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Homological mirror symmetry for Milnor fibers
of simple singularities

Yank: Lekili and Kazushi Ueda

ABSTRACT

We prove homological mirror symmetry for Milnor fibers of simple singularities in di-
mensions greater than 1, which are among the log Fano cases of Conjecture 1.5 of the
authors’” manuscript “Homological mirror symmetry for Milnor fibers via moduli of
Aso-structures” [arXiv: 1806.04345]. The proof is based on a relation between matrix
factorizations and Calabi—Yau completions. As an application, we give an explicit com-
putation of the Hochschild cohomology group of the derived n-preprojective algebra of
a Dynkin quiver for any n > 1, and the symplectic cohomology group of the Milnor
fiber of any simple singularity in any dimension greater than 1.

1. Introduction

A simple singularity is an isolated hypersurface singularity of modality 0. Arnold classified such
singularities; up to right equivalence, they are given by one of the following:
Ayp: xf“—l—x%—i—---—i—xiﬂ =0, £=1,2,...,
Dy: xf‘1+x1x%+x§+---+$%+l =0, (=4,5,...,
Eg:ai+as+aj+--+a2,,=0, (1.1)
Er:a} +aad+ad+- +a2,, =0,
Eg:a}+ay+aj+ - +a22,=0.
In the case n = 2, simple surface singularities have many other characterizations, such as Kleinian
singularities, rational double points, or canonical singularities, to name a few.

Let w be one of these defining polynomials, which we think of as a holomorphic function
on C"*! and equip w~!(1) with the Liouville structure induced from the standard one on C**1.
This is the Liouville completion of the Milnor fiber, which is the Liouville domain obtained
by intersecting w~'(1) with a ball. Let W (w~'(1)) denote the idempotent-complete derived
wrapped Fukaya category of w=!(1).

For n > 2, since w~1(1) is not a log Calabi—Yau manifold but a log Fano manifold, its mirror
is not a manifold but a Landau—Ginzburg model, by which we mean a pair of a stack and a section
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of a line bundle on it. One way to obtain a Landau-Ginzburg mirror of a log Fano manifold is
to first remove a divisor to make it log Calabi—Yau, then find its mirror, which is another log
Calabi—Yau manifold, and finally add a potential to this mirror [Aur07, Aur09]. This produces
a Landau—Ginzburg mirror whose underlying manifold is of the same dimension as the original
manifold. When the singularity is toric (that is, a simple surface singularity of type A), there is
a standard choice for the divisor to remove, and the resulting mirror is the Landau—Ginzburg
model consisting of a complement of a toric divisor in the minimal resolution of the singularity
of the same type and a monomial function on it (see, for example, [AAK16, Section 9.2]). The
choice of the divisor is not unique in general, and there are multiple mirrors for a given Milnor
fiber.

In this paper, we consider an alternative mirror of the Milnor fiber of a simple singularity
based on the transposition of invertible polynomials introduced in [BH93, BH95]. A weighted
homogeneous polynomial w € C[zy,...,x,41] with an isolated critical point at the origin is

invertible if there is an integer matrix A = (aij)?j:ll with non-zero determinant such that

The transpose of w is defined as

whose exponent matrix A is the transpose matrix of A. The group
P = {(to, 1, tng1) € (Gu) ™2 [ 14 = e = 70 N = gty

acts naturally on A" := SpecClxo, ..., Tn41]. Let mf (A""2 Ty, w + 20 - - - 2p41) denote the
idempotent completion of the dg category of I'y-equivariant coherent matrix factorizations of
W + 20 Tpy1 on A"2 in the sense of [EP15]. Conjecture 1.1 below is given in [LU18, Conjec-
ture 1.5].

CONJECTURE 1.1. For any invertible polynomial w, one has a quasi-equivalence
mf (A", T, w4 20+ @ng1) = W (071 (1))

In other words, the Landau—Ginzburg model ( [A”+2 / FW] W+ -+ xn+1) is mirror to the
Liouville manifold w~'(1). The main result of this paper is the following.

THEOREM 1.2. Conjecture 1.1 holds for n > 2 and w one of the defining polynomials of simple
singularities appearing in (1.1).
The proof of Theorem 1.2 consists of four steps. The first step is the quasi-equivalence
mf (A”+2,Fw,w +x0- - xn+1) ~ mf (A"+2,I‘w,w) ) (1.2)

which comes from the fact that w 4+ x¢ - - - z,11 is right equivalent to w by a formal change of
variables, which holds if n > 2 and w defines a simple singularity.

The second step is the quasi-equivalence
mf (A" Ty, w) ~II, (mf (A", Ty, w)) , (1.3)

where II,, denotes the n-Calabi—Yau completion in the sense of [Kelll]. This holds for any
invertible polynomial w and any n > 0.
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The third step is the quasi-equivalence
mf (A"Jrl, Iy, w) = perf Ag (1.4)

with the dg category perfAg of perfect dg modules over the path algebra Ag of a Dynkin
quiver () (with any orientation) of the corresponding type. For type A, this is proved in [Tak05,
Theorem 3.1] for n = 0, and the n > 1 case follows either from the n = 0 case and the Knorrer
periodicity [Kno87], or as a special case of [FU11, Theorem 1.2]. For type D, this follows from
[FU13, Section 4]. For type E, this follows either by combining [HS20, Theorem 1] and [Sei01,
Proposition 3.4] or by finding a suitable mutation of a generator appearing in [HS20, Theorem 2].
Note that [KKST07, Theorem 3.1] gives a result close to (1.4), which is not exactly the same since
the grading group is different.

The last step is
W (w1 (1)) ~ 11, (perfAg) , (1.5)

which holds if n > 2 and w defines a simple singularity. As discussed in Section 3, the proof
of (1.5) in [EL17b] depends on the computation of the Hochschild cohomology of II,, (perfAg),
which was missing for type E cases in [EL17b] and is done in Section 5.

For n = 1 not covered by Theorem 1.2, a quasi-equivalence of the full subcategory F (u“ﬁl (0))
of W(ﬁ)‘l(O)) consisting of (direct summands of bounded complexes of) compact Lagrangians
and a category perfZy equivalent to the full subcategory of mf (Ag, Iw,w + a:oxlxg) consisting
of homologically finite objects (that is, those X satisfying dim @,., Ext'(X,Y) < oo for any
object Y) is given in [Hab20, Theorem 1.1].

As an application of (1.3), we compute the Hochschild cohomology group of the n-Calabi—Yau
completion II,,(Ag), also known as the derived n-preprojective algebra, of the path algebra Ag
of any Dynkin quiver () for any n > 1. It is possible to compute the Hochschild homology along
the same lines.

The zeroth cohomology of the derived 2-preprojective algebra is the preprojective algebra.
The Hochschild homology and cohomology of the preprojective algebra of the path algebra of
a Dynkin quiver is calculated in [ES98a, ES98b, ES98c, EE07]. Even the calculus structure in
the sense of [GDT90, TT00] (which includes the Batalin—Vilkovisky structure and is known to
be derived invariant [AK19]) is calculated in [Eul0], and it is an interesting problem to do the
same for the derived n-preprojective algebra. Note that the preprojective algebra and the derived
2-preprojective algebra of a Dynkin quiver are very different. The derived 2-preprojective algebra
of a Dynkin quiver is a smooth dg algebra, which has cohomology in every negative cohomological
degree and moreover is not formal. In contrast, the preprojective algebra is always concentrated
in cohomological degree 0 by definition, and the global dimension is infinite for a Dynkin quiver.

It follows from [Ganl2, Theorem 1.1] combined with [CDGG17, Theorem 1.4], which builds
on [Ganl2, Gaol7], that the closed-open map of any Weinstein manifold from the symplectic
cohomology to the Hochschild cohomology of the wrapped Fukaya category is an isomorphism:

SH*(M) = HH*(W(M)).

