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Subvarieties of geometric genus zero
of a very general hypersurface

Takeshi Abe

ABSTRACT

We show that any k-dimensional subvariety with geometric genus zero of a very general
degree d hypersurface X C P" is a union of lines and conics if d > %(7?1 +2(9—k)). In
particular, any rational curve on a very general degree d hypersurface X C P” is a line
or a conic if d > }(7n + 16).

1. Introduction

In this article, we study k-dimensional subvarieties Z with geometric genus zero of a very general
degree d hypersurface X C P". Here “geometric genus zero” means that if Y — Z is a desin-
gularization, then HY(Y, Ky) = 0. In particular, when k = 1, this specializes to the study of
rational curves on X.

Ein [Ein88, Ein91] proved that if d > 2n — k, then every k-dimensional subvariety of a very
general degree d hypersurface X C P" has non-zero geometric genus. (Actually, he considered,
more generally, complete intersections.) Voisin [Voi96, Voi98| improved Ein’s result by 1, that is,
she proved that the same result holds if d > 2n — k — 1 and K < n —3. When d = 2n — k — 2,
Pacienza [Pac03] proved that any k-dimensional subvariety with geometric genus zero of a very
general degree d hypersurface X C P" is a component of the subvariety covered by the lines on X.
This result was generalized by Pacienza [Pac04] and Clemens and Ran [CR04]. Clemens and Ran
proved that if d > n, d > |3(3n — k)| + 1 and 2d(d + 1) > 3n — 1 — k, then any k-dimensional
subvariety with geometric genus zero of a very general degree d hypersurface X C P™ is contained
in the union of the lines lying on X. (In fact, they proved a more general result. See [CR04] for
the full statement.) Combining Clemens and Ran’s result with a result about the Fano scheme
of lines on X, Riedl and Yang [RY20] proved that if d > 1(3n + 1), then any rational curve on a
very general degree d hypersurface X C P" is a line. Recently, Coskun and Riedl [CR20] proved
the same result under the weaker inequality d > %n

In this article, we address the case d > %n + const.

MAIN THEOREM (Theorem 6.4). If d > 1(Tn + 2(9 — k)), then any k-dimensional subvariety

with geometric genus zero of a very general degree d hypersurface X C P" is a union of lines and
conics.
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As a corollary, it follows that if d > %(772 + 16), then any rational curve on a very general
degree d hypersurface X C P" is a line or a conic.

Outline of the proof. In proving the main theorem, we follow closely the approach of Ein,
Voisin, Pacienza, Clemens and Ran. Let us recall roughly how Clemens and Ran proved their
result:

Step 1. For a general point z of a k-dimensional subvariety Z of a very general degree d hypersur-
face X C P, find a canonically determined codimension 1 linear subsystem |K| C |Z,(1)|
of the linear system |Z,(1)| consisting of hyperplanes passing through z. The linear sys-
tem | K| is equal to the linear system |Z;,)(1)| of hyperplanes containing a line /(z) that
passes through z.

Step 2. Using the argument invented by Voisin [Voi98], prove that I(z) intersects X set-theoreti-
cally in one or two points.

Step 3. A further argument shows that the line /(z) is contained in X.

A new idea of this paper is that in Step 1 above, we instead find a canonically determined linear
subsystem |K| C |Z,(2)| of the linear system |Z,(2)| consisting of quadratic hypersurfaces passing
through z. Examining the base locus Bs|K|, we find a curve C(z) passing through z, which is
a line or a possibly degenerate conic. Once we obtain the curve C(z), then implementing Step 2
and Step 3 as above, we can show that C(z) is contained in X. A little further argument shows
that C'(z) is contained in Z.

We also mention a small technical improvement of an argument appearing in Step 2. If one
looks into Clemens and Ran’s proof, one realizes that the inequality d > L%(Z’m - k)J + 1 is used
not only in Step 1 but also at some point in Step 2. Specifically, the inequality is used in the
proof of [CR04, Lemma 6.1]. We refine slightly the argument of this part (cf. Claim 4.4.1) and
dispense with the inequality d > L%(?m — k‘)J + 1 in this part of the argument. This improvement
is small but crucial for our argument to work.

Organization of the paper. In §2 we gather several results used further on. We advise the
reader to skip this section and come back to it when needed. In §§3, 4 and 5, we carry out
Steps 1, 2 and 3, respectively. In § 6, we prove the main theorem.

1.1 Notation and convention
We write M¢ for HO(P", O(d)). For a subscheme Z C P", we write M% for HO(P", Z5(d)). If
Z C IP™ is a subscheme, we denote by 27 the non-reduced subscheme defined by the ideal I%.

For closed subscheme W C Z C P" of P", if Ty, appears as HO(P", Zy), then it is the ideal
sheaf of W in P", that is, Zyy C Opn, and if Ty appears as HO(Z, Zyy), then it is the ideal sheaf
of Win Z, that is, Zyy C Og.

If F is a locally free sheaf on a scheme X and x is a point of X, we write F|, for the fiber
of F over x. Likewise, if s is a section of F, then s|, denotes the restriction of s to the fiber
over .

If F is a locally free sheaf of rank r, then det / denotes A"F. If F is a coherent sheaf on a
smooth variety, then det F denotes @] (det £;)(~1)°, where 0 — L,, — -+ — Lo — F — 0 is a
locally free resolution of F.

For lines bundles £; and L2 on a variety, we write £1 > Lo to mean that £ ~ Lo @ O(F)
for some effective divisor E. For a locally free sheaf F, we write V(F) for Spec S(F).

For a finite-dimensional vector space V', we write P(V') for the projective space of 1-dimen-
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sional quotients of V' and P, (V') for the projective space of 1-dimensional subspaces of V; that
is, P.(V) = ]P’(VV).

Throughout the paper, we work over C.

2. Preliminaries

In this section, we collect some facts used in the arguments starting from § 3.

2.1 Linear systems on curves

LEMMA 2.1. (1) Let e < d be positive integers and V C H°(P!, O(d)) a vector subspace. Then
for general Q € H® (]P’l, O(d — e)), the map

HO (P!, 0(e)) =% HO(PY, O(d))/V
is injective if dimH?(P',O(e)) < dimH°(P',O(d))/V and surjective if dimH° (P!, O(e)) >
dim H(P*, O(d)) /V.

(2) Let e < d be positive integers. Let x,z € P? be points and | C P? a line passing through x.
Let J C Op2 be the product of the defining ideal of z and that of . Let C' C P? be the subscheme
defined by J. Let V. C H%(C,Z,(d)) be a vector subspace such that dim H’(C, Z,(d))/V > e+ 1.
The map

H(C,Z,(e)) —% HO(C.Z,(d))/V (2.1)
is not injective for general Q € H°(C,O(d — e)) if and only if H(C,Z;(d)) C V. In particular, for
general Q,Q" € H°(C,O(d — e)), the map

HO(C, T, (e)) =% HO(C, T, (d))/ (HO(C, To(e)) - Q) (2.2)
is not injective.

Proof. (1) The morphism
P.H°(P',O(e)) x P,H (P, O(d — ¢)) — P.H (P!, O(d))
induced by the product of sections is a finite morphism. If dim (HO (IP’l, (’)(e)) . Q) NnNV==k>1
for general Q € HO(]P’I,O(d — e)), then dim P,V > dim}P’*HO(Pl,(’)(d — e)) + k — 1, which is
equivalent to dim H%(P!, O(e)) — k = H°(P', O(d))/V. The result follows from this.
(2) If HY(C, Z;(d)) C V, then H(C, Z;(e)) is in the kernel of the map (2.1). To show the “only
if” part, put
U =PBH(C, Iy (e) \ P.H(C, Iy(e))
W =PH(C,0(d —e¢))\ (B.H(C,Z.(d — e)) UP.H*(C, I;(d — €))) .
Let u: U x W — P,H°(C,Z,(d)) be the morphism induced by the product of sections. One
can check that the dimension of fibers of p is at most 1. (The reason that p is not necessarily
quasi-finite is that dim P, H"(C, O) = 2.) If the kernel of (2.1) contains H°(C,Z;(e)) for general
Q € HY(C,0(d — e)), then H*(C,Z;(d)) C V, and we are done. If not, then letting k¥ > 1 be the
dimension of the kernel of (2.1) for general Q € H°(C,O(d — ¢)), we have k — 1 + dim W — 1 <
dim V —1, which is equivalent to dim H(C, Z,(d))/V < e+1—k. This contradicts the assumption
that dim H°(C, Z,(d))/V = e + 1.
The last sentence of the lemma is clear because H°(C, Z,(e)) - Q" contains HY(C,Z;(d)). O
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2.2 Grassmannians

In this section, we introduce Grassmann varieties and their variants used further on.

2.2.1 The varieties L1 and G;. Let Gy be the Grassmann variety parametrizing lines in P".
The tangent space T;G; of G; at [ is naturally isomorphic to Hom (Mll,M 1 /Mll). (For the
notation of Mll, see §1.1.) There are a natural isomorphism

M /MG, ~ M} @ M*/M!
and a natural multiplication map
p: MM} @ MO /MY — MM
For a map ¢ € Hom (Mll, Ml/Mll), consider the composition po (g@@ide_l/Mldfl) : Mld/Mgl —
M4/M2. We define a pairing
o: T,Gy @ M /MY — MM} (2.3)
by pev=—po(p® ide,l/Mld_l)(v) for p € T;Gy = Hom (M}, M'/M}') and v € M /M.

Let Ly be the subvariety of P x G consisting of pairs (z,[) with « € [, and let ¢; : L; — P™ and
r1: Ly — Gq be the projections. For x € P", put G{ := qfl(x). We consider G7 as a subvariety
of Gy by the closed immersion r1|gs; that is, Gf consists of lines passing through z.

There is a natural isomorphism
T\G{ ~ Hom (M}, M, /M}')
and the pairing (2.3) restricts to
o: ,GY @ M /MY — M2 /M. (2.4)
For later use, we record the following facts as a lemma.

LEMMA 2.2. (1) For 0 # ¢ € Hom (M}, M'/M}'), the map pe: M{/MZ — M? /M given by
the pairing (2.3) has rank at least d.

(2) For 0 # ¢ € Hom (M}, M}/M}), the map pe: MI/Mg — MZ/M{ given by the pair-
ing (2.4) is surjective.

2.2.2 The spaces Lo and Ga. We denote by Gg the moduli space of (possibly degenerate)
conics in P = P(V). Precisely, G2 is the moduli space of pairs (C, H), where H is a projective
plane in P™ and C' is a possibly degenerate conic on H, that is, a closed subscheme of H defined
by a quadratic equation. (Of course, H is determined by C, and we might sometimes omit H
to indicate the pair (C, H).) Denote by G§ the open subscheme of Gy consisting of pairs (C, H)
with C' a smooth conic.

Let Ly be the moduli space of triples (z,C, H), where H is a projective plane in P, z is
a point of H and C is a possibly degenerate conic on H passing through z. We have projections
qo: ]LQ — P™ and T LQ — GQ. Put LS = TQ_I(GE).

For a point z € P", put G3 := ¢, 1(:L‘) We regard G5 as a subvariety of G by the immer-
sion r2|gz, so a point (x,C, H) of G5 will be denoted by (C, H).

For a point (C, H) € G, we describe the tangent spaces T(¢, )Gz and T(¢ )G5. The pair
(C, H) corresponds to a 3-dimensional quotient 7: V' — U of V and a 1-dimensional subspace
t: R < S?U of S?U (1 being the inclusion map), where H = P(U) and R determines the conic C.
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For linear maps ¢: V — U and ¢: R — S?U, the first-order deformations of 7 and ¢
T+ ep: V®Clg — U®Cle,

) (2.5)
t+e: R®Cle] - S*(U ® Cle])

give a tangent vector of Gy at (C, H), where €2 = 0. Let ¢’: V — U and ¢': R — S?U be another
pair of linear maps, and consider the first-order deformations 7 + €p’ and ¢ + €’ determined by
them. Then the two first-order deformations (7 + €p,t+ €)) and (7 + ¢, L + €y)’) are equivalent
(here the equivalence is defined obviously), thus giving the same tangent vector, if and only if
(¢' — o, 9" — ) lies in the image of the map

A: End(U) ® End(R) — Hom(V,U) & Hom (R, S*U)
defined by A(a, ) = (e o, (id - a) ot — 1o ), where the map id - a: S?U — S2U is defined by
(id - a)(uv) = ua(v) + a(u)v for u,v € U. Hence we obtain an isomorphism 7{¢ )Gz =~ Coker A.
Next we consider when the tangent vector of Go at (C, H) determined by (2.5) is a tangent
vector of G§. The point = corresponds to a 1-dimensional quotient 7: V' — A. Since H and C' pass
through z, there is a surjection 7’: U — A with 7 = 7’07, and the composition S?(7')or: R — A?
is a zero map. We denote by Hom(V 5 U,U LN A) the subspace of Hom(V,U) consisting of

maps ¢: V — U such that p(Kerm) C Kern’. For ¢ € Hom (V 5 U,U LN A), we denote by @
the unique map @: U — A such that 7’ o ¢ = @ o 7. Define a map

I: Hom(V 5 U,U =5 A) @ Hom (R, $2U) — Hom (R, A2)

by T'(¢,¢) = S%(7') oy — (7' - §) o 1, where 7' - ¢: S?°U — A? is defined by (7' - @¢)(uv) =
7' (u)p(v) + @(u)n’(v) for u,v € U. Then one can see that KerI' D Im A and that the tangent
vector of Go at (C, H) determined by (2.5) is tangent to G% if and only if (p,9) € KerI.
Therefore, we have T(¢ G5 ~ KerI'/ Tm A.

Next we define a map &,: M& — M?/MZ = H°(C,O(d)) for v € Tc,m)Gz2. We choose
a lift i: R — S?V of the inclusion map ¢: R — S?U; that is, S?(7) o7 = «. Then we have
ME = Ker(r) - STV + i(R) - S92V For (p,¢) € Hom(V,U) @ Hom (R, S?U), define a map

S(ppy: ME — SUU/R - 872U = HY(C, 0(d))
by
5(¢,¢)(F +A-D)= —(go . 7rd_1) (F)+ ((1/} o SQ’R') (A) = (p- 7r)()\)) . Sd_27r(D) , (2.6)

where F € Ker(n) - SV, XA € i(R) and D € S92V, and the map ¢ - 7F71: S¥V — S*U is
defined by
k
((p . ﬂ_k)fl)(vl e Uk) — Zﬂ-(vl) e (;O(UZ) e Tr(/l)k) .

i=1
One can see that it is well defined independently of the expression of an element of M, g as a sum
F + XD and that the map §(, ) is independent of the choice of the lift 7. Moreover, if (i, 1))
and (¢', ') are equivalent, that is, (o' — ¢,9" —¢) € Im A, then d(,, ) = d(yr y)- This allows us
to define 4, for v € T(¢ )G2; that is, d, = (44 if v is represented by (p,1). One can also see
that d§, = 5(%@ vanishes on

MY = Ker(r)? - 8472V + Ker(r) - i(R)SY ™2V + i(R)? - SV,
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so it induces a map
6y: ME/ME, — SYU/R - S972U = HY(C, O(d)), (2.7)
which we denote by the same letter d, (or 6, 4))-
One can see that if v € Tc ;)G3, then the image of the map 4, lies in H(C, Z,(d)), so we
consider &, as a map with target space H°(C, Z,(d)):
Sy ME /Mgy — HO(C, I,(d)) . (2.8)

LEMMA 2.3. Assume that the conic C' is smooth. For a non-zero tangent vector v € T(c mG3,
the codimension of 6,(Mg /M) in H(C,Z,(d)) is at most 3.

