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Injectivity theorems with multiplier ideal sheaves
for higher direct images under Kahler morphisms

Shin-ichi Matsumura

ABSTRACT

In this paper, we establish injectivity theorems for higher direct image sheaves of
canonical bundles twisted by pseudo-effective line bundles and multiplier ideal sheaves.
As applications, we generalize Kolldr’s torsion-freeness and Grauert—Riemenschneider’s
vanishing theorem. Moreover, we obtain a relative vanishing theorem of Kawamata—
Viehweg—Nadel type and an extension theorem for holomorphic sections from fibers of
morphisms. Our approach, based on transcendental methods, works for Kahler mor-
phisms and singular Hermitian metrics with non-algebraic singularities.

1. Introduction

The injectivity theorem, which has been studied in the last decades, is a powerful tool in com-
plex geometry and algebraic geometry, in particular birational geometry. After the pioneering
work [Tan71] by Tankeev, Kollar [Kol86a] established the celebrated injectivity theorem by us-
ing Hodge theory. From the viewpoint of Hodge theory, we have already obtained useful gen-
eralizations (see, for example, [Amb03, Ambl4, EV92, Fuj09, Fujll, Fujl7, Fujl4, Kol86b]).
Particularly, Theorem 1.1 below is one of the most important generalizations of Kollar’s in-
jectivity theorem for deformations of projective varieties. On the other hand, we can also ap-
proach Kollar’s result from the analytic viewpoint (see, for example, [Eno93, Fuj12, Fuj13, FM21,
Mat15b, Mat15a, Mat18a, Ohs05, Tak95, Tak97]). This paper contributes to the study of the
injectivity theorem and its applications from the analytic viewpoint.

THEOREM 1.1. Let w: X — A be a surjective projective morphism from a smooth variety X to
a quasi-projective variety A and F' be a mw-semi-ample line bundle on X.

Then, for a non-zero (holomorphic) section s of F™™ (with m > 0), the multiplication map
induced by the tensor product with s

Rim(Kx @ F) 2% Rin (Kx © F™1)

is injective for every q. Here K x denotes the canonical bundle of X and Ri7,(e) denotes the qth
higher direct image sheaf.
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In this paper, we consider a proper Kéahler morphism n: X — A from a complex mani-
fold X to an analytic space A and a (holomorphic) line bundle F' on X equipped with a singular
(Hermitian) metric h. Furthermore, we study the direct image sheaves Rim,(Kx ® F ® Z(h))
of the canonical bundle Kx on X twisted by F' and the multiplier ideal sheaf Z(h). This paper
contains three main results: The first result is to establish two injectivity theorems formulated
for Kéhler morphisms and singular metrics with arbitrary singularities, which generalizes Theo-
rem 1.1 to the complex-analytic setting (see Theorems 1.2 and 1.3). The second result, which is
a direct application of our injectivity theorems, is to give Kollar’s torsion-freeness and Grauert—
Riemenschneider’s vanishing theorem for Rim,(Kx ® F ® Z(h)) (see Corollary 1.5). The third
result is to prove a relative vanishing theorem of Kawamata—Viehweg—Nadel type (see Theo-
rem 1.7).

Enoki [Eno93] obtained the absolute case of Theorem 1.1 under the weaker assumption that F’
is semi-positive (that is, it admits a smooth (Hermitian) metric with semi-positive curvature),
as an application of the theory of harmonic integrals. Takegoshi [Tak95] proved the relative case
of Enoki’s result, which generalizes Theorem 1.1 from semi-ample line bundles to semi-positive
line bundles. In this paper, we handle line bundles admitting a (possibly) singular metric with
semi-positive curvature (namely, pseudo-effective line bundles). The study of pseudo-effective
line bundles is an important subject; hence it is natural and of interest to pursue a further
generalization of Theorem 1.1 and Takegoshi’s result from semi-positive line bundles to pseudo-
effective line bundles.

The following theorems, which are the main results of this paper, can be seen as generaliza-
tions of Theorem 1.1 and Takegoshi’s result to pseudo-effective line bundles. Moreover, Theo-
rems 1.2 and 1.3 include various injectivity theorems; see, for example, [Eno93, FM21, Fujl2,
Fuj13, GM17, Kol86a, Mat14, Mat18a, Tak95, Tak97]. (See [CDM17, LRW19, Mat19, SZ21,
2719] and the references therein for recent developments.)

THEOREM 1.2. Let m: X — A be a surjective proper Kidhler morphism from a complex mani-
fold X to an analytic space A and (F,h) be a (possibly) singular Hermitian line bundle on X
with semi-positive curvature.

Then, for a non-zero (holomorphic) section s of F™ (with m > 0) satisfying supg |s|pm < 0o
for every relatively compact set K € X, the multiplication map induced by the tensor product
with s

Rim (Kx ® F@I(h) 25 Rim (Kx © F™ @ (k1))

is injective for every q. Here Z(e) denotes the multiplier ideal sheaf of e.

THEOREM 1.3. Let m: X — A be a surjective proper Kahler morphism from a complex mani-
fold X to an analytic space A. Let (F,h) be a (possibly) singular Hermitian line bundle on X
and (M, hys) be a smooth Hermitian line bundle on X. Assume

V=10, (M) >0 and —-1(04(F)—b0y,,(M)) >0

for some b > 0.

Then, for a non-zero (holomorphic) section s of M, the multiplication map induced by the
tensor product with s

Rim (Kx ® FRI(h) Z% Rin(Kx ® F @ Z(h) @ M)

is injective for every q.
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Remark 1.4. (1) A proper morphism 7: X — A is called a Kdhler morphism in this paper if,
for every point ¢ € A, there exists an open neighborhood A’ of ¢ such that 7—1(A’) is a Kéhler
manifold.

(2) The case m = 0 in Theorem 1.2 coincides with the case where (M, hys) is trivial in Theo-
rem 1.3. This case is important for applications.

(3) The assumption in Theorem 1.2 on the local sup-norm is a reasonable condition to make
the multiplication map well defined and is always satisfied in the case m = 0.

The absolute case of the above results has been obtained in [Mat18a, FM21], by combining
the theory of harmonic integrals with the L2-method for the d-equation (see [GM17, FM21] for
applications). The proof of the main results is based on transcendental methods developed in
[Mat18a, FM21, Tak95]. One of the advantages of our methods is that we can prove the main
results for Kéhler morphisms (not only projective morphisms) and for singular metrics with non-
algebraic singularities. Under the regularity of singular metrics, a theorem similar to Theorem 1.3
was given in [Fujl3]. Nevertheless, we are sometimes faced with the case of handling a singular
metric h obtained from a suitable limit of metrics {hy,}5°_;; furthermore, it is quite hard to
investigate the regularity of the limit A even when h,, has algebraic singularities. Therefore, it
is worth formulating Theorems 1.2 and 1.3 for singular metrics with arbitrary singularities.

As a direct corollary, we generalize Kollar’s torsion-freeness [Kol86a] and Grauert-Riemen-
schneider’s vanishing theorem [GR70] for the higher direct images Rim,(Kx ® F ® Z(h)).

COROLLARY 1.5 (Kollar’s torsion-freeness, Grauert—Riemenschneider’s vanishing theorem). Let
m: X — A be a surjective proper Kdhler morphism from a complex manifold X to an analytic
space A and (F,h) be a (possibly) singular Hermitian line bundle on X with semi-positive
curvature.

Then, the higher direct image sheaf Rim,(Kx ® F®Z(h)) is torsion-free for every q. Moreover,
we obtain

Rim (Kx @ F®Z(h)) =0 forevery ¢ >dimX —dimA.

As a further application, we obtain a vanishing theorem of Kawamata—Viehweg—Nadel type
[Kaw82, Vie82, Nad90] for the higher direct images Rim,(Kx ® F @ Z(h)) (see Theorem 1.7).
The proof of Theorem 1.7 requires the lower semi-continuity of the numerical Kodaira dimension
of singular Hermitian line bundles, which is of independent interest.

PROPOSITION 1.6 (Quasi-lower semi-continuity of the numerical Kodaira dimension). Let 7: X —
A be a surjective projective morphism from a complex manifold X to an analytic space A and
(F,h) be a (possibly) singular Hermitian line bundle on X with semi-positive curvature. Assume
that 7 is smooth at a point ty € A.

Then, there exist an open neighborhood B of ty and a dense subset () C B such that
for every t € @Q, the inequality nd(F|x,,h|x,) = nd(F|x,,, hlx,,) holds.

Here (F|x,,h|x,) denotes the singular Hermitian line bundle restricted to the fiber X; := w=1(t)
and nd(F|x,, h|x,) denotes its numerical Kodaira dimension.

See Definition 4.1 for the precise definition of the numerical Kodaira dimension.

By combining the vanishing theorem [Caol4] and the strong openness theorem [GZ15] with
the proof of Proposition 1.6, we obtain a relative vanishing theorem of Kawamata—Viehweg—
Nadel type. Note that Proposition 1.6 and Theorem 1.7 have been further generalized to Kahler
morphisms by the same strategy as that in this paper (see [Mat18b, Theorems 1.1 and 1.2]).
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THEOREM 1.7 (Relative vanishing theorem of Kawamata—Viehweg—Nadel type). Let m: X — A
be a surjective projective morphism from a complex manifold X to an analytic space A and
(F,h) be a (possibly) singular Hermitian line bundle on X with semi-positive curvature.

Then, we have

Rim (Kx @ F®Z(h))=0 foreveryq> f— max nd(F|x,, hlx,),

7 Is smooth
at te

where f is the relative dimension of w: X — A. In particular, if (F|x,,h|x,) is big for some
point t in the smooth locus of 7, then we have

Rit (Kx ® F®Z(h)) =0 foreveryq>0.

Moreover, we obtain an extension theorem (see Corollary 1.9), motivated by the invariance
of plurigenera and the divisorially log-terminal (dlt) extension conjecture in the minimal model
program (see [Lev83, Siu98, Siu02, Tak07, Pau07] for the invariance of plurigenera, [DHP13,
FG14, GM17] for the dlt extension conjecture, and the references therein). When 7: X — A is
a smooth projective morphism, the following problem corresponds to the so-called invariance of
plurigenera proved by Siu [Siu98, Siu02] (see also [Pau07]).

Problem 1.8. Let m: X — A be a surjective proper Kéhler morphism from a complex mani-
fold X to an open disk A C C. Assume that Kx is m-nef and the central fiber X, := 7=1(0)
is simple normal crossing. Then, can we extend a section u € H°(Xp, Ox,(K%)) to a section in
HY(X,0x(K%®)) (by replacing A with a smaller disk if necessary)?

When 7: X — A is a projective morphism, Takayama [Tak07] showed that every section
of the pluri-canonical bundle on each component of Xy can be extended. When 7: X — A is
a non-projective smooth morphism, we have some partial results in [Lev83, CP20]. The following
result, which can be seen as a relative version of [GM17, Theorem 1.4}, partially solves the above
problem when Kx admits a singular metric with mild singularities.

COROLLARY 1.9. In the same situation as in Problem 1.8, let (F,h) be a singular Hermitian
line bundle on X with semi-positive curvature. Then, every section in H(Xo, Ox,(Kx ® F))
that comes from H%(Xy, Ox,(Kx ® F)®Z(h)) can be extended to a section in H*(X,Ox(Kx ®
F)®Z(h)) by replacing A with a smaller disk. In particular, if Kx admits a singular metric h
whose curvature is semi-positive and whose Lelong number is zero at every point in Xg, then
Problem 1.8 is affirmatively solved.

In the rest of this section, we briefly explain the proof of Theorems 1.2, comparing our case
to the absolute case proved in [Mat18a]. The proof of Theorem 1.3 is essentially the same as
that of Theorem 1.2. For the proof of the main results, we generalize the methods in [Tak95] and
[Fuj13] and combine them with techniques in [FM21] and [Mat18a].

