d− k)-dimensional sublattice

NF := {n ∈ N | ⟨x, n⟩ = MinF (P )(n) ∀x ∈ F (P )} ⊂ N .

The sublattice NF ⊂ N is a direct summand of N of rank d−k; that is, there exists a complemen-
tary sublattice NF of rank k such that N = NF ⊕NF and a natural surjective homomorphism

πF : N → N/NF ∼= NF .

Denote by MF ⊂ M the k-dimensional orthogonal complement of NF in M . We obtain the
natural surjective homomorphism

πF : M →MF :=M/MF

and denote by PF the (d − k)-dimensional lattice polytope πF (P ) ⊂ MF
R , that is, the πF -

projection of the lattice polytope P onto the (d− k)-dimensional lattice polytope PF ⊂MF
R .

Proposition 9.1. The (d−k)-dimensional lattice polytope PF ⊂MF
R has the following proper-

ties:

(a) We have F (PF ) = πF (F (P )); that is, the Fine interior of the lattice polytope PF is the
rational point πF (F (P ).

(b) SF
(
PF

)
= NF ∩ SF (P ) ⊂ NF .
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(c) The convex hull ΦF := Conv
(
NF ∩SF (P )

)
is a (d−k)-dimensional canonical Fano polytope,

that is, a (d − k)-dimensional lattice polytope containing only the origin 0 ∈ NF as NF -
lattice point in the relative interior of ΦF .

Proof. The lattice MF is dual to NF . Therefore,

F
(
PF

)
=

{
x ∈MF

R | ⟨x, ν⟩ ⩾ MinPF (ν) + 1 ∀ν ∈ NF \ {0}
}
.

Since PF is the πF -projection of P and any linear function ⟨∗, ν⟩ with ν ∈ NF is constant on
fibers of the πF -projection, we obtain that MinP (ν) = MinPF (ν) for all ν ∈ NF . This implies
that pF := πF (F (P )) is the Fine interior of PF .

Theorem 9.2. Let Z ⊂ Td be a nondegenerate affine toric hypersurface defined by a Laurent
polynomial f with a Newton polytope P . If k := dimF (P ) ⩾ 0, then the Kodaira dimension κ

(
Z̃
)

of the canonical model Z̃ equals

κ
(
Z̃
)
= min{k, d− 1} ,

and we have the following three cases:

(a) If k = d, then the Iitaka fibration Z̃ → VF (P ) is birational on its image.

(b) If k = d−1, then the minimal model Z̃ is birational to a double cover of a (d−1)-dimensional
toric variety VF (P ); that is, Z̃ is a higher-dimensional analog of hyperelliptic curves of genus
g ⩾ 2.

(c) If 0 ⩽ k < d− 1, then the Iitaka fibration

Z̃ → VF (P )

is induced by the canonical toric Q-Fano fibration ϑ : V̂ → VF (P ) whose generic fiber is
isomorphic to a nondegenerate irreducible (d− 1− k)-dimensional hypersurface of Kodaira
dimension 0 in some toric Q-Fano variety defined by the (d − k)-dimensional lattice poly-
tope PF with 0-dimensional Fine interior.

Proof. By the adjunction formula,
(
K

Ṽ
+ Z̃

)
|
Z̃
is the canonical class K

Z̃
. So we obtain the linear

maps

Ψm : H0
(
Ṽ ,O

(
m
(
K

Ṽ
+ Z̃

)))
→ H0

(
Z̃,O

(
mK

Z̃

))
, m ⩾ 0 .

Consider the toric morphism ϑ : Ṽ → VF (P ). Then K
Ṽ
+ Z̃ = ϑ∗L for some ample divisor L

on the toric variety VF (P ). Therefore, the dimensions H0
(
Ṽ ,O

(
m
(
K

Ṽ
+ Z̃

)))
grow as a degree

dimF (P ) polynomial in m.

