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Subvarieties of geometric genus zero

of a very general hypersurface

Takeshi Abe

Abstract

We show that any k-dimensional subvariety with geometric genus zero of a very general
degree d hypersurface X ⊂ Pn is a union of lines and conics if d > 1

5(7n+ 2(9− k)). In
particular, any rational curve on a very general degree d hypersurface X ⊂ Pn is a line
or a conic if d > 1

5(7n+ 16).

1. Introduction

In this article, we study k-dimensional subvarieties Z with geometric genus zero of a very general
degree d hypersurface X ⊂ Pn. Here “geometric genus zero” means that if Y → Z is a desin-
gularization, then H0(Y,KY ) = 0. In particular, when k = 1, this specializes to the study of
rational curves on X.

Ein [Ein88, Ein91] proved that if d > 2n − k, then every k-dimensional subvariety of a very
general degree d hypersurface X ⊂ Pn has non-zero geometric genus. (Actually, he considered,
more generally, complete intersections.) Voisin [Voi96, Voi98] improved Ein’s result by 1, that is,
she proved that the same result holds if d > 2n − k − 1 and k 6 n − 3. When d = 2n − k − 2,
Pacienza [Pac03] proved that any k-dimensional subvariety with geometric genus zero of a very
general degree d hypersurface X ⊂ Pn is a component of the subvariety covered by the lines on X.
This result was generalized by Pacienza [Pac04] and Clemens and Ran [CR04]. Clemens and Ran
proved that if d > n, d >

⌊
1
2(3n − k)

⌋
+ 1 and 1

2d(d + 1) > 3n − 1 − k, then any k-dimensional
subvariety with geometric genus zero of a very general degree d hypersurface X ⊂ Pn is contained
in the union of the lines lying on X. (In fact, they proved a more general result. See [CR04] for
the full statement.) Combining Clemens and Ran’s result with a result about the Fano scheme
of lines on X, Riedl and Yang [RY20] proved that if d > 1

2(3n+ 1), then any rational curve on a
very general degree d hypersurface X ⊂ Pn is a line. Recently, Coskun and Riedl [CR20] proved
the same result under the weaker inequality d > 3

2n.

In this article, we address the case d > 7
5n+ const.

Main Theorem (Theorem 6.4). If d > 1
5(7n + 2(9 − k)), then any k-dimensional subvariety

with geometric genus zero of a very general degree d hypersurface X ⊂ Pn is a union of lines and
conics.
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As a corollary, it follows that if d > 1
5(7n + 16), then any rational curve on a very general

degree d hypersurface X ⊂ Pn is a line or a conic.

Outline of the proof. In proving the main theorem, we follow closely the approach of Ein,
Voisin, Pacienza, Clemens and Ran. Let us recall roughly how Clemens and Ran proved their
result:

Step 1. For a general point z of a k-dimensional subvariety Z of a very general degree d hypersur-
face X ⊂ Pn, find a canonically determined codimension 1 linear subsystem |K| ⊂ |Iz(1)|
of the linear system |Iz(1)| consisting of hyperplanes passing through z. The linear sys-
tem |K| is equal to the linear system |Il(z)(1)| of hyperplanes containing a line l(z) that
passes through z.

Step 2. Using the argument invented by Voisin [Voi98], prove that l(z) intersects X set-theoreti-
cally in one or two points.

Step 3. A further argument shows that the line l(z) is contained in X.

A new idea of this paper is that in Step 1 above, we instead find a canonically determined linear
subsystem |K| ⊂ |Iz(2)| of the linear system |Iz(2)| consisting of quadratic hypersurfaces passing
through z. Examining the base locus Bs|K|, we find a curve C(z) passing through z, which is
a line or a possibly degenerate conic. Once we obtain the curve C(z), then implementing Step 2
and Step 3 as above, we can show that C(z) is contained in X. A little further argument shows
that C(z) is contained in Z.

We also mention a small technical improvement of an argument appearing in Step 2. If one
looks into Clemens and Ran’s proof, one realizes that the inequality d >

⌊
1
2(3n− k)

⌋
+ 1 is used

not only in Step 1 but also at some point in Step 2. Specifically, the inequality is used in the
proof of [CR04, Lemma 6.1]. We refine slightly the argument of this part (cf. Claim 4.4.1) and
dispense with the inequality d >

⌊
1
2(3n−k)

⌋
+ 1 in this part of the argument. This improvement

is small but crucial for our argument to work.

Organization of the paper. In § 2 we gather several results used further on. We advise the
reader to skip this section and come back to it when needed. In §§ 3, 4 and 5, we carry out
Steps 1, 2 and 3, respectively. In § 6, we prove the main theorem.

1.1 Notation and convention

We write Md for H0(Pn,O(d)). For a subscheme Z ⊂ Pn, we write Md
Z for H0(Pn, IZ(d)). If

Z ⊂ Pn is a subscheme, we denote by 2Z the non-reduced subscheme defined by the ideal I2
Z .

For closed subscheme W ⊂ Z ⊂ Pn of Pn, if IW appears as H0(Pn, IW ), then it is the ideal
sheaf of W in Pn, that is, IW ⊂ OPn , and if IW appears as H0(Z, IW ), then it is the ideal sheaf
of W in Z, that is, IW ⊂ OZ .

If F is a locally free sheaf on a scheme X and x is a point of X, we write F|x for the fiber
of F over x. Likewise, if s is a section of F , then s|x denotes the restriction of s to the fiber
over x.

If F is a locally free sheaf of rank r, then detF denotes ∧rF . If F is a coherent sheaf on a
smooth variety, then detF denotes

⊗m
i=0(detLi)(−1)i , where 0→ Lm → · · · → L0 → F → 0 is a

locally free resolution of F .

For lines bundles L1 and L2 on a variety, we write L1 > L2 to mean that L1 ' L2 ⊗ O(E)
for some effective divisor E. For a locally free sheaf F , we write V(F) for SpecS(F).

For a finite-dimensional vector space V , we write P(V ) for the projective space of 1-dimen-
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Subvarieties of hypersurfaces

sional quotients of V and P∗(V ) for the projective space of 1-dimensional subspaces of V ; that
is, P∗(V ) = P

(
V ∨
)
.

Throughout the paper, we work over C.

2. Preliminaries

In this section, we collect some facts used in the arguments starting from § 3.

2.1 Linear systems on curves

Lemma 2.1. (1) Let e < d be positive integers and V ⊂ H0
(
P1,O(d)

)
a vector subspace. Then

for general Q ∈ H0
(
P1,O(d− e)

)
, the map

H0
(
P1,O(e)

) ×Q−−−→ H0
(
P1,O(d)

)
/V

is injective if dim H0
(
P1,O(e)

)
6 dim H0

(
P1,O(d)

)
/V and surjective if dim H0

(
P1,O(e)

)
>

dim H0
(
P1,O(d)

)
/V .

(2) Let e < d be positive integers. Let x, z ∈ P2 be points and l ⊂ P2 a line passing through x.
Let J ⊂ OP2 be the product of the defining ideal of z and that of l. Let C ⊂ P2 be the subscheme
defined by J . Let V ⊂ H0(C, Ix(d)) be a vector subspace such that dim H0(C, Ix(d))/V > e+ 1.
The map

H0(C, Ix(e))
×Q−−−→ H0(C, Ix(d))/V (2.1)

is not injective for general Q ∈ H0(C,O(d− e)) if and only if H0(C, Il(d)) ⊂ V . In particular, for
general Q,Q′ ∈ H0(C,O(d− e)), the map

H0(C, Ix(e))
×Q−−−→ H0(C, Ix(d))/

(
H0(C, Ix(e)) ·Q′

)
(2.2)

is not injective.

Proof. (1) The morphism

P∗H0
(
P1,O(e)

)
× P∗H0

(
P1,O(d− e)

)
→ P∗H0

(
P1,O(d)

)
induced by the product of sections is a finite morphism. If dim

(
H0
(
P1,O(e)

)
·Q
)
∩ V = k > 1

for general Q ∈ H0
(
P1,O(d − e)

)
, then dimP∗V > dimP∗H0

(
P1,O(d − e)

)
+ k − 1, which is

equivalent to dim H0
(
P1,O(e)

)
− k > H0

(
P1,O(d)

)
/V . The result follows from this.

(2) If H0(C, Il(d)) ⊂ V , then H0(C, Il(e)) is in the kernel of the map (2.1). To show the “only
if” part, put

U = P∗H0(C, Ix(e)) \ P∗H0(C, Il(e)) ,
W = P∗H0(C,O(d− e)) \

(
P∗H0(C, Iz(d− e)) ∪ P∗H0(C, Il(d− e))

)
.

Let µ : U × W → P∗H0(C, Ix(d)) be the morphism induced by the product of sections. One
can check that the dimension of fibers of µ is at most 1. (The reason that µ is not necessarily
quasi-finite is that dimP∗H0(C,O) = 2.) If the kernel of (2.1) contains H0(C, Il(e)) for general
Q ∈ H0(C,O(d− e)), then H0(C, Il(d)) ⊂ V , and we are done. If not, then letting k > 1 be the
dimension of the kernel of (2.1) for general Q ∈ H0(C,O(d− e)), we have k − 1 + dimW − 1 6
dimV −1, which is equivalent to dim H0(C, Ix(d))/V 6 e+1−k. This contradicts the assumption
that dim H0(C, Ix(d))/V > e+ 1.

The last sentence of the lemma is clear because H0(C, Ix(e)) ·Q′ contains H0(C, Il(d)).
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2.2 Grassmannians

In this section, we introduce Grassmann varieties and their variants used further on.

2.2.1 The varieties L1 and G1. Let G1 be the Grassmann variety parametrizing lines in Pn.
The tangent space TlG1 of G1 at l is naturally isomorphic to Hom

(
M1
l ,M

1/M1
l

)
. (For the

notation of M1
l , see § 1.1.) There are a natural isomorphism

Md
l /M

d
2l 'M1

l ⊗Md−1/Md−1
l

and a natural multiplication map

µ : M1/M1
l ⊗Md−1/Md−1

l →Md/Md
l .

For a map ϕ ∈ Hom
(
M1
l ,M

1/M1
l

)
, consider the composition µ◦

(
ϕ⊗ idMd−1/Md−1

l

)
: Md

l /M
d
2l →

Md/Md
l . We define a pairing

• : TlG1 ⊗Md
l /M

d
2l →Md/Md

l (2.3)

by ϕ • v = −µ ◦
(
ϕ⊗ idMd−1/Md−1

l

)
(v) for ϕ ∈ TlG1 = Hom

(
M1
l ,M

1/M1
l

)
and v ∈Md

l /M
d
2l.

Let L1 be the subvariety of Pn×G1 consisting of pairs (x, l) with x ∈ l, and let q1 : L1 → Pn and
r1 : L1 → G1 be the projections. For x ∈ Pn, put Gx

1 := q−1
1 (x). We consider Gx

1 as a subvariety
of G1 by the closed immersion r1|Gx1 ; that is, Gx

1 consists of lines passing through x.

There is a natural isomorphism

TlGx
1 ' Hom

(
M1
l ,M

1
x/M

1
l

)
,

and the pairing (2.3) restricts to

• : TlGx
1 ⊗Md

l /M
d
2l →Md

x/M
d
l . (2.4)

For later use, we record the following facts as a lemma.

Lemma 2.2. (1) For 0 6= ϕ ∈ Hom
(
M1
l ,M

1/M1
l

)
, the map ϕ• : Md

l /M
d
2l → Md/Md

l given by
the pairing (2.3) has rank at least d.

(2) For 0 6= ϕ ∈ Hom
(
M1
l ,M

1
x/M

1
l

)
, the map ϕ• : Md

l /M
d
2l → Md

x/M
d
l given by the pair-

ing (2.4) is surjective.

2.2.2 The spaces L2 and G2. We denote by G2 the moduli space of (possibly degenerate)
conics in Pn = P(V ). Precisely, G2 is the moduli space of pairs (C,H), where H is a projective
plane in Pn and C is a possibly degenerate conic on H, that is, a closed subscheme of H defined
by a quadratic equation. (Of course, H is determined by C, and we might sometimes omit H
to indicate the pair (C,H).) Denote by G◦2 the open subscheme of G2 consisting of pairs (C,H)
with C a smooth conic.

Let L2 be the moduli space of triples (x,C,H), where H is a projective plane in Pn, x is
a point of H and C is a possibly degenerate conic on H passing through x. We have projections
q2 : L2 → Pn and r2 : L2 → G2. Put L◦2 := r−1

2 (G◦2).

For a point x ∈ Pn, put Gx
2 := q−1

2 (x). We regard Gx
2 as a subvariety of G2 by the immer-

sion r2|Gx2 , so a point (x,C,H) of Gx
2 will be denoted by (C,H).

For a point (C,H) ∈ Gx
2 , we describe the tangent spaces T(C,H)G2 and T(C,H)Gx

2 . The pair
(C,H) corresponds to a 3-dimensional quotient π : V � U of V and a 1-dimensional subspace
ι : R ↪→ S2U of S2U (ι being the inclusion map), where H = P(U) and R determines the conic C.
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For linear maps ϕ : V → U and ψ : R→ S2U , the first-order deformations of π and ι

π + εϕ : V ⊗ C[ε]→ U ⊗ C[ε] ,

ι+ εψ : R⊗ C[ε]→ S2(U ⊗ C[ε])
(2.5)

give a tangent vector of G2 at (C,H), where ε2 = 0. Let ϕ′ : V → U and ψ′ : R→ S2U be another
pair of linear maps, and consider the first-order deformations π + εϕ′ and ι+ εψ′ determined by
them. Then the two first-order deformations (π+ εϕ, ι+ εψ) and (π+ εϕ′, ι+ εψ′) are equivalent
(here the equivalence is defined obviously), thus giving the same tangent vector, if and only if
(ϕ′ − ϕ,ψ′ − ψ) lies in the image of the map

∆: End(U)⊕ End(R)→ Hom(V,U)⊕Hom
(
R,S2U

)
defined by ∆(α, β) = (α ◦ π, (id · α) ◦ ι− ι ◦ β), where the map id · α : S2U → S2U is defined by
(id ·α)(uv) = uα(v) +α(u)v for u, v ∈ U . Hence we obtain an isomorphism T(C,H)G2 ' Coker ∆.

Next we consider when the tangent vector of G2 at (C,H) determined by (2.5) is a tangent
vector of Gx

2 . The point x corresponds to a 1-dimensional quotient τ : V → A. Since H and C pass
through x, there is a surjection π′ : U → A with τ = π′◦π, and the composition S2(π′)◦ι : R→ A2

is a zero map. We denote by Hom(V
π−→ U,U

π′−→ A) the subspace of Hom(V,U) consisting of

maps ϕ : V → U such that ϕ(Kerπ) ⊂ Kerπ′. For ϕ ∈ Hom
(
V

π−→ U,U
π′−→ A

)
, we denote by ϕ̄

the unique map ϕ̄ : U → A such that π′ ◦ ϕ = ϕ̄ ◦ π. Define a map

Γ: Hom(V
π−→ U,U

π′−→ A)⊕Hom
(
R,S2U

)
→ Hom

(
R,A2

)
by Γ(ϕ,ψ) = S2(π′) ◦ ψ − (π′ · ϕ̄) ◦ ι, where π′ · ϕ̄ : S2U → A2 is defined by (π′ · ϕ̄)(uv) =
π′(u)ϕ̄(v) + ϕ̄(u)π′(v) for u, v ∈ U . Then one can see that Ker Γ ⊃ Im Λ and that the tangent
vector of G2 at (C,H) determined by (2.5) is tangent to Gx

2 if and only if (ϕ,ψ) ∈ Ker Γ.
Therefore, we have T(C,H)Gx

2 ' Ker Γ/ Im ∆.

Next we define a map δv : Md
C → Md/Md

C = H0(C,O(d)) for v ∈ T(C,H)G2. We choose
a lift ι̃ : R → S2V of the inclusion map ι : R → S2U ; that is, S2(π) ◦ ι̃ = ι. Then we have
Md
C = Ker(π) · Sd−1V + ι̃(R) · Sd−2V . For (ϕ,ψ) ∈ Hom(V,U)⊕Hom

(
R,S2U

)
, define a map

δ(ϕ,ψ) : Md
C → SdU/R · Sd−2U = H0(C,O(d))

by

δ(ϕ,ψ)(F + λ ·D) = −
(
ϕ · πd−1

)
(F ) +

((
ψ ◦ S2π

)
(λ)− (ϕ · π)(λ)

)
· Sd−2π(D) , (2.6)

where F ∈ Ker(π) · Sd−1V , λ ∈ ι̃(R) and D ∈ Sd−2V , and the map ϕ · πk−1 : SkV → SkU is
defined by (

ϕ · πk−1
)
(v1 · · · vk) =

k∑
i=1

π(v1) · · ·ϕ(vi) · · ·π(vk) .

One can see that it is well defined independently of the expression of an element of Md
C as a sum

F + λ ·D and that the map δ(ϕ,ψ) is independent of the choice of the lift ι̃. Moreover, if (ϕ,ψ)
and (ϕ′, ψ′) are equivalent, that is, (ϕ′ − ϕ,ψ′ − ψ) ∈ Im ∆, then δ(ϕ,ψ) = δ(ϕ′,ψ′). This allows us
to define δv for v ∈ T(C,H)G2; that is, δv = δ(ϕ,ψ) if v is represented by (ϕ,ψ). One can also see
that δv = δ(ϕ,ψ) vanishes on

Md
2C = Ker(π)2 · Sd−2V + Ker(π) · ι̃(R)Sd−2V + ι̃(R)2 · Sd−4V ,
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so it induces a map

δv : Md
C/M

d
2C → SdU/R · Sd−2U = H0(C,O(d)) , (2.7)

which we denote by the same letter δv (or δ(ϕ,ψ)).

One can see that if v ∈ T(C,H)Gx
2 , then the image of the map δv lies in H0(C, Ix(d)), so we

consider δv as a map with target space H0(C, Ix(d)):

δv : Md
C/M

d
2C → H0(C, Ix(d)) . (2.8)

Lemma 2.3. Assume that the conic C is smooth. For a non-zero tangent vector v ∈ T(C,H)Gx
2 ,

the codimension of δv(M
d
C/M

d
2C) in H0(C, Ix(d)) is at most 3.

Proof. Choose (ϕ,ψ) ∈ Ker Γ representing v. We use the formula (2.6). If ϕ(Kerπ) 6= 0, then the
subspace of H0(C, Ix(d)) spanned by −

(
ϕ·πd−1

)
(F ), where F ∈ Ker(π)·Sd−1V , is of codimension

at most 1. When ϕ(Kerπ) = 0, by replacing (ϕ,ψ) with an equivalent pair if necessary, we may
assume ϕ = 0. Since v 6= 0, we have ψ(R) 6⊂ R. Then the subspace of H0(C, Ix(d)) spanned by(
ψ ◦ S2π

)
(λ) · Sd−2π(D), where λ ∈ ι̃(R) and D ∈ Sd−2V , is of codimension at most 3.

2.2.3 The spaces L3 and G3. Let G3 be the moduli space of pairs (C,H), where H is a
projective plane in Pn = P(V ) and C is a degenerate conic on H; that is, C is either a union of
distinct two lines or a double line. Clearly, G3 is a closed subvariety of G2. Denote by G◦3 the
open subscheme of G3 consisting of pairs (C,H) with C a union of distinct two lines.