In Step 1, we approximate a given singular metric h by singular metrics {h.}.~o that are
smooth on a Zariski open set Y., which enables us to apply the theory of harmonic integrals
on Y.. Note that we cannot directly apply the theory of harmonic integrals since h may have
non-algebraic singularities. The subvariety Y. does not depend on ¢ in [Mat18a], but Y; essentially
depends on ¢ in our case. To overcome this difficulty, we construct a complete Kéahler form w; s
on Y, such that w, s converges to a Kahler metric w on X as 6 — 0. By the standard de Rham-
Weil isomorphism, we can represent a given cohomology class {u} by an F-valued differential
form w. The F-valued form w is locally L2-integrable, but u may not be globally L?-integrable
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on X due to the non-compactness of X. For this reason, in Step 2, we construct a new metric H,
on F' by suitably choosing an exhaustive plurisubharmonic function on X, so that the same
cohomology class {u} can be represented by harmonic L2-forms ue 5 with respect to H, and w, s.
In Step 3, we reduce the proof to showing that the L?-norm |ste sl X, How. 5 ON a relatively
compact set X, € X converges to zero as € — 0 and 6 — 0. For this step, we need that the
quotient map from the local L?-space to the d-cohomology group is a compact operator (see
Proposition 2.19). In Step 4, using the Cech complex and the de Rham-Weil isomorphism, we
construct a solution v, 5 of the d-equation Jv. 5 = su. s such that the L2-norm ||lves|x, m.,
on X, is uniformly bounded. We then obtain that

We §

”Sluf»é g(c;Hg,Uszé = <<Su57675/v576>>Xc,H5,w5’5

= <<5*8u€76’ UE?é>>chHsvws,6 + (((dé)*su&é’ v576))8Xc:Hsaws,5

for almost all X, € X, by generalizing the formula in [FK72] (see Proposition 2.5). Here o*
denotes the adjoint operator of e and (e,e),y denotes the norm on the boundary 0.X.. Note
that the norm on the boundary 0X. appears due to the non-compactness of X. In Step 5, we
show that the norm of g*su&g and (d®)*su, 5 converges to zero by applying Ohsawa-Takegoshi’s
twisted Bochner—Kodaira—Nakano identity.

The remainder of this paper is organized as follows: In Section 2, we summarize the results
needed in this paper. Moreover, in that section, we give a generalization of [FK72, (1.3.2) Propo-
sition] and recall the fundamental facts on the construction of the de Rham—Weil isomorphism in
our situation. In Section 3, we prove Theorems 1.2 and 1.3. In Section 4, we prove Corollary 1.5,
Proposition 1.6, Theorem 1.7, and Corollary 1.9.

2. Preliminaries

In this section, we summarize the results used in this paper. Throughout this section, let X be
a complex manifold of dimension n and F' be a (holomorphic) line bundle on X.

2.1 L2-spaces of differential forms

In this subsection, we recall L2-spaces of F-valued differential forms and operators defined on
them. Let w be a positive (1,1)-form on X and h be a smooth (Hermitian) metric on F.

For F-valued (p,q)-forms u and v, the (global) inner product (u,v), , is defined by

(u, v}y, , = /X(u, V) hw AV,

where dV,, is the volume form defined by dV,, := w"/n! and (u,v)s,, is the point-wise inner
product with respect to h and w. The L?-space of F-valued (p, q)-forms with respect to h and w
is defined by

L‘E”%(X, F)pw = {u|uis an F-valued (p, ¢)-form with ||ul|p. < oo} .
The Chern connection D = D g, on F'is canonically determined by the holomorphic struc-
ture and the smooth metric h on F', which can be written as D = Dj, —tDZ with the (1,0)-

connection D) and the (0, 1)-connection Dj. Note that D} agrees with the 0-operator. The con-
nections d and Dj, (strictly speaking, their maximal extension) can be seen as densely defined
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closed operators on LI()S (X, F)p with domain

Domg = {u c L;()ég(X7 F)h,w |5U S L;()é§+1(X, F)h,w} .

These operators depend on h and w in the sense that their domain and range depend on them,
but we often omit the subscript (for example, we abbreviate dj,,, to 0).

We consider the Hodge star operator * with respect to w
sk =k, CLUX, F) — CL" P(X,F),

where CRI(X,F) is the set of smooth F-valued (p,q)-forms on X. By definition, we have
(U, V)p e dVy = u A H¥v, where H is a local function representing h. In this paper, the nota-
tion A* denotes the formal adjoint of an operator A. For example, the symbols D;: . and 52@
denote the formal adjoint operators of D;W and 0, respectively. Note that

/%

= =%
hw=—%0% and 0),=—*D'y,*.

Furthermore, for a differential form 6, the symbol 6* denotes the adjoint operator with respect
to the point-wise inner product. When 6 is of type (s,t) and 6* acts on C5!(X, F), we have

0* — (_1)(p+¢1)(8+t+1)*g*‘
For operators A and B with pure degree, the graded bracket [e, o] is defined by
[A,B] := AB — (—1)deeAdeeBp g
In the proof of the main results, we often use the following lemmas, which are obtained from
simple computations (see, for example, [Tak95] for Lemma 2.1).
LEMMA 2.1. Ifw is a Kéhler form, then we have the following identities:
o O* = \/—71[5, Aw] for a (1,0)-form 6,

e n* = —y/—1[1,Ay] for a (0,1)-form n,
e [0,(09)7] + [D;l*,w,@CI)] = [V/—1009, A, for a smooth function .

Here A, denotes the adjoint operator defined by A, := w*.
LEMMA 2.2. Let @ and w be positive (1,1)-forms such that @ > w.

e There exists a C' > 0 such that |0*ul, < C|0)|,|u|, for differential forms 6 and wu.
e The inequality |0|z < |0|. holds for a differential form 6.

The inequality |0|z dVz < |6, dV,, holds for an (n, q)-form 6.

The equality |0|5 dVz = 10|, dV,, holds for an (n,0)-form 6.

Proof. For a given point x € X, we choose a local coordinate (z1, 22, . .., z,) such that

~_ VoI - VoI _
w—2;)\jdzj/\dzj and w—Q;dzj/\dzj at z.

When the differential forms 6 and u are written as
0= ZGLJCZZ[ ANdzZy; and u= ZUK,LdZK ANdzy,
1,J K,L
in terms of this coordinate, we have

012 = 16rs* and |62 =" \9I,J\2H

I,J 1,J (i,j)E(I,J) )\ZA]

1
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at x, where I, J, K, L are ordered multi-indices. The second claim follows from A; > 1. Fur-
thermore, the third claim and the fourth claim can be easily obtained from the above equalities.
From |07 5| < |0]w and |ug 1| < |u|w, we have

\9/\u|w: Z GLJUK’LdZ[/\dZ]/\dZK/\CﬁL
I1,J,K,L w
< Z 01,|luk,L| < Z 10]w|ulw = C1|0]w|ulw ,
I,J,K,L 1,J,K,L

where (' is a positive constant depending only on the degree of the differential forms. Since the
Hodge star operator * preserves the point-wise norm, we have
|0 ufy, = |6 u’w = |6 = u|w < 02’5}w]*u|w = Cofuul

for some constant Cy > 0. ]

2.2 Ohsawa—Takegoshi’s twisted Bochner—-Kodaira—Nakano identity

The following proposition is obtained from the twisted Bochner-Kodaira—Nakano identity (cf.
[DF83, DX84, OT87, Ohs95]), which plays an important role in Step 5. See, for example, [Tak95,
Theorem 2.2] for the precise proof.

PROPOSITION 2.3 (Twisted Bochner-Kodaira-Nakano identity). Let w be a complete Kéhler
form on X such that /=10y (F) > —Ciw for some constant Cy. Furthermore, let ® be a bounded
smooth function on X such that supy |d®|, < oo and v/—100® > —Cow for some constant Cs.

Then, for every u € Domd), , N Domd C LYY (X, F)p, we have

(2)
Iv/i(@+8®)ull? ., + |/ oull;,

= |Va(Dj, — @)l + (nV/=1(On(F) + 80%) A, u),,

where 1) is the function defined by n := e®.

The case ® = 0 corresponds to the non-twisted version. In the proof of Proposition 2.5 (and
that of Proposition 2.3), we use the following lemma due to Andreotti—Vesentini (see [AV65,
Ves67] and [Dem82, Lemme 4.3]).

LEMMA 2.4 (Density lemma). Let w be a complete positive (1, 1)-form on X.
e There exists a sequence of cut-off functions {0}, on X such that
Suppby € X, |dOkl, <1, and Oy — 1 ask — .

e The set of smooth F-valued (p, q)-forms with compact support is dense in Dom EZ,W Dom 0,
and Dom EZW N Dom 0, respectively, with respect to the following graph norms:

lulln + 10 wtlly e ullne +[10ull, > and e + [Thwul,, + [9ull,, -

2.3 Adjoint operators on domains with boundaries

Let ® be a smooth function on X. In this subsection, we consider the level set X, defined by
Xe:={z € X|®(x) < ¢} such that X, € X and d® # 0 on the boundary 0X, of X.. The inner
product on the boundary 09X, is defined to be

((u7v))6XC,h,w = / (U, V) pw dSu

0X.
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for F-valued (p,q)-forms u and v that are smooth on a neighborhood of dX.. Here dS,, is the
volume form on 90X, defined by dS, := *d®/|d®|?>. Note that we have dV,, = d® A dS,, by
definition. Stoke’s theorem yields

_ — .
(Ou, v) x pw = (U, 0400 x o + (1, (0P) V) ox,
for a smooth F-valued (p, g—1)-form u and a (p, ¢)-form v on X (see [FK72, (1.3.2) Proposition]).
For our purposes, we need to generalize the above formula to a Zariski open set Y C X
equipped with a complete positive (1,1)-form w. In the following proposition, we consider the
Hodge star operator * := %z, the volume form dSz := *;d@/\dfb%, the inner product

((aua v))aX,;,h,EU = / <'LL, U>h,6§ dSg ,
0X.NY

and so on with respect to @ (not w).

PROPOSITION 2.5. Let @ be a complete positive (1, 1)-form on a Zariski open set Y of a complex
manifold X. Let u and v, respectively, be a smooth F-valued (p,q — 1)-form and a F-valued
(p, q)-form on'Y with the finite L?>-norms ||ul|pz, ||v|/nz, H5u||h 50 Hé;avﬂh - Consider a smooth
function ® on X and the level set X, defined by X4 := {z € X | ®(z) < d}yfor deR. If X, € X
and d® # 0 on the boundary 0X. of X, for some ¢ € R, then there exists a sufficiently small
number a > 0 with the following properties:

(a) d® # 0 on 90X, for every d € (¢ —a,c+ a),

(b) (Ou, V)X hm = (u,gﬂ};’av)){d’h?@ + (u, (5@)*1)))8Xd’h@ for almost all d € (¢ — a,c+ a).
Remark 2.6. (1) In the case Y = X, the equality in property (b) above holds for arbitrary
d € (c—a,c+a) (see [FK72, (1.3.2) Proposition]).

(2) From the proof, we see that the real number a depends only on ®, not on u, v, and @.

(3) In the proof of the main results, we apply Proposition 2.5 to countably many differential
forms. The subset I defined by

I :={d € (¢ — a,c+ a) | the equality in property (b) of Proposition 2.5 does NOT hold for d}

depends on u, v, w. The Lebesgue measure of [ is zero by the proposition, and a countable union
of subsets of Lebesgue measure zero also has Lebesgue measure zero. Hence, for given countably
many differential forms, there exists a uniform I of Lebesgue measure zero such that the equality
in property (b) of Proposition 2.5 holds for d ¢ I.

Proof of Proposition 2.5. For simplicity, we consider only the case where (F,h) is trivial. For a
sufficiently small a > 0, we have d® # 0 on 90Xy for every d € (¢ — a,c+ a) by the assumption
d® # 0 on 0X.. For the proof of property (b), we take a sequence of cut-off functions {6},
on Y such that Suppf; € Y and 6, — 1 as k — oo. Since w is complete on Y, we can add the
property |dfx|; < 1 (see Lemma 2.4). Then, Stoke’s theorem implies that

<<5(9ku)7 'U>>Xd,&; = <<6ku75;v>>Xd,c~u + (Ou, (E(I))*v))aXd@ : (2.1)

Note that all integrals and adjoint operators are computed with respect to @ (not w). There is
no difficulty in proving equality (2.1) since all integrands that appear in equality (2.1) are zero
on a neighborhood of the subvariety X \ Y. Indeed, from Stoke’s theorem and

(dBru) A5 = —Oru A (% x d*v) + d(6pu A FD),
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we have
<<5(9ku)7v>>Xd@ = <<01<:U752U>>Xd@ + ; Oru AN*0.
Xq

Furthermore, we have
{unNFo} AdP = —u A% d® A v = —(u, (dP)*v) dV5 = {(u, (d®)"v) dS5} A dD .

