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Del Pezzo surfaces with infinite automorphism groups

Ivan Cheltsov and Yuri Prokhorov

ABSTRACT

We classify del Pezzo surfaces with Du Val singularities that have infinite automorphism
groups and describe the connected components of their automorphisms groups.

1. Introduction

Throughout this paper, we always assume that all varieties are projective and defined over
an algebraically closed field k of characteristic 0.

Automorphism groups of smooth del Pezzo surfaces are well studied (see, for example, [Dol12,
DI09]). In particular, if X is a smooth del Pezzo surface, then Aut(X) is infinite if and only if X
is toric. Moreover, if X is a smooth toric del Pezzo surface, then Aut?(X) can be described
as follows:

K% Aut®(X) Equation & total space
6 G2, UGVoWY = UV1W] P! x P! x P!
7 By x By
8 G2 x GLay(k) UgUY = UV P2 x P!
8 | PGLa(k) x PGLa(k) — P! x P!
9 PGL3 (k) — P2

where G, is a one-dimensional unipotent additive group, Gy, is a one-dimensional algebraic torus,
and By is the Borel subgroup of PGLy(k). In this paper, we prove similar results for del Pezzo
surfaces with at worst Du Val singularities. For short, we call such surfaces Du Val del Pezzo
surfaces. Our main result is the following.

THEOREM 1.1 (Main theorem). Let X be a Du Val del Pezzo surface. Then the group Aut(X)
is infinite if and only if X is described in Table 3 in Section 8.

Everywhere below, the number n° refers to the corresponding surface in Table 3 in Section 8.
As a consequence of our classification we have the following.

COROLLARY 1.2. Let X be a Du Val del Pezzo surface. Then the group Aut(X) is not reductive
if and only if X is one of the 23 surfaces 7°, 14°, 15°, 18, 24°, 25°, 26°, 27°, 28°, 31°, 36, 37°,
389, 399, 42°, 43°, 44°, 45°, 46°, 48°, 49°, 50°, 51°.
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I. CHELTSOV AND YU. PROKHOROV

Thus, the surfaces listed in this corollary are not K-polystable [ABHX21, Mat57], which is
known (see [OSS16]).

COROLLARY 1.3. Let X be a Du Val del Pezzo surface.
(i) If K% =1 and Aut(X) is infinite, then p(X) = 1.
(ii) If K% > 1 and p(X) = 1, then Aut(X) is infinite.
(iil) If K% > 6 or K% =5 and X is singular, then Aut(X) is infinite.

Many particular parts of our classification have been previously studied from different per-
spectives. For examples, the Du Val del Pezzo surfaces admitting an effective action of the
groups G2 and G, x G, have been classified in [DL10, DL15]. The classification of toric Du Val
del Pezzo surfaces is well known for specialists (see, for example, [PR00]). Du Val del Pezzo sur-
faces that admit a faithful action of the group Gy, have been studied in [ADHL15, HHS11, Her14]
in terms of their Cox rings. Moreover, when we were finishing the final version of this paper, we
were informed that Theorem 1.1 has been independently proven in [MS20] using a completely
different approach which also works in positive characteristic.

Note that the complete classification of all Du Val del Pezzo surfaces has been known for a long
time [DuV34, Doll12]. The basic problem is that it is enormous and that choosing surfaces with
infinite automorphism groups typically takes a lot of effort.

Remark 1.4. Almost all surfaces in Table 3 are explicitly given by their defining equations, since
they are not always uniquely determined by their degree and singularities. For example, the cubic
surface in P3 given by

;ng(% + ;U:f + a:% + xpx122 =0
has one singular point of type Dy, its automorphism group is finite, and it is not isomorphic

to the cubic surface 22°, which has the same singularity. Similarly, the quartic surface in the
weighted projective space P(1,1,1,2) that is given by the equation

v = uivl + o' + vyl
is a del Pezzo surface of degree 2 that has one singular point of type Eg. It is not isomorphic to

the del Pezzo surface 11°, which has the same degree and the same singularity. There are more
examples like this: the surface 1° and the sextic surface in P(1,1, 2, 3) given by

Y3 = s + il + usut
are the only del Pezzo surfaces of degree 1 with a singular point of type Eg. They are not

isomorphic. In fact, the latter surface is the only Du Val del Pezzo surface whose class group is Z
that does not appear in our Table 3 (see Remark B.5).

Let us briefly describe the structure of this paper. In Section 2, we present several basic
facts about Du Val del Pezzo surfaces which are used in the proof of Theorem 1.1. In Section 3,
we prove Theorem 3.8, which together with Theorem 1.1 implies the following.

COROLLARY 1.5. Let X be a Du Val del Pezzo surface with K% > 3, and let 7(X) be its
Fano—Welil index. Suppose that 7(X) > 1. Then Aut(X) is infinite.

In Section 4, we prove Theorem 1.1 for del Pezzo surfaces of degree at least 4. Then, in
Sections 5, 6, 7, we prove Theorem 1.1 for del Pezzo surfaces of degree 1, 2, 3, respectively.
In Section 8, we present Table 3. In Appendix A, we describe lines on del Pezzo surfaces that
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DEL PEZZO SURFACES

appear in Table 3 together with the dual graphs of the curves with negative self-intersection
numbers on their minimal resolutions. Finally, in Appendix B, we recall the classification of Du
Val del Pezzo surfaces whose Weil divisor class group is cyclic and present an alternative proof
of Theorem 1.1 for them.

Notation

Throughout this paper, we use the following notation:

w,, is a cyclic subgroup of order n.

G, is a one-dimensional unipotent additive group.
Gy, is a one-dimensional algebraic torus.

B,, is a Borel subgroup of PGL,, (k).

U, is a maximal unipotent subgroup of PGL,, (k).

G, X (n) Gp, is a semidirect product G, and Gy, such that Gy, acts on G, as x — t"x.
This group is isomorphic to the following group:

{(2 t05> € GLy(k) ’t €k* and a Ek},

where n = s — r. Indeed, the required isomorphism follows from

0\ /1 0\ /tr ON' [ 1 0

0 t*/\a 1/\0 ¢ S \at®" 1)
Observe that G, X (0) Gm =Gy X Gy, G, X (1) Gm = B9, and

Ga X (n) Gm = G, X (—n) Gn, -

Therefore, we will always assume that n > 0. If n > 0, the center of G, X () Gy is p,,. This
implies that G, X (ny) Gn =G, X (n2) Gn <= ni1 = tno.
IF,, is the Hirzebruch surface.
P(ay,...,ay,) is the weighted projective space.

For a weighted projective space P(ag, a1, ..., a,), we denote by Yay, Ya,, - - - » Ya, the coordi-
nates on it of weights ag, a1, ..., a,, respectively.

For a variety X, we denote by Sing(X) the set of its singular points.
For a variety X, we denote by p(X) the rank of the Weil divisor class group CI(X).

For a variety X and its (possibly reducible) reduced subvariety ¥ C X, we denote by
Aut(X,Y) the group consisting of all automorphisms in Aut(X) that map Y into itself.

For a surface X with Du Val singularities, Type(X) denotes the type of its singularities.
If Type(X) = D42A;, then Sing(X) consists of a point of type Dy and two points of
type Aj.

For a Du Val del Pezzo surface X, we denote by 7(X) its Fano-Weil index, which is defined
as follows:

7(X) =max{t € Z| —Kx ~tA, where A is a Weil divisor on X}.
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I. CHELTSOV AND YU. PROKHOROV

2. Del Pezzo surfaces with Du Val singularities

Let X be a Du Val del Pezzo surface with d := Kg( Then d is known as the degree of the
surface X. Let p: X — X be the minimal resolution of singularities. Then

Kg~p'Kx,

so that X is a weak del Pezzo surface, that is, the anticanonical divisor —K ¢ is nef and big.

By the Noether formula, d = 10 — p(X) <9, and by the genus formula, every irreducible curve
on X with negative self-intersection number is either a (—1)- or a (—2)-curve. Moreover, one of
the following holds (see [Bre80, HWS81]):

(i) K2 =9and X = X ~P?;

(i) K% =8and X = X ~F;

(ili) K% =8 and X = X = P! x P!;
) Ki =g, X Fy, and X is a quadric cone in P3;
)

K% < 7, and there exists an Aut’(X)-equivariant diagram

X
g Q (2.1)
» s \X’

where ¢ is a suitable contraction of (—1)-curves.

(iv

(v

Moreover, it follows from the Kawamata—Viehweg vanishing and the exponential exact sequence
that the group Pic(X) is torsion-free.

COROLLARY 2.2. Let G be a connected algebraic subgroup in Aut(X). Suppose thatd = K% < 7.
Then G is isomorphic to a subgroup of the following group:

ail 0 0
as1 age 0] € GL3<k) ai; € k, a11 7é 0, ago 7é 0, =2U;sx G?n
az; aszy 1

In particular, the group G is solvable. If G is reductive and non-trivial, then G = G, or G = G2,.
Similarly, if G is unipotent, then G = G, or G = G2 or G = Us.

Proof. This follows from the fact that the diagram (2.1) is G-equivariant. O

EXAMPLE 2.3 ([CT88, Proposition 8.1]). Suppose that d = 7 and X is singular. The surface X
is unique. The morphism ¢ is the blow-up of two points, X contains a unique (—2)-curve, and
Type(X) = A;. The surface X contains two (—1)-curves. The dual graph of the curves with
negative self-intersection numbers has the form

(e]

where e denotes a (—1)-curve and o denotes the (—2)-curve. Using (2.1), we see that
Aut’(X) = Aut (P?,¢, P) = B3,

where £ is a line on P2 and P is a point in ¢. Note that X is the surface 48°.

The type Type(X) does not always determine the dual graph of curves with negative self-
intersection numbers in X. However, this graph is always determined by the type Type(X) and
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the number of (—1)-curves in X. In the following, we denote by #(X) the number of (—1)-curves
in the surface X.

EXAMPLE 2.4. If d = 6 and Type(X) = Ay, then X is one of the surfaces 45° or 46° in Table 3. If
X is the surface 45, then #(X) = 3. On the other hand, if X is the surface 46°, then #(X) = 4.
The dual graph of curves with negative self-intersection numbers in X is given in Appendix A.

Using the Riemann—Roch formula and Kawamata—Viehweg vanishing, we get dim |-K x| = d.
Let ®: X --» P9 be the rational map given by |—Kx/|. The linear system |—K x| does not have
fixed components, and it contains a smooth elliptic curve (see [Dem80]). Using this fact, one can
prove the following.