Let L3 be the moduli space of triples (x,C,H), where (C,H) ∈ G3 and x is a singular point
of C; that is, if C is a union of two distinct lines, then x is their intersection point, and if C is
a double line, then x is any point of C. We have projections q3 : L3 → Pn and r3 : L3 → G3. Put
L◦3 := r−1

3 (G◦3).

For a point x ∈ Pn, put Gx
3 := q−1

3 (x) and Gx◦
3 =: Gx

3 ∩ L◦3. We regard Gx
3 as a subvariety

of G3 by the immersion r3|Gx3 , so a point (x,C,H) of Gx
3 will be denoted by (C,H).

Since Gx
3 is a subvariety of Gx

2 , we have the inclusion T(C,H)Gx
3 ⊂ T(C,H)Gx

2 of tangent spaces,
so we can consider the map δv in (2.8) for v ∈ T(C,H)Gx

3 .

To state a lemma, we need to prepare notation. Let G̃x◦
3 be the moduli space of triples

(l1, l2, H), where H is a projective plane passing through x in Pn and l1 and l2 are distinct lines
on H such that l1∩ l2 = {x}. By associating (l1∪ l2, H) with (l1, l2, H), we obtain a degree 2 étale
morphism q : G̃x◦

3 → Gx◦
3 . The map q∗ : T(l1,l2,H)G̃x◦

3 → T(l1∪l2,H)Gx◦
3 between tangent spaces is

an isomorphism.

For i = 1, 2, we define the morphism di : G̃x◦
3 → Gx

1 by di(l1, l2, H) = li. We have the induced
maps

di∗ : T(l1,l2,H)G̃x◦
3 → TliG

x
1

between tangent spaces. Since the morphism (d1, d2) : G̃x◦
3 → Gx

1 ×Gx
1 is an immersion, we have

Ker d1∗ ∩Ker d2∗ = {0}.
We denote by E3,li the subspace q∗ (Ker di∗) of T(l1∪l2,H)Gx◦

3 .

Lemma 2.4. Let v ∈ T(l1,∪l2,H)Gx◦
3 .

(1) If v /∈ E3,l1 ∪ E3,l2 , then the image of the map

δv : Md
C/M

d
2C → H0(C, Ix(d))

has codimension at most 3 in H0(C, Ix(d)), where C = l1 ∪ l2.
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(2) For i = 1, 2, if v ∈ E3,li \ {0}, then Im δv ⊂ H0(C, Ili(d)) and the codimension of Im δv in
H0(C, Ili(d)) is at most 1.

Proof. The point x corresponds to a 1-dimensional quotient τ : V → A. The triple (l1, l2, H)
corresponds to a 3-dimensional quotient π : V → U such that there exists a π′ : U → A with
π′ ◦ π = τ and to 1-dimensional subspaces ιi : Λi ↪→ U , i = 1, 2, such that Λ1 6= Λ2 and
π′(Λi) = 0 for i = 1, 2, where H = P(U) and Λi determines the line li. (Here ιi denotes the
inclusion map.) Define

∆3 : End(U)⊕ End(Λ1)⊕ End(Λ2)→ Hom(V,U)⊕Hom(Λ1, U)⊕Hom(Λ2, U)

by

∆3(α, β1, β2) = (α ◦ π, α ◦ ι1 − ι1 ◦ β1, α ◦ ι2 − ι2 ◦ β2) ,

and

Γ3 : Hom(V
π−→ U,U

π′−→ A)⊕Hom(Λ1, U)⊕Hom(Λ2, U)→ ⊕Hom(Λ1, A)⊕Hom(Λ2, A)

by

Γ3(ϕ,ψ1, ψ2) = (π′ ◦ ψ1 − ϕ̄ ◦ ι1, π′ ◦ ψ2 − ϕ̄ ◦ ι2) .

Then as in § 2.2.2, we can show that T(l1,l2,H)G̃x◦
3 ' Ker Γ3/ Im ∆3. Choose maps ι̃i : Λi→V ,

i = 1, 2, such that π◦ ι̃i = ιi. Then Md
C = Ker(π)·Sd−1V + ι̃1(Λ1)ι̃2(Λ2)Sd−2V . If ṽ ∈ T(l1,l2,H)G̃x◦

3

is represented by (ϕ,ψ1, ψ2) ∈ Ker Γ3, then we can also show that for the map

δv : Md
C/M

d
2C → H0(C, Ix(d)) ⊂ H0(C,O(d)) = SdU/Λ1Λ2 · Sd−2U ,

where v = q∗(ṽ), we have that δv
(
F + λ̃1λ̃2D

)
equals

−
(
ϕ ·πd−1

)
(F )+

{(
ψ2

(
π
(
λ̃2

))
−ϕ
(
λ̃2

))
π
(
λ̃1

)
+
(
ψ1

(
π
(
λ̃1

))
−ϕ
(
λ̃1

))
π
(
λ̃2

)}
·
(
Sd−2π

)
(D) , (2.9)

where F ∈ Ker(π) · Sd−1V , λ̃i ∈ ι̃i(Λi) and D ∈ Sd−2V . One can also show that ṽ is in Ker di∗ if
and only if ϕ(Kerπ) ⊂ Λi and ϕ

(
λ̃
)
− ψi

(
π
(
λ̃
))
∈ Λi for all λ̃ ∈ π−1(Λi).

(1) Suppose ṽ /∈ Ker d1∗ ∪Ker d2∗. If ϕ(Kerπ) 6⊂ Λ1 ∪ Λ2, then the subspace of H0(C, Ix(d))
spanned by −

(
ϕ · πd−1

)
(F ), where F ∈ Ker(π) · Sd−1V , is of codimension at most 1. If, say,

ϕ(Kerπ) = Λ1, then the image of δv is
(
Λ1S

d−1U +Λ2
2S

d−2U +Λ1Λ2S
d−2U

)
/Λ1Λ2S

d−2U , which
is of codimension 1 in H0(C, Ix(d)). If ϕ(Kerπ) = 0, then replacing (ϕ,ψ1, ψ2) with an equivalent
triple, we may assume ϕ = 0. Since ṽ /∈ Ker d1∗ ∪Ker d2∗, we have ψi(Λi) 6⊂ Λi for i = 1, 2. Then
the subspace spanned by (ψ2(λ2)λ1 + ψ1(λ1)λ2) · Sd−2D, where λi ∈ Λi and D ∈ Sd−2V , is of
codimension 3 in H0(C, Ix(d)).

(2) Suppose ṽ ∈ Ker d1∗ \ {0}. If ϕ(Kerπ) = Λ1, then Im δv = H0(C, Il1(d)). If ϕ(Kerπ) = 0,
then we may assume ϕ = 0 as above. Since ψ1(Λ1) ⊂ Λ1 and ψ2(Λ2) 6⊂ Λ2, the image of δv is(
Λ2

1S
d−2U + Λ1Λ2S

d−2U
)
/Λ1Λ2S

d−2U , which is of codimension 1 in H0(C, Il1(d)).

2.2.4 The spaces L4 and G4. Let G4 be the moduli space of pairs (C,H), where H is a
projective plane in Pn = P(V ) and C is a double line on H; that is, C is a degenerate conic on
H such that its reduced induced closed subscheme Cred is a line. Then G4 is a closed subvariety
of G2.

Let L4 the moduli space of triples (x,C,H), where x is a point of Pn and (C,H) ∈ G4 with
x ∈ C. We have projections q4 : L4 → Pn and r4 : L4 → G4.

For a point x ∈ Pn, put Gx
4 := q−1

4 (x). We regard Gx
4 as a subvariety of G4 by the immer-

sion r4|Gx , so a point (x,C,H) of Gx
4 will be denoted by (C,H).
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Since Gx
4 is a subvariety of Gx

2 , we have the inclusion T(C,H)Gx
4 ⊂ T(C,H)Gx

2 of tangent spaces,
so we can consider the map δv in (2.8) for v ∈ T(C,H)Gx

4 .

In order to state a lemma below, we prepare some notation. Define a morphism d : Gx
4 → Gx

1

by d(C,H) = l, where l = Cred. Let Gr(2,P(V ))x be the Grassmann variety parametrizing
projective planes in P(V ) passing through x. Define d′ : Gx

4 → Gr(2,P(V ))x by d′(C,H) = H.
There are induced maps d∗ : T(C,H)Gx

4 → TlGx
1 and d′∗ : T(C,H)Gx

4 → TH Gr(2,P(V ))x. Since the
morphism (d, d′) : Gx

4 → Gx
1 ×Gr(2,P(V ))x is an immersion, we have Ker d∗ ∩Ker d′∗ = {0}.

We denote by E4,l the subspace Ker d∗ of T(C,H)Gx
4 , and by E4,H the subspace Ker d′∗.

Lemma 2.5. Let v ∈ T(C,H)Gx
4 .

(1) If v /∈ E4,l ∪ E4,H , then the image of the map

δv : Md
C/M

d
2C → H0(C, Ix(d))

has codimension at most 1 in H0(C, Ix(d)).

(2) If v ∈ E4,l ∪ E4,H , then Im δv ⊂ H0(C, Il(d)) and the codimension of Im δv in H0(C, Il(d))
is at most 1.

Proof. The proof is similar to that of Lemma 2.4. Details are left to the reader.

2.2.5 The spaces L5 and Gx
5 . Let L5 the moduli space of quadruples (x, l1, l2, H), where H is

a plane in Pn, x is a point of H and l1 and l2 are lines on H such that x ∈ l1. We have projections
q5 : L5 → Pn and a morphism r5 : L5 → G3 given by (x, l1, l2, H) 7→ (x, l1∪l2, H), where if l1 = l2,
we understand that l1 ∪ l2 is a double line. Denote by L◦5 the open subscheme of L5 consisting
of (x, l1, l2, H) with x /∈ l2. For a point x ∈ Pn, put Gx

5 := q−1
5 (x) and Gx◦

5 := Gx
5 ∩ L◦5. We

consider Gx◦
5 as a locally closed subscheme of G◦3 by the immersion r5|Gx◦5 , so a point (x, l1, l2, H)

of Gx◦
5 will be denoted by (C,H) with C = l1 ∪ l2.

Since Gx◦
5 is a subvariety of Gx

2 , we have the inclusion T(C,H)Gx
5 ⊂ T(C,H)Gx

2 of tangent spaces,
so we can consider the map δv in (2.8) for v ∈ T(C,H)Gx

5 .

In order to state a lemma below, we prepare some notation. We define morphisms e1 : Gx◦
5 →

Gx
1 and e2 : Gx◦

5 → G1 by ei(l1 ∪ l2, H) = li. We have the induced maps

e1∗ : T(C,H)Gx◦
5 → Tl1G

x
1 and e2∗ : T(C,H)Gx◦

5 → Tl2G1

between tangent spaces. Since the morphism (e1, e2) : Gx◦
5 → Gx

1 ×G1 is an immersion, we have
Ker e1∗ ∩Ker e2∗ = {0}.

We denote by E5,li the subspace Ker ei∗ of T(C,H)Gx◦
5 , i = 1, 2.

Lemma 2.6. Let v ∈ T(C,H)Gx◦
5 .

(1) If v /∈ E5,l1 ∪ E5,l2 , then the image of the map

δv : Md
C/M

d
2C → H0(C, Ix(d))

has codimension at most 3 in H0(C, Ix(d)).

(2) If v ∈ E5,l1 \ {0}, then Im δv ⊂ H0(C, Il1(d)) and the codimension of Im δv in H0(C, Il1(d))
is at most 1.

(3) If v ∈ E5,l2 \ {0}, then Im δv = H0(C, Ix∪l2(d)).

Proof. The proof is similar to that of Lemma 2.4. Details are left to the reader.
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2.3 Positivity of vector bundles

2.3.1 The vector bundle Md
G(k,Pn) on G(k,Pn). For k > 0, let G(k,Pn) be the Grassmann

variety parametrizing k-dimensional projective subspaces of Pn = P(V ). (So G(0,Pn) = Pn.)
Giving a point of G(k,Pn) is the same as giving a (k + 1)-dimensional quotient V → U . Let
π : V ⊗OG(k,Pn) → U be the universal quotient. Denote byMd

G(k,Pn) the kernel of Sd(π) : SdV ⊗
OG(k,Pn) → SdU . For the proof of the following proposition, refer to [CR04, § 2].

Proposition 2.7. (1) For i > 0, the vector bundle
(
∧iMd

G(k,Pn)

)
⊗detSdU is globally generated.

In particular, for k = 0, the vector bundle
(
∧iMd

Pn
)
⊗OPn(d) is globally generated.

(2) The vector bundle Md
G(k,Pn) ⊗ detU is globally generated.

2.3.2 The vector bundles Re, Ve on L6. The result of this subsection is used only in the
proof of Proposition 4.1(1).

Let L6 be the moduli space of triples (x, l,H), where H is a plane in Pn, x is a point of H
and l is a line on H. Denote by L◦6 the open subscheme of L6 consisting of (x, l,H) with x /∈ l.
Let q6 : L6 → Pn be the projection.

For (x, l,H) ∈ L6, we write x ∪ l for the closed subscheme of H defined by the product ideal
of the defining ideal of x in H and that of l in H. We write Ix∪l ⊂ OPn for the defining ideal of
x ∪ l in Pn. Note that the scheme structure of x ∪ l depends on H if x ∈ l, although H does not
appear in the notation.

For e > 2, we denote by Re and Ve the vector bundles on L6 whose fibers over the point
(x, l,H) ∈ L6 are H0(Pn, Ix∪l(e)) and H0(x ∪ l,Ox∪l(e)), respectively. It follows from the exact
sequence

0→ Re → SeV ⊗OL6 → Ve → 0

on L6 that the vector bundle (∧iRe)⊗ detVe is globally generated for i > 0. From this, we infer
that the vector bundle ∧j(R⊕αe )⊗(detVe)α is globally generated for j, α > 0 because it is a direct
sum of vector bundles that are tensor products of vector bundles of the form (∧iRe)⊗ detVe.

2.4 Zero set of a section

The result of this subsection is used in the proof of Proposition 4.1.

Lemma 2.8. (1) Let C be a line or a smooth conic on P2 and x a point of C. Let G ⊂ GL3

be the subgroup consisting of elements that stabilize the curve C and the point x, and let
s ∈ H0(C,O(d)) be an element vanishing at x. Assume that the dimension of the orbit G · s ⊂
H0(C,O(d)) is at most 1. Then either s is zero, or the zero set of the section s is {x}.

(2) Consider P2 with homogeneous coordinates [u0 : u1 : u2], lines l1 = (u2 = 0), l2 = (u1 = 0)
and the point x = [1 : 0 : 0]. Let G ⊂ GL3 be the subgroup consisting of elements that stabilize
l1 and l2, and let s ∈ H0(l1 ∪ l2,O(d)) be an element vanishing at x. If the dimension of the
orbit G · s ⊂ H0(l1 ∪ l2,O(d)) is at most 3, then either s|li ∈ H0(li,O(d)) is identically zero for
i = 1 or 2, or we have ]SuppZ(s|l1) + ]SuppZ(s|l2) 6 3, where Z(s|li) is the zero divisor of the
section s|li .
(3) Consider P2 with homogeneous coordinates [u0 : u1 : u2], a line l = (u2 = 0) and the point
x = [1 : 0 : 0]. Let C ⊂ P2 be the double line with support l, that is, the non-reduced conic
defined by u2

2 = 0. Let G ⊂ GL3 be the subgroup consisting of elements that stabilize the line l
and the point x, and let s ∈ H0(C,O(d)) be an element vanishing at x. If the dimension of the
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orbit G · s ⊂ H0(C,O(d)) is at most 4, then either s|l is identically zero, or the zero set of s|l
consists of at most two points.

(4) Consider P2 with homogeneous coordinates [u0 : u1 : u2], lines l1 = (u2 = 0), l2 = (u1 = 0)
and points x = [0 : 1 : 0], z = [1 : 0 : 0]. Let G ⊂ GL3 be the subgroup consisting of elements
that stabilize l1 and l2 and the point x, and let s ∈ H0(l1 ∪ l2,O(d)) be an element vanishing
at x. Assume that the dimension of the orbit G · s ⊂ H0(l1 ∪ l2,O(d)) is at most 2. Then one of
the following holds:

(a) The restriction s|l1 ∈ H0(l1,O(d)) is zero.
(b) We have s|l1 6= 0, and the zero set of s|l1 is either {x} or {x, z}.
(c) We have s|l1 6= 0, the zero set of s|l1 contains a point other than x and z, and s|l2 is

zero.

Moreover, case (c) occurs only if dimG · s = 2.

Proof. (1) From the assumption, we infer that G · s = C · s. Thus for any g ∈ G, the sections g · s
and s have the same zero set. Since G acts transitively on C \ {x}, the zero set of s is either C
or {x}.

(2) Assume s|li 6≡ 0 for i = 1, 2. By the hypothesis that dimG · s 6 3, the zero divisor Z(g · s)
varies in an at most 2-dimensional family as g ∈ G varies.

We first see that for i = 1, 2, the support of Z(s|li) consists of at most two points. Indeed, if the
support of, say, Z(s|l1) consists of more than two points, then Z(g ·s|l1) varies in a 2-dimensional
family. Then Z(g · s|l2) must stay constant as g ∈ G varies. Thus we have s|l2 = ud2. The
automorphisms (u0, u1, u2) 7→ (au0, au1, bu2), a, b ∈ C×, multiply s|l1 and s|l2 by ad and bd,
respectively, without changing their divisors of zeros. Then we have dimG · s > 4, which gives a
contradiction.

If ]SuppZ(s|li) = 2 for i = 1, 2, then, after a change of homogeneous coordinates if necessary,

s|l1 = ud−j10 uj11 and s|l2 = ud−j20 uj22 for some j1, j2 > 1 .

The automorphisms (u0, u1, u2) 7→ (u0, au1, bu2), a, b ∈ C×, multiply s|l1 and s|l2 by aj1 and bj2 ,
respectively, without changing their divisors of zeros. Then we have dimG · s > 4, which gives a
contradiction.

(3) We identify H0(C,O(d)) with the degree d part of the graded ring C[u0, u1, u2]/
(
u2

2

)
and

express the section s ∈ H0(C,O(d)) as A(u0, u1)+B(u0, u1)u2, where A and B are homogeneous
polynomials of degree d and d− 1, respectively, and A(1, 0) = 0. To prove the lemma, it suffices
to show that the dimension of the orbit G · (s|l) ⊂ H0(l, Ix(d)) is at most 2. Suppose that it is
at least 3. Then the fiber dimension of the restriction morphism G · s → G · (s|l) is at most 1.
For c, e ∈ C, define ϕc,e : C3 → C3 by (u0, u1, u2) 7→ (u0 + cu2, u1 + eu2, u2). This is an element
of G, and ϕc,e · s is expressed as

A(u0, u1) + c
∂A

∂u0
(u0, u1)u2 + e

∂A

∂u1
(u0, u1)u2 +B(u0, u1)u2 .

From this, we see that (ϕc,e · s)|l = s|l. Therefore, ∂A/∂u0 and ∂A/∂u1 are linearly dependent,
so A(u0, u1) = αud1 for some α ∈ C. But this contradicts the hypothesis dimG · (s|l) > 3.