Proof. Choose (p, 1) € KerI" representing v. We use the formula (2.6). If ¢(Ker ) # 0, then the
subspace of HY(C, Z,(d)) spanned by —(¢-74~1)(F), where F € Ker(r)-S%~'V, is of codimension
at most 1. When ¢(Ker ) = 0, by replacing (¢, %) with an equivalent pair if necessary, we may
assume ¢ = 0. Since v # 0, we have (R) ¢ R. Then the subspace of H°(C,Z,(d)) spanned by
(¢ 0 S%m)(A) - S921(D), where A € i(R) and D € S?2V, is of codimension at most 3. O

2.2.3 The spaces Ly and Gs. Let Gz be the moduli space of pairs (C, H), where H is a
projective plane in P" = P(V) and C' is a degenerate conic on H; that is, C' is either a union of
distinct two lines or a double line. Clearly, G3 is a closed subvariety of G2. Denote by G§ the
open subscheme of G3 consisting of pairs (C, H) with C' a union of distinct two lines.

Let L3 be the moduli space of triples (x,C, H), where (C, H) € G3 and x is a singular point
of C; that is, if C is a union of two distinct lines, then x is their intersection point, and if C' is
a double line, then z is any point of C. We have projections g3: s — P™ and r3: L3 — G3. Put

[e) —1 (o]
L3 =73 (G3).

For a point x € P", put G¥ = q3_1(:v) and G3° =: G§ NL3. We regard Gj as a subvariety
of G3 by the immersion r3|gz, so a point (x,C, H) of G§ will be denoted by (C, H).

Since GF is a subvariety of G3, we have the inclusion T(¢ i1)G3 C T, m)G3 of tangent spaces,
so we can consider the map d, in (2.8) for v € T(¢, i)G3.

To state a lemma, we need to prepare notation. Let @§° be the moduli space of triples
(l1,19, H), where H is a projective plane passing through x in P™ and [; and [y are distinct lines
on H such that [1Nly = {z}. By associating (I; Ulz, H) with (l1, l2, H), we obtain a degree 2 étale
morphism ¢: G5° — G3°. The map q.: T, 1, m)G3° = T(1,u1,,m)G3° between tangent spaces is
an isomorphism.

For i = 1,2, we define the morphism d;: @§° — G¥ by di(l1,l2, H) = ;. We have the induced
maps

di*i T(l17127H)@§0 — ﬂzGalc

between tangent spaces. Since the morphism (dy,ds): @§° — G x GY is an immersion, we have
Kerdy, NKerdy, = {0}.

We denote by E3, the subspace g. (Ker d;x) of T(;,u1,,7)G5°-
LEMMA 2.4. Let v € Ty, u1,,m)G3°.
(1) Ifv ¢ E3;, UEs,,, then the image of the map
6y M /ML — HO(C,T,(d))
has codimension at most 3 in H*(C,Z,(d)), where C = l; U 5.
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(2) Fori=1,2, ifv € E3y, \ {0}, then Imé, C H*(C,Z;,(d)) and the codimension of Im§, in
HO(C,Z;,(d)) is at most 1.

Proof. The point z corresponds to a 1-dimensional quotient 7: V' — A. The triple (I1,lo, H)
corresponds to a 3-dimensional quotient 7: V' — U such that there exists a 7’': U — A with
7’ om = 7 and to l-dimensional subspaces ;: A; < U, ¢ = 1,2, such that A; # A, and
7'(A;) = 0 for i = 1,2, where H = P(U) and A; determines the line l;. (Here ¢; denotes the
inclusion map.) Define

Asz: End(U) @ End(A1) @ End(A2) — Hom(V,U) @ Hom(A1,U) & Hom(Ag, U)
by

Asz(a, B1,82) = (@om a0y — 1o B0t — 130 Ba),
and

s: Hom(V 5 U, U = A) & Hom(A1, U) @ Hom(As, U) — @ Hom(A;, A) @ Hom(As, A)
by

L3(,91,102) = (7' 0py — @ o, m" 0thy — P oug).
Then as in §2.2.2, we can show that T, ;, i)G5° ~ KerI's/Im Ag. Choose maps 7;: A;—V,
i = 1,2, such that moi; = ;. Then M@ = Ker(m)-S4 1V +11 (A1)i2(A2)S42V. If & € Ty, 4, ) GE°
is represented by (p,11,12) € KerI's, then we can also show that for the map
6y M /ML, — HO(C,T,(d)) c HY(C,O(d)) = SWU/A 1A, - ST2U

where v = ¢.(0), we have that d, (F + ;\15\2D) equals

(oY) +{ (a7 ()~ 9 () () + (1 (7)) — 0 () () - (72) (D) . (29
where F € Ker(r) - S¥1V, \ € Zi~(Ai) and D € S92V One can also show that © is in Ker d;. if
and only if p(Kerm) C A; and () — ¢;(m(X)) € A; for all A € 77 1(A).

(1) Suppose © ¢ Ker dy, UKer dos. If o(Kern) ¢ Ay U Ag, then the subspace of H(C, Z,(d))
spanned by —(¢ - 7¢71)(F), where F € Ker(n) - S47'V, is of codimension at most 1. If, say,
p(Ker ) = Ay, then the image of 0, is (AlSd*1U+A%Sd*2U—|—A1A28d*2U)/A1Ang*2U, which
is of codimension 1 in H(C, Z,.(d)). If p(Ker ) = 0, then replacing (i, 11, 2) with an equivalent
triple, we may assume ¢ = 0. Since v ¢ Ker dy, UKer da,, we have ¢;(A;) ¢ A; for i = 1,2. Then
the subspace spanned by (¥2(A2)A1 + ¥1(A1)A2) - S972D, where \; € A; and D € S¥2V, is of
codimension 3 in H(C, Z,.(d)).

(2) Suppose © € Kerdy, \ {0}. If p(Ker w) = Ay, then Im 6, = H*(C, T, (d)). If p(Ker ) = 0,

then we may assume ¢ = 0 as above. Since ¥1(A1) C Ay and ¥2(As) ¢ Ao, the image of ¢, is
(A3S972U + A1A28972U) /A1 A25972U, which is of codimension 1 in HO(C, T, (d)). O

2.2.4 The spaces Ly and Gy4. Let G4 be the moduli space of pairs (C, H), where H is a
projective plane in P = P(V') and C is a double line on H; that is, C' is a degenerate conic on

H such that its reduced induced closed subscheme Cieq is a line. Then G4 is a closed subvariety
of GQ.

Let Ly the moduli space of triples (x,C, H), where x is a point of P" and (C, H) € G4 with
x € C'. We have projections g4: Ly — P" and r4: Ly — Gy.

For a point z € P", put G} := qgl(a:). We regard GJ as a subvariety of G4 by the immer-
sion 74|g=, so a point (z,C, H) of G} will be denoted by (C, H).
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Since G is a subvariety of G3, we have the inclusion T(¢ i1\G] C (¢, 7G5 of tangent spaces,
so we can consider the map d, in (2.8) for v € T(¢, i) G-

In order to state a lemma below, we prepare some notation. Define a morphism d: G} — GY
by d(C,H) = [, where | = Cyeq. Let Gr(2,P(V))* be the Grassmann variety parametrizing
projective planes in P(V') passing through x. Define d': G} — Gr(2,P(V))* by d'(C,H) = H.
There are induced maps d.: T(¢c,m)Gf — T)G{ and d.,: T(¢c,m)Gf — T Gr(2,P(V))*. Since the
morphism (d,d"): Gf — G x Gr(2,P(V))* is an immersion, we have Ker d, N Ker d,, = {0}.

We denote by Ey4; the subspace Ker d, of T, H)Gi, and by Ey g the subspace Ker d,.

LEMMA 2.5. Let v € Tc, )Gy
(1) Ifv ¢ Eq; U Ey g, then the image of the map
8y: ME /Mg — H(C, T,(d))
has codimension at most 1 in HY(C,Z,(d)).
(2) Ifve EqyU Eyp, then Imd, C HO(C, 7Z,(d)) and the codimension of Imé, in HO(C,Il(d))

is at most 1.

Proof. The proof is similar to that of Lemma 2.4. Details are left to the reader. O

2.2.5 The spaces Ls and GE. Let Ls the moduli space of quadruples (z, 11,12, H), where H is
a plane in P", z is a point of H and [; and [ are lines on H such that z € ;. We have projections
¢5: Ls — P and a morphism r5: L5 — Gg given by (x,l1,ls, H) — (x,11Uls, H), where if I} = lo,
we understand that Iy U ly is a double line. Denote by Lg the open subscheme of L5 consisting
of (x,l1,l2, H) with = ¢ ly. For a point z € P", put Gf := ¢; '(x) and G£° := G¥ NLS. We
consider G£° as a locally closed subscheme of G§ by the immersion r5]G:§o, so a point (x, 11,2, H)
of GE° will be denoted by (C, H) with C' = [; U ls.

Since G3° is a subvariety of G3, we have the inclusion T(¢ i\G5 C T(¢ i)G35 of tangent spaces,
so we can consider the map d, in (2.8) for v € T(¢,i)G5.

In order to state a lemma below, we prepare some notation. We define morphisms e;: G£° —
GY and ez: GE° — Gy by e;(l1 Ulp, H) = [;. We have the induced maps

e1: TiomGs® — T, GT  and  egw: T, G5° — T1,G1

between tangent spaces. Since the morphism (eg, e2): GE° — G7 x G is an immersion, we have
Kerey, NKereg, = {0}.

We denote by Ej5;, the subspace Ker e of Tic 1)G5°, 1 = 1,2,
LEMMA 2.6. Let v € T(c,;)G5°.
(1) Ifv ¢ E5,, UEs,,, then the image of the map
b0t M /M — H(C. T, (d))
has codimension at most 3 in H°(C,Z,(d)).
(2) Ifv e Esy, \ {0}, then Imd, C HY(C,Z;, (d)) and the codimension of Im &, in H(C,Z;, (d))

is at most 1.

(3) Ifv € Esy, \ {0}, then Im §, = HY(C, Z,, (d)).

Proof. The proof is similar to that of Lemma 2.4. Details are left to the reader. O
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2.3 Positivity of vector bundles

2.3.1 The vector bundle Mé(k,]}"“) on G(k,P"). For k > 0, let G(k,P™) be the Grassmann
variety parametrizing k-dimensional projective subspaces of P = P(V). (So G(0,P") = P™.)
Giving a point of G(k,P") is the same as giving a (k + 1)-dimensional quotient V' — U. Let
7: V ® Og,pr) — U be the universal quotient. Denote by ./\/l(d}(k’w) the kernel of S%(7): SV ®
Og(k,pr) = S?U. For the proof of the following proposition, refer to [CR04, §2].

PROPOSITION 2.7. (1) Fori > 0, the vector bundle (/\i/\/lé(k Pn)) ®det SU is globally generated.
In particular, for k = 0, the vector bundle ( A Mdn) ® Opn(d) is globally generated.
(2) The vector bundle Mé(k,?n) ® detU is globally generated.

2.3.2 The vector bundles R, V. on LLg. The result of this subsection is used only in the
proof of Proposition 4.1(1).

Let Lg be the moduli space of triples (x,l, H), where H is a plane in P", x is a point of H
and [ is a line on H. Denote by Lg the open subscheme of Lg consisting of (z,l, H) with = ¢ .
Let gg: Lg — P™ be the projection.

For (z,l, H) € Lg, we write Ul for the closed subscheme of H defined by the product ideal
of the defining ideal of x in H and that of [ in H. We write Z,;; C Opr for the defining ideal of
x U in P". Note that the scheme structure of z Ul depends on H if x € [, although H does not
appear in the notation.

For e > 2, we denote by R, and V. the vector bundles on Lg whose fibers over the point
(2,1, H) € Lg are H(P", Z,;(e)) and H°(x U1, O, (e)), respectively. It follows from the exact
sequence

0—=Re > 95VROL, > Ve—0
on Lg that the vector bundle (A'R.) ® det V. is globally generated for i > 0. From this, we infer

that the vector bundle AJ(RP*) ® (det V. ) is globally generated for 7, > 0 because it is a direct
sum of vector bundles that are tensor products of vector bundles of the form (A‘R.) ® det V.

2.4 Zero set of a section

The result of this subsection is used in the proof of Proposition 4.1.

LeEMMA 2.8. (1) Let C be a line or a smooth conic on P? and x a point of C. Let G C GL3
be the subgroup consisting of elements that stabilize the curve C' and the point x, and let
s € HY(C,0(d)) be an element vanishing at x. Assume that the dimension of the orbit G - s C
HO(C,O(d)) is at most 1. Then either s is zero, or the zero set of the section s is {x}.

(2) Consider P? with homogeneous coordinates [ug : u1 : ug], lines Iy = (ug = 0), Iz = (u; = 0)
and the point x = [1: 0: 0]. Let G C GL3 be the subgroup consisting of elements that stabilize
Iy and la, and let s € HY(l; Uly,O(d)) be an element vanishing at x. If the dimension of the
orbit G- s C H(Iy Ulp, O(d)) is at most 3, then either s|;, € H°(l;, O(d)) is identically zero for
i =1 or2, or we have § Supp Z(s|;,) + #Supp Z(s|1,) < 3, where Z(s|;,) is the zero divisor of the
section s|j;.

(3) Consider P? with homogeneous coordinates [ug : u : ug], a line [ = (uy = 0) and the point
x =[1:0:0]. Let C C P? be the double line with support [, that is, the non-reduced conic
defined by u% = 0. Let G C GL3 be the subgroup consisting of elements that stabilize the line
and the point x, and let s € H(C,O(d)) be an element vanishing at . If the dimension of the
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orbit G - s C H(C,O(d)) is at most 4, then either s|; is identically zero, or the zero set of s|;
consists of at most two points.

(4) Consider P? with homogeneous coordinates [ug : u1 : ug], lines Iy = (uz = 0), Iz = (u; = 0)
and points x =[0:1:0], z=[1:0:0]. Let G C GL3 be the subgroup consisting of elements
that stabilize l; and ly and the point z, and let s € H%(l; Uly,O(d)) be an element vanishing
at x. Assume that the dimension of the orbit G - s C H(I; Ulg, O(d)) is at most 2. Then one of
the following holds:

(a) The restriction s|;, € H(I1,0(d)) is zero.

(b) We have s|;, # 0, and the zero set of s|;, is either {z} or {x, z}.

(c) We have s|;, # 0, the zero set of s|;, contains a point other than x and z, and s|, is
zero.

Moreover, case (c) occurs only if dimG - s = 2.

Proof. (1) From the assumption, we infer that G-s = C-s. Thus for any g € G, the sections g- s
and s have the same zero set. Since G acts transitively on C'\ {z}, the zero set of s is either C
or {z}.

(2) Assume s|;, # 0 for ¢ = 1, 2. By the hypothesis that dim G - s < 3, the zero divisor Z(g- s)
varies in an at most 2-dimensional family as g € G varies.

We first see that for i = 1, 2, the support of Z(s|;,) consists of at most two points. Indeed, if the
support of, say, Z(s|;,) consists of more than two points, then Z(g-s|;,) varies in a 2-dimensional
family. Then Z(g - s|;,) must stay constant as g € G varies. Thus we have s|;, = ud. The
automorphisms (ug, u1,uz) — (aug,aur,bus), a,b € C*, multiply s|;, and s|;, by a¢ and %,
respectively, without changing their divisors of zeros. Then we have dim G - s > 4, which gives a
contradiction.

If # Supp Z(s];,) = 2 for i = 1,2, then, after a change of homogeneous coordinates if necessary,

d—j2, j2

P o
Mt and s, = ug Pud? for some i, 52 > 1.

Shlzzuo
The automorphisms (ug, u1,u2) — (ug, au, bus), a,b € C*, multiply s|;, and s|;, by a’* and b2,
respectively, without changing their divisors of zeros. Then we have dim G - s > 4, which gives a
contradiction.

