G/ zcbraic Geometry 8 (4) (2021) 389-404
doi:10.14231/AG-2021-011

On the Kirwan map for moduli of Higgs bundles

Emily Cliff, Thomas Nevins' and Shiyu Shen

ABSTRACT

Let C be a smooth complex projective curve and G a connected complex reductive
group. We prove that if the center Z(G) of G is disconnected, then the Kirwan map
H*(Bun(G,C),Q) — H*( Tiges(G: O), Q), from the cohomology of the moduli stack
of all G-bundles to the moduli stack of semistable G-Higgs bundles, cannot be surjective.
We establish similar results for intersection cohomology and for the cohomology of
the coarse moduli spaces. The proof uses a Borel-Quillen-style localization result for
equivariant cohomology of stacks to reduce to an explicit calculation.

1. Introduction

Let C be a nonsingular complex projective curve of genus g > 2. Let G be a connected complex
reductive group. Associated with C' and G, there are

— a moduli stack M, (G, C) of semistable G-Higgs bundles on C,
(G, C) of semistable G-Higgs bundles on C', and

(G, C).

o . ss
a coarse moduli space Miiggs

— a morphism Mnggs(G C) nggs

It is important to compute the cohomology ring H *( nggs(G C’)) in the topological analogue
of the geometric Langlands program and, relatedly, in supersymmetric gauge theory, where the
quantum cohomology ring (a deformation of the cohomology ring itself) is the chiral ring of a 2D
o-model associated with a topologically twisted 4D gauge theory (cf. [KWO07]). Note that here
and throughout, all cohomology is taken with Q-coefficients. The ring H *( nggs(G C)) accepts
a natural map, the “Kirwan map,” from a tensor product of symmetric and exterior algebras,
and it is natural to hope to use this as the starting point for a presentation of H *( (G,C ))

The main result of the present paper is that the above hope fails: the Kirwan map is never
surjective when the gauge group G has disconnected center.

nggs

1.1 Kirwan map for M¥j,.. (G, C)
The connected components of the moduli stacks Bun(G, C') and ¢s(G,C) and the moduli
space Mip,, (G, C) are indexed by the abelian group m(G) (cf. [GOl?] for the latter). Let

Z = Z(G) denote the center of G. The group Z splits as a product, Z = Z° x mo(Z), where
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the identity component of Z is Z° and the component group is my(Z). The abelian group stack
Bun(Z,C), the moduli stack of principal Z-bundles, acts on nggs( ('), inducing an action
of the coarse moduli space Bun(Z, C') on Mg, (G, C). The group m (G) contains a finite-index

subgroup, the image of ¢: m1(Z°) — m1(G) (cf. (3.6) and Proposition 3.8).
For n € m(G), write Bun(G, C)y, Mifie0s(G, C)yy Mifi, (G, C)y for the corresponding com-

ponents. When we apply singular cohomology with Q-coefficients, the maps

Bun(G7 C) <; Mnggs(G C) 4> Mﬁlslggs(G7 C)n
induce a diagram
H* ( Bun(G C) ) H*( nggs(G C) ) <7 H* (Mgliggs(G7 0)77) :

Here for a semistable G-Higgs bundle (P,0), we have k,(P,0) = P. The left-hand map &, is
the (hyperkdhler) Kirwan map for the moduli stack of semistable G-Higgs bundles. Only when
G = SLa, GL3, or PGL; is it known for all  whether &, is surjective.

Remark 1.1. The stack nggs(G C), is obtained, essentially, by hyperkéhler reduction of an
infinite-dimensional affine space by the action of the gauge group G = Mapsn(C’, G°PY), a twisted
version of C°°-maps to the compact real form GP* of G. The classifying space B Mapsn(C, G°PY)
is, moreover, homotopy equivalent to Bun(G, C'),, and hence the map &, is indeed (up to homo-
topy) the hyperkahler Kirwan map associated with this hyperkéhler reduction.

1.2 Main theorem

As we explain in Section 3, the action of Bun(Z,C) on Mﬁiggs(G,C) induces compatible ac-
tions of the finite group' Bun(m(Z),C) on H*(Bun(G, C’)), where it is trivial, as well as on
H*(Mffiges(G, C)) and H* (MflslggS(G ()). In Definition 7.1, we identify a particular G-bundle,
denoted by Py, the image of 0 in the Hitchin base under the Hltchln section; write nggs(G C)ne
for the component of M, (G, C), indexed by the element 79 € 71(G) in which Py lies. We
prove the following result.

THEOREM 1.2. If the component group mo(Z(G)) is nontrivial, then for every n € ng + m1(Z°),
the following hold:

(1) The cohomology groups H*( Higas (G2 Oy ) and H* (Ml?ﬁggs
representation Q[Bun(my(Z),C)] of Bun(mo(Z),C).

(2) Similarly, the intersection cohomology groups IH *( nggs 77), IH* (Mlsflggs
contain the regular representation Q[Bun(my(Z), C)] of Bun(m ( ),C).

(G,C)y,) contain the regular
(G,C))

(3) In particular, the Kirwan map k, fails to be surjective.

(4) We have p; H* (Mﬁﬁggs(G, C)y) € kpH*(Bun(G,0)y).

For semisimple (7, Theorem 1.2 says that the Kirwan map for Mij, (G, C) can only be
surjective when G is of adjoint type, (roughly) generalizing the work of Hitchin (cf. [Hit87]
and [HT03]) for rank n bundles of degree 1 and fixed determinant (a variant of SL,-bundles)
and [DWWW11] for G = SLs.