(4) By assumption, the zero divisors of sections in the orbit G · s form a family of dimen-
sion at most 1. Supposing that the zero set of s|l1 contains a point other than x and z and
that s|l2 6= 0, we will derive a contradiction. Since the zero divisor Z(s|l1) of s|l1 moves in a
1-dimensional family under the action of G, the zero set of s|l2 must be {z}. The automorphisms
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(u0, u1, u2) 7→ (αu0, αu1, βu2), α, β ∈ C×, act on s without changing its zero divisor. Then we
have dimG · s > 3, which gives a contradiction. The last assertion of the lemma is clear.

3. Base locus of linear system

In §§ 3 and 4, we will work under the setup we now describe in § 3.1.

3.1 Setup

Fix integers d > 3, n > 3 and 1 6 k < n − 1, and let V = Cn+1. Throughout this paper, we
consider hypersurfaces of Pn = P(V ). Put S = H0(Pn,OPn(d)) \ {0}, and let X ⊂ Pn × S be the
universal family of hypersurfaces of degree d. Denote by p the projection X → S. Note that the
natural action of GLn+1 on Pn induces natural action on S and X . Let S′ be a smooth variety with
a GLn+1-action and b : S′ → S a GLn+1-equivariant étale morphism. Then X ′ := X ×S S′ has the
induced GLn+1-action, and the projection p′ : X ′ → S′ is GLn+1-equivariant. We assume that the
projection p′ is a smooth morphism. Let Y be a smooth variety with a GLn+1-action, p1 : Y → S′

a GLn+1-equivariant smooth projective morphism with connected fibers of dimension k and
f : Y → X ′ a GLn+1-equivariant generically finite morphism with p′ ◦ f = p1.

Y f //

p1 ))

X ′ //

p′
��

h

((X //

p
��

Pn

S′
b // S

The normal sheaf Nf of f is defined by the exact sequence

0→ TY → f∗TX ′ → Nf → 0 .

The injectivity of the map TY → f∗TX ′ is a consequence of our assumption that f is generically
finite. Since Y and X ′ are smooth over S′, the sheaf Nf fits into an exact sequence

0→ TY/S′ → f∗TX ′/S′ → Nf → 0 . (3.1)

The projections of Y and X ′ to Pn are GLn+1-equivariant, and the action of GLn+1 on Pn is
transitive; thus Y and X ′ are smooth over Pn. So Nf also fits into an exact sequence

0→ TY/Pn → f∗TX ′/Pn → Nf → 0 . (3.2)

Since the relative tangent bundle TX/Pn of X over Pn is isomorphic to the pull-back to X of the

vector bundle Md
Pn on Pn (see § 2.3.1 for the notation Md

Pn) and X ′ → X is étale, there is a
natural isomorphism

TX ′/Pn ' h∗Md
Pn , (3.3)

where h : X ′ → Pn is the projection.

3.2 Base locus

In this subsection, we associate with a general point y ∈ Y a linear subsystem of the linear system
of quadratic hypersurfaces passing through the point x = (h◦f)(y) ∈ Pn and study its base locus.

Let y be a general point of Y, and let T := TY/Pn |y and x := (h ◦ f)(y). We have an injection

f∗ : T →Md
x , that is, the composite

T = TY/Pn |y ↪→ f∗TX ′/Pn |y = (h ◦ f)∗Md
Pn |y = Md

x .
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From now on until the end of § 4, we assume that

for general s′ ∈ S′, we have H0(Ys′ ,KYs′ ) = 0 , (3.4)

the inequality d >
7n

5
+

2

5
(9− k) holds . (3.5)

We choose general Q1, . . . , Ql ∈ Md−2, and we denote by γ(l) the dimension of the subspace∑l
i=1M

2
x ·Qi + T/T of Md

x/T . The sequence (γ(i+ 1)− γ(i))i>0 is non-increasing. Put

s(j) = min{i | γ(i+ 1)− γ(i) 6 j} .
Lemma 3.1. The inequality d− n 6 2s(0) holds.

Proof. Recall that p1 : Y → S′ is the projection, and put s′ := p1(y) and f ′ := f |Ys′ : Ys′ → X
′.

Since
∑s(0)

i=1 M
2
x ·Qi + T/T = Md

x/T = Nf |y, the map induced by (3.2)

s(0)⊕
i=1

(h ◦ f ′)∗M2
Pn ·Qi → Nf |Ys′

is generically surjective. Then det((Nf |Ys′ )/(torsion))⊗ (h◦f ′)∗OPn
(
2s(0)

)
is generically globally

generated since
(
∧iM2

Pn
)
(2) is globally generated by Proposition 2.7. It follows from this and (3.1)

that

H0
(
Ys′ ,KYs′ ⊗ f

∗
s′K

−1
X ′
s′
⊗ (h ◦ f ′)∗OPn

(
2s(0)

))
6= 0 ,

equivalently,

H0
(
Ys′ ,KYs′ ⊗ (h ◦ f ′)∗OPn

(
2s(0) + n+ 1− d

))
6= 0 .

By (3.4), the number 2s(0) + n+ 1− d must be positive.

Let

λi : M
2
x
×Qi−−−→Md

x

/(
T +

i−1∑
j=1

M2
x ·Qj

)
(3.6)

be the map defined by λi(A) = A ·Qi, and put Ki = Ker(λi) ⊂M2
x .

Lemma 3.2. Assume s(i−1) − s(i) > 2.

(1) The vector subspace Ks(i)+1 ⊂ M2
x does not depend on the choice of general elements

Q1, . . . , Qs(i)+1 ∈Md−2.

(2) We have an inclusion

Md−2 ·Ks(i)+1 ⊂ T +

s(i)∑
j=1

M2
x ·Qj .

Proof. Although the proof is the same as that of [CR04, Lemma 3.2], we give a proof for readers’
convenience. We write K(Q1, . . . , Qi−1;Qi) for the kernel Ki of λi in (3.6). It follows from the
definition that

K(Q1, . . . , Qi−1;Qi) ⊂ K(Q1, . . . , Qi−1, R;Qi)

for Q1, . . . , Qi, R ∈ Md−2. As we vary the general Qi ∈ Md−2, the rank of the map (3.6) is
constant. It follows from this that

K(Q1, . . . , Qi−1;Qi) ·Md−2 ⊂ T +
i∑

j=1

M2
x ·Qj ,
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so we have

K(Q1, . . . , Qi−1;Qi) ⊂ K(Q1, . . . , Qi−1, Qi;R)

for general elements Q1, . . . , Qi, R ∈Md−2. Under the assumption s(i−1) − s(i) > 2, we have

K(Q1, . . . , Qs(i) ;Qs(i)+1) = K(Q1, . . . , Qs(i) , R;Qs(i)+1) ,

K(Q1, . . . , Qs(i) ;Qs(i)+1) = K(Q1, . . . , Qs(i) , Qs(i)+1;R)

for general elements Q1, . . . , Qs(i) , R ∈Md−2 because both sides have the same dimension. Then
we have

K(Q1, . . . , Qs(i) ;Qs(i)+1) = K(Q1, . . . , Qs(i) , Qs(i)+1;R)

= K(Q1, . . . , Qs(i) ;R) .

This means that K(Q1, . . . , Qs(i) ;Qs(i)+1) is independent of Qs(i)+1. Similarly, we have

K(Q1, . . . , Qs(i) ;Qs(i)+1) = K(Q1, . . . , Qs(i) , R;Qs(i)+1)

= K(Q1, . . . , Qs(i−1) , R;Qs(i)+1) .

This means that K(Q1, . . . , Qs(i) ;Qs(i)+1) is independent of Qs(i) . By symmetry, it does not
depend on the general choice of Q1, . . . , Qs(i) .

(2) By definition, we have Qs(i)+1 ·Ks(i)+1 ⊂ T +
∑s(i)

j=1M
2
x ·Qj . Since Ks(i)+1 is independent

of the general choice of Qs(i)+1, this implies that Md−2 ·Ks(i)+1 ⊂ T +
∑s(i)

j=1M
2
x ·Qj .

Lemma 3.3. (1) For some 1 6 j 6 4, we have s(j−1) − s(j) > 2.

(2) If s(3) − s(4) > 2, then s(0) − s(4) > 5.

Proof. (1) Suppose s(j−1) − s(j) 6 1 for every 1 6 j 6 4. Then

n− 1− k = dimMd
x/T >

4∑
i=0

s(i) = 5s(0) −
4∑
j=1

(5− j)
(
s(j−1) − s(j)

)
> 5s(0) − 10 >

5

2
(d− n)− 10 ,

where the last inequality follows from Lemma 3.1. But this contradicts the inequality (3.5).

(2) If s(3) − s(4) > 2 and s(0) − s(4) 6 4, then above inequalities still hold, and we obtain
a contradiction.

Define m by m = max
{
j | 1 6 j 6 4 and s(j−1) − s(j) > 2

}
.

Now we study the base locus Bs|Ks(m)+1| ⊂ Pn of the linear system |Ks(m)+1| of quadratic
hypersurfaces passing through x. (We do not consider the scheme structure of the base locus.)

Proposition 3.4. (1) If m = 4, then one of the following holds:

(A) We have Bs|Ks(4)+1| = l1 ∪ l2, where l1 is a line passing through x and l2 is another line
intersecting l1 at a point different from x. In this case, Ks(4)+1 = M2

l1∪l2 .
(B) We have Bs|Ks(4)+1| = {x}∪l∪(possibly some finite points), where l is a line not passing

through x. In this case, Ks(4)+1 is a codimension 1 subspace of M2
x∪l.

(C) We have Bs|Ks(4)+1| = l∪(possibly some finite points), where l is a line passing through
x. In this case, Ks(4)+1 is a codimension 2 subspace of M2

l .
(D) We have Bs|Ks(4)+1| = C, where C is a smooth conic passing through x. In this case,

Ks(4)+1 = M2
C .
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(E) We have Bs|Ks(4)+1| = l1 ∪ l2, where l1 and l2 are distinct lines both passing through x.
In this case, Ks(4)+1 = M2

l1∪l2 .

(2) If m = 3, then one of the following holds:

(F) We have Bs|Ks(3)+1| = {x} ∪ l, where l is a line not passing through x. In this case,
Ks(3)+1 = M2

x∪l.
(G) We have Bs|Ks(3)+1| = l∪(possibly some finite points), where l is a line passing through

x. In this case, Ks(3)+1 is a codimension 1 subspace of M2
l .

(3) If m = 2, then the following holds:

(H) We have Bs|Ks(2)+1| = l, where l is a line passing through x. In this case, Ks(2)+1 = M2
l .

(4) The case m = 1 does not occur.

Remark. We will show later that cases (B) and (F) do not occur (cf. Proposition 4.1).

For the proof of the proposition, we prepare some notation and a lemma.

We choose general R1, . . . , Rr ∈Md−1 and put

η(r) = dim

∑s(m)

i=1 M2
x ·Qi +

∑r
i=1M

1
x ·Ri + T

T
(3.7)

and

σ(j) = min{i | η(i+ 1)− η(i) 6 j} . (3.8)

For simplicity of notation, we write σ for σ(0). Define

Lj := Ker

(
M1
x

×Rj−−−→ Md
x∑s(m)

i=1 M2
x ·Qi +

∑j−1
i=1 M

1
x ·Ri + T

)
. (3.9)

A similar argument as in the proof of Lemma 3.2 shows that if σ(i−1) − σ(i) > 2, then we have

Lσ(i)+1 ·M
d−1 ⊂

s(m)∑
i=1

M2
x ·Qi +

σ(i)∑
j=1

M1
x ·Rj + T . (3.10)

Lemma 3.5. (1) Either σ(1) − σ(2) > 2 or σ − σ(1) > 2 holds.

(2) We have dim Bs|Ks(m)+1| > 1.

Proof. (1) If σ(1) − σ(2) 6 1 and σ − σ(1) 6 1, then

n− 1− k > 5s(4) +
4∑

i=m+1

i
(
s(i−1) − s(i)

)
+ σ(2) + σ(1) + σ

> 5s(m) − (5−m)(4−m)

2
+ 3σ − ε ,

(3.11)

where 0 6 ε 6 3. A similar argument as the proof of Lemma 3.1 shows that

d− n 6 2s(m) + σ . (3.12)

From (3.11) and (3.12), we obtain

7n

5
+

2

5
(8− k) > d ,

which contradicts (3.5).
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(2) Suppose dim Bs|Ks(m)+1| = 0. Consider the case σ(1) − σ(2) > 2. Since dimM1
x/Lσ(2) +1

= 2, we have M1
H = Lσ(2) +1 for a projective plane H ⊂ Pn passing through x. By (3.10), we

have

Md
H ⊂

s(m)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T .

Consider the following subspaces of Md
x/M

d
H ' H0(H, Ix(d)):

W :=
Ks(m)+1 ·Md−2 +Md

H

Md
H

⊂
∑s(m)

i=1 M2
x ·Qi +

∑σ(2)

j=1 M
1
x ·Rj + T

Md
H

.

Since we are assuming dim Bs|Ks(m)+1| = 0, there are two hypersurfaces D1, D2 ∈ |Ks(m)+1|
such that Z := D1 ∩ D2 ∩ H is a zero-dimensional subscheme of length 4 containing x. Then
H0(H, IZ(d)) is a codimension 3 subspace of H0(H, Ix(d)). But H0(H, IZ(d)) is contained in W ,
and since σ(1) − σ(2) > 2, the codimension of W in H0(H, Ix(d)) is at least 4. This gives a con-
tradiction.

In the case σ−σ(1) > 2, we have M1
L = Lσ(1) +1 for a line L ⊂ Pn passing through x. Since we

are assuming dim Bs|Ks(m)+1| = 0, there is a hypersurface D ∈ |Ks(m)+1| such that Z := D ∩ L
is a zero-dimensional subscheme of length 2 containing x. Arguing as in the case σ(1)−σ(2) > 2,
we reach a contradiction.

Before we prove Proposition 3.4, we prove two claims.

Claim 3.5.1. There is at most one curve in Bs|Ks(4)+1| which does not pass through x. If such
a curve exists, then it is a line.

Proof of Claim 3.5.1. Let C ⊂ Bs|Ks(4)+1| be a reduced connected curve not passing through x.
Let Pe ⊂ Pn be the smallest projective subspace containing C. If we denote by N the image of
the restriction map M1 → H0(C,OC(1)), then dimN = e+ 1. General hyperplanes H1 and H2

passing through x determine a surjective morphism O⊕2
C → OC(1). Tensoring with OC(1), we

obtain an exact sequence

0→ OC → OC(1)⊕2 → OC(2)→ 0 .

Considering the associated long exact sequence

0→ H0(C,O)→ H0(C,OC(1))⊕2 α−→ H0(C,OC(2)) ,

we find that dimα
(
N⊕2

)
> 2e+1. It then follows that the restriction map ρ : M2

x → H0(C,O(2))
has rank at last 2e+ 1 because Im ρ contains α

(
N⊕2

)
. Since Ks(4)+1 lies in the kernel of the map

ρ and has codimension 4 in M2
x , we have e = 1. So C is a line. If there are two lines l1 and l2

not passing through x in Bs|Ks(4)+1|, then by the above argument, l1 and l2 are disjoint. Then
the restriction map M2

x → H0(l1 ∪ l2,O(2)) has rank at least 5, and this is impossible.

Claim 3.5.2. If C ⊂ Bs|Ks(4)+1| is a reduced connected curve passing through x, then C is a line,
or a smooth conic, or a union of two intersecting lines.

Proof of Claim 3.5.2. Let Pe ⊂ Pn be the smallest projective subspace containing C. Arguing
as in the last claim, this time we find that e 6 2. If e = 1, then C is a line. If e = 2, then
C is a (possibly degenerate) conic because h0

(
P2, Ix(2)

)
= 5 and Ks(4)+1 has codimension 4

in M2
x .
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Proof of Proposition 3.4. If Bs|Ks(4)+1| does not contain any curve not passing through x, then
by Claim 3.5.2, case (C), (D) or (E) holds. If Bs|Ks(4)+1| contains a curve not passing through x
and does not contain any curve passing through x, then case (B) holds. If Bs|Ks(4)+1| contains
both a curve l not passing through x and a curve C passing through x, then C must be a line;
otherwise, we would have M2

C = Ks(4)+1, and Bs|Ks(4)+1| does not contain a curve not passing
through x. If the lines l and C are disjoint, then the restriction map M2

x → H0(l ∪C, Ix(2)) has
rank at least 5, and this is impossible. So l and C intersect, and case (A) holds.

The proofs of statements (2), (3) and (4) are similar.

3.3 Dividing into subcases

For later use, we need to study some of the cases in Proposition 3.4 more closely and divide some
of the cases into subcases.

We divide case (A) of Proposition 3.4 into three subcases:

(A1) σ − σ(1) > 2,

(A2) σ − σ(1) 6 1 and Md
x∪l2 ⊂ T +

∑s(0)−2
i=1 M2

x ·Qi,

(A3) σ − σ(1) 6 1 and Md
x∪l2 6⊂ T +

∑s(0)−2
i=1 M2

x ·Qi.

Proposition 3.6. (1) In case (A1), we have

Md
l1 ⊂ T +

s(4)∑
i=1

M2
x ·Qi +

σ(1)∑
i=1

M1
x ·Ri .

(2) In case (A2), we have Ks(0)−1 = M2
x∪l2 .

(3) In case (A3), we have the inequalities

dim(T/T ′) ∩H0(C, Il1(d)) 6 d−
(
2 s(4) +σ − ε

)
, (3.13)

dim(T/T ′) ∩H0(C, Ix∪l2(d)) 6 d− s(0) +2 , (3.14)

where C = l1 ∪ l2, T ′ := T ∩Md
C and ε := σ − σ(1). Note that T/T ′, H0(C, Il1(d)) = Md

l1
/Md

C

and H0(C, Ix∪l2(d)) = Md
x∪l2/M

d
C are subspaces of Md

x/M
d
C , so their intersections make sense.

Proof. (1) We have Lσ(1) +1 = M1
L for a line L ⊂ Pn passing through x, and we have Md

L ⊂
T +

∑s(4)

i=1 M
2
x · Qi +

∑σ(1)

i=1 M
1
x · Ri by (3.10). If L 6= l1, then we can find a D ∈ |Ks(4) +1| such

that L ∩ D is a zero-dimensional scheme of length 2 containing x. Arguing as in the proof of
Lemma 3.5(2), we obtain a contradiction.

(2) Since Md
x∪l2 ⊂ T +

∑s(0)−2
i=1 M2

x ·Qi, we have M2
x∪l2 ⊂ Ks(0)−1. By Lemma 2.1(1), we infer

that M2
x∪l2 = Ks(0)−1.

(3) The subspace

(T/T ′) ∩H0(C, Il1(d)) +
s(4)∑
i=1

H0(C, Il1(2)) ·Qi +

σ−1−ε∑
i=1

H0(C, Il1(1)) ·Ri

of H0(C, Il1(d)) is contained in the subspace

T +
∑s(4)

i=1 M
2
x ·Qi +

∑σ−1−ε
i=1 M1

x ·Ri
Md
C

.
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Since σ − σ(1) 6 1, the latter subspace does not contain H0(C, Il1(d)). So the dimension of the
former subspace is smaller than that of H0(C, Il1(d)):

dim(T/T ′) ∩H0(C, Il1(d)) + 2 s(4) +σ − 1− ε < d ,

and the equality (3.13) follows.