(3) We identify H(C, O(d)) with the degree d part of the graded ring Clug, u1, u2]/(u3) and
express the section s € H(C, O(d)) as A(ug,u1) + B(uo, u1)uz, where A and B are homogeneous
polynomials of degree d and d — 1, respectively, and A(1,0) = 0. To prove the lemma, it suffices
to show that the dimension of the orbit G - (s|;) C H(l,Z,(d)) is at most 2. Suppose that it is
at least 3. Then the fiber dimension of the restriction morphism G -s — G - (s|;) is at most 1.
For c,e € C, define ¢p.: C* — C3 by (ug,u1,u2) — (up + cug,us + eus,uz). This is an element
of G, and .. - s is expressed as

0A 0A
A(uo,u1) + e—(uo, u1)uz + e-—(ug, ur)ug + B(ug, u1)us .
8UO 8u1

From this, we see that (¢ - 5)[i = s|;. Therefore, 0A/0ug and 0A/Ou; are linearly dependent,
s0 A(ug,u1) = aud for some a € C. But this contradicts the hypothesis dim G - (s|;) > 3.

(4) By assumption, the zero divisors of sections in the orbit G - s form a family of dimen-
sion at most 1. Supposing that the zero set of s|;, contains a point other than z and z and
that s|;, # 0, we will derive a contradiction. Since the zero divisor Z(s|;,) of s|;, moves in a
1-dimensional family under the action of G, the zero set of s|;, must be {z}. The automorphisms
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(ug, u1,uz) — (Qug, auy, Bus), o, B € C*, act on s without changing its zero divisor. Then we
have dim G - s > 3, which gives a contradiction. The last assertion of the lemma is clear. O

3. Base locus of linear system

In §§ 3 and 4, we will work under the setup we now describe in §3.1.

3.1 Setup

Fix integers d > 3, n > 3 and 1 < k < n — 1, and let V = C"*!. Throughout this paper, we
consider hypersurfaces of P* = P(V). Put S = HO(P?, Opn(d)) \ {0}, and let X C P" x S be the
universal family of hypersurfaces of degree d. Denote by p the projection X — S. Note that the
natural action of GL,,;1 on P" induces natural action on S and X. Let S’ be a smooth variety with
a GL,41-action and b: S” — S a GL,1-equivariant étale morphism. Then X’ := X x ¢S’ has the
induced GL,,41-action, and the projection p': X’ — S’ is GL,, 1 1-equivariant. We assume that the
projection p’ is a smooth morphism. Let ) be a smooth variety with a GL,,1-action, p1: Y — S’
a GLj,y1-equivariant smooth projective morphism with connected fibers of dimension k£ and
f: Y — X' a GL,1-equivariant generically finite morphism with p’ o f = p;.

h
//\
y ! X! X pr
x i/p’ \Lp
s’ b S

The normal sheaf Ny of f is defined by the exact sequence
0= Ty = f*Tar = Ny — 0.
The injectivity of the map Ty — f*Txs is a consequence of our assumption that f is generically
finite. Since Y and X" are smooth over S’, the sheaf N} fits into an exact sequence
O-)Ty/‘g/—)f*Txl/S/—)Nf—)O. (31)
The projections of J and X’ to P™ are GL,1-equivariant, and the action of GL,y; on P" is
transitive; thus ) and X’ are smooth over P". So Ny also fits into an exact sequence
0 — Typn = f*Txrjpn — Ny — 0. (3.2)

Since the relative tangent bundle Ty /pn of X' over P is isomorphic to the pull-back to & of the

vector bundle M¢, on P" (see §2.3.1 for the notation Mg,) and X' — X is étale, there is a
natural isomorphism

Toorjon =2 WMo, (3.3)
where h : X’ — P" is the projection.

3.2 Base locus

In this subsection, we associate with a general point y € ) a linear subsystem of the linear system
of quadratic hypersurfaces passing through the point x = (ho f)(y) € P™ and study its base locus.

Let y be a general point of Y, and let T':= Ty /pn|, and z := (ho f)(y). We have an injection
fe: T — M2, that is, the composite

T = Tyspnly = [*Tarjpnly = (ho f)* Mial, = M.
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From now on until the end of §4, we assume that

for general s’ € ', we have H()y, Ky,)=0, (3.4)
7 2
the inequality d > gn + 5(9 — k) holds. (3.5)

We choose general Q1,...,Q; € M? 2, and we denote by v(I) the dimension of the subspace
S M2 Qi+ T/T of MZ/T. The sequence (y(i + 1) — Y(4)) ;50 is non-increasing. Put
s0) = minfi | 7(i +1) = 7(3) < j}

LEMMA 3.1. The inequality d —n < 259 holds.
Proof. Recall that p;: Y — S’ is the projection, and put s’ := p1(y) and f':= fly,: Vo — X"
Since ng M2-Q;+T/T = M2/T = Ny|y, the map induced by (3.2)

5(0)

@(h o f/)*./\/l]%m -Qi — Nf|ys,

i=1
is generically surjective. Then det((Ny|y_,)/(torsion))® (ho f')*Opn (25(9)) is generically globally
generated since (/\iMQn) (2) is globally generated by Proposition 2.7. It follows from this and (3.1)
that

H (Yo, Ky, ® fiK @ (ho f))"Opa(257)) #0,

equivalently,
HO(Vy, Ky, @ (ho f/) Opn (25© +n+1—d)) #£0.
By (3.4), the number 250 + 1 +1 — d must be positive. O
Let

A Mﬁ&Mﬁ/(T+§M§-Qj) (3.6)

be the map defined by \;(4) = A - Q;, and put K; = Ker()\;) C M2.
LEMMA 3.2. Assume s(=1) — g0 > 2.
(1) The vector subspace K i, C M? does not depend on the choice of general elements

Q1,5 Qi € M2
(2) We have an inclusion
&)
M2 Ky €T+ ZMg Q5 -

j=1
Proof. Although the proof is the same as that of [CR04, Lemma 3.2], we give a proof for readers’
convenience. We write K(Q1,...,Q;—1;Q;) for the kernel K; of \; in (3.6). It follows from the
definition that

K(Q1,...,Qi—1;Qi) C K(Q1,...,Qi—1, R; Qi)

for Q1,...,Q;, R € M% 2. As we vary the general Q; € M2, the rank of the map (3.6) is
constant. It follows from this that

K(le"':Q’i—l;Qi)'Md_2 CT+ZM§Q]7

j=1
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so we have
K(Q1,...,Qi-1;Q:i) C K(Q1,...,Qi—1,Qi; R)
for general elements Q1, ..., Q;, R € M9 2. Under the assumption s~ — s() > 2 we have
K(Q1, -, Quu; Q1) = K(Q1,...,Qu0, B Quir 1),
K(Q1,- ., Qu; Qs y1) = K(Q1,- -+, Qi) Quiy 115 )

for general elements Q1,...,Q ), R € M 4=2 hecause both sides have the same dimension. Then
we have

K(Q1,. -, Quu; Qi) = K(Q1,...,Qu0, Qi y1; R)
= K(Qla"'qu(’i);R)'
This means that K(Q1,...,Q ;@ 1) is independent of Q ), . Similarly, we have

K(Q1,.-,Qu; Qgin 1) = K(Q1, -+, Qu, B Qg4 1)
=K(Q1,...,Qui-1, R; Qi) 41) -

This means that K(Q1,...,Qw; Q@) is independent of Q . By symmetry, it does not
depend on the general choice of Q1,...,Qu-

(2) By definition, we have Q- K o, CT + Zs( K M2 Q;. Since K is independent
of the general choice of Q) , this implies that M2 K CT+ Zs< i) M2 Q. O
LEMMA 3.3. (1) For some 1 < j < 4, we have sU~1 — 50) > 2,
(2) If ) — s®) > 2, then 3(0) - 3(4) > 5.
Proof. (1) Suppose s~ — s) < 1 for every 1 < j < 4. Then
4
n—1—k=dmMT >y 50 Z (sU=1 — sU))
i=0 j=1

> 550 —10 > 5(d—n)—m,

where the last inequality follows from Lemma 3.1. But this contradicts the inequality (3.5).

(2) If s®) — 54 > 2 and s — s < 4, then above inequalities still hold, and we obtain
a contradiction. O

Define m by m = max {] 1< j<4and sU=D —50) > 2}

Now we study the base locus Bs|Ks<m)+1| C IP" of the linear system |K n) | of quadratic
hypersurfaces passing through z. (We do not consider the scheme structure of the base locus.)

PROPOSITION 3.4. (1) If m =4, then one of the following holds:

(A) We have Bs|K 4| = l1 Ula, where Iy is a line passing through x and l3 is another line
intersecting [y at a point different from z. In this case, K4, = M, 121ul2~

(B) We have Bs|K )| = {x}UlU(possibly some finite points), where [ is a line not passing
through x. In this case, K4 is a codimension 1 subspace of M, 3Ul

(C) We have Bs|K )| = [U(possibly some finite points), where [ is a line passing through
x. In this case, K ), is a codimension 2 subspace of Mlz.

(D) We have Bs|K )| = C, where C is a smooth conic passing through x. In this case,

— 2
KS(4)+1 — MC

93



T. ABE

(E) We have Bs|K ), | = 1 Ula, where [y and Iy are distinct lines both passing through x.
In this case, K 4, = Mllulz

(2) If m = 3, then one of the following holds:
(F) We have Bs|K )| = {x} Ul, where | is a line not passing through x. In this case,
K 34 = M?

zUl*
(G) We have Bs|K )| = lU(possibly some finite points), where l is a line passing through

x. In this case, K 3),, is a codimension 1 subspace of MZQ.
(3) If m = 2, then the following holds:
(H) We have Bs|K ), | = I, where | is a line passing through x. In this case, K () 1 = M}

(4) The case m = 1 does not occur.

Remark. We will show later that cases (B) and (F) do not occur (cf. Proposition 4.1).

For the proof of the proposition, we prepare some notation and a lemma.
We choose general Ry, ..., R, € M% 1 and put

(m)
i MZ-Qi+ 3l My Ri+T

=di 3.7
a(r) = dim 2 (37)
and
o) =min{i | n(i +1) —n() < j}. (3.8)
For simplicity of notation, we write o for o(®). Define
R, M2
L; := Ker | M} " ) : . (3.9)
Yo M2 Ej Ml -R,+T
A similar argument as in the proof of Lemma 3.2 shows that if o= _ (1) > 2, then we have
$(m) o)
Loy - M Y MP-Qi+) My -R;+T. (3.10)
i=1 j=1

LEMMA 3.5. (1) Either o) — o) > 2 or 0 — ¢ > 2 holds.
(2) We have dim Bs|K )| > 1

Proof. (1) If 6™ — 6 <1 and o — oM < 1, then

n—1-—k _|_ Z 11) ))—}—U()—{—O'(l)—FO'
i=m+1 (3.11)
> 5sm) _ (5—m)2(4—m) 30—
where 0 < € < 3. A similar argument as the proof of Lemma 3.1 shows that
d—n<25 4. (3.12)

From (3.11) and (3.12), we obtain
™m 2
D28 k) >d,

which contradicts (3.5).
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(2) Suppose dim Bs|K )| = 0. Consider the case oW — 5@ > 2. Since dim M}/L, e 1
= 2, we have M}I = L,z 4, for a projective plane H C P" passing through =. By (3.10), we
have

5(m) )
MY M2-Qi+) M -Ri+T.

i=1 i=1

Consider the following subspaces of M2/M¢ ~ H°(H,Z,(d)):
(m) )
W Ky 1 M2+ Mg( - > M2 - Qi+ Zj:21 My - R;+T
= Mg M, )

Since we are assuming dim Bs|K m) ;| = 0, there are two hypersurfaces D1, Dy € [K (m) 4|

such that Z := Dy N Dy N H is a zero-dimensional subscheme of length 4 containing x. Then
HY(H,Zz(d)) is a codimension 3 subspace of H(H, Z,(d)). But H°(H,Zz(d)) is contained in W,
and since ) — ¢(?) > 2, the codimension of W in H°(H,Z,(d)) is at least 4. This gives a con-
tradiction.

In the case 0 —o (M) > 2, we have Mi = L, 44 for aline L C P" passing through . Since we
are assuming dim Bs|K ), ;| = 0, there is a hypersurface D € |K )| such that Z := DN L
is a zero-dimensional subscheme of length 2 containing x. Arguing as in the case o) —g(?) > 2,
we reach a contradiction. O

Before we prove Proposition 3.4, we prove two claims.

CrAM 3.5.1. There is at most one curve in Bs|K ) | which does not pass through x. If such
a curve exists, then it is a line.

Proof of Claim 3.5.1. Let C C Bs|K )| be a reduced connected curve not passing through .
Let P¢ C P™ be the smallest projective subspace containing C. If we denote by N the image of
the restriction map M! — HY(C,0¢(1)), then dim N = e + 1. General hyperplanes H; and Hj
passing through z determine a surjective morphism 032 — O¢(1). Tensoring with O¢(1), we
obtain an exact sequence

0— Oc — Oc(1)®% = 0c(2) = 0.

Considering the associated long exact sequence
0 = H(C,0) = H*(C,0c(1)** % H(C,0c(2)),

we find that dim ot(N®?) > 2e+ 1. It then follows that the restriction map p: M2 — H%(C, O(2))
has rank at last 2e + 1 because Im p contains a(N @2). Since K4 lies in the kernel of the map
p and has codimension 4 in Mﬁ, we have e = 1. So C is a line. If there are two lines /1 and [y

not passing through x in Bs|K )|, then by the above argument, /1 and [y are disjoint. Then
the restriction map M2 — HY(l; Uly, O(2)) has rank at least 5, and this is impossible. O

CrAam 3.5.2. If C' C Bs|K )| is a reduced connected curve passing through z, then C is a line,
or a smooth conic, or a union of two intersecting lines.

Proof of Claim 3.5.2. Let P¢ C P™ be the smallest projective subspace containing C'. Arguing
as in the last claim, this time we find that e < 2. If e = 1, then C is a line. If e = 2, then
C is a (possibly degenerate) conic because h°(P?,Z,(2)) = 5 and K ), has codimension 4
in M2. O
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Proof of Proposition 3.4. If Bs|K ), | does not contain any curve not passing through z, then
by Claim 3.5.2, case (C), (D) or (E) holds. If Bs|K )| contains a curve not passing through x
and does not contain any curve passing through z, then case (B) holds. If Bs|K ), | contains
both a curve [ not passing through x and a curve C passing through z, then C must be a line;

otherwise, we would have M(zj = K 4, and Bs|K )| does not contain a curve not passing

through z. If the lines [ and C are disjoint, then the restriction map M2 — H°(I U C,Z,(2)) has
rank at least 5, and this is impossible. So [ and C' intersect, and case (A) holds.

The proofs of statements (2), (3) and (4) are similar. O

3.3 Dividing into subcases

For later use, we need to study some of the cases in Proposition 3.4 more closely and divide some
of the cases into subcases.

We divide case (A) of Proposition 3.4 into three subcases:
(A1) 0 — o) > 2,
(A2) o —o < land M2, C T+ Y502 M2 Q;,
(A3) 0 — oW < 1and M2, ¢ T+ 3272 M2 Qi

PROPOSITION 3.6. (1) In case (Al), we have

s GH)

MECT+Y M2-Qi+> MR
=1 =1

(2) In case (A2), we have K o)_; = Mx2Ul2'
(3) In case (A3), we have the inequalities
dim(T/T") NHY(C, T, (d)
dim(T/T") N H°(C, Ly, (d))

where C =1y Uly, T' := TN M¢ and ¢ := 0 — o). Note that T/T’, H(C, T;, (d)) = Mf /M.
and H°(C, 1, (d)) = Mgub /ME& are subspaces of M2/Mg, so their intersections make sense.

d— (2sW 4o —¢), (3.13)
d—s0 42, (3.14)

NN

Proof. (1) We have L a1y, = M} for a line L C P" passing through z, and we have Mg -

@ (1)

T+ M2-Qi+ Y7 M} R; by (3.10). If L # Iy, then we can find a D € |K 4 4| such
that L N D is a zero-dimensional scheme of length 2 containing x. Arguing as in the proof of
Lemma 3.5(2), we obtain a contradiction.