We consider two cases:

Case 1. k := dimF (P ) = d. Then the dimensions H0
(
Ṽ ,O

(
m(K

Ṽ
+ Z̃

)))
grow as a degree

d polynomial in m. This implies that the restrictions of these global sections to the hypersurface
Z̃ grow as a degree at least d−1 polynomial in m, which implies that only κ

(
Z̃
)
= dim Z̃ = d−1

is possible.

Case 2. k := dimF (P ) < d. We claim that in this case all maps Ψm (m ⩾ 0) are injective
(which implies κ(Z) ⩾ k).

Indeed, any global section s ∈ H0
(
Ṽ ,O

(
m
(
K

Ṽ
+ Z̃

)))
is represented by a Laurent polyno-

mial g(t) whose Newton polytope P (g) is contained in the k-dimensional polytope mF (P ). If
the restriction of such a g to Z is 0, then the Laurent polynomial f divides g and the Newton
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polytope P = Newt(f) can be embedded into the Newton polytope of Newt(g). The latter is
impossible by dimension reasons unless g = 0.

In order to get the opposite inequality κ
(
Z̃
)
⩽ k, we remark that on the toric variety Ṽ , the

nef divisor K
Ṽ
+ Z̃ defines a toric morphism

φ : Ṽ → VF (P ) := Proj
⊕
m⩾0

H0
(
Ṽ ,O

(
m
(
K

Ṽ
+ Z̃

)))
,

and VF (P ) is a toric variety of dimension k.

The fibers of φ over the dense torus orbit U ⊂ VF (P ) are (d−k)-dimensional canonical Q-Fano

toric varieties, and the restrictions of the global sections of O
(
m
(
K

Ṽ
+Z̃

))
are trivial. Therefore,

the φ-images of the generic intersections of Z̃ with these fibers are (d−k−1)-dimensional. These
irreducible (d−k−1)-dimensional subvarieties of Z̃ are mapped to points in VF (P ). Consequently,

the dimension of the pluricanonical image of Z̃ can be at most (d− 1)− (d− k − 1) = k. So we
obtain κ

(
Z̃
)
⩽ k.

Consider an illustrative example.

Example 9.3. Let P = C(P ) be the canonically closed 3-dimensional lattice simplex with vertices

(0, 0, 0), (3, 0, 0), (1, 3, 0), (2, 0, 3) ∈MR = R3 ;

see Figure 7. The simplex P contains no lattice points in its interior, but the Fine interior F (P )
is a 1-dimensional rational segment of length 1/3:

F (P ) = [(4/3, 1, 1), (5/3, 1, 1)] ⊂MR .

The 1-dimensional sublattice MF ⊂M is spanned by (1, 0, 0). The projection PF : M →MF =
M/MF

∼= Z2 is the map (m1,m2,m3) 7→ (m2,m3). The image PF (P ) of P under this projection
is the reflexive lattice triangle with vertices (0, 0), (0, 3), (3, 0) having the 0-dimensional Fine
interior {(1, 1)}. One can consider the nondegenerate affine surface Z ⊂ T3

∼= (C∗)3 defined by
the equation

f(t) = 1 + t31 + t1t
3
2 + t21t

3
3 = 0

with Newton polytope P . The canonical model Z̃ is an elliptic surface of Kodaira dimension 1
having the natural surjective morphism Z̃ → P1 if we take t1 as local affine coordinate on P1.
Thus we obtain a 1-parameter t1-family of plane elliptic cubic curves determined by the affine
(t2, t3)-equations (

1 + t31
)
+ t1t

3
2 + t21t

3
3 = 0 , t1 ∈ C

having the reflexive Newton polygon with three vertices (0, 0), (3, 0), (3, 0).

The fan Σ̃ = Σ̂ defining the 3-dimensional toric variety Ṽ with at worst canonical singularities
is generated by five lattice vectors (see Figure 8):

SF (P ) = Σ̃[1] = Σ̂[1] = {(0, 1, 0), (0, 0, 1), (−1,−1), (3,−1,−2), (−3,−2,−1) ⊂ NR .

