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Nakano positivity of singular Hermitian metrics and
vanishing theorems of Demailly—-Nadel-Nakano type

Takahiro Inayama

ABSTRACT

In this article, we propose a definition of Nakano semi-positivity of singular Hermitian
metrics on holomorphic vector bundles. By using this positivity notion, we establish
L?-estimates for holomorphic vector bundles with Nakano positive singular Hermi-
tian metrics. We show vanishing theorems which generalize both Nakano type and
Demailly-Nadel type vanishing theorems. As applications, we specifically construct
globally Nakano semi-positive singular Hermitian metrics for several bundles and prove
vanishing theorems associated with them.

1. Introduction

In algebraic and complex geometry, positivity notions for holomorphic vector bundles have played
an important role. Among them, a notion of positivity for singular Hermitian metrics has pro-
duced many significant results. On holomorphic line bundles, the positivity of a singular Her-
mitian metric corresponds to the plurisubharmonicity of the local weight. Hence, we can apply
complex-analytic methods to the research in the field of complex algebraic geometry. For holomor-
phic vector bundles, notions of singular Hermitian metrics were also introduced and investigated
(cf. [dCa98, BP0S)).

However, it turns out that we cannot always define the curvature currents with measure coef-
ficients [Raul5]. Hence, we need to define positivity notions without using curvature currents. We
have such a characterization for Griffiths semi-positivity or semi-negativity (see Proposition 2.4).
On the other hand, it was not known how to define the Nakano positivity of singular Hermitian
metrics without using the expression of the curvature currents.

Our main purpose in this article is to propose definitions of the Nakano semi-positivity of
singular Hermitian metrics on vector bundles (Definitions 1.1 and 1.2) and to establish a vanishing
theorem (Theorem 1.5) which generalizes both the Nakano and the Demailly-Nadel vanishing
theorems. These definitions are based on L?-theoretic characterizations of positivity, which were
recently developed by the authors in [DWZZ18, DWZZ19, HI21, DNW21, DNWZ20].

Throughout this paper, we let X be an n-dimensional complex manifold, let £ — X be
a holomorphic vector bundle of finite rank r > 0, and let h be a singular Hermitian metric on £
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(see Definition 2.10).

First, modifying the optimal L?-estimate condition in [DNWZ20], we define the following
positivity notions.

DEFINITION 1.1. Suppose that h is a Griffiths semi-positive singular Hermitian metric. We say
that h is globally Nakano semi-positive in the sense of singular Hermitian metrics or simply
globally Nakano semi-positive if for any Stein coordinate system (€2,¢) around any point x € X
(see Definition 2.1) such that El,(q) is trivial on ¢(€2), for any Kéhler form wg on €2, for any smooth
strictly plurisubharmonic function % on €2, for any positive integer ¢ such that 1 < ¢ < n, and for
any 5—clos?d fe L%n,q) (Q, ' E;waq, (L*h)e_d’), there exists a u € L%n,q—l)(Q’ *E;waq, (L*h)e_¢)
satisfying du = f and

2 - -1 -
/Qu|(wQ,L*h)€ deWQ < /Q <BUJQ,¢f’f>(wQ,L*h)e QZ}deQ’

where B, 4 = [V—l@gw ® IdE,AwQ]. Here we suppose that the right-hand side is finite (for
detailed notation, see Notation in Section 2).

DEFINITION 1.2. Suppose that h is a Griffiths semi-positive singular Hermitian metric. We say
that h is locally Nakano semi-positive in the sense of singular Hermitian metrics or simply locally
Nakano semi-positive if for any point x € X, there exists an open neighborhood U of x such
that for any Stein coordinate system (€2,¢) around z such that +(2) C U and E|,q) is trivial,
the condition in Definition 1.1 is satisfied on 2.

The condition in Definition 1.1 is a global property, and the condition in Definition 1.2 is
a local property. We clearly see that global Nakano semi-positivity implies local Nakano semi-
positivity. For smooth Hermitian metrics, the above definitions are equivalent (see Proposi-
tion 2.8). We consider globally Nakano semi-positive singular Hermitian metrics in this article.
We propose a problem related to the difference between the above definitions (see Question 7.5).

We explain the reason that we use the above condition to define Nakano positivity in Section 2.
Here we only assume that X is a complex manifold, not Hermitian or Kéhler. Hence, we can
define Nakano semi-positivity in a general setting. That is one of the advantages of Definitions 1.1
and 1.2.

In this setting, we can show the following result, which is a generalization of Demailly and
Skoda’s theorem [DS80] in the singular setting.

THEOREM 1.3 (Theorem 3.4). Let h be a Griffiths semi-positive singular Hermitian metric on E.
Then h®det h is globally Nakano semi-positive on F ®det E. We can see that h® det h is locally
Nakano semi-positive as well.

Next, we consider the case when X admits a Kéhler metric wy. In this situation, we can
define strict Nakano positivity for singular Hermitian metrics in a simple way (see Definition
2.16). By using this notion, we prove the following L2-estimate.

THEOREM 1.4. Let (X,wx) be a projective manifold and a Kéhler metric on X, and let g
be a positive integer. We assume that (E,h) 1Is globally strictly Nakano 0wy -positive on X
in the sense of Definition 2.16. Then for any O-closed f € L? (X, FE;wx,h), there exists a

_ (n,q)
ue L? (X, F;wx, h) satisfying Ou = f and

(H,Q71)
1
2 2
/X|U|(wx,h) dVix < &I/X\fl(wx,h) AV -
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NAKANO POSITIVITY AND VANISHING THEOREMS

We also get the following vanishing theorem, which is a generalization of both the Nakano
vanishing theorem and the Demailly—Nadel vanishing theorem.

THEOREM 1.5. Let (X,wx) be a projective manifold and a Kahler metric on X. We assume that
(E, h) is globally strictly Nakano 0, -positive on X in the sense of Definition 2.16. Then the
qth cohomology group of X with coefficients in the sheaf of germs of holomorphic sections of
Kx ® &(h) vanishes for g > 0:

HY(X,Kx®&(h)) =0,
where &(h) is the sheaf of germs of locally square-integrable holomorphic sections of E with
respect to h.

Here, we can prove that the sheaf &(h) is coherent when h is a Nakano positive or semi-
positive singular Hermitian metric (see Proposition 4.4). As an application of Theorems 1.3
and 1.5, we get the following result.

THEOREM 1.6 (Theorem 4.6). Let (X,wx) be a projective manifold and a Kéhler metric on X.
We assume that h is strictly Griffiths d,,,-positive on X (see Definition 2.15). Then the qth
cohomology group of X with coefficients in the sheaf of germs of holomorphic sections of Kx ®
&(h ® det h) vanishes for q > 0:

HI(X,Kx ®&(h®deth)) =0.

Theorem 1.6 can be regarded as a generalization of the Griffiths vanishing theorem (cf.
[Dem12b, Chapter VII, Corollary 9.4]). If the Lelong number satisfies v(det h,z) < 1 for all
points = € X, this kind of result was obtained in [Ina20, Corollary 1.4]. We stress that, although
Definition 1.1 or 1.2 is one choice of a definition of singular Nakano semi-positivity, Theorem 1.6
is independent of these choices. Our formulation fits with the classical framework in this sense. In-
deed, we can prove that global Nakano semi-positivity, local Nakano semi-positivity, and Griffiths
semi-positivity for singular Hermitian metrics are all identical when dim X = 1 or rank ¥ = 1
(see Section 5). Using Theorems 1.5 and 1.6, we can determine the non-existence of Nakano or
Griffiths positive singular Hermitian metrics on certain vector bundles (see Example 4.10).

As applications, we have the following results. First, we show the singular Nakano semi-
positivity of the following direct image bundle.

THEOREM 1.7 (Theorem 6.2). Let U C Cly and @ C CYl, be bounded domains, and let ¢ be a

locally bounded plurisubharmonic function on U x ). We also let €} be pseudoconvex. For each
teU,set A2 :={f € 0Q)||fII? = [olfIPe ?®) < +oo} and A% := [[,.,; A?. Then the
trivial vector bundle (A?, | -||) is globally Nakano semi-positive in the sense of Definition 1.1.

This theorem is well known in the situation when ¢ is smooth, which was obtained by
Berndtsson [Ber09]. A key ingredient to prove the theorem is that singular Nakano semi-positivity
is preserved with respect to an increasing sequence (Proposition 6.1).

Next, we show the following theorem.