(2) Since deulg C T+ngf2 M2 - Q;, we have M2, C Ko _;. By Lemma 2.1(1), we infer

that Mgub = Ks(o) _1-

(3) The subspace

s o—1—¢
(T/T,) N HO(Cv Ill (d)) + Z HO(Cv Ill (2)) ’ @ + Z HO(C7 Il1(1)) ' E
=1 1=1

of H%(C, T, (d)) is contained in the subspace

s

T+ M2 Qi+ 25—;1175 M} - R
M4 '
C
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Since o — oM < 1, the latter subspace does not contain H°(C,Z;, (d)). So the dimension of the
former subspace is smaller than that of H°(C,Z;, (d)):

dim(T/T") NHY(C, Z;, (d)) + 25 +0 —1—¢ < d,

and the equality (3.13) follows.

The subspace
50 —2

(T/T") NH(C, Tony (d) + > HU(C, Tou,(2)) - Qs

i=1
of HY(C, Z,1,(d)) is contained in

©)_
T+>, 2M§‘Qi
Mg,

The latter subspace does not contain H%(C, Z,,(d)). So the dimension of the former subspace
is smaller than that of HY(C, Z,y, (d)):

dim(T/T") N HY(C, Ty, (d) + s —2 < d — 1,
and the equality (3.14) follows. O

PROPOSITION 3.7. In case (B) of Proposition 3.4, we have o) — () > 2 and

54 o2

M,y MZ-Qi+Y M} -Ri+T.
=1 i=1

Proof. By Lemma 3.5(1), we have either o) —o(2) > 2 or 6 —o(!) > 2. We suppose the inequality
o — oM > 2 holds and will derive a contradiction. We have L,u =M i for a line L passing
through z. We have

@ pGH)
M{cy M}-Qi+) My-Ri+T
=1 =1

by (3.10). Since L ¢ Bs|K, ) |, there exists a D € |K 4 | such that DN L is a zero-
dimensional scheme of length 2 containing x. Arguing as in the proof of Lemma 3.5(2), we
obtain a contradiction.

Now that we have o) — @ > 2. we have M}I = L, 4, for a plane H C P" passing
through z, and

<@ pe)
MEC> M?-Qi+> My -Ri+T
=1 =1

by (3.10). We claim that [ ¢ H. If [ ¢ H, then there exist D1, Do € |K 4 ;| such that
Z = D1NDyNH is a zero-dimensional scheme of length 4. Then as in the proof of Lemma 3.5(2),
we get a contradiction.

Since Bs|K 4 | = {x} Ul U (possibly some finite points), there are Dy, Dy € |K )| such
that D; N H = [; U, where [; is a line passing through x with [; # lo. Thus we have

@ )
M, Y M;-Qi+Y M} -Ri+T. O
=1 =1
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PROPOSITION 3.8. (1) We divide case (C) of Proposition 3.4 into subcases:
(C1) 0 —cM > 2,
(C2) 0 —oM < 1.

Then in case (C1), we have

@ (D
M{CY MZ-Qi+) My -Ri+T.
=1 i=1

In case (C2), there exists a plane H containing | such that K ) ; = M2, where C C H is a
double line with support I. And the inequality

dimT/T' N H(C, Zy(d)) < d — (25W +0 —¢) (3.15)

holds, where T' = TN M and e = 0 — o(1).
(2) In case (G) of Proposition 3.4, we have o — o) > 2 and

5(3) o)
MECY MZ-Qi+> My -Ri+T.
i=1 =1

Proof. (1) In case (C1), we have M} = L_q) 41 for aline L C P" passing through z. A similar
argument as in Proposition 3.6(1) shows that L = and shows the required inclusion.

Next we consider case (C2). By Lemma 3.5(1), we have o) —¢(®) > 2. We have M}, =
L, 4 for a plane H C P" passing through z. We have

s (2
M > M?2-Qi+> My -Ri+T
i=1 i=1
by (3.10), and a similar argument as in the proof of Proposition 3.7 shows that [ C H.

Consider the subspace
(Kyw 41 + Mfp) /M € M7 /M7 = HY(H, T,(2)) .
There are three cases: dim (Ks(4)+1 + Mg,)/M?I = 1,2 or 3. If dim (KS(4) 1t MI%)/M%] =3,
then K,y + ME = M?, so M C Y50 M2 Q; + 327 M} - R, + T. But this contradicts
152 >0
o o'?) > 2.

If dim (K s@ 11t M?{) /M%I = 2, then we will also derive a contradiction. There are Dy, Dy €
| Ky 1] such that D; N H = 1 Ul;, i = 1,2, where Iy and Iy are distinct lines on H. Put
{z} = liNl. Let J C Op be the product of the defining ideal of z and that of [ in H. Let
B C H be the subscheme of H defined by J. Then we have

@) (2
MECy M?-Qi+> M-Ri+T. (3.16)
=1 i=1

The kernel of the map

(4) (2)
<R S o) 4+1
M} —”—@”—2—>Mg/<ZM§-Qi+ 3 M;.RZ-+T>
1=1 =1
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contains the kernel of the map
XRO_(Q)
ME e gy (Mg + ML RU(Q)H) .

xT

The latter properly contains M]‘é by Lemma 2.1(2); so does the former. This contradicts the
inequality o) — @ > 2.

Finally, we consider the case dim (Ks(4)+1 + MIQ_I) /M?% = 1. In this case, all D € | K 444
not containing H give rise to the same subscheme D N H C H. Since we have Bs|K ) | =
[ U (possibly some finite points), it must be a double line with support I, which we denote by C.
Then K 4 4 C Mg Since both K ), and Mé have codimension 4 in M2, they are equal.

The proof of the inequality (3.15) is similar to that of (3.13).

(2) Suppose o — o) < 1. Then arguing as in case (C2), we obtain K3, C MZ. This is
impossible because K @3 ,; is of codimension 3 in M2 O

PROPOSITION 3.9. We divide case (E) of Proposition 3.4 into two subcases:
(E1) 0 —oM > 2,
(E2) 0 —oM < 1.

In case (E1), for i =1 or 2, we have L, q) | = Mlli and

5@ Jes:
MECY M2-Qi+) My -Ri+T. (3.17)
i=1 i=1
In case (E2), for i = 1,2, we have
dim T/T' NH(C, T, (d)) < d — (25 +0 — <), (3.18)

where ¢ = 0 — o1,

Proof. In case (E1), we have M} = L_u),, for a line L C P" passing through z. A similar
argument as in Proposition 3.6(1) shows that L = [; for i = 1 or 2 and shows the required
inclusion.

The proof of the inequality (3.18) is similar to that of (3.13). O

4. Intersection of a line or conic with the hypersurface X/,

We retain the notation used in the preceding section; we work under the setup described in § 3.1
and under the assumptions (3.4) and (3.5). Recall that y € ) is a general point, z = (h o f)(y)
and s’ = p1(y). We classified the base locus of the linear system | K m) | in Proposition 3.4 and
introduced more subcases in § 3.3. In this section, we study the intersection of the line or conic
appearing in the base locus Bs|K ) ;| with the hypersurface X, -

Before stating the goal of this section, we would like here to summarize what will be proved
for each case in this and next section.
Case (A1) In Proposition 5.1, we prove that Iy C X7,.
Case (A2
Case (A3
Case (B
Case (C1

In Proposition 4.1, we prove that this case does not occur.
In Proposition 5.1, we prove that [; C X7,.

In Proposition 4.1, we prove that this case does not occur.

— — — —

In Proposition 5.1, we prove that [ C X7,.
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In Proposition 5.1, we prove that [ C X7,.

In Proposition 5.1, we prove that C' C 7.

In Proposition 5.1, we prove that [; C XJ,.

In Proposition 5.1, we prove that exactly one of [; and I3 is contained in X7,.
In Proposition 4.1, we prove that this case does not occur.

In Proposition 5.1, we prove that [ C X7,.

Case (H) In Proposition 5.1, we prove that [ C X/,.

Now the goal of this section is to prove the following proposition.

PROPOSITION 4.1. (1) In case (A3), the line Iy is contained in X!,, or the intersection 1 N X,
consists of at most two points.

(2) Cases (A2), (B) and (F) do not occur.

(3) In case (C2), the line | is contained in X!,, or the intersection | N X!, consists of at most
two points.

(4) In case (D), the smooth conic C' is contained in X!, or the intersection C N X!, consists of
one point .

(5) In case (E2), either at least one of Iy and ly is contained in X!,, or we have the inequality
g(l1 N Xs/’) + (2N Xs//) < 3.

(6) In case (Al), the line l; is contained in X!, or the intersection Iy N X!, consists of one
point x. In case (E1), the line l; is contained in X!, or the intersection l; N X!, consists of one
point x. In cases (C1), (G) and (H), the line [ is contained in X!,, or the intersection | N X,
consists of one point x.

Remark. As one can see from the summary before Proposition 4.1, the possible situations after
“or” in the proposition are actually proved, in § 5, not to occur.

First in §4.1, we prove item (6). This is a line case, and we closely follow the proof in [CRO04].
But in proving the integrability of the vector bundle 77, we give a slightly refined argument. In
§4.2, we prove item (2), which is also a line case. In §4.3, we prove items (1), (3), (4) and (5).
These are conic cases. The proof of item (1) is the most involved.

4.1 Proof of Proposition 4.1(6)

We give a proof for case (H); the other cases are similar. By associating with a general point y of
Y the pair (x,1), where [ is the line passing through = determined in case (H) of Proposition 3.4,
we obtain a rational map g: Y — L (see §2.2.1 for the notation L;). By blowing up J GL(V)-
equivariantly and shrinking S’ if necessary, we may assume that g is a morphism.

g ]Ll
e
XM= x ——=pn
x i/p’ . \Lp

S’ S

y

We have the commutativity ¢1 o g = ho f. We have the induced map g.: T = Ty /pn|y, —
Ti, /pn|(z0) = TG between tangent spaces for a general point y € ).
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Recall that T' = Ty, /]P)n|y is considered as a subspace of Ty /Pn| fly) = M¢ by the injection f,.
Put 7" := T N M.
Recall that Ry,..., R, € M% ! are general elements, and 7(r), ¢U) and o are defined in (3.7)
and (3.8). We have d — n < 25?4 ¢ (3.12). By Lemma 3.2(2), we have
52
M =M“2MEPCT+Y M2Q;, (4.1)
j=1
and we find that dimT/T" = d — (25®) 4 o) using Lemma 2.1(1).

By varying the general point y € ), we obtain, over a Zariski open subset of ), a subbundle
T" of the relative tangent bundle Ty pn such that 7’|, = T".

PROPOSITION 4.2. (1) The subspace T" is in the kernel of the map g.: T — T;G¥.
(2) The subbundle T is integrable.

We first show that Proposition 4.1(6) follows from this proposition.

Proof of “Proposition 4.2 = Proposition 4.1(6)”. Pick a general point yo in ), and put Iy =
9(yo), o = (ho f)(yo) and V) := g~ (xo,lo). We have dim Y, = dim S +k —2n + 1.

Consider the map p: V,, — H°(ly, O(d)) defined by p(y) = F,|;,, where F, is a degree d
polynomial corresponding to the point b(p1(y)) € S = H*(P",O(d)) \ {0}, which is the defining
equation of the hypersurface ng1(y)' By Proposition 4.2(2), for general y € y;o, there is a sub-

manifold L C (h o f)~!(xq) passing through y such that the tangent bundle 77 of L is equal to
T|r. We have dim L = dim 7" = dim S — n + k — d + 25®) + 0. By Proposition 4.2(1), the map g
is constant on L, thus L C Y, . By the definition of 7, the map p is constant on L. Therefore,
we have

dimImp < dimyl'/O —dimL=d—-—n+1- 25 _ o <1.
If G ¢ GL(V) denotes the subgroup consisting automorphisms of V' whose induced automor-
phisms of P" = P(V) fix  and the line Iy, then G acts on Y, and H(ly, O(d)), and the map p
is G-equivariant; thus the orbit G- p(yp) is in Im p. Since dim Im p < 1, either we have p(yo) = 0,
or p(yo) is a section defining the divisor d - z by Lemma 2.8(1). O

It remains to prove Proposition 4.2. We denote by € the composition T — M? — M2 /M{ =
HY(1,Z,(d)). If 71 and 3 are sections of 7' defined over a neighborhood of y € ), then [r1, 7] is
a section of Ty /pn, 50 it makes sense to consider €([71,72]l).

LEMMA 4.3. For sections 11 and 15 of T defined over a neighborhood of y € ), we have

e([r1,7lly) = g4(7ily) @ (2ly) — g4(72ly) @ (i) ,

where 7|, is the image of 3, € T' C M in M{/M$,, and the pairing e is the one in (2.4).
Proof. The proof is the same as that of [Cle03, Lemma 3.1]. O

The lemma shows that assertion (2) of Proposition 4.2 follows from assertion (1).
LEMMA 4.4. Put T" = T N Mg ; we have T" C Ker (g.: T — T)G¥).

Proof. We suppose g.(v) # 0 for some v € T” and will derive a contradiction.

61



T. ABE

Denote by K the kernel of the map
gs(v)e: M /MG — ME/M =H(1, T,(d)), (4.2)
and put v = dim (7"/T" + K) /(T"/T"). We have
dim g, (v) ¢ (T"/T") = dimT"/T" — dim ((T"/T") N K)
=dim7’/T" — dim K + v
=dimT'/T" — (dlmM /M — rank(g.(v)e)) + (4.3)
M /Mg,
T/T"+ K
Since v € T”, we have g.(v) e (T"/T") C T/T' by Lemma 4.3. So we have
d— (25(2) +0) =dimT/T" > dim g.(v) o (T"/T").

= rank(g.(v)e) — dim

The map g.(v)e is surjective by Lemma 2.2(2), so we have rank (g.(v)e) = d. From these, we
deduce

m MMy o
On the other hand, we claim the following.
CLamM 4.4.1. We have
i)
M =T+ M?-Qi, (4.5)
i=1
and the inequality
M2 /M
dim —— L2220 < 94(2) 4.
T+ K S (4.6)

holds.
Proof of Claim 4.4.1. First we observe that the natural sequence

0 Mg o ME Br M
T'+35 M?-Q; T+, M2-Qi T+M{+3_ M2-Q;

0 (4.7)

is exact for 0 < k < 5. Indeed, we only have to show the injectivity of aj. By the definition of
T’, the map g is injective. Consider the commutative diagram

0 M} M? M2/M}? 0
i'Qk l'Qk l'@k
0 M ag—1 M2 Br-1 M4 0
S ST T MEQ T My o] MEQ,

for 0 < k < s?, and assume that the lower sequence is exact. The right vertical arrow is injective
because it is injective for k = s(2) +1. Thus oy, is injective by the snake lemma.

Consider the sequence (4.7) for k = s®). Tt follows from (4.1) that a e is the zero map.
Therefore, the left term in (4.7) is zero, which implies (4.5).

By (4.5), the composition

M2 /ME, M2 /M
L 21 l 21
K T /T"+K (4.8)

DM} - Qi —— My —— M/ M5
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of morphisms is surjective. The image of @fg M?-Q; in the penultimate term (M?/Mg) /K, which
we identify with MZ/M{ via the map g%(v)e, is contained in the subspace ng (M2/M?)-Q; C
M2 /M, whose dimension is at most 25(2), where Q; is the image of Q; in M2 /M ld_Q. Therefore,
the rank of the composed morphism (4.8) is at most 2s(2). So we obtain (4.6). This is the end of

the proof of Claim 4.4.1. ]
Proof of Lemma 4.4, continued. By (4.4) and (4.6), we get 252 + o < 25(2). But we have o > 4
since stV — s(2) > 2. This gives a contradiction. O

Finally, we prove Proposition 4.2(1).

Proof of Proposition 4.2(1). We want to show that g.|7s is the zero map. By Lemma 4.4, the
map g«|7v induces a map gx: T"/T"” — T;G{. Consider the map

[, T/T" T )T — M2/M

defined by
[o,0] = 3o () 0 ' — Fo(0') w0, (49)
where the pairing e is the one in (2.4). Since the image of the map [, | is contained in T/T" C
M?/M¢ by Lemma 4.3, we have
rank[, | <d— (2s? +0). (4.10)
Next we give a lower bound of rank[ , ]. Denote by ¢ the codimension of 7"/T" in M /Mg,.