Hence, by Theorem 1.2, we see that the symplectic cohomology of the Milnor fiber w=1(1) of
a simple singularity for n > 2 is isomorphic to HH* (II,, (Ag)) . This enables us to give an explicit
computation of the symplectic cohomology of Milnor fibers of all simple singularities in a uni-
form way. Previous partial results computing symplectic cohomology for Milnor fibers of simple
singularities appeared in [EL17b] for Ay and D, in complex dimension 2 and in [KvK16, Ueb16]
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for various versions of symplectic cohomology for certain higher-dimensional A,-Milnor fibers for
which an associated Morse—Bott spectral sequence yields computations. Our computation also
shows that HH*(IT; (Ag)) is not isomorphic to SH* (w~!(0)) given in [Hab20, Section 3.3], which
is consistent with the failure of (1.5) for n = 1.

This paper is organized as follows: In Section 2, we collect basic definitions and results on
Calabi—Yau completions and trivial extension algebras. In Section 3, we recall the description
of the wrapped Fukaya category of the Milnor fiber of a simple singularity for n > 2 in terms
of the n-Calabi—Yau completion of a Dynkin quiver of the corresponding type. In Section 4, we
prove (1.2) and (1.3). The computation of Hochschild cohomologies of the derived preprojective
algebras of Dynkin quivers are given in Section 5.

2. Calabi—Yau completions and trivial extension algebras

The n-Calabi-Yau completion (or the derived n-preprojective algebra) of a dg category < is
defined in [Kelll, Section 4.1] as the tensor algebra

(o) =Ty0) = DODOIR, 0D -,
where the .o7-bimodule 6 := O[n — 1] is a shift of the inverse dualizing complex
O = hom (o, °).

A dg algebra is regarded as a dg category with one object. The Morita invariance of the
Calabi-Yau completion shown in [Kelll, Proposition 4.2] implies that Calabi-Yau completion
commutes with the operation of taking the dg category of perfect dg modules:

I1,, (perf«?) ~ perf(Il,, &) .

The Ginzburg dg algebra %5 of a quiver @ (without potential) is a model of the n-Calabi-Yau
completion II;, (Aq) of the path algebra Ag, defined in [Kelll, Section 6.2] after [Gin06] as the
path algebra of the graded quiver @Q with same vertices as Q and arrows consisting of

— the original arrows g € ()1 in degree 1,
— the opposite arrows g* for each arrow g € ()1 in degree 1 —n, and

— loops h, at each vertex v € )y in degree 1 — n,

equipped with the differential d given by
dg=dg*=0 and dh= Y g"g—gg",
g€
where h =3 o ho.

The degree n trivial extension algebra of a finite-dimensional algebra A is defined as A &
AY[—n] equipped with the multiplication (a, f) - (b,g) = (ab,ag + fb), where A" is the dual of A
as a vector space.

The degree n trivial extension algebra B of the path algebra Ag of a Dynkin quiver @ is
the (derived) Koszul dual of ¢} in the sense that

homgy (ky, ky) ~ By, hom(%)op (k. kp) ~ (45)" | (2.1)
where kg = @UEQO Sy is the direct sum of simple left gg—modules S, associated with vertices

v € Qo, and similarly for kp (see, for example, [EL17b, Theorem 23, Corollary 25]).
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This Koszul duality implies an isomorphism
HH* (¢5) = HH* (B) (2.2)

of Hochschild cohomologies (see, for example, [FMTO05, Theorem 1] and [Her19, Theorem 3.4]).

3. The wrapped Fukaya category of the Milnor fiber of a simple singularity

Let w be one of the defining polynomials of a simple singularity and M™ = w~!(1) be the Milnor
fiber, which we view as a Weinstein manifold where the Weinstein structure is induced by restric-
tion from the ambient C™*!. It is well known that this Weinstein manifold is symplectomorphic
(in fact, Weinstein homotopic) to the plumbing X¢ of cotangent bundles of spheres T*S™ ac-
cording to the Dynkin diagram () corresponding to the simple singularity. One way to see this
is to verify it directly for n = 1 and then use the fact that in higher dimensions, the Mil-
nor fiber is obtained by stabilization—increasing the dimension corresponds to the suspension
of the Lefschetz fibration [Seil(]. See also [Aboll] for an explicit construction of a symplectic
structure on plumbings. This stabilization point of view also enables one to describe M via Leg-
endrian surgery. Namely, M is obtained by attaching critical handles to a Legendrian link A’é_l
on 0D" whose components are unknotted Legendrian spheres S”~! which are clasped together
(as in Hopf link) according to the Dynkin diagram @. The direct sum of co-cores to the criti-
cal handles (that is, cotangent fibers away from the plumbing region) form a generating object
of the wrapped Fukaya category by the main theorem in [CDGG17], and the surgery formula
of [BEE12, Ekh19] allows one to explicitly compute the endomorphism algebra of this generator
as the Chekanov—Eliashberg algebra CE* (Ag_l).

This Chekanov—Eliashberg algebra was computed directly in the case n = 2 in the paper
[EL17b], and the resulting dg algebra was shown to be quasi-isomorphic to the derived multi-
plicative preprojective algebra of the corresponding Dynkin type. Moreover, working over C, for
Q@ = Ay or Dy, it was shown in [EL17b, Theorem 13] that the derived multiplicative preprojective
algebra of Dynkin type @ is quasi-isomorphic to the Ginzburg algebra %5, also known as the
derived (additive) preprojective algebra of Dynkin type Q. It was conjectured in op. cit. that
the same result holds for () = E§g, E7, Eg, and this is indeed so. The key ingredient for the proof
of [EL17b, Theorem 13] to go through that was missing in the case Q = Fjg, E7, Es was the
computation that

HH? (ffé)s =0 fors<0,

but this follows from computations given in Section 5 below.

For n > 3, one can do a direct computation in an analogous way, but we can also deduce
this by the Koszul duality result given in [EL17a, Theorem 58], which shows that CE* (A’g)_l)
is the (derived) Koszul dual of the endomorphism algebra of the union of the core spheres of
the plumbing. Notice that for n > 3, the polynomial w is suspended at least twice; thus, the
formality of the endomorphism algebra of vanishing cycles in the compact Fukaya category of
w~1(1) follows automatically by [Seil0, Proposition 4.4] (the formality of the A..-algebra A and
an A-bimodule B/A in Seidel’s notation is obvious in the case at hand, since I is a tree and one
can shift the objects to put all morphisms in degree 0). Putting it all together, we conclude that
CE* (Ag_l) is Koszul dual to the degree n trivial extension algebra B(% of the path algebra Ag
of a Dynkin quiver of the corresponding type (see also [Lil9] for another example).
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As a result of these computations, for n > 2 we have a quasi-isomorphism

CE* (A ") =95 (3.1)
over C, which implies a quasi-equivalence
W(w1(1)) ~ perfIl,(Agq) (3.2)

between the wrapped Fukaya category of w~!(1) and the dg category of perfect modules over
1, (AQ)-

Remark 3.1. Note from [Sei0l, Proposition 3.4] that Ag is derived equivalent to the Fukaya—
Seidel category F(w) of the LG-model w: C*** — C. Thus (3.2) shows that W (v (1)) is
the Calabi-Yau completion of F(w) for n > 2. Although this relationship between F(w) and
w (11)*1(1)) is not true in general, we expect it to hold when w is a double suspension of an
invertible polynomial whose Milnor fiber is a log Fano manifold, since one has

2 | 2
W(Z1,. .., Tpo1) + 25 + Ty + 20 Tyl

2
=w(z1,...,Tn-1) + <\/1 — Lo - -~$n—1)2xn> + (acn+1 + 2z xn>

in k [zo,...,Tn41] -

2

Remark 3.2. The isomorphism (3.1) remains true for n > 3 over an arbitrary commutative ring,
but for n = 2 we have to require that 2 be invertible for type Dy, Fg, E7, Eg, that 3 be invertible
for type Es, E7, Eg, and that 5 be invertible for type Eg. Otherwise, CE*(Ag) is quasi-isomorphic
to the derived multiplicative preprojective algebra (see [EL19]), which is not quasi-isomorphic
to the derived (additive) preprojective algebra II, (Ag).