!The stack Bun(wo(Z), C) is a gerbe over a finite group, but the action on H* factors through the finite group.
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Remark 1.3. The proof shows (see Remark 7.8) that the representation Q[Bun(m(Z),C)] of
Bun(mp(Z),C) in part (1) of Theorem 1.2 appears in the pure parts

@Grk (H* (Miges(G, C)y)) and @Grk (H* (M6 (G, C)y))

with respect to the mixed Hodge structure. In particular, the Kirwan map (whose domain
H *(Bun(G, C)n) is pure) fails to surject even onto the pure part of the cohomology.

1.3 Kahler versus hyperkihler Kirwan map

In the case of (algebro-geometric) Kdhler quotients (or, equivalently, GIT quotients) of smooth
varieties (either projective, or quasiprojective under some additional assumptions) rather than
hyperkéahler quotients, the Kirwan map is known to be surjective; see [Kir84] for the canonical re-
sult in a comprehensive treatment. This provides an essential starting point (explicit generators)
for the computation of the cohomology of Kéahler/GIT quotients.

By contrast, the Kirwan map for hyperkahler quotients like the ones we treat here is con-
siderably more subtle—thus, so is the computation of the cohomology of such quotients.> The
hyperkéhler Kirwan map is known to be surjective for hypertoric varieties, quiver varieties, and
a limited number of other cases [JKK09, Mar02, MN18, DWWW11], thus providing polynomial
rings surjecting onto the cohomology rings of such varieties. In the case of MSHSiggS(G, C), the
cohomology H*(Bun(G, () is known to be a free graded-commutative Q-algebra, so if the hy-
perkahler Kirwan map «,, for Mﬁlggs(G C') were surjective, it would express the cohomology of

nggs(G (') as a quotient of a free graded-commutative algebra. And indeed, for G = GL,, and
coprime rank n and degree d (where the map p becomes a G,,-gerbe over a smooth variety), it is
proven in [Mar(02] that s, is surjective, as it also is for G = GL2, PGLy and d = 0 in [DWWW11].

By contrast, Theorem 1.2 shows that r is not surjective for M}, (G, C) whenever Z(G) is
disconnected. More generally, experts seem to believe that there should be many examples of
hyperkéahler reductions for which the hyperkahler Kirwan map fails to be surjective, though there
seem to be (essentially) no documented examples outside of Mij . (G, C): the paper [MN19]
provides other explicit examples of finite-dimensional hyperkéhler manifolds M with the action
of compact groups K for which the hyperkéhler Kirwan map Hj,(M) — H*(M//K) fails to be
surjective, but the construction in [MN19] is also inspired by the case of G-Higgs bundles.

We hope that the growing lists of examples in which the hyperkéhler Kirwan map is [JKK09,
Mar02, MN18, DWWW11] or is not ([DWWW11, HT03, MN19] and the present paper) surjective
will eventually provide enough data to indicate a characterization of when x should be surjective
and how surjectivity can fail—and thus indicate how to calculate the cohomology of hyperkéahler
quotients.

1.4 Strategy of proof

The proof of Theorem 1.2 makes use of the commuting actions of the multiplicative group G,,,
acting by scaling the Higgs field, and the abelian group stack Bun(Z, C') of principal Z-bundles,
acting by “tensoring” the G-Higgs bundle, on Mij,,, (G, C) and M, (G, C). Section 3 develops
basic properties of the action of Bun(Z, C), in particular showing that Bun(Z, C') acts infinitesi-

2Informally, in the case of Kihler quotients one uses Morse theory on a smooth variety, whereas in the case of
hyperkéhler quotients, one needs a Morse-theoretic analysis of a singular variety—the zero preimage of a complex
moment map—which has proven to be intractable in most cases thus far.
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mally freely on M}, (G, C) and that the induced action of H Y(C,m(2)), the group of isomor-
phism classes of principal 7y(Z)-bundles, preserves connected components of nggs(G ).

We show that whenever H'(C, m(Z)) is nontrivial, it acts nontrivially on H*( Higes (G Oy )
and H* (MIS{SIggS(G, C)y), whereas it acts trivially on H*( Bun(G, C),). Essentially the same idea
was used in [DWWW11] (without using the G,,-action to simplify) and [HT03].

Section 4 develops the principal computational tool in our proof, a Borel-Quillen-style local-
ization theorem for equivariant cohomology of stacks that, applied to the G,,-action, allows us
to reduce to a calculation on a certain G,,-fixed locus, nggS(G (fixeq in the notation of that
section. We show by explicit construction that MSS (G C)fixea contains a union of connected
components isomorphic to Bun(Z, C'), compatibly Wlth the action of Bun(Z, C') on M. (G, C).
It follows that H'(C,m(Z)) acts nontrivially on H*( Tigas (G C)), whereas it acts trivially on
H*(Bun(G, C)). This proves the first assertion of Theorem 1.2 for the cohomology of the stack
(and essentially the same proof gives the intersection cohomology statement); the proof for the
moduli space is similar.

Although the use of C*-localization to establish topological features of algebraic varieties or
other topological spaces is completely standard, it seems to be new to use it for Artin stacks
rather than merely Deligne-Mumford stacks. While the statement we use is not hard, it appears
to be new. It turns out that there is a broader story of such localizations that seems not to be
as well known as we think warranted, and that we plan to develop further in a future paper.

We also note that we have chosen to include some basic facts that could be cited in the
literature rather than developed from scratch as we have done here—while this runs the risk of
giving the impression that we claim originality for facts well known to the community, we simply
note that even the present more-or-less self-contained paper is not long.

2. Notation, conventions, and basics of G-Higgs bundles

2.1 Notation and conventions

Throughout the paper, we work with varieties, schemes, and stacks over C. We write G, for the
multiplicative group C*. We write A!(d) for A! with the G,,-action of weight d, that is, t-v = t%v.

As in the introduction, all singular cohomology groups are taken with Q-coefficients.