By (4.5), there are D; € Mld, 1 <i < ¢, such that
(&
M /Mg =T'/T" & @ CD;
i=1

and that each D; is an element of M12 - Qj for some 1 < j < s We extend g to the map
M@ /Mg — T,G¥ by defining gx(D;) = 0 and define the map

[, 1% (M /M) © (M /Ms;) — Mg /M

by the same equation as (4.9). Then we have
C
Im[, | =Tm[, |+ > _g(T'/T") ¢ D;.
i=1

Since g« (T'/T") # D; € M2/M? - Q; for some 1 < j < s(2), we have
rank[ , |¥ < rank[, |+ 25 (4.11)

Now suppose that g is not the zero map. There exists a u®uv € Ml1 ®Md*1/Mld_1 ~ Mld/MQdZ
such that gx(u ® v) # 0. Then we have

o v) o M /MG = ME/M{ and go(M/Mg) o (u@v) C (M/M]) v,

where the former follows from Lemma 2.2(2), and the latter from the definition (2.4) of e. From
this, we have dim [u®y, Ml“l/Mgll]jj > d —1; thus rank[ , ]* > d — 1. From this and (4.11), we get

rank[, | >d—1-25® | (4.12)
From (4.10) and (4.12), we have o < 1, which contradicts the equality o > 4. O
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4.2 Proof of Proposition 4.1(2)
We give a proof only for case (F); the proofs for cases (A2) and (B) are similar.

By associating with a general point y of ) the pair (z,[), where [ is the line determined in
case (F), we obtain a rational map g: ) — P" X Gy (see §2.2.1 for the notation G1). By blowing
up Y GL(V)-equivariantly and shrinking S’ if necessary, we may assume that g is a morphism.
The morphism g induces a map g.: T'= Ty, /]pn|y — T;G1 between tangent spaces.

Put 7/ = TN M¢,. By Lemma 2.1(1), we have dimT/T" = d + 1 — (35 +20 — ¢), where
cei=c—ocl < 1.

By varying the general point y € ), we obtain, over a Zariski open subset of ), a subbundle
T of the relative tangent bundle 73 /pn such that 77|, = T".

PROPOSITION 4.5. (1) The subspace T" is in the kernel of the map g.: T — T)G;.
(2) The subbundle T is integrable.

Let us show that Proposition 4.5 implies that case (F) does not occur.

Proof of “Proposition 4.2 = Proposition 4.1(2) (case (F))”. Arguing as in the proof of “Propo-
sition 4.2 = Proposition 4.1(6),” we can find a submanifold L C (ho f)~!(xq) passing through
a general point yo € ) with 7, = 7’|z, and show that L C Y, := g Y(x0,10), where zg =
(hoh)(yo) and lp = g(yo). Rewriting dim L < dim ), using

Vo = dim S + k — dimP" — dim Gy = dim S + k — 3n + 2

and
dimL =dimS —n+k—(d+1)+3s® +20 —¢
2dimS—n+k‘—(d—|—1)—I—g(d—n)—l—%—e,
we obtain
n+1—51< d;” <3+e-2 <4,
where the first inequality is a consequence of (3.5). This is absurd. (Recall that n > 3.) O

Denote by € the composition 7' — M2 — M2 /M2 .
LEMMA 4.6. For sections 11 and 15 of T defined over a neighborhood of y € ), we have

e([r1, m2lly) = 94(71ly) ® (T2ly) — gu(7aly) ® (11y) .
where 7;|,, is the image of 7|, € T' € M2, in M2 /M ,, ~ M?/Mg, and the pairing e is the
one in (2.3).
Proof. The proof is similar to that of [Cle03, Lemma 3.1]. O

LEMMA 4.7. Put T" =T N M¢ ,,; we have T" C Ker(g.: T — T)G1).

Proof. Suppose g.(v) # 0 for some v € T”. The proof of the lemma is almost the same as that
of Lemma 4.4. The main difference is that, in this case, the rank of the map

g(v)o: ME/ME — M /MP =H(1,0(d))

isdor d+ 1, by Lemma 2.2(1). Noting this difference and arguing as in the proof of Lemma 4.4,
we obtain the equality 20 — & < 1, which is absurd because 20 — ¢ > 6. ]
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Proof of Proposition 4.5(1). The proof is almost the same as that of Proposition 4.2(1). Noting
the difference mentioned in the proof of Lemma 4.7 and arguing as in the proof of Proposi-
tion 4.2(1), we obtain the equality 20 — & < 3, which is absurd again. O

4.3 Proof of Proposition 4.1(1), (3), (4) and (5)

In case (D), for a general point y € ), we obtained a smooth conic C' passing through x. In
case (A3), as in Proposition 3.6, we put C' = l; U ls, where recall that [; passes through x. In
case (C2), we denote by C the double line in Proposition 3.8. In case (E2), we put C' =3 Uy,
where recall that [ Nle = {z}. In all cases, C is a (possibly singular) conic passing through z.

For cases (D), (E2) and (C2), by associating with a general point y € ) the pair (z,C) (and
the plane H on which C lies), we obtain rational maps ¢g: Y — Lg, g: Y — Lz and g: Y — Ly,
respectively. For case (A3), by associating with a general point y € ) the triple (x,l1,l2) (and
the plane H on which C' lies), we obtain a rational map g: ) — L.

By blowing up YV GL(V)-equivariantly and shrinking S’ if necessary, we may assume that g

is a morphism. It induces a map
g« T ="Typrly = TLa/prl@c) = TeGh

between tangent spaces for a general point y € ), where O is 2 in case (D), 3 in case (E2), 4 in
case (C2) and 5 in case (A3).

Put 7" = T N M&. We have dimT/T" = 2d — (4s® +20 —¢), where ¢ = 0 — o) < 1. By
varying the general point y € ), we obtain, over a Zariski open subset of ), a subbundle 7’ of
the relative tangent bundle 75 /pn such that T, =T

Denote by ¢ the composition
T — M2 —M¢ /ME =H(C,Z.(d)) .

If 71 and 7 are sections of T’ defined over a neighborhood of y € ), then [r, 73] is a section
of Ty /pn, s0 it makes sense to consider €([71, 2][,).

LEMMA 4.8. For sections 11 and 15 of T defined over a neighborhood of y € ), we have
el 7lly) = Ig. (1) (T2ly) = Igu(maly) (Tily)
where 7;|, is the image of 7;, € T' C M& in M& /M, and the map &, is the one in (2.8).

Proof. Since L3, Ly and Lg are subvarieties of Ly, we may only consider case (D). Imitating the
proof of [Cle03, Lemma 3.1], we prove the lemma using local coordinates.

Let y = (y1,¥2,...) be a local coordinate system of (ho f)~!(x) centered at y. Choose

homogeneous coordinates [zp : --- : 2] of P™ in such a way that + = [1 : 0 : --- : 0] and
H = {z3 = -+ = z, = 0}. We express the morphism ¢ using the local coordinates as g(y) =
(z,C(y), H(y))- Let

1 0 0 0 0

0 1 0 bis(y) -+ bin(y)

0 0 1 bas(y) -+ ban(y)

be the matrix such that the plane H(y) (or, equivalently, 3-dimensional subspace of C"*!)
is spanned by the rows. We take [zp : 21 : 22] as homogeneous coordinates of H(y) and let
c(y; 20, 21, 22) = ZO§Z<J<2 ¢ij(y)ziz; be the defining equation of C(y) in H(y). Let

F(y) = ZFI(}’; 20,21, %2)(23 . . . zn)l
I
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be the degree d polynomial corresponding to (bopy)(y) € S, where I = (i3, ..., i) is a multi-index
and Fr(y; 20, 21, 22) is a degree d — |I| homogeneous polynomial of zg, 21, zo with parameter y.

Let 7y = ), a,0/0yr and T2 = >, af, 0/Jyp be the local expressions of 71 and 5. The
condition that 77 is a section of 77 is equivalent to

0
ZakaiFI(YSZle,ZZ)(z?; ) 0.
T Yk Cy)

This means that there exists a degree d — 2 homogeneous polynomial D(y; zo, 21, 22) of zo, 21, 22
with parameter y such that

0 .
Z akaiFI(ﬁZOaZlaZQ) H (buz1 + baz2)" = c(y; 20, 21, 22) D(y; 20, 21, 22) .~ (4.13)
ko I=(ig,sin) ¥ 3<i<n

Likewise, for 7o, we have, for some D'(y; 2o, 21, 22),
0 .
Z a%/fFI(Y§ZO7ZI722) H (buzi + baz)" = c(y; z0, 21, 22) D' (y; 20, 21, 22) . (4.14)
W I=(igein) R 3<i<n

Setting y = 0 in (4.14), we get
Zak, Fo(05 20, 21, 22) = ¢(0; 20, 21, 22) D'(0; 20, 21, 22) , (4.15)

where O = (0,...,0).

Now we compute €([71, 72]|,), which is the restriction of [r, ) Fly=o to C = C(0),

. 9] '
7'17'2F:7—1<Za;f’ayl~c'FI(y;Zo’Zlvzz) H Zlu)

KT 3<i<n

ddl, 9 , 0 0 I -
== I F ; u .
E <ak 8yk ayk/ + apap ayk ayk’> I(ya 20, 21, 22) Zl

3<i<n

Switching 71 and 75 in the above equation, we obtain the expression of 7571 F. Taking the differ-
ence, we obtain

~ da), 0 day, 0 )
T1,T: F = k - , F 3205 215 2 A 4.16
[71, 7] k%:f( M our Oy ¥ Oy Oy iz 3<1:£n l o

We next compute dg, (7|, )(J) Let m: @7, Cz — U = @7 ,Cz; be the natural projection and
t: R=C-¢(0; 2,21, 22) = S2U be the 1nclu810n map. Let ¢: R — S?U be the map defined by
¥(e(0; 20, 21, 22)) = T1¢(¥;5 20, 21, 22 ‘y:O’ and let ¢: @7 Cz — U be the map defined by the
matrix

0 00 0 0
0 0 0 m b13( ) Tt leln(Y)
0 0 0 T1[)23( ) cet leQn(Y)

y=0
Then the tangent vector g.(71ly) € Ty(,)G5 corresponds to the first-order deformation defined
by (p,1) (see §2.2.2).
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We have
Toly = TQF‘.VZO
0

= Z a;‘:/(o)aiFI(O;ZO,Zl,ZQ H Zl —i—Zak, Fo(0; Zo,Zl,ZQ)
k' 140 Yr! 3<i<n

_ / 9 . i . Q-

= Z ak/(O)TF[(O,ZO,Zl,ZQ) H 2! — ¢(0; 20, 21, 22) D'(0; 20, 21, 22) ,
k! I#0 Yk 3<i<n

where we used (4.15) in the last equality. Using (2.6), we see that
59*(Tl|y) (;’y) S SdU/C(O; 20, %1, 22) : Sd_2U

is represented by

- Z a (0 7Fz(0 20, 21, 22)(T16i1) (0) 2; + (11¢)(0; 20, 21, 22) D'(0; 20, 21, 22),

3<l<n
1<i<2

where F} stands for F(g . 010,..0), With the Ith component equal to 1. Therefore, 59*(nly)(;‘y) —
0

gx(72ly)

0
-y GZ/(O)%FI(U;20721722)(711%1)(0)21 + (11¢)(05 20, 21, 22) D'(0; 20, 21, 22)

(71],) is represented by

(4.17)
+ Z ax(0 7Fl 0; 20, 21, 22)(72bi1) (0) z; + (72¢)(0; 20, 21, 22) D(0; 20, 21, 22) -

3<l<n
1<i<2

Applying 7 and 7 to (4.13) and (4.14), respectively, and setting y = 0 and subtracting the
resulting equations, we can see that (4.17) is equal to

day, s, day, 0 _
5 (05 E )5~ e (0)5% )57 ) Fo0i0,21,22)

(4.18)
+C(0; 205 %1, ZQ)(TQD — TlD,)(O; 205 %1, 22) .

By setting y = 0 in (4.16), we see that [r1, 7o) F'|y=o coincides with (4.18) modulo HO(P", Z¢(d)).
This proves the lemma. O

PROPOSITION 4.9. (1) The subspace T" is in the kernel of the map g.: T — TcG3.
(2) The subbundle T" is integrable; that is, [T, T'] C T".

To prove the proposition, we need a lemma.
LEMMA 4.10. Put 7" = T N Mg.; we have T" C Ker(g.: T — TcG3).

Proof. Suppose g.(v) # 0 for some v € T”. We will derive a contradiction.
Let K be the kernel of the map
Sguw): ME/ M5 — M /ME = H%(C, Z,(d)),
and put
. TI/T// + K
v = dim T 7T
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By Lemma 4.8, we have oy, ,)(1"/T") C T/T". We have
dim &y, () (T"/T") = dim T'/T" — dim K + ~
= dimT"/T" — dim M& /Mg + rank 6, () + 7

. (4.19)
Mg/ M
= rank 59*(’!}) — dlm m .
As in the case of equation (4.5), we can show that
54
ME =T+ MZ-Q;. (4.20)
i=1
In the rest of the proof of this lemma, we consider each case separately.
Case (D). Arguing as for Claim 4.4.1, we obtain the inequality
Mg /Mg
di o/Mzo 40 (4.21)

BT K S
By Lemma 2.3, we have rank d,, (,) > 2d — 3. From these and (4.19), we obtain
2d — (45 +20 — &) = dim T/T" > dim §, (,)(T'/T") > 2d — 3 — 45

So we have 20 —e < 3. But we have 20 —e > 8 because s(3) — g(4) > 2. This gives a contradiction.

Case (E2). We consider two cases (see §2.2.3 for the notation Fs,):

(i) g«(v) ¢ Es;, U Es3y, and (ii) g«(v) € E3;, U E3y,.

In case (i), arguing as for Claim 4.4.1, we obtain dim (M&/Mg.)/(T'/T" + K) < 4s¥). By
Lemma 2.4, we have rank d,, (,y > 2d — 3. Arguing as in case (D), we have 20 — e < 3, which
contradicts the inequality 20 — 3 > 8.

Next we consider case (ii): say, ¢g«(v) € Es3;,. Arguing as for Claim 4.4.1, we obtain the
inequality dim (M&/M$.)/(T"/T" + K) < 2s™. By Lemma 2.4, we have rank Ogo(wy = d—1
and 6, () (T'/T") C T/T'NHO(C, T, (d)). From these and (4.19), using the inequality (3.18), we
obtain 0 — ¢ < 1, again giving a contradiction.

Case (C2). We consider two cases (see §2.2.4 for the notation Fy; and Fy g):

(i) g«(v) ¢ E4y U Ey g and (ii) g«(v) € Eqy U Eg .

In case (i), arguing as for Claim 4.4.1, we obtain dim (MZ&/M$.)/(T"/T" + K) < 4s® . By
Lemma 2.5, we have rankd,, (,y > 2d — 1. Arguing as in case (D), we have 20 — e < 1, which
contradicts the inequality 20 — 3 > 8.

In case (i), we obtain dim (MZ/Mg.)/(T'/T" + K) < 2s). By Lemma 2.5, we have
rank 8y () = d — 1 and &, (,)(T"/T") € T/T' N H°(C,Z;(d)). From these and (4.19), using the
inequality (3.15), we obtain 0 — € < 1, again giving a contradiction.

Case (A3). There are three cases (see §2.2.5 for the notation s, ):

(i) 9«(v) & Esy, U By, (ii) g«(v) € Esy, and (iii) g.(v) € Es .

In case (i), arguing as for Claim 4.4.1, we obtain dim (M&/Mg.)/(T"/T" + K) < 4s¥). By
Lemma 2.4, we have rank d,, (,y > 2d — 3. Arguing as in case (D), we have 20 — & < 3, which
contradicts the inequality 20 — 3 > 8.

