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Inversion of adjunction for quotient singularities

Yusuke Nakamura and Kohsuke Shibata

ABSTRACT

We prove the precise inversion of the adjunction formula for quotient singularities and
klt Cartier divisors. As an application, we prove the semi-continuity of minimal log
discrepancies for klt hyperquotient singularities.

1. Introduction

The minimal log discrepancy is an invariant of singularities defined in birational geometry.
Shokurov proved that two conjectures on the minimal log discrepancies, the LSC (lower semi-
continuity) conjecture and the ACC (ascending chain condition) conjecture, imply the termina-
tion of flips conjecture [Sho04]. We refer the reader to [Kawl4, Kawl5, Nakl6a, MN18, Kaw?21,
HLS19] for the recent developments related to the ACC conjecture. In this paper, we focus on the
LSC conjecture. We always work over an algebraically closed field of characteristic zero unless
otherwise stated.

CONJECTURE 1.1 (LSC conjecture). Let (X, a) be a log pair, and let | X| be the set of all closed
points of X with the Zariski topology. Then the function

| X| = RsoU{—00}, 2 mldy(X,a)

is lower semi-continuous.

The LSC conjecture is known to be true in the following cases:

(1.1.1) the case when dim X < 3 [Amb99],

( ) the case when X is smooth [EMY03],

(1.1.3) more generally, the case when X is a normal local complete intersection variety [EMO04],
( ) the case when X has only quotient singularities [Nak16b],

( ) the case when X is a smooth variety over an algebraically closed field of arbitrary char-

acteristic under some condition [Shil9].

The main purpose of this paper is to prove the LSC conjecture for varieties with hyperquotient
singularities, more generally, the quotient of a complete intersection variety by a finite linear
group action.
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INVERSION OF ADJUNCTION FOR QUOTIENT SINGULARITIES

THEOREM 1.2 (Theorem 6.2). Suppose that a finite subgroup G C GLy (k) acts on AY freely
in codimension one. Let X := A,iv /G be the quotient variety. Let Y be a subvariety of X of
codimension ¢ which has only Kawamata log terminal (klt) singularities, and let a be an R-ideal
sheaf on Y. Suppose that Y is locally defined by ¢ equations in X. Then the function

Y| = Ry U {—o0}, y+— mldy(Y,a)

is lower semi-continuous, where we denote by |Y'| the set of all closed points of Y with the Zariski
topology.

In this paper, we also treat the PTA (precise inversion of adjunction) conjecture.

CONJECTURE 1.3 (PIA conjecture, [Kol92, Conjecture 17.3.1]). Let (X, a) be a log pair, and
let D be a normal Cartier prime divisor. Let € D be a closed point. Suppose that D is not
contained in the cosupport of the R-ideal sheaf a. Then we have

mld, (X, a0x(—D)) = mld,(D,aOp).

The PIA conjecture is known to be true in the following cases:

(1.3.1) the case when X is smooth [EMYO03],

(1.3.2) more generally, the case when X is a normal local complete intersection variety [EMO04].

In this paper, we study the PTA conjecture for varieties with quotient singularities.

THEOREM 1.4 (= Corollary 6.1). Suppose that a finite subgroup G C GLy (k) acts on AY freely
in codimension one. Let X := A,]{V/G be the quotient variety, and let x € X be the image of the
origin of Aév . Let Y be a subvariety of X through x of codimension c, and let a be an R-ideal
sheaf on Y. Suppose that Y is locally defined by ¢ equations at « in X. Let D be a Cartier prime
divisor on Y through x with a klt singularity at x € D. Suppose that D is not contained in the
cosupport of the R-ideal sheaf a. Then it follows that

mld, (Y, aOy (—D)) = mld,(D, aOp).

By Theorem 1.4, Theorem 1.2 can be reduced to the case (1.1.4) when X has quotient
singularities. Hence this paper is mainly devoted to proving Theorem 1.4.

The main tools of this paper involve the theory of the arc space of a quotient singularity
established by Denef and Loeser in [DL02] and the technique on arc spaces for proving (1.3.1)
established by Ein, Mustata and Yasuda in [EMYO03].

By the theory of Denef and Loeser, the arc space of quotient variety can be studied by
those of certain k[t]-schemes. We briefly review their theory here. Suppose that a finite group
G C GLy(k) of order d acts on X = Speck|zy,...,zn]. Let Y C X be a G-invariant closed

subvariety and I C k[z1,...,xy] its defining ideal. We denote by Y := Y /G its quotient. For

each v € G, a kl[t]-scheme Y is defined as follows. By changing the basis z1,...,zy linearly,

we may assume that 7 is a diagonal matrix with entries £°,..., &N (for 0 < e; < d—1), where £
is a primitive dth root of unity in k. Let )\i be the ring homomorphism defined by

X:: k[{Bl, R ,xN]G — k[t][l’l, .. .,I'N] , Xt tei/dl'i .

Then the k[t]-scheme Y is defined by

Y = Spec k[t][x1, . . ., :L‘N]/T(PY) ,
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Y. NAKAMURA AND K. SHIBATA

where 7(7) is the ideal generated by elements of X:(I ). We denote by Y, the arc space of Y,
™) ™)

) the arc space of Y’

which parametrizes k-morphisms Spec k[[t]] — Y. We also denote by Y
which parametrizes k[t]-morphisms Spec k[[t]] — v m [DLO02], Denef and Loeser investigate

the change of variables formula on the map YOZ — Y. Their theory allows us to compare the

two spaces Yoo and | | ¢ YE,Z). In [DLO02], they basically work in the case where I = 0 since

they are interested in the quotient singularity. In Sections 2 and 3, we explain their theory in
a more general setting in detail. We will give self-contained proofs of most of the propositions.
However, we emphasize that they are not originally ours. Most of the propositions in Section 2
follow from existing works by Sebag [Seb04] and Yasuda [Yas19] (cf. [Yas04, Yas06]). In [Seb04],
Sebag develops the theory of motivic integration for formal schemes over a complete discrete
valuation ring. In [Yas19], Yasuda develops it for formal Deligne-Mumford stacks over k[[t]] of
arbitrary characteristic. The construction in Section 3 is a special case of the construction in
[Yas16]. The construction in [Yas16] is intrinsic and more general, and it works even in positive
characteristics. See Remarks 2.14 and 3.9 for more detail.

By the result of Ein, Mustata and Yasuda in [EMYO03] (and [EMO09]), the minimal log dis-
crepancy of Y can be described by the codimension of certain contact loci in Y. Then by

applying the theory of Denef and Loeser above, it can be described by the codimension of the
™)

[e.e]

corresponding contact loci in Y,'. This description (Theorem 4.8) is one of the key steps to

prove Theorem 1.4.
In Section 4, to prove Theorem 1.4, we apply the technique of Ein, Mustata and Yasuda
in [EMYO03] (and [EMO09]) to the contact loci in 75)1). Their argument basically works well even

in our setting because 7(7) is generated by a regular sequence outside ¢ = 0 when I is generated
by a regular sequence. However, there are two main difficulties in this step, as we discuss below.

The first difficulty is that Y™ is neither normal nor a complete intersection in general (see

Remark 4.4). Therefore, we have no standard definition of the relative canonical sheaf W)

on v, We overcome this difficulty by defining an invertible sheaf L?(W) instead. Furthermore,
Lemma 4.7, which relates the age of v and certain orders of arcs, is a key lemma for the argument
in [EMYO03] to work in our setting.

The second difficulty is that there may be very few arcs on ?(7)

space ?g) may be a thin set of ?g) itself (see Definition 2.21 for the definition of a thin set).

For example, if (d, e1,e2,e3) = (3,0,1,2) and [ = (x‘% + 23+ l‘g), then we have

. More precisely, the arc

v = Spec k[t][x1, zo, x3]/ (2} + ta3 + t223) .
™

In this case, ?OZ consists of only one arc, and the order of the Jacobian ideal Jac_. is infin-

Y("/) /k‘[t]
) ™)

S « has order ord, (Jac? ) = 00,

Q2]

/k[t]
and because of this, the argument in [EMY03] does not work. In Claim 5.2, we prove that ?g)
is not a thin set if YV is klt and show that the argument in [EMYO03] really works. The key

idea in the proof of Claim 5.2 is to apply the result by Hacon and McKernan [HMO07], which
)

ity. If the arc space Y !’ is a thin set, then any arc o € Y

states the rational chain connectedness of the fibers of the resolution W — Y of singular-
ities of Y(W), and prove that there are actually many arcs on W using the result by Graber,
Harris and Starr [GHS03]. The klt assumption in Theorem 1.4 is essentially used in this argu-

ment.
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INVERSION OF ADJUNCTION FOR QUOTIENT SINGULARITIES

We also prove the Reid—Tai type formula on minimal log discrepancies (Corollary 4.12). This
gives the affirmative answer to a question by Borisov in [Bor97] of whether the set of minimal
discrepancies of quotient singularities with respect to arbitrary groups coincides with that of
cyclic quotients of the same dimension. We prove Corollary 4.12 using the description of the
minimal log discrepancy in terms of arc spaces of the k[t]-schemes. Moreover, we give another
proof without the theory of arc spaces. As an application of this result, we prove the ACC
conjecture for quotient singularities (Theorem 4.14).

The paper is organized as follows. In Section 2, we review some definitions and facts on pairs
and arc spaces. We also prove some basic results on the arc spaces of k[t]-schemes, which are
necessary for this paper. In particular, we discuss the theory of contact loci and their codimension
for the arc spaces of k[t]-schemes following [EMO09], where the arc spaces of k-schemes are dealt
with. In Section 3, we review the theory of arc spaces of quotient varieties established by Denef
and Loeser in [DL02]. As mentioned previously, most of the propositions in Sections 2 and 3 follow
from existing works by Sebag [Seb04] and Yasuda [Yas19, Yas16]. Readers who are familiar with
these papers could skip these sections. In Section 4, we discuss the minimal log discrepancy of
quotient singularities of linear action and describe them by the codimension of cylinders in arc
spaces of the k[t]-schemes defined in the previous section (Theorem 4.8). In Section 5, we prove

|4

the PIA conjecture for hyperquotient singularities (Theorem 5.1). In Section 6, we prove the
main theorems Corollary 6.1 and Theorem 6.2 with some generalizations.

2. Preliminaries
2.1. Notation

e We basically follow the notation and the terminology in [Har77] and [Koll3].

e Throughout this paper, k is an algebraically closed field of characteristic zero. We say that
X is a variety over k or a k-variety if X is an integral scheme that is separated and of finite
type over k.

2.2. Log pairs. A log pair (X, a) is a normal Q-Gorenstein variety X and an R-ideal sheaf a on
X. Here, an R-ideal sheaf a on X is a formal product a = [[/_; a.*, where ai,. .., a5 are non-zero

coherent ideal sheaves on X and rq,...,rs are positive real numbers. For a morphism ¥ — X
and an R-ideal sheaf a = [[7_, a;’, we denote by aOy the R-ideal sheaf [[;_;(a;Oy)" on Y.

Let (X,a = [[;_;a;") be a log pair. For a proper birational morphism f: X’ — X from

K3
a normal variety X’ and a prime divisor E on X', the log discrepancy of (X, a) at E is defined as

CLE(X, Cl) =1+ OrdE(KX/ — f*Kx) — OrdE(Cl) ,

where we set ordg(a) = > .7 riordg(a;). The image f(E) is called the center of E on X; we
denote it by cx(F). For a closed point 2 € X, we define the minimal log discrepancy at x as

mld, (X, a) := CX(}iEr)li{x} ap(X,a)

if dim X >2, where the infimum is taken over all prime divisors E over X with center cx (F)={xz}.
It is known that mld,(X,a) € R>p U {—oo} in this case (cf. [KM98, Corollary 2.31]). When
dim X = 1, we define mld,(X,a) := inf. (p)—{5) ap(X, a) if the infimum is non-negative and
mld, (X, a) := —oco otherwise.
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2.3. Jet schemes and arc spaces for k-schemes. In this subsection, we briefly review the
definition and some properties of jet schemes and arc spaces. The reader is referred to [EM09]
for details.

Let X be a scheme of finite type over k, and let (Sch/k) be the category of k-schemes and
(Sets) the category of sets. Define a contravariant functor F,,: (Sch/k) — (Sets) by

En(Y) = Homy, (Y Xspeck Speck[t]/ ("), X) .

Then, the functor F;, is representable by a scheme X, of finite type over k, and the scheme X,
is called the mth jet scheme of X. For m > n > 0, the canonical surjective homomorphism
k[t]/ (t™ 1) — K[t]/(¢"*!) induces a morphism 7y, Xp — X, We have the projective limit
and projections

Xoo:=1m X, vYm: Xoo = X,
0 %m m 0 m

and X is called the arc space of X. There is a bijective map
Homy, (Spec K, X)) ~ Homy (Spec K[[t]], X)
for any field K with k C K.