THEOREM 1.8. Let (X,wyx) be a projective manifold and a Kéhler metric on X. We assume
that E — X is a V-big vector bundle (see Definition 2.19). Then for any m € N, there exists
a positive constant 6 such that S™E ® det E admits a globally strictly Nakano ¢, -positive
singular Hermitian metric h,,. Here S™F is the mth symmetric power of E. Then we also have

HY(X,Kx ® 8™ @ det &(hp)) =0
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form,q > 0, where S™&®det & (hyy,) is the sheaf of germs of locally square-integrable holomorphic
sections of S™E @ det E with respect to h,

This is one application of our vanishing theorem. This result was published by Iwai as [Iwa21,
Corollary 5.9] (it was communicated to Iwai by the author).

The organization of this paper is as follows. We start with a general discussion of smooth
and singular Hermitian metrics on holomorphic vector bundles in Section 2. Here we introduce
several Hormander type conditions. In Section 3, we explain the result of Demailly and Skoda.
Here we also generalize the result in the singular setting. In Section 4, we establish L?-estimates
and vanishing theorems for holomorphic vector bundles with Nakano positive singular Hermitian
metrics. In Section 5, we verify that our definition of Nakano semi-positivity is an appropriate
positivity notion when we compare it with the definition of Griffiths semi-positivity. In Section 6,
we show applications of our main theorems and prove Theorems 1.7 and 1.8. Finally, in Section 7,
we propose some questions which might be worth thinking about.

2. Notation and preliminaries

Throughout this paper, we use the following notation and definitions.

Notation

e K x: the canonical line bundle of X

o dV, = % the volume form determined by w

e FE*: the dual bundle of F

e h*: the dual metric of h on E*

e O(E): the sheaf of germs of local holomorphic sections of E.

(pq)( E):=CHX ,ANPOT: @ E) for 0 < k < 400
® (X E): the space of smooth sections of D Q)T* ® F with compact support

. (X E;w, h): the space of LP sections of APOT% @ F with respect to w and h
(( B w

fX (w,h) Ve

o llellf, ) = <<Oé a»(w,h)

e Dy the adjoint operator of Dj; with respect to (-, ) ne—v)

. 517}: the adjoint operator of d with respect to (-, D (w,he—)

o Ay :==DyD}+ DjDy, Al = 55:; + 577}5 with respect to ((, ) (w,he—)

o L, C(O;’q)(X,E) — O, q+1)(X’ E): the operator defined by w A -
e A, : the adjoint operator of L,
e [-,]: the graded Lie bracket

o A"(pyr):={(21,...,2n) €C" | |zi — pi| <7} for p= (p1,...,pn) € C"
o AT = A"(0;7)

DEFINITION 2.1. Let Q be an n-dimensional Stein manifold and ¢: € — X be a holomorphic
map from Q to X. We say that (£2,¢) is a Stein coordinate system around xo € X if and only if
the following conditions are satisfied:
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(1) The holomorphic map ¢: Q — X is injective; that is, @ — +(Q2) defines a biholomorphic
map.
(2) The set ¢(2) is an open subset of X such that xy € ().

By definition, every complex manifold admits a Stein coordinate system around any point.

2.1 Smooth Hermitian metrics. We explain some definitions and properties of smooth Her-
mitian metrics. In this subsection, we always assume that a Hermitian metric h is smooth.

Let ©(g ) be the Chern curvature tensor of (£, h). Taking local coordinates (21,. .., 2,) of X
and an orthonormal frame (eq,...,e,) of E, we can write

= *
V=10 = Z cj,;mdzj NdzZ ® el ®ey,.
1<, k<n, 1<, u<r
We identify the curvature tensor with a Hermitian form
Ok (T, 7) = Z CiAnTiAThp
1<j,k<n, 1<\ u<r

for T = Zj)\Tj,\(a/ﬁzi) ®eyx € Tx ® E on Tx ® E. Using this Hermitian form, we define the
following positivity notions.

DEFINITION 2.2. Let (E, h) be a Hermitian vector bundle.
(1) It is said to be Griffiths positive (respectively, Griffiths negative) if we have é(E,h) (E®s,E®

s) > 0 (respectively, ©(g 1) (§ ® 5, ® s) < 0) for all non-zero elements £ € Tx and s € E.
We denote this by ©g 4y >arif. 0 (respectively, O (E,n) <Grif. 0).
(2) It is said to be Nakano positive (respectively, Nakano negative) if we have (:)(E’h) (r,7) >0

(respectively, © (g p)(7,7) < 0) for all non-zero elements 7 € Ty ® E. We denote this by
O(g,n) >Nak. 0 (vespectively, © (g 5y <Nak. 0).

Corresponding semi-positivity and semi-negativity are defined by relaxing the strict inequal-
ities.

We can associate the Nakano positivity of (E,h) with the positivity of the operator
(V=10 (g 1), Au] from the following lemma.

LeMMA 2.3 (cf. [Deml12b, Chapter VII, Lemma 7.2], [DNWZ20, Lemma 2.5]). Let (X,w) be
a Kéhler manifold. We have (E,h) >nak. 0 (respectively, (E,h) >Nak. 0) if and only if the
Hermitian operator [le@( E,h),Aw} is positive definite (respectively, semi-positive definite) on
ANPDTE ® E.

We can define Griffiths positivity and negativity without using the curvature tensor. We have
the following result.
PROPOSITION 2.4 (cf. [Raul5, Section 2]). The following properties are equivalent:

1) The metric h is Griffiths semi-negative.

2) The function \u|,21 is plurisubharmonic for any local holomorphic section u of E.

(
(
(
(4

)
3) The function log |u|? is plurisubharmonic for any local holomorphic section u of E.
)

The dual metric h* on E* is Griffiths semi-positive.
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We can treat the above conditions (2) and (3) without using the curvature tensor. Hence, we
use these conditions to define the Griffiths semi-positivity and semi-negativity of singular Her-
mitian metrics (see Definition 2.13). On the other hand, we do not know such a characterization
of Nakano positivity.

Recently, new positivity notions defined via the Hormander LP-estimate were widely investi-
gated. These studies can be regarded as a converse of Hormander’s estimate, which is essentially
due to Andreotti and Vesentini [AV65] and Hormander [H6r65] (see also Theorem 2.9). Initially,
Berndtsson established a converse of Héormander’s L?-estimate for a continuous function on a
1-dimensional domain and used this result to prove the complex Prékopa theorem in [Ber98|.
In [HI21], Hosono and the author introduced the twisted Héormander condition for holomorphic
vector bundles on an n-dimensional domain.

DEFINITION 2.5 ([HI21, Definition 3.3]). Let h be a singular Hermitian metric on E — ) over
a domain @ C C". We say that (E,h) satisfies the twisted Hormander condition if for any
positive integer m, for any smooth strictly plurisubharmonic function ¢ on €2, and for any 0-
closed f = > fidaa Ao Ndzy N dZy € D(n1)(Q, EX™), there exists a u € Chio) (Q, E®m)
satisfying du = f and

/Q ‘U|%wg’h®m)e_w deQ < /Q Z <w”fl’ fj>(wg,h®m)e_w dV(UQ s

1<i,j<n

where we assume that the right-hand side is finite. Here (W; )1 <ij<n denotes the inverse matrix
of (82/8zz823)

1<ij<n’

We remark that the matrix (wﬁ)l <iv<n

[\/jlﬁéw ® Idgem, AWQ]. Hosono and the author proved that this twisted Hormander condition
implies Griffiths semi-positivity under some regularity assumptions ([HI21, Theorem 3.5, see
also [DNWZ20, Theorem 1.2]).

Then Deng, Ning, Wang, and Zhou introduced and improved various Hormander type posi-
tivity notions for holomorphic vector bundles, which were called the multiple coarse LP-estimate
condition and the optimal LP-estimate condition in [DNWZ20]. We mention that the twisted
Hérmander condition above is something like a multiple optimal L?-estimate type condition. In
this paper, we focus on the optimal L?-estimate condition.

corresponds to the inverse operator of B, =

DEFINITION 2.6 ([DNWZ20, Definition 1.1]). Assume that a K&hler manifold (X,w) admits a
positive holomorphic line bundle and (F, h) is a (singular) Hermitian vector bundle (possibly of
infinite rank) over X. Then we say that (E,h) satisfies the optimal L?-estimate condition if for
any positive holomorphic line bundle (A4, h4) on X and for any O-closed f € D) (X, E@ A),
there exists a u € L%mo) (X, E ® A) satisfying Ou = f and

2 —1
/X \U|(w,h®hA) dVe < /X <BhAf= f>(w,h®hA) Vi,
where By, , = [\/—IG(AJLA) ® Idg, Aw] and we assume that the right-hand side is finite.