THEOREM 2.5 ([Dem80, HW81]). The following assertions hold:

(i) If d > 2, then |—Kx| is base point free, so that ® is a morphism.
) If d > 3, then —Kx is very ample, so that ® is an embedding.
) Ifd = 3, then ®(X) is a cubic surface in P3.
(iv) Ifd > 4, then ®(X) is an intersection of quadrics in P9,
)

If d = 2, then ® is a double cover that is branched over a possibly reducible quartic curve,
so that X is a hypersurface in P(1,1,1,2) of degree 4.

(vi) Ifd =1, then |- Kx| is an elliptic pencil, its base locus consists of one point O ¢ Sing(X),
and every curve in |—K x| is irreducible and smooth at O.

(vii) Ifd =1, then |-2Kx| defines a double cover X — P(1,1,2) branched over a sextic curve,
so that X is a hypersurface in P(1,1,2,3) of degree 6.

The number of (—1)-curves in X is finite.

DEFINITION 2.6. An irreducible curve L C X is a line if L = pu(L) for a (—1)-curve L C X.

If d > 3, then lines in X are usual (projective) lines in ®(X) C P¢. Conversely, if d > 3, then
lines in ®(X) are lines in the sense of Definition 2.6. Moreover, if d = 2, then lines in X are
smooth rational curves. Furthermore, if d =1 and L is a line in X, then

— either L is singular curve in |—Kx| such that Sing(L) C Sing(X),

— or L is a smooth rational curve that does not contain the base point of the pencil |-Kx|.
Note that #(X) is the number of lines in X. Then #(X) > 0 unless X is P2, P! x P!, or P(1,1,2).
LEMMA 2.7. Assume that d > 3. Let P be a point in X, and let #(X, P) be the number of lines
in X passing through P.

(i) If P € X is smooth, then

3 ifd=3,
#(X’P)<{2 ifd>4.
(ii) If P € X is singular, then
6 ifd=3,
#(X,P)< 4 ifd=4,
3 ifd=>5.
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I. CHELTSOV AND YU. PROKHOROV

Proof. Let Ly, ..., L, be all the lines on X passing through P, and let Tp x C P? be the embedded
tangents space to X at the point P. Then

-
ULicxnTex.
i=1
If P € X is a smooth point, then dimTp x = 2, so that » < d. Moreover, if d > 4, then r < 2
because X is an intersection of quadrics in this case. Thus, we may assume that P is a singular
point of the surface X. Then dimTp x = 3 since P is a Du Val singular point of the surface X.
Hence, if d > 4, then r < 4 because X is an intersection of quadrics in this case.

Suppose that d = 3. We may assume that P = (0:0:0:1). Then X is given in P3 by
z3q2(%0, ¥1, T2) + q3(z0, T1,22) = 0,
where ¢ and g3 are homogeneous forms of degree 2 and 3, respectively. Then the (set-theoretic)

union of the lines Ly, ..., L, is given by the system of equations g2 = g3 = 0, so that r < 6.

To complete the proof, we may assume that d > 5. We only consider the case d = 5 since the
proof is similar in the remaining cases. Let us show that r < 3. To do this, suppose that r > 4.
Let us seek a contradiction.

Let @ be a point in X that is not contained in any line in X (it exists since #(X) is
finite). Keeping in mind that the Zariski tangent space of the surface X at the point P is three-
dimensional, we conclude that there exists a hyperplane H in P° that contains the lines Ly, Lo,
L3, L4 and the point (. Then

4
Hl,=C+)Y L,
=1

where C is a curve in X that passes through @. Counting degrees, we see that deg(C') < 1, so
that C' is a line, which contradicts the choice of the point Q). O

LEMMA 2.8. Suppose that d < 7. For any singular point of X, there is a line passing through it.

Proof. The required assertion follows from the existence of the diagram (2.1). O

Since the Du Val singularities are Q-factorial, p(X) is equal to the rank of the Weil divisor
class group CI(X).

LEMMA 2.9. Suppose that d < 7. Then the following assertions hold:

(i) The group Cl(X) is generated by the classes of lines in X.

(ii) Let C1(X )tors C CI(X) be the torsion subgroup, and let n be the order of the group Cl(X )tors-
There is a Galois abelian cover w: Y — X of degree n which is étale outside of Sing(X),
where Y is a Du Val del Pezzo surface such that K3 = dn, so that n < 9/d.

(iii) If p(X) =1 and X contains two distinct lines L and L', then L o L' and L ~g L.
(iv) Every extremal ray of the Mori cone NE(X) is generated by the class of a line.
(v) For every effective divisor D € Cl(X), there are ag, a1, ...,a, € Zxq such that

.
D ~ag(—Kx) + Z a;L;,
i=1

where Ly, ..., L, are lines in X, r = #(X), and a9 =0 if d # 1.
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Proof. Assertion (ii) follows from a well-known construction; see, for example, [Rei87, § 3.6].

To prove assertion (iii), observe that L ~g L’ because the numerical and Q-linear equivalences
on the surface X coincide. But L # L’ because otherwise, X would contain a pencil of lines,
which contradicts #(X) < oo.

Assertion (iv) follows from Lemma 2.12 below.

Let us prove assertion (v). Let D be the proper_transform on X of the divisor D. To prove
assertion (v), it is sufficient to show that the divisor D is rationally equivalent to a convex integral
linear combination of (—1) and (—2)-curves (and -K5 ifd=1).

We may assume that D is an irreducible curve.

Let us use induction on dim ‘5} If dim ‘5‘ = 0, then D is either a (—=1)- or a (—2)-curve
by the Riemann—Roch formula and Kawamata—Viehweg vanishing. This is the base of induction.

Suppose that dim ‘IN)‘ > 1 and the required assertion holds for any effective divisor D' on X
such that dim ‘INJ" < dim ’15’ Observe that D is nef. Thus, if D? = 0, then ‘IND‘ is base point
free and gives a conic bundle X — P!, which must have at least one reducible fiber, because
p(X ) > 3. Hence, if D? = 0, then we can proceed by induction. Thus, we may assume that
D? > 1.

If p is not ample, then X contains an irreducible curve C such that D-C = 0, which implies
that C? < 0 by the Hodge index theorem, so that C? = —1 or C? = —2, which gives

dlm’D C‘ dlm‘D‘ —-120.
Hence, if D is not ample, then there exists an effective divisor D’ such that D ~ D'+ C , SO that
we can proceed by induction. Therefore, we may assume that D is ample

Suppose that D~ —K5 and K?( 2. Then for any (—1)-curve C on X, we have

dim|D — C| > dim |D| -2 >0,
so that there is an effective divisor D’ such that D ~ D' 4+ C , and we can proceed by induction.

Finally, we assume that D is ample and D 7% —Kg. There is an a € N such that D +aK %

is nef but not ample because the Mori cone of the surface X is generated by (—1)-curves and
(—2)-curves. Now using the Riemann-Roch formula and Kawamata-Viehweg vanishing, we see
that the linear system |D + aK 5 5| contains a divisor D', so that

D~D —aK %1
where D' and —K 5 are both decomposable in the required form. ]

COROLLARY 2.10. One has #(X) > p(X). Moreover, if #(X) = p(X), then Cl(X) is torsion-free

and every line in X generates an extremal ray of the Mori cone NE(X).

COROLLARY 2.11. Suppose that d < 7 and X admits a faithful G2-action. Then #(X) = p(X).
Moreover, the complement of the open orbit coincides with the union of all the lines.

Proof. Let U be the open G2-orbit, let U=upYU), U= go(ﬁ), B=X\U,B=X\U, and
B=P2\U. Then

UxU U A2,
so that the curve B must be a line. Then B has p(X ) components, and B has p(X) components.

Since all (—1)-curves on X are contained in B, we see that all the lines in X are contained in B.
This gives #(X) < p(X). But #(X) > p(X) by Corollary 2.10. O
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Observe that a line L on the surface X generates an extremal ray of NE(X) if and only if
L? <.

LEMMA 2.12 ([Mor85, Proposition 1.2], [Pro01, §7.1]). Let V' be a surface that has Du Val
singularities, and let v: V' — Y be an extremal Mori contraction. Then

(i) either v is a weighted blow-up of a smooth point in Y with weights (1,n), the exceptional
curve E is smooth and rational, one has E?> = —1/n, and E N Sing(V) consists of one point
which is of type A,,_1 on V;

(ii) or % is a conic bundle, one has —Ky - F = 2, and F,eq = P! for any its scheme fiber F, and
if F' is not reduced, then one of the following three cases holds:

— F N Sing(V) consists of two singular points of type Ay;
— F N Sing(V) consists of one singular point of type Ags;
— F N Sing(V) consists of one singular point of type D,,, where n > 4.

In case (i), we say that ¢ is a (1,n)-contraction.

Applying this lemma to our Du Val del Pezzo surface X, we get the following.

COROLLARY 2.13. Let E be an irreducible curve on X such that E? < 0. Then E is a line on X
and E is an exceptional divisor of a (1,n)-contraction for some n > 1.

COROLLARY 2.14. Suppose that there exists a birational morphism 1: X — Y that is a (1,n)-
contraction, and let £ be the exceptional curve of the morphism 1. Then

— the point ¢ (F) is a smooth point of the surface Y;

— Y is a Du Val del Pezzo surface, K& = d+n, and p(Y) = p(X) — 1;

— the point (F) is not contained in a line in Y.
COROLLARY 2.15. Let ¢: X — Y be a contraction of a proper face of the cone NE(X). Then

— either the morphism 1 is birational, Y is a Du Val del Pezzo surface, and 1 contracts
a disjoint union of lines on the surface X;

— or the morphism 1) is a conic bundle and Y = P*.

If a del Pezzo surface X is smooth and p(X) > 2, then X always admits a conic bundle
contraction. However, this is not always the case if X has Du Val singularities.

LEMMA 2.16. Let X be a Du Val del Pezzo surface of degree d with p(X) > 2.

(i) Assume that d = 3. Then there exists a conic bundle structure v»: X — P! if and only if X
contains a line L that is contained in X \ Sing(X).

(i) Assume that d = 4. Then there exists a conic bundle structure v: X — P! if and only if
there is a double cover m: X — P! x P! branched over a curve of degree (2,2).

Proof. If d = 3, then X is a cubic surface in P3, so that every conic bundle ¢: X — P! is given by
the linear projection from some line in X that does not contain singular points of the surface X,
so that X admits a conic bundle contraction if and only if such a line exists.

Assume that d = 4. If there is a double cover X — P! x P! branched over a curve of deg-
ree (2,2), then composing it with a projection to one of the factors, we obtain the required conic
bundle. Thus, we may assume that there exists a conic bundle 1: X — P!. Let C be its
general fiber. Then |—~Kx — C| is base point free and gives another conic bundle ¢': X — P!
Let m = x /. Then 7: X — P! x P! is the required double cover. O
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3. The Fano—Weil index of Du Val del Pezzo surfaces
Recall from Section 1 that 7(X) is the Fano—Weil index of a del Pezzo surface X.
LEMMA 3.1. Let X be a Du Val del Pezzo surface with p(X) = 1 and K% > 3. Then 7(X) = K%.