The subspace

(T/T ′) ∩H0(C, Ix∪l2(d)) +

s(0)−2∑
i=1

H0(C, Ix∪l2(2)) ·Qi

of H0(C, Ix∪l2(d)) is contained in

T +
∑s(0)−2

i=1 M2
x ·Qi

Md
C

.

The latter subspace does not contain H0(C, Ix∪l2(d)). So the dimension of the former subspace
is smaller than that of H0(C, Ix∪l2(d)):

dim(T/T ′) ∩H0(C, Ix∪l2(d)) + s(0)−2 < d− 1 ,

and the equality (3.14) follows.

Proposition 3.7. In case (B) of Proposition 3.4, we have σ(1)−σ(2) > 2 and

Md
x∪l ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T .

Proof. By Lemma 3.5(1), we have either σ(1)−σ(2) > 2 or σ−σ(1) > 2. We suppose the inequality
σ − σ(1) > 2 holds and will derive a contradiction. We have Lσ(1) +1 = M1

L for a line L passing
through x. We have

Md
L ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(1)∑
i=1

M1
x ·Ri + T

by (3.10). Since L 6⊂ Bs|Ks(4) +1|, there exists a D ∈ |Ks(4) +1| such that D ∩ L is a zero-
dimensional scheme of length 2 containing x. Arguing as in the proof of Lemma 3.5(2), we
obtain a contradiction.

Now that we have σ(1) − σ(2) > 2, we have M1
H = Lσ(2) +1 for a plane H ⊂ Pn passing

through x, and

Md
H ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T

by (3.10). We claim that l ⊂ H. If l 6⊂ H, then there exist D1, D2 ∈ |Ks(4) +1| such that
Z := D1∩D2∩H is a zero-dimensional scheme of length 4. Then as in the proof of Lemma 3.5(2),
we get a contradiction.

Since Bs|Ks(4)+1| = {x} ∪ l ∪ (possibly some finite points), there are D1, D2 ∈ |Ks(4)+1| such
that Di ∩H = li ∪ l, where li is a line passing through x with l1 6= l2. Thus we have

Md
x∪l ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T .

57



T. Abe

Proposition 3.8. (1) We divide case (C) of Proposition 3.4 into subcases:

(C1) σ − σ(1) > 2,

(C2) σ − σ(1) 6 1.

Then in case (C1), we have

Md
l ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(1)∑
i=1

M1
x ·Ri + T .

In case (C2), there exists a plane H containing l such that Ks(4) +1 = M2
C , where C ⊂ H is a

double line with support l. And the inequality

dimT/T ′ ∩H0(C, Il(d)) 6 d−
(
2 s(4) +σ − ε

)
(3.15)

holds, where T ′ = T ∩Md
C and ε = σ − σ(1).

(2) In case (G) of Proposition 3.4, we have σ − σ(1) > 2 and

Md
l ⊂

s(3)∑
i=1

M2
x ·Qi +

σ(1)∑
i=1

M1
x ·Ri + T .

Proof. (1) In case (C1), we have M1
L = Lσ(1) +1 for a line L ⊂ Pn passing through x. A similar

argument as in Proposition 3.6(1) shows that L = l and shows the required inclusion.

Next we consider case (C2). By Lemma 3.5(1), we have σ(1)−σ(2) > 2. We have M1
H =

Lσ(2) +1 for a plane H ⊂ Pn passing through x. We have

Md
H ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T

by (3.10), and a similar argument as in the proof of Proposition 3.7 shows that l ⊂ H.

Consider the subspace(
Ks(4) +1 +M2

H

)
/M2

H ⊂M2
l /M

2
H = H0(H, Il(2)) .

There are three cases: dim
(
Ks(4) +1 + M2

H

)
/M2

H = 1, 2 or 3. If dim
(
Ks(4) +1 + M2

H

)
/M2

H = 3,

then Ks(4) +1 + M2
H = M2

l , so Md
l ⊂

∑s(4)

i=1 M
2
x · Qi +

∑σ(2)

i=1 M
1
x · Ri + T . But this contradicts

σ(1)−σ(2) > 2.

If dim
(
Ks(4) +1 +M2

H

)
/M2

H = 2, then we will also derive a contradiction. There are D1, D2 ∈
|Ks(4) +1| such that Di ∩ H = l ∪ li, i = 1, 2, where l1 and l2 are distinct lines on H. Put
{z} = l1 ∩ l2. Let J ⊂ OH be the product of the defining ideal of z and that of l in H. Let
B ⊂ H be the subscheme of H defined by J . Then we have

Md
B ⊂

s(4)∑
i=1

M2
x ·Qi +

σ(2)∑
i=1

M1
x ·Ri + T . (3.16)

The kernel of the map

M1
x

×R
σ(2)+2−−−−−−−→Md

x

/(s(4)∑
i=1

M2
x ·Qi +

σ(2)+1∑
i=1

M1
x ·Ri + T

)
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contains the kernel of the map

M1
x

×R
σ(2)+2−−−−−−−→Md

x

/(
Md
B +M1

x ·Rσ(2)+1

)
.

The latter properly contains Md
B by Lemma 2.1(2); so does the former. This contradicts the

inequality σ(1)−σ(2) > 2.

Finally, we consider the case dim
(
Ks(4) +1 + M2

H

)
/M2

H = 1. In this case, all D ∈ |Ks(4)+1|
not containing H give rise to the same subscheme D ∩ H ⊂ H. Since we have Bs|Ks(4)+1| =
l ∪ (possibly some finite points), it must be a double line with support l, which we denote by C.
Then Ks(4) +1 ⊂M2

C . Since both Ks(4) +1 and M2
C have codimension 4 in M2

x , they are equal.

The proof of the inequality (3.15) is similar to that of (3.13).

(2) Suppose σ − σ(1) 6 1. Then arguing as in case (C2), we obtain Ks(3) +1 ⊂ M2
C . This is

impossible because Ks(3) +1 is of codimension 3 in M2
x .

Proposition 3.9. We divide case (E) of Proposition 3.4 into two subcases:

(E1) σ − σ(1) > 2,

(E2) σ − σ(1) 6 1.

In case (E1), for i = 1 or 2, we have Lσ(1) +1 = M1
li

and

Md
li
⊂

s(4)∑
i=1

M2
x ·Qi +

σ(1)∑
i=1

M1
x ·Ri + T . (3.17)

In case (E2), for i = 1, 2, we have

dimT/T ′ ∩H0(C, Ili(d)) 6 d−
(
2 s(4) +σ − ε

)
, (3.18)

where ε = σ − σ(1).

Proof. In case (E1), we have M1
L = Lσ(1) +1 for a line L ⊂ Pn passing through x. A similar

argument as in Proposition 3.6(1) shows that L = li for i = 1 or 2 and shows the required
inclusion.

The proof of the inequality (3.18) is similar to that of (3.13).

4. Intersection of a line or conic with the hypersurface X ′
s′

We retain the notation used in the preceding section; we work under the setup described in § 3.1
and under the assumptions (3.4) and (3.5). Recall that y ∈ Y is a general point, x = (h ◦ f)(y)
and s′ = p1(y). We classified the base locus of the linear system |Ks(m)+1| in Proposition 3.4 and
introduced more subcases in § 3.3. In this section, we study the intersection of the line or conic
appearing in the base locus Bs|Ks(m)+1| with the hypersurface X ′s′ .

Before stating the goal of this section, we would like here to summarize what will be proved
for each case in this and next section.

Case (A1) In Proposition 5.1, we prove that l1 ⊂ X ′s′ .
Case (A2) In Proposition 4.1, we prove that this case does not occur.

Case (A3) In Proposition 5.1, we prove that l1 ⊂ X ′s′ .
Case (B) In Proposition 4.1, we prove that this case does not occur.

Case (C1) In Proposition 5.1, we prove that l ⊂ X ′s′ .
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Case (C2) In Proposition 5.1, we prove that l ⊂ X ′s′ .
Case (D) In Proposition 5.1, we prove that C ⊂ X ′s′ .

Case (E1) In Proposition 5.1, we prove that li ⊂ X ′s′ .
Case (E2) In Proposition 5.1, we prove that exactly one of l1 and l2 is contained in X ′s′ .
Case (F) In Proposition 4.1, we prove that this case does not occur.

Case (G) In Proposition 5.1, we prove that l ⊂ X ′s′ .
Case (H) In Proposition 5.1, we prove that l ⊂ X ′s′ .

Now the goal of this section is to prove the following proposition.

Proposition 4.1. (1) In case (A3), the line l1 is contained in X ′s′ , or the intersection l1 ∩ X ′s′
consists of at most two points.

(2) Cases (A2), (B) and (F) do not occur.

(3) In case (C2), the line l is contained in X ′s′ , or the intersection l ∩ X ′s′ consists of at most
two points.

(4) In case (D), the smooth conic C is contained in X ′s′ , or the intersection C ∩ X ′s′ consists of
one point x.

(5) In case (E2), either at least one of l1 and l2 is contained in X ′s′ , or we have the inequality
](l1 ∩ X ′s′) + ](l2 ∩ X ′s′) 6 3.

(6) In case (A1), the line l1 is contained in X ′s′ , or the intersection l1 ∩ X ′s′ consists of one
point x. In case (E1), the line li is contained in X ′s′ , or the intersection li ∩ X ′s′ consists of one
point x. In cases (C1), (G) and (H), the line l is contained in X ′s′ , or the intersection l ∩ X ′s′
consists of one point x.

Remark. As one can see from the summary before Proposition 4.1, the possible situations after
“or” in the proposition are actually proved, in § 5, not to occur.

First in § 4.1, we prove item (6). This is a line case, and we closely follow the proof in [CR04].
But in proving the integrability of the vector bundle T ′, we give a slightly refined argument. In
§ 4.2, we prove item (2), which is also a line case. In § 4.3, we prove items (1), (3), (4) and (5).
These are conic cases. The proof of item (1) is the most involved.

4.1 Proof of Proposition 4.1(6)

We give a proof for case (H); the other cases are similar. By associating with a general point y of
Y the pair (x, l), where l is the line passing through x determined in case (H) of Proposition 3.4,
we obtain a rational map g : Y → L1 (see § 2.2.1 for the notation L1). By blowing up Y GL(V )-
equivariantly and shrinking S′ if necessary, we may assume that g is a morphism.

L1

q1
��

Y f //

p1 ))

g --

X ′ //

p′
��

h

,,X //

p
��

Pn

S′
b // S

We have the commutativity q1 ◦ g = h ◦ f . We have the induced map g∗ : T = TY/Pn |y →
TL1/Pn |(x,l) = TlGx

1 between tangent spaces for a general point y ∈ Y.
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Recall that T = TY/Pn |y is considered as a subspace of TX ′/Pn |f(y) 'Md
x by the injection f∗.

Put T ′ := T ∩Md
l .

Recall that R1, . . . , Rr ∈Md−1 are general elements, and η(r), σ(j) and σ are defined in (3.7)
and (3.8). We have d− n 6 2s(2) + σ (3.12). By Lemma 3.2(2), we have

Md
l = Md−2 ·M2

l ⊂ T +

s(2)∑
j=1

M2
x ·Qj , (4.1)

and we find that dimT/T ′ = d− (2s(2) + σ) using Lemma 2.1(1).

By varying the general point y ∈ Y, we obtain, over a Zariski open subset of Y, a subbundle
T ′ of the relative tangent bundle TY/Pn such that T ′|y = T ′.

Proposition 4.2. (1) The subspace T ′ is in the kernel of the map g∗ : T → TlGx
1 .

(2) The subbundle T ′ is integrable.

We first show that Proposition 4.1(6) follows from this proposition.

Proof of “Proposition 4.2 ⇒ Proposition 4.1(6)”. Pick a general point y0 in Y, and put l0 =
g(y0), x0 = (h ◦ f)(y0) and Y ′y0 := g−1(x0, l0). We have dimY ′y0 = dimS + k − 2n+ 1.

Consider the map ρ : Y ′y0 → H0(l0,O(d)) defined by ρ(y) = Fy|l0 , where Fy is a degree d
polynomial corresponding to the point b(p1(y)) ∈ S = H0(Pn,O(d)) \ {0}, which is the defining
equation of the hypersurface X ′p1(y). By Proposition 4.2(2), for general y ∈ Y ′y0 , there is a sub-

manifold L ⊂ (h ◦ f)−1(x0) passing through y such that the tangent bundle TL of L is equal to
T ′|L. We have dimL = dimT ′ = dimS−n+ k− d+ 2s(2) +σ. By Proposition 4.2(1), the map g
is constant on L, thus L ⊂ Y ′y0 . By the definition of T ′, the map ρ is constant on L. Therefore,
we have

dim Im ρ 6 dimY ′y0 − dimL = d− n+ 1− 2s(2) − σ 6 1 .

If G ⊂ GL(V ) denotes the subgroup consisting automorphisms of V whose induced automor-
phisms of Pn = P(V ) fix x and the line l0, then G acts on Y ′y0 and H0(l0,O(d)), and the map ρ
is G-equivariant; thus the orbit G · ρ(y0) is in Im ρ. Since dim Im ρ 6 1, either we have ρ(y0) = 0,
or ρ(y0) is a section defining the divisor d · x by Lemma 2.8(1).

It remains to prove Proposition 4.2. We denote by ε the composition T →Md
x →Md

x/M
d
l =

H0(l, Ix(d)). If τ1 and τ2 are sections of T ′ defined over a neighborhood of y ∈ Y, then [τ1, τ2] is
a section of TY/Pn , so it makes sense to consider ε([τ1, τ2]|y).

Lemma 4.3. For sections τ1 and τ2 of T ′ defined over a neighborhood of y ∈ Y, we have

ε([τ1, τ2]|y) = g∗(τ1|y) • (τ2|y)− g∗(τ2|y) • (τ1|y) ,

where τi|y is the image of τi|y ∈ T ′ ⊂Md
l in Md

l /M
d
2l, and the pairing • is the one in (2.4).

Proof. The proof is the same as that of [Cle03, Lemma 3.1].

The lemma shows that assertion (2) of Proposition 4.2 follows from assertion (1).

Lemma 4.4. Put T ′′ = T ∩Md
2l; we have T ′′ ⊂ Ker (g∗ : T → TlGx

1).

Proof. We suppose g∗(v) 6= 0 for some v ∈ T ′′ and will derive a contradiction.
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Denote by K the kernel of the map

g∗(v)• : Md
l /M

d
2l →Md

x/M
d
l = H0(l, Ix(d)) , (4.2)

and put γ = dim
(
T ′/T ′′ +K

)
/
(
T ′/T ′′

)
. We have

dim g∗(v) • (T ′/T ′′) = dimT ′/T ′′ − dim
(
(T ′/T ′′) ∩K

)
= dimT ′/T ′′ − dimK + γ

= dimT ′/T ′′ −
(

dimMd
l /M

d
2l − rank(g∗(v)•)

)
+ γ

= rank(g∗(v)•)− dim
Md
l /M

d
2l

T ′/T ′′ +K
.

(4.3)

Since v ∈ T ′′, we have g∗(v) • (T ′/T ′′) ⊂ T/T ′ by Lemma 4.3. So we have

d−
(
2s(2) + σ

)
= dimT/T ′ > dim g∗(v) • (T ′/T ′′) .

The map g∗(v)• is surjective by Lemma 2.2(2), so we have rank (g∗(v)•) = d. From these, we
deduce

dim
Md
l /M

d
2l

T ′/T ′′ +K
> 2s(2) + σ . (4.4)

On the other hand, we claim the following.

Claim 4.4.1. We have

Md
l = T ′ +

s(2)∑
i=1

M2
l ·Qi , (4.5)

and the inequality

dim
Md
l /M

d
2l

T ′/T ′′ +K
6 2s(2) (4.6)

holds.

Proof of Claim 4.4.1. First we observe that the natural sequence

0 // Md
l

T ′+
∑k
i=1M

2
l ·Qi

αk // Md
x

T+
∑k
i=1M

2
l ·Qi

βk // Md
x

T+Md
l +

∑k
i=1M

2
l ·Qi

// 0 (4.7)

is exact for 0 6 k 6 s(2). Indeed, we only have to show the injectivity of αk. By the definition of
T ′, the map α0 is injective. Consider the commutative diagram

0 //M2
l

//

·Qk
��

M2
x

//

·Qk
��

M2
x/M

2
l

//

·Qk
��

0

0 // Md
l

T ′+
∑k−1
i=1 M

2
l ·Qi

αk−1 // Md
x

T+
∑k−1
i=1 M

2
l ·Qi

βk−1 // Md
x

T+Md
l +

∑k−1
i=1 M

2
l ·Qi

// 0

for 0 < k 6 s(2), and assume that the lower sequence is exact. The right vertical arrow is injective
because it is injective for k = s(2) +1. Thus αk is injective by the snake lemma.

Consider the sequence (4.7) for k = s(2). It follows from (4.1) that αs(2) is the zero map.
Therefore, the left term in (4.7) is zero, which implies (4.5).

By (4.5), the composition

⊕s(2)i=1M
2
l ·Qi //Md

l
//Md

l /M
d
2l

// M
d
l /M

d
2l

K
// M

d
l /M

d
2l

T ′/T ′′+K (4.8)
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of morphisms is surjective. The image of⊕s(2)i=1M
2
l ·Qi in the penultimate term (Md

l /M
d
2l)/K, which

we identify with Md
x/M

d
l via the map gx∗ (v)•, is contained in the subspace

∑s(2)

i=1

(
M2
x/M

2
l

)
·Qi ⊂

Md
x/M

d
l , whose dimension is at most 2s(2), where Qi is the image of Qi in Md−2/Md−2

l . Therefore,
the rank of the composed morphism (4.8) is at most 2s(2). So we obtain (4.6). This is the end of
the proof of Claim 4.4.1.

Proof of Lemma 4.4, continued. By (4.4) and (4.6), we get 2s(2) + σ 6 2s(2). But we have σ > 4
since s(1) − s(2) > 2. This gives a contradiction.

Finally, we prove Proposition 4.2(1).

Proof of Proposition 4.2(1). We want to show that g∗|T ′ is the zero map. By Lemma 4.4, the
map g∗|T ′ induces a map g∗ : T ′/T ′′ → TlGx

1 . Consider the map

[ , ] : T ′/T ′′ ⊗ T ′/T ′′ →Md
x/M

d
l

defined by

[v, v′] = g∗(v) • v′ − g∗(v′) • v , (4.9)

where the pairing • is the one in (2.4). Since the image of the map [ , ] is contained in T/T ′ ⊂
Md/Md

l by Lemma 4.3, we have

rank[ , ] 6 d−
(
2s(2) + σ

)
. (4.10)

Next we give a lower bound of rank[ , ]. Denote by c the codimension of T ′/T ′′ in Md
l /M

d
2l.

By (4.5), there are Di ∈Md
l , 1 6 i 6 c, such that

Md
l /M

d
2l = T ′/T ′′ ⊕

c⊕
i=1

CDi

and that each Di is an element of M2
l · Qj for some 1 6 j 6 s(2). We extend g∗ to the map

Md
l /M

d
2l → TlGx

1 by defining g∗(Di) = 0 and define the map

[ , ]] :
(
Md
l /M

d
2l

)
⊗
(
Md
l /M

d
2l

)
→Md

x/M
d
l

by the same equation as (4.9). Then we have

Im[ , ]] = Im[ , ] +

c∑
i=1

g∗(T
′/T ′′) •Di .