Furthermore, the authors of [DNWZ20] succeeded in characterizing Nakano semi-positivity
by using the above condition. To be precise, they proved the following theorem.

THEOREM 2.7 ([DNWZ20, Theorem 1.1]). Suppose that a Kahler manifold (X,w) admits a pos-
itive holomorphic line bundle, (E,h) is a smooth Hermitian vector bundle over X, and 0 €
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C?l 1)(X, End(E)) with §* = 6. We assume that for any 0-closed f € D, 1)(X,E ® A) and for
any positive holomorphic line bundle (A, h4) such that /=10 (4 ,)®Idg +60 >Nak. 0 on supp f,

there exists a u € L%n 0) (X,E ® A) satisfying Ou = f and

-1
/X [l penr) Ve < /X Bigo ! 1) wnen Ve

where By, , g = [\/ —1@(;%9) QIdg+0, Aw] and we assume that the right-hand side is finite. Then
V=10 (g n) >Nak. 0.

Here we consider the case when 6 = 0. In this situation, the condition in Theorem 2.7 is just
the optimal L2-estimate condition introduced in Definition 2.6. By applying and modifying this
theorem, we get the following proposition.

PROPOSITION 2.8. Let h be a smooth Hermitian metric on E. We consider the following condi-
tions:

(1) The metric h is Nakano semi-positive.

(2) For any Stein coordinate system (2,1) such that E|,q) is trivial on ((§2), for any Kéhler
form wq on Q, for any smooth strictly plurisubharmonic function ¢ on £, for any positive
integer q such that 1 < q < n, and for any 0-closed [ € L?n 9 (Q, U F;wg, (L*h)e_w), there
exists a u € L%n g—1) (Q, *E;wq, (L*h)e_w) satisfying Ou = f and

2 — -1 _
/Q |u|("-’5270*h)e v dVWQ S /Q <Bw97wf’ f>(wQ,L*h)e v deQ ’

provided that the right-hand side is finite.
(3) The vector bundle (E, h) satisfies the optimal L?-estimate condition.

Then the condition (1) is equivalent to the condition (2). If X admits a Kahler metric w and
a positive holomorphic line bundle on X, the above three conditions are equivalent.

Obviously, the above condition (2) corresponds to the condition in Definition 1.1. Theorem 2.7
and Theorem 2.9 below imply that the condition (1) is equivalent to the condition (3). The way
to prove that the condition (1) is equivalent to the condition (2) is essentially contained in the
proof of Theorem 2.7 in [DNWZ20]. However, our situation is slightly different. Hence, for the
sake of completeness, we show the equivalence of the conditions (1) and (2) here. In our situation,
the proof is a little bit simpler. Before giving a proof of Proposition 2.8, we prepare the following
L2-estimate theorem.

THEOREM 2.9 (cf. [Dem82], [Dem12b, Chapter VIII, Theorem 6.1]). Let (X,©) be a complete
Kéhler manifold, w be another Kahler metric which is not necessarily complete, and (E, h) — X
be a Nakano semi-positive vector bundle. We also let A, 5 = [\/TIG(E,h),AW] be the operator
in bidegree (n,q) for ¢ > 1. Then for any O-closed f € L%n,q)(X’ E;w,h), there exists a u €

L? )(X, E;w, h) satisfying Ou = f and

(TL7q—1
2 -1
/X‘u’(w,h)dvﬂug/X<Aq,w,hf’f>(w,h)de’

where we assume that the right-hand side is finite.

Proof of Proposition 2.8. First, we assume that h is Nakano semi-positive. We take an arbitrary
Stein coordinate system (€2,¢) such that F|,q) is trivial on ¢({2), an arbitrary Kéhler metric
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wq on {2, and an arbitrary smooth strictly plurisubharmonic function  on 2. Qonsidering the
twisted weight (¢*h)e™%, we have V=10 g (xh)e—v) = V=10 (rn)) + V—100¢ @ Id,»p and

Aq wa,(t*h)e [ L*E L*h)? ] [Faaiﬁ ®Id+g, AwQ]

A gwarh T Bomﬂﬁ

We have that (v*h)e ~¥ is Nakano positive on ¢:*E. Then Theorem 2.9 implies that for any q 1
and for any (’9—closedf€L (Q,L E;wq, (t*h)e ) we haveauEL( (Q *E;waq, (t*h)e 1/’)

satisfying Ou = f and

2 _
/Q‘u|(wg,b*h) Vg /< qwa,(t*h)e zpfaf>(waL*h)e wdeg'

Since ¢t*h is also Nakano semi-positive, we have the inequality

<Aq_3.;g, t*h)e ¢f’ f>(wg t*h) < W, ¢f f> (wa,t*h)

Therefore, we also have the estimate

2 - -1 _
/Qu|(wQ,L*h)€ deWQ </Q<B‘Ufl»wf’f>(wg,ﬁh)e ¢deQ

Next, we assume that the condition (2) holds. Suppose that h is not Nakano semi-positive at
some point zg € X. We take a Stein coordinate system (A7, 1) such that ¢(0) =z and E|,(an) is
trivial for some r > 0, take the standard Kihler metric wp = /—109|z|? on A, and take a frame
(e1,...,er) of *E on A7 such that (ey,...,e,) is orthonormal at 0 € A”. Then (.*FE,t*h) is not
Nakano semi-positive at 0 € A”. For the sake of simplicity, we also write (E,h)(= (:*E,*h))
on AT. Note that, by Lemma 2.3, the operator [le@( E,h)s Awo] is not semi-positive definite at
0 € A?. Then there exists an fy € /\(”’I)T&L,O ® Ejy such that

(n,q) n,q—1)

<[\/_1@(E,h)aAwo]f07f0>(w0’h) = (A1w0,h 0, f0) (wo,n) <O

We fix a smooth strictly plurisubharmonic function ¢ on A”. Then for any d-closed f €

D) (AT, E) C L%ml)(AQ, E; wy, he‘¢), there exists a u € C@O)(A?,E) satisfying Ou = f and

2 — —1 _
/A" |u|(w07h)e v dV“’U < /A” <Bwo,¢f’ f>(w0,h)€ v deo .

Therefore, we have

(BS o f P wone—wy|” =

2
wowf’au (wo,he=¥ )l

7* 2
¢( wo, T/Jf >> wo,he_w)l
*

< ‘ 1/}( wolbf)H wo,he=¥ H ||(2w0 he=¥)
S ‘ 1/1( wo,wf H (wo,he~ IP)’ wo, 1/1f7f>> wo,heﬂp)"

_ S (o 2 = .
In short, we have ‘«Bwol,wfv f>>(w0’h67¢)‘ < HQ’; (Bwo{wf)H(wmhe,w) for any O-closed f. By using
the Bochner-Kodaira—Nakano identity AZZ = A;/) + [\/—IG(E’hew), AWO] = A;} + A1 wo.h + Bug o
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(cf. [Dem12a, Section 4.C, (4.6)]), we get

2
Haiﬁ( wo,wf H (wo,he~ ’/)) A%( (woz/J f) w01/1 wo,he Ha( wo,zp )“(wo,he*¢)
<A (B oy ) By iy P wohe)
+ (4 wosh ( (_107 )f)v (w07w)f>>(wo,he*¢) + (f, B(:th)f»(wo,heﬂb) :
We then obtain

_ NP 2
<<A17W07h (B(wt,w) f) B(wlo,zp)f» (wo,he=¥) + HDIL' (B(wt,w)f) H(wo,he*w) = 0.

Welet f =5, fixdar A= Adey Ndzj ® ey € Con 1)(A:}, E) be a d-closed (n, 1)-form with

constant coefficients such that f (0) = fo. We can take a positive constant R € (0,r) such that
([V=10(gn) Ao ] 1, f>(wO7h) = (Arwo,n S [ wo,n) < —¢

on A% for some positive constant ¢ > 0.