Proof. Let d :== K% and D := Kx + dL, where L is a line on X. If D ~ 0, then we are done.
Thus, we may assume that D ¢ 0. Since D ~q 0, the divisor D is non-trivial torsion in CI(X).
Let n be its order. Then

2<n<

by Lemma 2.9, so that either d = 3 or d = 4.

Suppose that d = 4. Then either Type(X) = A32A; or Type(X) = D5 by [CT88, Proposi-
tion 6.1]. In the former case, we see that 4L is a Cartier divisor, so that D ~ 0 since Pic(X)
is torsion-free. In the latter case, L is the unique line in X by [CT88, Proposition 6.1], so that
D ~ 0 by Lemma 2.9. Thus, in both cases we obtain a contradiction with our assumption that
D # 0.

Thus, we see that d = 3. Then either n = 2 or n = 3. If n = 2, we have

Kx +3(L+D)~4Kx +12L ~ 4(Kx +3D) ~0,

so that 7(X) = 3. If n = 3, then X = P2/u; by Lemma 2.9, which implies that Type(X) = 3A..

In this case, the divisor 3L is Cartier, which gives D ~ 0 because Pic(X) is torsion-free. O

The number 7(X) divides the degree d of the del Pezzo surface X, so that 7(X) =1ifd = 1.
If d > 2, then the Fano—Weil index 7(X) is closely related to the following notion.

DEFINITION 3.2. A del Pezzo surface X is said to be weakly minimal if X does not contain lines
that are contained in the smooth locus of the surface X.

Remark 3.3. If X is a weakly minimal Du Val del Pezzo surface and ¢: X — Y is a birational
contraction, then Y is also a weakly minimal Du Val del Pezzo surface by Corollary 2.14.

Now, we prove the following result.
PROPOSITION 3.4. Let X be a Du Val del Pezzo surface, and let d := K%.
(i) If 7(X) =d, then d < 6 and X is a hypersurface in P(1,2, 3, d) of degree 6 given by

Y3 + 3 + Myiyz + Aoyt + yad(y1, vz, ya) = 0,
where ¢ is a polynomial of degree 6 — d and \; and Ay € k are such that 4)\3 + 27\3 # 0,
(i) If 7(X) = d/2, then X is a hypersurface in P(1,1,2,d/2) of degree 4 given by
Y5 + iy (1 — ) (v — M) + 230 (y1, 91, w3) = 0,
where ¢ is a polynomial of degree 4 — d/2 and X € k is such that X\ # 0 and A # 1.
(ili) If d =6 and 7(X) = 2, then X is a hypersurface in P(1,1,1,2) of degree 3 given by
(1, vhs vY) + y20(u1, 95, 91) = 0,

where 1 and ¢ are polynomials of degree 3 and 1, respectively.

Proof. Let us only prove assertion (i) since assertions (ii) and (iii) can be proved similarly. Let C'
be a general curve in |[-Kx|. Then C is a smooth elliptic curve (see, for example, [Dem80]).
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Suppose that 7(X) = d. Then —Kx ~ dA, where A is a Weil divisor on X. Consider the natural
homomorphism of graded algebras

O :R(X,A) =P H (X, Ox(nd)) — P H(C, Oc(nA)) = R(C, A).
n=0 n>0

By the Kawamata—Viehweg vanishing, it is surjective. Note that 0c(A) is a line bundle of
degree 1. It is well known that R(C, A) is generated by three elements g1, 72, y3 with degy; =1
such that

s + U3 + My + gl =0
for some A1 and Ay in k such that 4\3 +27\3 # 0. The kernel of ® is generated by a homogeneous

element y, of degree d. Take arbitrary elements y1, yo2, and y3 in R(X, A) such that ®(y;) = ;.
Then R(X, A) is generated by y1, y2, y3, and yg. This gives us an embedding

X = PI‘Oj (R(X7 A)) — PI’Oj (k[y17y27y37yd]) = P(lv 27 37 d) ;

whose image is given by an equation of the required form. O

Remark 3.5. The embedding of the surface X described in Proposition 3.4 is almost canonical.
It only depends on the choice of the divisor class A € C1(X) such that —Kx ~ 7(X)A, which is
uniquely defined modulo 7(X)-torsion. Thus, this embedding is Aut’(X)-equivariant.

Using Proposition 3.4, we can describe many del Pezzo surfaces.

ExXAMPLE 3.6. Suppose that d = 3, 7(X) = 3, and Type(X) = 2A5. Using Proposition 3.4,
we see that X is a hypersurface in P(1,2, 3, 3) of degree 3 that is given by

ysyh = y2(v2 — v3) (y2 — Myi)
where A € k '\ {0, 1}.

EXAMPLE 3.7. Suppose that d = 4, 7(X) = 2, and Type(X) = 2A;. Using Proposition 3.4, we
see that X is a hypersurface in P(1,1,2,2) of degree 4 that is given by

yays = y1v1(y1 — 1) (1 — Ay
where A € k '\ {0, 1}. This surface is known as the Iskovskikh surface (see [KST85]).

Similarly, we can use Proposition 3.4 to prove the following result.

THEOREM 3.8. Let X be a Du Val del Pezzo surface, and let d := Kg( Suppose that d > 3 and
7(X) > 1 and that the surface X is singular. Then X is a hypersurface in a weighted projective
space P corresponding to one of the possibilities in Table 1 below:

Proof. The required assertion follows from Proposition 3.4. Let us show this in the case d = 3.
Suppose that d = 3 and 7(X) > 1. Observe that 7(X) must divide d. Thus, we have 7(X) = 3.
By Proposition 3.4, the surface X is a surface in P(1,2,3,3) given by

Y3+ ys + Mytye + dayd + X323 + Mazzyiyz + Aszzyl =0

for some A1, Ao, A3, Ay, and A5 in k. If A3 # 0, then completing the square, we reduce this equation
to the defining equation of one the surfaces 169, 21°, or 23°. Thus, we may assume that A3 = 0.
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TABLE 1.

Ne d p Type T P Equation of X
23° 3 2A5 see Example 3.6
21° | 3 2 2A5A; 3 | P(1,2,3,3) | ysyh =13 (y2 +4})
16° 1 3A, Y35 = Y5
18° 2 As y3 = us + 8 + viyayh
15° 1 AsA, Y3 = Y5 + ysy1ye
14° 1 Eg Y3 = Y3 + Yy}
28° 2 AzAq Y3 = Yo + Yova
250 | 4 1 A52A, 4 | P(1,2,3,4) Y3 = Y2ya
240 1 Ds Y3 =5 + i
35° 4 2A4 see Example 3.7
340 3 3A, P(1,1,2,2) | yayh = yivi () +v1)
30° 2 47, Yyauh = Y1y
29° | 4 2 A92A, 2 yath = Y3y
31° 3 A, y3 = yhyh +yi +yit
26° 2 I Y5 = yhyi + ui
36° 5 1 Ay 5 | P(1,2,3,5) Y2 +ys +y1ys =0
420 1 AsA, 6 P(1,2,3) —
45° 6 3 A 2> | B1.12) ylye = y1v) (y1 — ¥))
440 2 924, yiye = yiy,
43° 2 Ag 3 | P(1,1,2,3) y1ys = y3 — yi!
500 | 8 1 Ay 4 P(1,1,2) —

If \y # 0, then we can use a coordinate change z3 + awz3 + By} and yo — yy2 + 09°
for appropriate «, 3, 7, and § in k to reduce our equation to

Y3+ ys + Aoyl + 23y192 = 0.

If Ay = 0, this equation defines the surface 15°. On the other hand, if Ay # 0, we can scale the
coordinates to get Ay = 1, so that we obtain the defining equation of the surface 18°.

We may assume that A3 = Ay = 0. If A5 = 0, then X has a non-Du Val singularity at
(0:0:0:1), so that A5 # 0. Then we reduce our equation to the defining equation of the
surface 14°. O

Remark 3.9. Using Theorem 3.8, we can easily obtain the anticanonical embedding of the sur-
face X < P?. For instance, if d = 3 and 7(X) = 3, the map P(1,2,3,3) --+ P3 given by

(yi:y2:ys:us) — (U5 yaya s 1 yh)
defines an embedding X — P2, so that X is a cubic in P? given by
23° wowors = x1(r1 — x0)(21 — Axp), where A € k\ {0, 1};
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21° xogxox3 = x‘f + ajox%;

16° zgxroxs = x:f;

18° 2 _ .3 3 .
ToTy = T] + T + Tox3T1;

15° xomg = x:{’ + xox371;

2 _ .3 2
149 moxs = 27 + 237§

If X is not weakly minimal, then 7(X) = 1. In particular, if the del Pezzo surface X is smooth,
then 7(X) = 1 unless X = P2 or X = P! x P'. However, if X is weakly minimal and d > 2,
we cannot immediately conclude that 7(X) > 1. Let us present two examples.

EXAMPLE 3.10. Let X be a quintic del Pezzo surface with p(X) = 2 admitting a conic bundle
contraction 11 : X — PL. It is easy to see from Lemma 2.12 that Type(X) = A3 and the second
extremal contraction is a birational (1,4)-contraction ¢5: X — P2. Then X is weakly minimal.
We have an Aut(X)-equivariant morphism 1 = (1,12): X — P! xP? that is finite and birational
onto its image, which is given by

¢ (vo, v1, up, ur,uz) =0,

where ¢ is a bihomogeneous polynomial such that its degree with respect to vg, v1 equals 1, and
its degree with respect to wug, u1, us equals 2 since vy is birational, 1 is a conic bundle, and
p(X) = 2. Let P be the singular point of the surface X, and let F' be the fiber of ¢; that passes
through P. We may assume that ¢)(P) = (1:0; 0:1:0). Since F' is a multiple fiber of the conic
bundle 1, we may assume that F' is given by u% = 0. Then

¢ = ujv0 + q(uo, ur, uz)v1

where ¢ is a quadratic form of rank 3. Changing coordinates, we may assume that ¢ = u +ujus,
so that X is the surface 37°. Let 7 = 7(X), and let A be a Weil divisor on X such that —Kx ~ TA.
Then 5 = Kg( =—7Kx-Aand 2= —-Kx-C =7A-C, where C is a general fiber of the conic
bundle 1. Since Kx - A and A - C are integers, we have 7 = 1.