In case (ii), we obtain dim (MZ/MJ.)/(T'/T" +K) < 25(Y). By Lemma 2.6, we have
rank 8y, (,) = d — 1 and &y, (,)(T"/T") C T/T" N HY(C,Z;, (d)). From these and (4.19), using
the inequality (3.13), we obtain o — ¢ < 1, again giving a contradiction.
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In case (iii), we obtain dim (MZ/M.)/(T'/T" + K) < s®. By Lemma 2.6, we have
rank 8y, (,) = d — 1 and 0y, () (T"/T") € T/T" N H(C, Ly, (d)). From these and (4.19), using
the inequality (3.14), we obtain s(®) — 5(*) < 3, which contradicts Lemma 3.3(2). This is the end
of the proof of Lemma 4.10. O

Proof of Proposition 4.9. By Lemma 4.8, it suffices to show Proposition 4.9(1). The proof is
similar to that of Proposition 4.2(1).

By Lemma 4.10, the map g.|77 induces a map gx: T"/T" — TcGE. Consider the map
[, :T/T" T )T" — M2/ M
defined by
[v,0] = g (v) (W) — 59—*(,0/)(11) . (4.22)
Denote by ¢ the codimension of T7'/T" in Mg /Mg... By (4.20), there are D; € Mg, 1 < i < c,
such that
C
Mg /Mg, =T'/T" & P CD;
i=1
and that each D; is an element of Mg -Qj for some 1 < j < s,
We extend g, to the map Mg /Mzdc — TeGE by defining gﬁ(ﬁz) = 0, and we define the map
[ JF+ ME/ M3 © ME /Mg — Mg /Mg
by the same equation as (4.22). Then we have
C
IHI[ , ]ﬁ = Im[ 5 ] + Z 5gT(T’/T”) (Dl) .
i=1

Now suppose that gx is not the zero map. We will derive a contradiction. We consider each
case separately.

Case (D). Since &g (Ds) € M2/ME - Q; for some 1 < j < 5 we have
rank[ , |F < rank|, |+ 45 (4.23)

Since Im[, | € T/T", we have
rank[, | < 2d — (45 420 —¢) . (4.24)

Since MZ - M472 = MZ, we have gx(u-v) # 0 for some u € MZ and v € M?~2,
The dimension of dg; () (Mg /Mzdc) is at least 2d—3 by Lemma 2.3, and we have the inclusion

597(M2/M§C)(u “U) C M2/MZ -v. From this, we infer that dim [@ -, Mgv/MQdC]jj > 2d — 7; thus
rank[, ]¥ > 2d — 7. (4.25)

Combining (4.24), (4.23) and (4.25), we obtain 20 — e < 7. This gives a contradiction because
we have 20 — ¢ > 8, which follows from sB)— s > 9

Case (E2). We consider two cases:
(i) Imgx ¢ E3;, U E3, and (ii) Img, C B3y, for k=1 or 2.

We have dg(r+ /) (D;) C M2/MZ - Q; in case (i) and g7y (Di) C MIQk/M% - Qj in
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case (ii) for some 1 < j < 52 Thus we have

rank[, | +45® in case (i),
rank[, | +25® in case (ii).

rank| , |* < {

Since Im[, ] € T/T" in case (i) and Im[, ] ¢ T/T" N H°(C,Z;, (d)), we have by (3.18)

— (4@ — i i
vank[ , | < 2d — (45 +20 —¢) in case (i),
d— (25W 40 —¢) in case (ii).

Choose u € M& and v € M2 with gx(u-v) # 0. In case (i), we choose such u and v with
G+(w-v) ¢ B3y, U Es3y,. The dimension of 6y (M&/MS) is at least 2d — 3 in case (i) and at
least d — 1 in case (ii), by Lemma 2.4. We have 597(M2/Mgc)(u ) C M2/MZ - in case (i) and

i

59—*(Mg/M§zC)(u “v) C Mlzk/Mg - in case (ii). From this, we infer that dim [z~ v, MZ/Mg.]|" is at

least 2d — 7 in case (i) and at least d — 3 in case (ii); thus
2d — 7 in case (i),
d—3 in case (ii).

\Y4

rank[ , |* >

Combining these inequalities, we obtain 20 — e < 7 in case (i) and 0 — e < 3 in case (ii). In any
case, we reach a contradiction because 20 — e > 8.

Case (C2). We consider two cases:
(i) Imyg, ¢ E47l @] E4,H and (ii) Imyg, C E4,l U E47H.
Arguing as in the previous case, we obtain 20 — ¢ < 5 in case (i) and 0 — ¢ < 3 in case (ii).
Again this gives a contradiction.
Case (A3). There are three cases:
(i) Imgy & Es;, U Esy,, (ii) Imgy C Esy, and (iii) Im gy C E5,.
Arguing as in case (E2), we have
rank|, | +4s® in case (i),
rank| , |* < rank[, | +2s® in case (i),
rank[, | + s in case (i),
2d — (4 s 420 — g) in case (i),
rank[, | < ¢ d— (2sW+o0 —¢) in case (ii),
d—s© 42 in case (iii),

2d — 7 in case (i),
rank[, *>{d—3 in case (ii),
d—2 in case (iii).
Combining these, we obtain 20 — & < 7 in case (i), ¢ — e < 3 in case (ii) and s —s(*) < 4 in
case (iii). These are incompatible with the inequality 20 — e > 8 and with Lemma 3.3(2).
This is the end of proof of Proposition 4.9. 0

Now let us consider the final step of the proof of Proposition 4.1(1), (3), (4) and (5). We
argue as in the proof of “Proposition 4.2 = Proposition 4.1(6).”

Pick a general point yo in Y, and let Y, := 9 (9(yo)). Consider the map p: Vi —
HO(Cy, O(d)) defined by p(y) = Fy|c,, where F, is the degree d polynomial corresponding to
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b(p1(y)) € S, and g(yo) = (2o, Co).
We have

dim S + &k — 3n in case (D),
dimS +k—3n+2 in case (E2),
dimS+k—3n+3 in case (C2),
dimS+k—3n+1 incase (A3).
We put @ = 0 in case (D), a = 2 in case (E2), a = 3 in case (C2) and a = 1 in case (A3).
We have dim 7' = dim S —n + k — 2d + (4 s 420 — 5). Arguing as in the proof of “Propo-
sition 4.2 = Proposition 4.1(6),” we have

dim y;o =

dimImp < dim Y, — dim7”" = 2d — 2n — (45 +20 —¢) +a < e +a, (4.26)
where we used (3.12) in the last inequality.

If G € GL(V) denotes the subgroup consisting of automorphisms of V' whose induced auto-
morphisms of P* = P(V) fix « and the conic Cp, then the orbit G - p(yp) is in Im p. This fact
together with the inequality (4.26) and Lemma 2.8 proves the proposition for cases (D), (E2)
and (C2). To complete the proof for case (A3), we need to show that case (c) of Lemma 2.8(4)
does not occur in our situation. We devote the rest of the proof to showing this.

Supposing that case (c¢) of Lemma 2.8(4) occurs in case (A3), we will derive a contradiction.
By the last sentence of Lemma 2.8(4), this occurs only if ¢ = 1 and the inequalities in (4.26) are
equalities; thus we have

e=1 and d—n=2sY+0. (4.27)
Recall from §2.3.2 that Lg parametrizes triples (x,l, H), where H is a plane in P", x is a point of
H and [ is a line on H, and that gg: Lg — P" is a projection. Let u: ILs — ILg be the morphism
given by (x,l1,ls, H) — (x,l2, H). Define the subvariety A C Lg x S by

A={((z,1,H),s) |zUlCpi(s)},

where recall that S = H°(P", O(d)) \ {0} and p: X — S is the projection of the universal family
of hypersurfaces to S, so p~1(s) is the hypersurface of P defined by the homogeneous polynomial
corresponding to s. Likewise, define

Le x 8" D A" :={((z,1,H),s) |z UL Cp'_l(s)},
and let r: A’ — LLg be the projection.

As we are now assuming that case (c) of Lemma 2.8(4) occurs, by associating ((x, l2, H),p1(y))
with a general point y € ), where z = (h o f)(y), we obtain a rational map ¢g;: Y — A’. By
blowing up Y GL(V)-equivariantly and shrinking S’ if necessary, we may assume that g; is a
morphism.
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Giving a point (z, 11,12, H) of L5 is the same as giving a quadruple

(VEU U AUSW, U W),

where U, A, W; are vector spaces of dimension 3, 1, 2, respectively, and m, «/, 7; are surjective
linear maps such that there is a linear map 7”: W7 — A with 7’ = 7" o 7. The correspondence
is given by H =P(U), v = P(A) and [; = P(W;). Denote by

(Voo SuU, U™ A U W, U W) (4.28)

the universal family of such quadruples, where U, A, W; are vector bundles on LL5. Likewise, we
have universal objects

(VeOL, SU, U A U W,) (4.29)

on Lg, where same objects appear in (4.28) and (4.29), but objects in (4.28) are pull-backs of
the corresponding objects in (4.29) via the morphism u: Ls — Lg.

By the definition of A, we have A = V(RY )\ (zero section). One can show that the canonical
line bundle KA is isomorphic to the pull-back to A of the line bundle

(detU) "3 Al g (det Wz)%d(dﬂ)ﬂl
on Lg. Since the morphism A’ — A is étale, we have
Kpr=7r*((detU) " @ A ® (det Wg)%d(d+1)_4) . (4.30)
The normal sheaf N, of the morphism g; is defined by the exact sequence

0—=Ty = giTar = Ny — 0.

For a general point s’ € S, the sheaf Ny, |y, is isomorphic to the normal sheaf of g1 : Yo — AL,
where the subscript s’ means that we take the fibers over s’. The morphism r: A’ — g is smooth,
and the relative tangent bundle Ta//; is isomorphic to 7*R4. Since Y is smooth over Lg, we
have, over the open subset (r o g1)71(LLg), an exact sequence

0= Tyme = 91 Tare = Ngg — 0.
For a general point y € ), we put Th = Ty/lLa|yv which we regard as a subspace of Mgulg by the
injection
T" = T)}/Le|y — QTTA//L(;’y =(ro 91)*Rd’y = Mgulz .
By Proposition 4.9, we have 7" C T". Thus, we have

T C Mgul2
U U
T C Mffuzg )

Using (4.27), one can compute dimensions:
dimT%/T" =3 and dili‘fub/T' =3n—-—k—-2d.

Put A = 3n — k — 2d. Choose general members P, ..., Py € M% 2 and a general point s’ € 5.
Let ¥: (10 g1)*Raly, — Ng |y, be the restriction to the fiber Yy of the composition

(rog1) Ra~ g1 Tarme = 91Tar — Ny, ,
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and define a morphism
0: ((rog1) Raly, )™ = Nyly,

by (07)1<i<n = 21<jen ¥(05 - Bj).

Let M be the line bundle on L5 whose fiber at (z,l1,ly, H) € Ls is MZL‘QUIQ /Mlzlulg' There is
a natural surjection u*Ro — M. Pulling this back to Yy via ¢’ := gly,: Yo — Ls, we obtain
a surjection ¢: (1o g1)*Raly, — (¢')*M.

CLAIM 4.10.1. For general P € M9 2, the composition

(rog1) Raly, _r, (rog1)" Raly, N Ny, ly,, — Coker 6/(torsion) (4.31)

factors through the morphism ; that is, there exists a morphism p: (¢')* M — Coker 0/ (torsion)
such that the composed morphism (4.31) is p o .

Proof of Claim 4.10.1. For a general point y € Yy, we have Mfful2 C Th—l-zg\:l MIQUI2 - P; because

dim Mld1Ul2 J/T" = X\ Tt follows from this that the composed morphism (4.31) factors through ¢

over a non-empty open subset of V. Since Coker §/(torsion) is torsion-free, it factors through ¢

over V. O
We have

A
dim <T” +) My, - R-) /MffulQ =3+A<d—1=dimM,,/M,,,
i=1

where the inequality is a consequence of the numerical assumption (3.5), so we have rank Coker
= d — X\ — 4. Choose general Py1,...,P;_4 € M2 and consider the map

d—4
§= Z épy: ((g’)*/\/l)@d_)‘_4 — Coker 0/ (torsion)
i=A+1

(see the statement of Claim 4.10.1 for the notation {p,). Then ¢ is an injective morphism with
torsion cokernel.

Now we deduce the “positivity” of Ny, |y, . Since § is injective with torsion cokernel, we have
det Coker 6 > det Coker /(torsion)
> (g)* MA—A—4
— (") (detU © A" @ det Wy & (det Wy) ™),
where the last equality follows from the isomorphism
M~detd @ A7 @ det Wy @ (det Wy) 71,
which is easy to see. It follows from the last sentence of §2.3.2 that
detTm 6 > (¢/)*(det Vo).
One can see that det Vs ~ detU ® A ® (det Wa)?, so we have
detTm 6 > (¢')* (detU © A® (det Wy)?) .
Combining these, we have

det Ny, |y, > (¢)* ((detU) =~ @ A= @ (det W) P24 @ (det W) ~4-H4)
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From this and (4.30), we obtain
Ky, > (¢")*((dett) "1 @ (det W) @ (det W2)%d(d+l)fdf)\) .

Recall that A = 3n — k — 2d, and one can see that d — A —4 > 0 and %d(d—i— 1) —d— X > 0 under
the numerical assumption (3.5). The line bundles det i/ and det W; are globally generated. Then
by the assumption (3.4), we must have d — n — 2\ < 0. This is equivalent to d < %(Tn — 2k),
which contradicts the assumption (3.5).

This is the end of the proof of Proposition 4.1.

5. Lines and conics contained in the hypersufaces
The purpose of this section is to show the following refinement of Proposition 4.1.

PropoOSITION 5.1. We can refine Proposition 4.1 as follows:

(1) The line [y in cases (Al) and (A3), the line | in cases (C1), (C2), (G) and (H), and the
line l; in case (E1) are contained in X!,.

(2) In case (E2), exactly one of l; and l is contained in X,.

(3) In case (D), the smooth conic C' is contained in X,.

By Proposition 4.1, we know that if the line or conic associated with a general point y € )
in Proposition 3.4 is not contained in the hypersurface X/, then it intersects X, in one or two
points. Propositions 5.2 and 5.3 rule out the possibility of lines intersecting X”, at one and two
points, respectively. The degenerate and smooth conic cases are studied in §§5.3 and 5.4.

5.1 One-point line case

Consider the setup in §3.1. Let Ay be the moduli space of triples (x,[,s’), where s’ € S’ [ is a
line in P"™ and x is a point of I such that I N X!, > d -z, where [N X/, denotes a scheme-theoretic
intersection. (Here if I C X7, then we understand that this inequality holds.) Let A, be the
subvariety of A, parametrizing the (z,l,s) € Ag such that [ C X7,. Denote by p the morphism
Ay — X' C P x S given by (z,1,s) — (z,5).

PROPOSITION 5.2. Assume that there is a GL(V')-equivariant rational map g: Y — Ag \ Aco
with po g = f and that the inequality
d(d+1)
2
holds. Then for general s' € S', we have HO(Yy/, Ky,) #0.

—3n+k+120 (5.1)

This proposition is just a restatement of [Cle03, Lemma 4.3].

5.2 Two-point line case

Consider the setup in §3.1. Let r and s be positive integers with r + s = d. Let A, be the
moduli space of quadruples (x1,z2,1,s"), where s’ € S” and x1 and x5 are points of [ such that
INX!, > rx + sxa. Let Ay be the subvariety of A, , parametrizing the (z1, 22,1, s") € A, such
that [ C X7,. Denote by p the morphism A,y — X' C P" x S’ given by (z1,22,1,5") — (x1,5).
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PROPOSITION 5.3. Assume that there is a GL(V)-equivariant rational map g: Y — A, s\ Ao
with po g = f and that the inequality
d(d—1)
2
holds. Then for general s' € S', we have H(Vy, Ky ) # 0.

—3n+k+1>0 (5.2)

The “(—1)-twisted” version of this proposition is [Pac03, Proposition 1.4]. The proof there
applies here as well.