The terminal toric variety V̂ equals Ṽ . It has six isolated terminal µ3-quotient singular-
ities, and it is generically a toric P2-fibration over C∗. The 2-dimensional sublattice NF =
Span((0, 1, 0), (0, 0, 1)) ⊂ N contains altogether three lattice vectors from SF (P ) spanning the
fan of P2:

{(0, 1, 0), (0, 0, 1), (0,−1,−1)} ⊂ NF .
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(0, 0, 0)

(3, 0, 0)

(1, 3, 0)

(2, 0, 3)

Figure 7. The lattice simplex P

(0,−1,−1)

(−3,−2,−1)

(3,−1,−2)

(0, 1, 0)

(0, 0, 1)

SF (P )

Figure 8. The generating set of the fan Σ̃

We end this section with a combinatorial formula for the top intersection number
(
K

Ẑ

)d−1
.

Theorem 9.4. Let P be a d-dimensional lattice polytope with F (P ) ̸= ∅. Denote by Ẑ a minimal
model of a nondegenerate hypersurface Z ⊂ Td with the Newton polytope P which is obtained
from the canonical models Z̃ by a crepant morphism φ : Ẑ → Z̃. Then

(
K

Ẑ

)d−1
=

(
K

Z̃

)d−1
=


Vold(F (P )) +

∑
Q≺F (P )

dimQ=d−1

Vold−1(Q) if dimF (P ) = d ,

2Vold−1(F (P )) if dimF (P ) = d− 1 ,

0 if dimF (P ) < d− 1 .

Proof. The crepant morphism φ : Ẑ → Z̃ implies the equalities(
K

Ẑ

)d−1
=

(
φ∗(Z̃))d−1

=
(
K

Z̃

)d−1
.
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Therefore, it is sufficient to compute the top intersection number for the canonical divisor on the
canonical model Z̃ ⊂ Ṽ . If the Kodaira dimension is not maximal, this number is 0. The maximal
Kodaira dimension d− 1 of Z̃ appears only in two cases: dimF (P ) = d and dimF (P ) = d− 1.

Case 1. dimF (P ) = d. In this case, by the adjunction formula, we have[
K

Z̃

]d−1
=

([
K

Ṽ

]
+
[
Z̃
])d−1 ·

[
Z̃
]
=

([
K

Ṽ

]
+
[
Z̃
])d − [

K
Ṽ

]
·
([
K

Ṽ

]
+
[
Z̃
])d−1

.

The intersection number
([
K

Ṽ

]
+
[
Z̃
])d

is the degree of the semiample adjoint Q-divisor associ-
ated with the polytope F (P ). Therefore, we have([

K
Ṽ

]
+
[
Z̃
])d

= Vold(F (P )) .

In the computation of the intersection number −
[
K

Ṽ

]
·
([
K

Ṽ

]
+
[
Z̃
])d−1

, we use the formula

−
[
K

Ṽ

]
=

∑
ν∈Σ̃[1]

[Dν ]

and the fact that the degree of the restriction on a toric divisorDν ⊂ Ṽ of the semiampleQ-divisor[
K

Ṽ

]
+
[
Z̃
]
associated with a polytope F (P ) equals Vold−1(Q) if the supporting hyperplane with

the normal vector ν defines a (d − 1)-dimensional face of F (P ) and 0 otherwise. It remains to
take the sum over all ν ∈ Σ̃[1].

Case 2. dimF (P ) = d − 1. In this case, the semiample adjoint Q-divisor
[
K

Ṽ

]
+

[
Z̃
]
on Ṽ

associated with the polytope F (P ) defines a toric morphism ϑ : Ṽ → VF (P ) onto a (d − 1)-

dimensional toric variety. Since the restriction of ϑ on the canonical model Z̃ defines a double
covering Z̃ → VF (P ), we obtain[

K
Z̃

]d−1
=

[
Z̃
]
·
([
K

Ṽ

]
+
[
Z̃
])d−1

= 2Vold−1(F (P )) .

Example 9.5. Let P be the 3-dimensional simplex which is the Newton polytope of the equation
of the Godeaux surface S in P3/µ5 obtained as quotient of the Fermat quintic surface z51 + z52 +
z53 + z54 = 0 modulo the action of the 5-order cyclic group µ5 = ⟨ζ⟩:

(z1 : z2 : z3 : z4) 7→
(
ζz1 : ζ

2z2 : ζ
3z3 : ζ

4z4
)
.