Choose a cut-off function x € Zg0)(A%, R) such that 0 < x < 1 and X’A’,;/Q = 1. We define
v e @(mo)(A:}, E) by

" Z FianZixdzi A -+ - Ndzy @ ey
JA

and define g by 0v = ¢g. Then g € D1y (AY, E) and g = f on AR/2 Set ¢(2) = |2|?> — R?/4. Then
we have B, mg) = m-. We define ap, 1= B(wo me)d = (1/m)g. Considering the commutation
relation v/ —1[Ay,, 0] = Dy s (cf. [Dem12a, Section 4.C, (4.5)]), we obtain D*¢am =0on A%,
and [D]},cuml(we.n) < C’/m for some positive constant C' > 0 on A% \ AR/2' We also have
(A1 00,hXms Om) (o k) < —c/m? on A%/Q and (A1 w0, h%m; W) (wo,h) < C'/m? for some C’ > 0 on
A% \Z;l%ﬂ since g has compact support in A%. Set C” := C? + C’. To summarize, we obtain

1 -1 1 2
0< <<A1,wo, (B(wO m¢)g) B(WO,m(b)g»(wo,he*Wﬁ) + HD (B(wo m¢ )”(wo,hefmaﬁ)

= (AL, ) g e oy + [ DLl s

:/M

R/2

+/ e ‘D;:Lqﬁamﬁwo,h)e_md)deo
B\AR/2

<A1,w0,hama O‘m>(wo,h)eim(z> deo + / - <A1,w0,ham7 am>(w0,h)eim¢ deo
R\AR/Z

1
<--<£ / e AV +—5 [ e AV,
m %/2 m A%\AR/Q
for any m € N. Hence, we get
c/ e~ e AV, + C’"/ . e~ me AV, =0
ARy AR\AR/2

Since ¢ < 0 on AR/2 and ¢ > 0 on A% \ZZ/Q, the first term has a negative upper bound which
is independent of m:

—c/n e AV, < —C‘A%/Q‘ .
R/2
The second term goes to zero as m — +o0o by Lebesgue’s dominated convergence theorem. Then
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for sufficiently large m > 1, we have

—c/ e AV, + C’”/ e M dV,, <0,
A A

713:/2 E\Z;{/Q
which gives a contradiction. Consequently, we can conclude that h is Nakano semi-positive
on AT O

2.2 Singular Hermitian metrics. In this subsection, we consider the case when a Hermitian
metric has singularities. First, we introduce the definition of singular Hermitian metrics on vector
bundles.

DEFINITION 2.10 ([BPO08, Section 3], [HPS18, Definition 17.1], [PT18, Definition 2.2.1], and
[Raulb, Definition 1.1]). We say that h is a singular Hermitian metric on E if h is a measurable
map from the base manifold X to the space of non-negative Hermitian forms on the fibers
satisfying 0 < det h < +o00 almost everywhere.

We introduce ideal sheaves, a notion related to that of singular Hermitian metrics.

DEFINITION 2.11 ([Nad90]). Let h be a singular Hermitian metric on a holomorphic line bundle
L — X and ¢ be the local weight of h; that is, h = e~¥ locally. Then we define the ideal subsheaf
J(h) C Ox of germs of holomorphic functions as follows:

I (h)y = {fs € Ox 4 | |fz?e” ¥ is locally integrable around =} .

We can easily verify that Definition 2.11 is independent of the choice of local weights. In
[Nad90], Nadel proved that .#(h) is coherent by using the Hérmander L?-estimate. We can also
define a higher-rank analog of the multiplier ideal sheaf .7 (h).

DEFINITION 2.12 (cf. [dCa98]). Let h be a singular Hermitian metric on a holomorphic vector
bundle £ — X. We define the ideal subsheaf & (h) of germs of local holomorphic sections of E
as follows:

E(h)y = {85 € O(E)y | |54} is locally integrable around z} .

In [HI21], Hosono and the author prove that &(h) is coherent if h satisfies the twisted
Hoérmander condition above. They can also show that &(h) is coherent when h is a Nakano
semi-positive singular Hermitian metric (cf. Proposition 4.4).

The Chern curvature tensor O (g p,) of a smooth Hermitian metric h can be locally defined by
5(h_18h). On a holomorphic line bundle, the Chern curvature of a positive or negative singular
Hermitian metric can also be defined in the sense of currents. However, for a holomorphic vector
bundle E with rank E > 2, it is not possible to define the Chern curvature current with measure
coefficients in general. This phenomenon was observed by Raufi in [Raul5]. Before showing the
example, we introduce the definitions of Griffiths semi-negativity and Griffiths semi-positivity.

DEFINITION 2.13 ([BP08, Definition 3.1], [PT18, Definition 2.2.2], and [Raul5, Definition 1.2]).
We say that a singular Hermitian metric h is

(1) Griffiths semi-negative if |ulp is plurisubharmonic for any local holomorphic section u €
O(E) of E,

(2) Griffiths semi-positive if the dual metric h* on E* is Griffiths semi-positive.
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This definition arises from a characterization of Griffiths semi-positivity (see Proposition 2.4).
Raufi found the following example.

THEOREM 2.14 ([Raulb, Theorem 1.5]). Let E be the trivial vector bundle A x C? over A :=
A} C C. Let h be the singular Hermitian metric

h = <1 +JZ’2 z2> .
z
Then h is Griffiths semi-negative, and © g ) is not a current with measure coefficients.

This result implies that we cannot define positivity or negativity by using the Chern curvature
currents. Furthermore, strict positivity or negativity is not generally formulated. If there is a
Kaéhler metric on X, we can define strict Griffiths positivity as follows.

DEFINITION 2.15 ([Ina20, Definition 2.6]). Let wx be a K&hler metric on X. We say that a sin-
gular Hermitian metric h is strictly Griffiths 0, -positive if for any open subset U and for any
Kihler potential ¢ of wx on U, that is, v/—100¢ = wx on U, the metric he¥¢ is Griffiths
semi-positive on U.

We can characterize the Nakano semi-positivity of singular Hermitian metrics by using Propo-
sition 2.8 (see Definition 1.1). We can also define the strict Nakano d,,, -positivity of singular
Hermitian metrics as follows.

DEFINITION 2.16. Let (X,wx) be a Kdher manifold. We say that h is globally (respectively,
locally) strictly Nakano 0, -positive if for any open subset U and for any Kéhler potential ¢
of wy, that is, /=100 = wyx on U, the metric he’® is globally (respectively, locally) Nakano
semi-positive on U in the sense of Definition 1.1 (respectively, Definition 1.2).

Remark 2.17. We consider the following condition related to the condition (2) in Proposition 2.8
for k > 1.

(2 — k): For any Stein coordinate system (£2,:) such that El,q) is trivial on +(2), for any
Kahler form wq on €2, for any smooth strictly plurisubharmonic function ¢ on €2, for any positive
integer ¢ such that 1 < ¢ < k, and for any O-closed f € L%nyq)(ﬂ, *E;wq, ("h)e™"), there exists
aue€lL? (Q, " E;wq, (1*h)e™?) satisfying Ou = f and

(n,g—1)
2 — -1 —
/Q ’u‘(WQ7L*h)€ v dVWQ < /;2 <BWQ,¢fa f>(wQ,L*h)e v deQ )

provided that the right-hand side is finite.

The proof of Proposition 2.8 suggests that we only have to consider all (n,1)-forms f, not
all (n, q)-forms for 1 < ¢ < n. However, the conditions (2 — 1),..., (2 — n) are equivalent to one
another under the assumption that h is smooth. Hence, in this paper, we adopt the seemingly
stronger condition (2 — n) (= Definition 1.1) to define the global Nakano semi-positivity of
singular Hermitian metrics. In relation to this remark, we propose Question 7.4 in Section 7.

2.3 Big vector bundles. In this subsection, to prove Theorem 1.8 and prepare the notion of
big vector bundles. We let X be a projective manifold.

DEFINITION 2.18 ([BKK™15, Section 2]). We define the base locus of E as the set
Bs(E) :={z e X | H°(X,E) — E, is not surjective }
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and the stable base locus of E as the set
B(E) := (] Bs(S™E).
meN
For an ample line bundle A, we also define the augmented base locus of E by
BY(E):= )| B(SUE®ATP).
p/qeQ
Note that BZ (E) does not depend on the choice of the ample line bundle. Hence, we write B, (E)

for simplicity.

With this notation, we introduce the following definitions. We let 7: P(E) — X denote the
projective bundle of rank 1 quotients of £ and Op(g)(1) denote the universal quotient of 7*F
over P(E).

DEFINITION 2.19 ([BKK™15, Theorem 1.1, Definition 6.1]). We say that
(1) Eis L-big if Op(gy(1) is big on P(E),
(2) Eis V-big (or Viehweg-big) if B4 (E) # X.

We remark that if E is V-big, then F is L-big as well [BKK 15, Corollary 6.5]. In order to
prove Theorem 1.8, we need the following proposition.