4. Matrix factorizations and Calabi—Yau completions

Let T be a subgroup of (G,)"*! acting diagonally on A"*! := SpecClxy,...,2Zn11]. Assume
that I" is a finite extension of the multiplicative group Gy,, so that the group Char(I') =
Hom(T",Gy,) of characters of I' is an extension of a finite group by Z. The coordinate ring
Clx1,...,2Zny1] has a Char(T)-grading coming from the I'-action on A"™! and we set x; == deg z;
fori e {1,...,n+1}. Let w € Clz1, ..., Zp41]y be a homogeneous element of degree x € Char(T").
Assume that w has an isolated critical point at the origin, so that the structure sheaf Oy of the
origin split-generates mf (A"+1, w) by [KMVdB11, Proposition A.2] (see also [Orl11, Dycl11]). Let
R C Char(T") be a set of representatives of the group Char(I")/(x), which we assume to be finite.
Then & = @, Oo(p) split-generates mf (A" T, w) since the autoequivalence M — M (x) of
mf (A"*1 T, w) shifting the I'-weight by x is isomorphic to the functor M +— M|2] shifting the
cohomological grading by 2.

The n-Calabi—Yau completion of the dg Yoneda algebra <7 := hom(&, £) is given by
(o) = ®0 DDy 0& -~ P hom (£,6°())
i=0
where § = O[n — 1] as in Section 2, and we abuse notation and use the same symbol for an

autoequivalence and its graph bimodule. Since © is the graph of the inverse Serre functor S™1,
we have

0=S"n-1]. (4.1)
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Now, as in [LU18, Section 2], we introduce another variable g of degree xo .= x — (x1+---+
Xn+1) and consider the polynomial ring Clxg, z1,...,Zn+1] in n + 2 variables, which naturally
contains C[z1,...,x,+1] as a subring. One has

mf (A"*?, w) ~ mf (A',0) @ mf (A", w),

for example, by the ungraded (G = H = 1) version of [BFK14, Lemma 3.52] with v = 0; note
that mf (Al, 0) is obtained from coh Al by collapsing the cohomological grading to Z/27Z, and
the tensor product of split-generators of mf (Al, O) and mf (A”H, W) gives a split-generator of
mf (A”*z, w) since the critical locus of w as a function on A"*? is the product of A! times that
as a function on A"*1,

As shown in [IT13, Theorem 2.5], whose proof carries over directly to I'-graded cases, graded
Auslander-Reiten duality [AR87] implies that

S = (xo)[n — 1] (12)
is a Serre functor on mf (A", ', w). It follows from (4.1) and (4.2) that
0= (—xo). (4.3)

Let F be the generator of mf (A”*Q, T, w) obtained from the tensor product of the generator £
of mf (A", ", w) and the generator C[zo] of coh Al. If we write both of the forgetful functors

mf (A", T, w) — mf (A", w) and mf (A"*2,T,w) — mf (A"*2,w) as (e), then one has

hom (F, F) =~ hom (€, ) ® C[xo) ~ @ hom(E, &(p)) ® Claxo) . (4.4)
p€Char(T")

Since deg(xg) = xo, by taking the I'-invariant part of (4.4) and using (4.3), one obtains

hom(F,F) ~ @hom (&,&(—ix0)) @hom (€, 0 (& (€)) ~Up (),

1=0
which shows the quasi-equivalence (1.3).

If n is greater than 1, then the degree of 1 - - - 2,41 in Char(T'y) ® Q = Q is greater than the
degree of w, which is turn is greater than the degree of any element of the Jacobi ring

Jacw = Clzy, ..., 2041]/(Op, W, ..., 0p, ) W)

of w, and the proof of [AGV85, Section 12.6, Theorem| shows that the polynomial w+xq - - - 41
considered as an element of Clzo][x1,...,2n+1] (that is, a formal one-parameter deformation of
a formal germ of w) is right equivalent to w by a formal coordinate change (that is, there exists a
¢ € Autcpy,) Clwo][x1, - - ., Zns1] such that ¢*(W+zq - - - 2ny1) = W). The proof moreover shows
that one can choose ¢ to be I'y-equivariant, which implies that for any i € {1,...,n+1}, the co-
efficient a; m,,...m, 1 (20) of the expansion ¢*(z;) =300 | g @imy,.mpi (T0)2]" !
is a monomial in xg since the degree of zy in Char(I'y ) ® Q is negative. In particular, one has ¢ €
Autgyo) Clzo][x1, ..., 2n41]. This means that the formal completion of (A", w + zo- - 2p41)
along 1 = -+ = xp41 = 0 is isomorphic to that of (A’H'Q, W) as a pair of a formal scheme and
a regular function on it, so that

mf (A”+2,FW,W +x0--- :En+1) ~ mf (A"+2,Fw,w)

by [Orll1, Theorem 2.10], and the quasi-equivalence (1.2) is proved.
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5. Hochschild cohomology of the derived n-preprojective algebra
5.1 Hochschild cohomology via matrix factorizations
We use the same notation as in Section 4 and set
V=Crg@Cx1® - ®Cxpyq.

For v € T, let V, be the subspace of v-invariant elements in V, let S, be the symmetric algebra
of V., let w,, be the restriction of w to SpecS,, and let IV, be the I'-stable complement of V,
in V so that V =V, & N, as a I''module. Then [Dycll, CT13, Segl3, BFK14] (cf. also [LU18,
Theorem 3.1]) shows that HH' (mf (A"*2,T', w)) is isomorphic to

D HHdw) @ ATMNONY) e @ (H T (dwy) @ AN

(ute (ut+l+1)x
yeker x, 120 yeker x, 120
t—dim N,=2u t—dim N, =2u+1
(5.1)
Here H'(dw,) is the ith cohomology of the Koszul complex
C*(dw,) = {- -+ = A’V ® 5, (=2x) = V) @ S, (—=x) = S5}, (5.2)

where the rightmost term S, sits in cohomological degree 0 and the differential is the contraction
with dwy € (V, ® 55), .
If w, has an isolated critical point at the origin, then the cohomology of (5.2) is concentrated
in degree 0, so that only the summand
dim Ny a7V
(Jacwv ®A " WNV )uX
with [ = 0 in (5.1) contributes to HHZv+dim Ny,

If V, contains Cxg, then the Koszul complex C*(dw.) is isomorphic to the tensor product of
C*(dw!) and the complex {Cay ® x¥ ® Clzg] — Clzg]} concentrated in cohomological degree
[—1,0] with the zero differential, where w’, is the restriction of w to the complement V. of Cug
in V. If w, has an isolated critical point at the origin, then C*(dw?,) is quasi-isomorphic to J aCw!
concentrated in cohomological degree 0, so that only the summands

(Jacw: @Clazo] @ AT M NY) (5.3)

ux
and

(C:C(\)/ ® Jacw; ®C[$o] X AdimN“’N,\Y/) (5.4)

ux
with [ = 0 in (5.1) contribute to HHZ4Tdm Ny apnd HHZAHAMNFL yegpectively.