EXAMPLE 3.11. Let X be a Du Val cubic surface in P? with Type(X) = A4A;. Then p(X) = 2,
and it follows from [BW79] that X is unique up to isomorphism and can be given by the equation

ToToT3 + a:%xl + Z‘%Jig =0,
so that X is the surfaces 19°. Observe that X contains exactly four lines
Li={zxg=21=0}, Lo={x1=23=0}, Ly={z1=22=0}, Ls={xg=u1z3=0}
and —Kx ~ Ly + Lo+ L3 ~ 2Ly + Ly ~ 4Ly — Ly. Then CI(X) = Z[L;] ® Z[Ls] and 7(X) = 1.

Thus, the surfaces 199 or 37° are weakly minimal, and their Fano—Weil index is 1. On the
other hand, we have the following result.

THEOREM 3.12. Let X be a Du Val del Pezzo surface, and let d := K)Q( Suppose that X is
weakly minimal, d > 3, and 7(X) = 1. Then X is one of the surfaces 19° or 37°.

Proof. Observe that p(X) > 2 by Lemma 3.1. First, let us consider the case where p(X) = 2.
In this case, the Mori cone W(X ) is generated by two lines L; and Ly such that L; N Ly # @.
Without loss of generality, we may assume that L? > L3. Then

—Kx ~g a1Ly + asls
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for some a1 € Qsg and as € Qs¢. Since —Kx - L1 = —Kx - Ly =1 and K_?{ =d, we get

a1 +as=d,
OélL% +aoly-Lo=1, (313)
o1l - Loy —|—012L% =1.

Let ¢1: X — Y7 and 9¢9: X — Y5 be the contractions of the extremal rays that are generated
by the lines L1 and Lo, respectively.

Assume that 1 is a conic bundle. Since X is weakly minimal, by Lemma 2.16(i) we have
d > 4. In particular, we see that the anticanonical model of the surface X is an intersection
of quadrics. Let C be a general fiber of 1. Then C; - Ly =1 and Cy ~ 2L;. Hence, Ly - Ly = %
and L? = 0. Then (3.13) gives az = 2, a1 = d—2, and L2 = 1 —d/4. To proceed, we may assume
that d < 6. If d = 5, then L% = —% and 19 is a (1,4)-contraction by Lemma 2.12, so that X is
the surface 37°. If d = 6, then ay = 4, L3 = —%, and 15 is an (1,2)-contraction. Then 4Ly + 2Ly
is a Cartier divisor, so that

—Kx ~4L1 +2L5 = 2(2L1 + Lg) ,

which is impossible since 7(X) = 1. Finally, if d = 4, then L3 = 0 and 5 is also a conic
bundle. Since 2L, + 2Ly is Cartier, we have —Kx ~ 2L; + 2L and so 7(X) > 1, which gives a
contradiction.

Thus, we may assume that both ¢ and 9 are birational.

Each line L; and Ly contains exactly one singular point of the surface X by Lemma 2.12.
Let Py be the singular point contained in L, and let P> be the singular point contained in Ls.
By Lemma 2.12, the points P; and P, are singular points of types A,, and A,,, for some positive
integers n; and no. Then

_m +1
by Lemma 2.12, so that ny > ng > 1.

Suppose that P; # P,. Then L1 N Lo is a smooth point of the surface X, so that L1 - Ly = 1.
Then (3.13) gives

ar+ax=d,
—a; +az(ni+1)=n;+1,
ar(ne+1)—ag=ng+1.
Also note that d + nq + ny < 8 since p()?) = 10 — d. Eliminating aq and aq, we get
d(ning +ng +ny) = 2ning + 3ng + 3ng + 4.
This give us the following solutions:
—d=4,n=n=1 a1 =0 =2, —Kx ~q 2(L1 + L2),
—d=3,n=ny=2, a1 = =3/2, —-Kx ~q %(Ll + Lo),
—d=3,n1=4,np=1, Type(X) = AyA1, a1 = 2, ap = 3, —Kx ~q 3(5L1 + 4Ly).

If d = 4, then 2(L; + Lg) is a Cartier divisor, which gives —Kx ~ 2(Lj+ Lg), which is impossible.
If d =3 and ny = ne = 2, then X is a cubic surface in P3, so that X contains a line L such
that L passes through P and P», and —Kx ~ L1 + Lo + L, which gives —Kx ~g 3L because
—Kx ~q %(Ll + Lo). In this case, the divisor 3L is Cartier, so that — Ky ~ 3L, which contradicts
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7(X) = 1. Thus, we conclude that d = 3, ny = 4, and ng = 1. Then X is the surface 19°. Hence,
to proceed, we may assume that P, = P».

Let n = ny = ng. Then L? = L% = —1/(n + 1). Moreover, we have Ly - Ly = k/(n + 1) for
some k € Z~g. Then (3.13) gives a1 = ag = d/2 and 2(n + 1) = d(k — 1), so that

—Kx ~q %d(Ll + Lo).

Also note that d + n < 8 since p(X) = 10 — d. Then d # 5 and d # 7 because 2(n + 1) =
d(k — 1). Likewise, if d = 6, then n = 2, so that —Kx ~q 3(L1 + L2) and CI(X) is torsion-free
by Lemma 2.9, which gives —Kx ~ 3(L1+ L2), which contradicts 7(X) = 1. Hence, either d = 3,
or d = 4.

Suppose that d = 4. Then n = 3 because 2(n + 1) = d(k — 1) and d +n < 8. Since p(X) =2,
we see that X has a singular point of type A;. On the other hand, we have —Kx ~q 2(L1 + L2).
Since 7(X) = 1, we have —Kx ¢ 2(L1 + Lg), so that Kx + 2(L; + L2) is a non-trivial torsion
element in C1(X). Now, applying Lemma 2.9, we obtain a double cover 7: Y — X that is étale
outside of the point Lj N Ly. Then Y is a del Pezzo surface of degree 8 that contains two singular
points of type A1, which is absurd. This shows that d # 4.

Therefore, we see that d = 3. Since 2(n+1) = d(k—1) and d+n < 8, we have n = 2 or n = 5.
Since X is a cubic surface in P3, it contains a line L such that

—Kx~Li+Ls+ L,

so that L ~q %(Ll + L) because —Kx ~q %(Ll + Ly). This gives —Kx ~qg 3L. But —Kx + 3L.
In particular, we have n # 2 because 3L is a Cartier divisor if n = 2. We conclude that n = 5.
Now, using Lemma 2.9, we conclude that there is a finite Galois cover w: Y — X of degree r > 2
which is étale outside of the point L1 N Lo. Here, r is the order of the torsion divisor Kx + 3L.
By construction, the surface Y is a del Pezzo surface of degree rd, so that either r = 2, or r = 3.
If r = 3, then Y = P2 which is impossible since p(Y) > p(X) = 2. Thus, we have r = 2.
Then

—Kx ~3L—(Kx+3L)~3L— (Kx+3L)+4(Kx +3L)~3L+3(Kx +3L)
~3(Kx +4L),

which is impossible since 7(X) = 1. The obtained contradiction shows that p(X) # 2.

We see that p(X) > 3 and X is singular. Then d < 6.

Let ¥: X — Y be an extremal Mori contraction. Since p(X) > 3, the morphism ¥ is bira-
tional, so that v is a (1, m)-contraction of a line L C X by Lemma 2.12. Then Y is a weakly
minimal Du Val del Pezzo surface such that K& = d + m with p(Y) = p(X) — 1 > 2 (see
Remark 3.3). In particular, we have d + m # 7 because a Du Val del Pezzo surface of de-
gree 7 is not weakly minimal (see Example 2.3). Note that m > 2 since X is weakly mini-
mal.

Consider the case d = 6. Using the Noether formula, we see that p(X) = 3 and Type(X) = A;.
Then m = 2, K% =8, and p(Y) = 2, so that Y 2 P! x PL. Then Kx ~ ¢*Ky + 2L is divisible
by 2, which gives a contradiction. Thus, we have d # 6.

Consider the case d = 5. Since d+m # 7, we have m > 2. Then p(X) = 3 and Type(X) = Ay
by the Noether formula, so that X is not weakly minimal by [CT88, Proposition 8.5]. This
contradicts our assumption.

Consider the case d = 4. Then m # 3 since d + m # 7. If m > 3, it follows from the Noether
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formula that m = 4, p(X) = 3, and Type(X) = A3, so that Y = P! x P!, which gives
—Kx ~2(F + B),

where Fy and F are proper transforms on X of the curves in Y of bi-degree (1,0) and (0,1),
respectively, that contain ¢ (L). This contradicts our assumption 7(X) = 1. So, we see that all
extremal contractions on X are birational (1,2)-contractions. Then 7(Y) > 1 since we already
dealt with sextic del Pezzo surfaces. By Theorem 3.8, we see that Y is one of the surfaces 45°,
44°,43°. I Y is the surface 43°, then it has a birational (1, 3)-contraction, so that X also has a
birational (1, 3)-contraction by Corollary 2.14, which gives a contradiction. Then Y is one of the
surfaces 45 or 44°. By Lemma 2.9(i), we have

S
—Ky ~ 2 Z aiMZ-
=1

for some lines M, ..., M on the surface Y and some integers ay, ..., as. Since ¥ (L) is a smooth
point of Y that does not lie on a line by Corollary 2.14, we obtain

S S
Ky NQZai]\Z—2L~2<Zai]\Z—L>,
=1

i=1
where M; is a proper transform on X of the line M;. This contradicts our assumption 7(X)=1.
Finally, we consider the case d = 3. Then m # 4 since d+m # 7. Moreover, since X is weakly

minimal, there exist no dominant morphisms from X to a curve by Lemma 2.16(i), and the same
holds for Y. Using this, we conclude that m # 5. Thus, we have the following possibilities:

— either K%/ =5 and m = 2,

— or K¢ =6 and m = 3.
Moreover, if K2 = 5, then Y is not the surface 37° because del Pezzo surface 37° admits a dom-

inant morphism to P! (see Example 3.10). Therefore, we conclude that 7(Y) > 1 because we
already dealt with weakly minimal Du Val del Pezzo surfaces of degrees 5 and 6.

Now, using Theorem 3.8, we see that K2 # 5 because p(Y) > 1. Therefore, we have K2 = 6.
Then Y is the surface 43°, 44°, or 45°, again by Theorem 3.8. If Y is the surface 44°, then

vy
vy Y2
on the surface Y, so that the map Y --» P! given by
(i:9h o) s ye) — (o) = (v7 o)

is a morphism, which gives a contradiction. Similarly, we obtain a contradiction when Y is the
surface 45° because the map Y --» P! given by

(y1: 95 o y2) — (1 91) = (W (W) + ) ye)

is a morphism in this case. Thus, we see that Y is the surface 43°. Then X is a cubic surface
such that Type(X) = 2A5. Now, using [BW79], we conclude that X is one of the surfaces 237,
so that 7(X) = 3 by Theorem 3.8, which contradicts our assumption. O
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4. The proof of Theorem 1.1: Higher-degree cases

Let X be a Du Val del Pezzo surface of degree d whose automorphism group Aut(X) is infinite.
If d > 8, then X is P2, P! x P!, Fy, or P(1,1,2). In each of these cases, the corresponding
automorphism group is well known and listed in Table 3 (cases 53°, 52°, 519, 50°, respectively).