It follows that d® is non-zero in the normal direction of 0Xg from d®|gx, = 0 and d® # 0
on 0Xg4. Therefore, we can conclude that

/ uA\F0 = / (u, (d®)*v) dS .
Xy Xy

Hence we obtain equality (2.1).

Now, we observe the limit of each term. The bounded Lebesgue convergence theorem implies
that fpu converges to u as k — oo in the L?-topology with respect to &. Here we used the
assumption |jul|z < co. On the other hand, since 9(0pu) = 90 A u + 0xO0u and |dbi|z < 1
and df;, — 0 in the point-wise sense, we can easily see that 90, A u — 0 and 0,0u — Ou in
the L2-topology, by using the bounded Lebesgue convergence theorem again. Here we used the
assumption ||dul|z < co. From the above argument, the left-hand side (respectively, the first term
of the right-hand side) of equality (2.1) converges to (Ju,v) x,& (respectively, (u, d=v) x,) for
every d.

It remains to show that the second term of the right-hand side in equality (2.1) converges to
(u, (0®)*v)yx, 5 for almost all d. By Cauchy—Schwarz’s inequality and Lemma 2.2, the integrand
of the second term can be estimated as follows:

|(Oru, (5@)*@5} < |Orulz| (5@)*1)‘@ < Czl)l(p (|09]5)|ulz|v|s -
d

We may assume w > @ for some positive (1, 1)-form @ on X since @ is complete on Y. Then, the
inequality |0®|3 < |[0®|z holds by Lemma 2.2. In particular, the sup-norm supyx, |0®|5 is finite
since the function @ is smooth on X (not Y). If the integral of |u|3 |v|z on 0Xg is finite, the
integral (Oru, (5‘1))*”))8Xd@ converges to (u, (5@)*1}))8)((1@ by the bounded Lebesgue convergence
theorem. To prove that the integral of |u|z |v|z on X} is finite for almost all d, we apply Fubini’s
theorem and Hélder’s inequality to obtain

/ ([ Wkbloass)ao = [ julslols vz
de(c—a,c+a) 0Xgq {c—a<P<c+a}

1/2 1/2
< ( / rulédva) ( / |v|%dva,> :
{c—a<P<c+a} {c—a<P<c+a}

Here we used the equality d® A dSz = dVj;. Since the right-hand side is finite from |ul|z < oo
and |lv||lz < oo, the integral faXd |u|z|v|s dSz should be finite for almost all d in (¢ — a,c + a).
This completes the proof. O

2.4 Singular Hermitian metrics and multiplier ideal sheaves

We recall the definitions of singular Hermitian metrics and curvature. Fix a smooth (Hermitian)
metric g on F.
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DEFINITION 2.7 (Singular Hermitian metrics and curvature). (1) For an L{
complex manifold X, the Hermitian metric h defined by

h = ge 2%

-function ¢ on a

is called a singular Hermitian metric on F. Furthermore, the function ¢ is called the weight of F
with respect to the fixed smooth metric g.

(2) The curvature /—10},(F') associated with h is defined by
V—=104(F) = V=104(F) + 2/-109¢,
where /—10,(F) is the Chern curvature of g.

For simplicity, we refer to the singular Hermitian metric as the singular metric. In this paper,
we consider only a singular metric h such that v/—16(F) > ~ holds for some smooth (1,1)-
form v on X. Then, the weight function ¢ is actually a quasi-plurisubharmonic (quasi-psh for
short) function. In particular, the function ¢ is upper semi-continuous. Moreover, the multiplier
ideal sheaf defined below is coherent by a theorem of Nadel.

DEFINITION 2.8 (Multiplier ideal sheaves). Let h be a singular metric on F such that v/—10(F)
> ~ for some smooth (1,1)-form v on X. The ideal sheaf Z(h), defined to be

Z(h)(B) :=Z(¢)(B) := {f € Ox(B)||f|e”¥ € L},.(B)}
for every open set B C X, is called the multiplier ideal sheaf associated with h.

In Step 1, we approximate a given singular metric by singular metrics that are smooth on
a Zariski open set. The following theorem is a reformulation of the equisingular approximation,
which is proved by a slight variation on the proof of [DPS01, Theorem 2.3].

THEOREM 2.9 ([DPS01, Theorem 2.3]). Let w be a positive (1,1)-form on a complex manifold X
and (F,h) be a singular Hermitian line bundle on X. Assume that /—10,(F) > ~ holds for
a smooth (1,1)-form v on X. Then, for a relatively compact set K € X, there exist singular
metrics {h:}1se>0 on F|x with the following properties:

(a) The metric h. is smooth on K \ Z. for some proper subvariety Z. in K.
(b) The inequalities hor < her < h hold on K for any 0 < &’ < £”.

(c) We have Z(h) =Z(h.) on K.

(d) We have /=10,_(F) > v — cw on K.

Remark 2.10. For a complete positive (1,1)-form wgx on K, we may assume that property (d)
holds for wg; that is, /—10y,_(F) > v —ecwk holds on K. This fact easily follows since wx > aw
holds on K for some a > 0.

Proof of Theorem 2.9. In the case where K = X and X is compact, the theorem has been proved
in [DPSO1]. In [DPS01], we essentially use the assumption of X being compact only when we
take a finite cover of X with inequality [DPS01, (2.1)]. Since K is a relatively compact in X, for
a given € > 0, we can take a finite open cover of K by open balls B; := {’z(i)’ < ri} with a local
coordinate 2 satisfying inequality [DPSO01, (2.1)]. Then, the same argument works by suitably
replacing X in [DPSO01] with K. Indeed, uniform estimates [DPS01, (2.4)-(2.6)] can be checked
in the same way since it is sufficient to consider only B; in this step. Furthermore, the function
e, can be defined on a neighborhood of K; see [DPS01, right before (2.7)]. Therefore, we can
repeat the same argument. O
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2.5 Fréchet spaces

In this subsection, we summarize fundamental facts on Hilbert spaces and Fréchet spaces. We
give proofs for the reader’s convenience.

LEMMA 2.11. Let L be a closed subspace in a Hilbert space H. Then, the space L is closed with
respect to the weak topology of H; that is, if a sequence {wy}7°, in L weakly converges to w,
then the weak limit w belongs to L.

Proof. By the orthogonal decomposition, there exists a closed subspace M satisfying L = M.
Then, we obtain that 0 = (w, v),, — {(w,v), as k — oo for every v € M. Therefore, we have
we Mt =L O

LEMMA 2.12. Let ¢: H1 — Ho be a bounded operator (continuous linear map) between Hilbert
spaces H1 and Ho. If {wy}32, weakly converges to w in M1, then {¢(wy)}32, weakly converges
to p(w) in Ho.

Proof. By taking the adjoint operator ¢*, we obtain

(o(wr), v) gy, = (wr, 0" (V) = (w, @™ (V)5 = {L(w), vy,
for every v € Hay. This completes the proof. O

LEMMA 2.13. Let ¢: H — F be a compact operator from a Hilbert space H to a Fréchet space F.
Assume that F is the inverse limit of Hilbert spaces. If {wy};°, weakly converges to w in H,
then {p(wy)}32, converges to p(w) in F.

Proof. By assumption, there exist Hilbert spaces F,, such that F = lim F,,. The induced oper-
ator ¢, : H — F — Fp, is a compact operator; hence the vector ¢, (wy) converges to ¢, (w) in
the Hilbert space F,,. This means that ¢(wy) converges to ¢(w) in F. O

2.6 De Rham—Weil isomorphisms

In this subsection, we observe the de Rham-Weil isomorphism from the d-cohomology to the
Cech cohomology, and we give a refinement of [Mat18a, Section 5] for our purpose. The contents
of this subsection (including [Mat18a, Section 5]) may be known to specialists, but we will explain
the details for the reader’s convenience.

Throughout this subsection, let w be a Kéhler form on a complex manifold X and (F,h)
be a singular Hermitian line bundle on X such that v/—10,(F) > —w. Fix a locally finite
open cover U := {B;};c; of X by Stein open sets B; € X. We consider the set of g-cochains
ClYU,Kx ® F ®Z(h)) with coefficients in Kx ® F ® Z(h) calculated by U and the coboundary
operator u defined to be

g+1
— 4
... ig.ig = {Z(—l) Xig.igigin ‘Bio.“iqﬂ}
i0--iq+1

£=0
for every g-cochain {ai,...i, }ig...iy» Where By i,y = Biy N B;; N---N By, ;. In this paper, we will
omit the notation of the restriction, the subscript g .. .%;, and so on. The semi-norm PKig...ig (o)
is defined to be

2 2
Py (ioes )P = [ i d (2.2)
ig..-iq
for a g-cochain {aio_._iq} and a relatively compact set Kj,. ;, € Bij,..i,- Note that the semi-norm
PKig...iq (e) does not depend on the choice of w (see Lemma 2.2). The set of g-cochains can be
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regarded as a topological vector space by the family of the semi-norms {pr, ., ()}, . €Bi,. .-
We have the following lemma.

LEMMA 2.14. The set of g-cochains C1(U, Kx @ FF®Z(h)) and the set of g-cocycles Z4(U, Kx ®
F®Z(h)) = Ker pu are Fréchet spaces with respect to the semi-norms {px,, , ()}, i, cBig. .iy-
Moreover, if X is holomorphically convex, then the set of g-coboundaries B4(U, Kx @ FQZL(h)) :=
Im p is also a Fréchet space.

Proof. Note that the topology of coherent ideal sheaves induced by the local sup-norms
supKiOMiq(o) is equivalent to the topology induced by the local L?-norms PK,,...,(®) (see, for
example, [GR65, Theorem 2, Section D, Chapter II] or [Matl8a, Lemma 5.2, Theorem 5.3,
Lemma 5.7]). We can easily see that the metric induced by pg, , (e) is complete, and thus
CiU,Kx ® F ® Z(h)) is a Fréchet space. It follows that Z9(U,Kx ® F ® Z(h)) = Kerp is
a closed subspace (in particular, a Fréchet space) since the coboundary operator p is continuous.
For the latter conclusion, we consider the Cech cohomology group of C9(U, Kx ® F @ Z(h)),

_ Kerp

HIU,Kx ® F®ZI(h)) = :

U Kx @ FeI(h) =
When X is holomorphically convex, there exists a proper holomorphic map 7: X — A to a Stein
space A. For a coherent sheaf F on X, the natural morphism

7o HI(X, F) — H°(A, Ri7,F) (2.3)

is an isomorphism of topological vector spaces (see, for example, [Pri71, Lemma II.1]). In partic-
ular, the Cech cohomology group HY(U, Kx @ F ® Z(h)) is a separated topological vector space
when X is holomorphically convex; hence BY(U, Kx ® F ® Z(h)) = Im p is closed. O

We observe the 9-cohomology group of L?-spaces defined on Zariski open sets equipped with
suitable Kahler forms. Let Z be a proper subvariety on X and @ be a Kéhler form on the Zariski
open set Y := X \ Z with the following properties:

(B) Wehavew >wonY =X \ Z.

(C) For every point p € X, there exists a bounded function ¥ on an open neighborhood of p
such that @ = +/—190V.