Remark 5.1. Although (5.1) may not look identical to [BFK14, Theorem 1.2], the proof in
[BFK14, Section 5] actually shows (5.1). One way to think about (5.1) is the following: If we set
w = 0 and forget I', then the Hochschild-Kostant—Rosenberg theorem gives a quasi-isomorphism
of the Hochschild cochain complex of coh A”+? and

SVVeS A VYRS - (5.5)

as complexes of C-vector spaces (which lifts to a quasi-isomorphism of L.,-algebras by the Kont-
sevich formality). If we introduce the potential w, then the complex (5.5) acquires an additional
differential A'VV®S — A""'VV ® S defined as the contraction with dw € V ® S, which decreases
the cohomological grading by 1 so that the cohomological grading is collapsed to Z/2Z. The in-
troduction of I lifts the grading to Z again and produces ‘twisted sectors’ from the orbifold HKR
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theorem, leading to (5.1); recall the isomorphism (x) ~ [2] of endofunctors of mf (A”*Q, I‘,w)
and the orbifold HKR theorem

HH*([X/G]) = <@ @ HPeedim X0 (X9 A0T, @ AcodirnXgNXg/X))
9€G ptg=x G

for global quotients appearing, for example, in [ACH19, Corollary 1.17].

Remark 5.2. The Hochschild cohomology of a graded algebra B (with no differential) has a bi-
grading such that

HH""* (B)® := Ext’gopg g (B, B[s]) .

When B is the trivial extension algebra B™ of a finite-dimensional algebra A, by introducing
a Gy-action on B™ such that A has weight 0 and AY[—n] has weight n, the s-grading on HH* (B™)
can be described as the weight of the induced G,-action.

For any positive integer m, the underlying ungraded algebra of the trivial extension alge-
bras B™" is isomorphic to B™, and only the cohomological gradings are different; that of the
former is m times that of the latter. It follows that one has an isomorphism

HHrers (an)ms ~ HHrJrs (Bn)s

of vector spaces for any positive integer m such that the parities of n and mn are the same (note
that the signs in the Hochschild complex depend on the parity of the cohomological grading).

When @ is a Dynkin quiver, one can transport the Gp-action on Bg to %CS‘ through the
Koszul duality (2.1), so that g for g € Q1 has weight 0, while g* for g € @1 has weight —n, and
hy for v € Qo has weight —n. This makes the isomorphism (2.2) Gp-equivariant, so that the
Gp-weights on both sides agree.

Since w does not depend on xg, the G,-action on A™*? such that the weight of x; is —n for
i=0and0fori € {1,...,n+1} keeps w invariant. This induces a G,-action on mf (A”+2, T, W),
and hence on Bf), whose weight is 0 on Ag and n on A)[—n] just as in [LU18]. This allows us
to compute the s-grading on HH* (Bg) as the Gp,-weight on (5.1). This Gy,-action is mirror to
the one introduced in [SS12] and studied further for type A Milnor fibers in [Seil2].

5.2 Type Ay
Consider the case
w:x€+1+x§+--~+x%+1 € Clxo, x1, ..., Tnt1],
F = FW = {’}/ = (t(]atla e ,tn+1) S (Gm)n+2 ‘ t§+1 = t% = e = t72’b+1 = totl t 'tn+1},

so that ker x = py | X (po)" and Char(T") is generated by x and x; = degx; for i € {0,...,n+1}
with relations

X=U+1)x1=2x2="=2Xny1 = X0+ + Xn+1-

5.2.1 For any v € ker x, one has
Clzo] ® Clz1]/(2§), Cxo® Cay C Vs,

oo — Clzo] Cxzo C Vy and Czy ¢V,
e Cla1]/(24), Cxo ¢ V4 and Czq C Vy,
C, otherwise .

570



SIMPLE SINGULARITIES

If we write an element of Jacy, @A™ M NY as 2z} @ xf Nxf Ao A, where ko = 0 if
Cxo ¢ V, and k; = 0 if Czq ¢ V,, then its degree is given by
koxo +FEiX1 = Xj = = Xja»

which can be proportional to x only if V, is either V', Czg @ Cz1, Cxg, or 0. We now deal with
each of these cases in turn.

5.2.2  Onehas V, = V if and only if v is the identity element. The degree of xlgox'fl € Jacy is

kox — (ko — k1)xa — kox2 — -+ — koXn+1
which is proportional to x if and only if kg is even and £ + 1 divides kg — k1. Such an element
can be written as aj, = xlg+m(€+1)x’f, where k € {0,...,¢ — 1} and m € N satisfies
— if £ is even, then the parities of k and m agree, and

— if £ is odd, then k is even.

Since
deg (x’ngm(”l):U’f) = (k+m(l+1))x —mx — 5(k+m({+ 1))ny
= ((k+ml) = 5(k +m(+1)n) x,
the element x§+m(z+1)xlf for such (k,m) contributes C((k + m(¢ + 1))n) to HH' for t = 2(k +
ml) — (k+ m(¢ + 1))n by (5.3). Similarly, for each such (k,m), the element

k {+1)+1
Qe = Ty ® x0+m( T+ 2h € Cay ® Jacy

contributes C((k +m(¢ + 1))n) to HH for ¢t = 2(k +ml) — (k +m(£ + 1))n by (5.4).
5.2.3 One has V, = Czg @ Cz; if and only if n is even and v = (1,1,—1,...,—1). The
degree of T @ Y A+ Azl € Jacy, @ATM N7 NY is given by
kox + (k1 — ko)x1 — (ko + 1)x2 — -+ - — (ko + 1)xn+1

which is proportional to x if and only if kg is odd and ¢+ 1 divides k; — kg. Such an element can
be written as

k l+1
Al = $0+m( Wk @y neeen Tyt s
where k € {0,...,¢— 1} and m € N satisfies

— if £ is even, then the parities of k and m differ, and

— if £ is odd, then k is odd.

Since the degree of this element is ((k +m¢) — 1(k +m(¢+ 1) + 1)n) x, each such (k,m) con-
tributes C((k +m(¢ + 1))n) to HH' for

t=2((k+ml) - 5(k+m(l+1)+1)n) + dim N,
=2(k+ml) — (E+m({+1))n.

Similarly, for each such (k,m), there is an element oy, contributing C((k + m(¢ + 1))n) to
HH for t = 2(k +ml) — (k +m({ + 1))n.
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5.2.4  One has V, = Cz if and only if both ¢ and n are odd and v = (1,—1,...,—1). The
degree of z(’ @z} A+ Az), € Jacw, @AIMNINY s given by
kox — (ko +1)xa1 — (ko + 1)x2 — -+ — (ko + 1)Xn+1,
which is proportional to x if and only if ¢ 4+ 1 divides kg 4+ 1. Such an element can be written as
b, = xgl(gﬂ)il @ay A Axyiy

for m € N\ {0}. Since the degree of this element is ((m¢ — 1) — 2m(¢ + 1)n) x, each such element
contributes C((m(¢ + 1) — 1)n) to HH' for

t=2((ml—1)—im(+1)n) +dim N, = 2ml — 1) — (m({ + 1) — 1)n.

Similarly, for each m € N, the element

B =1 ® xgl(fﬂ) ®a{ A Axy, €Cay @ Jacw, ®AdimN7N;/

contributes C(m(¢ + 1) — 1)n) to HH™! for t = (2mf — 1) — (m(£ + 1) — 1)n.

5.2.5 For v = (to,...,tnt+1) € kery, one has V, = 0 if and only if ¢; # 1 for all i €
{0,...,n+ 1}. This is the case if and only if to = --- =t,41 = =1, t1 € py, ¢ \ {1}, and

to=(—1)"t;' £ 1. (5.6)

If n is odd, then (5.6) holds if and only if ¢; # —1, so that the number of such -~y is £ if £ is even
and £ — 1 if £ is odd. If n is even, then (5.6) always holds, and the number of such « is ¢. Each
such v contributes C(—n) to HH".