For m € Zxo U {c0}, we denote by m,,: X, — X the canonical truncation morphism. For
m € Z=o U {oo} and a morphism f: Y — X of schemes of finite type over k, we denote by
fm: Y — X, the morphism induced by f.

A subset C' C X is called a cylinder if C = 1,}(S) holds for some m > 0 and a constructible
subset S C X,,. Typical examples of cylinders appearing in this paper are the contact loci
Cont™(a) and Cont”™(a) defined as follows.

DEFINITION 2.1. (1) For an arc 7 € X and an ideal sheaf a C Oy, the order of a measured
by « is defined as
ord,(a) = sup{r € Zo | 7"(a) € (*')},
where v*: Ox — kl[[t]] is the ring homomorphism induced by 7.
(2) For m € Z=q, we define Cont™(a), Cont®™(a) C X, as

Cont™(a) = {y € X | ord,(a) = m},
Cont®™(a) = {7 € X | ord,(a) = m}.

By definition, we can see that

Cont”™(a) = Y1 [ (Z(@)m_1),

m—1

where Z(a) is the closed subscheme of X defined by the ideal sheaf a. Therefore, Cont™(a) and
Cont”™(a) become cylinders.

For m < n+ 1, we also define the subsets Cont™(a),, and Cont="(a),, of X,, in the same way.

We shall define the codimension for cylinders. For a variety X of dimension n, we denote by
Jacy = Fitt"(Qx) the Jacobian ideal of X and by Xgine the singular locus of X (see [Eis95] for
the definition of the Fitting ideal).
DEFINITION 2.2. Let X be a variety, and let C C X, be a cylinder.

(1) Assume that C' C Cont®(Jacy) for some e € Z>o. Then we define the codimension of C'
in X, as

codim(C) := (m + 1) dim X — dim(¢,,(C))
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INVERSION OF ADJUNCTION FOR QUOTIENT SINGULARITIES

for any sufficiently large m. This is well defined by [EM09, Proposition 4.1].
(2) In general, we define the codimension of C' in X, as
codim(C) := min codim (C'N Cont®(Jacy)) .
e€lizq

By convention, codim(C') = oo if C' C (Xsing)oo-
We recall the definition of the Nash ideals of varieties and morphisms.

DEFINITION 2.3. (1) Let X be a normal Q-Gorenstein variety over k of dimension n, and let r
be a positive integer such that the reflexive power wgz = (w}e}")** is an invertible sheaf. Then

we have a canonical map
Nt (Q})w — wgz] .
[r]

Since wy/ is an invertible sheaf, an ideal sheaf n, x C Ox is uniquely determined by Im(n,) =
n.x ®wi). The ideal sheaf n,, x is called the rth Nash ideal of X.

(2) Furthermore, let f: X — Y be a morphism to a variety Y over k. Then we have a canonical
map

Br: f5(00)% = W

and an ideal sheaf n,  C Ox such that Im(6,) = n, ¢ ®w;]. The ideal sheaf n,.  is called the rth
Nash ideal of f.

2.4. Jet schemes and arc spaces for k[t]-schemes. Following [DL02], we extend the def-
inition of the arc spaces of k-schemes in Subsection 2.3 to the case where X is a k[t]-scheme,
namely a scheme over Spec klt].

Let X be a scheme of finite type over Spec k[t]. Define a contravariant functor F,: (Sch/k) —
(Sets) by

Fro(Y) = Homypy (Y Xgpeck Speck[t]/ (™), X) .

Then, F,, is representable by a scheme X, of finite type over k, and the scheme X,, is called
the mth jet scheme of X. We shall also use the same symbols X, Tmn, ¥m, Tm for this setting.
Cylinders and the contact loci Cont™(a) and Cont>™(a) are also defined in the same way for
this setting.

Remark 2.4. Note that Xy ~ X holds if X is a scheme over k. However, this is not true for
k[t]-schemes. Indeed, if X = Ai[t], then Xo ~ A} holds. More generally, X,,, ~ Y,, holds for
a k-scheme X and Y = X Xgpecr Spec kt].

In this paper, we basically treat k[t]-schemes with one of the following two conditions:

(¥)n, The scheme X is of finite type over Speck[t]. Any irreducible component of X has di-
mension at least n + 1. Furthermore, any irreducible component dominating Spec k[t] is
exactly (n + 1)-dimensional.

(%), The scheme X is a k[t]-scheme with the condition (x),. Furthermore, any irreducible
components of X dominating Spec k[t] are reduced outside ¢ = 0.

These categories are suitable for defining the Jacobian ideal and the codimension of cylinders.

For a k[t]-schemes X with the condition (x),, we denote by Jacy/ ) = Fitt"(Qx/xp) the
Jacobian ideal of X over k[t]. Under the condition (%),, we will see in Subsection 2.5 that the
codimension of a cylinder is also defined in the same way as in Definition 2.2.
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Remark 2.5. Let X be a k[t]-scheme with the condition (x),. Let X, ..., X be the irreducible

components of X dominating Spec k[t]. Then we have X, = Ule X C(Q . Therefore, we can reduce

some problems on the arc space of X to problems for its irreducible component dominating
Spec k[t]. However, we cannot do such a reduction on problems relating to the order of the
Jacobian ideal (cf. Example 2.6).

Ezample 2.6. The k[t]-schemes
X = Spec(k[t][x,y, 2]/ (tz,ty)) , Y = Spec(k[t][z,y,2]/(z,y))

satisfy the condition (%x);. We have a canonical isomorphism X, ~ Y, on the arc spaces, but
corresponding arcs have different orders of the Jacobian ideals because

Jacy g = (tQ,tm,ty)/(t:I:,ty) and  Jacy ) = (1).
We also define the order of the Jacobian for a morphism.

DEFINITION 2.7. Let X and Y be k[t]-schemes of finite type, and let f: X — Y be a morphism
over k[t]. Let v: Speck[[t]] = X be an arc, and let 7' := fo (7). Let S be the torsion part
of ¥*Qx k- Then we define the order ord,(jacy) of the Jacobian of f at v as the length of the
E[[t]]-module

Coker(vl*Qy/k[t] — ’7*QX/k[t]/S) .
In particular, if ordv(jacf) < 00, then

Coker(’y'*Qy/k[t] — ’y*QX/k[t]/S) ~ @ k[t]/(tei)

holds as k[[t]]-modules with some positive integers e; satisfying ), e; = ord,(jacy).
By abuse of notation, we set

Cont®(jacy) := {y € X | ord,(jacy) = e}
for e € Z>o. We note that it is not clear from the definition that Cont®(jacs) is a cylinder.

Remark 2.8. In some papers, the Jacobian ideal Jacy of f is defined by Jacy := FittO(QX/y).
We note that ord,(Jacs) coincides with the length of the k[[t]]-module

Coker (Y*Qy kg = v Qx/upy) = 7" Qxyy -
Therefore, if Qx/py is locally free, then ord,(Jacy) = ord,(jacs) holds. However, the equality
does not hold in general (cf. Example 2.9).

Ezample 2.9. Let R = klt][z, v, z]/(a:y + 22), and let f: R — R be the homomorphism defined
by f(z) = 22, f(y) = zy and f(z) = zz. Let v: R — kJ[[t]] be the arc defined by ~v(z) = ¢
and v(y) = y(2) = 0. Then v* Qg = k([t]]ldz © (K[[t]]/(t))dy © k[[t]|dz. Note that d(f(x)) =
2zdx, d(f(y)) = ydx + xdy and d(f(z)) = zdx + xdz. Therefore, we have ord,(Jacs) = 3 and
ord, (jacy) = 2.

Additivity holds for the orders of the Jacobian of morphisms.

LEMMA 2.10. Let n be a non-negative integer, and let X, Y and Z be k[t]-schemes with the
condition (%). Let f: X — Y and g: Y — Z be morphisms over k[t]. Let v € X, be an arc,
and let ' := fo (7). Suppose that

ord, (Jacx k) < oo, ord,(Jacy k) < 0o.
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INVERSION OF ADJUNCTION FOR QUOTIENT SINGULARITIES

Then we have

ord, (jacy,s) = ord,(jacy) + ord.(jac,) .

Proof. Set 7" = goo(7'). Let S, T and U be the torsion parts of v*Qx k), 7V Qyykpy and
" Q2 k), respectively. Since ord, (Jacx k) < 0o, the scheme X is smooth over k[t] at v(n),
where 7 is the generic point of Speck[[t]]. Hence we have v*Qx /p1/S = k[[t]]*". For the same
reason, we have v Qy /T ~ k[[t]]®". If
ord, (jacy) = length(Coker(’y’*Qy/k[t]/T — 'Y*QX/k[t]/S)) =
holds, then we have
ord, (jacyes) = length(Coker(’y”*QZ/k[t]/U — W*QX/k[t]/S)) =00

Otherwise, v Qy /g /T — v*Qx/kje/S is injective, and the additivity ord,(jac,.;) = ord,(jac)
+ord., (jacg) follows from the additivity of the length of modules. O

Nash ideals can also be defined in this setting.

DEFINITION 2.11. Let X be a normal k[t]-variety of relative dimension n. Suppose that X is
smooth over k[t] outside a closed subset of X of codimension two. Then the canonical sheaf
wx/k[y is defined (cf. [Kol13, Definition 1.6]). Suppose that there exists a positive integer r such

that w&?/k[t] is an invertible sheaf.

(1) Then we have a canonical map

n ®r
e (Wxypg) - — w&]/k[]

Since WE(]/k;[] is an invertible sheaf, an ideal sheaf n, x C Ox is uniquely determined by

Im(y,) =ty x ©wy)y The ideal sheaf n, x is called the rth Nash ideal of X.

(2) Furthermore, let f: X — Y be a k[t]-morphism from a k[t]-scheme Y. Then we have
a canonical map

r [7]
Or: [ (% 1)) Wkl

and an ideal sheaf n, ; C Ox such that Im(6,) = n, s ®w£§]/k[t]. The ideal sheaf n, ; is called
the rth Nash ideal of f.

Remark 2.12. In this paper, we only use this definition for a k[t]-variety X’ of the form X' =
X Xgpeck Spec k[t], where X is a normal k-variety. In this case, wx /k[1] 18 just the pull-back of wx
to X'. Therefore, n, x» = n, xOx holds.

LEMMA 2.13. (1) Let X be a k[t]-scheme with the condition (%), and let v € Cont®(Jacx k(1))
be an arc. Then

Y Qg = R © @ Klel/ ()

holds as kl[[t]]-modules with ) . e; = e

(2) Let r be a positive integer and f: X — Y be a k[t]-morphism which satisfy the assumption
of Definition 2.11(2). Let v € X« be an arc. Suppose ord,(Jacx ) < co. Then

rord,(jacy) + ordy(ny x) = ord,(n, 5)
holds.
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Proof. First we prove assertion (1). Since k[[t]] is a principal ideal domain, the finitely gen-
erated module v*Qx /5 is isomorphic to a module of the form E[[t]]** @ €, k[t]/(t). Since
ord, (Jacx/k[)) = e < 0o, the scheme X is smooth over k[t] at (7)), where 7 is the generic point
of Spec k[[t]]. Therefore, we have a = n. Then the assertion follows from the definition of Jacx k[,
and

(tzi ei) = Fitt" (V*QX/k[t}) = ~* Fitt" (QX/k[t]) =" JacX/k[t] .
We now prove assertion (2). Let S be the torsion part of v*Qx /5. Let S” be the torsion part
of (’y*ﬂ}/k[t])w. Since ’y*wgz]/k[ﬂ is torsion-free, the map

E¥aY?) Xr * T
e (V%) Y wg(]/k[t]

factors through (’y*Q} /k[t])®r /S’. Hence we have

ordy (n, x) = length(Coker 7, ) = length(Coker ((v* }/k[t])@)r/S' — ”y*w;]/k[t])) .