Since g∗(T
′/T ′′) •Di ⊂M2

x/M
2
l ·Qj for some 1 6 j 6 s(2), we have

rank[ , ]] 6 rank[ , ] + 2s(2) . (4.11)

Now suppose that g∗ is not the zero map. There exists a u⊗v ∈M1
l ⊗Md−1/Md−1

l 'Md
l /M

d
2l

such that g∗(u⊗ v) 6= 0. Then we have

g∗(u⊗ v) •Md
l /M

d
2l = Md

x/M
d
l and g∗

(
Md
l /M

d
2l

)
• (u⊗ v) ⊂

(
M1
x/M

1
l

)
· v ,

where the former follows from Lemma 2.2(2), and the latter from the definition (2.4) of •. From

this, we have dim
[
u⊗ y,Md

l /M
d
2l

]]
> d−1; thus rank[ , ]] > d−1. From this and (4.11), we get

rank[ , ] > d− 1− 2 s(2) . (4.12)

From (4.10) and (4.12), we have σ 6 1, which contradicts the equality σ > 4.
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4.2 Proof of Proposition 4.1(2)

We give a proof only for case (F); the proofs for cases (A2) and (B) are similar.

By associating with a general point y of Y the pair (x, l), where l is the line determined in
case (F), we obtain a rational map g : Y → Pn×G1 (see § 2.2.1 for the notation G1). By blowing
up Y GL(V )-equivariantly and shrinking S′ if necessary, we may assume that g is a morphism.
The morphism g induces a map g∗ : T = TY/Pn |y → TlG1 between tangent spaces.

Put T ′ = T ∩Md
x∪l. By Lemma 2.1(1), we have dimT/T ′ = d + 1 −

(
3 s(3) +2σ − ε

)
, where

ε := σ − σ(1) 6 1.

By varying the general point y ∈ Y, we obtain, over a Zariski open subset of Y, a subbundle
T ′ of the relative tangent bundle TY/Pn such that T ′|y = T ′.

Proposition 4.5. (1) The subspace T ′ is in the kernel of the map g∗ : T → TlG1.

(2) The subbundle T ′ is integrable.

Let us show that Proposition 4.5 implies that case (F) does not occur.

Proof of “Proposition 4.2 ⇒ Proposition 4.1(2) (case (F))”. Arguing as in the proof of “Propo-
sition 4.2 ⇒ Proposition 4.1(6),” we can find a submanifold L ⊂ (h ◦ f)−1(x0) passing through
a general point y0 ∈ Y with TL = T ′|L and show that L ⊂ Y ′y0 := g−1(x0, l0), where x0 =
(h ◦ h)(y0) and l0 = g(y0). Rewriting dimL 6 dimY ′y0 using

Y ′y0 = dimS + k − dimPn − dimG1 = dimS + k − 3n+ 2

and

dimL = dimS − n+ k − (d+ 1) + 3 s(3) +2σ − ε

> dimS − n+ k − (d+ 1) +
3

2
(d− n) +

σ

2
− ε ,

we obtain

n+
11

5
<
d+ n

2
6 3 + ε− σ

2
6 4 ,

where the first inequality is a consequence of (3.5). This is absurd. (Recall that n > 3.)

Denote by ε the composition T →Md
x →Md

x/M
d
x∪l.

Lemma 4.6. For sections τ1 and τ2 of T ′ defined over a neighborhood of y ∈ Y, we have

ε([τ1, τ2]|y) = g∗(τ1|y) • (τ2|y)− g∗(τ2|y) • (τ1|y) ,

where τi|y is the image of τi|y ∈ T ′ ⊂ Md
x∪l in Md

x∪l/M
d
x∪2l ' Md

l /M
d
2l, and the pairing • is the

one in (2.3).

Proof. The proof is similar to that of [Cle03, Lemma 3.1].

Lemma 4.7. Put T ′′ = T ∩Md
x∪2l; we have T ′′ ⊂ Ker(g∗ : T → TlG1).

Proof. Suppose g∗(v) 6= 0 for some v ∈ T ′′. The proof of the lemma is almost the same as that
of Lemma 4.4. The main difference is that, in this case, the rank of the map

g∗(v)• : Md
l /M

d
2l →Md/Md

l = H0(l,O(d))

is d or d+ 1, by Lemma 2.2(1). Noting this difference and arguing as in the proof of Lemma 4.4,
we obtain the equality 2σ − ε 6 1, which is absurd because 2σ − ε > 6.
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Proof of Proposition 4.5(1). The proof is almost the same as that of Proposition 4.2(1). Noting
the difference mentioned in the proof of Lemma 4.7 and arguing as in the proof of Proposi-
tion 4.2(1), we obtain the equality 2σ − ε 6 3, which is absurd again.

4.3 Proof of Proposition 4.1(1), (3), (4) and (5)

In case (D), for a general point y ∈ Y, we obtained a smooth conic C passing through x. In
case (A3), as in Proposition 3.6, we put C = l1 ∪ l2, where recall that l1 passes through x. In
case (C2), we denote by C the double line in Proposition 3.8. In case (E2), we put C = l1 ∪ l2,
where recall that l1 ∩ l2 = {x}. In all cases, C is a (possibly singular) conic passing through x.

For cases (D), (E2) and (C2), by associating with a general point y ∈ Y the pair (x,C) (and
the plane H on which C lies), we obtain rational maps g : Y → L2, g : Y → L3 and g : Y → L4,
respectively. For case (A3), by associating with a general point y ∈ Y the triple (x, l1, l2) (and
the plane H on which C lies), we obtain a rational map g : Y → L5.

By blowing up Y GL(V )-equivariantly and shrinking S′ if necessary, we may assume that g
is a morphism. It induces a map

g∗ : T = TY/Pn |y → TL2/Pn |(x,C) = TCGx
2

between tangent spaces for a general point y ∈ Y, where 2 is 2 in case (D), 3 in case (E2), 4 in
case (C2) and 5 in case (A3).

Put T ′ = T ∩Md
C . We have dimT/T ′ = 2d −

(
4 s(4) +2σ − ε

)
, where ε = σ − σ(1) 6 1. By

varying the general point y ∈ Y, we obtain, over a Zariski open subset of Y, a subbundle T ′ of
the relative tangent bundle TY/Pn such that T ′|y = T ′.

Denote by ε the composition

T →Md
x → Md

x /M
d
C = H0(C, Ix(d)) .

If τ1 and τ2 are sections of T ′ defined over a neighborhood of y ∈ Y, then [τ1, τ2] is a section
of TY/Pn , so it makes sense to consider ε([τ1, τ2]|y).

Lemma 4.8. For sections τ1 and τ2 of T ′ defined over a neighborhood of y ∈ Y, we have

ε([τ1, τ2]|y) = δg∗(τ1|y)

(
τ2|y

)
− δg∗(τ2|y)

(
τ1|y

)
,

where τi|y is the image of τi|y ∈ T ′ ⊂Md
C in Md

C/M
d
2C , and the map δ? is the one in (2.8).

Proof. Since L3, L4 and L◦5 are subvarieties of L2, we may only consider case (D). Imitating the
proof of [Cle03, Lemma 3.1], we prove the lemma using local coordinates.

Let y = (y1, y2, . . . ) be a local coordinate system of (h ◦ f)−1(x) centered at y. Choose
homogeneous coordinates [z0 : · · · : zn] of Pn in such a way that x = [1 : 0 : · · · : 0] and
H = {z3 = · · · = zn = 0}. We express the morphism g using the local coordinates as g(y) =
(x,C(y), H(y)). Let 1 0 0 0 · · · 0

0 1 0 b13(y) · · · b1n(y)
0 0 1 b23(y) · · · b2n(y)


be the matrix such that the plane H(y) (or, equivalently, 3-dimensional subspace of Cn+1)
is spanned by the rows. We take [z0 : z1 : z2] as homogeneous coordinates of H(y) and let
c(y; z0, z1, z2) =

∑
06i6j62 cij(y)zizj be the defining equation of C(y) in H(y). Let

F̃ (y) =
∑
I

FI(y; z0, z1, z2)(z3 . . . zn)I
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be the degree d polynomial corresponding to (b◦p1)(y) ∈ S, where I = (i3, . . . , in) is a multi-index
and FI(y; z0, z1, z2) is a degree d− |I| homogeneous polynomial of z0, z1, z2 with parameter y.

Let τ1 =
∑

k ak ∂/∂yk and τ2 =
∑

k′ a
′
k′ ∂/∂yk′ be the local expressions of τ1 and τ2. The

condition that τ1 is a section of T ′ is equivalent to∑
k,I

ak
∂

∂yk
FI(y; z0, z1, z2)(z3 . . . zn)I

∣∣∣∣
C(y)

≡ 0 .

This means that there exists a degree d− 2 homogeneous polynomial D(y; z0, z1, z2) of z0, z1, z2

with parameter y such that∑
k,I=(i3,...,in)

ak
∂

∂yk
FI(y; z0, z1, z2)

∏
36l6n

(b1lz1 + b2lz2)il = c(y; z0, z1, z2)D(y; z0, z1, z2) . (4.13)

Likewise, for τ2, we have, for some D′(y; z0, z1, z2),∑
k′,I=(i3,...,in)

a′k′
∂

∂yk′
FI(y; z0, z1, z2)

∏
36l6n

(b1lz1 + b2lz2)il = c(y; z0, z1, z2)D′(y; z0, z1, z2) . (4.14)

Setting y = 0 in (4.14), we get∑
k′

a′k′(0)
∂

∂yk′
FO(0; z0, z1, z2) = c(0; z0, z1, z2)D′(0; z0, z1, z2) , (4.15)

where O = (0, . . . , 0).

Now we compute ε( [τ1, τ2]|y), which is the restriction of [τ1, τ2]F̃ |y=0 to C = C(0),

τ1τ2F̃ = τ1

(∑
k′,I

a′k′
∂

∂yk′
FI(y; z0, z1, z2)

∏
36l6n

zill

)

=
∑
k,k′,I

(
ak
∂a′k′

∂yk

∂

∂yk′
+ aka

′
k′

∂

∂yk

∂

∂yk′

)
FI(y; z0, z1, z2)

∏
36l6n

zill .

Switching τ1 and τ2 in the above equation, we obtain the expression of τ2τ1F̃ . Taking the differ-
ence, we obtain

[τ1, τ2]F̃ =
∑
k,k′,I

(
ak
∂a′k′

∂yk

∂

∂yk′
− a′k′

∂ak
∂yk′

∂

∂yk

)
FI(y; z0, z1, z2)

∏
36l6n

zill . (4.16)

We next compute δg∗(τ1|y)(τ2|y). Let π : ⊕ni=0 Czi → U = ⊕2
i=0Czi be the natural projection and

ι : R = C · c(0; z0, z1, z2) ↪→ S2U be the inclusion map. Let ψ : R→ S2U be the map defined by
ψ(c(0; z0, z1, z2)) = τ1c(y; z0, z1, z2)

∣∣
y=0

, and let ϕ : ⊕ni=0 Czi → U be the map defined by the
matrix 0 0 0 0 · · · 0

0 0 0 τ1b13(y) · · · τ1b1n(y)
0 0 0 τ1b23(y) · · · τ1b2n(y)

∣∣∣∣∣∣
y=0

.

Then the tangent vector g∗(τ1|y) ∈ Tg(y)Gx
2 corresponds to the first-order deformation defined

by (ϕ,ψ) (see § 2.2.2).
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We have

τ2|y = τ2F̃ |y=0

=
∑

k′,I 6=O
a′k′(0)

∂

∂yk′
FI(0; z0, z1, z2)

∏
36l6n

zill +
∑
k′

a′k′(0)
∂

∂yk′
FO(0; z0, z1, z2)

=
∑

k′,I 6=O
a′k′(0)

∂

∂yk′
FI(0; z0, z1, z2)

∏
36l6n

zill − c(0; z0, z1, z2)D′(0; z0, z1, z2) ,

where we used (4.15) in the last equality. Using (2.6), we see that

δg∗(τ1|y)

(
τ2|y

)
∈ SdU/c(0; z0, z1, z2) · Sd−2U

is represented by

−
∑
k′

36l6n
16i62

a′k′(0)
∂

∂yk′
Fl(0; z0, z1, z2)(τ1bil)(0)zi + (τ1c)(0; z0, z1, z2)D′(0; z0, z1, z2),

where Fl stands for F(0,...,0,1,0,...,0), with the lth component equal to 1. Therefore, δg∗(τ1|y)(τ2|y)−
δg∗(τ2|y)(τ1|y) is represented by

−
∑
k′

36l6n
16i62

a′k′(0)
∂

∂yk′
Fl(0; z0, z1, z2)(τ1bil)(0)zi + (τ1c)(0; z0, z1, z2)D′(0; z0, z1, z2)

+
∑
k

36l6n
16i62

ak(0)
∂

∂yk
Fl(0; z0, z1, z2)(τ2bil)(0)zi + (τ2c)(0; z0, z1, z2)D(0; z0, z1, z2) .

(4.17)

Applying τ2 and τ1 to (4.13) and (4.14), respectively, and setting y = 0 and subtracting the
resulting equations, we can see that (4.17) is equal to∑

k,k′

(
ak(0)

∂a′k′

∂yk
(0)

∂

∂yk′
− a′k′(0)

∂ak
∂yk′

(0)
∂

∂yk

)
FO(0; z0, z1, z2)

+c(0; z0, z1, z2)(τ2D − τ1D
′)(0; z0, z1, z2) .

(4.18)

By setting y = 0 in (4.16), we see that [τ1, τ2]F̃ |y=0 coincides with (4.18) modulo H0(Pn, IC(d)).
This proves the lemma.

Proposition 4.9. (1) The subspace T ′ is in the kernel of the map g∗ : T → TCGx
2 .

(2) The subbundle T ′ is integrable; that is, [T ′, T ′] ⊂ T ′.

To prove the proposition, we need a lemma.

Lemma 4.10. Put T ′′ = T ∩Md
2C ; we have T ′′ ⊂ Ker(g∗ : T → TCGx

2).

Proof. Suppose g∗(v) 6= 0 for some v ∈ T ′′. We will derive a contradiction.

Let K be the kernel of the map

δg∗(v) : Md
C/M

d
2C → Md

x /M
d
C = H0(C, Ix(d)) ,

and put

γ = dim
T ′/T ′′ +K

T ′/T ′′
.
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By Lemma 4.8, we have δg∗(v)(T
′/T ′′) ⊂ T/T ′. We have

dim δg∗(v)(T
′/T ′′) = dimT ′/T ′′ − dimK + γ

= dimT ′/T ′′ − dimMd
C/M

d
2C + rank δg∗(v) + γ

= rank δg∗(v) − dim
Md
C/M

d
2C

T ′/T ′′ +K
.

(4.19)

As in the case of equation (4.5), we can show that

Md
C = T ′ +

s(4)∑
i=1

M2
C ·Qi . (4.20)

In the rest of the proof of this lemma, we consider each case separately.

Case (D). Arguing as for Claim 4.4.1, we obtain the inequality

dim
Md
C/M

d
2C

T ′/T ′′ +K
6 4s(4) . (4.21)

By Lemma 2.3, we have rank δg∗(v) > 2d− 3. From these and (4.19), we obtain

2d− (4 s(4) +2σ − ε) = dimT/T ′ > dim δg∗(v)(T
′/T ′′) > 2d− 3− 4 s(4) .

So we have 2σ−ε 6 3. But we have 2σ−ε > 8 because s(3)− s(4) > 2. This gives a contradiction.

Case (E2). We consider two cases (see § 2.2.3 for the notation E3,li):
(i) g∗(v) /∈ E3,l1 ∪ E3,l2 and (ii) g∗(v) ∈ E3,l1 ∪ E3,l2 .

In case (i), arguing as for Claim 4.4.1, we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 4s(4). By

Lemma 2.4, we have rank δg∗(v) > 2d − 3. Arguing as in case (D), we have 2σ − ε 6 3, which
contradicts the inequality 2σ − 3 > 8.

Next we consider case (ii): say, g∗(v) ∈ E3,l1 . Arguing as for Claim 4.4.1, we obtain the
inequality dim

(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 2s(4). By Lemma 2.4, we have rank δg∗(v) > d − 1

and δg∗(v)(T
′/T ′′) ⊂ T/T ′ ∩H0(C, Il1(d)). From these and (4.19), using the inequality (3.18), we

obtain σ − ε 6 1, again giving a contradiction.

Case (C2). We consider two cases (see § 2.2.4 for the notation E4,l and E4,H):
(i) g∗(v) /∈ E4,l ∪ E4,H and (ii) g∗(v) ∈ E4,l ∪ E4,H .

In case (i), arguing as for Claim 4.4.1, we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 4s(4). By

Lemma 2.5, we have rank δg∗(v) > 2d − 1. Arguing as in case (D), we have 2σ − ε 6 1, which
contradicts the inequality 2σ − 3 > 8.

In case (ii), we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 2s(4). By Lemma 2.5, we have

rank δg∗(v) > d − 1 and δg∗(v)(T
′/T ′′) ⊂ T/T ′ ∩ H0(C, Il(d)). From these and (4.19), using the

inequality (3.15), we obtain σ − ε 6 1, again giving a contradiction.

Case (A3). There are three cases (see § 2.2.5 for the notation E5,li):
(i) g∗(v) 6∈ E5,l1 ∪ E5,l2 , (ii) g∗(v) ∈ E5,l1 and (iii) g∗(v) ∈ E5,l2 .

In case (i), arguing as for Claim 4.4.1, we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 4s(4). By

Lemma 2.4, we have rank δg∗(v) > 2d − 3. Arguing as in case (D), we have 2σ − ε 6 3, which
contradicts the inequality 2σ − 3 > 8.

In case (ii), we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 2s(4). By Lemma 2.6, we have

rank δg∗(v) > d − 1 and δg∗(v)(T
′/T ′′) ⊂ T/T ′ ∩ H0(C, Il1(d)). From these and (4.19), using

the inequality (3.13), we obtain σ − ε 6 1, again giving a contradiction.
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In case (iii), we obtain dim
(
Md
C/M

d
2C

)
/
(
T ′/T ′′ +K

)
6 s(4). By Lemma 2.6, we have

rank δg∗(v) = d − 1 and δg∗(v)(T
′/T ′′) ⊂ T/T ′ ∩ H0(C, Ix∪l2(d)). From these and (4.19), using

the inequality (3.14), we obtain s(0)− s(4) 6 3, which contradicts Lemma 3.3(2). This is the end
of the proof of Lemma 4.10.

Proof of Proposition 4.9. By Lemma 4.8, it suffices to show Proposition 4.9(1). The proof is
similar to that of Proposition 4.2(1).

By Lemma 4.10, the map g∗|T ′ induces a map g∗ : T ′/T ′′ → TCGx
2. Consider the map

[ , ] : T ′/T ′′ ⊗ T ′/T ′′ →Md
x/M

d
C

defined by

[v, v′] = δg∗(v)(v
′)− δg∗(v′)(v) . (4.22)

Denote by c the codimension of T ′/T ′′ in Md
C/M

d
2C . By (4.20), there are Di ∈ Md

C , 1 6 i 6 c,
such that

Md
C/M

d
2C = T ′/T ′′ ⊕

c⊕
i=1

CDi

and that each Di is an element of M2
C ·Qj for some 1 6 j 6 s(2).