Throughout the paper, we fix a smooth projective (connected) complex curve C' of genus
> 2. Choose a spin bundle K L 2, and let K/2 denote the associated G,,-bundle, so that
KY? = K2 xg, Al(1). Let K-1/2 denote the dual G,,-bundle, so K-1/2 x¢, Al(—1) = K}/*.

We also work with a fixed connected, reductive complex algebraic group G with center
Z = Z(G). We fix a Borel subgroup B C G and a maximal torus 7' C B; let U C B denote
the unipotent radical. We write g = Lie(G), b = Lie(B), n = Lie(U), 3 = Lie(Z), and N for the
nilpotent cone of g. We let g*°® denote the regular locus of g.

For an affine algebraic group H, we write Bun(H, C) for the moduli stack of principal H-
bundles on C'. When the identity component of H is an algebraic torus, we write Bun(H, C) for
the coarse moduli scheme of principal H-bundles. We use the terminology “abelian group” and
“commutative group” interchangeably. However, we prefer “commutative group scheme /stack”
because of the risk that “abelian group scheme” suggests that the scheme is proper (an abelian
variety) over some base.
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2.2 Basics on Mg, (G, C) and My, (G, C)

Let (£, 0) be a G-Higgs bundle on C. Recall that for a parabolic subgroup P C G and P-reduction
Ep of &, we say that Ep is compatible with 0 if 6 is (the image of) a section of Ep Xp p ® Qé C
Ep xpg @Y. Then the G-Higgs bundle (&, 0) is semistable, respectively stable, if for every proper
parabolic subgroup P C G and P-reduction &p of £ compatible with 6, the bundle &p xp g/p
has nonpositive, respectively negative, degree. The center Z(G) always acts by automorphisms

of the pair (&, 60); we say that (£,0) is simple if Aut(€,0) = Z(G).

NoTaTION 2.1. Let M, (G, C) denote the moduli stack of semistable G-Higgs bundles and
MSS

HiggS(G, (') the coarse moduli space of semistable G-Higgs bundles.

The quasiprojective scheme Mls{siggs(G, () is a coarse space of M%Siggs(G, C'). We note some
well-known facts (cf. the “Main Properties” of [Alp13]).
PROPOSITION 2.2. Consider the morphism p: ﬁiggS(G, C) — M

Higgs
(1) The morphism p: M, (G, C) = M,

(G,0).
(G, C) is surjective.

(2) Each fiber of p contains a unique closed point of the moduli stack.

(3) The morphism p is universally closed; in particular, the topology of My

Higgs
quotient topology of the stack M, (G, C).

(G,C) is the

The conditions of stability, respectively simplicity, define open substacks M

. 1
spectively M;ﬁggs(Ga C) of Higgs

For the morphism p of Proposition 2.2, we have

P (p(Mitiges (G2 ©))) = Mitges(G.C) . p (p(MEER(G, O))) = MPEP(G,C).

?{iggs(G? C) , Te-

(G, C). Write MIEPL(G, C) 1= Mg (G, C) N ME (G C).

NoOTATION 2.3. We write

Mﬁliggs(G7 C) = p(M%—Iiggs(Ga C)) and M;ﬁg(G, C) = p(Mi—Ezgé(G7 C)) .

LEMMA 2.4. The morphism Mﬁ;;gi(G, C)— Mls_itiggsl(G, () is a torsor for the commutative group

stack BZ, inducing an identification Mlsfiggsl(G, C) = M?{ti'ggi(G, C)/BZ.

Consider the product C' x Bun(G,C) — BG x BG,, of the classifying morphism C X
Bun(G, C) — BG for the universal G-bundle and the composite C' x Bun(G, C) — C — BG,,,
where the latter map classifies the G,,-bundle associated with Q}J The universal G-Higgs field
then determines a morphism C x M (G,C) — g/(G x Gy,) making the following square
commute:

ss
Higgs

C X Mifigs (G, C) —= /(G x Gnn)

l |

C x Bun(G, C) BG x BGy, .

If S C gis (G x Gy,)-stable, we slightly abuse terminology by saying that (P, 0) takes values in
S/(G x Gy,) if the restricted universal morphism C x {(P,0)} — g/(G x G,,) does. A G-Higgs pair
(P,0) is regular if it takes values in g*°8 /(G x G,,) and nilpotent if it takes values in N'/(G x Gy,).
The following is immediate from the properness of C.

LEMMA 2.5. The regular G-Higgs bundles form an open substack of M3, . (G,C), denoted by

Higgs
ss
Higgs (G’ C)reg .
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3. Principal Z(G)-bundles and the action on G-Higgs bundles

3.1 Principal Z(G)-bundles
Write Z = Z(G). We have a short exact sequence

1-2°=7Z—>m(Z)—1, (3.1)
where Z° is the identity component. Note that Z° is a torus and mp(Z) is a finite abelian group.

LEMMA 3.1. (1) Suppose that 1 — D — A — F — 1 is an exact sequence of abelian
groups, where F' is finitely generated abelian and D is a divisible group. Then A = F x D.

(2) In particular, for a connected reductive group G over C, we have Z(G) = Z° x mo(Z).

Remark 3.2. In light of Lemma 3.1(2), we henceforth fix a choice of splitting Z(G) = Z° x mo(Z).

For a commutative group scheme A whose identity component is an algebraic torus, write
Bun(A,C) = H'(C, A) for the coarse moduli space of A-bundles on C. The splitting Z(G) =
Z° x mo(Z) determines an isomorphism of group schemes

Bun(Z, C') = Bun(Z°, C) x Bun(m(Z2),C). (3.2)

1

We have Bun(A4, C)
particular, Bun(m(Z),C

B(A) x Bun(A,C) when A is any of the groups Z°, Z, or mp(Z); in
is a gerbe over a finite abelian group scheme. Since Z° is a torus,

Bun(z°,C) = Jac(C)" x Z". (3.3)

~—

PROPOSITION 3.3. We have
Bun(Z,C) = B(Z°) x B(my(Z)) x Jac(C)" x 7o (Bun(Z°, C)) x 7o (Bun(mo(Z),C)) .