If d < 7, we have an Aut’(X)-equivariant diagram (2.1). If d = 7, then X is one of the del
Pezzzo surfaces 48° and 49°, and the morphism ¢ in (2.1) is a blow-up of two (possibly infinitely
near) points. From this we obtain the following.

LEMMA 4.1. Let X be a Du Val del Pezzo surface of degree 7, and let U be the complement in
the surface X of the union of all lines. Then Theorem 1.1 holds for X, the subset U is the open
orbit of the group Aut(X), and U = A2

All del Pezzo surfaces of degree 6 have infinite automorphism groups, so that all of them
appear in our Table 3. These are the del Pezzo surfaces 42°, 43°, 44°  45° 46°, and 47°. Going
through these six cases one by one, we obtain the following.

LEMMA 4.2. Let X be a Du Val del Pezzo surface of degree 6, and let U be the complement
in the surface X of the union of all lines. Then Theorem 1.1 holds for X, the subset U is the
open orbit of the group Aut®(X), and U = A? in the cases 42°, 43°, 44°, and 45°.

Proof. 1f X is the surface 477, then ¢ in (2.1) is a blow-up of three distinct non-collinear points,
so that X is toric and Aut®(X ) = G2,. Likewise, if X is the surface 45°, then ¢ is the blow-up
of three distinct collinear points in P2. Using this, it is not hard to see that Aut’(X) = G2 x Gy,
in this case.

For infinitely near points, we use the notation of [Dol12]. If X is the surface 42°, then the
morphism ¢ is the blow-up of three infinitely near collinear points P, < P, < Ps in the plane P?
in the notation of [Dol12], which implies that Aut’(X) = Bs. Similarly, if X is the surface 43,
then ¢ is the blow-up of three infinitely near non-collinear points P, < P» < Ps, which implies
that Aut®(X) 22 Uz x Gp,. If X is the surface 44°, then ¢ is the blow-up of three collinear points
Py, P, and Ps such that the points P; and P, are distinct and P3 > P;, which implies that
Aut’(X) = By x By. Finally, if X is the surface 46, then ¢ is the blow-up of three non-collinear
points Py, P», and P such that P; and P» are distinct but P; > P;. Hence, in this case, we have
Aut®(X) =2 By x G-

The last assertions follow from Corollary 2.11 in the cases 42°, 43°, 44°, and 45°, and it
follows from Lemma 4.1 in the cases 46° and 47°. O

Similarly, all singular del Pezzo surfaces of degree 5 also have infinite automorphism groups.
These are the surfaces 36°, 379, 38°, 399, 40°, and 41° in Table 3.

LEMMA 4.3. Let X be a Du Val del Pezzo surface of degree 5, and let U be the complement in the
surface X of the union of all lines. Then Theorem 1.1 holds for X, the subset U is the open orbit
of the group AutO(X) in the cases 36°, 37°, 38°, 39°, 40°, and U = A? in the cases 36° and 37°.

Proof. 1f X is weakly minimal and 7(X) > 1, then X is the surface 36° by Theorems 3.12 and 3.8.
Then the group Aut’(X) consists of the transformations that send the point (y : y2 : y3 : y5) to

(y1 : t2y2 + ay% : t3y3 + byi)’ + cy1y2 :t6y5 — (a3 + b2)yi’ - (3a2t2 + 2bc)yi)’y2
— 2bt3ytys — (3at* + A)y1ys — 2ct®yays)
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where t € k* and a, b, ¢ € k. This gives Aut’(X) = U? x Gy, (cf. Corollary 2.2; see Corol-
lary B.8).

If X is weakly minimal and 7(X) = 1, then X is the del Pezzo surface 37° by Theorem 3.12,
and its Aut®(X)-equivariant embedding X < P! x P2 is described in Example 3.10. In this case,
the group Aut(X) contains a two-dimensional unipotent subgroup

(v : v1; wg = Uz ug) — (’U() - (a1 + ag)vl D015 U + atug U — 2a1ug + asus ¢ UQ)
and a one-dimensional torus
. . . . L4=2,,. .42 .
(vo.vl,uo.ul.uQ)»—>(vo.t vhtug.tul.ug),

where ay,as € k and ¢ € k*. This implies that Aut(X) = G2 x Gy, as required.

We may now assume that X is not weakly minimal. Then there is a birational morphism
: X — Y such that Y is one of the surfaces 42°, 43°, 44°, 45°, and v is a blow-up of a
smooth point P € Y. By Corollary 2.14 and Lemma 4.2, the point P is contained in the
open orbit of the group Aut’(Y). Since Aut’(X) is the connected component of the stabi-
lizer in Aut®(Y") of the point P, this gives the required description of the group Aut’(X) in
Table 3.

The last assertions follow from Corollary 2.11 in the cases 36° and 37°, and it follows from
Lemma 4.2 in the cases 38°, 397, and 40°. O

Let us conclude this section by proving Theorem 1.1 for Du Val del Pezzo surfaces of degree 4.
PROPOSITION 4.4. Theorem 1.1 holds for Du Val del Pezzo surfaces of degree 4.

Proof. Let X be a Du Val del Pezzo surface of degree 4 such that the group Aut(X) is infinite.
Suppose that X is not weakly minimal. Then there exists a birational morphism ¥: X — Y
such that Y is a singular quintic Du Val del Pezzo surface, and 1 is a blow-up of a smooth
point P € Y, which is not contained in a line by Corollary 2.14. Observe that the group Aut®(X)
is the connected component of the stabilizer in Aut’(Y) of the point P. Using Lemma 4.3,
we see that Y must be one of the surfaces 36°, 37°, 38° and that P must be contained in
the open orbit of the group Aut®(Y). This implies that X is one of the surfaces 27°, 32°, 33°,
respectively. Now, it is not hard to check that Aut’(X) = Gy, in the cases 32°, 33° and that
Aut’(X) = B, in the case 27°.

We may now assume that the surface X is weakly minimal. Then 7(X) > 1 by Theorem 3.12.
Using Theorem 3.8, we see that X is one of the surfaces 24°, 25°, 269, 282, 29°, 30°, 31, 34°,
35°. Let us show that Aut(X) is infinite and that Aut®(X) is described in Table 3.

Let X be the surface 24°. Then X is embedded into P(1,2,3,4) as a hypersurface that is
given by the equation y3 = y3 + y}ys. This embedding is Aut® (X)-equivariant by Remark 3.5.
Observe that Aut®(X) contains the transformations

(y1:y2 Y3 ya) — (y1:y2+ayi cys +bys cya — (a® — )yt — 3a’yiys + 2by1ys — 3ay3)

where a € k and b € k. These transformations generate a subgroup in Aut®(X) isomorphic to G2.
Moreover, the surface X also admits an action of a one-dimensional torus which acts diagonally:

(Y1:y2:y3:ya) — (t2y1 D tPys sty t2y4) )

where t € Gp,. The described transformations generate a subgroup that is isomorphic to G2 x Gyy,.
Since X has a singularity of type Ds, it is not toric, so that Aut®(X) = G2xG,, (cf. Corollary B.8).
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Now we suppose that X is the surface 25°. Then Aut(X) contains the transformations

v(a): (y1:y2 1 ys s ya) — (y1:y2 1 Y2 + ayiye : ya + 2ay172 + a*yiys)

for every a € k. These transformations generate a proper subgroup in AutO(X ) isomorphic to G,.
Moreover, the surface X also contains the transformations

St t2): (y1 2 s ya) — (y1: tat3ya : titoys < taya)
for every t; € k* and t3 € k*. They generate a subgroup isomorphic to G2,. Observe that
v(a) o §(t1,t2) = 0(t1,t2) © Yat, -
Therefore, all described transformations generate a subgroup in AutO(X ) isomorphic to By X Gy,.
Then Aut®(X) = By x Gy, because X does not admit an effective G2-action by Corollary 2.11.

Now we suppose that X is 28°. Then the group Aut(X) contains the transformations

2t3

(1 y2 2 y3 s ya) — (tyn = Bya : Bys + atyrys « ys + 2at®y1y3 + a*t3ydys)

for any a € k and t € k*. These transformations generate a subgroup in Aut’(X) isomorphic
to By. Since all three lines on X pass through one point, X is not toric. Hence, rk Aut®(X) =1.
The surface X does not admit an effective G2-action by Corollary 2.11, so that dim Aut®(X) = 2,
which implies Aut®(X) = B,.

Let X be one of the surfaces 29° or 30°. Then #(X) = 4. Let L1, Lo, L3, Ly be the lines
in X. Recall that X is an intersection of two quadrics in P*. We have

I+ Lo+ Ls+ Ly ~—Kx,

so that Ly + Lo+ Ls+ Ly is cut out by a hyperplane H C P*. On the other hand, this curve forms
a combinatorial cycle. Thus, if X admits an effective G,-action, then this action is trivial on each
line among L1, Lo, L3, and Ly, so that it is trivial on H, which implies that the closure of any
one-dimensional G,-orbit is a line. The latter is impossible since X contains finitely many lines.
Therefore, we conclude that the surface X does not admit an effective action of the group G,.
On the other hand, the equations of X are binomial. This implies that X admits a diagonal
action of a two-dimensional torus. Hence, Aut®(X) = G2,.

Let X be one of the surfaces 34° or 35°. Then X contains two lines Ly and Ls such that the
intersection Li N Lo is a smooth point of X, and there exist an Aut®(X)-equivariant diagram

a)?b’
X/\Y7

where « is a blow-up of the point L1 N Ly and [ is the birational contraction of the proper
transforms of the lines L1 and Lo. Then we have the following possibilities:

— if X is the surface 34°, then Y is a cubic surface such that Type(Y) = AgA5;

— if X is the surface 35°, then Y is a cubic surface such that Type(Y') = 2A,.
Hence, it follows from Corollary 7.4 that Y does not admit an effective action of the group G,.

Since X contains three lines passing through one point, it is not toric. One the other hand, it is
easy to see that X admits an effective diagonal action of a one-dimensional torus.

To complete the proof, we may assume that X is one of the surfaces 26° or 31°. By Lem-
ma 2.16(ii), there is a double cover 7: X — P! x P! branched over a curve B of degree (2,2).
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By construction, this double cover is Aut®(X)-equivariant, and the curve B is Aut’(X)-invariant.
Therefore, there exists an exact sequence of groups
1 — py — Aut(X) — Aut (P' x P!, B) .