PROPOSITION 2.20 ([BKK ™15, Proposition 3.2]). We keep the notation above. Then
T(B1 (Opp) (1)) =B (F).

3. Demailly and Skoda’s theorem in the singular setting

In this section, we prove Theorem 1.3, which is a generalization of Demailly and Skoda’s result.
Before proving that, we explain Demailly and Skoda’s result.

THEOREM 3.1 ([DS80]). Let h be a smooth Hermitian metric on E. If (E, h) is Griffiths semi-
positive, then (E ® det E, h ® det h) is Nakano semi-positive.

Taking a smooth approximating sequence {h,}>2, of h, we give a proof of Theorem 1.3. Our
main approximation technique is based on the following proposition obtained by Berndtsson and
Paun.

PROPOSITION 3.2 (cf. [BP08, Proposition 3.1], [Raul5]). Let E be a trivial vector bundle over
a polydisc U and h be a Griffiths semi-positive singular Hermitian metric on E. Then there exists
a sequence of smooth Hermitian metrics {h, }5, with positive Griffiths curvature, increasing
to h on smaller polydiscs.

We remark that Proposition 3.2 is valid if U is not a polydisc but a domain. A sequence of
smooth Hermitian metrics approximating h is obtained through the convolution of h with an
approximate identity. In this way, we can only get an approximating sequence when F is a trivial
vector bundle over a domain in C”.

To prove Theorem 1.3, we also need the following theorem.

THEOREM 3.3 ([Siu76, Corollary 1]). Let X be a Stein submanifold of CN for some N > n =
dim X. Let i: X — CV be an inclusion map. Then there exists an open neighborhood U of X
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in CN such that U is a holomorphic retraction of X, that is, there exists a holomorphic map
p: U — X such that poi =idyx.

Then we give a proof of the following result.

THEOREM 3.4. Let h be a singular Hermitian metric on E. If (E,h) is Griffiths semi-positive,
then (E ® det E,h ® det h) is globally Nakano semi-positive in the sense of singular Hermitian
metrics.

Proof. 1t is clear that the Griffiths semi-positivity of h yields the Griffiths semi-positivity of
h & det h (cf. [Raul5, Proposition 1.3]). Then it is enough to show that (F ® det E, h @ det h)
satisfies the condition in Definition 1.1.

Let (£2,¢) be an arbitrary Stein coordinate system of X such that (E ® det E)|,(q) is trivial
on (). Since Q can be properly embedded into CV for some large N, we can regard ) as a
submanifold of CV without any loss of generality. From Theorem 3.3, we take an open neighbor-
hood U of © in CV and a holomorphic map p: U — Q which defines a holomorphic retraction
of Q, that is, poi = idg, where i: Q@ — CV is an inclusion map. Since (E ® det E)|,q) is a
trivial bundle, (*(F ® det E') and p*t*(E ® det E) are also trivial on © and U. Thanks to [PT18,
Lemma 2.3.2], the metrics ¢*h and p*1*h are also Griffiths semi-positive. For the sake of clarity,
we omit the map ¢ and simply write (E, h)(= (¢*E, (*h)) on €.

Since E ® det E is trivial on 2, we fix a holomorphic global frame (ej,...,e,) of E® det E
on Q. Then (det(E ®det E), det(h®@det h)) = ((det E)®"+1, (det h)®" 1) is also trivial on Q with
respect to the frame e; A --- A e,. We define the function ¥ by

-
ler A Aer|(detmyertt = €

Since (det h)®"+! is Griffiths semi-positive (cf. [Raul5, Proposition 1.3]), the function ¥ is
plurisubharmonic on . We construct the metric h@det h e/t on E®@det E. We can easily see
that h ® det h e¥/("+1) is Griffiths semi-positive (for a detailed proof, see Proposition 3.5 below).
From Proposition 3.2, we get a sequence of smooth Hermitian metrics {h,}52, with positive
Griffiths curvature, increasing to p* (h®det hev/ (’"H)) on p*(E ®det E) over any relatively com-
pact subdomain of U. Set g, := i*h,. Since p o i = idq, the sequence {g, }>2, is also a sequence
of smooth Hermitian metrics, with positive Griffiths curvature, increasing to h ® det he¥/(r+1)
on E ® det E over any relatively compact subset of . We also have that {det g, }5°; becomes a
sequence of smooth Hermitian metrics, with positive curvature, increasing to

(det(E @ det ), det (h @ det he?/ D)) = ((det E)®" T, (det h)®" e/ (rH1)
~ (<C, 67\1'/(7"+1))

(cf. [Raulb, the proof of Proposition 1.3]). Then, from the result of Demailly-Skoda (Theo-
rem 3.1), the sequence {g, ® det g, }5° ; is a sequence of smooth Hermitian metrics, with positive
Nakano curvature, increasing to h ® det h on ' ® det E' over any relatively compact subset of 2.
Here we regard g, ® det g, as the metric on F ® det F via the trivialization of (det E)*"+! for
every v € N.

Then we take an arbitrary Kahler metric wq, an arbitrary smooth strictly plurisubharmonic
function 1, and an arbitrary O-closed f € L%n’q) (Q, FE ®det F;wq,h ® det he_w) for any ¢ > 0
on €. We also take a Stein exhaustion {€2;}32; of €2, where €2; is a relatively compact Stein
subdomain. We assume that

-1 _
/Q<Bwn,¢f’ f>(w9,h®det h)€ Y AV, < +00.
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Since {g, ® det g, }>2  is an increasing sequence on any relatively compact subset, we have

/Q < wa, wf’ f> (wa,gv®det g, ) e ? AV < 00

i
for fixed j € N. Thanks to Hérmander’s L?-estimate for smooth Hermitian metrics (cf. Theo-
rem 2.9) and the proof of Proposition 2.8, we get a solution u, € L(nq 1 (Qj,E ® det F;wq,
gy ®det g, e d’) of Ju,, = ¢ such that

e ¥
/Q Ju ¢ (wa,gv @det g,)€ YV, < / <A w0,gv@det ge~ vl f> (wosgv@det g,) € Vg
-
/ < wgﬂ/)f’ (wQ,g»®de‘59v)€ Vi

S /Q< Byl f> (wa,h@det h) € T dVig < +00

since ¢, ® det g, is Nakano semi-positive. For fixed vy, the sequence {u,},>,, is bounded in

L%n g—1) (Qj, E ®det E;wq, gy, ® det g,,oe_w) due to the monotonicity of {g, ® det g, }5° ;. Hence,
we can obtain a weakly convergent subsequence in L%n,q—l) (Qj, E ®det E;wq, gy, ® det g,,oe_w).
By using a diagonal argument, we get a subsequence {u,, }72, of {u,}>2, converging weakly
in L(nq 1)(Qj,E ® det Eswq, gy, ® det gl,oe*w) for any v9. We denote by u; the weak limit of

{u, }32,. Then u; satisfies éuj = f on Q; and

e ¥ -1 -
/Q |u]| wg,guo®detguo) AViug < /Q <Bwn,¢f’f>(wmh®deth)e AViog

J

for each vy. Taking weak limits as 1y — +o0 and using the monotone convergence theorem, we
have the estimate

2 —
/Q. ‘uj‘(wg,h®deth)e dewn < / < wg,wf f> (we,h@det h)© deQ'
J

Repeating the above argument and taking the weak limit as j — oo, we get a solution u &€

L?nq 1)(Q,E ®det B wq, h ® dethe_w) of Ou = f such that
2
/Q‘u‘(wg,h®det h) / < wg,T,ZJf f>(wg,h®det h) deQ
on (2. Consequently, we can conclude that h ® deth is Nakano semi-positive in the sense of
singular Hermitian metrics. O

PROPOSITION 3.5. Let the notation be the same as that in the proof of Theorem 3.4. Then the
metric h ® det h e¥Y/*+1) is Griffiths semi-positive on E & det E.

Proof. We have to show that 1og |[u,«gqet pse—v/(+1) is plurisubharmonic for any local holomor-
phic section u € O(E* ® det E*) of E* @ det E*. Let (e7,...,er) be the global dual frame of
(e1,...,er). We also take a local frame of (ej,...,¢,) of E and let (€}, ..., €y) be the local dual

frame. Fixing these frames, it is enough to show that
_ 1/(r+1
10g(|u|h*|6){A"' A € |det e \Ij/(H—l)) = log |ulp- +log|e] A+ A€lldetns|er A+ Aey| ée:h)@))vdrl

is plurisubharmonic. Since h* is Griffiths semi-negative, log |u|p+ is a plurisubharmonic function.
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We define a local holomorphic function f by f(ef A--- A €)@ =ef A--. Aek. Then we obtain

1 1
(r+1)log|ef A~ A€rldetneler A+ Aerl ée::; @)9’““

=logleg A+ A eﬂggﬁlh*‘el A A €r|(deth)®r+l

_log (\(ef A A ™ e h*)w)

*
&7 A A €r(get hryort

=log|f].