In particular, Bun(Z, C) is a disjoint union of connected components, each of which is a BZ-torsor
over a nonsingular projective variety.

3.2 Action of Bun(Z,C) on Bun(G, C) and T* Bun(G, C)

The stack Bun(Z, C) of principal Z-bundles on C' is a commutative group stack, with operation
(€, F) — & xz F. The group stack Bun(Z, C) acts naturally on Bun(H, C) as well, by the same
formula, when F is a principal H-bundle for any closed subgroup Z C H C G. In particular, the
action of Bun(Z, C) on Bun(G, C) induces an action of Bun(Z, C) on 7% Bun(G, C), the moduli
stack of all G-Higgs bundles on C.

Remark 3.4. The action of Bun(Z, C') preserves parabolic reductions of a given G-bundle, and Z
acts trivially on g/p for any parabolic subalgebra p C g. Hence, the action of Bun(Z,C) on
T*Bun(G, C) preserves the open substacks of semistable, stable, and simple G-Higgs bundles
(definitions as in Section 2.2).

Let (P,0) be a G-Higgs bundle. One gets a complex of vector bundles over C,

Def(P,H):PngMPng@)Q};

with P X g in cohomological degree —1. For the fiber of the tangent complex at (P,6) one has
T(pg)(T* Bun(G, C)) ~ C*(C, Def(P,0))

where C'* denotes the Cech complex associated with any choice of affine open cover of C.
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Note that the Lie algebra g splits as a G-representation, g = 3@ gaq. It follows that P xg3[1] =
Oc ®3[1] is a direct summand of Def(P, 0). Writing triv for the trivial Z-bundle on C, we have
Teiv(Bun(Z, C)) ~ C*(C, Oc @ 3[1]). We conclude as follows.

LEMMA 3.5. For any choice of G-Higgs bundle (P, ), the infinitesimal actions of Bun(Z,C) on
T* Bun(G, C) and Bun(G, C),

’]Tt,i\,(Bun(Z, C)) — T(pg) (T* Bun(G, C’)) — Tp(Bun(G, C)) ,
express Ty, (Bun(Z, C)) as a direct summand of both T(p ) (T* Bun(G, C)) and Tp( Bun(G, 0)).

Since Bun(Z, C') is a gerbe over a smooth scheme, we conclude as follows.

COROLLARY 3.6. For any choice of G-Higgs bundle (P,0), the induced morphisms of “action
on P, respectively (P, 0),”

Bun(G,C) <— Bun(Z,C) — T"* Bun(G, C)
are representable and injective on tangent spaces.

Proof. The homomorphisms Z(G) — Aut(P,0) and Z(G) — Aut(P) are always injective; hence,
the morphisms are representable. By Lemma 3.5, the induced map on H%(T) is injective; hence,
the morphisms are immersions. O

3.3 Connected components of Bun(G, C)
Let G denote the universal cover of G as a complex-analytic Lie group, with the exact sequence

1—m@) —G—G—1. (3.4)

Fach of these groups determines a complex-analytic sheaf of groups over the complex-analytic
curve Cyy, abusively denoted by the same symbol. The set of C-points of the stack Bung(C) is
the (nonabelian) cohomology set H!(Cap, G). We recall (for example, from [Hof10]) that the set
of connected components of the stack Bung(C) is classified by the connecting homomorphism of
cohomology sets

H' (Can, @) & H*(C,m(G)) = m(G):
that is, the connected components of Bung(C) are labeled by 71 (G), and the fibers of ¢ are the
isomorphism classes lying in the given connected component.

Via the splitting Z = Z° x mp(Z) (Remark 3.2), we get a homomorphism 7y(Z) < G. Pulling
back the exact sequence (3.4) gives an extension

e~

1 —m(G) — 7m(Z2) — m(Z2) — 1 (3.5)
inducing a commutative square

HY(C,mo(Z)) —= H*(C,m(G))

| a

HY(C,G) —2= H2(C,m(Q))

and making H'(C,G) LN H?(C,m1(G)) an equivariant map of H'(C, my(Z))-sets.

PROPOSITION 3.7. The group H'(C,m(Z)) acts trivially on H?(C,71(G)). Thus, the abelian
group stack Bun(my(Z),C) acts on Bun(G, C) preserving connected components.
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Proof. Via the commutative square, we see that it suffices to show that the boundary map
HY(C,70(2)) — H?*(C,m1(G)) associated with (3.5) is zero. But since the groups in (3.5) are
discrete and H*(C,Z) is a free Z-module, the universal coefficient theorem gives

H'Y(C,m(2)) = H'(C,Z) @ mo(Z) — H'(C,Z) @ m0(Z) = H'(C, 70(Z)) ,

implying that the boundary map is zero. O

3.4 Action of Bun(Z, C) on components of Bun(G, C)

Now, choose a principal G-bundle P on C, determining a C-point of Bun(G,C). We obtain
a morphism

@D})t I3LU1(£Z,(7) — ISLHJ((;,(j), }?Z — I?Z Xz P.

PROPOSITION 3.8. The map of sets of connected components induced by the morphism ¥ p maps
mo (Bun(Z°,C)) = m1(Z°) injectively to mo (Bun(G, C)) = m1(G). The image of mo (Bun(Z°,C))
— 7o (Bun(G, C)) is a finite-index subgroup.