Then the Fine interior F (P ) is a 3-dimensional rational simplex with Vol3(F (P )) = 1/5, and
all its four facets Q are rational triangles with Vol2(Q) = 1/5. Thus, the above formula yields
K2

S = 5× 1/5 = 1.

10. Further developments

10.1 Minimal surfaces

It is natural to study minimal surfaces arising from lattice polytopes P of dimension 3. If P ⊂ R3

is a 3-dimensional lattice polytope with F (P ) ̸= ∅, then the Chern numbers c21 and c2 of minimal

compactifications Ŝ of nondegenerate surfaces S ⊂ (C∗) with Newton polytope P are completely
determined by the Fine interior F (P ) because the number c21

(
Ŝ
)
= K2

Ŝ
is one of three integers

0 , 2Vol2(F (P )) , Vol3(F (P )) +
∑

Q≺F (P )
dimQ=2

Vol2(Q)

and

c2
(
Ŝ
)
= 12χ

(
O

Ŝ

)
− c21

(
Ŝ
)
, where χ(O

Ŝ
) = 1 +

∣∣F (P ) ∩ Z3
∣∣ .
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The general method for finding minimal models proposed in this paper was applied to all 674 688
3-dimensional Newton polytopes with only one interior lattice point 0. These polytopes were clas-
sified by Kasprzyk [Kas10]. There exist 665 599 almost reflexive 3-dimensional lattice polytopes
P including 4 319 reflexive ones characterized by the condition F (P ) = {0}. (A d-dimensional
lattice polytope P is called almost reflexive if F (P ) = {0} and C(P ) is reflexive.) These poly-
topes define families of K3-surfaces. The remaining 9 089 polytopes give rise to minimal surfaces
Ẑ of positive Kodaira dimension κ > 0 with pg = 1: elliptic surfaces (κ = 1), Todorov and Kanev
surfaces (κ = 2) [BKS22].

It would be interesting in general to investigate the geography of minimal surfaces Ŝ arising
from arbitrary 3-dimensional lattice polytopes P with two or more interior lattice points.

10.2 Minimal 3-folds

As for 3-folds, the complete classification of the 473 800 776 4-dimensional reflexive polytopes
obtained by Kreuzer and Skarke [KS00] gives rise to a lot of topologically different exam-
ples of smooth 3-dimensional Calabi–Yau varieties [AGH+15]. Note that the complete list of
4-dimensional almost reflexive polytopes is still unknown; it is expected to be huge. Therefore,
it would be better to investigate some qualitative properties of the corresponding 3-dimensional
minimal Calabi–Yau models, that is, about possible isolated terminal cDV -singularities and
their description in terms of the corresponding almost reflexive 4-dimensional Newton polytope
P ⊂ R4. For example, the 4-dimensional almost reflexive lattice polytope P ⊂ R4 given by
xi ⩾ −1 (1 ⩽ i ⩽ 4), x1 + x2 + x3 + x4 ⩽ 1, x1 ⩽ 2 provides some of the simplest examples of
nondegenerate 3-dimensional hypersurfaces whose minimal Calabi–Yau models are not smooth.
These minimal models are 3-dimensional Calabi–Yau quintics in P4 with an isolated terminal
cDV -singularity analytically isomorphic to z21 + z22 + z23 + z24 = 0; see [Bat17, Example 4.14] and
[BKS22, Example 2.9].