5.2.6 To sum up, the Hochschild cohomology group has a basis consisting of the following
elements:
— @y of degree 2(k+ml) — (k+m(£+1))n and weight —(k+m(£+1))n, and oy, of degree
2(k+ml) — (k+m(f+1))n+ 1 and weight —(k + m(¢ + 1))n, where
« if n is even, then (k,m) runs over {0,...,¢ — 1} x N, and
« if n is odd, then (k,m) runs over those pairs in {0,...,¢ — 1} x N for which
- the parities of &k and m agree if £ is even,
- k is even if £ is odd;
— if both n and ¢ are odd,
% by, of degree 2ml — 1 — (m(¢ + 1) — 1)n and weight —(m(¢+ 1) — 1)n for m € N\ {0},
and
x 3,, of degree 2ml — (m(¢ + 1) — 1)n and weight —(m(¢ + 1) — 1)n for m € N; and
— sy, of degree n and weight n, where h runs over

« {1,2,...,£—1} if both ¢ and n are odd,
« {1,2,...,¢} otherwise.

5.2.7 As an example, consider the case £ = 1. Note that the A;-Milnor fiber is symplec-
tomorphic to the cotangent bundle 7*S™. The Hochschild cohomology group in this case is
spanned by

— ao,m for m € N of degree —2m(n — 1) and weight —2mn,

— o, for m € N of degree —2m(n — 1) + 1 and weight —2mn,
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and, if n is odd, in addition to the above,
— by, for m € N\ {0} of degree —(2m — 1)(n — 1) and weight —(2m — 1)n,
— B,, for m € N of degree —(2m — 1)(n — 1) 4+ 1 and weight —(2m — 1)n,
and, if n is even, in addition to the above,
— s1 of degree n and weight n.
This is consistent with the isomorphism
SH*(T*S™) = H,,—.(£S"),

which is a special case of the isomorphism between the symplectic cohomology of the cotangent
bundle and the homology of the free loop space [Vit18, Theorem 3.1] (see, for example, [CTY04,
Theorem 2] for the homology of the free loop space of spheres).

Another example is the case when n = 2 and / is arbitrary. In this case, SH*(w~!(1)) was
computed in [EL17b] as a bigraded ring. This is compatible with the computation given here.

5.3 Type Dy
The Berglund—Hiibsch transform of the invertible polynomial
=y s e e
defining the Dy-singularity is given by
V=Y g b
and one has
Ty ={v=(t,....tas1) € Gu)" [t o =13 = =12, }.
By completing the square and rescaling, one has v(y) = w(z(y)) t, where

T = (_1/4>1/(2n_2)y1 5 T2 = Y2 + %?J{_l ) r3 =1Y3, ey Tn+1 = Yn+1, (57)

and w =222+ 22+ +22 41+ Although the change of variables (5.7) is neither linear nor
diagonal, the induced action of I'y on Spec C[xy,...,Z,4+1] remains linear and diagonal, so that

one can identify I'y, with a proper subgroup of I'y,.
Therefore, we will work with
w=a"2tad+. . a2, €Clzo,x1,. .., Tnt1)
with the non-maximal group
T'={y=(to,t1,- ., tnp1) € Gum)" 2|t Mo =13 = =12 =tot1tps1} .

One has kerx = pioy o X (pt9)" ', and Char(T') is generated by x and y; = degxz; for i €
{0,...,n+ 1} with relations

Xx=U-Dxi+x2=2x2="-=2Xnt1 = X0+ -+ Xnt1- (5.8)
The relations (5.8) imply

xXe=x—-U-1x1, x=(20-2)x1,
Xo=X—X1— = Xn=0=2)x1—X3— " — Xnt1-
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5.3.1  For any v = (tg,...,tnt+1) € ker x, one has
Clzo) ® Clz1]/(217%), Cxo® Cay C V,,

Clao], Cxo C V, and Cay ¢V,
Jacw, = 203

Cla1)/(277), Czg ¢ V,, and Cx1 C V5,

C, otherwise .

If we write an element of Jacy, @AM NY as 20z} @ xf Nxl Ao Ax, where ko = 0 if
Cxo ¢ V, and k1 = 0 if Czq ¢ V5, then its degree is given by

Koxo +kix1 — X5 — = Xjs »

which can be proportional to x only if V, N (Cx3 @ - - @ Cay,41) is either Cxz @ - - - @ Cxpqq or 0,
that is,

fy = =tpyr = £1. (5.9)

We will assume this condition for the rest of Section 5.3.

5.3.2  One has v = (to,...,tnt+1) € ker x if and only if

o=t = =12, =tottas1 = 1.
If ty = 1, then one has t3 :---:t%H =t1--tpy1 =1, s0 that t; = (tg---t,41) "+ = £1.
If t; = 1, then one has to = t3, so that to = 1 and t% =...= t721+1 = tots---tpy1 = 1. Under

the assumption (5.9), one has to = 1 if and only if (t3)"~! = 1, that is, t3 = 1 or n is even.
If t; = —1, then to = (—1)~!, and one has ¢y = 1 if and only if (—1)615?_1 = 1. It follows that
— V, contains Cx if and only if
* v=(1,...,1), where V, = V;

* v=(1,1,1,-1,...,—1) with odd n, where V,, = Czo @ Czy & Cuxy;

* v=(1,-1,-1,1,...,1) with even ¢, where V,, = Cxo @ Ca3 ® - - - @ Cxp41;
* v=(1,-1,-1,-1,...,—1) with even ¢ and odd n, where V,, = Cz; or

* v=(1,-1,1,-1,...,—1) with odd ¢ and even n, where V, = Czy @ Cz».

5.3.3  Note for later use that the smallest positive integer k such that the degree of :clg is
proportional to y is 2 — 2. One has

degag’ ™ = (20—2)(x —x1—+* — Xn41) = (20— 3) — (( = 1)n) x.

5.3.4  Onehas V, = V if and only if v is the identity element. The degree of xlg%lfl € Jacy is

kox — (ko — k1)x1 — kox2 — -+ — koXn+1,

which is proportional to y if and only if kg is even and 2¢ — 2 divides ky — k1. Such an element
can be written as

. 2k+(20—2)m 92k
Qo = T x]

for (k,m) € {0,...,£ — 2} x N which contributes C((2k + (2¢ — 2)m)n) to HH' for t = 4k +
(40 — 6)m — (2k + (2¢ — 2)m)n since degzdfz?* = (2k — kn)y. Similarly, for each (k,m) €
{0,...,£ — 2} x N, there is an element a,, contributing C((2k + (2¢ — 2)m)n) to HH' for
t=4k+1+ (44 —6)m — (2k + (20 — 2)m)n.
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5.3.5  One has V,, = Czo @ Czy @ Cxy if and only if v = (1,1,1,—1,...,—1) and n is odd.
The degree of z(°z}' ® z§ A+ Az) | € Jacw, @ATNINY s
kox — (ko — k1)x1 — kox2 — (ko + 1)x3 — - -+ — (ko + 1)Xn+1,

which is proportional to x if and only if kg is odd and 2¢ — 2 divides kg — k1 — (¢ — 1). Such an
element can be written as

. k+0—14+(20-2)m Vv v
bk,m-:$0 Ty @x3 N+ NTpyy

for (k,m) € {(k,m) € {0,...,20 —4} x Z|k+ £ is even and k + ¢ — 1 + m(2¢ — 2) > 0}.
It contributes C((k 4+ ¢ — 1 + (2¢ — 2)m)n) to HH! for

t =2deg (x§+é_1+(2£_2)m:v’f ®xy A Axyyy)/x + dim N,

=2k+20-3+ 4 —-6)m—(k+0—1—(20—2)m)n
since

deg (zE™taf @ ay A Ay )

=k+l-Dx—(-Dx1—(k+l—=1)x2— (k+)xs— = (k+)Xn+1
=(k+0—-1—3(k+0n)x.
Similarly, for each
(k,m) € {(k,m) €{0,...,20 —4} xZ|k+ £ is even and k+ ¢ +m(2¢ —2) > 0} ,
the element
B = 1§ ® m’é“ﬂze_z)mxlf @xy A Axgyy € ((Cao)” @ Jacw, Q@Adinﬂvﬂ\L\Y/)F
contributes C(k + ¢ — 1+ (2¢ — 2)m) to HH' for
t=2k+20—-24+4—-6)m—(k+L—1—(20—2)m)n.