We extend g∗ to the map Md
C/M

d
2C → TCGx

2 by defining g∗
(
Di

)
= 0, and we define the map

[ , ]] : Md
C/M

d
2C ⊗Md

C/M
d
2C →Md

x/M
d
C

by the same equation as (4.22). Then we have

Im[ , ]] = Im[ , ] +
c∑
i=1

δg∗(T ′/T ′′)
(
Di

)
.

Now suppose that g∗ is not the zero map. We will derive a contradiction. We consider each
case separately.

Case (D). Since δg∗(T ′/T ′′)
(
Di

)
⊂M2

x/M
2
C ·Qj for some 1 6 j 6 s(2), we have

rank[ , ]] 6 rank[ , ] + 4s(4) . (4.23)

Since Im[ , ] ⊂ T/T ′, we have

rank[ , ] 6 2d−
(
4 s(4) +2σ − ε

)
. (4.24)

Since M2
C ·Md−2 = Md

C , we have g∗(u · v) 6= 0 for some u ∈M2
C and v ∈Md−2.

The dimension of δg∗(u·v)

(
Md
C/M

d
2C

)
is at least 2d−3 by Lemma 2.3, and we have the inclusion

δg∗(Md
C/M

d
2C)(u · v) ⊂M2

x/M
2
C · v. From this, we infer that dim

[
u · v,Md

C/M
d
2C

]]
> 2d− 7; thus

rank[ , ]] > 2d− 7 . (4.25)

Combining (4.24), (4.23) and (4.25), we obtain 2σ − ε 6 7. This gives a contradiction because
we have 2σ − ε > 8, which follows from s(3)− s(4) > 2.

Case (E2). We consider two cases:
(i) Im g∗ 6⊂ E3,l1 ∪ E3,l2 and (ii) Im g∗ ⊂ E3,lk for k = 1 or 2.

We have δg∗(T ′/T ′′)
(
Di

)
⊂ M2

x/M
2
C · Qj in case (i) and δg∗(T ′/T ′′)

(
Di

)
⊂ M2

lk
/M2

C · Qj in
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case (ii) for some 1 6 j 6 s(2). Thus we have

rank[ , ]] 6

{
rank[ , ] + 4 s(4) in case (i) ,

rank[ , ] + 2 s(4) in case (ii) .

Since Im[ , ] ⊂ T/T ′ in case (i) and Im[ , ] ⊂ T/T ′ ∩H0(C, Ilk(d)), we have by (3.18)

rank[ , ] 6

{
2d−

(
4 s(4) +2σ − ε

)
in case (i) ,

d−
(
2 s(4) +σ − ε

)
in case (ii) .

Choose u ∈ M2
C and v ∈ Md−2 with g∗(u · v) 6= 0. In case (i), we choose such u and v with

g∗(u · v) /∈ E3,l1 ∪ E3,l2 . The dimension of δg∗(u·v)

(
Md
C/M

d
2C

)
is at least 2d− 3 in case (i) and at

least d− 1 in case (ii), by Lemma 2.4. We have δg∗(Md
C/M

d
2C)(u · v) ⊂ M2

x/M
2
C · v in case (i) and

δg∗(Md
C/M

d
2C)(u · v) ⊂M2

lk
/M2

C · v in case (ii). From this, we infer that dim
[
u · v,Md

C/M
d
2C

]]
is at

least 2d− 7 in case (i) and at least d− 3 in case (ii); thus

rank[ , ]] >

{
2d− 7 in case (i) ,

d− 3 in case (ii) .

Combining these inequalities, we obtain 2σ − ε 6 7 in case (i) and σ − ε 6 3 in case (ii). In any
case, we reach a contradiction because 2σ − ε > 8.

Case (C2). We consider two cases:
(i) Im g∗ 6⊂ E4,l ∪ E4,H and (ii) Im g∗ ⊂ E4,l ∪ E4,H .

Arguing as in the previous case, we obtain 2σ − ε 6 5 in case (i) and σ − ε 6 3 in case (ii).
Again this gives a contradiction.

Case (A3). There are three cases:
(i) Im g∗ 6⊂ E5,l1 ∪ E5,l2 , (ii) Im g∗ ⊂ E5,l1 and (iii) Im g∗ ⊂ E5,l2 .

Arguing as in case (E2), we have

rank[ , ]] 6


rank[ , ] + 4 s(4) in case (i) ,

rank[ , ] + 2 s(4) in case (ii) ,

rank[ , ] + s(4) in case (iii) ,

rank[ , ] 6


2d−

(
4 s(4) +2σ − ε

)
in case (i) ,

d−
(
2 s(4) +σ − ε

)
in case (ii) ,

d− s(0) +2 in case (iii) ,

rank[ , ]] >


2d− 7 in case (i) ,

d− 3 in case (ii) ,

d− 2 in case (iii) .

Combining these, we obtain 2σ − ε 6 7 in case (i), σ − ε 6 3 in case (ii) and s(0)− s(4) 6 4 in
case (iii). These are incompatible with the inequality 2σ − ε > 8 and with Lemma 3.3(2).

This is the end of proof of Proposition 4.9.

Now let us consider the final step of the proof of Proposition 4.1(1), (3), (4) and (5). We
argue as in the proof of “Proposition 4.2 ⇒ Proposition 4.1(6).”

Pick a general point y0 in Y, and let Y ′y0 := g−1(g(y0)). Consider the map ρ : Y ′y0 →
H0(C0,O(d)) defined by ρ(y) = Fy|C0 , where Fy is the degree d polynomial corresponding to
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b(p1(y)) ∈ S, and g(y0) = (x0, C0).

We have

dimY ′y0 =


dimS + k − 3n in case (D) ,

dimS + k − 3n+ 2 in case (E2) ,

dimS + k − 3n+ 3 in case (C2) ,

dimS + k − 3n+ 1 in case (A3) .

We put a = 0 in case (D), a = 2 in case (E2), a = 3 in case (C2) and a = 1 in case (A3).

We have dimT ′ = dimS − n+ k − 2d+
(
4 s(4) +2σ − ε

)
. Arguing as in the proof of “Propo-

sition 4.2 ⇒ Proposition 4.1(6),” we have

dim Im ρ 6 dimY ′y0 − dimT ′ = 2d− 2n−
(
4 s(4) +2σ − ε

)
+ a 6 ε+ a , (4.26)

where we used (3.12) in the last inequality.

If G ⊂ GL(V ) denotes the subgroup consisting of automorphisms of V whose induced auto-
morphisms of Pn = P(V ) fix x and the conic C0, then the orbit G · ρ(y0) is in Im ρ. This fact
together with the inequality (4.26) and Lemma 2.8 proves the proposition for cases (D), (E2)
and (C2). To complete the proof for case (A3), we need to show that case (c) of Lemma 2.8(4)
does not occur in our situation. We devote the rest of the proof to showing this.

Supposing that case (c) of Lemma 2.8(4) occurs in case (A3), we will derive a contradiction.
By the last sentence of Lemma 2.8(4), this occurs only if ε = 1 and the inequalities in (4.26) are
equalities; thus we have

ε = 1 and d− n = 2 s(4) +σ . (4.27)

Recall from § 2.3.2 that L6 parametrizes triples (x, l,H), where H is a plane in Pn, x is a point of
H and l is a line on H, and that q6 : L6 → Pn is a projection. Let u : L5 → L6 be the morphism
given by (x, l1, l2, H) 7→ (x, l2, H). Define the subvariety ∆ ⊂ L6 × S by

∆ =
{

((x, l,H), s) | x ∪ l ⊂ p−1(s)
}
,

where recall that S = H0(Pn,O(d)) \ {0} and p : X → S is the projection of the universal family
of hypersurfaces to S, so p−1(s) is the hypersurface of Pn defined by the homogeneous polynomial
corresponding to s. Likewise, define

L6 × S′ ⊃ ∆′ :=
{

((x, l,H), s′) | x ∪ l ⊂ p′−1(s)
}
,

and let r : ∆′ → L6 be the projection.

As we are now assuming that case (c) of Lemma 2.8(4) occurs, by associating ((x, l2, H), p1(y))
with a general point y ∈ Y, where x = (h ◦ f)(y), we obtain a rational map g1 : Y → ∆′. By
blowing up Y GL(V )-equivariantly and shrinking S′ if necessary, we may assume that g1 is a
morphism.

L5

u
��

∆′

��

//

r

**
∆

��

// L6

q6
��

Y

g1

66

g ,,

f //

p1
))

X ′ //

p′

��

h

((X //

p
��

Pn

S′
b

// S

71



T. Abe

Giving a point (x, l1, l2, H) of L5 is the same as giving a quadruple(
V

π−→ U, U
π′−→ A, U

τ1−→W1, U
τ2−→W2

)
,

where U , A, Wi are vector spaces of dimension 3, 1, 2, respectively, and π, π′, τi are surjective
linear maps such that there is a linear map π′′ : W1 → A with π′ = π′′ ◦ τ1. The correspondence
is given by H = P(U), x = P(A) and li = P(Wi). Denote by(

V ⊗OL5

π−→ U , U π′−→ A, U τ1−→W1, U
τ2−→W2

)
(4.28)

the universal family of such quadruples, where U , A, Wi are vector bundles on L5. Likewise, we
have universal objects (

V ⊗OL6

π−→ U , U π′−→ A, U τ2−→W2

)
(4.29)

on L6, where same objects appear in (4.28) and (4.29), but objects in (4.28) are pull-backs of
the corresponding objects in (4.29) via the morphism u : L5 → L6.

By the definition of ∆, we have ∆ = V
(
R∨d
)
\(zero section). One can show that the canonical

line bundle K∆ is isomorphic to the pull-back to ∆ of the line bundle

(detU)−n+3 ⊗Ad−4 ⊗ (detW2)
1
2
d(d+1)−4

on L6. Since the morphism ∆′ → ∆ is étale, we have

K∆′ = r∗
(
(detU)−n+3 ⊗Ad−4 ⊗ (detW2)

1
2
d(d+1)−4

)
. (4.30)

The normal sheaf Ng1 of the morphism g1 is defined by the exact sequence

0→ TY → g∗1T∆′ → Ng1 → 0 .

For a general point s′ ∈ S′, the sheaf Ng1 |Ys′ is isomorphic to the normal sheaf of g1s′ : Ys′ → ∆′s′ ,
where the subscript s′ means that we take the fibers over s′. The morphism r : ∆′ → L6 is smooth,
and the relative tangent bundle T∆′/L6

is isomorphic to r∗Rd. Since Y is smooth over L◦6, we
have, over the open subset (r ◦ g1)−1(L◦6), an exact sequence

0→ TY/L6
→ g∗1T∆′/L6

→ Ng1 → 0 .

For a general point y ∈ Y, we put T \ := TY/L6
|y, which we regard as a subspace of Md

x∪l2 by the
injection

T \ = TY/L6
|y ↪→ g∗1T∆′/L6

|y = (r ◦ g1)∗Rd|y = Md
x∪l2 .

By Proposition 4.9, we have T ′ ⊂ T \. Thus, we have

T \

⋃
⊂ Md

x∪l2⋃
T ′ ⊂ Md

l1∪l2 .

Using (4.27), one can compute dimensions:

dimT \/T ′ = 3 and dimMd
l1∪l2/T

′ = 3n− k − 2d .

Put λ = 3n − k − 2d. Choose general members P1, . . . , Pλ ∈ Md−2 and a general point s′ ∈ S′.
Let ψ : (r ◦ g1)∗Rd|Ys′ → Ng1 |Ys′ be the restriction to the fiber Ys′ of the composition

(r ◦ g1)∗Rd ' g∗1T∆′/L6
↪→ g∗1T∆′ → Ng1 ,
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and define a morphism

θ : ((r ◦ g1)∗R2|Ys′ )
⊕λ → Ng1 |Ys′

by (σj)16j6λ 7→
∑

16j6λ ψ(σj · Pj).
Let M be the line bundle on L5 whose fiber at (x, l1, l2, H) ∈ L5 is M2

x∪l2/M
2
l1∪l2 . There is

a natural surjection u∗R2 → M. Pulling this back to Ys′ via g′ := g|Ys′ : Ys′ → L5, we obtain
a surjection ϕ : (r ◦ g1)∗R2|Ys′ → (g′)∗M.

Claim 4.10.1. For general P ∈Md−2, the composition

(r ◦ g1)∗R2|Ys′
·P−−→ (r ◦ g1)∗Rd|Ys′

ψ−→ Ng1 |Ys′ → Coker θ/(torsion) (4.31)

factors through the morphism ϕ; that is, there exists a morphism ξP : (g′)∗M→ Coker θ/(torsion)
such that the composed morphism (4.31) is ξP ◦ ϕ.

Proof of Claim 4.10.1. For a general point y ∈ Ys′ , we have Md
l1∪l2 ⊂ T

\+
∑λ

i=1M
2
x∪l2 ·Pi because

dimMd
l1∪l2/T

′ = λ. It follows from this that the composed morphism (4.31) factors through ϕ
over a non-empty open subset of Ys′ . Since Coker θ/(torsion) is torsion-free, it factors through ϕ
over Ys′ .

We have

dim

(
T \ +

λ∑
i=1

M2
x∪l2 · Pi

)/
Md
l1∪l2 = 3 + λ < d− 1 = dimMd

x∪l2
/
Md
l1∪l2 ,

where the inequality is a consequence of the numerical assumption (3.5), so we have rank Coker θ
= d− λ− 4. Choose general Pλ+1, . . . , Pd−4 ∈Md−2, and consider the map

ξ =

d−4∑
i=λ+1

ξPi : ((g′)∗M)⊕d−λ−4 → Coker θ/(torsion)

(see the statement of Claim 4.10.1 for the notation ξPi). Then ξ is an injective morphism with
torsion cokernel.

Now we deduce the “positivity” of Ng1 |Ys′ . Since ξ is injective with torsion cokernel, we have

det Coker θ > det Coker θ/(torsion)

> (g′)∗Md−λ−4

= (g′)∗
(

detU ⊗A−1 ⊗ detW1 ⊗ (detW2)−1
)d−λ−4

,

where the last equality follows from the isomorphism

M' detU ⊗A−1 ⊗ detW1 ⊗ (detW2)−1 ,

which is easy to see. It follows from the last sentence of § 2.3.2 that

det Im θ > (g′)∗(detV2)−λ .

One can see that detV2 ' detU ⊗A⊗ (detW2)2, so we have

det Im θ > (g′)∗
(

detU ⊗A⊗ (detW2)2
)−λ

.

Combining these, we have

detNg1 |Ys′ > (g′)∗
(
(detU)d−2λ−4 ⊗A−d+4 ⊗ (detW1)d−λ−4 ⊗ (detW2)−d−λ+4

)
.
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From this and (4.30), we obtain

KYs′ > (g′)∗
(
(detU)d−n−2λ−1 ⊗ (detW1)d−λ−4 ⊗ (detW2)

1
2
d(d+1)−d−λ) .

Recall that λ = 3n− k− 2d, and one can see that d−λ− 4 > 0 and 1
2d(d+ 1)− d−λ > 0 under

the numerical assumption (3.5). The line bundles detU and detWi are globally generated. Then
by the assumption (3.4), we must have d − n − 2λ 6 0. This is equivalent to d 6 1

5(7n − 2k),
which contradicts the assumption (3.5).

This is the end of the proof of Proposition 4.1.

5. Lines and conics contained in the hypersufaces

The purpose of this section is to show the following refinement of Proposition 4.1.

Proposition 5.1. We can refine Proposition 4.1 as follows:

(1) The line l1 in cases (A1) and (A3), the line l in cases (C1), (C2), (G) and (H), and the
line li in case (E1) are contained in X ′s′ .

(2) In case (E2), exactly one of l1 and l2 is contained in X ′s′ .
(3) In case (D), the smooth conic C is contained in X ′s′ .

By Proposition 4.1, we know that if the line or conic associated with a general point y ∈ Y
in Proposition 3.4 is not contained in the hypersurface X ′s′ , then it intersects X ′s′ in one or two
points. Propositions 5.2 and 5.3 rule out the possibility of lines intersecting X ′s′ at one and two
points, respectively. The degenerate and smooth conic cases are studied in §§ 5.3 and 5.4.

5.1 One-point line case

Consider the setup in § 3.1. Let ∆d be the moduli space of triples (x, l, s′), where s′ ∈ S′, l is a
line in Pn and x is a point of l such that l ∩X ′s′ > d · x, where l ∩X ′s′ denotes a scheme-theoretic
intersection. (Here if l ⊂ X ′s′ , then we understand that this inequality holds.) Let ∆∞ be the
subvariety of ∆d parametrizing the (x, l, s′) ∈ ∆d such that l ⊂ X ′s′ . Denote by ρ the morphism
∆d → X ′ ⊂ Pn × S′ given by (x, l, s′) 7→ (x, s′).

Proposition 5.2. Assume that there is a GL(V )-equivariant rational map g : Y → ∆d \ ∆∞
with ρ ◦ g = f and that the inequality

d(d+ 1)

2
− 3n+ k + 1 > 0 (5.1)

holds. Then for general s′ ∈ S′, we have H0(Ys′ ,KYs′ ) 6= 0.

This proposition is just a restatement of [Cle03, Lemma 4.3].

5.2 Two-point line case

Consider the setup in § 3.1. Let r and s be positive integers with r + s = d. Let ∆r,s be the
moduli space of quadruples (x1, x2, l, s

′), where s′ ∈ S′ and x1 and x2 are points of l such that
l∩X ′s′ > rx1 + sx2. Let ∆∞ be the subvariety of ∆r,s parametrizing the (x1, x2, l, s

′) ∈ ∆r,s such
that l ⊂ X ′s′ . Denote by ρ the morphism ∆r,s → X ′ ⊂ Pn × S′ given by (x1, x2, l, s

′) 7→ (x1, s
′).
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Proposition 5.3. Assume that there is a GL(V )-equivariant rational map g : Y → ∆r,s \ ∆∞
with ρ ◦ g = f and that the inequality

d(d− 1)

2
− 3n+ k + 1 > 0 (5.2)

holds. Then for general s′ ∈ S′, we have H0(Ys′ ,KYs′ ) 6= 0.

The “(−1)-twisted” version of this proposition is [Pac03, Proposition 1.4]. The proof there
applies here as well.

5.3 Two-line conic case

Consider the setup in § 3.1. Let Γ◦ be the moduli space of quadruples (x,C,H, s) such that
(x,C,H) ∈ L◦3, s ∈ S and Xs ∩ li > d · x for i = 1, 2, where l1 and l2 are line components
of C. Let Γ◦∞ be the subvariety of Γ◦ consisting of the (x,C,H, s) ∈ Γ◦ such that C ⊂ Xs. Put
Γ′◦ := Γ◦ ×S S′ and Γ′◦∞ := Γ◦∞ ×S S′. Denote by ρ the morphism Γ′◦ → X ′ ⊂ Pn × S′ given by
(x,C,H, s′) 7→ (x, s′).