Proof. Tt suffices to show that the homomorphism H?(1): H?(C,m(Z°)) — H?*(C,m(G)) is
injective with finite cokernel. But up to an isogeny, G is the product of a torus T and a semisimple
group, with the torus T thus being isogenous to Z°. Since a semisimple group has finite m, we
conclude that

the map ¢: m(Z°) — m1(G) has finite kernel and cokernel. (3.6)

Since the domain of ¢ is torsion-free, the kernel is trivial. Finally, it follows from the universal
coefficient theorem that H?(:) is obtained by tensoring 7 (Z°) — 71(G) with H*(C,Z) = Z. O

4. Equivariant cohomology and partial localization

In this section, let V' be a reduced, separated scheme of finite type over C, viewed as a topological
space in the analytic topology, with the action of a complex reductive algebraic group G,,, x G.

4.1 Fixed points on stacks

The stack V/G admits an action of the multiplicative group G,, induced from the product action
on Vi we write (¢,v) ~ t- v for this action. Replacing that action with a,,(t,v) =™ - v for each
positive integer m, we obtain the action on V/G of the pro-object G, = lim G,, in the category
%

of algebraic groups, defined by all coverings of G, by itself.

For simplicity write X = V/G. When we wish to consider X with its G,,-action via a,,
we write Xy, . Recall [Rom05, Definition 2.3] that a stack of fized points Xfmm is a stack F' that
represents the 2-functor N — Homg, _stacks(¢(V), Xa,, ), where ¢ takes a stack N to the G,,-stack

with trivial G,,-action. A fixed point Spec(C) — an;" can be viewed as a choice of section of
(Xa,,)/Gm — BGy,.

There are morphisms Xfm’" — Xf’mk — X for all m, k > 0, defining X G i lim P —
m- — m
For each z € V, write Lie(G,,, X G), for the Lie algebra of the stabilizer (G,, x G),. We write

(V/(Gm x G))goq = {2 € V | Lie(Gpy x G)y — Lie(Gyy) is surjective}/(Gy, x G) .

LEMMA 4.1. The condition above defines a closed substack (V/(Gp x G)) of V/(G,, x G).

fixed
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We write Xxed = (V/G) g, q for the preimage in V/G of (V/(Gy x G)) g 4 (cf. Appendix C
of [GP99] in the case of DM stacks).

PROPOSITION 4.2. The set of images of C-points of (V/G)@m — V/G is exactly (V/G)¢ o

Proof. Suppose first that z € V and Z € (V/G)®™ have isomorphic images in V/G. Then there
exists an m > 0 such that T determines a section of (V/G)a,,/Gm — BG,,. The section induces
homomorphisms G,, = (G, X G), — Gy, where (G, X G) is defined with respect to the action
of G,, via a,,, whose composite is the identity.

Conversely, suppose that # € V' has image in (V/G) e S0 that Lie(Gy, x G)z — Lie(Gy)
is surjective. The stabilizer (G,, X G), is the semidirect product of its unipotent radical and
a Levi subgroup L., and the unipotent radical maps trivially to G,,; it follows that the Levi
subgroup L, of (G, X G), surjects onto G,,. Since L, — G, is a surjection of reductive complex
groups, it can be split up to an isogeny of G,,; choosing such a splitting, we get a homomorphism
¢: Gy, — (G, X G), for which the composite G, g) G, x G ZCm, G,, is Gy, ﬂ) G,,, for
some m > 0. Taking quotients of Spec(C) = V — Spec(C) yields a section of (V/G)a,, /Gm =
V/(Gy x G) = BGy,. O

LEMMA 4.3. Assume that a subgroup C' C G acts trivially on V; let r: V/G — V/(G/C) be the
quotient.

(1) A C-point z € V/G lies in (V/G), , if and only if r(z) € (V/(G/C))q u-

(2) In particular, if V/(G/C) is a scheme, thenz € (V/G), . ifand only ifr(z) € (V/(G/C))G’”.

Remark 4.4. Suppose X = V/G and that X = V/(G/C) is a scheme. Then by the noetherianness
of X and Lemma 4.3, there is an m > 0 for which XZ™(C) — X®m(C) is already surjective.

Now, consider a reductive group G acting on a smooth scheme M with moment map pu:
T*M — g*, and let V = p=1(0). Let G,, act on V C T*M by fiberwise scaling, so G x G,, acts
on V. We denote points of T*M by (x, ), where x € M and 6 € T M.

LEMMA 4.5. Suppose V = u~1(0) C T*M as above. The C-points of (V/G)ﬁX are the images

of those (z,0) € V.C T*M such that there exist

ed

(1) a homomorphism \: G, — Stabg(z) and
(2) an m > 0 such that A(t) - (z,0) = (z,t™0) (fort € G,,) in V.

4.2 A localization theorem for product actions

As above, let V be a reduced, separated scheme of finite type over C, viewed as a topological space
in the analytic topology, equipped with the action of a complex reductive algebraic group of the
form G,, x G. Fix a maximal compact subgroup K of G, so that S' x K C G,,, x G is a maximal
compact subgroup. Consider the cohomology, always with Q-coefficients, H *((V/ (G, % G)) =
HE L o(V) = Hiy (V). We fix a generator u € HE (pt), so HE (pt) = Q[u]. Write Y =
V/(Gp x G).

PROPOSITION 4.6. The map H* (y) [u‘l] — H* (yﬁxed) [u‘l] is an isomorphism.

Proof. Write (V/ G) fied = /G for the appropriate closed subset F' C V. The proof mimics that
of Theorem 4.2 of [Qui71]. By the Mayer—Vietoris argument of [Qui71, Theorem 4.2], it suffices
to show that H%, . (V ~ F)[u"!] = 0. Applying Remark 3.4 and formula (3.1) of [Qui71], it
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suffices to show that the image of u in HY, . ((S' x K)/H) is zero whenever H C S' x K is
a closed subgroup whose projection on S is a proper (compact) subgroup of S?.

Thus, assume that H C S! x K is a closed subgroup whose image H in S! is finite. Then the
map H%, (pt) — Hii, o ((S* x K)/H) factors as

H: (pt) — Hig(pt) — Hip(pt) = Hi, o (ST K)/H) .