5.3.6 One has V, = Czo @ Ca3 @ --- ® Cxpqq if and only if v = (1,-1,-1,1,...,1) with
even £. An element of Jacy, Q@A dim Ny NAY whose degree is proportional to x can be written as

(—2+4(20-2
Cm = T + ym

for m € N, which contributes C((¢ — 2 + (2¢ — 2)m)n) to HH' for
t =2deg (1'672 ®zy Azy)/x + dim N,
=20—4+ (4 —-6)m—(L—2+4 (20—2)m)n

V V
®.’B1 /\fl}'2

since deg (25 2 ®@aY Axy) = ({ -3 - 3(£—2)n) x.
Similarly, for each m € N, there is an element =,, contributing C((¢ — 2 + (2¢ — 2)m)n) to
HH! for ¢ = 20 — 3 + (40 — 6)m — (£ — 2 + (20 — 2)m)n.

5.3.7  One has V, = Cuxy if and only if £ is even, n is odd, and v = (1, —1,...,—1) € ker x.
The degree of
2 @aY Ao Axy g € Jacw, @A™ N NY
is given by

kox — (ko +1)x1 — (ko + 1)x2 — - -+ — (ko + 1)Xnt1,
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which is proportional to y if and only if 2¢ — 2 divides kg + 1. Such an element can be written as
d,, = :U(;Hm(%_m Qay AN ANy
for m € N\ {0}. Since deg (z5' ® 2} A--- AxY,;) = —X, each such element contributes C((—1+
(2¢ — 2)m)n) to HH' for
t = 2deg (xgH(%_z)m @ay A+ Azyy)/x + dim N,
=—1+ 4 —-6)m—(—14(20—2)m)n.
Similarly, for each m € N, the element
O =1 ® xgl(%_m ®ay A Aayy € Cay @ Jacw, @AM NY

contributes C((—1 + (2 — 2)m)n) to HH' for t = (4 — 6)m — (=1 + (2¢ — 2)m)n.

5.3.8  One has V, =Czo®Cuz; if and only if £ is odd, nis even, and v = (1,-1,1,—-1,..., —1).
The degree of

o @2y Ay A Azy g € Jacy, @AY NY

is given by

Koxo —x1— X3 =+ — Xn+1 = (ko(€ —2) — 1)x1 — (ko + 1)x3 — -+ — (ko + 1)Xn+1,

which is proportional to x if and only if kg is odd and 2¢ — 2 divides ko(¢ — 2) — 1. Such an
element can be written as

£—2+4(2£-2
g ( )m®x\1//\x§//\-~/\x;{+1

em =
for m € N, which contributes C((¢ — 2 + (2¢ — 2)m)n) to HH' for
t=20—4+ (40 —6)m— (L —2+ (20 —2)m)n
since deg (zh 2 @aY Az A+ Azl ) =34 (20—4— (£ —1)n)x.
Similarly, for each m € N, there is an element €, contributing C((¢ — 2 + (2¢ — 2)m)n) to
HH' for t = 20 — 3+ (40 — 6)m — (£ — 2+ (20 — 2)m)n.
5.3.9  Now, we move on to the case when Czg ¢ V,. We divide it into three cases:
CxyCcV,, Cxy¢gV,andV,#0, V,=0.
5.3.10 Set ¢ := exp (271\/—1/(26— 2)) For a given v = (to,...,tn+1) € kery, we write
t1 = (P for p € {0,...,2¢ — 3}. Then one has ty = (—1)P, so that
— V, contains Cz; if and only if p = 0, and

— V, contains Cz» if and only if p is even.
5.3.11 If Czg ¢ V, and Czy C V,, then one has that v = (—1,1,1,—1,...,—1), n is even,
and V, = Cz; ® Cxy. The element

has degree (£ —2)x1 — X0 — X3 — *** — Xnt1 = 0, so that it contributes C(—n) to HH' for
t = dim IV, = n, and this is the only contribution.
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5.3.12 If Cxg ¢ Vy, Cxy ¢ V,, and V, # 0, then V,, is either V,, = Cxa, Cxo @ - - ® Cxpqq
or Cxs @ -+ @® Cxpiq. No such vy contributes to HH* since J aCw., @A dim Ny N;/ is spanned by a
single element whose degree is not proportional to x.

5.3.13 OnehasV, =0ifandonlyifty = =t,41 = —1,¢t; = (*"* form € {0,...,0-2}
and tg = (—1)"¢"?m~! = 1. The number of such v is £ — 2 if £ is even and n is odd, and ¢ — 1
otherwise. Each such + contributes C(—n) to HH".

5.3.14  To sum up, the Hochschild cohomology group has a basis consisting of the following
elements:

— ay,;, of degree 4k + (4¢ — 6)m — (2k + (20 — 2)m)n and weight —(2k + (2¢ — 2)m)n for
(k,m)e€{0,...,0—2} xN,

— Oy, of degree 4k + 1+ (40 — 6)m — (2k + (2¢ — 2)m)n and weight —(2k + (2¢ — 2)m)n for
(k,m) €{0,...,0 -2} x N,

— if n is odd, by, of degree 2k +2¢ —3 4 (40 —6)m — (k+ ¢ — 1 — (2 — 2)m)n and weight
—(k+£€—14(2¢—2)m)n for {(k,m) € {0,...,20 —4} X Z |k+{isevenand k+ ¢ — 1+
m(2¢ —2) > 0},

— if nis odd, By, of degree 2k+2(—2+(4(—6)m— (k+{—1—(2(—2)m)n and weight —(k-+{—
1—(2¢—2)m)n for {(k,m) € {0,...,20 —4} X Z | k + ¢ is even and k + £ + m(2( — 2) > 0},

— if £ is even, ¢, of degree 20—4+(40—6)m—({—2+(20—2)m)n and weight —({—2+(2(—2)m)n
for m € N,

— if £ is even, ~,,, of degree 20—3+(40—6)m—({—2+(2(—2)m)n and weight —({—2+(2(—2)m)n
for m € N,

— if ¢ is even and n is odd, d,, of degree —1 + (44 — 6)m — (—1 + (2¢ — 2)m)n and weight
—(=1+4 (2¢ —2)m)n for m € N\ {0},

— if £ is even and n is odd, 8,, of degree (4¢ — 6)m — (—1 + (2¢ — 2)m)n and weight —(—1 +
(20 — 2)m)n for m € N,

— if £ is odd and n is even, e,, of degree 2¢ — 4 + (4 — 6)m — (¢ — 2+ (2¢ — 2)m)n and weight
—( =24 (20 —2)m)n for m € N,

— if £ is odd and n is even, €,, of degree 2¢ — 3+ (4/ —6)m — (¢ — 2+ (2¢ — 2)m)n and weight
—( =2+ (20 —2)m)n for m € N, and

— sy, of degree n and weight n, where h runs over a set consisting of

x { — 2 elements if £ is even and n is odd,
x £ — 1 elements if both ¢ and n are odd, and
x £ elements otherwise.