5.3 Two-line conic case

Consider the setup in §3.1. Let I'° be the moduli space of quadruples (x,C, H,s) such that
(x,C,H) € L3, s € Sand XsNi; > d-x for i = 1,2, where l; and Iy are line components
of C. Let I'S_ be the subvariety of I'° consisting of the (z,C, H,s) € I'° such that C C X,. Put
I :=T° xg 8" and I'2 := T2 x5S Denote by p the morphism I — X’ C P" x S’ given by
(x,C,H,s) — (x,5).

PROPOSITION 5.4. Assume that there is a GL(V)-equivariant rational map g: Y — I''° with
pog = f and that the inequalities
d(d + 3)
2
hold. Assume, moreover, that for general y € Y, if we write g(y) as (z,C =13 Uls, H, s'), neither
Iy nor ly is contained in X!,. Then for general s' € S, we have H*(Vy, Ky,) #0.

d(d+1)

—4dn+k—2>0 and - 3n+k+2>0 (5.3)

Before beginning the proof of the proposition, we introduce some notation and construct
a compactification (over S) of I"°.

Giving a point (z,C, H) of Lg is the same as giving surjective linear maps 7: V' — U and
7't U — A of vector spaces, where dimU = 3 and dim A = 1, together with a 1-dimensional
subspace R C S%(Ker 7). The correspondence is that z = P(A) and H = P(U), and R defines C.
Let

Voo, -U, 7:U—-A RCS*Kerr)
be their universal family on Ls. The fiber of the vector bundle S%//S42U @R at (x,C, H) € L3
is isomorphic to H(C, O(d)). The fiber at (z,C = I3 Uly, H) € L§ of the rank 2 vector subbundle
Sd(Ker7')/S42(Ker ') ® R of SU/S2U ® R is isomorphic to the subspace of H(C, O(d))
consisting of the sections s of O¢(d) such that the zero divisor Z(s|;,) satisfies Z(s|;,) > d- x for
i =1,2. Let W be the kernel of the composite of morphisms
SU/STU R

d d d d—2
SV @Oy = SU= SUISTUBSR = g T Rer r O R

Let W be the kernel of the composite of morphisms
SV © O, — SU — SU/STUSR.
The fiber of Wy at (z,C, H) € Ls is H(P", Z¢(d)). Put
I':=V(WY)\ (zero section) and T :=V (W) \ (zero section).

There are natural projections I' = X and I' — L. Put IV := T xy A’ and I, := o xx X",
Denote by 7 the composite I" — I' — L3 of morphisms. Then r~1(IL§) = I"°, so I is a compacti-
fication of I'"® over S’. The morphism p: I — X’ extends to a morphism I'' — X", which is also
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denoted by p. We regard g as a rational map from ) to I"'. Blowing up YV GL(V)-equivariantly
and shrinking S’ if necessary, we may assume that g is a morphism from Y to IV and Y is still
smooth over 5.

F//F—\

= |-
~
3

y '
\ ip/ \Lp
!/
S . S
One can compute the canonical bundle of T":
Kpv = r*((det ) © 7247172 @ 4271  R2—3(€-34)) (5.4)

The normal sheaf N of g is defined by the exact sequence
0—=Ty =g T — Ny —0.
Since GL(V') acts transitively on L3, the open subscheme (r o g)}(L3) of Y is smooth over L3,
so we have an exact sequence
0= Ty, = 9" Trr, = Ng =0 (5.5)
on (rog)~(L3). We have isomorphisms

oo, =W and  Tpy_jp, =~ 17" W

Proof of Proposition 5.4. Pick a general point s € S’ and a general point y of )V, and let
(z,C = 14 Uls, H) := (r o g)(y). Looking at the fiber over y of (5.5), we have an inclusion
Tymsly = 9T ly =~ (rog)W, C M?®. If F is the degree d homogeneous polynomial
corresponding to b(s') € S, then F' € Ty,|,. This is because for any a € C* C GL(V),
(rog)(a-y) = (rog)(y), and a acts on S as multiplication by a. The fiber 9 Trr jLyly = (rog) Wi,
has (7 0 g)*Wx|y as a subspace, and if F' € (r o g)*Waxly, then this means that C' C X/,. This
contradicts our assumption. So we have F' ¢ (r o g)*Wao|y-

Cram 5.4.1. We have Ty, ly + (70 9)" Wooly = g"Trv /1, ly-

Proof of Claim 5.4.1. Choose homogeneous coordinates [ug : -+ : u,] of P™ such that we have
x=[1:0:---:0,H=(ug=--=u,=0),l1 =(u1 =0)NH and Il = (ug = 0) N H. Then F
is written as

arud + agud + (terms vanishing on C)

with non-zero a; and as. Choose distinct integers k1 and ks. For t € C*, the diagonal matrix
diag (1,tk1,tk2, 1,..., 1) € GL;,41 acts on P” as

k k
[ug :up s ug t .o up] — [uo:t lug  tPug ,un]
This action transforms F' as
F = apt"%ud + agt*@ud + (terms vanishing on C) .

The action preserves [; and I, so the orbit of y stays in the fiber of the map (r o g), which
implies that %Ft|t:1 € Ty/L,ly- Thus the image of the map Ty /1, ly — ¢°Trr/1,ly/(r 0 9) Weoly
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contains kjajué +keazud, where note that the 2-dimensional vector space g* Tr JLsly/ (109) Weoly
is naturally isomorphic to (Cu‘li @ (Cugl. This proves the claim. ]

Proof of Proposition 5.4, continued. Write g1 for the morphism (r o g)|y,: V¢ — L3. By the
claim, the composite of morphisms
0: G\ Woo = giW = 9" TrvjLsly, — 9" Trrly, — Nyly,,

is generically surjective. Let V be the vector bundle on L3 whose fiber over (z,C,H) is
HO(P"*, Zy(d)). We have the commutative diagram

0 9 IiWoo —> 91 Weo/V) —0

c

00— G(QTV) HNQ‘J’S/ 4>'N;7|ys/ /G(QTV) —0,

where ' is surjective and 0" is generically surjective. Put N := 0(g7V) and N" := Ny|y_, /0(g7V),
and let r; = rank A/ and 79 = rank N”’.

Now we deduce the “positivity” of NVy|y,. Since V ® detf is globally generated by Proposi-
tion 2.7, we have det N/ > gf(detU)~". The fiber of Wu/V over (z,C, H) € L3 is isomorphic
to HO(H,Zc(d)), so we have an isomorphism Ws,/V ~ S92 @ R. Since U is globally gener-
ated, we can find an injective morphism gfR®"2 — N” with torsion cokernel. Thus we obtain
det N > ¢g{R™. Combining these with (5.4), we obtain

Ky, > gi ((dett)®—2-n=m=2 g 4201 @ R2-3(#=3d) ) (5.6)
The variety L3 contains Ly as a divisor, and one can find that Op,(ILy) ~ (detU)?® A 2@R 2.
Put
1 (d*—3d d* —3d
77:{2< 5 —1"2—2>J and ¢ = 5 —1r9—2—27.
Then the right-hand side of (5.6) becomes

g; (det ) —2d=n=r1=2=2n—de o A24-1420 & ((det U)* @ R )" @ O(ILg)") . (5.7)

The inequalities (5.3) imply that the exponents of deti and O(Ly4) in (5.7) are non-negative.
The line bundles detf and A are globally generated, and ¢g7O(IL4) has a non-zero section. Note
that (det)* ® R~! is also globally generated because S?U /R is globally generated. Thus the
line bundle (5.7) has a non-zero section, and we have H(Vy, Ky ) # 0 by (5.6). O

PROPOSITION 5.5. Under the setup described in §3.1, consider the variety I, and morphisms
plre_: T, — X' and r|r_: I',) — L3 introduced before the proof of Proposition 5.4. Assume
that there exists a GL(V')-equivariant rational map g: Y — T, such that f = (p|r._ ) o g and
((rlr.) 0 9)~H(LLg \ Ly) # 0. Assume, moreover, that the inequalities

2 2
d—|2_3d23n—k and d;5d>4n—k¢ (5.8)

hold. Then we have HY(Vy, Ky ,) # 0 for general s’ € S'.

The proof of this proposition is similar to but easier than that of Proposition 5.4, so we
omit it.
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5.4 Smooth conic case

Consider the setup in §3.1. Let Z° be the moduli space of quadruples (z,C, H, s), where s € S
and (x,C, H) € L§ are such that X5 N C > 2d - z. Let E, be the subvariety of =Z° consisting of
the (z,C, H,s) such that C C X;. Put Z'° = E° xg 5" and 2 = % xg 5. Denote by p the
map p: 2'° = X’ given by (z,C, H,s') — (z,5).

PROPOSITION 5.6. Assume that there exists a GL(V)-equivariant rational map g: Y — Z/°\ 22
such that po g = f. Assume, moreover, that the inequalities

d* —d 2d* 4 5d 22
5 >3n—k+2 and %524n—k+§ (5.9)
hold. Then for general s' € S', we have H(Vy, Ky ) # 0.

Before beginning the proof of the proposition, we introduce some notation and prepare some
lemmas.

Giving a point (z,C, H) € L is the same as giving surjective linear maps 7: V — U and
7' U — A of vector spaces, where dimU = 3 and dim A = 1, and a 1-dimensional subspace
R C Ker(S?%7"), where S%7n’: S?U — A?. Let

T VeOL,—U, ™ U—A, RCKGI‘(SQWI)

be their universal family on Lg. Put B := Ly \ LS. Then B is a divisor of Ly parametrizing triples
(z,C,H) with C' a degenerate conic. Note that we have a sequence of subschemes: Ly D B D
L3 D Ly.

Define the map 7’ -id: S?2U — U ® A by (7' -id)(uv) = u @ 7'(v) + v ® ' (u) for sections u
and v of Y. Tensoring this map with A~!, we obtain a map 7: S?U ® A~! — U. Let ¢ be the
composite of morphisms

d
(RoA N < 542U A 25 s%U - SU/ST™ U R.

The fiber of S%U/S?2U @ R over a point (x,C, H) € Ly is isomorphic to HY(C, O(d)).

LEMMA 5.7. For a point (z,C, H) € Ly, the restriction (| c.my of ¢ to fibers over (z,C, H) is
the zero map if and only if (z,C,H) € L.

Proof. Let H be the moduli space parametrizing pairs (x, H), where H is a plane in P" = P(V)
and z is a point of H. There is a natural projection v: Ly — H given by (z,C, H) — (z, H).
Since GL(V') acts transitively on H and the morphism v is GL(V')-equivariant, we may consider

the lemma after fixing a pair (z, H) € H. By abuse of notation, we use the same letters when we
fix (z, H) € H. For example, the fiber of the map v: Lo — H over (z, H) is denoted by L.

Choose homogeneous coordinates [Xg : --- : X,,] of P™ in such a way that x =[1:0:---: 0]
and H = (X3 = - =X, =0). Then m: V = &' |CX; - U = &2 CX; and 7': U
®2_,CX; - A = CXj are natural projections, and

Ly = ({aX? 4 bX3 + 2cX0 X1 + 2dXo X, +2eX1 X} \ {0}) /C* ~ P*

is a 4-dimensional projective space with homogeneous coordinate [a : b : ¢ : d : e]. We have
Lo DLs=(c=d=0).

By the definition of 7'-id: S?U — U ® A, we have (7'-id)(Xg) = 2Xo® Xo, (7'-id)(XoX;) =
X; ® X for i # 0 and (7' -id)(X;X;) = 0 for ¢, # 0.

Consider a point [F] € Ly represented by a polynomial

F(Xo, X1, X2) = aX? +bX3 +2cX0 X1 + 2dXoXo + 2 X1 Xo .
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The fiber of the line bundle R C S?2U ® O, over [F]is C- F, and (' -id)(F) = 2(cX; + dX3).
Therefore, the image of |z} is C(cX1 + dX2)? € SYU/S?2U - F, which is zero if and only if
¢ = d = 0. This proves the lemma. O

It follows from the proof of Lemma 5.7 that if C' is a smooth conic, then the image of (|(,.c,m)
is the 1-dimensional subspace of H’(C, O(d)) spanned by a section s whose zero divisor Z(s) is
2d-x. Let uq: ]L/2 — Ly be the blow-up of Ly along L3 and E; = Ul_l(]Lg) the exceptional divisor.
Let B’ be the strict transform of B in L}. Let Z; be the reduced closed subscheme of L/, with
support ul_l(L4) NB.

LEMMA 5.8. The pull-back u;i({) of the map ¢ by u; factors as

(Re A ) < (uj(Re A (E))! S ui (SU/S™ U R). (5.10)
Moreover, the locus where the map (' vanishes is Z;.

Proof. As in the proof of Lemma 5.7, we fix a pair (z, H) € H and use the notation introduced
there such as Lo =Pt ={[a:b:c:d:e]} DLz = (c=d=0).
The blow-up L, is

P'xP' oLy ={([a:b:c:d:e],[d :d))|ed =dc}.

It is covered by the two open subsets L, N (¢! # 0) and L) N (d’ # 0). By symmetry, we only
have to consider the open subset L, N (¢’ # 0), which will be identified with P? x Al by the
isomorphism given by

PPxA's(Ja:b:c:e],d)— ([a:b:c:ed:d],[1:d]) eLyn(c #0).

The fiber of u{R over a point ([a: b: c: ¢],d) is spanned by the polynomial F' = aX? + bX3 +
2¢X0X1+2cdXoX2+2eX1 Xy, and the morphism u}(7'-id) sends it to e(X1 +dX2)® Xy € UR A.
Since E1 is defined by ¢ = 0, this shows that uj(7"-id) factors as uiR < (uiR)(E1) = URAROL,.
This implies that uj(¢) factors as (5.10). By Lemma 5.7, the map (’| (4.}, 4) 15 non-zero if ¢ # 0.
If ¢ = 0, then its image is spanned by (X1 + dX»)? € SU/S%? - (aX? + bX3 4+ 2eX1X5), which
is zero if and only if aX? + bX2 + 2eX1 X2 = a(X1 + dX2)?. So the locus where Cl(asbecer,a) 18
zero is given by ¢ = 0, a # 0, b = ad? and e = ad. We can see that this coincides with Z;. In
fact, since Ly D B = (ad2 + bc? — 2cde = 0), we have B = (acz2 +b—2de = 0) in the open
subset L N (¢’ # 0) = P? x Al. The intersection of this with u;'(Ls) = (c = ab—€? = 0) is
(c:O,a;ﬁO,b:acp,e:aJ)CIP’3><A1. O

Define the ideal sheaf Z C (91[/2 in such a way that the image of the map
()Yl (SU/SURR)Y = (uf (R @A) (By)) ™
is Z(uf(R® .A_l)(El))_d. By Lemma 5.8, we have Supp(Oy, /T) = Z1.
LEMMA 5.9. We have Z O (Zz,)%*3.

Proof. As in the proofs of Lemmas 5.7 and 5.8, we fix a pair (z, H) € H and use the notation
introduced there. By symmetry, it suffices to prove Z > (Zz,)%¢2 only on LyN{c’ # 0} = P2 x Al
We saw in the proof of Lemma 5.8 that Z; N (P? x A!) is contained in (P? x A') N {a # 0}. We
identify (IP’3 X Al) N {a # 0} with A3 x A = A* by the isomorphism

At s (b,e,e;d) — (1:b:¢:¢€),d) € (IP’?’xAl)ﬂ{a;éO}.
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The fiber of u{R over (b, ¢, €;d) is spanned by
F = X? 4+ bX3 +2eX0X; + 2edXoXo + 26X1 X3 .
Varying (b,¢,¢;d) € A%, we see that %F gives a nowhere vanishing section of (ujR)(E1) over
A%, The image of the nowhere vanishing section (%F)d of (WiR ® A)(F1))? over A* by (' is
(X1 4+ dX5)? € SU @ Opa/S472U - F. Put Y1 = X1 + dX». Then F can be written as
F =Y+ (2¢Xo +2(e — d)X2)Y1 + (b+ d?> — 2ed) X3 .
We make a coordinate change of A*. Put
s=2de—b—d*, t=-2¢, v=2(d—e).