Proposition 5.4. Assume that there is a GL(V )-equivariant rational map g : Y → Γ′◦ with
ρ ◦ g = f and that the inequalities

d(d+ 3)

2
− 4n+ k − 2 > 0 and

d(d+ 1)

2
− 3n+ k + 2 > 0 (5.3)

hold. Assume, moreover, that for general y ∈ Y, if we write g(y) as (x,C = l1 ∪ l2, H, s′), neither
l1 nor l2 is contained in X ′s′ . Then for general s′ ∈ S′, we have H0(Ys′ ,KYs′ ) 6= 0.

Before beginning the proof of the proposition, we introduce some notation and construct
a compactification (over S) of Γ′◦.

Giving a point (x,C,H) of L3 is the same as giving surjective linear maps π : V → U and
π′ : U → A of vector spaces, where dimU = 3 and dimA = 1, together with a 1-dimensional
subspace R ⊂ S2(Kerπ′). The correspondence is that x = P(A) and H = P(U), and R defines C.
Let

π : V ⊗OL3 → U , π′ : U → A , R ⊂ S2(Kerπ′)

be their universal family on L3. The fiber of the vector bundle SdU/Sd−2U ⊗R at (x,C,H) ∈ L3

is isomorphic to H0(C,O(d)). The fiber at (x,C = l1∪ l2, H) ∈ L◦3 of the rank 2 vector subbundle
Sd(Kerπ′)/Sd−2(Kerπ′) ⊗ R of SdU/Sd−2U ⊗ R is isomorphic to the subspace of H0(C,O(d))
consisting of the sections s of OC(d) such that the zero divisor Z(s|li) satisfies Z(s|li) > d · x for
i = 1, 2. Let W be the kernel of the composite of morphisms

SdV ⊗OL3 → SdU → SdU/Sd−2U ⊗R → SdU/Sd−2U ⊗R
Sd(Kerπ′)/Sd−2(Kerπ′)⊗R

.

Let W∞ be the kernel of the composite of morphisms

SdV ⊗OL3 → SdU → SdU/Sd−2U ⊗R .

The fiber of W∞ at (x,C,H) ∈ L3 is H0(Pn, IC(d)). Put

Γ := V
(
W∨

)
\ (zero section) and Γ∞ := V

(
W∨∞

)
\ (zero section) .

There are natural projections Γ → X and Γ → L3. Put Γ′ := Γ ×X X ′ and Γ′∞ := Γ∞ ×X X ′.
Denote by r the composite Γ′ → Γ→ L3 of morphisms. Then r−1(L◦3) = Γ′◦, so Γ′ is a compacti-
fication of Γ′◦ over S′. The morphism ρ : Γ′◦ → X ′ extends to a morphism Γ′ → X ′, which is also
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denoted by ρ. We regard g as a rational map from Y to Γ′. Blowing up Y GL(V )-equivariantly
and shrinking S′ if necessary, we may assume that g is a morphism from Y to Γ′ and Y is still
smooth over S′.

Γ′

ρ
��

//

r

**
Γ

��

// L3

q3
��

Y

g

66

p1
))

f // X ′ //

p′

��

h

))
X //

p
��

Pn .

S′
b

// S

One can compute the canonical bundle of Γ′:

KΓ′ = r∗
(
(detU)d

2−2d−n−2 ⊗A2d−1 ⊗R2− 1
2

(d2−3d)
)
. (5.4)

The normal sheaf Ng of g is defined by the exact sequence

0→ TY → g∗TΓ′ → Ng → 0 .

Since GL(V ) acts transitively on L◦3, the open subscheme (r ◦ g)−1(L◦3) of Y is smooth over L◦3,
so we have an exact sequence

0→ TY/L3
→ g∗TΓ′/L3

→ Ng → 0 (5.5)

on (r ◦ g)−1(L◦3). We have isomorphisms

TΓ′/L3
' r∗W and TΓ′∞/L3

' r∗W∞ .

Proof of Proposition 5.4. Pick a general point s′ ∈ S′ and a general point y of Ys′ , and let
(x,C = l1 ∪ l2, H) := (r ◦ g)(y). Looking at the fiber over y of (5.5), we have an inclusion
TY/L3

|y ↪→ g∗TΓ′/L3
|y ' (r ◦ g)∗W|y ⊂ Md. If F is the degree d homogeneous polynomial

corresponding to b(s′) ∈ S, then F ∈ TY/L3
|y. This is because for any a ∈ C× ⊂ GL(V ),

(r◦g)(a·y) = (r◦g)(y), and a acts on S as multiplication by ad. The fiber g∗TΓ′/L3
|y = (r◦g)∗W|y

has (r ◦ g)∗W∞|y as a subspace, and if F ∈ (r ◦ g)∗W∞|y, then this means that C ⊂ X ′s′ . This
contradicts our assumption. So we have F /∈ (r ◦ g)∗W∞|y.

Claim 5.4.1. We have TY/L3
|y + (r ◦ g)∗W∞|y = g∗TΓ′/L3

|y.

Proof of Claim 5.4.1. Choose homogeneous coordinates [u0 : · · · : un] of Pn such that we have
x = [1 : 0 : · · · : 0], H = (u3 = · · · = un = 0), l1 = (u1 = 0) ∩H and l2 = (u2 = 0) ∩H. Then F
is written as

a1u
d
1 + a2u

d
2 + (terms vanishing on C)

with non-zero a1 and a2. Choose distinct integers k1 and k2. For t ∈ C×, the diagonal matrix
diag

(
1, tk1 , tk2 , 1, . . . , 1

)
∈ GLn+1 acts on Pn as

[u0 : u1 : u2 : . . . , un] 7→
[
u0 : tk1u1 : tk2u2 : . . . , un

]
.

This action transforms F as

F t := a1t
k1dud1 + a2t

k2dud2 + (terms vanishing on C) .

The action preserves l1 and l2, so the orbit of y stays in the fiber of the map (r ◦ g), which
implies that d

dtF
t
∣∣
t=1
∈ TY/L3

|y. Thus the image of the map TY/L3
|y → g∗TΓ′/L3

|y/(r ◦ g)∗W∞|y
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contains k1a1u
d
1 +k2a2u

d
2, where note that the 2-dimensional vector space g∗TΓ′/L3

|y/(r◦g)∗W∞|y
is naturally isomorphic to Cud1 ⊕ Cud2. This proves the claim.

Proof of Proposition 5.4, continued. Write g1 for the morphism (r ◦ g)|Ys′ : Ys′ → L3. By the
claim, the composite of morphisms

θ : g∗1W∞ ↪→ g∗1W = g∗TΓ′/L3
|Ys′ → g∗TΓ′ |Ys′ → Ng|Ys′

is generically surjective. Let V be the vector bundle on L3 whose fiber over (x,C,H) is
H0(Pn, IH(d)). We have the commutative diagram

0 // g∗1V //

θ′

��

g∗1W∞ //

θ
��

g∗1(W∞/V) //

θ′′

��

0

0 // θ(g∗1V) // Ng|Ys′ // Ng|Ys′/θ(g
∗
1V) // 0 ,

where θ′ is surjective and θ′′ is generically surjective. PutN ′ := θ(g∗1V) andN ′′ := Ng|Ys′/θ(g
∗
1V),

and let r1 = rankN ′ and r2 = rankN ′′.
Now we deduce the “positivity” of Ng|Ys′ . Since V ⊗ detU is globally generated by Proposi-

tion 2.7, we have detN ′ > g∗1(detU)−r1 . The fiber of W∞/V over (x,C,H) ∈ L3 is isomorphic
to H0(H, IC(d)), so we have an isomorphism W∞/V ' Sd−2U ⊗ R. Since U is globally gener-
ated, we can find an injective morphism g∗1R⊕r2 → N ′′ with torsion cokernel. Thus we obtain
detN ′′ > g∗1Rr2 . Combining these with (5.4), we obtain

KYs′ > g
∗
1

(
(detU)d

2−2d−n−r1−2 ⊗A2d−1 ⊗R2− 1
2

(d2−3d)+r2
)
. (5.6)

The variety L3 contains L4 as a divisor, and one can find thatOL3(L4) ' (detU)2⊗A−2⊗R−2.
Put

η =

⌊
1

2

(
d2 − 3d

2
− r2 − 2

)⌋
and ε =

d2 − 3d

2
− r2 − 2− 2η .

Then the right-hand side of (5.6) becomes

g∗1
(
(detU)d

2−2d−n−r1−2−2η−4ε ⊗A2d−1+2η ⊗
(
(detU)4 ⊗R−1

)ε ⊗O(L4)η
)
. (5.7)

The inequalities (5.3) imply that the exponents of detU and O(L4) in (5.7) are non-negative.
The line bundles detU and A are globally generated, and g∗1O(L4) has a non-zero section. Note
that (detU)4 ⊗ R−1 is also globally generated because S2U/R is globally generated. Thus the
line bundle (5.7) has a non-zero section, and we have H0(Ys′ ,KYs′ ) 6= 0 by (5.6).

Proposition 5.5. Under the setup described in § 3.1, consider the variety Γ′∞ and morphisms
ρ|Γ′∞ : Γ′∞ → X ′ and r|Γ′∞ : Γ′∞ → L3 introduced before the proof of Proposition 5.4. Assume
that there exists a GL(V )-equivariant rational map g : Y → Γ′∞ such that f = (ρ|Γ′∞) ◦ g and
((r|Γ′∞) ◦ g)−1(L3 \ L4) 6= ∅. Assume, moreover, that the inequalities

d2 + 3d

2
> 3n− k and

d2 + 5d

2
> 4n− k (5.8)

hold. Then we have H0(Ys′ ,KYs′ ) 6= 0 for general s′ ∈ S′.

The proof of this proposition is similar to but easier than that of Proposition 5.4, so we
omit it.
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5.4 Smooth conic case

Consider the setup in § 3.1. Let Ξ◦ be the moduli space of quadruples (x,C,H, s), where s ∈ S
and (x,C,H) ∈ L◦2 are such that Xs ∩ C > 2d · x. Let Ξ◦∞ be the subvariety of Ξ◦ consisting of
the (x,C,H, s) such that C ⊂ Xs. Put Ξ′◦ = Ξ◦ ×S S′ and Ξ′◦∞ = Ξ◦∞ ×S S′. Denote by ρ the
map ρ : Ξ′◦ → X ′ given by (x,C,H, s′) 7→ (x, s′).

Proposition 5.6. Assume that there exists a GL(V )-equivariant rational map g : Y → Ξ′◦ \Ξ′◦∞
such that ρ ◦ g = f . Assume, moreover, that the inequalities

d2 − d
2
> 3n− k + 2 and

2d2 + 5d

3
> 4n− k +

22

3
(5.9)

hold. Then for general s′ ∈ S′, we have H0(Ys′ ,KYs′ ) 6= 0.

Before beginning the proof of the proposition, we introduce some notation and prepare some
lemmas.

Giving a point (x,C,H) ∈ L2 is the same as giving surjective linear maps π : V → U and
π′ : U → A of vector spaces, where dimU = 3 and dimA = 1, and a 1-dimensional subspace
R ⊂ Ker(S2π′), where S2π′ : S2U → A2. Let

π : V ⊗OL2 → U , π′ : U → A , R ⊂ Ker
(
S2π′

)
be their universal family on L2. Put B := L2 \L◦2. Then B is a divisor of L2 parametrizing triples
(x,C,H) with C a degenerate conic. Note that we have a sequence of subschemes: L2 ⊃ B ⊃
L3 ⊃ L4.

Define the map π′ · id : S2U → U ⊗ A by (π′ · id)(uv) = u ⊗ π′(v) + v ⊗ π′(u) for sections u
and v of U . Tensoring this map with A−1, we obtain a map τ : S2U ⊗ A−1 → U . Let ζ be the
composite of morphisms(

R⊗A−1
)d
↪→ Sd

(
S2U ⊗A−1

) Sdτ−−→ SdU → SdU/Sd−2U ⊗R .

The fiber of SdU/Sd−2U ⊗R over a point (x,C,H) ∈ L2 is isomorphic to H0(C,O(d)).

Lemma 5.7. For a point (x,C,H) ∈ L2, the restriction ζ|(x,C,H) of ζ to fibers over (x,C,H) is
the zero map if and only if (x,C,H) ∈ L3.

Proof. Let H be the moduli space parametrizing pairs (x,H), where H is a plane in Pn = P(V )
and x is a point of H. There is a natural projection v : L2 → H given by (x,C,H) 7→ (x,H).
Since GL(V ) acts transitively on H and the morphism v is GL(V )-equivariant, we may consider
the lemma after fixing a pair (x,H) ∈ H. By abuse of notation, we use the same letters when we
fix (x,H) ∈ H. For example, the fiber of the map v : L2 → H over (x,H) is denoted by L2.

Choose homogeneous coordinates [X0 : · · · : Xn] of Pn in such a way that x = [1 : 0 : · · · : 0]
and H = (X3 = · · · = Xn = 0). Then π : V = ⊕ni=0CXi → U = ⊕2

i=0CXi and π′ : U =
⊕2
i=0CXi → A = CX0 are natural projections, and

L2 =
({
aX2

1 + bX2
2 + 2cX0X1 + 2dX0X2 + 2eX1X2

}
\ {0}

)/
C× ' P4

is a 4-dimensional projective space with homogeneous coordinate [a : b : c : d : e]. We have
L2 ⊃ L3 = (c = d = 0).

By the definition of π′ · id : S2U → U⊗A, we have (π′ · id)
(
X2

0

)
= 2X0⊗X0, (π′ · id)(X0Xi) =

Xi ⊗X0 for i 6= 0 and (π′ · id)(XiXj) = 0 for i, j 6= 0.

Consider a point [F ] ∈ L2 represented by a polynomial

F (X0, X1, X2) = aX2
1 + bX2

2 + 2cX0X1 + 2dX0X2 + 2eX1X2 .
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The fiber of the line bundle R ⊂ S2U ⊗OL2 over [F ] is C · F , and (π′ · id)(F ) = 2(cX1 + dX2).

Therefore, the image of ζ|[F ] is C(cX1 + dX2)d ⊂ SdU/Sd−2U · F , which is zero if and only if
c = d = 0. This proves the lemma.

It follows from the proof of Lemma 5.7 that if C is a smooth conic, then the image of ζ|(x,C,H)

is the 1-dimensional subspace of H0(C,O(d)) spanned by a section s whose zero divisor Z(s) is
2d ·x. Let u1 : L′2 → L2 be the blow-up of L2 along L3 and E1 = u−1

1 (L3) the exceptional divisor.
Let B′ be the strict transform of B in L′2. Let Z1 be the reduced closed subscheme of L′2 with
support u−1

1 (L4) ∩ B′.

Lemma 5.8. The pull-back u∗1(ζ) of the map ζ by u1 factors as

u∗1
(
R⊗A−1

)d
↪→
(
u∗1
(
R⊗A−1

)
(E1)

)d ζ′−→ u∗1
(
SdU/Sd−2U ⊗R

)
. (5.10)

Moreover, the locus where the map ζ ′ vanishes is Z1.

Proof. As in the proof of Lemma 5.7, we fix a pair (x,H) ∈ H and use the notation introduced
there such as L2 = P4 = {[a : b : c : d : e]} ⊃ L3 = (c = d = 0).

The blow-up L′2 is

P4 × P1 ⊃ L′2 =
{

([a : b : c : d : e], [c′ : d′])|cd′ = dc′
}
.

It is covered by the two open subsets L′2 ∩ (c′ 6= 0) and L′2 ∩ (d′ 6= 0). By symmetry, we only
have to consider the open subset L′2 ∩ (c′ 6= 0), which will be identified with P3 × A1 by the
isomorphism given by

P3 × A1 3 ([a : b : c : e], d̄) 7→ ([a : b : c : cd̄ : d], [1 : d̄]) ∈ L′2 ∩ (c′ 6= 0) .

The fiber of u∗1R over a point ([a : b : c : e], d̄) is spanned by the polynomial F = aX2
1 + bX2

2 +
2cX0X1 +2cd̄X0X2 +2eX1X2, and the morphism u∗1(π′ · id) sends it to c(X1 + d̄X2)⊗X0 ∈ U⊗A.
Since E1 is defined by c = 0, this shows that u∗1(π′·id) factors as u∗1R ↪→ (u∗1R)(E1)→ U⊗A⊗OL′2 .
This implies that u∗1(ζ) factors as (5.10). By Lemma 5.7, the map ζ ′|([a:b:c:e],d̄) is non-zero if c 6= 0.

If c = 0, then its image is spanned by (X1 + d̄X2)d ∈ SdU/Sd−2 ·
(
aX2

1 + bX2
2 + 2eX1X2

)
, which

is zero if and only if aX2
1 + bX2

2 + 2eX1X2 = a(X1 + d̄X2)2. So the locus where ζ ′|([a:b:c:e],d̄) is

zero is given by c = 0, a 6= 0, b = ad̄2 and e = ad̄. We can see that this coincides with Z1. In
fact, since L2 ⊃ B =

(
ad2 + bc2 − 2cde = 0

)
, we have B′ =

(
ad̄2 + b − 2d̄e = 0

)
in the open

subset L′2 ∩ (c′ 6= 0) = P3 × A1. The intersection of this with u−1
1 (L4) =

(
c = ab − e2 = 0

)
is(

c = 0, a 6= 0, b = ad̄2, e = ad̄
)
⊂ P3 × A1.

Define the ideal sheaf I ⊂ OL′2 in such a way that the image of the map

(ζ ′)∨ : u∗1
(
SdU/Sd−2U ⊗R

)∨ → (
u∗1
(
R⊗A−1

)
(E1)

)−d
is I

(
u∗1
(
R⊗A−1

)
(E1)

)−d
. By Lemma 5.8, we have Supp(OL′2/I) = Z1.

Lemma 5.9. We have I ⊃ (IZ1)2d−3.

Proof. As in the proofs of Lemmas 5.7 and 5.8, we fix a pair (x,H) ∈ H and use the notation
introduced there. By symmetry, it suffices to prove I ⊃ (IZ1)2d−3 only on L′2∩{c′ 6= 0} = P3×A1.
We saw in the proof of Lemma 5.8 that Z1 ∩

(
P3 ×A1

)
is contained in

(
P3 ×A1

)
∩ {a 6= 0}. We

identify
(
P3 × A1

)
∩ {a 6= 0} with A3 × A1 = A4 by the isomorphism

A4 3
(
b̄, c̄, ē; d̄

)
7→
(
[1 : b̄ : c̄ : ē], d̄

)
∈
(
P3 × A1

)
∩ {a 6= 0} .
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The fiber of u∗1R over (b̄, c̄, ē; d̄) is spanned by

F = X2
1 + b̄X2

2 + 2c̄X0X1 + 2c̄d̄X0X2 + 2ēX1X2 .

Varying (b̄, c̄, ē; d̄) ∈ A4, we see that 1
c̄F gives a nowhere vanishing section of (u∗1R)(E1) over

A4. The image of the nowhere vanishing section
(

1
c̄F
)d

of ((u∗1R ⊗ A)(E1))d over A4 by ζ ′ is

(X1 + d̄X2)d ∈ SdU ⊗OA4/Sd−2U · F . Put Y1 = X1 + d̄X2. Then F can be written as

F = Y 2
1 +

(
2c̄X0 + 2(ē− d̄)X2

)
Y1 +

(
b̄+ d̄2 − 2ēd̄

)
X2

2 .

We make a coordinate change of A4. Put

s = 2d̄ē− b̄− d̄2 , t = −2c̄ , v = 2
(
d̄− ē

)
.