5.4 Type Eg
Consider the case
w=af+a3+ a3+ +22,, €Clro,21,..., 711,
I' = FW = {'7 = (t07t17-'-7tn+1) S (Gm)n—i_Q‘t% = t% = t% = .- :ti—l-l :totl"'tn+1}7
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so that kery = py x py X (p9)" ' and Char(I') is generated by x and x; = dega; for i €
{0,...,n+ 1} with relations

X:4X1:3X2:2X3:"’:2XTL+1:X0+"'+Xn+1-
5.4.1  For any ~ € ker y, one has

Jace, Clzo], CaoCV, Clz1]/(23), Cay CV, Clzo)/(23), Caza CV,
e, Cxo V, |C, Cx ¢V, |C, Cxo ¢ V.
If we write an element of Jacy., @A™ N NY as zhoghighe o xf Nxd Ao Ax where k; = 0 if
Cx; ¢ V,, for i = 0,1,2, then its degree is given by

koxo + kix1 +kax2 — X5 — = Xjs s

which can be proportional to x only if V, N (Ca3z @ --- @ Cayyq) is either Cxg @ -+ @ Cxppq
or 0. We will assume this condition for the rest of Section 5.4 and divide the analysis into the
following three cases:

CxogCcV,, CaxggV,andV,#0, V,=0.
5.4.2  Since tg = 1 implies to = 1 and t; = 41, one has the following:

— V, contains Cx if and only if

* v=(1,...,1), where V, = V;
* v=(1,1,1,-1,...,—1) with odd n > 3, where V, = Cz & Cz & Cxg; or
* v=(1,-1,1,-1,...,—1) with even n, where V,, = Cz & Cuzs.

5.4.3  One has V,, = V if and only if 7 is the identity element. The degree of xgoxlflxé” €

Jacy 1s
kox — (ko — k1)x1 — (ko — k2)x2 — kox3 — - - — koXn+1

which is proportional to y if and only if

— 4 divides kg — k1 and 3 divides kg — ko if n = 1, and
— 4 divides kg — k1, 3 divides kg — ko, and kg be even if n > 1.

Thus, for n = 1, we must have

S5ko + 3k1 + 4ky = 12m (5.10)

for m € N, in which case one has deg azlgoxlfleQ = my.

For each m € N such that 5 {f m, the equation (5.10) has a unique solution with (ki, k2) €
{0,1,2} x {0,1}, and if 5 | m, then there are precisely two contributions with (ki, k2) = (0,0)
and (ki, k2) = (2,1) such that (ki, k2, m) € {0,1,2} x {0,1} x N except if m = 0, in which case
only (ki,ks) = (0,0) contributes. Each such (ki, k2, m) contributes C(kon) to HH! and HH!*?
for t = 2m.

For n > 1, the condition that ko is even forces k1 # 1, and the possible (ko, k1, k2) and
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t =2deg (mgoxlflx§2)/x are given by

(K1, k2) ko t

(0,0) 12m 22m — 12mn

(0,1) 4+12m  8+22m — (4+ 12m)n (5.11)
(2,0) 6+4+12m 12+422m — (6 + 12m)n

(2,1)  10+12m 20+ 22m — (10 + 12m)n

for m € N. Each (ko, k1, ko) from (5.11) contributes C(kon) to HH! and HH! ™!,

5.4.4 One has V,, = Cxog @ Cx1 & Caxp C V for v € ker x if and only if n is an odd integer
greater than or equal to 3 and v = (1,1,1,—1,...,—1). The degree of

mgox’flxgz Qxy A Axpy ) € Jacw, ®AdimN7N,y
is given by
kox — (ko — k1)xa — (ko — k2)x2 — (ko + L)xz — - -+ — (ko + L)xnt1

which is proportional to x if and only if kg is odd, 4 divides kg — k1, and 3 divides kg — k2. This
forces k1 = 1, and the possible (ko, k1, k2) and

t =2deg (:clgow'flx? ®ay A Azy,q)/x +dim N,

are given by

(K1, ko) ko t

(1,0)  9+12m 17+ 22m — (9 + 12m)n (5.12)
(1,1) 1+12m 34+22m— (1+12m)n

for m € N. Each (ko, k1, k2) from (5.12) contributes C(kon) to HH! and HH!™,

5.4.5 Onehas V, = Cxq®Cz, if and only if niseven and v = (1, —1,1, —1,...,—1) € ker x.
The degree of
mgoxé” ®xy Ay A Aa)l ) € Jacw, ®AdimN7N¥
is given by
kox — (ko + L)x1 — (ko — k2)x2 — (ko + L)x3 — -+ — (ko + 1)xn41

which is proportional to x if and only if 4 divides kg + 1 and 3 divides kg — k2. The possible
(l{?(_), kig) and

t =2deg(ztox2 @ xY Axy A--- Ax))/x + dim N,

are given by

ks ko t

0 3+12m 6+22m— (3+12m)n (5.13)
1 7+12m 14+22m — (74 12m)n

for m € N. Each (ko, k2) from (5.13) contributes C(kon) to HH? and HH!*L.
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5.4.6 If V, = Cxq, then one has

deg(:c’f1®x5//\x\2//\~--/\mx+l) =—Xo+kix1—x2— = Xnt1 = =X+ (b1 + 1)x1,

which is not proportional to x for any k1 € {0, 1,2}. Similarly, v with Czg ¢ V., and V,, # 0 does
not contribute to HH*.

5.4.7 OnehasV, =0ifandonlyift; € (py \ {1}),t2 € (3 \ {1}),and t3 =--- ,t,41 = —1,
since tg # 1 implies ty = (—1)"‘1t1_1t2_ L £ 1. There are six such v, and each of them contributes
C(—n) to HH™.

5.5 Type Er
Consider the case
W:$?x2+x§+$§+---—|—mi+1 € Clxo, z1,- .-, Tnt1],
P:PW = {’y:(to,...,tn+1) S (Gm)n+2‘t?t2:t3:t§:'”:ti+1:tO"‘tn+1}7

so that ker x = pg x (,uz)”_1 and Char(T") is generated by x and y; = degx; fori € {0,...,n+1}
with relations
X=3x1+tXx2=3x2=2x3="""=2Xnt1 = X0+ "+ Xn+1-

These relations imply

X2 =Xx—3x1, 9x1=2x,
X0=X—X1— """ —Xn+tl1 =2X1 — X3 — """ — Xn+1-

5.5.1 For any v € kerx, the intersection V,, N (Cx1 @ Cx2) can be Cxy @ Cxa, Cxy, or 0,
where Jacy; is isomorphic to Clx1, m]/(i%a:%xg, x?—i—?)x%), (C[xg]/(?)a:%), or C, respectively. A basis
of C[$1,$2]/(3$%$2, x3 + 31:%) is given by {1,m1,x%,x{’,x‘f,x2, IE1$2}.

If we write an element of Jacy,, @A4™ Ny N, as ko gk ke ®xi Axy, A---Axy, then its degree
is given by

koxo + kix1 + kaxz — X5 = — Xy »

which can be proportional to x only if VN (Czg @ - - @ Cxpqq) is either Cxz3 @ -+ @ Cxpyq or 0.
We assume this condition for the rest of Section 5.5.

5.5.2  Forvy = (to,...,tnt1) € kerx, one has t2 = tots - - - t,11 = +to and t3 = totits - - e
= +tpt1, so that the condition to = 1 implies t? = +1 and 3 = +t;, which together with ¢3 =1
imply t; = t2 = 1. Hence, one has Czo C V if and only if either V,, = V or V;, = Cxo®Cx1 ®Cuxos.