We use (s,t,v;d) as a new coordinate of A*. Then F = Y — (tXo + vX2)Y1 — sX3, and 7 is
defined by s =t =v = 0.

We define an isomorphism SU ®@ On4/S472U - F ~ Oiffd“ as follows. For a degree d ho-

mogeneous polynomial G(Xy, Y1, X2) of variables X, Y1, Xo with coefficients in Cls, t,v,d],
performing a division by F', we obtain the equation

G = A(Xo, Xg)Yl + B(X(], XQ) (mod F) ,

where A and B are homogeneous polynomials in the variables Xy and X5 of degree d — 1 and d,
respectively, with coefficients in Cls, t, v, d]. Associating the 2d + 1 coefficients of A and B with
G, we obtain an isomorphism SU @ 044/8% 72U - F ~ Offdﬂ. We want to consider the image
of (X1 +dXs)? =Y € SW @ 0y4/S?2U - F in OF24 via this isomorphism.

For | > 2, let A;(Xo, X2) and Bj(Xp, X2) be the homogeneous polynomials in the variables

Xo and X5 of degree [ — 1 and [, respectively, with coefficients in C[s, ¢, v, d] such that
Yil = Al(Xo,XQ)Yl —l—B(X(),XQ) (mod F)

Let [; be the ideal of Cls,t,v,d] generated by the coefficients of A; and B;. By the definition of
IcC OJL’27 we have Z|ga ~ I5. Therefore, the lemma follows from the next claim.

CLAIM 5.9.1. Forl > 2, the ideal I; contains the elements tigd fori4+j=1—1and tiglp2l—3-2i—2j
fori+j5<l—2.

Proof of Claim 5.9.1. Since d does not appear in the coefficients of F', neither does it in those
of A; and By. Therefore, we ignore d in the proof and consider I; as an ideal of Cls, ¢, v].

We first make an observation. By the definitions of A; and Bj, we have the relations

A= (tXo+vX)Ai_1 +B_; and B;=sX2A_. (5.11)
From this, we have
sX3A; — (tXo +vX2)B = sX3B;_1. (5.12)
It follows from this and the second equation of (5.11) that
I} Dsljy. (5.13)

From the relation (5.11), we see easily, by induction on [, that if we set degt = degv = 1 and
deg s = 2, then the coefficients of A; and B; are homogeneous polynomials in ¢, v, s of degree
[ —1 and [, respectively. From this and the relation (5.11), we easily see, again by induction on [,
that

(i) the coefficient of X\ ™" in A; is ¢/~

80



SUBVARIETIES OF HYPERSURFACES
(ii) the coefficient of X} 72Xy in A; is (I — 1)t! %0,
iii) the coefficient of X! 17X, (2 <i <l —1)in 4 is
0

1—1 o , L
( , )tl_l_zvz + g1t (linear combination of s/v'"*, 1 < j < [i/2]).
i

Now we prove the claim by induction on [ > 2. We have Ay = tXg + vXs and By = 5X22;
thus Iy = (t,v, s), so the claim holds for [ = 2. Let [ > 3, and assume that the claim holds up to
degree [ —1. From (5.13), assertion (i) and the induction hypothesis, we infer that I; contains the
elements t's/ for i +j = [ — 1. Let us show next that I; contains the elements t's/v?—37212J for
P45 <1—2.1If j >0, then to? 37272 ¢ I;_; by the induction hypothesis. By (5.13), we have
t'sIp?—3-2=2] ¢ [;. It remains to show that t'v?=3-2 ¢ [, for 0 < i < 1 — 2 or, equivalently,
that t/=1=%y2s=1 ¢ [, for 1 < k <1 — 1. For k = 1, that we have t/~1=%y2=1 ¢ [} follows from
assertion (ii). For 2 < k < — 1, we see from assertion (iii) that

-1 . ,
( i )tl_l_kvk e AL (linear combination of sk 1 <5< lk/2])

1

is contained in I;. Multiplying this by v*~!, we see that I; contains the

-1 , ,
( i >tllk02k1 +¢!717F . (linear combination of sv?* 172 1 < j < |k/2]). (5.14)

By the induction hypothesis, we have t!=17¥si=192k=1=2 ¢ [, | for 1 < j < |k/2]. By (5.13),
we see that the second term of (5.14) is in [;, thus so is the first term. This is the end of the
proof of Claim 5.9.1. O

This is the end of the proof of Lemma 5.9. O
Let ug: Lj — L), be the blow-up of L), along the smooth variety Z;. Put Zy := Im(u3Z —
Opr»). By Lemma 5.9, we have
2
Ty > Opy(—(2d - 3)Ey), (5.15)

where Fy = uy'(Z;) is the ug-exceptional divisor. Let ]I?g’ — LJ be the blow-up of L by the

ideal Ty, and let LY — LI be a GL(V')-equivariant resolution. The composite L — LJ — L% is

denoted by ug. There exists an effective divisor E3 on L} such that Im ((ug o u3)*Z — O]L’Q”) =

OLy/(—E3). The image of the map (uz o u3)*(¢')" given by
(ug 0 uz)*u} (SU/SI2U @ R)Y — (ug 0 uz)* (uf (R @A) (E1))7d

is (ug oug)*(uf(R® .A’l)(El))fd(—Eg). Put E := d(ug o u3z)*(E1) + E3 and u := uj o ug o us.
Therefore, the map u*({) factors as

U*(R®A_1)d‘—>u*(R®A_l)d(E) i)u*(SdL{/Sd_%/l@R) 7
and the middle term is a subbundle of the last term via (.
LEMMA 5.10. The divisor (d — 1)u*B — E on LY is effective.

Proof. Since —E3 > u}(—(2d — 3)Es) by (5.15), it suffices to show that
(d—1)u"B — d(ug ouz)*(E1) — (2d — 3)uz E2 > 0.
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For this, we show that (d — 1)(u1 o u2)*B — dub(E1) — (2d — 3)E3 > 0. Since uiB = B' 4+ 2FE;, we
need to show that

(d—1)usB' + (d — 2)usE1 — (2d — 3)Es > 0. (5.16)
If B” and EY are strict transforms of B’ and E; in LY, respectively, then u3B’ = B” + Ey and
usEy = E{ + Ey. Thus (5.16) follows. O

Let W be the kernel of the map

u*Ser

*(SU/S2U @ R
SV @ Oy =5 w*SU — u* (SU/STU R R) — w(5U/ @ R)

u(R® A1) (E)

and let Wy, be the kernel of the map
* Qd
SV ® Oy 2T wFSU — ut (SU/STU B R) .
Put
E=V(WY)\ (zero section) and Ee =V (WL) \ (zero section).
There are natural morphisms = — X and & — LY. Put &/ = Z xx X" and 2 = E xx X',
Denote by r the composite of morphisms = — = — LJ'. The inverse image of L3 via the
morphism v or: Z — Ly is °. Thus Z’ is a compactification of Z'° over S’. The morphism
p: Z° — X’ extends to a morphism = — X’ which is also denoted by p. We regard g as a
rational map from ) to Z'. By blowing up Y GL(V )-equivariantly and shrinking S’ if necessary,
we may assume that ¢ is a morphism from ) to 2’ and Y is still smooth over S’

=) = Ly
\Lu
g o Ly
h a2
;oo A Tk
y X X P
J/p’ ip
!
S . S
There is an effective u-exceptional divisor D on L3’ such that Kpy = (u*Kp,)(D). One can

compute the canonical bundle of Z':
Kz = (wor)* ((dettd)™ " & A4 @ R-HEA4) & 10y, (D — E).
Define the normal sheaf N, of g by the exact sequence
0—=Ty =g Tz =Ny —=0.
Since (7 © g)|(uorog)-1(Lg) is smooth, we have an exact sequence
0= Ty — g Tz Ly — Ny — 0
on (uorog) 1(L3). We have isomorphisms Ty =W and Tz Ly ~ r*We.

Proof of Proposition 5.6. By assumption, we have Im g ¢ Z/_. Pick a general point s’ € S/, and
write g; for the morphism (r o g)|y,: Vg — L3’. Then the composite of maps

0: G\ Woo = giW = ¢" Tz jryly, = 6" Tely, — Nyly,,
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is generically surjective (cf. the paragraphs before and after Claim 5.4.1). Let V be the vector
bundle on Ly whose fiber over (z,C, H) is HY(P", Zy;(d)). We have the commutative diagram

00— (uo0g1)"V— 9 W 9 Weo /u*V) ———0

T

0= 8((10 g1)"V) —= Nily,, —= Nyl /8((u0 1)*V) —0,

where 6’ is surjective and 6" is generically surjective. Put N/ := 6((u o ¢1)*V) and N” :=
Ngly,, /0((wo g1)*V), and let 71 = rank N’ and ro = rank . Arguing as in the proof of Propo-
sition 5.4, we obtain

Ky, > (uog)*((dett)” =47 @ A4l @ R2UHDI) @ gi0 (D~ B) . (5.17)

One can show that Op,(B) ~ (deti)? ® R~3. Put

n= B (Cl(d;l)—rg—5>J and E:M—TQ—S—SW.

The right-hand side of (5.17) becomes

(wo g1)* ((detz)®—n=ton=2-42 @ 441 @ O, (B! @ ((detU)! @ R™)7) (5.18)

®QT (U*O]L2((d — 1)153) ® OL;”(_E)) ® QTO]L&N(D) . .
The inequalities (5.9) imply that the exponents of det/ and Or,(B) in (5.18) are non-negative.
The line bundles detU, A and (detU)* @ R~ tare globally generated, and (u o g1)*OL,(B) and
97OLy (D) have a non-zero global section. Now, g7 (u*Or,((d — 1)B) ® OL/Q//(—E)) also has a
non-zero global section, as follows from Lemma 5.10. Altogether, (5.18) has a non-zero section.
Thus H(YVy, Ky, ) # 0 by (5.17). O

5.5 Proof of Proposition 5.1

We first note that the inequalities (5.1), (5.2), (5.3), (5.9) and (5.8) hold under the assump-
tion (3.5).

(1) If the line {1 in case (A3) or the line [ in case (C2) is not contained in X’,, then we are in the
situation of Proposition 5.3. So we have H(Vy, Ky ) # 0, contradicting our assumption (3.4).
In the other cases, we obtain a contradiction applying Proposition 5.2.

(2) First suppose that neither I; nor Iy is contained in X7,. If 4(I1 N X.,) +4(la N XL) = 2, then
we obtain a contradiction applying Proposition 5.4. If #(I1 N X7,) 4+ #(lo N X,) = 3, then one of
I and Iy intersects X7, in one point, and the other in two points. We can obtain a contradiction
applying Proposition 5.2 or 5.3.

Now we have shown that at least one of [ and ls is contained in XS’,. If both I; are [y are
contained in X7, then we can obtain a contradiction using Proposition 5.5.

(3) In case (D), if the conic C' is not contained in X7,, use Proposition 5.6 to obtain a
contradiction. This is the end of the proof of Proposition 5.1.
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6. Covered by lines and conics

To state the following two propositions, we introduce a setup. As in § 3.1, we consider the following

diagram:
y X cPrxy

A\

S/
b
Define the subvarieties D C Gy x S’ and D’ C Gy x S’ by
G xS >D={(ls)|lcaL},

S.

Gy x S' > D' ={((C,H),s)|Ccxj}.

Let m1: D — Gy, me: D — S, w}: D' — Gg and 7: D' — S’ be the projections.

PROPOSITION 6.1. Assume that (3.4) holds and that there exists a GL(V')-equivariant morphism

7:Y — D such that mgo 0 j = ps:

yl>D CG xS =Gy

N

S’

Assume, moreover, that the inequality %(d2 +3d) > 3n — k — 2 holds. Then the morphism j is

not generically finite.

PROPOSITION 6.2. Assume that (3.4) holds and that there exists a GL(V')-equivariant morphism

§'+ Y — D' such that wh o j' = p; and (j' o ) ~H(G3) # 0:
™
., N
VD TGy xS =Gy
p& i”é
S’
Assume, moreover, that the inequalities

2d2 d d? d
%2471—]@4—% and 3

hold. Then the morphism j' is not generically finite.

>3n—k+4

The proofs of these propositions are similar to (and easier than) those of Propositions 5.4

and 5.6, so we omit them.

Note that under the assumption (3.5), the inequalities in Propositions 6.1 and 6.2 hold.

Remark 6.3. In case k = 1, Proposition 6.1 already appeared in [RY20, Remark].

THEOREM 6.4. Let d,n > 3 and 1 < k < n — 2 be integers satisfying (3.5). Let X C P" be
a very general hypersurface of degree d. If Z C X is a k-dimensional subvariety of X such that
its desingularization Y — Z has HO(Y, Ky) = 0, then Z is a union of lines and conics.

Proof. Put S = H(P", Opn(d)) \ {0}, and let S° C S be the

open subset of S consisting of the

degree d homogeneous polynomials F' such that the hypersurface defined by F' is smooth. Let
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X° C P x S° be the universal family of smooth hypersurfaces of degree d. Let H = Hilb(X°/S5°)
be the Hilbert scheme parametrizing the k-dimensional closed subvarieties of X°/S°, and let
w: H — 5° be the projection. Let Z C P"™ X go H be the universal family of subvarieties. We can
stratify H as H = Uyca H) by countably many locally closed GL,-invariant smooth subvarieties
of H in such a way that for each A € A, there exist a smooth variety )\ with GL,-action,
a smooth projective GL,-equivariant morphism )\ — H) with connected fibers and a GL,-
equivariant morphism fy: Yy — Z x g H) over H) such that the restrictions of fy to the fibers
over every point of H)y are generically injective.

Let A’ C A be the subset of A consisting of the A such that 7|z, : Hy — S° is not dominant.
We show that if X is the hypersurface defined by a homogeneous polynomial F' € S°\Uyearm(H)y)
and if Z C X is a k-dimensional subvariety such that its desingularization ¥ — Z satisfies
HY(Y, Ky) = 0, then Z is a union of lines and conics.

The point [Z] € H representing Z is in Hy with A € A\A’. There exist a smooth variety S’ with
a GLy-action, a GLj,-equivariant étale morphism b: S” — S and a GL,-equivariant morphism
j: 8" — H) over S such that the image of j passes through a general point of Hy (cf. [CR04,
§1]). The base change by j of fy: Y\ — Z X Hyx C X Xgo H) yields a morphism f: Y — X' as
in §3.1. By assumption, it satisfies (3.4). It follows from Proposition 5.1 that we can assign to
a general point y € ) a line or smooth conic passing through (ko f)(y) which lies on X7,. This
assignment yields a morphism j: ) — D or j': Y — D’ as in Proposition 6.1 or 6.2 after blowing
up Y GL,-equivariantly and shrinking S’ if necessary. Suppose that we are in the situation of
Proposition 6.1. Since the restriction jy: Yy — Dy of j is not generically finite, the dimension
of jo(Vs¢) C Gy is at most k — 1. By the definition of j, we have fy(Ys) C U,y - Then
we must have fy(Vs) = Usg; ()l for a dimensional reason. When we are in the situation of
Proposition 6.2, we can argue similarly.

Now we have proved that for general u € H), the variety Z X {u} is a union of lines and
conics. Since the property of being a union of lines and conics is a closed condition, we see that Z
is also a union of lines and conics. O

COROLLARY 6.5. Let d,n > 3 be integers satisfying the inequality d > %(771 +16). If C is a
rational curve on a very general hypersurface X C P™ of degree d, then it is a line or a conic.

We conclude this paper with questions. The “simplest” rational curve other than a line and
a conic would be a twisted cubic. A dimension count suggests that if 4n > 3d, then degree d
hypersurfaces in P™ will contain twisted cubics. Then it would be natural to ask the following.

Question 6.6. If %(771 +16) > d > %n, then are there any rational curves other than lines and
conics on a very general degree d hypersurface in P"?

In view of Theorem 6.4, one can ask the following.

Question 6.7. Assume d > n+ 2. Is every subvariety with geometric genus zero of a very general
degree d hypersurface in P uniruled?
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