The important point here is that @ locally admits a bounded potential function on X (not Y').
We define the local L2-space of F-valued (p, q)-forms as follows:

L?éqloc)(F)h@ :={u|u is an F-valued (p, ¢)-form with ||ul|x 5 < oo for every K € X},

where ||u|| k. nw is the L>norm on a relatively compact set K € X, that is,
2 2
sz = [ fultsdvs.
K\Z

For the proof of Proposition 2.19, we concretely construct the de Rham—Weil isomorphism
from the d-cohomology to the Cech cohomology in Proposition 2.16. This construction plays an
important role in the proof of the main results. To construct the de Rham—Weil isomorphism, we
locally solve the J-equation by Lemma, 2.15, which is obtained from the standard technique of the
theory of Kodaira—Andreotti-Vesentini-Hérmander [AV61, AV65, Hor65, Kod53]. The readers
can check the proof of Lemma 2.15 in [Mat18a, Lemma 5.4] with the same notation. We need to
generalize Lemma 2.15 to Lemma 3.8 for the proof of the main results.
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LEMMA 2.15. In the same situation as above, we assume that B is a sufficiently small Stein open

set in X . Then, for an arbitrary U € Ker 0 C L?z’) (B\Z, F)p,, there exist V € Lg)_l(B\Z, F)ng

and a positive constant C' (depending only on ¥V and q) such that
oV =U and |V|hz<C|Ulngs-

ProprosiTION 2.16. We consider the same situation as above. That is, we consider a singular
Hermitian line bundle (F,h) on a Kéhler manifold (X,w) such that v/—10,(F) > —w and
a Kéhler form @ on a Zariski open set Y satisfying properties (B) and (C'). Then, there exist
continuous maps

f: Kerd in L?i?loc)(F)h@ —Kerpy inCYU,Kx @ FRZ(h)),

g: Kerpin C' U, Kx ® F®Z(h)) — Kerd in L?Q’?IOC)(F);L@

satisfying the following properties:
e The map f induces the isomorphism
— Kerd ngq ~ Kerp
f. ﬁ OfL(zJOC)(F)h,G EE—— Im}u

e The map g induces the isomorphism

of CUU,Kx ® F @ Z(h)).

_ Kerpu o Ker 0 n,
g: m Ofcq(uaKX ®F®I(h)) S ﬁ OfI/(Q?IOC)(‘FW)h’a '

e The map f is the inverse of g.

Proof. The construction is essentially the same as the standard de Rham—Weil isomorphism.
We briefly review only the construction of f and g. See [Matl18a, Proposition 5.5] and [Fujl3,
Lemma 3.20] for more details.

We first define f(U) for U € Kerd C L?z’qloc)(F )ne by using the local solution of the -
equation with minimum L2-norm. We consider the d-equation 98;, = U| Bi,\Z On Bi, \ Z. Then,
we can take the solution /3;, whose L?-norm is minimum among all solutions. Further, we can see

from Lemma 2.15 that |8 |lnz < C||U| B, ne for some constant C' (independent of U). Next,

we take the solution of the d-equation 98y, = Bi, — Bi, on Bigi; \ Z with minimum L2-norm.
By Lemma 2.15, we have

< DB, — BiOHBioil»h@
< D(1BirlIng + 1BiolIng)
< CD(|UllBy na + UlB,, na)

for some constant D. By repeating this process, we can obtain the F-valued (n,q — k — 1)-forms
Bio...ir, 01 Biy. 4, \ Z satisfying

||5i0i1 ||h,o~J

é{ﬁio} ={Ulp,,\z}>
8{Bioi1} = M{Bio} )
N Bigirin} = 1 Bigir } (2.4)

\g{ﬁio---iqfl} = N{/Bio...iq,z} .
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Then p{Bi..i_1} = {Bi..i,} 15 a g-cocycle of O-closed F-valued (n,0)-forms on Big..i, \ Z
such that ||Bi,..4,||na < 0o. Note that ||Bi,..i,llhe = [|Big...i|lhw by Lemma 2.2. The F-valued
(n,0)-form fj,. i, can be locally regarded as a holomorphic function and can be extended from
Biy...i, \ Z to Bj,..i, by the Riemann extension theorem. This implies that u{B,...i,_; } = {Big...iy }
determines a g-cocycle in C9(U, Kx ® F ® Z(h)). We define f by f(U) := u{Biy...i;_1 }-

Remark 2.17. By construction, we can obtain the L?-estimate

1Bigixllhna <C > NUlBuns

M=10,i1,...,ik

for some constant C'. Here C' depends only on a constant appearing when we solve the d-equation
by the L?-method (see Lemma 2.15).

Proof of Proposition 2.16, continued. To define g, we fix a partition of unity {p;}icr of U =
{Bi}ier. For a g-cocycle a = {ay,..i, } € CI(U, Kx ® F ®Z(h)), we define g(a) by

0 =3 S 5 (z o 2o X o))

kqel 1€l
=D I STV SN 9 Y O e
kqel kq_1€l ksel ko€l ki€l
This determines the d-closed F-valued (n, q)-form with locally bounded L2-norm. O

The following proposition can be deduced from Proposition 2.16.

PROPOSITION 2.18. In the same situation as in Proposition 2.16, we assume that X is holomor-
phically convex. Then Im 9 is a closed subspace in quloc) (F)h- In particular, the 0-cohomology

group Ker 9/Im 0 of L?Q’qloc)(F)h@ is a Fréchet space.

Proof. The Cech cohomology group is a separated topological vector space (see Lemma 2.14).
Thus, it follows from Proposition 2.16 that Im 0 is a closed subspace. O

We close this subsection with the following proposition.

PROPOSITION 2.19. In the same situation as in Proposition 2.16, we assume that X is holomor-
phically convex. Then, the following composite map is a compact operator:
_ Ker 0
. n,q - n,q ~
Ker 0 in L(2710C)(F)h7w — Tod in L(2 1OC)(F) h -
In the proof of Proposition 2.19, we use the construction of f and g from Proposition 2.16.
For the reader’s convenience, we first give a proof for the case ¢ = 1.

Proof of Proposition 2.19 for the case ¢ = 1. We take a bounded sequence {U;}7°, in Kerd C

n,1
L(2,loc) " =
dent of £). For the restriction Up; := Uy|p,\z, by solving the d-equation df8s; = Up; on B; \ Z,

we obtain 3¢; and a constant C independent of ¢ with the following properties:
9Bei=Usi onBi\Z and |Beillns < ClUeillins-

Here we used the assumption that w locally admits a bounded potential function ¥ (see Lem-
ma 2.15). In particular, the F-valued (n,0)-form B,; — B¢; is O-closed on Bj; \ Z, and it is

(Y, F)p; that is, for any K € X, we have ||U;|| s < Ck for some constant C (indepen-
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L%Dbounded. Hence it can be extended to the d-closed F-valued (n,0)-form on B; N B; by the
Riemann extension theorem.

We now construct the F-valued (n, 1)-form V; such that V; determines the same cohomology
class as Uy and that Vp converges to some F-valued (n, 1)-form, which completes the proof. By
construction, the sup-norm supy |8 ; — Be;| is uniformly bounded for every K &€ B;j. (Recall
that the local sup-norm of holomorphic functions can be bounded by the L2-norm.) Hence, by
Montel’s theorem, there exists a subsequence of {B¢; — f¢;}72, that uniformly converges to
some «;; as £ — oo on every relatively compact set in B;;. We use the same notation for this
subsequence. This subsequence also converges to «;; with respect to the local L2-norms (see, for
example, [Mat18a, Lemma 5.2]).

For a fixed partition of unity {p;}icr of U, we define the F-valued (n,1)-form V;; by

Vii = 3( > k(B — ﬁz,k)) = 3<5m -3 Pkﬁe,k) =Ur— 3( > pkﬁz,k) on B; \ Z.

kel kel kel

Since ) ;<7 prBek is independent of 4, the family {Vp;}icr determines the F-valued (n, 1)-form V,
globally defined on Y. Furthermore, the F-valued (n, 1)-form V; determines the same cohomology
class as Uy. It is sufficient for the proof to show that V; converges to

> 0(prewi) =Y Opr Mg in L?é}loc) (F)ha -
kel kel

For a given K € X, the cardinality of I defined by
I = {Z€I|BlﬁK7é®}

is finite. Hence we obtain

Vi — ZE(PWM)

kel

D>

‘K,hﬂ) i€l

ngk N (Bei — Bek — ki)

kel

Byh
< C2||(Bei — Bk — ki)l BinSupp pr,h&

for some constant Cy > 0. Here we used |0py|z < |0pk|w (see Lemma 2.2 and property (B)). By
K; N Supp pr € Bij, the right-hand side converges to zero as £ — co. O

Proof of Proposition 2.19 for the general case. We take a bounded sequence {U}7°, in Kerd C

L?ﬁ?loc) (Y, F)p, 5. Then, by the construction of f, we can obtain the F-valued (n,q — k — 1)-forms

Bio...i,, O Biy 4, \ Z satisfying equality (2.4). Furthermore, we obtain

JUe) = 1 Beio...iq—1 } = {Briio.igy and ||Beio...i |l B ho < C Z 1Uell By s -

m=ig,i1," iq

i..ig>

Here C is a positive constant independent of ¢ (see Remark 2.17). Then, in the same way
as in the case ¢ = 1, we can take a subsequence of {f(U;)}72, converging to some g-co-
cycle a with respect to the local L2-norms. We use the same notation {f(Uy)}?2, for this sub-
sequence.

When we fix a partition of unity {p;}ic; of U, we can define the map g in Proposition 2.16. It
follows that g(f(Uy)) converges to g(a) in L’é’ioc) (F')po since the map g is continuous. Further-
more, we can see from Proposition 2.16 that g(f(U,)) determines the same cohomology class as

Uy. This completes the proof. O
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3. Proof of the main results

3.1 Proof of Theorem 1.2
This subsection is devoted to the proof of Theorem 1.2. The proof can be divided into five steps.
Theorem 1.3 will be proved by slightly revising Step 5 (see Subsection 3.2). In the following
proof, we often write (possibly different) positive constants as C' and use the same notation for
suitably chosen subsequences.

Step 1 (Strategy of the proof). In this step, we fix the notation used in this subsection
and reduce the proof to a local problem on A. At the end of this step, the rough strategy of the
proof will be explained, to help to understand the complicated and technical arguments.

The problem is local on A, and thus we may assume that 7: X — A is a surjective proper
holomorphic map from a Kéhler manifold X to a Stein subvariety A in CV. In particular, the
manifold X is holomorphically convex; hence, for a coherent sheaf F on X, the natural morphism

™ HY(X,F) = H°(A, R, F) (3.1)

is an isomorphism of topological vector spaces (see, for example, [Pri71, Lemma II.1]). This
indicates that it is sufficient to show that the multiplication map

HYX,Kx ® F@Z(h) 25 HI(X,Kx @ F™ @ Z(AmH))
is injective. The injectivity has already been proved when X is compact [Mat18a]. The main

difficulty arises from the fact of X being non-compact.

By replacing A with a smaller disk, we may assume that X is a relatively compact set in the
initial ambient space. In particular, we may assume that the point-wise norm |s|pm is bounded
on X by assumption and that X admits a complete Kéhler form since X is a weakly pseudoconvex
Kahler manifold. For a fixed complete Kéhler form w on X, by applying Theorem 2.9 and
Remark 2.10 to v = 0, we can take a family of singular metrics {h:}1se50 on F with the
following properties:

(a) The metric h. is smooth on X \ Z. for some proper subvariety Z..
(b) The inequalities h.r < her < h hold on X for any 0 < &’ < &”.

(¢c) We have Z(h) =Z(h.) on X.

(d) We have /=10},_(F) > —ew on X.

Remark 3.1. In the case m > 0, it follows from sup |s|,m < oo that the set {x € X |v(h,z) > 0}
is contained in the zero locus s1(0), where v(h, x) is the Lelong number of the weight of h at x.
Then, we can assume that Z. is independent of €. However, in the case m = 0, the subvariety Z.
essentially depends on e. This is different from [Mat18a] and one of the difficulties of the proof. To
overcome this difficulty, we consider a complete Kéhler form w, s on Y, := X \ Z. such that w. s
converges to w as § — 0.

To apply the theory of harmonic integrals on the Zariski open set Y., we first take a form w,
on Y. with the following properties:

e The form w, is complete Kéhler on Y.
e We have w. > w on Y.

e We have w, = /—109V, for some bounded function ¥, on a neighborhood of every p € X.
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See [Fujl3, 3.11] for the construction of w.. The key point here is the third property on the
bounded potential function, which enables us to construct the de Rham—Weil isomorphism from
the d-cohomology group on Yz to the Cech cohomology group on X (see Proposition 2.16). We
define the Kéhler form w. s on Y by

Wes i=w+ 0w, foreandd with 0 <o <e.
It is easy to see the following properties:

(A) The form w, s is complete Kéhler on Y, = X \ Z. for every § > 0.
(B) We have w. s > w on Y, for every § > 0.