In the same way, we have

ord,(n, ) = length(Coker((’y'*Q’{//k[ﬂ)@T/T’ — w*wg?/k[t])) )

where 7' = foo(y) and T is the torsion part of ('y' *QT{, /k[t])@

We note that
(7 Q)78 = (7" xyain/ )™ = k1],

and we have
rord, (jacy) = length(Coker(('y’*Qgﬁ/k[t])@T/T' — (fy*Q’}(/k[t])@/S'))
by Definition 2.7. Then the desired formula
rord, (jacy) + ordy(n,. x) = ord,(n, s)
follows from the additivity of the length of modules. O

Remark 2.14. (1) In [Seb04], Sebag extends the theory of motivic integration for k[t]-schemes to
the case of formal schemes over k[[t]] with k a perfect field. We also refer the reader to [CNS18§]
to this theory.
With a scheme X of finite type over k[t], we can associate the formal scheme X" over k[[t]] by
X :=limA;, where X; == X Xgpeckpy Spec(k[[t]]/ (1)) -
120
Then the Greenberg schemes Gr,,(X) and Gr(X) defined in [Seb04] are isomorphic to X, and
X0, respectively (cf. [CNS18, Chapter 4, Example 3.3.3]). Therefore, the theory of the Greenberg
schemes developed in [Seb04] and [CNS18] can be applied to the arc spaces X of k[t]-schemes X.
When X is a formal scheme of finite type of relative dimension d over k[[t]], the Jacobian ideal
Jacy is defined by Jacy = Fittd(QX/k[[t”) (see [CNS18, Chapter 5, Definition 1.3.1]). When X
is the formal scheme associated with a scheme X of finite type of relative dimension d over k[t],
this definition is compatible with the definition of Jacx 4 in the sense that

Jacx O/yl. = Jacx/k[t] OXi

for each ¢ > 0. This follows from the base change properties of the sheaves of differentials (cf.
[Liu02, Chapter 6, Proposition 1.8(a)]) and the Fitting ideal (cf. [Eis95, Corollary 20.5]). For a
morphism h: X — Y of formal schemes of finite type over k[[t]] and for v € Gr(X), the order
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ord;(Jac)p () is defined in [Seb04, Section 5]; it is denoted by ordjacy, () in [CNS18, Chapter 5,
Section 3.1.1]. This corresponds to ord,(jacy) in Definition 2.7 when h: X — ) is induced by a
k[t]-morphism h: X — Y of k[t]-schemes.

(2) Theorems in [Seb04] and [CNS18] often assume that the formal schemes are flat over k[[t]].
However, many of them can be applied to non-flat formal schemes as well. In particular, they
can be applied to k[t]-schemes with the condition (%), as we will see in Subsection 2.5.

(3) Let X be a k[t]-scheme with the condition (%),. Let X’ be the maximal closed subscheme of
X which is flat over Spec k[t]. Then we have X/ = X, though the inclusion X/, C X, is not nec-
essarily an equality. Let Iy C Ox be the defining ideal of X’. Then there exists a non-negative in-
teger a such that t*Ix, = 0 holds in a neighborhood of ¢t = 0. It follows that 7,4 q.m (Xmta) C X,,-

Furthermore, ord, (Jacx ) # ordy(Jacx k) holds for v € X in general (Example 2.6).
However, as we will see below, the difference is bounded. Since t*Ix = 0 holds, there exists a
non-negative integer a’ such that

' p=1 (JacX//k[t]) C Jacx g
in a neighborhood of ¢ = 0, where we set p: Ox — Ox/. Hence we have
ord, (JacX//k[t] ) < ord, (JacX/km ) < a' + ord, (JacX//k[t] )

for any v € X

Let h: X — Y be a k[t]-morphism of k[t]-schemes with the condition (%),. Let Y’ be the
maximal closed subscheme of Y which is flat over Speck[t]. Then h induces a k[t]-morphism
h': X" — Y’ It follows that ord,(jac,) = ord,(jacy,) for any v € X. This is because

((i0v) Qx/un) /S = (V*Qxryupy) /T

is an isomorphism for the inclusion i: X’ — X and an arc v: Speck[[t]] = X', where S and T
are the torsion parts of (0 4)*Qx k) and ¥*Qxpp, respectively.

2.5. The codimension of cylinders in arc spaces. In this subsection, we prove Proposi-
tion 2.17, which is necessary for defining the codimension of cylinders in the arc spaces of klt]-
schemes. Proposition 2.17 is a generalization of [DL99, Lemma 4.1] (cf. [EMO09, Proposition 4.1]).
In their proof, the authors reduce the problem to that for locally complete intersections. The
same strategy works in our setting.

First we state Proposition 2.17 for the case of complete intersections with a little generaliza-
tion. After one replaces Jacx with the ideal generated by minors of Jacobian matrix, their proof
works for non—local complete intersection (non-l.c.i.) varieties.

LEMMA 2.15. Let N and r be positive integers with N > r. Let R = k[t][z1,...,zn], and let I =
(F1,...,F;) be the ideal generated by elements Fi,...,F, € R. We denote by M = Spec(R/I)
the k[t]-scheme corresponding to R/I. Let J C R be the ideal generated by all the r-minors of
the Jacobian matrix (0F;/0x;), ;. 1< ;<n- and let J = (J +I)/1. For non-negative integers m
and e with m > e, the following hold:

(1) wm(Conte (j)) = Wm+e’m( Cont® (j) m+e).
(2) The morphism Ty 41,m: My+1 — My, induces a piecewise trivial fibration

Y1 (Cont® (7)) — th ( Cont® (7))
with fiber AN,
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Proof. The first statement follows from [CNS18, Chapter 1, Lemma 1.3.3].

The second statement for locally complete intersection varieties is proved in the proof of
Lemma 4.1 in [DLI9] (cf. [EMO09, Proposition 4.1]). We can apply the same proof as in [DL99,
Lemma 4.1] by replacing Hensel’s lemma with [CNS18, Chapter 1, Lemma 1.3.3]. O

Remark 2.16. In [EMO09, Proposition 4.1], the l.c.i. cases (or, more generally, only the pure-
dimensional cases) are treated. We treat the non-l.c.i. cases in Lemma 2.15 because we will treat
such cases in Section 4 (cf. Remark 4.4).

When X is flat over k[t], Proposition 2.17(1) below is proved in [CNS18, Chapter 5, Propo-
sition 2.3.4], and Proposition 2.17(2) is proved in [Seb04, Lemma 4.5.4] (cf. [CNS18, Chapter 5,
Theorem 2.3.11]). We note here that Proposition 2.17(2) can be reduced to the flat case by
Remark 2.14(3).

PROPOSITION 2.17. Let X be a k[t]-scheme with the condition (x), from Subsection 2.4. Then
there exists a positive integer ¢ such that the following hold for non-negative integers m and e
with m > ce:

(1) ¥m ( Conte(JacX/km)) = 7rm+e7m( Cont® (JacX/k[t})ere) .
(2) The morphism Ty 41,m: Xm41 — X induces a piecewise trivial fibration

Vma1 ( Cont® (JacX/k[ﬂ)) — wm( Cont® (JacX/k[t]))
with fiber A™.

Proof. In [Seb04, Lemma 4.5.4] (cf. [CNS18, Chapter 5, Theorem 2.3.11]), assertion (2) is proved
for flat formal schemes of finite type of pure relative dimension over k[[t]]. Therefore, assertion (2)
can be reduced to this result by Remark 2.14(1)—(3). On the other hand, it seems that asser-
tion (1) cannot be easily reduced to the flat case (we can only see that wm( Cont®(Jac X/k[t])) =
Tm-etaum Cont®(Jacx )m-+eta) by Remark 2.14(3)). However, if we assume the condition (x)y,
it turns out that the proof itself is valid for the non-flat case as well. For the reader’s convenience,
we give a proof below, following the argument in [EMO09, Proposition 4.1].

Since the assertion is local on X, we may assume that X C AkN[t] is affine. Set r := N — n.
Let R := k[t][z1,...,2znN], and let [x C R be the defining ideal of X. Let fi1,..., fq be generators
of Ix. For 1 <1 < d, we set

d
Fi=>aif;
j=1

for general a;; € k. Then for each subset A C {1,...,d} with #A = r = N — n, we denote
by My C Aﬁt] the subscheme defined by the ideal Ips, := (F; | i € A) generated by the Fj
with ¢ € A. We denote by Jx C R the ideal generated by the r-minors of the Jacobian matrix
(8Fi/8xj)ieA71<j<N. Set JA = (JA =+ IMA)/IMA'

We note that for v € X, we have

ord, (Jacx k() = m/&nordy(JA) .
Hence
Ur:={y€ Cont®(Jacx k() ‘ ord,(Jy) = e}

is an open subset of Cont®(Jacx ) satisfying Cont®(Jacx k) = Uy Ua. Since X is a closed
subscheme of My, we may identify the arc space X, with a closed subset of (My)so. Under this
identification, we have Uy C Cont® (jA).
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Then we claim the following (cf. [EM09, Lemma 4.2]).

CLAIM 2.18. There exists a positive integer ¢y such that the following condition holds for any
non-negative integers m and e satisfying m > cpe:

e If~v e Cont® (jA) C (Mp) oo satisfies 1, (7) € X, then v € Xo.

Proof. Let I x| = (In, : Ix), and let X} C Aﬁt} be the corresponding subscheme. For a prime
ideal p of R, we note that Ip;, C p and Ix ¢ p imply IX,’\ = (Ip, : Ix) C p. Therefore, set-
theoretically, X is the union of the irreducible components of M which are not contained in X.
Hence we have (Mj)oo = Xoo U (X} )oo- Since any irreducible component of X has dimension at
least n + 1 and the a;; are general elements of £, for any irreducible component Xy of X, there
exists an irreducible component of My of My with Xy = M. Therefore, if M, is smooth at a
point x € X, then X is smooth at z and Ox , = Op, . Hence if (R/Ip,)q is a regular local
ring for a prime ideal q of R with Ix C ¢, then we have

(Ixy )a = (Iny + Ix)q = ((Iagy )+ (Ix)q) = Rg-

This implies that X} N ((Ma)reg N X) = 0. Hence M} is singular at every point z € X N X).
Here we claim that

(V) Ja € \/Ix + Ix; holds.

Let J) be the ideal generated by the r-minors of the Jacobian matrix with respect to In;, =
(F; | i € A) and the derivations dx; and 0t. Then by the definition of Jy, we have Jy C J}.
Let p be a prime ideal satisfying Ix + Ix; C p. Since ht(Iy, Rp) < r and the ring R, /Iy, R, is
not regular, it follows by the Jacobian criterion (cf. [Mat89, Theorem 30.4]) that J) C p, which
proves the claim (Q).

By (©),
JXA ClIx+ IX;\
holds for some cp. Suppose v € Cont® (jA) C (Mp)oo- Since
ord, (J{*) = cpe <m+1 < ord,(Ix),
we have ord, (IX;\) < cpe. Hence v € (X)) )oo, and therefore v € X. This completes the proof
of the claim. O

Proof of Proposition 2.17, continued. We set ¢ = maxy cx. Then the assertions (1) and (2) for X
follow from the assertions of Lemma 2.15 for M, by Claim 2.18. O

We define cylinders in the arc spaces of k[t]-schemes and define their codimension. For a kt]-
scheme X, a subset C C X, is called a cylinder if C = v,}(S) holds for some m > 0 and
a constructible subset S C X,,.

DEFINITION 2.19. Let X be a k[t]-scheme with the condition (xx),. Let C' C X be a cylinder.

(1) Assume that C' C Cont®(Jacx i) holds for some e € Zzo. Then we define the codimension
of C'in X, as
codim(C) := (m + 1)n — dim (¢, (C))
for any sufficiently large m. This codimension is well defined by Proposition 2.17.

(2) In general, we define the codimension of C' in X, as

codim(C) := min codim (C' N Cont® (Jacy k) -

6€Z>0
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Remark 2.20. The codimension is also well defined for X with (x),,. However, in this case, we may
have Xo, N Cont®(Jacx k) = 0 for any e > 0, and codim(C') = co may hold for any cylinder C.
Therefore, we assume (x%), when we discuss the codimension of a cylinder.

DEFINITION 2.21. Let X be a k[t]-scheme with the condition (**),. A subset A C X is called
thin if A C Zy holds for some closed subscheme Z of X with the condition (%), for some
{<n—1.

Remark 2.22. The arc space X, is never a thin set of X, for a k-variety X. However, X, can
be a thin set of X, for a k[t]-scheme X even if we assume the condition (xx),. See the example
in Remark 5.3.

LEMMA 2.23 (cf. [CNS18, Chapter 6, Proposition 2.4.6]). Let X be a k[t]-scheme with the
condition (x)n, and let C' C Xo be a cylinder. If C'is thin, then C' N Cont®(Jacx k) = 0 holds
for any e > 0.

Proof. This follows from [CNS18, Chapter 6, Proposition 2.4.6] and Remark 2.14. O

PROPOSITION 2.24 ([Seb04, Lemme 4.3.9]). Let X be a scheme of finite type over k|t], and let C
be a cylinder in X,. Then its image 1,,(C) C X,, is a constructible subset for any m > 0.