Since H is a finite group and we are working with Q-coefficients, we have H%(pt) =0, and thus
the image of u in HglxK((Sl X K) /H) vanishes, as required. O

We explain a similar statement for intersection cohomology (always with Q-coefficients),
which will suffice for our purposes. As in the proof of Proposition 4.6, we restrict attention to the
compact group S' C G,,. We continue to write X = V/G. We abusively write I H;l (fﬁxed) =
lim 7 H, (U), where U ranges over S Linvariant analytic open neighborhoods of Xgyeq in X.

U

PROPOSITION 4.7. The natural map IH*(X) — IHZ, (Xixed) is an isomorphism.

The proof is a straightforward modification of the proof of Proposition 4.6, as in [Bry92,
Corollary 4.1.3].

5. Interlude: Regular nilpotent elements

Recall the surjective homomorphism 7,q: G — Gaq that factors the adjoint homomorphism
Ad: G — GL(g), Gaa = Ad(G). The group G,q is semisimple and ker(m,q) = Z. We have
an isomorphism [g, g] =N gad, vielding a canonical G-equivariant splitting g = 3 @ gaq as in
Section 3.2.

Choose any regular nilpotent e € g,q. It follows from the Jacobson—Morozov theorem that
there exists a 1-parameter subgroup v: G, — T' C G with the property that Ad.(e) = tmMe
for some m(y) > 0, and that v can be chosen so that m(v) is either 1 or 2.

Convention 5.1. We fix a « for which m(y) is (whichever of 1 and 2 is) the minimum possible.

The stabilizer Uyq := Zg,,(e) in Gaq is a connected, commutative unipotent group [Spr66,
Theorem 4.1]; it follows that Zg(e) = 7, (Zg,,(€)).

LEMMA 5.2. There is a unique connected unipotent subgroup U C G for which Zg(e) = Z x U.

Proof. Writing Glaq for the simply connected cover of G,q, consider the commutative diagram

Gad

I

Tad
G —"> Gaq -

Let U := u;dl(Uad) and U := p(ﬁ)o. The homomorphism U Tody Upd 1S surjective since its
image has finite index by construction and U,q is connected; it has finite kernel since u,q has
finite kernel. Since a unipotent group in characteristic zero has no nontrivial finite subgroups,
we get that m,q induces an isomorphism U = U,4. Thus ﬂ;dl(Uad) = Z x U. This proves the
existence. For the uniqueness, note that if U and U’ are any two such subgroups, the composite
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U C Zg(e) = Z x U — Z is trivial because Z is a product of a torus and a finite group. Thus
U’ C U. Similarly, U ¢ U’, and we conclude U = U'. O

COROLLARY 5.3. (1) If Ad,, 4y(e) = t"e = Ad,,4)(e), then there exists an n: Gy, — Z such
that yo =n - 71.

(2) For every 1-parameter subgroup A for which Ady(e) = t™ N (e), there exist an N > 0 and
an n: G,, — Z such that A(t) =n - y(t)V.

Proof. The product o7, ! fixes e; hence it is a l1-parameter subgroup in Z x U, but U has no
non-trivial 1-parameter subgroups.
The second assertion follows from the first together with the fact that the set of N € Z for

which there exists a 1-parameter subgroup A satisfying Ady)(e) = tVe is a cyclic subgroup
in Z. O

LEMMA 5.4. The Ad,4)-action on g,q induces a splitting gaq = n~ ©taq®n, where tyq is a Cartan
subalgebra of g.q and ~(t) acts with positive weights on n and negative weights on n—.

It follows from [Hum95, Theorem 2.2] that for any integer n > 0, the centralizer Zg,  (7")
satisfies Zg,,(7")° = Taq, where T,q = maq(T"). Then by Lemma 5.2 above and Theorem 2.2
of [Hum95], we get the following.

PROPOSITION 5.5. For any n > 0, we have Z(e,v") := Zg(y") N Zg(e) = Z.

6. Moduli of semistable Higgs bundles and fixed points

We treat some properties of certain G,,-fixed points on Mﬁiggs(G, (). A helpful discussion of
the G,-action on the moduli space can be found in [GR15].

6.1 Analysis of fixed points on M

;Isiggs(G’ C)
Suppose that (P, 01, A1) and (P», 02, A2) are points of M%Siggs(G, C)i%g" (so 61 and 09 are regular
in every fiber); that is, P, is a principal G-bundle, 6; is a Higgs field on P;, and J\; is a 1-
parameter subgroup of Autg(F;) that rescales 0;; that is, Ady, ) (0;) = t"0; for some integer m;.
This condition further implies that the Higgs fields #; and 02 are regular nilpotent in every fiber.
Replacing A\ and As with appropriate powers, we assume that 6; is an eigenvector for \; with

the same exponent: Ady,«)(0;) = tVo;.

LEMMA 6.1. There exist a principal Z-bundle Pz, a 1-parameter subgroup n: G,, — Z, and an
isomorphism ¢: Py Xz Py — P, of G-bundles such that ¢(01) = 02 and ¢(ni1) = As.

Proof. Choose a point x € C. By Corollary 5.3, there exist a 1-parameter subgroup n: G,, = Z
and an isomorphism (P;); = (P2), of principal homogeneous G-spaces that takes (61), to (02)z
and identifies nA; with Ao on the fiber over x. Now, replacing \; with nA;, we may assume that
the fibers over x of (Pp,61,\1) and (P, 02, \2) are isomorphic. Proposition 5.5 implies that the
bundle Py := M((Pl, 01, \1), (Ps, 02, /\2)) is a Z-torsor. Since Homgp, (G, Z) is discrete, there
exists an 7 that guarantees ¢(nA;) = Ay on every fiber over C. O

6.2 Stable G-Higgs bundles with regular nilpotent Higgs field

LEMMA 6.2. Suppose that (P,0) is a stable G-Higgs bundle with regular nilpotent Higgs field.
Then (P, 0) is simple; that is, Aut(P,0) = Z.
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Proof. By Lemma 5.2, the group scheme Aut(P, ) of fiberwise automorphisms of (P, ) is the
product of the constant group scheme Z over C' and a unipotent group scheme U(P,#) over C.
Because (P,0) is stable, Proposition 3.15 of [GO17] implies that every global section of the
automorphism group scheme, that is, element of Aut(P,6), is semisimple. The conclusion follows.