(C) For every point p € X, there exists a bounded function W.5 = W + 0¥, on an open
neighborhood of p in X such that /—100¥, 5 = w. s and lims_,o ¥. 5 = V. Here ¥ is a local
potential function of w.

Remark 3.2. Strictly speaking, from Theorem 2.9 [DPS01, Theorem 2.3], we obtain a countable
family {he, }3°, of singular metrics satisfying the above properties. In the proof, we actually
consider only countable sequences {e1}7°, and {d,}72, conversing to zero, but we often use the
notation € and § for simplicity.

We define the function ® on X by
[ORES W*i*(|21’2+ ’22|2—|—"'+ ‘ZN|2) , (3.2)

where i: A — C¥ is a local embedding of the Stein subvariety A and (21, 22,...,2y) is a co-
ordinate system of CV. By construction, the function ® is a psh function on X. Furthermore,
since 7 is a proper morphism, the function ® is an exhaustive function on X (that is, the level
set X, = {x € X|®(z) < ¢} is relatively compact in X for every ¢ with ¢ < supy ®). By
replacing A with a smaller disk, we may assume

sup® < oo and supl|d®|., , <C
X X '

and also that ® and w, s satisfy the assumptions in Proposition 2.3. Indeed, we can assume
that @ is defined on a neighborhood of dX in the initial ambient space by taking a smaller A.
This indicates that supy ® < oo and supy |d®|z < oo for some positive (1, 1)-form @ defined on
the neighborhood of 0.X. We may assume w. 5 > w > w since w is a complete form on X. Then,
from Lemma 2.2, we have supy |d®|,, ; < supx |[d®|z < oo.

Let A be a cohomology class in H1(X, Kx ® F ® Z(h)) such that
sA=0€ HI(X,Kx @ F""' @ Z(h™)).

Our goal is to prove that A is actually the zero cohomology class.

We briefly explain the strategy of the proof with the above notation. In Step 2, by suitably
choosing an increasing convex function y: R — R, we represent A by harmonic L?-forms U 5 with
respect to we s and the new metric H, defined by H, := h.e~X°®_In Step 3, we consider the level
set X, := {z € X |®(x) < ¢} and show that if the L?-norm |ste sl x. Honm . 5 O1 X converges
to zero for almost all ¢, then A is the zero cohomology class. To prove this convergence, in Step 4,
we construct a solution v, s of the O-equation 511575 = su. s such that the L?-norm l|ve,s XeyHe we s

on X, is uniformly bounded. In Step 5, we use the twisted Bochner-Kodaira—Nakano identity to
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show that

HSUE,(SH?XC,HEhg”,wEV(; = (sue,s, v, 5>>Xc JHRT w5

= <<a SUg 55 v6,5>>XC,H5hQT,w575 + (((dq))*sue,éa Ua,é))aXC,Hehgmwg’é —0.

Step 2 (L2-spaces and representations by harmonic forms). In this step, we construct
harmonic L?-forms u. 5 representing the cohomology class A € HY(X, Kx ® F ® Z(h)) and prove
Proposition 3.6, which states that if u.s converges to zero in a suitable sense, then A is zero
(that is, the proof is completed).

We first consider the standard de Rham—Weil isomorphism:

Kerd: Lo (F)nw = Lt (F)nw

HY(X,Kx ® F @ Z(h)) = ; : (33)
Imd: Lo (Fnw = Liso0 (Fhe
where L(z’ loc) (F)p is the set of F-valued (n,e)-forms f on X with locally bounded L?-norm

(that is, the L?-norm || f|| k., on K with respect to h and w is finite for every relatively compact
set K € X). By the above isomorphism, the cohomology class A can be represented by a 0-
closed F-valued (n,q)-form v on X with locally bounded L2-norm. Our goal is to prove that

uelmod C L?quoc) (F)hw-

We want to represent the cohomology class A by harmonic forms in L2-spaces, but u may
not be globally L2-integrable on X. For this reason, we construct a new metric on F that
makes u globally L2-integrable. Since u is locally L2-integrable and ® is exhaustive, there exists
an increasing convex function x: R — R such that the L2>norm ||ul|.-xoe ,, on X is finite. For
simplicity, we set

H:=he X%, H.:=heX® and ulle,s = HUHHS,WE,5~

Y

Then, we obtain the following inequality:

[ulles < Nullrw. s < llullmw < oo (3-4)

Strictly speaking, the left-hand side should be ||uly. but we often omit the restriction symbol.
The first inequality follows from property (b) of h., and the second inequality follows from
Lemma 2.2 and property (B) of w.s. Here we used a special characteristic of the canonical
bundle Kx since the second inequality holds only for (n,q)-forms. The norm |ju| s is uniformly
bounded since the right-hand side is independent of ¢ and §.

We consider the L?-space
LHE) s = L (Ve i

on Y, with respect to H. and w. s (not H and w). In general, we have the following orthogonal
decomposition:

L (F)es =1md & HIJ(F) @ Imd, 4,

where ® denotes the closure of @ with respect to the L?-topology and H§(F) denotes the set of
harmonic F-valued (n, q)—forms on Yz, that is,

7-[8’51 = {U € L(Q)( )es |Ov = 5:7521 = 0} )

Note that (the maximal extension of) the formal adjoint 5:’5 agrees with the Hilbert space
adjoint since we s is complete for § > 0 (see Lemma 2.4). The operator d also depends on H.
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and w5 in the sense that the domain and range of the closed operator 0 depend on them, but
we abbreviate 0.5 to 0. The F-valued (n,q)-form u belongs to L?é)q(F)E,é by inequality (3.4);
thus u can be decomposed as follows:

U= wes+u.s for some w.s € Imd and u.s € H:g(F) in L?Q’()I(F)&(; (3.5)

from the above orthogonal decomposition. Note that the orthogonal projection of u to Im 5:75 is
zero by the following lemma.

LEMMA 3.3. If u belongs to Ker 0, then the orthogonal projection of u to Im5:75 is zero.
Proof. For an arbitrary element klirn 9. scx € Im 3. 5, we have
—o0 ’

<<u’ kh—>nc}o 5:,5Ck>>5,6 = klin;o <<u75:,60k>>6,5 = klggo <<5U, Ck>>5,5 =0.
This leads to the conclusion. O

From now on, we consider a suitable limit of u.s. We need to carefully choose the L?-space
since the L?-space L’ZQ’SI(F )e,s depends on e and § although we have property (c). Note that

{€}e>0 and {d}s>0 denote countable sequences converging to zero (see Remark 3.2). Let {d¢}5,>0
be another countable sequence converging to zero.

PROPOSITION 3.4. There exist a subsequence {9, }52, of {0}s>0 and a. € Lg?(F)HE,w with the
following properties:

e For any €,00 > 0, as 9, — 0,
ue 5, converges to ai. with respect to the weak L?-topology in L’ZZ’SZ(F)E75O )
e For any € > (0, we have

||O‘E||He,w < lim HO‘EHe,éo < lim Hu575u||5761/ < HUHH,w
60—0 0, —0

Remark 3.5. The subsequence {0, }22; does not depend on € and dy. The F-valued form «. is
independent of §y and L?-integrable with respect to H. and w (not w. ).

Proof. For any e,y > 0, by taking § with § < g, we have

£,0 < HUHH,w (36)

The first inequality follows from w, s < w. s, and Lemma 2.2. The second inequality follows
since u. s is the orthogonal projection of v with respect to € and 4. The last inequality follows from
inequality (3.4). These inequalities indicate that {u.s}s>0 is uniformly bounded in L’é;’(F )e.do-

Hence there exist a subsequence {3, }52; of {0}s>0 and ac g, € Lg‘)](F)&(;O such that u. 5, con-

verges to a. 5, with respect to the weak L?-topology in L?Q')](F) ¢,50- The choice of this subsequence

[uesllesy < llueslles < llu

{6,}22, depends on € and 4, but by extracting a suitable subsequence, we can take a subsequence
independent of ¢ and Jg by Cantor’s diagonal argument.

We prove that a. 5, does not depend on dy. For arbitrary ¢’ and §” with 0 < ¢’ < ¢”, the
natural inclusion L?QSI(F )e st — L?QSJ(F )e.5v is a bounded operator (continuous linear map) by
| ®llcs” < |l @]l (see Lemma 2.2). By Lemma 2.12, the F-valued form u. s, weakly converges
to a, & in not only L?é?(F)Eﬁ’ but also L&’SI(F)&M. Hence it follows from the uniqueness of weak
limits that o. 5 = a. 5.
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We finally prove the estimate in the proposition. It is easy to see that
aellese < Hm [Jucs, [le,5o < Hm fJucs, [le,s, < llullpw-
6,—0 »—0
The first inequality follows since the norm is lower semi-continuous with respect to the weak
convergence. The second inequality follows from w, 5, > w.s,. The last inequality follows from
inequality (3.6). Fatou’s lemma yields

2 2 . 2 . 2
el 5, =/ el dVio < lim [ oy, o, 50 @Vie 5y = lim [loc|lZ s, - (3.7)
Y- 60—0JY, 50—0
These inequalities lead to the desired estimate. O

For simplicity, we use the same notation u. s for the subsequence u. s, in Proposition 3.4.
We now consider a suitable limit of the a.. For a fixed positive number g9 > 0, by taking a
sufficiently small e, we have

el ey < lloell e w < llull e (3.8)

from property (b) and Proposition 3.4. By taking a subsequence of {a.}.~0, we may assume
that {ac}e>0 weakly converges to some « in LnQ")](F )H.,w- The following proposition reduces the
proof of Theorem 1.2 to showing that the weak limit « is zero.

PROPOSITION 3.6. If the weak limit « is zero in L?Z‘)I(F) H.,w, then the cohomology class A is

zero in HY(X, Kx @ F Q@ Z(h)).

Proof. We first consider the de Rham—Weil isomorphism constructed in Proposition 2.16:
Ker 0
Imod

The Cech cohomology group does not depend on € by property (c), and the subspace Im d is

of Liyoe)(Flesy —— HIUX, Kx © F @ I(he)) = HU(X, Kx @ F 9 I(h)).
) 1

closed in L(2’1 C)( )e,6, by Proposition 2.18. Hence, for every § with 0 < § < dg, we obtain
u—us5 € Imd in L?Z’EI(F)&(; CImd in L?’;I(F)S% (3.9)

C Im0 in L(21 )( )eso = Im 0 in L(21 C)(F)E,(g0

from the construction of u. s and Proposition 2.18. As § — 0, we obtain

u—a. €Imd in L(2)( )e.so C Imo in L?quc)(F)s,&) =Imd in L?Q(]loc) (F)e.s0

from Lemma 2.11 and Proposition 3.4. On the other hand, we have the following commutative
diagram:

o Kero . ~ .
Kera m L(Q’()l( )5’50 Hl' ﬁ 1m L?Qflloc) (F)E,(S() ? Hq(X, KX ® F ®I(h))

Ji = | d2

J2
Ker 9 in [,(2")1(F)Hs w—2=Kerd in L(2) (F)Hso,w

Here j; and j5 are the natural inclusions, ¢; and ¢ are the natural quotient maps via the local L*-
spaces, and ¢1 and ¢2 are the de Rham—Weil isomorphisms. Noﬁe that jo is well defined. Indeed,
by the L%-integrability and [Dem82, Lemme 6.9], the equality OU = 0 can be extended from Y.
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to X (in particular to Yz,) for U € Kerd C L?ZSZ(F )H. - Here we used the L%-integrability with
respect to w (not we ). From Proposition 2.19, the map ¢» is a compact operator; hence we

obtain
lim g2(u — ae) = g2(u — @) = g2(u)

from Lemma 2.13 and the assumption o = 0. On the other hand, we can see that ¢;(u—a.) =0
by the first half argument. Therefore, we obtain ¢ga2(u) = 0 from the above commutative diagram.
Then, it follows from the following commutative diagram that gs(u) = 0, which indicates that u
belongs to Im d in L?Q’?IOC)(F)HW:

= . Ker 0 ~ .
Ker 9 in L?é;l(F)HEO,w . w3 of L?é?loc)(F)Hsng ¢T>HQ(X, Kx @ F®Z(he,))

J3
Ker 0

Kerd in L{3!(F)p 0 — g O Lo (F) it — — HI(X,Kx @ F®Z(h:)).
O

Step 3 (Relations between weak limits and L2-norms). In this step, we consider the
norm

[ste slle.s = lstue sl Hohm w. 5

and prove Proposition 3.7, which reduces the proof to showing that
m hirn ||3ue,5||K,5,5 =0
e—046—0
for every relatively compact set K € X.
To clarify a relation between the weak limit « and the asymptotic behavior of the norm
of su. s, we compare the norm of u. s to the norm of su. 5. We define Yglf) and X, by

VE = {yeY.,] |slhm (y) > 1/k} and X, :={z € X|®(x) <c}

for £ > 0 and c. The subset X, is a relatively compact set in X for every ¢ with ¢ < supy ®
by the construction of ®. Furthermore, the set Yalf) is an open set in Y, since |8|h28 is lower
semi-continuous. Then, we prove the following proposition.