If X is the surface 26°, then B is a union of irreducible smooth curves of degrees (1,1), (1,0), (0,1),
which intersect in one point, which implies that

Aut (P! x P!, B) 2 By x py.

This can be shown by taking the linear projection P! x P! --s P2 from the singular point Sing(B),
where we consider P! x P! as a quadric in P3. Thus, in this case, we have Aut®(X ) =G, X (2) Gm
since Aut(X) contains a subgroup isomorphic to G, x(2) Gy generated by transformations

(y1: 9L y2 b)) — (y1 s tyl « Py + atyd - thyh + 2attys + a®t'yd)
where a € k and ¢ € k*. Similarly, if X is the surface 31°, then
Aut (P! x P!, B) 2 G, x py

because B is a union of two irreducible smooth curves of degree (1, 1), which intersect in one point.
In this case, we have Aut’(X) = G, since the G,-action lifts from P* x P! to the surface X. [

COROLLARY 4.5. Theorem 1.1 holds for del Pezzo surfaces of degree at least 4.

5. Del Pezzo surfaces of degree 1
In this section, we prove Theorem 1.1 for del Pezzo surfaces of degree 1.

PROPOSITION 5.1. Theorem 1.1 holds for del Pezzo surfaces of degree 1.

We start with the following.

LEMMA 5.2. Let X be a Du Val del Pezzo surface of degree 1. Then X does not admit effective
actions of the group G,.

Proof. Suppose that X admit an effective G,-action. Let ®: X --» P! be the anticanonical map.
It is Aut(X)-equivariant, and all its fibers are reduced irreducible curves of arithmetic genus 1.
Since G, cannot effectively act on a smooth elliptic curve, we conclude that G, acts non-trivially
on the base of ®. Thus, there is exactly one G,-invariant fiber, say C. Any fiber of ® different
from C' is a smooth elliptic curve. Thus, we have

p(X) +2=x(X)=x(C) -1,
so that x(C) = p(X) + 3 > 4. But x(C) < 2 because C'is a curve of arithmetic genus 1. O
Our next step in proving Theorem 1.1 for del Pezzo surfaces of degree 1 is the following.
LEMMA 5.3. If X is one of the surfaces 1°, 2°, 3°, 4°, then Aut®(X) = Gy,.

Proof. By Lemma 5.2, these surfaces do not admit a G,-action, and they are not toric because
their singularities are not cyclic quotients. On the other hand, it is easy to see that each of these
surfaces admits a G,-action. O

We also need the following easy local fact.
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LEMMA 5.4. Let (X > P) be a Du Val singularity defined over C that contains a reduced
irreducible curve C such that C' is a Cartier divisor on X and the singularity (C' > P) is a simple
cusp.
(i) If (X 3 P) is of type A,,, then n < 2.
(ii) If (X > P) is of type D,, with n > 5, then some small analytic neighborhood of (X > P)
can be given by the equation
224 2e 42" =0,
so that C' is cut out by z = y + ¢(x,y, z), where multy(¢) > 2.

Proof. Let us prove assertion (i). In a neighborhood of the point P, the curve C' is cut out by
a hypersurface, say H. Thus, we have C = X N H in C>. Since the multiplicity of the curve C
at P equals 2, the hypersurface H is smooth at P. Therefore, we may assume that H is given
by z =0 and C is given by

?+9y3=0,
z=0.
Hence, the equation of the surface X is
2+ + 2(x,y,2) =0,
Since P € X is a point of type A,, the rank of the quadratic part of this equation is at least 2.
Then ¢(z,y, z) contains a linear term. This implies that P € X is of type Ay or As.

Now, let us prove assertion (ii). We may assume that P € X is given in C? by the equation
24yla+ =0,

As above, we have C' = X N H, where H is a hypersurface that is smooth at P. Then the equation
of the hypersurface H must contain a linear term. Moreover, one can see that this equation must
be of the form z = y + ¢(x, y, z), which implies assertion (ii). O

COROLLARY 5.5. Let X be a surface admitting an effective Gy -action, let C' be a Gy,-invariant
reduced irreducible curve in X that is a Cartier divisor on X, and let P be its singular point.
Suppose that X has a Du Val singularity of type D,, at P and C' has a simple cusp at P.
Then n = 4.

Proof. Suppose that n > 4. There exists a G,-equavariant embedding of the germ P € X to C3.
Let us choose Gy,-semi-invariant coordinates in C3. By Lemma 5.4, we see that C = X N H, where
the equation of H has the form z = y+¢(x, y, z). But this equation cannot be G,-semi-invariant,
which gives a contradiction. O

Now, we are ready to prove Proposition 5.1.

Proof of Proposition 5.1. Let X be a Du Val del Pezzo surface of degree 1. Then X does not
admit an effective G,-action by Lemma 5.2. Thus, the group Aut(X) is infinite if and only if X
admits an effective action of the group Gy,.

Suppose that X admits an effective Gy-action. By Lemma 5.3, to complete the proof, it is
enough to show that X is one of the surfaces 19, 29, 39, 4°.

Let ®: X --» P! be the anticanonical map. It is G,,-equivariant, and all its fibers are reduced
irreducible curves of arithmetic genus 1. Since Gy, cannot effectively act on a smooth elliptic

338



DEL PEZZO SURFACES

curve, we conclude that G, acts non-trivially on the base of ®. There are exactly two G-
invariant fibers. Denote them by C and Cs. Any fiber of ® different from Cy and Cs is a smooth
elliptic curve. Thus, we have

P(X) +2=x(X)=x(C1) + x(C2) — 1,

so that x(C1)+x(C2) = p(X)+3 > 4. Since x(C;) < 2, we have p(X) = 1 and x(C) = x(C2) = 2.
This means, in particular, that C7 and Cs are cuspidal curves of arithmetic genus 1.

Let P; be the singular point of C;. Then
@ # Sing(X) C { Py, P»}.

The singularity of the surface X at the point P; is of type A,,, Dy, or E,, for some n; > 1.
Likewise, if X is singular at P», then P, is a singular point of type A,,, Dy,, or E,, for some
ng = 0, where no = 0 simply means that the point P, is the only singular point of the del Pezzo
surface X. Without loss of generality, we may assume that n; > na. Since p(X) = 1, we have
that ny +no = 8 and n; > 4. Now, using Corollary 5.5, we obtain the following possibilities for
Type(X): Eg, EfA1, EgAg, 2D4. But X is uniquely determined by Type(X) and the fact that
|—K x| has two singular curves that are both cuspidal. This follows from [Ye02, Theorem 1.2]
and [Ye02, Table 4.1]; see also Remark B.5. Thus, we conclude that X is one of the surfaces 1°,
29,39, 4° (see, for example, [Bri68, Satz 2.11]). O

Let us conclude this section with an observation that the surfaces 2°, 3°, 4° can be ob-
tained as finite quotients of other surfaces in Table 3. The surface 2° is the quotient of the
surface 11° by py. The surface 3° is the quotient of the cubic surface 22° by pg, and 4°
is the quotient of a special member of the family 35° by py X py. In all these cases, the
action of the group is free outside the singular locus. This observation can be used to ob-
tain the description of the surfaces 2°, 3°, 4°. To show this, one can look at the exact se-
quence

0 — Pic(X) - Cl(X) 5 @ Cux, P,
pPeX
where Cl(X, P) is the local Weil divisor class group of the point P € X. The map « is

a primitive embedding. Hence, we have Cl(X) = Pic(X) & Cl(X)iors. By Corollary B.6, we
have

Cl(X )tors # 0.

By Lemma 2.9(ii), the group Cl(X)ios defines a Galois abelian cover m: X’ — X which is étale
outside of the locus Sing(X) and whose degree is | C1(X )tors|. Using the local description of
such covers (see [Rei87, Bri68]), we see that Type(X') = Eg, Dy, 2A1 in the cases 22, 3%, 49,
respectively.

6. Del Pezzo surfaces of degree 2

In this section, we prove Theorem 1.1 for del Pezzo surfaces of degree 2. To do this, we need one
(probably known) result about singular cubic and quartic curves (cf. [Hui79, Wal95]).

PROPOSITION 6.1. Let C be a reduced cubic or quartic curve in P? such that Aut (IP’2,C) is
infinite. Then the curve C' and the group Aut® (IP’Z, C) are given in Table 2 below:
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TABLE 2.
Equation of the curve C up to the action of PGL3(k) Aut’ (P%,0)
zor1(T0 +71) =0 G2 x Gy,
rox129 =0 G?n
zo(zoz2 +23) =0 B,
w3ra+ 23 =0 Gm
T (moxg + x%) =0 Gm
o1 (o — 1) (20 — Ax1) =0 for A € k\ {0,1} B,
) (.1‘%1’2 + SU‘Z’) =0 Gm
zoz1 (zoz2 + 23) =0 Gy
(a:omg + x%)Q — xé =0 G,
T9 (m%xz + a:“;’) =0 Gm
xor1T2(x1 + 22) =0 G
zoz1 (zoz1 +23) =0 G
ziro+2f =0 Gm
T (ZL'(Q)l’Q + :L"{f) =0 Gm
(23 + zow1) (23 + Azoz1) = 0 for A € k\ {0,1} Gm

Proof. If C'is one of the curves in Table 2, we can explicitly describe Aut® (]P’Q, C’) by finding all
clements in Aut (P?) = PGL3(k) that leave every irreducible component of the curve C' invariant.
For example, if C'is given by zozi(xo+21) = 0, then Aut® (IPQ, C) consists of the transformations

(xo: w1 x2) —> (t:z:o stxy s o+ axg + bxl)
for any ¢t € k*, a € k, and b € k. Thus, in this case, we have Aut? (IP’Q, C) & G2 x Gy, as required.
Similarly, if C' is given by xq (3301724-37%) =0, then Aut® (IP’Q, C) consists of the transformations

. 2 g 2 @
(xo:xy:x9) —> | 7m0 : txy + axg : T2 txl t2x0

for any t € k* and a € k, so that Aut" (IP)Z, C) = Gax(1)Gm. Likewise, if C' is the cubic 231y + 23 =0,
then Aut? (IP’Q, C) consists of the transformations (zg : 21 : z2) — (t3a:0 S t2xy ZL’Q), where t € k*.
Thus, in this case, we have Aut’ (IP’Q, C) >~ G-

The computations are very similar in all remaining cases. For instance, if C is the quartic
curve that is given by (zoz2 + x%)2 — z =0, then Aut (P?,C) consists of the transformations

2 4

where ¢ € {£1, +i} and a € k, which implies that Aut (P2, C') = G, py, so that Aut® (P%,C) =Ga.
We leave the computations in the remaining cases to the reader.