We use (s, t, v; d̄) as a new coordinate of A4. Then F = Y 2
1 − (tX0 + vX2)Y1 − sX2

2 , and Z1 is
defined by s = t = v = 0.

We define an isomorphism SdU ⊗ OA4/Sd−2U · F ' O⊕2d+1
A4 as follows. For a degree d ho-

mogeneous polynomial G(X0, Y1, X2) of variables X0, Y1, X2 with coefficients in C[s, t, v, d̄],
performing a division by F , we obtain the equation

G ≡ A(X0, X2)Y1 +B(X0, X2) (mod F ) ,

where A and B are homogeneous polynomials in the variables X0 and X2 of degree d− 1 and d,
respectively, with coefficients in C[s, t, v, d̄]. Associating the 2d+ 1 coefficients of A and B with
G, we obtain an isomorphism SdU ⊗OA4/Sd−2U · F ' O⊕2d+1

A4 . We want to consider the image

of (X1 + d̄X2)d = Y d
1 ∈ SdU ⊗OA4/Sd−2U · F in O⊕2d+1

A4 via this isomorphism.

For l > 2, let Al(X0, X2) and Bl(X0, X2) be the homogeneous polynomials in the variables
X0 and X2 of degree l − 1 and l, respectively, with coefficients in C[s, t, v, d̄] such that

Y l
1 ≡ Al(X0, X2)Y1 +B(X0, X2) (mod F ) .

Let Il be the ideal of C[s, t, v, d̄] generated by the coefficients of Al and Bl. By the definition of
I ⊂ OL′2 , we have I|A4 ' Ĩd. Therefore, the lemma follows from the next claim.

Claim 5.9.1. For l > 2, the ideal Il contains the elements tisj for i+j = l−1 and tisjv2l−3−2i−2j

for i+ j 6 l − 2.

Proof of Claim 5.9.1. Since d̄ does not appear in the coefficients of F , neither does it in those
of Al and Bl. Therefore, we ignore d̄ in the proof and consider Il as an ideal of C[s, t, v].

We first make an observation. By the definitions of Al and Bl, we have the relations

Al = (tX0 + vX2)Al−1 +Bl−1 and Bl = sX2
2Al−1 . (5.11)

From this, we have

sX2
2Al − (tX0 + vX2)Bl = sX2

2Bl−1 . (5.12)

It follows from this and the second equation of (5.11) that

Il ⊃ sIl−1 . (5.13)

From the relation (5.11), we see easily, by induction on l, that if we set deg t = deg v = 1 and
deg s = 2, then the coefficients of Al and Bl are homogeneous polynomials in t, v, s of degree
l−1 and l, respectively. From this and the relation (5.11), we easily see, again by induction on l,
that

(i) the coefficient of X l−1
0 in Al is tl−1,
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(ii) the coefficient of X l−2
0 X2 in Al is (l − 1)tl−2v,

(iii) the coefficient of X l−1−i
0 Xi (2 6 i 6 l − 1) in Al is(

l − 1

i

)
tl−1−ivi + tl−1−i ·

(
linear combination of sjvi−2j , 1 6 j 6 bi/2c

)
.

Now we prove the claim by induction on l > 2. We have A2 = tX0 + vX2 and B2 = sX2
2 ;

thus I2 = (t, v, s), so the claim holds for l = 2. Let l > 3, and assume that the claim holds up to
degree l−1. From (5.13), assertion (i) and the induction hypothesis, we infer that Il contains the
elements tisj for i+ j = l− 1. Let us show next that Il contains the elements tisjv2l−3−2i−2j for
i+ j 6 l − 2. If j > 0, then tiv2l−3−2i−2j ∈ Il−j by the induction hypothesis. By (5.13), we have
tisjv2l−3−2i−2j ∈ Il. It remains to show that tiv2l−3−2i ∈ Il for 0 6 i 6 l − 2 or, equivalently,
that tl−1−kv2k−1 ∈ Il for 1 6 k 6 l − 1. For k = 1, that we have tl−1−kv2k−1 ∈ Il follows from
assertion (ii). For 2 6 k 6 l − 1, we see from assertion (iii) that(

l − 1

k

)
tl−1−kvk + tl−1−k ·

(
linear combination of sjvk−2j , 1 6 j 6 bk/2c

)
is contained in Il. Multiplying this by vk−1, we see that Il contains the(

l − 1

k

)
tl−1−kv2k−1 + tl−1−k ·

(
linear combination of sjv2k−1−2j , 1 6 j 6 bk/2c

)
. (5.14)

By the induction hypothesis, we have tl−1−ksj−1v2k−1−2j ∈ Il−1 for 1 6 j 6 bk/2c. By (5.13),
we see that the second term of (5.14) is in Il, thus so is the first term. This is the end of the
proof of Claim 5.9.1.

This is the end of the proof of Lemma 5.9.

Let u2 : L′′2 → L′2 be the blow-up of L′2 along the smooth variety Z1. Put I2 := Im(u∗2I →
OL′′2 ). By Lemma 5.9, we have

I2 ⊃ OL′′2 (−(2d− 3)E2) , (5.15)

where E2 = u−1
2 (Z1) is the u2-exceptional divisor. Let L̃′′2 → L′′2 be the blow-up of L′′2 by the

ideal I2, and let L′′′2 → L̃′′2 be a GL(V )-equivariant resolution. The composite L′′′2 → L̃′′2 → L′′2 is
denoted by u3. There exists an effective divisor E3 on L′′′2 such that Im

(
(u2 ◦ u3)∗I → OL′′′2

)
=

OL′′′2 (−E3). The image of the map (u2 ◦ u3)∗(ζ ′)∨ given by

(u2 ◦ u3)∗u∗1
(
SdU/Sd−2U ⊗R

)∨ → (u2 ◦ u3)∗
(
u∗1
(
R⊗A−1

)
(E1)

)−d
is (u2 ◦ u3)∗

(
u∗1
(
R⊗A−1

)
(E1)

)−d
(−E3). Put E := d(u2 ◦ u3)∗(E1) + E3 and u := u1 ◦ u2 ◦ u3.

Therefore, the map u∗(ζ) factors as

u∗
(
R⊗A−1

)d
↪→ u∗

(
R⊗A−1

)d
(E)

ζ′′′−−→ u∗
(
SdU/Sd−2U ⊗R

)
,

and the middle term is a subbundle of the last term via ζ ′′′.

Lemma 5.10. The divisor (d− 1)u∗B− E on L′′′2 is effective.

Proof. Since −E3 > u∗3(−(2d− 3)E2) by (5.15), it suffices to show that

(d− 1)u∗B− d(u2 ◦ u3)∗(E1)− (2d− 3)u∗3E2 > 0 .
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For this, we show that (d− 1)(u1 ◦ u2)∗B− du∗2(E1)− (2d− 3)E2 > 0. Since u∗1B = B′ + 2E1, we
need to show that

(d− 1)u∗2B′ + (d− 2)u∗2E1 − (2d− 3)E2 > 0 . (5.16)

If B′′ and E′′1 are strict transforms of B′ and E1 in L′′2, respectively, then u∗2B′ = B′′ + E2 and
u∗2E1 = E′′1 + E2. Thus (5.16) follows.

Let W be the kernel of the map

SdV ⊗OL′′′2
u∗Sdπ−−−−→ u∗SdU → u∗

(
SdU/Sd−2U ⊗R

)
→

u∗
(
SdU/Sd−2U ⊗R

)
u∗
(
R⊗A−1

)d
(E)

,

and let W∞ be the kernel of the map

SdV ⊗OL′′′2
u∗Sdπ−−−−→ u∗SdU → u∗

(
SdU/Sd−2U ⊗R

)
.

Put

Ξ = V
(
W∨

)
\ (zero section) and Ξ∞ = V

(
W∨∞

)
\ (zero section) .

There are natural morphisms Ξ → X and Ξ → L′′′2 . Put Ξ′ = Ξ ×X X ′ and Ξ′∞ = Ξ∞ ×X X ′.
Denote by r the composite of morphisms Ξ′ → Ξ → L′′′2 . The inverse image of L◦2 via the
morphism u ◦ r : Ξ′ → L2 is Ξ′◦. Thus Ξ′ is a compactification of Ξ′◦ over S′. The morphism
ρ : Ξ′◦ → X ′ extends to a morphism Ξ′ → X ′, which is also denoted by ρ. We regard g as a
rational map from Y to Ξ′. By blowing up Y GL(V )-equivariantly and shrinking S′ if necessary,
we may assume that g is a morphism from Y to Ξ′ and Y is still smooth over S′

Ξ′

ρ

��

//

r

**
Ξ

��

// L′′′2
u
��

L2

q2
��

Y

g

::

f // X ′ //

p′
��

h

((X //

p
��

Pn

S′
b

// S

There is an effective u-exceptional divisor D on L′′′2 such that KL′′′2 = (u∗KL2)(D). One can
compute the canonical bundle of Ξ′:

KΞ′ = (u ◦ r)∗
(
(detU)d

2−n−4 ⊗Ad−1 ⊗R−
1
2
d(d+1)+5

)
⊗ r∗OL′′′2 (D − E) .

Define the normal sheaf Ng of g by the exact sequence

0→ TY → g∗TΞ′ → Ng → 0 .

Since (r ◦ g)|(u◦r◦g)−1(L◦2) is smooth, we have an exact sequence

0→ TY/L′′′2 → g∗TΞ′/L′′′2 → Ng → 0

on (u ◦ r ◦ g)−1(L◦2). We have isomorphisms TΞ′/L′′′2 ' r
∗W and TΞ′∞/L′′′2 ' r

∗W∞.

Proof of Proposition 5.6. By assumption, we have Im g 6⊂ Ξ′∞. Pick a general point s′ ∈ S′, and
write g1 for the morphism (r ◦ g)|Ys′ : Ys′ → L′′′2 . Then the composite of maps

θ : g∗1W∞ ↪→ g∗1W = g∗TΞ′/L′′′2 |Ys′ ↪→ g∗TΞ′ |Ys′ → Ng|Ys′
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is generically surjective (cf. the paragraphs before and after Claim 5.4.1). Let V be the vector
bundle on L2 whose fiber over (x,C,H) is H0(Pn, IH(d)). We have the commutative diagram

0 // (u ◦ g1)∗V //

θ′

��

g∗1W∞ //

θ
��

g∗1(W∞/u∗V) //

θ′′

��

0

0 // θ((u ◦ g1)∗V) // Ng|Ys′
// Ng|Ys′ /θ((u ◦ g1)∗V) // 0 ,

where θ′ is surjective and θ′′ is generically surjective. Put N ′ := θ((u ◦ g1)∗V) and N ′′ :=
Ng|Ys′/θ((u ◦ g1)∗V), and let r1 = rankN ′ and r2 = rankN ′′. Arguing as in the proof of Propo-
sition 5.4, we obtain

KYs′ > (u ◦ g1)∗
(
(detU)d

2−n−4−r1 ⊗Ad−1 ⊗R−
1
2
d(d+1)+5+r2

)
⊗ g∗1OL′′′2 (D − E) . (5.17)

One can show that OL2(B) ' (detU)2 ⊗R−3. Put

η =

⌊
1

3

(
d(d+ 1)

2
− r2 − 5

)⌋
and ε =

d(d+ 1)

2
− r2 − 5− 3η .

The right-hand side of (5.17) becomes

(u ◦ g1)∗
(
(detU)d

2−n−4−r1−2η−4ε ⊗Ad−1 ⊗OL2(B)η−d+1 ⊗
(
(detU)4 ⊗R−1

)ε)
⊗g∗1

(
u∗OL2((d− 1)B)⊗OL′′′2 (−E)

)
⊗ g∗1OL′′′2 (D) .

(5.18)

The inequalities (5.9) imply that the exponents of detU and OL2(B) in (5.18) are non-negative.
The line bundles detU , A and (detU)4 ⊗ R−1are globally generated, and (u ◦ g1)∗OL2(B) and
g∗1OL′′′2 (D) have a non-zero global section. Now, g∗1

(
u∗OL2((d − 1)B) ⊗ OL′′′2 (−E)

)
also has a

non-zero global section, as follows from Lemma 5.10. Altogether, (5.18) has a non-zero section.
Thus H0(Ys′ ,KYs′ ) 6= 0 by (5.17).

5.5 Proof of Proposition 5.1

We first note that the inequalities (5.1), (5.2), (5.3), (5.9) and (5.8) hold under the assump-
tion (3.5).

(1) If the line l1 in case (A3) or the line l in case (C2) is not contained in X ′s′ , then we are in the
situation of Proposition 5.3. So we have H0(Ys′ ,KYs′ ) 6= 0, contradicting our assumption (3.4).
In the other cases, we obtain a contradiction applying Proposition 5.2.

(2) First suppose that neither l1 nor l2 is contained in X ′s′ . If ](l1∩X ′s′) + ](l2∩X ′s′) = 2, then
we obtain a contradiction applying Proposition 5.4. If ](l1 ∩ X ′s′) + ](l2 ∩ X ′s′) = 3, then one of
l1 and l2 intersects X ′s′ in one point, and the other in two points. We can obtain a contradiction
applying Proposition 5.2 or 5.3.

Now we have shown that at least one of l1 and l2 is contained in X ′s′ . If both l1 are l2 are
contained in X ′s′ , then we can obtain a contradiction using Proposition 5.5.

(3) In case (D), if the conic C is not contained in X ′s′ , use Proposition 5.6 to obtain a
contradiction. This is the end of the proof of Proposition 5.1.
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6. Covered by lines and conics

To state the following two propositions, we introduce a setup. As in § 3.1, we consider the following
diagram:

Y

p1 ��

X ′

p′

��

⊂ Pn × S′

S′
b

// S .

Define the subvarieties D ⊂ G1 × S′ and D′ ⊂ G2 × S′ by

G1 × S′ ⊃ D =
{

(l, s′)
∣∣l ⊂ X ′s′} ,

G2 × S′ ⊃ D′ =
{

((C,H), s′)
∣∣C ⊂ X ′s′} .

Let π1 : D → G1, π2 : D → S′, π′1 : D′ → G2 and π′2 : D′ → S′ be the projections.

Proposition 6.1. Assume that (3.4) holds and that there exists a GL(V )-equivariant morphism
j : Y → D such that π2 ◦ j = p1:

Y

p1 ��

j // D

π2
��

⊂ G1 × S′ // G1

S′ .

Assume, moreover, that the inequality 1
2(d2 + 3d) > 3n − k − 2 holds. Then the morphism j is

not generically finite.

Proposition 6.2. Assume that (3.4) holds and that there exists a GL(V )-equivariant morphism
j′ : Y → D′ such that π′2 ◦ j′ = p1 and (j′ ◦ π′1)−1(G◦2) 6= ∅:

Y

p1 ��

j′ // D′

π′2
��

⊂

π′1

&&
G2 × S′ // G2

S′ .

Assume, moreover, that the inequalities

2d2 + 7d

3
> 4n− k +

7

3
and

d2 + 3d

2
> 3n− k + 4

hold. Then the morphism j′ is not generically finite.

The proofs of these propositions are similar to (and easier than) those of Propositions 5.4
and 5.6, so we omit them.

Note that under the assumption (3.5), the inequalities in Propositions 6.1 and 6.2 hold.

Remark 6.3. In case k = 1, Proposition 6.1 already appeared in [RY20, Remark].

Theorem 6.4. Let d, n > 3 and 1 6 k 6 n − 2 be integers satisfying (3.5). Let X ⊂ Pn be
a very general hypersurface of degree d. If Z ⊂ X is a k-dimensional subvariety of X such that
its desingularization Y → Z has H0(Y,KY ) = 0, then Z is a union of lines and conics.

Proof. Put S = H0(Pn,OPn(d)) \ {0}, and let S◦ ⊂ S be the open subset of S consisting of the
degree d homogeneous polynomials F such that the hypersurface defined by F is smooth. Let
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X ◦ ⊂ Pn×S◦ be the universal family of smooth hypersurfaces of degree d. Let H = Hilb(X ◦/S◦)
be the Hilbert scheme parametrizing the k-dimensional closed subvarieties of X ◦/S◦, and let
π : H → S◦ be the projection. Let Z ⊂ Pn×S◦ H be the universal family of subvarieties. We can
stratify H as H = tλ∈ΛHλ by countably many locally closed GLn-invariant smooth subvarieties
of H in such a way that for each λ ∈ Λ, there exist a smooth variety Yλ with GLn-action,
a smooth projective GLn-equivariant morphism Yλ → Hλ with connected fibers and a GLn-
equivariant morphism fλ : Yλ → Z ×H Hλ over Hλ such that the restrictions of fλ to the fibers
over every point of Hλ are generically injective.

Let Λ′ ⊂ Λ be the subset of Λ consisting of the λ such that π|Hλ : Hλ → S◦ is not dominant.
We show that if X is the hypersurface defined by a homogeneous polynomial F ∈ S◦\∪λ∈Λ′π(Hλ)
and if Z ⊂ X is a k-dimensional subvariety such that its desingularization Y → Z satisfies
H0(Y,KY ) = 0, then Z is a union of lines and conics.

The point [Z] ∈ H representing Z is inHλ with λ ∈ Λ\Λ′. There exist a smooth variety S′ with
a GLn-action, a GLn-equivariant étale morphism b : S′ → S and a GLn-equivariant morphism
j : S′ → Hλ over S such that the image of j passes through a general point of Hλ (cf. [CR04,
§ 1]). The base change by j of fλ : Yλ → Z ×H Hλ ⊂ X ×S◦ Hλ yields a morphism f : Y → X ′ as
in § 3.1. By assumption, it satisfies (3.4). It follows from Proposition 5.1 that we can assign to
a general point y ∈ Y a line or smooth conic passing through (h ◦ f)(y) which lies on X ′s′ . This
assignment yields a morphism j : Y → D or j′ : Y → D′ as in Proposition 6.1 or 6.2 after blowing
up Y GLn-equivariantly and shrinking S′ if necessary. Suppose that we are in the situation of
Proposition 6.1. Since the restriction js′ : Ys′ → Ds′ of j is not generically finite, the dimension
of js′(Ys′) ⊂ G1 is at most k − 1. By the definition of j, we have fs′(Ys′) ⊂ ∪l∈js′ (Ys′ )l. Then
we must have fs′(Ys′) = ∪l∈js′ (Ys′ )l for a dimensional reason. When we are in the situation of
Proposition 6.2, we can argue similarly.

Now we have proved that for general u ∈ Hλ, the variety Z ×H {u} is a union of lines and
conics. Since the property of being a union of lines and conics is a closed condition, we see that Z
is also a union of lines and conics.

Corollary 6.5. Let d, n > 3 be integers satisfying the inequality d > 1
5(7n + 16). If C is a

rational curve on a very general hypersurface X ⊂ Pn of degree d, then it is a line or a conic.

We conclude this paper with questions. The “simplest” rational curve other than a line and
a conic would be a twisted cubic. A dimension count suggests that if 4n > 3d, then degree d
hypersurfaces in Pn will contain twisted cubics. Then it would be natural to ask the following.

Question 6.6. If 1
5(7n + 16) > d > 4

3n, then are there any rational curves other than lines and
conics on a very general degree d hypersurface in Pn?

In view of Theorem 6.4, one can ask the following.

Question 6.7. Assume d > n+ 2. Is every subvariety with geometric genus zero of a very general
degree d hypersurface in Pn uniruled?
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