Proof. This follows from [Seb04, Lemme 4.3.9] (cf. [CNS18, Chapter 5, Corollary 1.5.7]) and
Remark 2.14. ]

PROPOSITION 2.25 (cf. [Seb04, Théoréme 6.3.5]). Let X be a k[t]-scheme with the condition (%)p,
and let C' be a cylinder in Xo. Let {C)}xen be a set of countably many disjoint subcylinders
Cy CC. IfC\ (yep Or) C X Is a thin set, then it follows that

codim(C) = min codim(C}) .

Proof. This follows from [CNS18, Chapter 6, Lemma 3.4.1 and Example 3.5.2]. O

LEMMA 2.26. Let X be a variety over Speck[t] which dominates Speck[t] and has relative
dimension n. Suppose that X is smooth over k. Then there exists a non-negative integer ¢ such
that the following hold:

(1) We have ord,(Jacy ) < £ for every arc v € X.
(2) We have ¥ (Xoo) = Tmte,m(Xmte) for every m > £.

(3) For any m > ¢, the morphism Ty, 1, induces a piecewise trivial fibration \m,+1(Xoo) —
Ym(Xoo) with fiber A™.

Proof. Since X is smooth over k, by the generic smoothness, X is smooth over Spec k[t] outside
finitely many closed points. Therefore, we have an inclusion of ideals (té) C Jacx k[ in a neigh-
borhood of ¢t = 0 for some ¢ > 0. Hence ord,(Jacx k) < £ holds for any arc v € X. Then
assertions (2) and (3) follow from Lemma 2.15. O

LEMMA 2.27. Let f: Y — X be a proper birational k[t]-morphism of k[t]-varieties X and Y.
Suppose that Y is smooth over k. Let C C Xo be a cylinder. If C' is a thin set of X, then
f<HC) =0

Proof. We may assume that X dominates Spec k[t]. Let n be the relative dimension of X. Since C'
is a thin set, there exists a closed subset Z C X such that C C Zu. Set Z' := f~!(Z). Then
we have f 1(C) C Z/, (cf. Lemma 2.28(2)). Since dominant components of Z’ have relative

dimension at most n — 1, the cylinder f}(C) is also a thin set. By Lemmas 2.23 and 2.26(1),
we have f.H(C) = 0. O
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LEMMA 2.28. (1) Let Z C X be a closed subscheme of a k[t]-scheme X of finite type. Then the
induced map foo: Zoo — Xoo is a closed immersion.

(2) Moreover, for a k[t]-morphism f:Y — X, it follows that (f~'(Z))_ ~ fi!(Zso).

Proof. The assertions follow from the same argument for k-varieties (cf. [EM09, Remarks 2.7
and 2.8)). O

2.6. Fundamental properties of the arc spaces of k[t]-schemes. In this subsection, we
prove Proposition 2.33, which is a generalization of [DL02, Lemma 1.17] to k[t]-schemes with the
condition (*x),. Actually, in [DL02, Remark 1.19], it is mentioned that [DL02, Lemma 1.17] can
be generalized to separated reduced schemes of finite type over k[t]. In [Yasl9, Lemma 10.20],
Yasuda proves Proposition 2.33 in a more general setting. For the reader’s convenience, we give
a proof of Proposition 2.33 following the argument in [EMO09].

PROPOSITION 2.29. Let X be a k|t]-scheme with the condition (x),. Let p and m be non-negative
integers with 2p+1 > m > p.
(1) Let v € X, with m,;',(v) # 0. Then scheme-theoretically, we have

T (1) = Homygegmery (7 Qxpugns (7F1) /(17F1)) -

(2) Let v' € X, and let e := ord./(Jacy k). Let ¢ be a positive integer appearing in Propo-
sition 2.17. Let T be the torsion part of ¥*Qx. Suppose 2p+1 —e > m > ce and p > e.
For v = ('), it follows that
7Tr_n,1p('7) N ¢m(00nte (JaCX/k[t] )) = Tm+e,m (W;ie,p(w)
~ Homy ooy (V" Qxyngn) /T gy KL/ (70, (771 /(£71) -
Proof. We first prove assertion (1). We may assume X = Spec A. Let v*: A — k[t]/(t**!) be the
k[t]-ring homomorphism corresponding to . Suppose a € 7,1 (v) and that o*: A — kl[t]/ (tm+1)

m?p
is the k[t]-ring homomorphism corresponding to . Then we have

Top(7) = Derggy (A, (771) /(™)) B 55 = o

here (t#*1)/(t™*1) has an A-module structure via v* (cf. [EM09, Proposition 4.4]). Then the
assertion follows from the isomorphisms

Deryy (Aa (tp+1)/(tm+1)) ~ Homy4 (QA/k[t], (tp+1)/(tm+1))
=~ Homyy /o1y (7" Qxsks (771) /(£77)) -

We now prove assertion (2). Note that
Y Qx/r) = 7 Qxsrgr g K/ (1)
= (0" Qxput)) /T @y Kl (77)) @ (T @y KL/ (877)) -
Since T is the form of @, k[t]/(t*) with }_,e; = e and, in particular, ¢; < e < p, it follows
that T @y k[t]/ (7T1) ~ @, k[t]/(t). Note also that A: v*Qy ey — (#271) /(¢ +1) lifts to
Y Qy g — (P /(¢ if and only if A(T ® k[t]/(tP+!)) = 0 holds (Lemma 2.30(2)). This
equivalence and assertion (1) show that
o ot (O ey (7 g, (87) /(£ )
7rm+e,m(7rm+e,p(’7)) = 1lm % p+1 m+1
— Homygy oy (7" Qg (777)/ (0771))

=~ Honygy oy (7 Qxyigg) /T @y KL/ (G4, (7F1) /(67F))
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Since ord, (Jacx k) = e, it follows from Proposition 2.17(1) that

Tt (Tmtep(7)) = Tonip(7) N0 Cont® (Jacxapr ) -

This completes the proof. O
LEMMA 2.30. Let m, p, £ be non-negative integers with m > p. Then the following hold:

(1) The k-vector space Homypy (k[t]/(t°), (tP1)/(#™1)) is isomorphic to A if £ < m — p;
otherwise, it is isomorphic to AP,
(2) If¢ < e, only the zero map k[t]/ (t*) — (tP*1)/(t™ 1) can Lift to k[t]/(t*) — (£PT1)/(¢mFett).

Proof. The proof is straightforward. O
For an arc 0, we denote by &,, its image in the space of the mth jets.

LEMMA 2.31. Let X and Y be kl[t]-schemes with the condition (%), and let f: Y — X be a mor-
phism over k[t]. Let e, e’ e",q € Z=q. Let cx and cy be positive integers for X and Y appearing
in Proposition 2.17. Suppose max{e+¢’,e+e” cxe',cye’} < qg—e. Leta € Contel(JacX/k[t]) and
B € Cont®” (Jacy k) with fu(8y) = aq and ordg(jac) = e. Then there is a d € COHteH(JaCy/k[t])
with fg11(6g+1) = a1 such that By, = 64— and ords(jacy) = e.

Proof. Let S and T' be the torsion parts of a*Qy i and 8%y, respectively. By Proposi-
tion 2.29(2), we have

Tyt ge(@g-e) N g1 ( Cont® (Jacx iy ))
= Homy g a-e+1) (("Qxagn) /S @rpy KL/ (#7770, (1757) / (#17))

and
Tt g—e(Ba—e) Mbgi1 ( Cont®” (Jacy k)
~ Homyy pa—e+1) (8" Qyyan) /T @aqp) KL/ (70, (#771) /(277))
We may assume that 8,41 corresponds to the zero map via this isomorphisms. Let
wi @ ppgy /S @ kI (#7T) = (77 /(777)

be the morphism corresponding to o1 via this isomorphism. Then it is sufficient to show the
existence of a morphism

ws B Qy i /T @y KL/ (7)) — (1740) / (1772)
such that u o hq_. = w, where
hq_ei a*QX/k[t]/S ®k[[t]} k[t]/(th*eJrl) s /B*QY/k[t]/T ®k[[t]} k[t]/(tqfeJrl)

is the natural morphism.

By the definition of ordg(jacy), we have
Coker (ﬂ'*QX/k[t] — B*Qy i /T) ~ Kt/ (%) @ -+ @ k[t]/(t*)
with a; > 0 and ), a; = e, where ' := f(5). Since 8;_, = oy and a; < ¢ — e + 1, we have
Coker(hg—e) ~ k[t]/(t") & - @ k[t]/ (t*) .

Hence we can regard hg_. as the morphism given by the diagonal matrix with entries t%,... %",
Furthermore, since ag = f(5,), it follows that Im(w) C (¢4%1)/(¢9%2). Since ¢ > e+ a; holds for
each i, we can find a desired u. O
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LEMMA 2.32. Let X and Y be k[t]-schemes with the condition (x),, and let f: Y — X be a
morphism over k[t]. Let e e’ e’ ,m € Zsy. Let ¢x and cy be positive integers for X and Y
appearing in Proposition 2.17. Suppose max{e + ¢',e + €’ cxe’,cye”’} < m —e. Let a €
Contel(JacX/k[t]) and 3 € Conte”(JaCWk[t]) with f(Bm) = aum and ordg(jacy) = e. Then there
isad e Conte"(JaCWk[t]) with Bm—e = Om—e such that f(d) = a and ords(jacy) = e.

Proof. By Lemma 2.31, we can construct recursively 6(9) ¢ Conteﬁ(Jach[t]) for ¢ > m such that

6(m) = 3, 5((;1:;1) = (5((1‘1_)6 and fq((SC(IQ)) = ay for every ¢ > m. The sequence (5((1)

q_e) Lo defines an

element § € Conteu(J acy/k[y) such that d;_ = 55(1_)6 for every ¢ > m. By the construction of ¢, it

follows that By—e = dm—e and foo(0) = . O

When Y is smooth over k[t], Proposition 2.33 below is proved in [Seb04, Lemma 7.1.3] (cf.
[CNS18, Chapter 5, Theorem 3.2.2]). In [Yas19, Lemmas 10.19 and 10.20], Yasuda proves Propo-
sition 2.33 in a more general setting (for formal Deligne-Mumford stacks of arbitrary character-
istic).

PROPOSITION 2.33 (cf. [DL02, Lemma 1.17, Remark 1.19]). Let X and Y be kl[t]-schemes with
the condition (xx)p, and let f: Y — X be a morphism over k[t]. Let e, €', e” € Z=o. Let B be
a cylinder of Yoo, and let A = foo(B). Assume

B C Conte//(JacY/k[t]) N Cont®(jacy), AC Conte/(JacX/k[t]) .
Then A is a cylinder of Xo. Moreover, if fo|p is injective, then it follows that
codim(B) + e = codim(A) .

Proof. The second statement is obtained by specializing [Yas19, Lemma 10.20] to the case where
® =¥ = k and Y and X are the formal schemes over k[[t]] associated with Y and X, respectively
(cf. Remark 2.14). For the reader’s convenience, we give a proof in our setting below.

First, we prove that A is a cylinder. Let B,, C Y,, be a constructible subset such that
B = 9. }(B,,). By Proposition 2.24, we may assume B,, = 1,,(B). Furthermore, we may assume
that m is sufficiently large, and hence B = 1" (Tm.m—e(Bm)) also holds. It is enough to show
that A = 1,1 (Ay,) for Ay = fin(Bi). The inclusion A C 1,,1(A,,) is obvious. We shall show
the opposite inclusion. Suppose that o € X satisfies () € Ay,. Then by the definition
of A,,, there exists a 8 € Y., such that its image in X,, coincides with «,,. Therefore, by
Lemma 2.32; there exists a v € Yy, such that foo(y) = a and ¥y—e(y) = Ym—e(B). Since
v € Yt o(Tmm—e(Bm)) C B, it follows that a € fw(B) = A. Therefore, A is a cylinder.

Next we shall prove that codim(B) + e = codim(A). For this, it is sufficient to show that
dim (f;bl(ozm) N Bm) = e for each «;, € A,,. Let a € A be a lift of o, and let § € B be an arc
satisfying foo(8) = .