Ca a®
(xo N A xg) — <C2:L’o : C(El — —X9:x2 +axry — —x¢ |,

Therefore, to complete the proof, we must show that C' is one of the curves listed in Table 2.
If C is the cubic curve, then C must be singular. On the other hand, all singular cubic curves
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are already listed in Table 2 except for the nodal one that is given by
LEQ(ZL‘% —i—x%) +27=0.

However, if C' is this curve, then Aut (Pz, C) is finite. Therefore, we may assume that deg(C') = 4.
Then we may have the following five cases:

(i) the curve C is irreducible;
(ii) C' = C1 + Cy, where (1 is a line and C5 is an irreducible cubic;
(ili) C = C} + Cq, where C; and Cj are irreducible conics;
(iv) C = C1+ Cy2+ C3, where € and Cy are lines and C3 is an irreducible conic;
(v) C=C1+ Cy+ C5+ Cs, where C1, Co, C3, and Cy are lines.

Moreover, by our assumption, the group Aut (IP’2, C’) contains a subgroup isomorphic to either G,
or Gy, (or both). We deal with these two (slightly overlapping) possibilities separately.

Suppose that Aut (IP’z, C’) D G,. Since each irreducible component is G,-invariant, we con-
clude that case (ii) is impossible. Likewise, if C' is irreducible, then C has a G,-open orbit U = A!.
Hence, the curve C' must be rational, its normalization morphism must be a homeomorphism,
and the complement C'\ U is a single point, say P. The projection C' --» P! from P must be
Ga-equivariant, so it is an isomorphism on U. This implies that P is a triple point and that there
is exactly one line L C P? such that CNL = P. We may assume that P = (0:0: 1) and that L is
given by z¢ = 0. Then the equation of C has the form z3z2+27 = 0. But then Aut? (PQ, C’) = G,
which gives a contradiction. Hence, we conclude that case (i) is also impossible.

If we are in case (iii), then the G,-action of each irreducible conic C7 and Cs is effective,
so that the intersection C7 N Cy consists of one point. In this case, in appropriate projective
coordinates, the curve C is given by

(z122 + 2§ + 27) (2122 + 2§ — 27) =0,

so that C' is listed in Table 2, as required.

If we are in case (iv) or (v), then the closure of any one-dimensional G,-orbit is a line in the
pencil generated by C1 and C, which implies that C' is a union of four lines passing through one
point. Hence, we are in case (v), and the curve C' can be given by

.%'0.1‘1(%0 — 1‘1)(1’0 — )\1'1) =0

for some A € k\ {0, 1}, so that C is in Table 2 as well.

To complete the proof, we may assume that Aut (IP’z, C’) D Gy, If C is irreducible, then it
can be given as the closure of the image of the map ¢t — (1 it t4), so that C is the curve
:chg — 2} = 0 in Table 2. Hence, we may assume that C is reducible; that is, we are not in
case (i).

Suppose that G, acts trivially on some irreducible component of the curve C'. This component
must be a line, so that we are in one of the cases (ii), (iv), or (v). Without loss of generality, we
may assume that Gy, acts trivially on the line C. Then there exists a Gy-fixed point O € IF’Q\Cl,
so that the closure of any Gy-orbit in P? is a line connecting O and a point in Cy. This implies
that we are in case (v), and the lines Cy, C3, Cy all pass through O, so that C is given by

CL‘oxl:EQ(:Ul + CL‘Q) =0

in appropriate projective coordinates. This curve is in Table 2. Therefore, to complete the proof,
we may assume that Gy, acts effectively on each irreducible component of the curve C.
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If we are in case (v), then each line among Cy, Cs, C3, and Cy meets the union of the remaining
lines in at most two points. This implies that all these four lines must pass through one point.
Such a curve is in Table 2, and we already came across it earlier in the proof. Hence, case (v) is
done.

Suppose that we are in case (iii), so that C' = Cy 4+ Co, where both C; and C5 are irreducible
conics. Then the intersection C7 N Cy consists of at most two points. Moreover, the intersection
cannot consist of one point since otherwise we would have Aut (}P’Q, C) 2 (3,. Hence, we see that
the intersection C1 N Cy consists of exactly two points. Then the curve C' can be given by

(l’% + :L'ol’l) (ZL‘% + )\1'01‘1) =0
for some A € k\ {0,1}. This curve is also in Table 2. Thus, case (iii) is also done.
Now we suppose that we are in case (iv). Then C7 and Cy are lines, and Cj5 is a conic. Then

#(Cg N (Cl UCQ)) <2,

so that at least one of the lines C and Cs must be tangent to Cs. If only one of them is tangent,
then C can be given by xgx1 (xoxg + a;%) = 0. Similarly, if both lines are tangent to the conic Cj,
then C can be given by xgx (3:0:131 + x%) = 0. In both subcases, the curve C is in Table 2.

Finally, we suppose that we are in case (ii). Then C is a cuspidal cubic curve. Now, choosing

appropriate coordinates on P2, we may assume that Cy is given by
a:gxg — a::f =0,
and the G -action on P? is described earlier in the proof. Then the G,-action on Cy has exactly
two fixed points: the points (0:0: 1) and (1:0:0). If the line C; passes through both of them,
then the curve C is given by
ToTq (ﬂonz + 33%) =0.

Similarly, if (1:0:0) € C; and (0: 0: 1) ¢ Cy, then the curve C is given by zo(z3zs + 23) = 0.
Vice versa, if (1:0:0) ¢ Cy and (0: 0: 1) € Cy, then the curve C is given by o (23z2 +23) = 0.
In every subcase, we see that the quartic curve C is listed in Table 2, as required. O

Using Proposition 6.1, we immediately obtain the following.
COROLLARY 6.2. Theorem 1.1 holds for del Pezzo surfaces of degree 2.
Proof. Let X be a Du Val del Pezzo surface of degree 2. Then X is a hypersurface in P(1,1,1,2)
that is given by w? = ¢4(z0, x1, 72), where ¢4(z0, ¥1, 22) is a homogeneous polynomial of degree 4.

The natural projection to P? gives a double cover m: X — P2. Let B be the branch curve of this
double cover. Then B is the quartic curve in P? that is given by ¢4(xq, 1, 72) = 0.

Since the double cover 7 is Aut(X)-equivariant, it gives a homomorphism Aut’(X) —
Aut® (IP’Q, B), whose kernel is either trivial or isomorphic to p,. Thus, the curve B must be one of
the quartic curves listed in Table 2 in Proposition 6.1, except for the quartic curve consisting of
four lines passing through one point because X has Du Val singularities. Now, going through the
equations listed in Table 2, we obtain all possibilities for the polynomial ¢4(xg, 1, x2). This shows
that if Aut(X) is infinite, then

— either Aut(X) = G, and X is the surface 7°,
— or Aut(X) = Gy, and X is one of the surfaces 5%, 6°, 82, 9°, 10, 119, 12°, 13°.

Vice versa, if X is the surface 7°, then the group G, acts on X as follows:

(l’oil‘l2£U21w)l—>(IL‘o—I—tlL‘lll‘li$2—2t$0—t2$11w),
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where t € G,. Thus, in this case, we have Aut(X) = G,. Similarly, if X is one of the del Pezzo
surfaces 5°, 6°, 82, 92, 10°, 11°, 129, 13°, then X admits an effective action of the group Gy,
so that Aut(X) = Gy, as listed in Table 3. O

7. Cubic surfaces

Now, we prove Theorem 1.1 for del Pezzo surfaces of degree 3, which easily follows from [Sak10].
Nevertheless, we prefer to give an independent proof here.

LEMMA 7.1. Let Xbe a Du Val cubic surface in P3.

(i) If X contains three lines Ly, Lo, L3 that meet one another at three distinct points (a
triangle), then X does not admit an effective action of the group G,.

(ii) If X is toric, then p(X) = 1, #(X) = 3, and the toric boundary is composed of three lines
forming a triangle.

Proof. If X contains a triangle and admits an effective G,-action, then the G,-action is trivial
on the triangle, so that this action is trivial on the hyperplane in P? that passes through the
triangle, which implies that the closure of any G,-orbit in X is contained in a line. The latter is
impossible since X contains finitely many lines. This proves assertion (i)

To prove assertion (ii), suppose that the surface X is toric. Let D = Dy + --- + D, be the
toric boundary. Then r = p(X) + 2. Since every line on X is torus-invariant and D ~ —Kx, we

have
-

3=) (-Kx)-Di>r.
i=1
Therefore, we conclude that p(X) = 1, r = 3, and —Kx -D; =—-Kx -Dy=—Kx -D3=1.
Moreover, the lines Dy, Do, D3 form a triangle because the pair (X, D) has log canonical singu-
larities. O

Now, we are ready to prove the following.
PROPOSITION 7.2. Theorem 1.1 holds for weakly minimal cubic surfaces.

Proof. Let X be a weakly minimal Du Val cubic surface. If 7(X) = 1, then Theorem 3.12 implies
that X is the surfaces 19°, and its basic properties are described in Example 3.11. In this case,
the surface X admits an algebraic torus action

($07x11x27x3) — (x0>tx17t2x27t_1$3) .

Since X contains three lines passing through one point, it is not toric. Since X contains a tri-

angle, it does not admit a unipotent group action by Lemma 7.1, so that AutO(X ) & G, as
required.

Thus, to complete the proof, we may assume that 7(X) > 1. By Theorem 3.8, we have only
the following possibilities: 149, 15°, 16°, 187, 21°, 23°.

Consider the cases 169, 21°, 23°. From the equations in Theorem 3.8, we see that X contains
a triangle that is cut out by y1y2 = 0. Then by Lemma 7.1(i), we conclude that the unipotent
radical of Aut’(X) is trivial. The surface 16° is a toric cubic surface because its equation is
binomial, and the surfaces 21° and 23° are not toric by Lemma 7.1(ii). Therefore, if X is the
surface 16, then Aut®(X) = G2, Similarly, if X is one of the surfaces 21° or 23°, then we have
Aut’(X) = G, because X admits a diagonal effective action of the group G,.
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Now, we suppose that X is the surface 18°. Then Type(X) = Ajs, and it follows from Theo-
rem 3.8 that X is a hypersurface in P(1,2,3,3) that is given by

y?2, =5 +yb + Y1y2Ys -

Let Ly, Lo, L3 be the curves y; = y§ Y3 =0,y2=y3 — v} =0, yo = y3 +y3 = 0, respec-
tively. Then L1, Lo, and L3 are lines meeting at one point. If X admits an effective action of the
group Gy, then Ls contains a Gy,-fixed point P ¢ Sing(X) and there exists a Gy,-equivariant
diagram

N

(6%

X Y,

where « is the blow-up of the point P, the morphism S is the birational contraction of the
proper transform of the line L3, and Y is a singular del Pezzo surface of degree 2 such that
Type(X) = Ag. The latter contradicts Corollary 6.2, so that X does not admit an effective ac-
tion of the group G,. Then Aut®(X) is unipotent. By Corollary 2.11, the surface X does not

admit an effective G2-action. Then dim Aut’(X) < 1. On the other hand, the group Aut(X)
contains the transformations

(yr:y2:ys:uh) — (Y12t ys +ayiye © vs + 2ays + a’y1ye)
where a € k. They generate a group isomorphic to G,. Then Aut’(X) = G, by Corollary 2.2.
Let X be the surface 15°. As in the previous case, the surface X is a sextic hypersurface in

the weighted projective space P(1,2,3,3). But now the surface X is given by y3 = v + y5y1vo.
Observe that the group Aut(X) contains the transformations

(y1:yo:us b)) — (y1: 22 : Bys + at®yrys « thyh + 2atys + a®t*y1ys)

for any a €k and t€k*. They generate a group isomorphic to By. This implies that Aut®(X) =B,
because X is not toric by Lemma 7.1(ii) and X admits no effective G2-action by Corollary 2.11.