Since f # 0, this term is a harmonic function. Therefore, we have completed the proof. O

If X admits a Kahler metric wx, we can also prove the following theorem.

THEOREM 3.6. Let wx be a Kahler form on a Kéhler manifold X. If (E, h) is strictly Griffiths
dwy -positive, then (E ® det E, h ® det h) is strictly Nakano (r + 1)4,,, -positive.

Proof. We take an arbitrary open subset U and any Kahler potential ¢ of wyx on U. We also
take a Stein coordinate system (€2,¢) of U. We then use the same notation as in the proof of
Theorem 3.4. By the definition of the strict Griffiths d,,, -positivity, we have that he’? is Griffiths
semi-positive. Hence, from Theorem 1.3, we get that

he®¥ @ det (he‘w) = h®det helrt1i®

is globally Nakano semi-positive in the sense of singular Hermitian metrics on U. Thus we can
conclude that h ® det h is strictly Nakano (r + 1)d,,,-positive on X. O

4. L?*-estimates and vanishing theorems

In this section, we give an L?-estimate and a vanishing theorem for holomorphic vector bundles
with strictly Nakano positive singular Hermitian metrics. Then we prove Theorems 1.4, 1.5,
and 1.6. In this section, we assume that X is a projective manifold and wx is a Kéahler form
on X. First of all, we show Theorem 1.4.

Proof of Theorem 1.4. Choose an arbitrary 0-closed f € L(n 9 (X, E;wx, h) for ¢ > 0. By Serre’s
GAGA [Ser56], there exists a proper Zariski open subset Z # () such that E|y is trivial over Z.
We can also take Z such that Z is Stein and w is d0-exact on Z. Then (Z,1) is a Stein coordinate
system of X such that F|z is trivial on Z, where i: Z — X is the natural inclusion map. We fix
a Kihler potential ¢ of wx on Z; that is, ¢ satisfies v/—100¢ = wx. Then we have

<[wa,5<paAwX]faf>(wX R) = 5Q|f‘2wx h)

<[Bw;5tp’ WX]f f> (wx,h) |f‘(wx7h)

Thanks to the definition of the strict Nakano ¢,,, -positivity, for any smooth strictly plurisub-
harmonic function ¢ on Z, we can obtain a u € L( Z, E;wx, he&"*w) satisfying du = f
and

n,qg— 1)(

o o < [ (BT g Vo

if the right-hand side is finite. Taking v = J¢, we get a solution v € L? (Z,E;wx,h) of

(n,g—1)
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Ou = f such that
2 -1
/Z |u|(wxvh) dViox < /Z <wav5<ﬂf’ f>(wxyh) @Voox

1 2 1 9
:5q/Z|f’(wx,h) dVuy < (S(J/X’f‘(“’x’h) dVyy < +00.

Letting u = 0 on X \ Z, we have u € L%n q_l)(X, E;wyx,h), Ou = f, and

1
2 2
/X\U|(wx,h) dViy < &I/X\f\(wx,h) dViox

from Lemma 4.1 below. O

LEMMA 4.1 (cf. [Berl0, Lemma 5.1.3]). Let X be a complex manifold, and let S be a complex
hypersurface in X. Let u and f be (possibly bundle-valued) forms in L2 of X satisfying Ou = f

loc
on X \ S. Then the same equation holds on X (in the sense of distributions).

Remark 4.2. Lemma 4.1 holds when h is smooth. However, since we assume that h is Griffiths
semi-positive, we can locally take a sequence of smooth Hermitian metrics increasing to h from
Proposition 3.2. Thus, f and u are L120c forms with respect to some smooth Hermitian metric.
Therefore, we can apply Lemma 4.1.

Using Theorem 1.4, we prove Theorem 1.5. Before proving Theorem 1.5, we state the following
vanishing theorem for holomorphic line bundles, a result obtained by Nadel in [Nad90] and
generalized by Demailly in [Dem93].

THEOREM 4.3 ([Nad90], [Dem93], and [Dem12a, Section 5.B, (5.11)]). Let (X,wx) be a Kéhler
weakly pseudoconvex manifold, and let L — X be a holomorphic line bundle equipped with
a singular Hermitian metric h of weight ¢. We assume that le@( L,h) = €w for some continuous
positive function € on X. Then

HY(X,Kx®L® #(h))=0 forq>0.
We also mention the following result related to the coherence of &(h).

PROPOSITION 4.4 (cf. [HI21, Theorem 1.4]). Let h be a globally (or only locally) Nakano semi-
positive singular Hermitian metric and & (h) be the sheaf of germs of locally square-integrable
holomorphic sections of E with respect to h. Then &(h) is a coherent subsheaf of O'(E).

In the paper [HI21], Hosono and the author prove Proposition 4.4 in the case when h is
positively curved in the sense of the twisted Hormander condition. Although that condition (cf.
Definition 2.5) is slightly different from the definition of singular Nakano semi-positivity, the
proof of Proposition 4.4 is almost the same as the proof in [HI21]. Hence, we only mention a
sketch of the proof here for the sake of clarity.

Proof of Proposition 4.4. Since the result is local, we fix an arbitrary polydisc A C X which
trivializes £ = C". Fix coordinates (z1,...,2,) on A. Let H(O2 h)(A,QT) be the space of the

square-integrable C"-valued holomorphic functions with respect to h on A. Then H (02 h)(A, C")
generates a coherent ideal sheaf .# C ¢(C"). First, we will show that

Eh)y C Fp+ E(h), NmETL. 0(CT),
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for any k& € N, where z € A and m, is a maximal ideal of &(C"),. Take an element f =
Y fizy .-y fraz) € E(R)s. Let 0 be a cut-off function around z. We consider a d-closed C"-valued
(n,1)-form a = 9(0fdz). We also take a smooth strictly plurisubharmonic function ;5(z) =
(n+k)log (]z — z[* + 62) + |z|%. By the definition of the global Nakano semi-positivity of (E, h),
we can solve d-equations with the estimate of L?-norms on A. Then we get solutions {us}s
satisfying Ous = a and the L’-estimates with respect to the weight 5. Taking § — 0 and weak
limits of the subsequence of {us}s, we obtain a C"-valued (n, 0)-form udz satisfying d(udz) = a

and

|u\% (\/—185|z|2)n < 4oo
A |Z _ x‘2(n+k) n!
Set F'=0f —u. We have F' € H?z h)(A,Qr) and fp — Fp = ugy € &(h)s ﬂmﬁ‘*‘l - O0(CM),.

Then, due to the Artin—Rees lemma, we get a positive integer [ such that

E(h)e Nmith. g(CT), = mi " (ml - 0(CT) N &(h),)

T

holds for k£ > [ — 1. Hence, it follows that
E(h)e = Fo +mg” T (mg, - O(C) N E(h)a) € T+ g - E(h)e € E(h)a
for K > 1 — 1. Thanks to Nakayama’s lemma, we obtain .%, = &(h),. O
Applying Theorem 1.4, we can prove Theorem 1.5.

Proof of Theorem 1.5. Let £? be the sheaf of germs of (n,q)-forms u with values in E and
with square-integrable coefficients such that \u|%wX7h) is locally integrable, Ou can be defined in
the sense of currents with square-integrable coefficients, and |5“’%w,h) is locally integrable. Then
(£*,0) is a resolution of the sheaf Kx ® &(h) because we can solve the d-equation locally by
applying Theorem 1.4 on any small polydisc. Hence, .£* is a resolution by acyclic sheaves.

The compactness of X yields that locally integrable sections are also integrable on X. Hence,
by using Theorem 1.4 globally, we also get H4(I'(X,.£*)) = 0 for ¢ > 0. Consequently, we can
conclude that HY(X, Kx ® &(h)) = 0 for ¢ > 0. O

Remark 4.5. We see that the L?-estimate in Theorem 1.4 also holds in the situation when the
base manifold X is Stein. Hence, we can apply Theorem 1.4 on any small polydisc in the above
proof.

As an application of Theorems 1.5 and 3.6, we obtain the following theorem, which generalizes
the Griffiths vanishing theorem.