O

PROPOSITION 6.3. Suppose that (P, ) is any stable G-Higgs bundle with regular nilpotent Higgs
field. Consider the morphism a = a(pg): Bun(Z,C) — ./\/l%ti';gi(G, C') obtained by restricting the
action morphism Bun(Z,C) x M (G,C) > M (G,C) toBun(Z,C) x {(P,0)}. Then we

obtain a commutative diagram

ss ss
Higgs Higgs

Bun(Z, C) — Miieb (G, C) —— M55, (G, C)

- N p

Bun(Z, C) —> M (@, C) — > Mg, (G, C) .

where

(1) the morphisms py and py are BZ-torsors, realizing Bun(Z, C') as the fiber product along @
and p1, and thus also realizing Bun(Z, C)) as the fiber product along i o @ and p;

(2) the morphisms i and i are open immersions; and

(3) the morphisms @, i o a, a, and i o a are closed immersions.

Proof. The existence of the commutative diagram is immediate from the constructions. Asser-
tion (1) is immediate from the facts that ps and p; are both BZ-torsors and that a is BZ-
equivariant. Assertion (2) is immediate from Proposition 2.2(3). To prove assertion (3), we pro-
ceed as follows. By Proposition 3.3, each component of Bun(Z, C') is a projective variety; hence,
the restrictions of @ and i0@ to each component of Bun(Z, C') are proper. It follows from Proposi-
tion 3.8 that @ and io@ are of finite type; hence, @ and ioa are proper (the targets are separated,
so properness lifts).

If we can show that @ and i o @ are bijections onto their images on the level of C-points, it
will then follow from Corollary 3.6 that they separate tangents, hence are closed immersions.
Thus, suppose that (P;,60;) and (Ps,02) are in the image of @. As in the proof of Lemma 6.1,
the automorphism group scheme Aut(Ps,62) is the product of the constant group scheme Z
over C' and a unipotent group scheme U(P,0) over C; similarly, it follows from Lemma 5.2
that the isomorphism bundle @((Pl, 01), (Po, 92)) is an Aut(P, 63)-torsor, which evidently is
trivial if and only if (P, 01) = (Pa, 02). We assume, without loss of generality in the proof, that
(P, 62) = (P,0).

We consider the long exact sequence associated with 1 — Z x C' — Aut(P,0) — U(P,0) — 1,

1 H(C,2) 5 HO(C, Aut(P,0)) — HO(U(P,0)) — HY(C, Z) & H (C, Aut(P,0)) — - - - .

As noted above, (P, 0) is simple, and it follows that F' is an isomorphism. It follows from the
“Injectivity of tangent spaces” assertion of Corollary 3.6 that the fiber of @ over (P, ) is finite;
hence, the image of the injective group homomorphism H°(U(P,0)) — H'(C, Z) is finite, and
in particular H°(U(P,9)) is finite. But the fibers of the group scheme U(P,f) are connected
unipotent groups, which have no nontrivial finite subgroups, implying that HO(U(P,0)) = {e},
and thus @ is injective. Thus @ and i o @ are indeed bijections onto their images, implying that
they are closed immersions.
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It follows from assertion (1) and the previous paragraph that a and i o a are closed immer-
sions. O

7. The main construction and the proof of Theorem 1.2

7.1 The main construction

As in Section 5, assume that we have fixed (Convention 5.1) a 1-parameter subgroup v: G, - G
and a regular nilpotent e € g that is an eigenvector of Ad, ) with eigenvalue ") where m(7y)
is either 1 or 2.

DEFINITION 7.1. We define

Wb ifmy) =2,
V() ifm(y) =1.

Thus Py xg g = K~/2 x.,, g. We let 79 be the connected component of Bun(G, C') containing Py.

Py:=K 2%, G, where 7i(t) = {

LEMMA 7.2. (1) The 1-parameter subgroup 7 determines a 1-parameter group A\ of automor-
phisms of Py by A(t) - (a,p) = (a,y1(t)p) for a € K12, p € G.
(2) The element e € g determines a section 0y of (Py X g) ® Q. Moreover, A(t)*0y = t26y.

Proof. Part (1) is clear by the construction of Py. For part (2), note that
(Pyxc o) @ Q=K xg, (g0 AN(-2)),

where G, acts on g via ;. Since e € g has weight 2 with respect to 71, it determines an invariant
element of g ® A'(—2). Thus, e descends to a section fp, as asserted. That §p has weight 2 with
respect to A is clear from the construction. ]

The Higgs pair (P, 6p) is the image of the Hitchin section at 0 in the Hitchin base [Hit92,
Section 5.

LEMMA 7.3. The Higgs pair (P, 6o) is stable.

Proof. By the Jacobson—-Morozov theorem, e lies in a unique Borel subalgebra b C g; thus any
parabolic reduction of Py that is compatible with 6 is of the form K—1/2 X, P for a parabolic
B C P C G, where B is the Borel subgroup corresponding to b. It now follows from Lemma 5.4
that the bundle K—1/2 X~, g/p has negative degree. O

Applying Lemma 6.1, we conclude as follows.