PROPOSITION 3.7. In the above situation, if we have
him 117Hl HSUE,JHXC,E,6 =0
e—056—0

for every ¢ with ¢ < supy @, then the weak limit « is zero. In particular, the cohomology class A
is zero by Proposition 3.6.

Proof. By the argument of inequality (3.8), we are assuming that «. weakly converges to « in
L&‘)I(F) H.,w- The restriction a| x.nvz also weakly converges to af x.nvg n L?z")](Xcﬂng, F) . w
by Lemma 2.12 since the restriction map

n, n, k
L (F) ey — Lis) (XcNYZ,F) Hey

is a bounded operator (continuous linear map). Therefore, we obtain

”aHXCmYk

k Hegw S iijn(l) el x,nyx Hegw S iijn(l) el x.nve H. w-

€0’ €0’
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The first inequality follows since the norm is lower semi-continuous with respect to the weak
convergence, and the second inequality follows from property (b). By the same argument, the
restriction of u, s weakly converges to o, in L( ’;I (X N Yalf), F )6 5o and thus we obtain

“O‘E“XCOYE%,a,éo < ;ijﬁ(l) ||Ue,6HXchg;),a,50 llﬁ(l) HueachmYEU, 5

Moreover, we can obtain
||O‘EHXCOYE’V Hew < lim ||Oés||XmY Cedo S hm e 6||chY k g8
0 50—>0 —0 0
by the above inequality and Fatou’s lemma (see the argument for inequality (3.7)). These in-
equalities yield

ollx, Y Heg hm ;ir(l)”us(SHXcﬂ}/ao, R

On the other hand, from 1/k < |S|h2n < |s|pm on Y| we obtain

€07

ot 3l x5 < Fllstaegll s 5 < Kllstiegll . e

By assumption, we can conclude that « = 0 on XcﬂYelf] for arbitrary ¢ < sup ® and k£ > 0. From
Usup ®>c,k>0 (Xc N Y;’f)) =Y,,, we obtain the conclusion. ]

Step 4 (Construction of solutions of the d-equation). In this step, using the construction
of the de Rham—Weil isomorphism in Subsection 2.6, we prove Proposition 3.9, which gives
a solution w, 5 of the J-equation dw. 5 = u — u. s with uniformly bounded (local) L?-norm.

Fix a locally finite open cover U := { B; }ier of X by sufficiently small Stein open sets B; € X.
Since he, we s, and Y, satisfy the assumptions in Proposition 2.16, we have the continuous maps

fes: Kerd in L(21 )(F)575—>Ker,uin ClU,Kx @ FRZ(he)),

ges: Kerpin CYU,Kx ® F ® Z(h.)) — Kerd in L(Q’(IIOC)(F)&(;

that determine the isomorphism between the d-cohomology and the Cech cohomology. For the
construction of f; s in Proposition 2.16, we locally solved the O-equation and estimated the L?-
norm of the solution by Lemma 2.15. In this subsection, for the L?-estimate of the solution, we
use the following lemma instead of Lemma 2.15.

LEMMA 3.8. Let B € X be a sufficiently small Stein open set. Then, for an arbitrary U € Ker 0 C

L’&’;’(B \ Z., F). s, there exist V € L?é‘)]_l(B \ Z.,F).s and a positive constant C. 5 (depending

only on ¥, 5, q) such that
e we have OV =U and ||V .5 < Ce5||U||z.5;

e the limit lims_,o C; 5 is independent of .

Proof. We may assume e < 1/2. Furthermore, by property (C), we may assume that there exists
a bounded function ¥, s on B such that w.5 = +/—100¥.5 and ¥.5s — ¥ as 6 — 0. The
curvature of G, 5 defined by G. 5 := H. e~ Ves satisfies

V=16¢,_ ,(F) =V~16} (F) + vV=180x 0 ® + V~100¥. 5
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by property (a) and property (B). Here we used the inequality /—199x o ® > 0, which follows
since ® is a psh function and x is an increasing convex function. We can see that ||Ul|g, ;.. s 18
finite since W, 5 is a bounded function. Hence, by the standard result for the O-equation, there
exists a solution V' such that

— 1
OV =U and ||V|g,

2
,65We,§ < q(l _ 8) ”UHGs,tvas,(S :

From (1 —¢) > 1/2 and the definition of G, 5, we can easily see that

2 supp e Ve
Wles < /2 252 o 5.

q infpeYes
The constant on the right-hand side converges to (2/q)1/2(supB e~¥/infp e“I’) as 6 — 0. O

PROPOSITION 3.9. For every ¢ with ¢ < supy ®, there exists a w. 5 € Lgf’l;cl) (F)es with the
following properties:

e We have gwe’g =U— Uggs.
e The limit lims_¢ ||w.s||x, s can be bounded by a constant independent of «.

Remark 3.10. We already know that there exists a solution w, s of the O-equation 511)5,5 = U—Ucs
by u—1ues € Imd C Lgﬁoc)(Fkﬁ (see (3.9) in the proof of Proposition 3.6). The important point

here is the second property on the local L?-norm of solutions.

The strategy of the proof is the same as in the proof of [Mat18a, Theorem 5.9]. The main
idea is to change the d-equation 510575 = u — ucs to the equation py. s = fo5(u — uc5) of the
coboundary operator y in the set of cochains C*(Kx ® F ® Z(h.)), by using the Cech complex
and pursuing the de Rham-Weil isomorphism. Here f; s is the continuous map constructed in
Proposition 2.16. The L2-space L?Q")I(F)&(; depends on ¢ and §, but C*(Kx ® F®Z(h:)) does not
depend on them by property (c). This is one of the important points. In the proof, we will show
that f. 5(u—wu.s) converges to some g-coboundary o in C4(Kx ® F®Z(h)) with respect to the
topology induced by the local L*-norms {priy. i, (9)}Kiy. i €Biy..i, (s€€ (2.2) for the definition).
Furthermore, we will show that the coboundary operator p is an open map. Then, by these
observations, we will construct a solution ~, 5 of the equation pv. 5 = fo 5(u — ue 5) with suitable
local L?-norm. Finally, by using the continuous map ge,s constructed by a partition of unity, we
conversely construct w, s satisfying the properties in Proposition 3.9.

For the reader’s convenience, we first give a proof for the case ¢ = 1. This case helps us to
understand the essential arguments.

Proof of Proposition 3.9 for the case ¢ = 1. We may assume that the cardinality of I. defined
by
I..={iel|B;nNX.#0}
is finite by X, @7X. For sirerlicity7 we set Uy 5 := u — uc 5. By Lemma 3.8, we can take a solu-
tion ., of the 0-equation 08.s; = Ue 5 on B; \ Z. such that
1Be,6ill Bie.s < CellUesllBies < CesllUeys

for some constant C. 5. In the proof, the notation C; s denotes a (possibly different) positive con-
stant with the property in Lemma 3.8 (that is, lims_,o C; 5 is independent of ¢). Inequality (3.6)
yields

&,0

1Ue.s1

e85 < lulles + lueslles < 2[ullpw -
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In particular, the norm ||3; 5B, s can be bounded by a constant C. s.

We now consider the F-valued (n,0)-form (8:s; — B,5:) on Byj \ Z., where B;; :== B; N B;.
Then (Bes5; — Besi) can be seen as a holomorphic function with bounded L?-norm since it
is a O-closed F-valued (n,0)-form satisfying [|Bzs5; — Beoillow = |Be0 — Besilles < 00 (see
Lemma 2.2). By the Riemann extension theorem, it can be extended to the F-valued (n,0)-form
on B;; (for which we use the same notation). Furthermore, it belongs to H°(B;;, Kx ® F ® Z(h))
by property (c). Note that we can use property (c) thanks to a special property of (n,0)-forms
(holomorphic functions).

We define the 1-cocycle a5 by

Qe 5 = :U'{Ba,&i} = {65,5,]‘ - 55,6,1'}7

where p is the coboundary operator. The topology of C4(U, Kx ® F ® Z(h)) is induced by the

semi-norms {pk ()} ren,, ,, defined to be

P ({ai.i}) = /K it B, Vi

for every {a,..i,} € CUU, Kx ® F®I(h)) and K € Uj,..;,. The above integrand is independent
of w since ay,. 4, is an F-valued (n,0)-form (see Lemma 2.2). Then CP(U, Kx ® F ® Z(h)) is
a Fréchet space with respect to these semi-norms by Lemma 2.14. We prove the following claim.

CramM 3.11. There exist subsequences {e1}32, and {0,}72, with the following properties:
e We have ag, 5, — Qe 0 in CH (U, Kx @ F @ Z(h)) as 6 — 0.
e We have ac, o — apo in CH U, Kx @ F ® Z(h)) as gy — 0.

Proof of Claim 3.11. We regard ac 5; := Be s — Be,5: as a holomorphic function on B;;. By the
construction of f 5, the norm |lac 545 B;;c,6 can be bounded by a constant C s. This indicates
that the sup-norm supy |ae 55| is also uniformly bounded with respect to ¢ for every K € By;.
(Recall the local sup-norm of holomorphic functions can be estimated by the L?-norm). By
Montel’s theorem, we can take a subsequence {d,}7°, with the first property. Then, the norm
of the limit a. can be bounded by a positive constant independent of e since lims_,g C. s is
independent of €. Thus, we can take a subsequence {e}}72, with the second properties. The
convergence with respect to the local sup-norms implies the convergence with respect to the
local L2-norms {pr(®)}ken,. ., (see, for example, [Mat18a, Lemma 5.2]). This completes the
proof. O

For simplicity, we continue to use the same notation for the subsequence in Claim 3.11.
CrAmM 3.12. The cocycle a. s is a coboundary. In particular, the limit oo is also a coboundary.

Proof of Claim 3.12. By Remark 3.10, we can see that U.s = u — ucs belongs to Imd in
L?é(lloc)(F )e,s, and, by the isomorphism in Proposition 2.16, we can see that . s is a coboundary.

Since we are assuming that X is holomorphically convex (see Step 1), the set of g-coboundaries
BlU,Kx ® F®ZI(h)) = Impy is a Fréchet space by Lemma 2.14; hence we obtain the latter
conclusion. O

Proof of Proposition 3.9 for the case ¢ = 1, continued. We will construct a solution 7. s of the
p-equation pvy. s = o 5 with suitable local L?-norm. The coboundary operator

p: CYUKx @ F®I(h)) = BIU,Kx @ F®ZI(h))
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is continuous and surjective between Fréchet spaces, and thus, it is an open map by the open
mapping theorem. From the latter conclusion of Claim 3.12, there exists a 90 € C'U,Kx ®
F ® Z(h)) such that puyoo = app. For an arbitrary family K := {K;}icr. of relative compact
sets K; € B;, the image u(Ag) of Ak is an open neighborhood of agg, where Ak is an open
neighborhood of vy defined by

Ag ={yeC'U,Kx @ FRZL(h))|px,(y —v00) <1 for every i € I.}. (3.10)

Since the image p(Ag) is an open neighborhood of o and a. 5 converges to ag o, we can take
Ye.s = {7Ve,5,i} € Ak such that

{Vesj = Versit = 1Vers = a5 = {Besj — Besi} (3.11)

p%(i (Ve,5) = / |'y€75,l-|%,’w dV,, < Ck for every i € I, (3.12)

for some positive constant Cx (depending on K and 7y but not on ¢ and 4).