THEOREM 4.6. Let (X,wx) be a projective manifold and a Kahler metric on X. If h is strictly
Griffiths 0, -positive in the sense of Definition 2.15 on X, then

HIY(X,Kx ® &(h@deth)) =0.

Here we introduce the notion of the Lelong number of a singular Hermitian metric on a holo-
morphic line bundle. Usually, the Lelong of a plurisubharmonic function of ¢ at a point x € X
is defined by

lim inf &
z—z log|z — x|
for some coordinates (z1,...,z,) around z. We also denote by v(p,z) the Lelong number of ¢
at x € X. It is known that this number is independent of the choice of local coordinates.
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For a semi-positive singular Hermitian metric g on a holomorphic line bundle L, we can also
define the Lelong number v(g, x) of g at « by

—logg(z
v(g,z) := liminf —logg(2) .
2=z loglz — x|
Here we regard ¢(z) as a local semi-positive function. Since g is semi-positive, —logg(z) is
locally a plurisubharmonic function. Thus, the above definition is reasonable. We repeat that
this definition is independent of the choice of local coordinates.

There is a relationship between the Lelong number of ¢ and the integrability of e™%. We
introduce the following important result obtained by Skoda in [Sko72].

LEMMA 4.7 ([Sko72]). Let ¢ be a plurisubharmonic function. If v(p,x) < 1, then e~2¢ is inte-
grable around x.

We consider the strictly Nakano 4, -positive or strictly Griffiths 4, -positive singular Her-
mitian metric h again. We recall that det h is a semi-positive singular Hermitian metric on det £
(cf. [Raulb, Proposition 1.3]). If the Lelong number of det h satisfies some good inequalities,
we have &(h) = O(F) or &(h ® deth) = O(FE ® det F). These properties imply the following
vanishing theorems.

THEOREM 4.8. Let (X,wx) be a projective manifold and a Kéhler metric on X. We also let h
be a globally strictly Nakano 9, -positive singular Hermitian metric on E. If v(det h,z) < 2 for
any point x € X, we have &(h) = O(E) and

HI(X,Kx®@FE)=0 forq>0.

Proof. By the definition of the Lelong number of a singular Hermitian metric on a holomorphic
line bundle, we have u(%log det h*,x) < 1 for every z € X. From Lemma 4.7, the function
e~ logdeth™ — 1 /det h* is locally integrable. Locally, we see that h = (1/det h*)/l{*, where R* is the
adjugate matrix of h*. Since h* is Griffiths semi-negative, each element of h* s locally bounded
[PT18, Lemma 2.2.4]. Then it follows that |u|? is locally integrable for any local holomorphic
section u € O(F) of E. Therefore, we can conclude from Theorem 1.5 that &(h) = O(F) and
HYX,Kx ® E) =0 for ¢ > 0. O

Repeating the above argument and using Theorem 1.6, we can also prove the following theo-
rem.

THEOREM 4.9 ([Ina20, Corollary 1.4]). Let (X,wx) be a projective manifold and a Kahler metric
on X. We also let h be a strictly Griffiths ¢, -positive singular Hermitian metric on E. If
v(det h,x) < 1 for any point x € X, we have &(h @ deth) = O(F ® det E') and

HI(X,Kx @ E®detE)=0 forq>0.

As an application of Theorems 4.8 and 4.9, we can show that certain vector bundles cannot
admit Nakano or Griffiths d,,,-positive singular Hermitian metrics. Here is an example.

Ezample 4.10. Let (P, wps) be the n-dimensional projective space and the Fubini-Study metric
on P”, where n > 2. Let () be the vector bundle of rank n over P* defined by

0= 0(-1) -C""' 5 Q—0,
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where C"*! is the trivial vector bundle of rank n + 1 and &(—1) is the tautological line bundle.
There exist isomorphisms

det@Q = 0(1) and TP" = Q ®detQ.

Then we can conclude that @ does not admit any Griffiths d,,.4-positive singular Hermitian
metrics whose Lelong number is less than 1 at every point (cf. [Ina20, Example 5.2]) and TP" does
not admit any globally Nakano d,.¢-positive singular Hermitian metrics whose Lelong number
is less than 2 at every point for any J > 0. Indeed,

HI(P", Kpn @ TP") = C # 0
if g=n —1 (cf. [Dem12b, Chapter VII, Example 8.4]).

5. Properties of Nakano semi-positivity

In this short section, we discuss the validity of the definition of Nakano semi-positive singular
Hermitian metrics. We show the following results.

ProrosiTION 5.1. Let L — X be a holomorphic line bundle on a complex manifold X. We also
let h be a (Griffiths) semi-positive singular Hermitian metric on L. Then h is globally Nakano
semi-positive in the sense of singular Hermitian metrics.

PROPOSITION 5.2. Let S be a Riemann surface and EE — S be a holomorphic vector bundle on S.
We also let h be a Griffiths semi-positive singular Hermitian metric on E. Then h is globally
Nakano semi-positive in the sense of singular Hermitian metrics.

If A is smooth, Griffiths semi-positivity is equivalent to Nakano semi-positivity in the settings
of Propositions 5.1 and 5.2. These propositions imply that our definition of the Nakano semi-
positivity of singular Hermitian metrics is appropriate when we compare it with already known
positivity notions. Repeating the argument in the proof of Theorem 1.3, we can prove the above
propositions. Here we use the same notation as in the proof of Theorem 1.3.

Proof of Proposition 5.1. Let (£2,¢) be a Stein coordinate system of X such that L|,(q) is trivial
on ¢(2). We simply write (¢*L,*h) = (L, h) on Q. We take an arbitrary Kéhler metric wq, an
arbitrary smooth plurisubharmonic function 1, and a global holomorphic frame s of L on 2. We
define the plurisubharmonic function ¢ on Q by |s|;, = e~¥. By using a usual regularization tech-
nique of convolution or Proposition 3.2 and repeating the argument in the proof of Theorem 1.3,
we get a sequence of smooth plurisubharmonic functions {p, }5°; that is decreasing to ¢ on any
relatively compact subset of €). Then, taking an exhaustion of €2, we can obtain the estimate

2 1
/ ul2 et qy,, / (Bogwl: ue —et) qv,,

for any O-closed f € L%’n,q) (Q,L;wg,he* ) with the solution u € L%nq 1)(Q,L;wg,he”/’) of

Ou = f. Consequently, we have completed the proof. O

Proof of Proposition 5.2. We obtain a sequence of smooth Hermitian metrics, with Griffiths pos-
itive curvature, increasing to h on any relatively compact subset again. Since S is a Riemann
surface, h, is also Nakano semi-positive. Hence, repeating the argument in the proof of Theo-
rem 1.3, we get

/Q ufZ, e dVag < /Q (B2 Do ™ AV
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for any O-closed f € L%l,l) (Q,E;wg,he*w) with the solution u € L%l,o) (Q,E;wg,he*d’) of

ou=f. O

6. Applications

In this section, as applications of our definitions and main theorems, we show several results.
First, we prove that Nakano semi-positivity is preserved with respect to an increasing sequence.
This phenomenon is first mentioned in [Ina21]. Here we explicitly state the detailed proof.

PROPOSITION 6.1. We let h be a singular Hermitian metric on E — X. Assume that there exists
a sequence of smooth Nakano semi-positive metrics {h,}>2 | increasing to h pointwise. Then h
is globally Nakano semi-positive in the sense of Definition 1.1.

Proof. 1t is well known that Griffiths semi-positivity satisfies this property. Hence, we know that h
is Griffiths semi-positive, and it is enough to show that h satisfies the condition in Definition 1.1.

Fix a Stein coordinate system (€2,:) that trivializes E|q = 2 x C", a Kéahler form wq on (2,
a smooth strictly plurisubharmonic function ¢ on €2, and a d-closed f € L%n,q) (Q, FE;waq, he_w).
Here we omit ¢ for simplicity.

Since h, is Nakano semi-positive, we get a solution wu, of Ou, = f satisfying

2 - -1 -
/Q|“”‘(wmu>e Y Vg < /Q <Bwn,wf’f>(wn,hu>€ Y Vi

< /Q (Bonof 1) unay " W < +00

for each v € N. Note that the right-hand side of the inequality above has an upper bound inde-
pendent of v. We also remark that {u, },>; forms a bounded sequence in L%n,q) (Q, E;wq, hje™)
due to the monotonicity of {h,}. Hence, we can get a weakly convergent subsequence {u,, }3°,
by using a diagonal argument and the monotonicity of {h,}. We have that {u,, }?°, weakly

converges in L? 9 (Q, F;wq, h,,e_w) for every v. Hence, the weak limit denoted by wus, satisfies

_ (’I’L,
Ous = f and
2 - -1 -
/Q‘uoo‘(wﬂjh)e dewn < /Q <ng,wf’f>(wg,h)e dewn
due to the monotone convergence theorem, which completes the proof. O

This proposition also holds for globally strictly Nakano d,,,-positive metrics when X has
a Kéhler metric wx. As an application of Proposition 6.1, we prove the Nakano semi-positivity
of some sort of direct image bundle, which corresponds to a singular version of Berndtsson’s
result [Ber09].