We claim that

Tm,m—e (fn_ml(am) N Bm) = {Bm—e}-
Take ., € f'(am) N By,. Then by Lemma 2.32, there exists a v € B such that v, . =
Tm.m—e(Bh,) and foo(y) = a. Since foo|p is injective, it follows that S = ~. Therefore, we have
Wm,m—e(ﬁ;n) = IBm—e'
Hence we have
o (@m) NV B = fr (m) N1 e (Bm—e)

- W%}m_e(ﬁm,fj) N Ym (Conte“ (JaCY/k[t] )) .
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Therefore, by Proposition 2.29, f,-1(a,,) N By, is isomorphic to the kernel of

Homyyy jgm—c1) ((B*Qy uig) /T Qe KL/ ("), (™) /(¢#7F))
= Homygymern) (0" Qi) /S @i K1/ (), (777 /(1)

where S and T are the torsion parts of a*Qx /5 and 5%y [y, respectively. By the definition of
ordg(jacy), this is isomorphic to

Homk[t]/(tm*”l) (@ k[t]/(tai) k(1) k[t]/(tm_e+l), (tm_e""l)/(tm-&-l))’

with a; > 0 and ), a; = e. This is isomorphic to A® by Lemma 2.30(1). This completes the
proof. O

The following lemma is a generalization of Lemma 8.4 in [EMO09] to k[t]-schemes. This lemma
plays an important role in the proof of Theorem 5.1.

LeEMMA 2.34. Let A = Specklt][z1,...,zn], and let X C A be a closed subscheme with the
condition (xx),. Suppose ¢ := N —n > 0. We denote by Ix C k[t][x1,...,xn]| the defining ideal
of X in A. Suppose that Ix is generated by c elements f1,..., f. € k[t][x1,...,zN]. Let C C Ay
be an irreducible locally closed cylinder. If

e C C i, Cont>%(f;) and
o 0N Xoo N Cont®(Jacypy) # 0

hold for some d; > 0 and e > 0, then it follows that

c
codimx_ (CNXx) < codimy, (C) + e — Zdi .
i=1

Proof. The same proof as in [EM09, Lemma 8.4] works by replacing Jacy, in [EM09] with
Jacy /- We note that [EMO09, Proposition 4.4(ii)], which is used in the proof, is still true
for our k[t]-scheme X:

e Let p, m and e be non-negative integers with 2p > m > p+e. Let v € X, with ﬂ;%lp('y) # )

and ord, (Jacy k) = e. Then it follows that ) (v) Aet(m—p)n

In [EMO09, Proposition 4.4(ii)], the assertion above is proved for l.c.i. varieties. This l.c.i. assump-
tion is used only for proving Fitt”_l(QX/k) = 0. In our case, Fitt"! (Qx/k[t]) = 0 holds by the
assumption that Iy is generated by ¢ = N — n elements. O

2.7. Dimension of the arc spaces of quotient varieties. In this subsection, we prove Propo-
sition 2.35, which is a generalization of [DL02, Lemma 3.5] to singular k[t]-schemes.

Let Y be a k[t]-scheme with the condition (%*),. Suppose that a finite group acts on Y
over k[t]. We denote its quotient by X := Y /G and the quotient map by h: Y — X. Let B C Y
be a G-invariant cylinder and A = hoo(B). Let e, €, e’ € Z~. Assume

B C Conte”(Jacw;ﬁ[t]) N Cont®(jacy), AC Conte,(JacX/k[t}) :
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We have the following diagram:

hoo

Yoo Voo /G —— Xoo

J TR

Yy —— Vi /G —— X

L]

Yice ——Yn—o/G—— X e

hm—e
PROPOSITION 2.35 (cf. [DL02, Lemma 3.5]). In the setting above, the following hold:

(1) The image A is a cylinder of X

(2) codim(B) + e = codim(A).

Proof. The second statement is obtained by specializing [Yas19, Lemma 10.20] to the case where
&=V =k, g:[Y/G] - X and C = B/G, where Y and X are the formal schemes over k[[t]]
associated with Y and X, respectively (cf. Remark 2.14). We note that |Joo([V/G])| is equal

to Yoo /G in the notation of [Yas19], and, furthermore, g|p/; is injective. For the reader’s
convenience, we give a proof in our setting below.

By the same argument as that of the proof of Proposition 2.33, we can take a sufficiently
large m and a constructible subset B,, C Y,,, and A,, = hy,, (B, ), such that

A= ¢7711(Am) , B= ¢;zlfe(7Wn,mfe(Bm)) .
In particular, A is a cylinder of X

In order to prove codim(B)+ e = codim(A), it is sufficient to show that dim (h;,' (asm) N Byy,)
= e for each ay, € A,,. Let a € A be a lift of o, and let § € B be an arc satisfying hoo(5) = a.

We claim that
® every arc in mp, m—e (h;ll (am) N Bm) has the same image in Y,,,_./G.

Take B!, € h'(cy) N By,. Then by Lemma 2.32, there exists a 6 € B such that 6, . =
Tm.m—e(Bh,) and heo(8) = . Since Yoo /G — X is injective (cf. [GW10, Proposition 12.27(2)]),
it follows that 8 and § have the same image in Y, /G. Therefore, the image of 8/, in Y,,_./G
coincides with that of 5.

By the claim above, we have

ho (o) N By = bt Uﬂ'mme'V Bm—e)
yeG
C U Tomm—e (v Bm— e)ﬂwm(Cont (Jac;//km))).
veG

Therefore, by Proposition 2.29, the intersection h,!(c,) N By, is isomorphic to the union of the
kernels K of

Homy ) /(gm—e+1y (((7 B8)* Qy /i )/T ®k([4] k[ﬂ/(tm—e—&-l)’ (tm_e+1)/(tm+1))
= Homyy o) (0" Qesag) /S @y KU/ (#77), (0777) /(7))
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where S and T’ are the torsion parts of a*{2x ;) and (v-B )*Qy/k[t], respectively. By the definition
of ordg(jacy,), the kernel K, is isomorphic to

Homk[t]/(tm*‘g“) (@ k[t]/(tai) ®k[[t}] k[t]/(tmfeJrl), (tme+1)/(tm+1)>’

with a; > 0 and Y, a; = e. Therefore, K, ~ A®, and hence dim (h;,!(am) N By) = e, which
completes the proof. O

3. Denef and Loeser’s theory for quotient varieties

In this section, first we review the theory of the arc space of quotient varieties established by
Denef and Loeser [DL02] in more detail (Propositions 3.4 and 3.7). In Subsection 3.3, we study
quotients of singular varieties and make a statement analogous to Proposition 3.7 for this setting
(Proposition 3.8).

3.1. Lifting property of arcs on quotient varieties. Let X be a variety over k, and let G
be a finite group with order d acting on X. Let ¢: X — X := X /G be the quotient morphism.
Let Z C X be the minimal closed subset such that ¢ is étale outside Z. Set

XE = Xoo\ Zoo, X/ := Homy(Speck[[tV/?)], X) .

LEMMA 3.1. Any ¢ € X% lifts to Yiéd. That is, the composition Spec k[[t'/%]] — Spec k[[t]] 2= X
factors through X. Moreover, ¢ has exactly d lifts, and G acts on them transitively.

Proof. We consider the decomposition ¢': Speck((t)) — Speck|[[t]] & X. First, we see that
there are exactly d lifts Spec k((t'/%)) — X of ¢'. Let Spec L be the fiber product of ¢: X — X
and ¢': Speck((t)) — X. Since ¢: X — X is étale at the image of the generic point of ¢, the
extension L/k((t)) is étale. Furthermore, we have LG = k((t)). Note that k((¢t*/?)) is the unique
finite field extension of k((t)) of degree d’ (cf. [Kol07, Theorem 1.94]). Hence L ~ [[¢_, k((t'/%))
for some a; and c. Note that if a; # a;, then k((£'/%)) is not isomorphic to k((¢}/%)). This implies
that L is not a field if a; # a; for some i and j. Therefore, L is decomposed as the product of ¢
copies of k((t'/)) for some a and ¢ with ac = d. Hence we have # Homy, (1) (L, k(Y1) = d,

and G acts on Homy,(y) (L, k((tY/))) transitively:

Spec k((t1/4)) ? »

J @

Spec k((t)) — Spec k[[t]] ——

P

™

By the valuative criterion of properness on X — X, each Speck((t'/4)) — X factors through
Spec k[[t'/9)] — X. This completes the proof. O

We have two group actions on Yiéd:
o Let £ = &; € k be a dth primitive root of unity in k. The group Z/dZ = (&) acts on Yiéd
as follows. For 3 = g(t'/4) ¢ Yiéd, we define B(£t1/?) by the composition Spec k[[t"/4]] —

Spec k[[t1/4]] %, X, where the first map Spec E[[t'/4)] — Speck[[t'/4]] is a map induced by
the ring homomorphism k[[tY/9]] — k[[t'/4]], t1/4 — &t/
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1/d

oo !

e The group G acts on Yiéd as follows. For v € G and p € X
composition Spec k[[t'/9)] & X L X.

we define Y@ to be the

LEMMA 3.2. Let ¢ € X5, and let ¢ € Yiéd be its lift. Then the following hold:
(1) There exists a unique v € G such that B(£tY/%) = (/).
(2) If @ is another lift and ~' satisfies @ (£t'/%) = +/@ (t'/%), then v and ~' are in the same

conjugacy class.

Proof. Since B, @ and B(£tY/9) are lifts of ¢, assertions (1) and (2) follow from Lemma 3.1. [

For v € G, we define Yclx/)d’m and X% as follows:

« LM = {pe T (et = yp(tt /) ).

o

o X8 . {peXx& ! © lifts to an arc in Y})éd’(v)}.

LEMMA 3.3. (1) We have Xgé('y) = ng(y/) if v and «/ are in the same conjugacy class.

)—>Xoo.

(2) There is a natural map p-: yi(/}%(v

(3) The space Yiéd’(v) and p- are C,-invariant, where C., is the centralizer of .

(4) The C,-action on each fiber over x5 of p~ is transitive.
Proof. (1) If 4/ = ByB~! for some f € G and B(tY/?) = ~p(t'/?), then @ := [P satisfies
V@ () = P (et ).

(2) We may assume that X is an affine variety Spec R. Let @ € Yiéd’ , and let *: R —

E[[t'/4]] be the corresponding ring homomorphism. Suppose a € RC. It is sufficient to show that
©*(a) € k[[t]]. Since a = - a, we have

(@ (@)t = (@ (v - ) (") = (@*(a)) (667,
which shows that $*(a) € k[[t]].

The proof of assertion (3) is straightforward.

(4) Suppose that 3, P, € Yiéd’h) are lifts of ¢ € X% Then by Lemma 3.1, we have §; =
o, for some a € G. Since B;(£t'/4) = v, (/%) holds for each i, it follows that ay = ya. O

()

PROPOSITION 3.4 ([DLO02, Section 2.1], cf. [Yasl6, Section 3]).
(1) We have X& = [ ,yeconic) X2-

(2) The map p-, induces two maps

o || XL Lx

(7)€Conj(@)
~1/d,
oo | &) - Xx,
() €Coni(G)

and p' is bijective over X&.

Proof. Assertion (1) follows from Lemmas 3.1, 3.2(2) and 3.3(1). Assertion (2) follows from
Lemma 3.3. O
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3.2. Arc spaces of quotient singularities. Let d be a positive integer, and let £ be a primitive
dth root of unity in k. Let G C GLy (k) be a finite group with order d which acts on A = AY =
Speck[zy,...,zn]. Set A = A/G = Speck[zy,...,2,]%. Suppose that an element v € G is the
diagonal matrix with entries £°,...,£% (for 0 <e; < d—1).

LEMMA 3.5 ([DLO02, Section 2.3]). The k[t]-ring homomorphism

& kltlla s a) o Ko, szl g £,
induces a bijective map €: Aso — *iéd,(“/).

Proof. First, we shall see that €, induces an injective map e : Ay — Z;/)d. Let € Ay, and
let ©*: k[t][z1,...,2,] — K[[t]] be the corresponding k[t]-ring homomorphism. Then we define

e (P) € Ziéd to be the arc corresponding to the k[t'/¢]-ring homomorphism

K[tV [z, ... xn] = K[[EYY], @i 9% (2) .

. — —1/d . . . . .. . .. . —1/d
Since the map €,: Ay — Aié is injective, it is sufficient to show that its image is Aié ),

Let p € Z}X/)d, and let @ : k[tV9[z1,...,2,] — Kk[[t"?)] be the corresponding k[t'/4]-ring
homomorphism. Set f; := *(z;) € k[[t'/?)]. Then the condition % € Z})éd’(w is equivalent to the
condition that

P () (V) =" (v - 2a) (#1/7)
holds for each i. This condition is equivalent to f;(t'/4) € t¢/4k[[t]] since we have
o T (ai)(&t"?) = fi(€t"/?) and
o 7)) = €)= € () (1) = €7 (1)),
This equivalence shows that the image of e, is Ziéd’(v). O

LEMMA 3.6. (1) The map e, is G-equivariant.
(2) There is a natural inclusion Ay /Cy — (A/C,) .