Let us construct a solution w, s with the properties in Proposition 3.9. We fix a partition of
unity {p;}icr. Then, from 07 5; = 0 and 05, 5; = U. 5, we have

52 Pk (’76,5,1’ - ’Ye,é,k) = _52 Pk Ve, b,k »

kel kel
52 Pk(Besi — Besk) = Uss — 52 Pk Be,sk -
kel kel

When we define w, ;5 by

Wes = pkBesk = Y PkVesk

kel kel

it is easy to check U. s = dw. s by equality (3.11). It remains to estimate the L?norm of w, s.
By putting K; := Supp p;, we may assume that the inequality

p%(i(ye,d) :/ "75,5,1'
Supp p;

holds for every i € I. by inequality (3.12). Therefore we obtain

2
> Pk ek = / > Pevesk
X,;,&(S Xe

kel kel

2
>/ ekl AV < Cict,.
kel ” BeNSupp pk

7w dV < Ck

2

A
He.w

N

Note that the cardinality of I. is finite by the choice of Y. Furthermore, we obtain

2
> prBesn = / > pkBesk
Xc,€,5 Xc

kel kel

< / BesklZs dVis,y < C25 41l
B

av;

2
We, §
€,0

for some C. s > 0 by the construction of 3. ;. These inequalities lead to the desired estimate
of w, 5. O
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Proof of Proposition 3.9 for the general case. For simplicity, we set Uss = u—uss € Imd C
L7 (F)es. Then, there exist F-valued (n,q — k — 1)-forms Be°

(2,loc) i0...1g
o{B;; } = {U,, 5|BZO\Z€}7
{61011} ”{6 }’
8{/8101112} {Bzou}

on By, i, \ Z: satisfying

5{ zo zq 1} 'U’{ﬁzo g 2}
faé /’L{Bzo g— 1}'

Here Bfodzk is the solution of the above equation whose norm is minimum among all the solutions
(see the construction of f in Proposition 2.16). For example, Bfo is the solution of 85 =Us

on By, \ Z. whose norm 5-5’6 is minimum among all the solutions. In particular, we have
0 10 lle,o )

1850112

2, < CoallUesll, o5 < Ce,

UE,J H?,a

for some constant C.s by Lemma 3.8, where C.s is a constant such that lims_oC.s is in-
dependent of ¢. Similarly, 55 is the solution of 9350 = (ﬂa"s - 65’6) on By, \ Z. and

20?1 11 20
the norm HB is minimum among all the solutions. In particular, we have HB

1011

ZouHsé ZohHs& =

EﬁH( z‘l — i )Ha(s for some constant D, 5. It is easy to see that
H’Blolluaé X {-:6H( )Haé QC€5D€5HU56H65 QCséDEJHUHHw-

By repeating this process, we obtain

H 20 zkHad 575HUH%{,L’J

for a constant C.s such that lims_,oC.s is independent of e. Moreover, by property (c), we
obtain

= f.5(U. u{ﬂm i L} €CUU,Kx @ F®Z(h))
=CIU,Kx @ F®I(h)).
In the same way as in Claims 3.11 and 3.12, we obtain the following.
CLAIM 3.13. There exist subsequences {e1}7°, and {0,}72, with the following properties:
o We have oy, 5, = 0,0 in CUU, Kx @ F @Z(h)) as 6p — 0.
o We have ag 0 = g in CY(U, Kx ® F ® Z(h)) as e — 0.
Moreover, the limit ag belongs to BY(U, Kx ® F ® Z(h)) = Im p.
By the last conclusion of the claim, there exists a 90 € C971 (U, Kx ® F ® Z(h)) such that
10,0 = ap,0- The coboundary operator
p: CT YU Kx @ FRI(h)) = BIUKx @ FRI(h))=TImpu

is an open map by the open mapping theorem. For an arbitrary family K := {K,};cs, of relative
compact sets K; € B;, we define Ak by (3.10). Then, since u(Ag) is an open neighborhood of
the limit ap,o in Im p1, we can obtain 7. 5 € C (U, Kx ® F ® Z(h)) such that

HYes = Qe and pKiomiq—l ('76,5)2 < Ck
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for some positive constant C'x. The above constant C'xr depends on the choice of K and 7, but
does not depend on ¢ and §.

By the same argument as in [Mat18a, Claims 5.11 and 5.13], we can obtain F-valued (n,g—1)-
forms w, s with the desired properties. The strategy is as follows: The inverse map g. 5 of f. s
is explicitly constructed by using a partition of unity (see Proposition 2.16). It is easy to see
that ge 5(ue5) = 0ve s and g 5(ac 5) = U 5 + 00, 5 hold for some v, 5 and v 5 by the de Rham—

Weil isomorphism. In particular, we have U, 5 = 0(ve5 — Us5) by pye5 = 5. The important
5

fo...ik’
and 7. s. From this explicit expression, we obtain the L?-estimate for ve,5 and Ug 5. (In the case
q = 1, we have already obtained the L?-estimate.) See [Mat18a, Claims 5.11 and 5.13] for the

precise argument. O

point here is that we can explicitly compute v, s and v, 5 by using the partition of unity, 3

We close this subsection with the following corollary.

COROLLARY 3.14. For every ¢ with ¢ < supx ®, there exist v.5 € L?Q’?l;cl) (FmH)E’& with the
following properties:

o We have 5115,5 = SlUg 5.

e The limit lims_¢ ||vc s x,c.5 can be bounded by a constant independent of e.

Proof. Take w, s with the properties in Proposition 3.9. On the other hand, we are assuming
that the cohomology class sA = {su} is zero, and thus there exists a w such that w = su and
|lw|| x.,mnm o < 0o. Then, the F-valued (n,q — 1)-form v, s defined by v. 5 := w — sw, s satisfies
the desired properties by supy |s|pm < supy [s[pm < oc. O

Step 5 (Asymptotics of norms of differential forms). In this step, for every b with
b < supy @, we show that

lim lim Hsua,(S”Xb,a,é =0.

e—=+05—0
This completes the proof by Proposition 3.7. For every b with b < supy ®, there exists a ¢ such
that b < ¢ < supyx ® and d® # 0 on 0X, since the set of the critical values of ® has Lebesgue
measure zero by Sard’s theorem. Fix such a ¢ in this step. We want to apply Proposition 2.5
to su.s and v, 5, but we do not know whether v, 5 is smooth on Y;. For this reason, for given
g,0 > 0, we take smooth F-valued (n,g—1)-forms {v. s }32, such that v 5 (respectively, v, s k)
converges to v. 5 (respectively, Ov. 5 = su.s) in the L2-space L?Q; (Fmﬂ)a,& (see Lemma 2.4).
From now on, we consider only d (> ¢) satisfying the properties in Proposition 2.5 for countably
many differential forms (see Remark 2.6). Then, Proposition 2.5 yields

lim lim |[sue s[|%, o 5 < lim lim [[sues[|%, < 5
e—06—0 £ 60—0

= lim lim li 0

1 . . kK . p— *
= i%%% { klggo (0c 55Ue8: Ve k) xpe 5 T klggo ((0®)"sue s, Ue,&k)axd,s,a} :

Note that (0®)* is the adjoint operator of the wedge product ® A e with respect to we 5. We will
show that the first term (respectively, the second term) is zero in Proposition 3.16 (respectively,
in Proposition 3.17). For this purpose, we first prove the following proposition.
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PRoOPOSITION 3.15. In the above situation, we have
lim lim || D%su =0.
E_>05_>0H €,0 E,5Hs75

Moreover, we have

lim lim HDS(gsu&(gH&g =0 and ilg(l] %1_1)1}) 10; s5ueslles = 0.

e—+05—0
Proof. We define g. s and g. 5 by
ges = <\/ _1@H5A5,6u5,57 us,5>z—:,6 and gs,é = <\/ —1@H5hg1As,6Us,6, u5,6>5,6 .
By definition, we have

\/_1@H5h£” < \/_1@Hgn+1 =(m+1)vV—-10g. .

Hence, we obtain g. s < (m+1)g. 5. By applying the Bochner-Kodaira—Nakano identity (Propo-
sition 2.3 of the case ® = 0) to u. s and su. 5, we obtain

0= HDg(Sua,éHz,é + / Ges AVes, (3.13)
na;wuaa@5=|u¥zM%ﬁMﬁ+xg,wﬁy@ﬁdmﬁ. (3.14)

Here we used the equality 58’[1,575 = Sguw; = 0 and the fact that u. s is harmonic with respect
to H. and w, 5. By property (d) and property (B), we have

V—=10p_(F) = V-10}_(F) + V=100x(®) > —ew > —ew. 5.

The above inequalities yield

Je,5 2 —€QIue,5\§,5. (3.15)
Then, we obtain
0> / ges dVes > —2q / [uesl2s dVes > —eqllucslZs > —eqllullh,
{gs,égo} {gs,§<0}
from inequality (3.6); hence we obtain
DepucslZot [ gesdVs <= [ gesdVes <ealulfy
{95,620} {gs,6<0}

from equality (3.13). This implies that
lim lim dVes =0 and lim lim ||Dsu =0.
sg% 61—I>r(l) {ge 5>0} 9eb AVed e—085—0 H €0 5’6”576

On the other hand, from supy |s|pm < supy [s[pm < oo, we have

/ [t e, AVe s < / |l Ge.5 AVe s < (m 4 1) sup |s[fm / 9es Ve,
Ye {ge,5>0} X

{95,6 20}
/%

||DQ:58U5,6H5,6 = || — %0 * SUe sllcs = HSDe,éue,z?He,é < S§P |S|hm”D25“6,5

€0+

These inequalities and equality (3.14) lead to the conclusion. O
PROPOSITION 3.16. In the above situation, we have

lim im lim (9: ssu.s,v =0.
5H05_>0k_>00<< £,6°Ue,55 5:51k>>Xd,8,5

149



S. MATSUMURA

Proof. Cauchy—Schwarz’s inequality yields

(07 55te5, Ve o) 00 < 102 55Ue 5 X006 1[Ve, 60| X g1 -
By the construction of v, 5, we may assume that

lim lim li = lim lim
Eﬂégkingo‘|va,6,k||Xd,a,§ %513(1)H%,5de,a,5

is finite (see Corollary 3.14). On the other hand, the L?-norm ||5:753u5,5||575 converges to zero by
Proposition 3.15. O

We prove the following proposition by using the twisted Bochner-Kodaira—Nakano identity;
this completes the proof of Theorem 1.2.

PrRoPOSITION 3.17. In the above situation, we have

lim lim lim ((9®)"sue5,ve5k)ox,.5 = 0
e—05—0k—00

for almost all d.

Proof. Cauchy—Schwarz’s inequality and Holder’s inequality yield

(((6(1))*3’&5757 Ua,&,k))axd@(s = o <(5(I))*su575, U5757k>5,5 dSwsyg
d

< /BXd }(5@)*31‘5’5'&,5’Us,é,k‘a75 dSwg7§

< ((0D)*suc g5, (0D) st §) gx, c.6 (Veshs Vebk)ox,e6-

We first show that the limit of (ve s, Ve 5k)5 X, s is finite for almost all d. By Fubini’s theorem
and dV. s = d® A dS,, ;, we have

/ (ve .6k, Ua,é,k))axd,a,a d® = / |Ua,5,k|z,5 dVes.
de(c—a,c+a)

{c—a<P<c+a}
Furthermore, by Fatou’s lemma, we have
. . . . . 2
/ lim lim lim (vesk, Vesk)ox, s AP < im lim [Jocsll%, . o5
de(c—a,ct+a) e=+06—0 k—oo e—05—0

We are assuming that the right-hand side is finite by Corollary 3.14. Therefore, the integrand of
the left-hand side is finite for almost all d € (¢ — a,c + a).

Finally, we will show that the norm of (9®)*su. s on X, converges to zero for almost all d.
By (0®)*sue5 = s(0P)*ue,5 and sup |s|pm < sup |s|pm < oo, we have

(((5‘19)*(91&575, (gq))*sua,é))axd,g,é < S;p |S|%m(((5¢)*u5’5, (5¢)*u6,6)axd75,5 .