THEOREM 6.2. Let U C (C?t} and Q) C (C?Z} be bounded domains and ¢ be a locally bounded

plurisubharmonic function on U x Q. We also let © be pseudoconvex. For each t € U, set A? :=
{feo®)||fl? = [ylflPe?®) < 400} and A? := [],; AZ. Then (A%, || - ||) is globally
Nakano semi-positive in the sense of Definition 1.1.

Proof. Note that ¢ is a plurisubharmonic function on some open neighborhood of U x ) and
bounded on U x (). Take an approximating sequence of smooth plurisubharmonic functions
{p,}52 | decreasing to ¢ on U x Q. We also let || - ||, denote a Hermitian metric on A? associated
with ¢,. Then (A2, | -||,) is Nakano semi-positive thanks to Berndtsson’s theorem [Ber09]. Since
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| - ||, is increasing to || - ||, due to Proposition 6.1, we can conclude that (A2, - ||) is globally
Nakano semi-positive. ]

Remark 6.3. The local boundedness of ¢ is just a technical assumption which ensures that A?
is a trivial bundle of infinite rank.

Remark 6.4. In our formulation in this article, we only deal with a finite-rank vector bundle, but
the vector bundle A2 is of infinite rank. However, we can naturally extend Definition 1.1 and the
characterization in Proposition 2.8 to the case when FE is of infinite rank. Thus the proof above
is fine. See [DNWZ20, Theorem 1.1, Section 2.3] for the detailed explanation.

As an analog of Theorem 6.2 in the global setting, we propose the following conjecture.

CONJECTURE 6.5. Let f: X — Y be a projective surjective morphism between complex mani-
folds. Suppose that there exists a holomorphic line bundle with a singular Hermitian metric of
semi-positive curvature (L, h) over X. Then the pushforward sheaf fi(Kx/y ® L® .#(h)) admits
a canonical singular Hermitian metric which is globally Nakano semi-positive in the sense of
Definition 1.1.

It is known that the pushforward sheaf has a canonical “Griffiths” semi-positive singular
Hermitian metric [HPS18, Theorem 21.1].

Next, we consider the following situation.

PRrROPOSITION 6.6. Let h be a Griffiths semi-positive singular Hermitian metric on E — X.
Suppose that there exists a proper analytic subset S C X such that X \ S is Stein and h is
globally Nakano semi-positive on X \ S. Then h is globally Nakano semi-positive on X as well.

Proof. Take an arbitrary Stein coordinate system < X that trivializes F|q =axC,a
Kahler metric wq, a smooth strictly plurisubharmonic function ¥ on €2, and a d-closed form
fe L%n 9 (Q,E;wQ, he_w). We only need to consider the case when QNS # (). Since '\ S is

also Stein and F|q\g is trivial, we can solve the equation Ou = f with the estimate

/Q\s |u’ (wa,h )eiw AVig < / < wgﬂbf f> (wa,h)© deQ

/< WQ¢ ’h)efw AV, < +00

on 2\ S. Set u = 0 on S. Repeating the argument in the proof of Theorem 1.4, we have
ue L} ,1)(QaE;WQ,h€_¢), Ou = f on €, and

(n,q
2 - —
e Ve € [ B 1) ™ Ve

This completes the proof. ]

Note that Proposition 6.6 holds for globally strictly Nakano d,,,-positive singular Hermitian
metrics when X is a Kéhler manifold. Applying it, we can prove Theorem 1.8.

Proof of Theorem 1.8. Since E is a V-big vector bundle, thanks to Definition 2.19 and Proposi-
tion 2.20, we can construct a singular Hermitian metric h on Op(g)(1), a positive constant e > 0,

and a proper analytic subset Sc P(FE) satisfying the following conditions:
(1) The metric T is smooth on P(E)\ S.
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(2) We have /—10

(3) w(S) #X.

Consider the isomorphism 7, (Kpg)/x ® Op(r +m)) = S"E @ det £, where Kp(g) x = Kpg) ®
T* (K)_(l) is the relative canonical bundle. Then S™FE ®@det E admits the L?-metric h,, associated
with 2™. We fix an analytic subset S C X such that X \ S is Stein and S D 7r(§) Due to the
construction above, hy, is smooth on X \ S and Griffiths semi-positive on X [BP08, PT18].
Moreover, h,, is smooth Nakano positive on X \ S thanks to [Ber09] and actually has global
strict Nakano d,,, -positivity for some § > 0. In order to prove the latter property, we take a
sufficiently small open subset U C X \ S such that wx is d0-exact on U and take its potential
ou, that is, /=109y = wx|y. Taking a positive constant § > 0 satisfying

(o) ) > ewp(p), where wp(p) is a fixed Kihler metric on P(E).

*
\% _16(@}»(1),};) P ewP(E) = Eﬂ- wx ,

we see that he(®/m(™ev) jg semi-positive on 71 (U), which means that h,,e’?V is Nakano semi-
positive on U. Then, applying Proposition 6.6, we can conclude that h,, is a globally strictly
Nakano 4, ,-positive “singular” Hermitian metric over X. The vanishing theorem is a direct
corollary of Theorem 1.5. O

7. Related problems

In the last section, we propose important problems related to the main theorems.

We begin by considering Proposition 3.2. This regularization technique is a fundamental
tool to study Griffiths semi-positive singular Hermitian metrics. However, the way to regular-
ize a Nakano semi-positive singular Hermitian metric is not known. We propose the following
problem.

Question 7.1. Let E be a trivial vector bundle over a polydisc A C C", and let h be a Nakano
semi-positive singular Hermitian metric on £. Can we construct a sequence of smooth Hermitian
metrics, with Nakano positive curvature, increasing to h on any smaller polydiscs?

Next, we consider the Demailly—Nadel type vanishing theorem. In general, this vanishing
theorem is established on weakly pseudoconvex manifolds. Then we can expect that the main
theorems also hold on weakly pseudoconvex manifolds.

Question 7.2. Let (E,h) be a holomorphic vector bundle and a strictly Nakano positive singular
Hermitian metric over a weakly pseudoconvex manifold X. Can we obtain L2-estimates and
vanishing theorems with coefficients in £ on X7

Now, we consider the definition of Nakano semi-positivity. In this article, we assume the
Griffiths semi-positivity of Nakano semi-positive singular Hermitian metrics. In the smooth set-
ting, it is clear that a Nakano semi-positive Hermitian metric is always Griffiths semi-positive.
However, in the singular setting, we do not know whether Nakano semi-positivity yields Griffiths
semi-positivity.

Question 7.3. We let h satisfy the condition in Definition 1.1 without assuming the Griffiths
semi-positivity of h. Can we say that h is Griffiths semi-positive?

There exists a result related to Question 7.3 (cf. [HI21, Theorem 3.5] and [DNWZ20, Theo-
rem 1.2]).
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We continue by considering the conditions {(2 — k)}1<x<n in Remark 2.17. As already men-
tioned, these conditions are equivalent to one another when A is a smooth Hermitian metric. We
expect that this equivalence is also valid when A is a singular Hermitian metric.

Question 7.4. Can we prove the equivalence of the conditions {(2 — k)}1<k<n in the case when
h is a singular Hermitian metric?

Last, we consider the equivalence of the global Nakano semi-positivity and the local Nakano
semi-positivity.

Question 7.5. Can we show the equivalence of the global Nakano semi-positivity in Definition 1.1
and the local Nakano semi-positivity in Definition 1.2 for singular Hermitian metrics?

If we can construct a sequence as in Question 7.1, we can also answer Questions 7.3 and 7.4
affirmatively by using the regularization technique. In fact, Questions 7.3 and 7.4 have positive
answers if h is smooth. In that case, if we can take a sequence of smooth Hermitian metrics
with Nakano positive curvature, we can give positive answers to these questions by repeating the
argument in the proof of Theorem 1.3. Therefore, Question 7.1 is crucial.
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