Proof. Assertion (1) easily follows from the definition of the G-actions on A, and Ziéd’(v).
Assertion (2) follows from [GW10, Proposition 12.27(2)]. O
ProposITION 3.7 ([DL02, Section 2.7]). The map €, induces a k[t]-ring homomorphism

D T o e | T T L B e e

and a morphism A : (Z/ CW)oo — Ao, and the following diagram commutes:

A € (bij.) Z(lx/}d,(v) Py

—= A",

N

ooéc'y

(4/Cy)

Moreover, the composite map A,/ C, — A is bijective over A%’o('y).
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Proof. Note that € induces a k[t]-ring homomorphism k[t] (21, 20] = K[tz @),
where () C G is the subgroup generated by 7. Then A% s its restriction to

Kltlios - ., wal® C Rltlfon, ., 2]
The second assertion, on the bijectivity, follows from Proposition 3.4(2). O

3.3. Arc spaces of quotient varieties. We keep the notation from Subsection 3.2. Suppose
that X C A is a G-invariant subvariety. In this subsection, we study the arc space of the quotient
variety X := X/G.

Let Iy C k[x1,...,7,]" be the defining ideal of X in A = Speck[zy, ..., x,]%. We denote by

the same character Iy the ideal of k[t][z1, ..., ,]¢ generated by the original Ix. We denote by
IO ckllzr, ... 2%, 19 CE[ta1, ..., 2]
the ideals generated by A% (Ix) and )\fy (Ix), respectively, where we set Xz as the composition of A}
and the inclusion k[t][z1,...,2,]% — k[t][z1,...,2,]. Then we have the following commutative
diagram:
%
R e
Elt)[z1,. .., xn) — Elt)[z1,... x5 —————— K[t][z1, . . ., Tp]
l Tt/ Y, l l
G /7 7
Elt][x1, ..., 20" /Ix ——= E[t][x1, ..., 2] /1 —— k[t][x1, ..., 20] /I -

We define the arc spaces )Z'éz) and Yg) as follows (see Subsection 2.4 for the definition of the
arc spaces for k[t]-schemes):

X0 .= (Speck(t][z1,. .. ,:L‘n]CV/I:g;’))OO
XU = (Specklf]far,. ..,z /TY)
Then we have the following diagram of arc paces:

Ay

Ane N AYC oo +—— A

o)

Xt XD e X

Here, the vertical arrows are closed immersions by Lemma 2.28(1). Moreover there is a natural
injective map X /C o XY (cf. Lemma 3.6(2)).

ProPoOSITION 3.8. T he ring homomorphism X} induces a morphism AX (7) — X&o. Moreover,

v ()

the composition X /C — Xod) = X is bijective over X o N A%o( ).

Proof. The first assertion is straightforward.

We consider A : (Z/C ) — Ao and >\ : Aso — Aso. We can identify X(W) )Zc(,z) and X
with the closed subspaces of A, (A /C. )OO and A, respectively, and under these identifications,
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we have
_ > ~1 —
AN (Xe) = XO, AN (Xe) =X
by Lemma 2.28(2). Therefore, the second assertion follows from Proposition 3.7. O

Remark 3.9. In [Yasl6], Yasuda also generalizes the theory of Denef and Loeser to singular va-
rieties. The construction in [Yas16] is intrinsic and more general, and it even works in positive
characteristics. The propositions in this section are covered in the paper [Yas16]. The correspon-
dence between the notation in this section and [Yas16] is described below.

Let v € G, and let E be the G-cover of D = Speck|[t]] corresponding to «y. Then 7<1x/>d’(7)

in Subsection 3.1 corresponds to the set Hom%(E, V) of G-equivariant D-homomorphisms in
[Yas16, Section 3] when V = X x; D. Furthermore, Yiéd’m /C, corresponds to ISPV =
Hom%(E,V)/Cq(H) in [Yas16] when H = () is the subgroup of G generated by 7.
The diagram
A, & (bii) | 1/d(y) P Ao

[e.9]

|7

A /0y S AL,

in Subsection 3.2 corresponds to the diagram

JoyiF P T X

l | A+

T VIFL G () 25, 16Ey

in [Yas16, Section 4] when V = A x;, D and X = V/G.
The diagram

Ay —— A /Oy —— Ao
XY X0, —— X
in Subsection 3.3 corresponds to

JooVIFl —— J VI JCq(H) —— Joo X

ooVl —— T VIFl ) C G (H) —— Jaox

in [Yas16, Section 7] when v = X x; D and x = v/G.
™)
of

dom

X7 .= Spec(k[t][z1, ... ,xn]/ng)). In Section 4 and later, we will work on X itself instead of

vIFl = Yél)m, although their arc spaces are equal (cf. Remark 2.14(3)). One of the advantages
()

dom

We note that vIFl in [Yas16, Section 7] corresponds to the dominant component X,

of working on Y(V) instead of X is that Lemma 2.34 can be applied to Y(V) in the proof of

Theorem 5.1.
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4. Arc spaces of hyperquotient singularities

In this section, we investigate the minimal log discrepancies of hyperquotient singularities in
terms of the arc spaces of k[t]-schemes (Theorem 4.8).

4.1. Arc spaces of quotient singularities. In this subsection, we study the arc spaces of
quotient singularities.

Let d be a positive integer, and let £ be a primitive dth root of unity in k. Let G C GLn/(k)
be a finite group with order d which acts on A = Afy = Speck[z1,...,zN]. We denote by
A:=A/G
the quotient variety. Let Z C A be the minimal closed subset such that A — A is étale outside Z.
We assume codim Z > 2, and hence the quotient map A — A is étale in codimension one. We
fix a positive integer r such that W,[Z;] is invertible (cf. [Koll3, Section 2.40]).
Let v € G, and let C, be the centralizer of v in G. We denote by

A =T4/C,

the quotient varieties. Since G is a finite group, v can be diagonalized with entries £°1, ... £V
(for 0 < ¢; < d — 1) for a suitable basis 1, ..., zx. We set age(y) = (1/d) 32N, e; (cf. [Koll3,
Definition 3.20]).
Let
N k[t[zn, . an]9 = K[, an] D, @ e 19
be the k[t]-morphism as in Section 3. We have maps

*

X’Y
klt][z1, ... ,mN]G mk’[t][ﬂ?l, .. .,zN]CV ———— k[t][x1,...,zN],

where ¢ is the inclusion map and X: = 10 A} is the composite map. We have the following
morphisms between the corresponding k[t]-varieties:

Ay

R _
AE— A = (A/CL) A,

y

where we write Y/ :=Y Xgpeck Spec k[t] for the base change of a k-variety Y.

LEMMA 4.1 (cf. [Yasl6, Lemma 6.5]). Let a € A be an arc. Set o/ := (A 0 q)so(cx). Then it
follows that

. 1
ord,, (JaCXW) == ordy (0, 4) + age(y).

Proof. This follows from [Yas16, Lemma 6.5] (cf. Remark 3.9). We note that vy (E) in [Yasl16,
Lemma 6.5] is equal to age(y) when E is the G-cover of Spec k[[t]] corresponding to the conjugacy
class of v (cf. [WY15, Lemma 4.3]).

For the reader’s convenience, we give a proof in our setting below.

Let
C = Speck[tVY[zq,...,zn]%, C = Speck[t'[z1,...,an].

237



Y. NAKAMURA AND K. SHIBATA

We denote by the same character A, the E[t'/¥)-morphism C — C induced by the original
Xv: A — A’ Then Xv: C — C'is decomposed as

c—2sC—Y0,
which correspond to k[t'/4]-ring homomorphisms

ki, an] K[t e, . an] e B[, 2N

tei/dziﬁxi

Let B: Spec k[[ti]] — C be the lift of a. Then we have the diagram

Ay

Spec k[[t]] —= T/ ALY T’ Spec k|t]
C

Spec k[[t/4]] 5 C Spec k[tY/7].

By abuse of notation, we define the order ordg (jacxw) by

) 1 ~ * X
ord/g(t]acxv) = p length(Coker(()\AY o ﬁ) Qc/k[tl/d] — B Qé/k[tl/d})) )

where the length is that of the cokernel considered as a E[[t'/]]-module. Here, we note that
Qg pjp1/a) is locally free because C' is smooth over k[t'/?). Since

Coker((xV ° B)*Qc/k[tl/d] - 5*Qé/k[t1/d])
~ Coker((x,y o a)*QA’/k[t] — a*QZ//k[t]) ®k[[t}] k[[tl/d“ 5

we have ord, (jacs ) = ordg (jacxy ). We also define ords(jac,) and ordg (jac,) for 8" := s ()
in the same way. Then we have

ordﬁ(jacx) = ordg(jac,) + ordg (jac;), ordg(jac,) = age(y)

by Lemma 2.10 and an easy calculation. It is then sufficient to show that we have ordg (jac,)
= (1/r)ordy (ny. 4).

In the commutative diagram
)®r

®r %
(Qg/k[tl/d]) —t (Qg/k[tl/d]

! l

(%/k[tl/d]) I — t* (Wc/k[tl/d]) I )

)®r

the vertical map (Q — (wé Skt /d})[r] is an isomorphism because C' is smooth over

N

C/k[t1/d]
k[tl/ 4]. Furthermore, t*(w /k[tl/d])[r] — (W@/k[tl/d})m is an isomorphism since t is étale in
codimension one. By combining this with Lemma 2.13(2), we conclude that rordg (jac,)
ordy (n, 4). This completes the proof. O
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4.2. Arc spaces of hyperquotient singularities. In this subsection, we study the arc spaces
of hyperquotient singularities.

Let &, G, v, Cy, A A Z, A p, AL, 4y Xij, Ay Qs XW be as in Subsection 4.1. Let f1,..., f. €
klxi,...,x N]G be a regular sequence which is contained in the maximal ideal at the origin. We
set

B .= Speck:[xl,...,mN]G/(fl,...,fC), B :=Speck[z1,...,zN]/(f1,-- -, fe)-
[r]

Suppose that B is normal. Note that wj' is invertible since W,[Z] is invertible. We define ideals I,
7 and T as
L= (fi,.., fe) C Rz, 2n],
IO = (A5 (f1)s - N (fe) € k][, ... an]©7
T7 = (351, N(fe) C K[, - n] -
We define k[t]-schemes B’, BO) and B as
B’ = Speck[t][z1,...,zn]%/I,
BY) = Speck[t][z1,...,zn]C /T,
B = Spec k[t][z1, . . . ,mN]/Tm :

Then we have the following diagram with the induced k[t]-morphisms py, 15 and j:

X"/
/\)
k[t][z1, ..., zN]¢ — k[t][z1,...,zN]S — Elt][z1,...,zN]
Kz, . ... an]C /T —2 k[, . ., an]C /T~ k], . o]/ T
7

Furthermore, we have the following morphisms between the corresponding k[t]-schemes:

First we give an easy observation on the intersection of B and Z.

LEMMA 4.2. We have codimp(Z N B) > 2. In particular, B — B is étale in codimension one,
and B is normal.

Proof. Since codim(Z) > 2, we have Agng = Z by the purity of the branch locus (cf. [Nag59]).
Since fi,..., fc € Ais aregular sequence, it follows that ZNB C Biing (cf. [Sta2l, tag 00NU]). By
the normality of B, we have codimp(Z N B) > 2. Therefore, B — B is étale in codimension one.
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Furthermore, we have codimz (Esing) > 2. Since B is Cohen—Macaulay, the normality follows
from Serre’s criterion. O

Remark 4.3. Let Eﬁj}o be the open subscheme of B defined by t # 0. We shall see in this
remark that we have a surjective étale morphism

(A'\{0}) x B— B\ L.
First, we have the following natural morphisms:

B = Spec (k[t)[z1, .., an]/ (e (f1)s- -, Aol f2)))

1

By = Spec (k[t, t w1,y anl/ (1), - A ()

étale

Spec (k[tY/d =Y [zy, ... ,%N]/(Xi(fl), . ,Xi(fc)))

~

(Al \ {O}) x B ~ Spec (k[tl/d,t_l/d][xl,...,xN]/(fl, o ,fc)) .

Here the second morphism is étale since it is induced by the étale homomorphism k[t,t1] —
E[t'/@ t=1/4]. The third morphism, which is actually an isomorphism, is induced by the ring
isomorphism

K[V Y 2y, an] = R Y Y 2, e, e 199
whose inverse map is z; — t~¢/%z;. Therefore, we have a surjective étale morphism

(A'\{0}) x B = B,

By Remark 4.3, the k[t]-scheme B satisfies the condition (%%)p, for n := N —c. Furthermore,
B’ and B") also satisfy the condition (x)y,.

Remark 4.4. Note that F(W) is not a complete intersection in A in general because X:( fi),-ees

)

X:( fe) is not necessarily a regular sequence. In fact, B is not pure-dimensional in general (cf.