5.5.3  One has V,, = V if and only if 7 is the identity element. The degree of xlgoxlfleQ €

Jacy is
ko(2x1 —x3 =+ — Xn+1) + F1ix1 + k2(x — 3x1)
= kox + (2ko + k1 — 3k2)x1 — koxs — -+ — koxn+1
which is proportional to x if and only if
— 9 divides 2kg + k1 — 3k if n =1, and
— 9 divides 2kg + k1 — 3k9 and kg is even if n > 1.
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For n =1, one has
t:=2deg (:L‘goxlflxgz)/x = 2ky + %(21{:0 + k1 — 3ka) .

The possible (ko, k1, k2) and ¢ are given by

(k1, ko) ko t

0) 9I9m 8m

) 4+9m 4+ 8m

) 8+9m 84 8m (5.14)
) 3+9m 4+8m

) 74+9m 8+8m

) 6+9m 648m

) 149m 2+8m

(0,
(
(
(
(
(
(

HP—‘OOOO

1
2
3
47
0
1

for m € N. Each (ko, k1, k2) from (5.14) contributes C(kon) to HH? and HH!™,

In addition, for the case (ki,k2) = (2,0), the element 2§ ® 22 corresponding to m = —1
in (5.14) has degree 0 and contributes C(—1) to HH!.

For n > 1, one has
t:=2deg (:Blgoxlflwly)/x = 2ko + 3(2ko + k1 — 3k2) — ko(n —1).

The possible (ko, k1, k2) and ¢ are given by

(F1, ko) ko t

0) 18m 34m — 18mn

) 4+18m 84 34m — (44 18m)n

) 8+18m 16+ 34m — (8 +18m)n (5.15)
) 124+ 18m 244 34m — (12 + 18m)n
)
)
)

)
9

)

16 + 18m 32+ 34m — (16 + 18m)n
6+ 18m 12+ 34m — (64 18m)n
10+ 18m 20+ 34m — (10 + 18m)n

I

)

HO»-POJN)!—‘
_ -0 O O O

I

0,
(
(
(
(
(
(

for m € N. Each (ko, k1, k2) from (5.15) contributes C(kon) to HH? and HH!™,

5.5.4 For m > 1, in addition, one has V, = Cxo ® Cx; @& Cux> if and only if n is odd and
=(1,1,1,-1,...,—1). The degree of

el @ aY A Ay € Jacy, @A NI NY
is given by
Fo(2x1 —x3 — -+ — Xnt1) FEix1 +ka(x —3Xx1) = X3 =+ — Xn+1
= kox + (2ko + k1 — 3k2)x1 — (ko + 1)x3 — - - — (ko + 1) Xn+1»

which is proportional to x if and only if 9 divides 2kg + k1 — 3ke and kg is odd. The possible
(ko, k1, k2) and

t:=2deg (;130 x’flx22®x3 o Axp i) /x + dim N,
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are given by

(K1, k2) ko t

(0,00  9418m 17+ 34m — (9+ 18m)n

(1,0) 13+18m 25+ 34m — (134 18m)n

(2,0) 17+ 18m 33+ 34m — (17+ 18m)n (5.16)
(3,0) 3+4+18m  T+34m — (3+18m)n

(4,0)  7+18m 15+ 34m — (7T + 18m)n

(0,1) 15+18m 29+ 34m — (15 + 18m)n

(1,1) 1+4+18m 3+34m— (1+18m)n

for m € N. Each (ko, k1, k2) from (5.16) contributes C(kon) to HH* and HH!™!.

In addition, for the case (ki, k2) = (2,0), the element 2§ ® 2§ ® x§ A--- Az, corresponding
to m = —1in (5.16) has degree 0 and contributes C(—n) to HH".

5.5.5  Onehas V), =0fory = (to,...,tnt1) € ker x if and only if t; € pg\{1}, t2 == tf3 #1,
and t3 = -+ = tp41 = —1, in which case one has tg = (—1)"" ] # 1. The set {t; € pgy |t] # 1}
consists of six elements, each of which contributes C(—n) to HH".

5.6 Type Eg
Consider the case
w=a] + a3+ 23+ +a2,, €Clwo,a1,...,Tn41]
F:FW = {’y: (to,...,tn+1) S (Gm)n+2|t§ :t3 :t% —_ . :t721+1 :tO"‘tn+l}a

so that kery & ps x py X (p9)" ' and Char(I') is generated by x and x; = dega; for i €
{0,...,n+ 1} with relations

5.6.1 If we write an element of Jacy, @A™ NWN;/ as mgox’flx? @z Axf, A--- Az, then

its degree is given by

koxo +kix1 +kex2 — Xj — - — Xjs s

which can be proportional to x only if VN (Czg @ -+ ® Cxpqq) is either Cas @ - -+ ® Cxpppq or 0.
We assume this condition for the rest of Section 5.6.

5.6.2  Since tg = 1 implies ¢; = t2 = 1, one has Cxy C V if and only if either V,, = V or
V7 = Caxg ® Cx1 & Cus.

5.6.3  One has V,, = V if and only if 7 is the identity element. The degree of x’goxlflxé” €

Jacy 1s
kox — (ko — k1)x1 — (ko — k2)Xx2 — koxs — -+ - — koXn+1,
which is proportional to y if and only if
— 5 divides kg — k1 and 3 divides kg — kg if n = 1, and
— b5 divides kg — k1, 3 divides kg — ko, and kg is even if n > 1.
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For n = 1, we must have
Tko + 3k1 + 5ko = 15m (5.17)
for m € N, in which case one has
t:=2deg (mo x’flx;”)/x =2m.

For each m € N such that 7 f m, the equation (5.17) has a unique solution with (k1,k2) €
{0,1,2,3} x {0,1}, and if 7 | m, then there are precisely two contributions with (k1, k2) = (0,0)
and (k1, k2) = (3,1) such that (k1, k2, m) € {0,1,2,3} x {0, 1} x N except if m = 0, in which case
only (k1,k2) = (0,0) contributes.

For n > 1, we must have

Tho + 3k + 5k = 15m (5.18)
for m € N, and in addition ky must be in 2N. Thus, we can rewrite (5.18) as
ko = 6k1 + 10ks + 30m’
with m’ = kg/2 — m. One has
t = 2deg (vf0a ah?) /x = 12k + 20ks + 58m’ — (61 + 10k2 + 30m’)n
Each (ky, ko, m’) € {0,1,2,3} x {0,1} x N contributes C(kon) to HH? and HH*!.

5.6.4 If n > 1, in addition, one has Vv = Cxo @& Cx1 @ Cxo if and only if n is odd and

v=(1,1,1,—1,...,—1). The degree of xo Mk @y A A zy ) € Jacw, ®AdimNWN;/ is
kox — (/*Co —k1)x1 — (ko — k2)x2 — (ko + 1)x3 — -+ — (ko + 1)Xnt1,
which is proportional to y if and only if
14k + 6k1 + 10kg = 30m (5.19)

for m € Z, and in addition we must have kg odd. Thus, again we can rewrite (5.19) as
ko = 15 + 6k + 10ko + 30m’,
where m’ = (kg — 1)/2 — m. One has
t —2deg(az0 Mok @ xy A o Awmyiq)/x + dim N,

=2 (ko — g(ko —ky) — g(ko — ko) — %(k:o +1)(n—=1))+ (n—1)

= 29 + 12k; + 20kg + 58m’ — (15 + 6k1 + 10k2 + 30m/)n
Each (k1,ko,m') € {0,1,2,3} x {0,1} X Z such that 15 4 6k + 10ko + 30m’ > 0 contributes
C(kon) to HH' and HH'*!,

5.6.5 An element v = (to,...,tn41) € ker x satisfies V;, = 0 if and only if t; € ps \ {1},
ty € ug \ {1}, t3 = --- = t,41 = —1, and tg = (—1)""!(t1t2)~!. There are eight such elements,
each of which contributes C(—n) to HH".
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