COROLLARY 7.4. The pair (Py,6p) defines a commutative diagram as in Proposition 6.3. The
image of a is exactly %Siggs(G, Cfixed N SHsiggS(G, Creg -

7.2 Proof of Theorem 1.2

That H *(Bun(Z, C)) acts trivially on H *(Bun(G, C’)) is clear from the complex-analytic con-
struction of Bun(G, C), which realizes the stack as a quotient of an (infinite-dimensional) affine
space by a Lie group (again infinite-dimensional): the space Bun(Z, C') acts on the affine space
of d-operators; hence, the action is homotopically trivial. Thus, assertions (3) and (4) of the
theorem are immediate from assertion (1).

From now on, we fix the pair (P, §y) of the main construction. By Corollary 7.4, the image of

the corresponding morphism Bun(Z, C) — M, (G, C) is M, (G, C)fixed N Mifigs (G C)reg-
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The latter set is both open in Mnggs(G, C)fixeq—because it is the intersection with the open
subset of regular G-Higgs pairs—and closed because it is the image of a proper morphism.
Thus, the image of Bun(Z,C) — Mjij,, (G, C) consists of a union of connected components
of Mifiges(G, O)fixea- The morphism Bun(Z,C) — M. (G, C) being a closed immersion by
Proposition 6.3, we conclude as follows.

Fact 7.5. The morphism Bun(Z, C) — Mij,,, (G, C) determined by (Fp, 6) is a homeomorphism
from Bun(Z, C) onto a union of connected components of M}, (G, C)fixed-

The finite abelian group stack Bun(mg(Z),C)—which is nontrivial by our main as-
sumption that m(Z) is nontrivial—acts on M}, (G, C), inducing compatible actions on
H*( Tiges(G C)) and H*( Higes (G C)fixed)- It follows from Proposition 3.7 that the action of
Bun(m(Z),C) preserves connected components of Bun(G, C), hence by [GO17] preserves con-
nected components of M. (G, C).

Consider the Leray spectral sequence for G,,-equivariant cohomology,

E; " H*( nggs(G C) @) ® HGm (pt Q) == HGm (Mnggs(G7 C)a Q) :
Writing Hg, (pt, Q) = Q[u] and localizing to Q[u*!] transforms the spectral sequence into

By = H* (Miges(G, ). Q) © Hz, (pt. Q)[u™!] = Hg,, (Miigen(G. ), Q) [u™].

Remark 7.6. We note that the mixed Hodge structure on Hg, (pt, Q) [u‘l] is pure; thus, only the
pure part of H* (M, (G, C), Q) contributes to the pure part of HE ( Tiges (G5 C), Q) [u™t].

Applying Propositions 4.6 and 4.2, we know that the spectral sequence abuts to
Hém (Mﬁiggs(Gy C)ﬁxedv @) [U_l] .

The spectral sequence is equivariant with respect to all G,,-compatible automorphisms of
Higgs (G, C), in particular with respect to the Bun(my(Z), C)-action.

LEMMA 7.7. The graded representation H(Em( Tiggs (G O)fixed, Q) [u™!] of Bun(mo(Z),C) con-
tains a copy of Q[Bun(wo(Z),C)] lying in graded degree 0 (and consisting of pure classes for the
mixed Hodge structure).

Proof. The group Bun(m(Z), C) acts freely on mo(Bun(Z, C')); hence, H*(Bun(Z, C'), Q) contains
a copy of the regular representation of Bun(my(Z),C) in degree 0, implying that

Hg, (Bun(Z,0),Q) = H*(Bun(Z,C),Q) © H, (pt)

does as well (here Gy, acts trivially on Bun(Z, C)); hence by Fact 7.5, the same assertion is true
of H(Em ( nggs(G C)ﬁxed7 Q) [ 71] : -

We continue with the proof of Theorem 1.2. Since Hg}m( nggS(G C)fixed; Q)[ _1] can be
obtained by taking iterated Bun(m(Z), C)-equivariant subquotients of H*( Tiges (G C), Q) ®
Hg (pt,Q) [u™1], it then follows that the latter contains a copy of Q[Bun(m(Z),C)] lying in
graded degree 0. Finally, note that for any graded vector space V*, the natural map V* —
1% [uil]o acting by multiplication by v~ on V* is an isomorphism. It then follows from this
observation and Lemma 7.7 that H*( Higes (G5 C), Q) contains a copy of Q[Bun(my(Z),C)], as
desired.
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It remains to prove a similar assertion for the moduli space Mfﬁggs(G (). It follows from Pro-

positions 6.3 and 2.2(iii), Lemma 4.3(ii), and Fact 7.5 that Bun(Z, C) — M, (G, C)®m is a ho-
meomorphism onto a union of connected components of M, (G, C)®m. Since 7o (Bun(Z, C)) =
mo (Bun(Z, €)), we conclude that Bun(mo(Z), C) again acts nontrivially on H*(Mf,..(G, C), Q).
Further, it follows from the functoriality of the Leray spectral sequence that the homomorphism
H* (Mg (G, C), Q) = H*(Mifiges(G, €), Q) must take some nontrivial Bun(my(Z), C')-isotypic
components of the domain (corresponding to part of H O(Mfflggb(G, C)®m)) isomorphically onto
their images. This completes the proof of assertion (1).

The intersection cohomology assertions (2) follow from the same proof applied to I H* rather
than H*: the crucial observation is that the union of connected components given by the image
of Bun(Z, C) lies in the rationally smooth locus of Mnggs(G, ('), where the colimit appearing
in the target of Proposition 4.7 reduces to the singular cohomology of the (smooth) fixed stack
(Miiges (G5 €))fixed. This completes the proof.

Remark 7.8. In light of Remark 7.6, the proof shows that the representation Q[Bun(m(Z),C)]
appears in the pure part of the mixed Hodge structures on the cohomology H* (M. (G, C), Q)
and H*(Mg,,.(G,C), Q).
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