Example 2.6). Hence we do not have the standard definition of the canonical sheaf on BY (cf.
Definition 2.11).

We define the following invertible sheaf LE(W) on BY instead:
= —1 2 *
Lo o= 5 (det " (I/17)) @o_(,) T"wgr -

Here det ~1(I/I?) = (A°(I/I%))" is an invertible sheaf on B’. Then L fills the role of the
canonical sheaf as follows.

LEMMA 4.5. There is a canonical morphism n: Q%”)/k[t} — LE(”) with the following conditions:

(1) We have Im(n) = Jacs ®L5() -

k]
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(2) There exists a commutative diagram

r n Qr
ey (Q%f/k[t} )® - (ng /k[t]>

| J

— [7] [r]
HoaWpr )~ LE(“/) .

Proof. First, we shall see that there exists a canonical morphism
—% 2 *
[1/,7 (det (I/I )) ®O§(’Y) Q%(’Y)/k[t} — T wzl/k[t] ,

. . *
whose image is JaLcP QT wy Ikl We set

('Y)/k[t]
R:=kltljzr,...,2n], S:=k[tz1,...,zn]/ T, S :=k[t]z1,...,2n]C/1.

Let N C Qpg/g be the R-submodule which is generated by df for f € T(W). Then we have

Q51 = (Qrsr/N) ®r S. Since T is generated by ¢ elements, we have \°"' N = 0. Hence

a canonical map A°N @ AV ¢ Qr/ryg — Q%/km induces

N—c

AN@r N\ Qrjn/N) = Uiy

By taking - ®z S and composing with

[P ®g 8 — T /(1) 28 N g s,

we have a canonical map

C

(A/12) 2s8) @g0le 0Ny @r S,

The S-module (A°(1/1%) ®s S) ®g Qg /;:Tt] is generated by the elements of the form

(fin- A fo)®(dzgy A Ny ,),

and its image in Qg/k[t] ®r S is

AN (1)) A AA(XS(fe)) Adaiy Ao Ay

We note that this is equal to =A - dxy A--- Adzy, where A is the determinant of the Jacobian
matrix with respect to )\::(fi) for 1 <i<cand Oxj for j € {1,...,N}\ {i1,...in—c}. Hence we
have a canonical morphism

—x 2 n *

i (det (1/1%)) ®o_) QEW)/kM T YAk
whose image is Jac QT W Ik We have proved assertion (1).

For assertion (2), we note that a canonical map ﬁﬁwg], Ik L[g(v) is induced by the isomor-

('Y)/k[t]

phism wpr /i) =~ det -1 (I/Ig) Q0 0wk obtained by adjunction. The commutativity of the
diagram is obvious. O

In the same way as in Definition 2.11, we denote by nll,p and nllﬁw the ideal sheaves on E(,Y)
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satisfying
Im( Q B0 k] — LEW)) = n’Lp ® LE(.Y) , Im(ﬁi‘;Q%’/k[t] — LE(w) tll L, & LB(’Y .
We now prove Lemmas 4.6 and 4.7 on relations on orders, which will be used in the proof of
Theorem 4.8.
™)

LEMMA 4.6. Let o € B’ be an arc with ord, (Jac < o0o. Then the following hold:

B /k[t])
(1) orda(jac,) + ords (Jacf('y)/k,[ ])
(2) ord, (jacﬁ7 ) + ord, (JaCB(”)/k[t] ) = ord,, (nllﬁw)'

Proof. The proof of Lemma 2.13(2) works by Lemma 4.5(1). O

LEMMA 4.7. Let a € E()Z)

= orda(n] ).

be an arc. Set o := i, (). Suppose o & Zy,. Then it follows that

1
ord, (nllﬁw) = ordy (n,. pr) + age(7).
Proof. We have two diagrams (cf. Lemma 4.5(2)):

A [— —% n n =
A 5 (V) —— <Q§“>/km)

| J |

Xr

(W) — [r]
B e - B /QwB//k[t] _ LE(”
We denote by T the ideal sheaf on E(W) satisfying
— ) _ [r]
Im (“ij;/k[t] — Lé(w)) =tz ® ng :
We also denote by v the ideal sheaf on A satisfying
[r] [r] [r]
Im ()\ Wkt wz,/k[t]> =ty ® W K
By the definition of the Nash ideals (Definition 2.11), we have
rord, (nll,ﬁy) = ordq (v5m) +orda (n,5) -
On the other hand, by Lemma 4.1, we have
rage(y) = rord, (jacxV ) — ordy (ny, ar)
= rord, (anw) — ordy (g ar)
= orda (vy) -
Here the second equality follows from Lemma 2.13(2) and the fact n, -+ = O The third equality

follows from the definition of the ideals n, X, WAl and v and the fact that ordys (ny. 47) < 00,

which follows from the assumption o/ ¢ Z.,. Hence it is sufﬁcient to show that ord,, (tﬁ(”) =

ordy (tz/).
Since
wp k] det 1 (1/12) ®(9B, U*WA’/k[t]
holds by the adjunction formula, we have tatn = tZ'OE(” by the definition of LEW' This
completes the proof. O
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4.3. Minimal log discrepancies of hyperquotient singularities via jet schemes. In this
subsection, we investigate the minimal log discrepancies of hyperquotient singularities in terms
of arc spaces. We use the notation from Subsection 4.2.

THEOREM 4.8. Let = 0 € B be the origin, let a C k[zy,...,2n5]%/I be a non-zero ideal, and
let § be a non-negative real number. Then
mld, (B,a’) =  inf  {codim(Cyp,) + age(y) — b1 — dw}

’w,b1€Z>o,’y€G
holds for
>1 b
Cu,yp = Cont™ (a(’)ﬁm) N Cont (mw(’)gm) N Cont™ (Jacg(w)/km ) ,
where m, C Op is the maximal ideal corresponding to the closed point x € B.

Proof. By [EM09, Theorem 7.4], we have

mld, (B, a‘s) = inf {codim (Cont™ (a) N Cont™3 (n,, 5) N Cont”* (my)) — ms 5w} .

w,m3€Z>0 T
Note that n, g = n, gOp holds by Remark 2.12 and B],, = By, holds for m € Z>¢ U {oo} by
Remark 2.4.
Let w, by, b2, b3, m1, ma, m3 € Z>o and v € G. We denote by Dy, v b, bo,b5,m1,ma,ms C E()Z) the
cylinder

Cont" (a(’)Em) N Cont=! (mgc(’)gm) N Cont™ (JaCE(”)/k[t )N Cont?2 (JaCE(V)/k[t] (’)Em)

]
N Cont? (Jach/k[t} OE(W) N Cont™ (nll,p) N Cont™? (n’lﬁw) N Cont™3 (nryB/OE(A,)) )

By Propositions 3.4 and 3.8, we have
Cont®(a) N Cont™s (n,. g) N Cont™! (my) \ Zoo
= |_| Moo © Poo (Contw (QOE(.Y)) N Cont™3 (nﬁBOE(’Y)) N Cont=* (mm(’)ﬁm)) \ Zoo -
(7)€Conj(G)
™)

o - Hence we have

Note that fiye0 © Poo(C) is a thin set of B., for any thin set C' of B
codim (Cont™ (a) N Cont™ (n,. 5) N Cont”" (m,))

= min COdim(M'yoo © Pco (Dw,'y,bl ,b2,b3,m1,mz,m3 ))
v,b1,b2,b3,m1,m2

by Proposition 2.25. On the other hand, again by Proposition 2.25, we have

codim(Cy ~.p,) = - min COdim(Dwmbl,bg,bg,ml,mg,mg) )
2,03,MM1,Mm2,m3
By Lemma 4.6, we have ord,(jac,) = mi — by for any & € Dy 5 b, by,b3,m1,ma,ms- Furthermore,
ord(JacEM/k[t]) and ord(Jacém/k[tl) take constant values by and by on Duy, b, by bs,my,me,ms a0d
Poo(Duw,y,b1 b bs,mi,ma,ms )» Tespectively. Hence by applying Proposition 2.35 to p, we have

COdim( OO(Dw,%bl,bmbs,ml,mmms)) = COdim(Dw,’y,bl,b%bs,ml,mz,ms) +m1 —br.

Note that codimp(BNZ) > 2 by Lemma 4.2 and that fiye0lp. (D
outside Z, by Proposition 3.8. By Lemmas 2.10 and 4.6, we have

w,7,b1,b2,b3,m71,mg,m3 ) 15 10) ective

orda(jac, ) = (m2 — b1) = (m1 —b1) =mg —my
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for any o € poo(Duw by by bs,ma,ma,ms)- Furthermore, ord(Jacp /i) takes a constant value b3 on
(Hy © D)oo (Duw b1 ,bo,bs,m1,ma,ms )- Hence by applying Proposition 2.33 to i, we have

COdim((ﬂ'y o p)oo(Dw,%bhbz,bmmhmmms))
= COdim(pOO(Dw,%bl,bz,bzyml,mz,ma)) +mg —my.

By Lemma 4.7, we have mgo — m3/r = age(y) if (fty © D)oo (Duwr.b1.bo,bs,mr,mems) \ Zoo 18
non-empty. Thus we obtain

codim (Do ~.b; b bs,m1 ma,ms) + age(y) — bi
ms3

= COdim((rU”Y Op)OO(Dwmbhb%bs,mhm%ms)) - T .

Therefore, we obtain the desired formula

mld, (B, o) = inf {codim (Cont"(a) N Cont™ () N Cont™! (m,)) — " — s}
w,ms
= 1nf {COdlm((.u’Y Op)OO(Dw,’y,bl,bg,bg,m1,m2,m3)) - @ — 5?11}

¥,w,b1,b2,b3,m1,m2,m3 T

= inf {codim(Dw,%bl,b2ﬁb37m1’m2,m3) + age(y) — by — 5w}
v,w,b1,b2,b3,m1,m2,m3

= inf {codim(Cy )+ age(y) — by — dw} .

77w7b1

This completes the proof. ]
COROLLARY 4.9. In the same setting as in Theorem 4.8, it follows that

mld, (B,a’) = oy VeG{cocnm(q’w,l) +age(y) — by — dw}

for

o by = Cont™" (aOE(ﬂ) N Cont”! (meE(V)) N Cont™ (JaCEW/k[t] )-

Proof. Let Cy~p, be the cylinder in Theorem 4.8. We fix v € G’ and by € Z3(. Since we have
Cwnrp CC, it follows that

inf { codim(Clyp,p,) — Sw} > inf { codim(CY, -,

7’Y7bl’

) —dw} .
We fix w’ € Z=p. Then it follows that
codim (Cy, 5, ) — 6w’ = min { codim(Cypp,)} — o' > iIul}f { codim(Ciypp,) — 0w} .

w w>w’
The first equality follows from Proposition 2.25, and the last inequality follows from & > 0.
Therefore, we have the opposite inequality

inf { codim(Cy1p,) — 0w} < inf { codim(Cy, ., ) — dw} .

w:’Y’bl
This completes the proof. O
Remark 4.10. Our formula can easily be extended to R-ideals a = [];_, afi, where ay,...,a, are
ideals and 41, ..., Jd, are non-negative real numbers. In this setting, we have

mld, (B, H afﬁ') = inf { codim(Cly, ... w701 ) + age(y) — b1 — Z 6iwi}
i=1 i=1

W, Wr,b1 €Z30,7€G

= inf { codim(Cy,, ., o p,) +age(y) — b1 — Z 6iwl}
i=1

wl,...,wr,b1€Z>o,'yEG

244



INVERSION OF ADJUNCTION FOR QUOTIENT SINGULARITIES

for
r
Cwl,...,wr,%ln = < ﬂ Cont™: (aiOBW))) N Cont=! (meE(w)) N COIltb1 (JaCEW)/k[t] ) R
ijl
01/01,...7wr,7,b1 = (ﬂ Cont>vi (aiOB(”))> N Cont>! (meEM) N Cont® (Jacﬁm/k[t] ) .
i=1
We state Theorem 4.8 in the case of quotient singularities.
COROLLARY 4.11. Let z = 0 € A be the origin, and let a C k[zy,...,znx]% be a non-zero ideal
and 0 be a non-negative real number. Then
mld, (4, a5) - wGZLI})f,’WEG{COdim(Cw,V) + age(y) — dw}
holds for

Cuy = Cont™ (aO) N Cont~! (mO5),
where m, C O, is the maximal ideal corresponding to the closed point x € A. Furthermore, the
statements analogous to Corollary 4.9 and Remark 4.10 also hold.