It was shown in [BKS22] that up to unimodular equivalence there exist exactly five 3-
dimensional Newton polytopes defining Enriques surfaces. It looks reasonable to extend this
classification in dimension 4 and to obtain a complete list of all 4-dimensional lattice polytopes P
with dimF (P ) = 0 and F (P )∩M = ∅. This would yield interesting examples of minimal 3-folds
with κ = 0 that are 3-dimensional analogs of Enriques surfaces (see Example 3.6). A particu-
lar example of such a 4-dimensional lattice polytope P with F (P ) = {(1/2, 1/2, 1/2, 1/2)} was
proposed to the author by Harald Skarke as the convex hull of the following ten lattice points
in R4:

(0, 0, 0, 0) , (1, 1, 1, 1) , (2, 0, 0, 0) , (0, 2, 0, 0) , (0, 0, 2, 0) , (0, 0, 0, 2) ,

(−1, 1, 1, 1) , (1,−1, 1, 1) , (1, 1,−1, 1) , (1, 1, 1,−1) .

The normal fan ΣP of P is generated by the twelve primitive lattice vectors

±(1, 1, 0, 0) , ±(1, 0, 0, 1) , ±(0, 1, 1, 0) , ±(0, 1, 0, 1) , ±(1, 0, 1, 0) , ±(0, 0, 1, 1) .

10.3 Mirror symmetry beyond reflexive polytopes

The proposed method significantly extends our possibilities and allows one to construct minimal
Calabi–Yau models of toric hypersurfaces in the case where the Newton polytope P is not reflexive
but only satisfies the condition F (P ) = {0}; see [Bat17]. Many examples of such lattice polytopes
P are contained among almost reflexive lattice polytopes P of dimension 3 and 4; see [BKS22,
Section 2]. If F (P ) = {0}, then the canonical Calabi–Yau model Z̃ is the Zariski closure of Z in
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the Q-Gorenstein toric Fano variety Ṽ corresponding to the canonical hull C(P ) of P . It is still
an open problem to find a criterion for d-dimensional lattice polytopes P with F (P ) = {0} such
that Calabi–Yau compactifications of nondegenerate affine toric hypersurfaces Z ⊂ (C∗)d with
Newton polytope P admit mirrors.

10.4 Minimal models and homogeneous coordinates

Let P be a d-dimensional Newton polytope with F (P ) ̸= ∅. We set n := |SF (P )|. Then the simpli-
cial terminal toric varieties V̂ defined above for constructing minimal models of nondegenerate hy-
persurfaces can be obtained as GIT-quotients of Cn by the Néron–Severi quasi-torus of dimension
n−d. It is natural to investigate the combinatorial construction proposed above for canonical and
minimal models of toric hypersurfaces using the homogeneous coordinates {z1, . . . , zn} of V̂ ; see
[Cox95]. This point of view possibly allows one to obtain an alternative interpretation of the Fine
interior F (P ) via Newton polytopes of partial derivatives of the defining multi-homogeneous poly-
nomial h ∈ C[z1, . . . , zn] that defines the projective toric hypersurface {h = 0} ⊂ V̂ using n homo-
geneous coordinates [BC94]. The homogeneous coordinates could allow one to construct minimal
models Ẑ under some weaker nondegeneracy condition for the coefficients of h using the nonvan-
ishing of the A-discriminant instead of the nonvanishing of the principal A-determinant [GKZ94].

10.5 Complete intersections

The genus formula of Khovanskǐı for nondegenerate complete intersections [Kho78] and the com-
binatorial construction of minimal models of Calabi–Yau complete intersections [BB96b, BB96a,
BL15] motivate natural generalizations of the combinatorial construction of canonical and min-
imal models of nondegenerate toric hypersurfaces to the case of complete intersections defined
by r Newton polytopes P1, . . . , Pr ⊂ MR. The crucial combinatorial condition F (P ) ̸= ∅ has to
be applied to the Minkowski sum P := P1+ · · ·+Pr. The canonical model of the affine complete
intersection Z =

⋂r
i=1 Zi ⊂ Td should be obtained as the Zariski closure of Z in the Q-Gorenstein

canonical toric variety Ṽ defined by the normal fan of the Minkowski sum

P̃ = C(P ) + F (P ) = C(P1) + · · ·+ C(Pr) + F (P ) , where

C(Pi) := {x ∈MR : ⟨x, ν⟩ ⩾ MinPi(ν) ∀ν ∈ SF (P )} , i = 1, . . . , r .

This would provide an alternative point of view on the work of Fletcher [Ian00].
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