Therefore, it is sufficient to show that the norm of (5@) *uE’g converges to zero. By applying
Proposition 2.5 to (5@)*%,5 and u. s, we obtain

«8((8@)*u576),u€’6>>Xd7875 _ <<(5‘1))*@65,675:,6u575>>Xd75’5 + (((5(1)) *us,ﬁ, (5q))*u§,5))8Xd,5,5
= (((5@)*1%757 (5(1))*%575))3)((17575‘

Here we used the equality 5:’5115,5 = 0. For the proof, we will compute the left-hand side. Note
that we have the equalities 5u575 =0, 0P ANuzss = 0, and V=190 A uss = 0 since ucg is
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a O-closed F-valued (n,q)-form. Therefore, by Lemma 2.1, we obtain

(0((0P) tre5), e s) x5 = —(OP N (DZstic 5), e s) x, o5 + (V—100PAu 5, ucs) x, .5 (3.16)

From Lemma 2.2, inequality (3.6), and Cauchy—Schwarz’s inequality, we can estimate the first

term of equality (3.16) as follows:
{0 A (D sue.s), e s) x, 061 < 5UP 0P, 4| D2

sup|6<1>\w||D'*

<
<

The right-hand side converges to zero by Proposition 3.15.

To estimate the second term of equality (3.16), by applying Ohsawa—Takegoshi’s twisted
Bochner-Kodaira-Nakano identity (Proposition 2.3), we obtain

IV (02)ue 525 = llv/n(DZs — (02) Yue 2 5 + (nvV=1(Om. + 00P) Aue 5, ue 5). 5
> H\/ﬁ( 6,6 - ( )*) <<V _188(I)Au€,57u875>>5,57
where 7 is the bounded function defined by n := e®. The above inequality follows from in-

equality (3.15). We compute the first term on the right-hand side by using Lemma 2.1 and
Cauchy—Schwarz’s inequality. It is easy to check that

lv/n(DZsue5 — (3<1>)*)ua,5|!§,5
> |lvnDZ = 2VnDZ st s le 1/ (O) e,
> —2|lynD. 5u55Heallf(<9<I>) Uz blle.s + [[v/n(9)*

On the other hand, Lemma 2.1 implies | (0®)*u. 5> = ‘ (5(13) ue’(;’ + ‘ (5@)
|V(0®) e |25 = Lo+ IVi(@2) ue sl
> ||Vi(@@)ues] -

1(0P) e 6112 5

2 .
; hence we obtain

From these inequalities, we have

2Csupllucol125 + 2| VD gt VA(OP) w2 5 > (V=100 Nt 5, e ) 5> 0.

The norm H\fD "sUe, 5“8 5 converges to zero by Proposition 3.15, and the norm H\f oP)*
is uniformly bounded by Lemma 2.2. This completes the proof.

3.2 Proof of Theorem 1.3

In this subsection, we explain how to adapt the proof of Theorem 1.2 to deduce Theorem 1.3.

Proof of Theorem 1.3. The proof is a slight variation of that of Theorem 1.2. We give only the
several differences with the proof of Theorem 1.2.

In Step 1, by applying Theorem 2.9 to v = by/—10p,,(M), we take a family of singular
metrics {he}1se>0 on F with the following properties:
(a) The metric h. is smooth on X \ Z. for some proper subvariety Z..
(b) The inequalities her < her < h hold on X for any 0 < &’ < &”.
(c) We have Z(h) =Z(h:) on X.
(e) We have /=10, (F) > by/—10p,,(M) — ew on X.
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Note that property (e) is obtained from the assumption —10p(F) > by/—10y,,(M). We can
see that property (e) is stronger than property (d) in the proof of Theorem 1.2. Indeed, by the
assumption /—10p,, (M) > 0, we obtain property (d)

(d) We have v—10y,_(F) > —ew on X.

By property (d), we can see that the same argument as in Step 2 works.

In Step 3, by considering the norm ||suc |c,5 := ||Ste 5|/ H.hpy w. 5 IDStead of ||sucs|| mon.m . 5,
we can easily prove the same conclusion as in Proposition 3.7.

In Step 4, we can obtain v, € LELQ’;]_I(F ® M), s with the properties of Corollary 3.14 since
we do not use the line bundle M when we prove Proposition 3.9.

In Step 5, we need to prove the following proposition (see Proposition 3.15). Recall that
Propositions 3.16 and 3.17 finish the proof of Theorem 1.2 and that they are obtained from
Proposition 3.15.

PROPOSITION 3.18 (cf. Proposition 3.15). We have
. v Ix _
lim lim [| D5t slle.s = 0.

Moreover, we have

lim Tim || D%ssuc sl =0 and  lim Iim ||0 ssue.s
’ Y e—06—0 k ’

=0.
c—056-0 &d

Proof. By applying the Bochner-Kodaira-Nakano identity to u. s and su. s, we obtain the fol-
lowing equalities:

0 = | DL sues )25 + / GesdVis,

€

- 2
Ha:,asue,éH&(; = || DZssuc |2 5 +/Y Isl7 ., (fes + ge5) dVes
€

where the integrands g. s and f. s are the functions defined by
9e5 = (V=105 (F)A. sue 5, Use), s
feo = (V=100 (M)Ac e 5, us6) 5
From property (d), we obtain
e = —eqlucsl? s (3.17)

By the same argument as in the proof of Proposition 3.15, we can see that

lim lim ||D”5u. 5|15 =0 and lim lim sdVes =0.
a—>05—>0” cotieslles e=03-0 J1g 50 Jeb AVe,

Therefore, from supy [s|n,, < 0o, we can see that ||Dlssucslle,s = |sDsucslcs converges to
zero. On the other hand, from property (e), we can easily check

1
fe,é < 5(95,6 + 5q,u€,5‘§,5) :
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This implies that

1 €q
[ b es gy avis < [ 1o { (14 5) g+ Fueslts b ave

1 €q
<[ i {(1 ' ) ges + ue
(o630} b b

1 €q
< sups|p,, (1 + b) { / 9es AVes + b”“@z,w}-
X {95,620}

This completes the proof. O

?,5} Vs

By this proposition, we can prove the same conclusion as in Propositions 3.16 and 3.17.
Therefore, we obtain the conclusion of Theorem 1.3. ]

4. Applications

4.1 Proof of Corollary 1.5

Proof of Corollary 1.5. We apply Theorem 1.2 in the case m = 0 to a holomorphic function s.
For an open set B C A and a holomorphic function s on 7=1(B), the multiplication map

®,: Rim, (Kx @ F®I(h)) 2% Rim,(Kx ® F @ Z(h))
is injective for every ¢. This implies that Rim,(Kx ® F ® Z(h)) is torsion-free. O

4.2 Proof of Theorem 1.7

We first recall the definition of the numerical Kodaira dimension of a singular Hermitian line
bundle on a projective varieties (see [Caol4] for Kéhler manifolds).

DEFINITION 4.1 (Numerical Kodaira dimension, [Caol4]). Let (F,h) be a singular Hermitian
line bundle on a smooth projective variety X such that v/—10,(F) > 0. Then, the numerical
Kodaira dimension nd(F, h) of (F,h) is defined to be nd(F, h) := —cc if h = 0o and otherwise

1 Ix(A®* ® F
nd(F,h) := dim X — lim ogvolx (A7 ® F' h)
e—0 loge

)

where voly (A° ® F, h) is defined by

Volx(AE o F h) — Tm hO(X, AME @ [ ®I(hm)).

M—00 mdim X

By combining Cao’s result [Caol4] with the strong openness theorem [GZ15] (see
also [Mat14]), we have the following vanishing theorem. (See [Hiel4, Lem17] for other proofs
of the strong openness theorem.)

THEOREM 4.2 ([Caol4, Theorem 1.3], [GZ15, Theorem 1.1]). Let (F,h) be a singular Hermitian
line bundle on a compact Kahler manifold X such that «/—10p(F) > 0. Then, we have

HI(X,Kx ® F®ZI(h))=0 foreveryq>dimX —nd(F,h).
Let us prove Proposition 1.6.

Proof of Proposition 1.6. For a positive integer m, we define @,,, by

Qm = {t € A|Z(h[},) = Z(h")lx, } -
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Note that we have Z(h|¥,) € Z(h™)|x, by the Ohsawa Takegoshi L*-extension theorem. By
Fubini’s theorem, we can see that A\ @, has Lebesgue measure zero. We set Q := No°_; Q.
Then A\ @ also has Lebesgue measure zero. Let A be a relatively ample line bundle on X. By
the definition of the numerical dimension, it is sufficient to show that

h°(Xe, Ox, (A" @ F™) @ Z(hIR,)) > h" (X1, Ox,, (A™ @ F™) @ Z(IR, )

for every t € Q and m > 0.

For the canonical bundle Kx on X, we have
Am€®Fm:Kx®(AmE®K)_(1)®Fm

By replacing A with a smaller disk, we may assume that A™¢ ®K)}1 admits a smooth (Hermitian)
metric g,, with positive curvature for a sufficiently large m > 0. Furthermore, we can extend
a basis {s;}icr in H(Xz,, Ox, (A" @ F™) ®I(hI}, ) to sections {5;} in HY(X,0x(A™ @ F™)®
Z(h™)), by applying the Ohsawa-Takegoshi L? extension theorem to (Am6 ® K)_(1 ®F™, gmhm)
(see [OT87] and [Man93]).

We can easily see that, for every ¢ in some open neighborhood B of ty, the elements of
{3i|x, }ier are linearly independent in H%(X;, Ox,(A™ ® F™) ®Z(h™)|yx,). Indeed, if there exist
a point ¢ converging to tg and a;; € C such that Zie ; ati8i|x, = 0, then we may assume that a;;
converges to some a; as t — tg. As t — tg, we obtain ), ; ai§i|XzO =0 from ), ;a:5|x, = 0.
Therefore, the elements of {5;|x, }ier are linearly independent. If ¢ € @, the restriction §;|x, to
X, is a section in H(Xy, O, (A™ ® F™) ® Z(h[%,))- This completes the proof. O

Remark 4.3. By the proof of Proposition 1.6, we can assume Z(h|%,) = Z(h™)|x, for every t € Q.

Proof of Theorem 1.7. We take a point ty with

nd(F|XtO’h|Xto) = . iSIrSlI?I}O{Oth nd(F|x,, hlx,) -
at te

By Proposition 1.6 and Remark 4.3, we can take a dense subset ) in some neighborhood B of #g
such that nd(F|x,, h|x,) > nd(F|x, , h|x, ) and Z(h|%,) = Z(h™)|x, for every t € Q. Therefore,
from Theorem 4.2, we obtain

Hq(Xt,OXt(KX ®F) ®I(h)) = Hq(Xt,OXt(KX ®F) ®I(h’xt)) =0

for ¢ > f —nd(F|x,,, hlx, ) = f —nd(F|x,, h|x,) and for every t € QN A'. Here A’ is the Zariski
open set in A defined by

A’ :={t € A|r is smooth at t and Rim,(Kx ® F ® Z(h)) is locally free at t} .

By the flat base change theorem, we obtain Rim.(Kx ® F®Z(h)); = 0 for every t € QN A’. This
implies that R, (Kx®@F®Z(h)); = 0 on A’. We obtain the conclusion since Rim,(KxQ@F®Z(h))
is torsion-free. O

4.3 Proof of Corollary 1.9

Proof of Corollary 1.9. Let s be a holomorphic function on X with Xo = s~*(0). By Theorem 1.2,
we can conclude that

HY(X,Kx ® FRI(h)) 25 H'(X,Kx ® F @ Z(h))
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is injective for a sufficiently small A. On the other hand, since X is a subvariety of codimension 1
and Rim,(Kx ® F ® Z(h)) is torsion-free, the following sequence is exact:

0= O0x(Kx®F®I(h)®Ix, > Ox(Kx @ F®ZI(h)) - Ox,(Kx ® F®Z(h)) = 0.

The induced long exact sequence implies that, for every section t in H%(Xo, Ox,(Kx @ F®Z(h))),
there exists a section T'in H*(X,Ox(Kx ® F ® Z(h))) such that T|x, = t. Furthermore, we
have the following commutative diagram:

HO(X, O)((KX ®F®I(h)>) E— HO(X(],OXO(KX ®F®I(h)))

! l

HY(X,0x(Kx ® F)) ——  HY%X(,0x,(Kx ® F)).

Therefore, we can extend a section in H°(X, Ox(Kx ® F)) that comes from H°(Xy, Ox,(Kx ®
F®ZI(h))) to X. O
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