Proof. Since A’ is smooth over k[t], we have Jacy i = O. Therefore, the assertion follows

from Theorem 4.8. OJ

As a corollary, we obtain the following Reid—Tai-type formula on minimal log discrepancies.
See also Remark 4.13 for a proof using the resolution of singularities.

COROLLARY 4.12 (cf. [Bor97, Question 2]). For v € G, we denote by () the subgroup of G
generated by v. Let A = AN /(v), and let Ty € A" be the image of the origin of AN. Let a
be an R-ideal sheaf on A. Then it follows that

mld, (A, a) = min mld, (A7, a0 ) .

Proof. We fix v € G and ' € (y). Then we have a k[t]-ring homomorphism

Nyt k[, ... an]® — klt][z1, ..., 2N]

by applying the explanation in Subsection 4.1 to G and +'. We also have a k[t]-ring homomorphism

N k[, an] — k[, 2]

for () and v/, where we use the same symbol X”;, by abuse of notation. We note that, by definition,

these two maps are compatible with the inclusion k[t][x1,...,zx] < k[t][z1,...,znx], which
is induced by k[z1,...,z5]¢ < k[z1,...,25].
Let m, C k[z1,...,2N]% = O4 and my, C klzy,... ,mN]<7> = Oy be the maximal ideals

corresponding to x € A and z, € A respectively. Since we have /m,O At = mg_, it follows

that
Cont”! (m,O/) = Cont”" (m,, O) .
Therefore, Cy, . defined in Corollary 4.11 for A, 4 € G and a is exactly same as C, ,» defined

for A, 4" € (y) and a0 4(,y. Hence the assertion

mld, (4, a) = gélél mld,., (A<7>, a0 41))

follows from Corollary 4.11. O
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Remark 4.13. We can prove a more general statement following the argument in [Rei80] (cf.
[Kol13, Section 2.42, Theorem 3.21]).

e Let V be a Q-Gorenstein normal variety, and let G be a finite group acting on V. Let x € V
be a closed point, and let 2’ € V/G be its image. Let V) = V/(v), and let 2, € V) be
the image of z. Let a be an R-ideal sheaf on V/G. Then it follows that

mld, (V/G,a) = Iwréiél mld, (V7 a0y) -

By [Koll13, equation (2.42.4)], the inequality
mld, (V/G, a) < min mld,,, (VO a0y )
is easy. Let X’ — X := V/G be a resolution of singularities. We may assume that some divisor E
on X' computes mld,/ (X, a), that is, E satisfies
e cx(E) ={z'} and
e mld,/(X,a) =ag(X,a) if mld,(X,a) >0, and ag(X,a) < 0 otherwise.

Let V' be the normalization of X’ in the field of fractions k(V) of V. Let F be a divisor on V'
which dominates E. We note that G acts on V', and we have X' = V'/G. Let G be the subgroup
of G that consists of an element g € G that fixes F' pointwise. Then by [Koll13, Equation (2.42.4)],
we have

ap(V/G,a) = ap/(V/GF,a0v/q,)

where F’ is the image of F in V/Gp. Since GF is a cyclic group (cf. [IR96, Sections 2.5 and 2.6]),
we get the opposite inequality.

As an application of Corollary 4.12, we can prove the ACC conjecture for quotient singularities
(cf. [Mor20)).

THEOREM 4.14. Let n be a positive integer. The set
Aquot(n) := {mld,(X) | X has a quotient singularity at x and dim X = n}
satisfies the ascending chain condition.
Proof. By Corollary 4.12 (or Remark 4.13), the set Aquot(n) is equal to
Acquot(n) = {mld,(X) | X has a cyclic quotient singularity at  and dim X =n}.

Since a cyclic quotient singularity is a toric singularity (cf. [Rei87, Section (4.3)]), the set Acquot
satisfies the ascending chain condition by [Amb06, Theorem 1]. This completes the proof. 0

5. Precise inversion of the adjunction formula for quotient singularities

In this section, we prove the precise inversion of the adjunction formula for the quotient of a
complete intersection singularity by a finite linear group action (Theorem 5.1).

Let €7 G7 v C’Yv Zv Z7 A7 A(7)7 r, X:n A"/a q, X"/a fia I? T('Y)a T(’Y)a B') E(’Y)7 E(,)/)7 p, T, LE(’Y)a
nj , and n - be as in Section 4.
J. 9’ il

THEOREM 5.1. Let a C klzq,... ,xN]G be a non-zero ideal, and let § be a non-negative real
number. We set b = a(k[z1,...,25]%/(f1,..., f.)). Suppose b # 0. Let x = 0 € A be the origin.
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Suppose that B is klt. Then we have
mld, (A, (fi -+ fo)a’) = mld, (B,b°).
Proof. Since mld, (A, (fr--- fc)a5) < mld, (B, 55) is true in general by adjunction, it is enough
to prove the opposite inequality mld, (A, (f1--- fc)a‘s) > mld, (B, b5).
By Corollary 4.9 (cf. Remark 4.10), we have

d, (A, (fi--- f.)a®) = inf dim=s (Cy v —w— v},
mld, (A, (f1 -+ fo)a®) w,veigo,yeG{Co 1mAOO(CHy)+age(’y) w— v}

where we define Cy, ., C Z;o as
Cuwpy = Cont”™ (f1 -+ feO5) N Cont=" (aO) N Cont™! (m,O) .

We fix w,v € Z>p and v € G.

First, we note that the following claim holds. It will be proved in the end of the proof of
Theorem 5.1.

()

CLAIM 5.2. The intersection C' N By o™

is not a thin set of By for any irreducible component C'

of Cyp -
Let C1, ,,, C Cu vy be an irreducible component satisfying
codimzr (Cwvy) = codimzl (Cy, v,'y)
Set b1 := min accy, , (B ord,, (Jac Sy ]) Note that b; < co by Claim 5.2. By Lemma 2.34,
we have
(:odirnzloo (Crpwy N Cont <SP ((7%)~* Ja&<7>/k[t})) —w
- =)
> COdlmEg) (Cw vy N Bog 7N Cont™ (JaCB(’”/k[t} )) — by

Since C{uvv is an irreducible closed cylinder, its non-empty open subcylinder has the same

codimension. Therefore,

codim— (C' ﬂContgbl((T) Jac_

w,v,Y

codim— (C{U o) -

B kY )) =

Hence we have

=)

codimZ;O (Cwwy) —w = COdlmf(«,) (C’w vy N Bgg' N Cont” (Jac by .

B kY ) -
Since

Cuwpy N B(v) N Cont™ (JacB(w)/k[ﬂ )

C Cont”"? (bOEM) N Cont>! (meﬁm) N Cont™ (JaCB(”/k[t] )
by applying Corollary 4.9 (cf. Remark 4.10) to B, we obtain the desired formula
mld, (A, (fi-- f.)a%)

= il (oot (Cusc) ageo) —w =0}

Cont=? (60—() N Cont”! (m, O
> inf  dcodim, (0O5) (MO0} )5,
U,bGZ;Q,’YEG Boo N Cont (Ja.CB(’Y)/k_[t})

= mld, (B,b°).
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Therefore, it is sufficient to show Claim 5.2.

Proof of Claim 5.2. First, we introduce some notation. For an arc o € Z;o, we set gf* 1= a*(x;) €
k[[t]], where a*: k[t][x1,...,zN] — K[[t]] is the corresponding ring homomorphism. We denote
by 8 € Zﬁx) the trivial arc determined by gf := 0. Let T C A’ be the closed subscheme defined
by the ideal (z1,...,2nx) C Ek[t][z1,...,2N]. Then we have T, = {5}.

Since v C (x1,...,zN), it follows that f € T, C Eg). Let W C B be the irreducible
component dominating Specklt], and let h: W/ — W be a resolution of singularities of W.
Let T' := h=1(T). Since B is klt by assumption, we note that B is also klt by Lemma 4.2.
Therefore, W is klt outside ¢ = 0 by Remark 4.3, and hence 7" — T has a section by [HMO07,
Corollary 1.7(2)]. Consequently, there exists an arc 3 € T/, C W/ such that ho(8") = 3.

Then by Lemma 2.27, it is suffices to show that § € C’. In order to prove this, we introduce
. —/ —
a k-action on the arc space A, as follows. Let o € A;O and a € k. Then we define a - o by

gl (t) == agf (adt) .

We adopt the convention that a® = 1 when a = 0 and e; = 0. Then for f € k[z1,...,zy]%, it is
easy to see that v(t) = u(a%t) when we set

u(t) = a* (N (f), o(t) = (a- ) (N(f)) € K[[t]
for a € Z;O and a € k. Therefore,
ord, (X:(f)) = ordg.q (X;(f))

holds if @ € k*. Hence any cylinder of form Cont%(c(’)zf) with an ideal ¢ C k[z1,...,zn]" is
invariant under the k-action. Therefore, C., 4~ and its irreducible component C’ are invariant
under the k-action. The assertion 3 € C’ then follows from the observation that 8 = 0 - a holds
for any a € Cont=! (mx(’)ﬁ(y)). 0

G

This completes the proof of the theorem. O

Remark 5.3. In Theorem 5.1, we assume that B is klt. This assumption is essential in the proof
of Claim 5.2.

If B is not klt, then the arc space Eg
B = Speck[:vl,:vg,xg]/(x? + 5 + x%) , (d,e1,es,e3) =(3,0,1,2).

) itself might be a thin set of Eg). Let

Then we have
BY = Spec k[t][x1, x2, xg]/(a::f + tm% + t2x§) ,

and it follows that Eg) =

Ef;) turns out to be a thin set of Eg).

{8}, where § is the trivial arc corresponding to the origin. Therefore,

Remark 5.4. Theorem 5.1 can be generalized to R-ideals due to Remark 4.10. Let a be an R-ideal
on A. Then we have

mld, (A, (fi--- fo)a) = mld,;(B,aOp) .

Remark 5.5. All the statements in Section 4 are still true when we replace k[z1,...,2xn]| with
its localization k[z1,...,2N]y at a G-invariant element g which does not vanish at the origin.
Therefore, Theorem 5.1 is also true for the local setting, that is, when B is locally defined by
a regular sequence f1,..., f. at the origin and has only klt singularity at the origin.
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6. Proofs of the main theorems
As a corollary of Theorem 5.1, we prove the PIA conjecture for hyperquotient singularities.

COROLLARY 6.1. Suppose that a finite subgroup G C GLy (k) acts on Aév freely in codimension
one. Let X := AéV/G be the quotient variety, and let x € X be the image of the origin of A]kv.
Let Y be a subvariety of X through x of codimension ¢, and let a be an R-ideal sheaf on Y.
Suppose that Y is locally defined by c equations at x in X. Let D be a Cartier prime divisor on Y
through x with a klt singularity at x € D. Suppose that D is not contained in the cosupport of
the R-ideal sheaf a. Then it follows that

mld, (Y, aOy (—D)) = mld, (D, aOp).

Proof. Let R := k[z1,...,x N]G be the invariant ring. Take an R-ideal sheaf b on X such that
a = bOy, and take local equations fi,...,f. € Ox, of Y in X. Furthermore, take g € Ox ,
such that its image g € Oy, defines D. We note that Y has a klt singularity at = by inversion
of adjunction (cf. [KM98, Theorem 5.50]). Then it follows that

mld, (Y, a(’)y(—D)) = mld, (X, (fr-- fe ~g)b) =mld,(D,aOp)
by applying Theorem 5.1 twice (cf. Remark 5.5). O
THEOREM 6.2. Suppose that a finite subgroup G C GLy(k) acts on Afy freely in codimension
one. Let X := AJkV/G be the quotient variety. Let Y be a subvariety of X of codimension ¢ which

has only kit singularities, and let a be an R-ideal sheaf on Y. Suppose that Y is locally defined
by ¢ equations in X. Then the function

Y] = RygU{—o0}, y+> mldy(Y,a)
is lower semi-continuous, where we denote by |Y'| the set of all closed points of Y with the Zariski
topology.

Proof. We keep the notation of the proof of Corollary 6.1. Since the lower semi-continuity holds
for X by [Nak16b, Corollary 1.3], it is sufficient to show that

mld, (Y, a) = mldy, (X, (fi--- f)b)

for any y € Y.

We fix a closed point y € Y. Take a closed point y € A{CV whose image in Y is y. Let
Gy :={9 € G| g(y) = ¢} be the stabilizer group of y'. Then AN /G, — AN/G is étale at y.
We note that the minimal log discrepancy is preserved under an étale map. Hence by replacing
X = A{CV /G with AN/ Gy and changing the coordinate of AN we may assume that ¢/ is the
origin and the group action is still linear. Then we have

mld,, (Y, a) = mld, (X, (f1--- fc)b)
by Theorem 5.1, which completes the proof. O
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