Finally, if X is the surface 149, then it follows from Theorem 3.8 that X is a hypersurface
in P(1,2,3,3) that is given by y2 = y3 + y4y$. Using this, one can show that the group Aut®(X)
consists of the transformations

(y1:y2ys:ys) — (y1: t2y2 : Py + ayi « t0% + a®yi + 2at’ys)

where a € k and ¢ € k*. Thus, in this case, we have Aut’(X) = G, X (3) Gm, which also follows
from Corollary B.8. O

To complete the proof of Theorem 1.1 for Du Val cubic surfaces, we need the following.

LEMMA 7.3. Let X be a non-weakly minimal Du Val cubic surface such that Aut®(X) is infinite.
Then Aut’(X) = Gy, and X is one of the surfaces 17°, 20° or 22°.

Proof. The surface X contains a line L such that L C X \ Sing(X). By Lemma 2.16(i), there is
a conic bundle 1: X — P! such that L is its double section. If X admits an effective G,-action,
then the group G, fixes the ramification points of the double cover L — P! induced by 1, so
that the group G, acts trivially on L, which implies that it also acts trivially on the fibers of
the conic bundle v, so that the G,-action on X is trivial, which gives a contradiction. Hence,
we conclude that the group Aut(X) contains no unipotent subgroups. Then Aut’(X) must be
a torus, which implies that Aut(X) = Gy, because X is not toric by Lemma 7.1(ii).
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Let ¢': X — X’ be the contraction of the line L. Then X’ is a quartic Du Val del Pezzo
surface such that p(X’) = p(X) — 1 and Type(X) = Type(X’). Note that the group Aut(X’) is
infinite, and Aut®(X) is the stabilizer in Aut®(X’) of the point 1’(L). Let U’ be the complement
in X’ of the union of all lines. Then ¢/(L) € U’ by Corollary 2.14.

Suppose that p(X) = 2. Then # is an extremal contraction. By Lemma 2.12(ii), the singular
points of the surface X can be of types Dy, D5, Az, and Ay, where A; appears an even number
of times. We have two possibilities: Type(X) = D5 and A32A4, so that X’ is one of the sur-
faces 24° or 25°. In both cases, the subset U’ is the open Aut’(X’)-orbit (cf. Remark B.4), which
immediately implies that Aut’(X) = G,, and X is one of the surface 17° or 20°.

Now, we assume that p(X) > 2. If Type(X) = Dy, then X’ is the surface 26°. Arguing as
above, we see that Aut?(X) = Gy, and X is the surface 22°. Thus, to complete the proof, we may
assume that p(X) > 2 and all the singularities of X are of type A,,.

We claim that the action of AutO(X ) on L is trivial. Indeed, suppose that this is not the
case. Let us seek a contradiction. Let P; and P, be the ramification points of the double co-
ver L — P!, and let | and F; be the fibers of the conic bundle 1) passing through the points
Py and P, respectively. Then P; and P» are fixed by Aut’(X), and these are all Aut®(X)-fixed
points on L, so that all fibers of the conic bundle ¥ other than F; and F are smooth. Since
p(X) > 2, there exists at least one reducible fiber. Thus, we may assume that Fj is reducible.
Then F} = F| + F{, where F| and F{ are lines. Then P, = F{ N F{' N L, and the surface X
is smooth along Fj, which implies that Sing(X) C F» and F; is irreducible (but multiple). In
particular, we have p(X) = 3. On the other hand, using Lemma 2.12(ii), we see that either
Type(X) = 2A; or Type(X) = As. This contradicts the Noether formula. Therefore, the action
of Aut®(X) on the line L is trivial, so that the action of the group Aut’(X) on the base of the
conic bundle 1 is trivial as well.

Let M’ be a line in X’ (it does exist since p(X’) > 1), and let M be its proper transform
on X. Then ¢/'(L) ¢ M’ by Corollary 2.14, so that M is a line on X which is disjoint from
the line L. Then M is an Aut®(X)-invariant curve, which is not contained in the fibers of the
conic bundle 1 since ¥ is given by the projection from L. Therefore, if C' is a general fiber of ¢,
then C contains at least three Aut®(X)-fixed points C' N (L U M), so that the Aut’(X)-action
on C must be trivial. This implies that the action of Aut?(X) on X is also trivial, which gives
a contradiction. O

Combining Proposition 7.2 and Lemma 7.3, we obtain the following.

COROLLARY 7.4. Theorem 1.1 holds for del Pezzo surfaces of degree 3.

Thus, Theorem 1.1 holds for Du Val del Pezzo surface of degrees 1, 2, 3, 4, 5, 6. This follows
from Proposition 5.1 and Corollaries 4.5, 6.2, and 7.4. This completes the proof of Theorem 1.1.

8. Big table

Let X be a Du Val del Pezzo surface such that Aut(X) is infinite. Then the type Type(X), the
degree K2, the Picard rank p(X), the number of lines #(X), the Fano-Weil index 7(X), the
group Aut’(X), and the equation of the surface X are given below in Table 3. The column No
indicates a del Pezzo surface from which X can be obtained by blowing up a smooth point that
does not lie on a line.
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Appendix A. Lines and dual graphs

In this appendix, we present equations of the lines on del Pezzo surfaces that appear in Table 3.
We also present the dual graphs of all the curves with negative self-intersection numbers on
their minimal resolutions. As in the paper [CT88|, we denote a (—1)-curve by e, and we denote
a (—2)-curve by o. We exclude surfaces 48° (see Example 2.3), 499, 50°, 51°, 52°, 53°.

Let X be a del Pezzo surface of degree d in Table 3. Take the equation of X from Table 3.
The lines on X and the dual graphs of all the curves with negative self-intersection numbers on
its minimal resolution can be described as follows:

(1°) One has d =1 and Type(X) = Eg. The dual graph is

(¢]

o [¢] [¢] @] o [¢] [¢] [ ]

The surface X is weakly minimal. The only line on X is 3 — 23 = x¢ = 0.

(2°) One has d =1 and Type(X) = E7A;. The dual graph is

(¢]

|
o o O O o O
\ \
e —— @ — O [ ]

The surface X is weakly minimal. The lines are cut out by g = 0, 1 = 0, and 3 = 22 = 0.
(3°) One has d =1 and Type(X) = EgAs. The dual graph is

L

¢} (¢]

°
\
°
\
o
\
o o o

The surface X is weakly minimal. The lines are cut out by o =0, z1 = 0, and x5 = 0.
(4°) One has d =1 and Type(X) = 2D4. The dual graph is

o ° o
| o ° o C‘)
\ . . /

o ° o

The surface X is weakly minimal. The lines are cut out by 9 =0, z1 = 0, and z3 = 0.
(5°) One has d = 2 and Type(X) = E7. The dual graph is

O O o o O O [ ]

o

The surface X is weakly minimal, and the line is g = z3 = 0.
(6°) One has d =2 and Type(X) = DgA;. The dual graph is

(e]

° (¢] o (¢] O (¢] [ ] (¢]

The surface X is weakly minimal. The lines are zg = 3 =0 and 1 = x3 = 0.
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(7°) One has d = 2 and Type(X) = A7. The dual graph is

o O O (] o O O

The surface X is weakly minimal, and the lines are xy = z3 + 22 = 0.
(8°) One has d =2 and Type(X) = A5Ay. The dual graph is

The surface X is weakly minimal. The lines are 1 = x3 £ zgz2o = 0 and o = x3 = 0.
(9°) One has d = 2 and Type(X) = D43A;. The dual graph is

(@] [ ] (]

\ \
(e] (@] [ ] (@] [ ]
\ /
(o] [ ] ]

The surface X is weakly minimal. The lines are cut out by x3 = 0.
(10°) One has d = 2 and Type(X) = 2A3A;. The dual graph is

e}
\
¢} [ ] o [ ]
|

O—O0O—20

O [ ]

This surface is weakly minimal. The lines are xg = 23 =0, 1 = 23 = 0, o0 = z3txox1 = 0.
(11°) One has d = 2 and Type(X) = Eg. The dual graph is

This surface is not weakly minimal. The lines are zg = x3 + x% =0and zo = 23 % x% =0.
(12°) One has d = 2 and Type(X) = DsA;. The dual graph is

e} [ ] L]
| |
e} o (o] [ ] o}
\ |
e} [ ] L]

The surface X is weakly minimal. The lines are cut out by g =0, z9 = 0, and z; = z3 = 0.
(13°) One has d = 2 and Type(X) = 2A3. The dual graph is

(¢] ./O\. (0]
| |
A

The surface X is weakly minimal. The lines are cut out by g =0, z1 = 0, and x5 = 0.
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(14°) One has d = 3 and Type(X) = Eg. The dual graph is

O

(¢} (¢] (¢] O (¢] [ ]

The surface X is weakly minimal. The line is g = 21 = 0.
(15°) One has d = 3 and Type(X) = AsA;. The dual graph is

(¢] ¢} (¢] (¢] (¢] L] (¢]

The surface X is weakly minimal. The lines are zg = x1 =0 and 1 = 22 = 0.
(16°) One has d = 3 and Type(X) = 3As. The dual graph is

O 0] [ ] O O

L] (¢} (¢] L]

The surface X is weakly minimal. The lines are g = z3 =0, z1 = z3 = 0, and x5 = z3 = 0.
(17°) One has d = 3 and Type(X) = Ds. The dual graph is

[ ] L] (¢} (¢] (¢] e} [ ]

(@]

The surface X is weakly minimal. The lines are g = 1 =0, zg = 22 = 0, and x5 = x3 = 0.
(18°) One has d = 3 and Type(X) = A;s. The dual graph is

(¢} o (¢] O (¢} [ ]

The surface X is weakly minimal. The lines are cut out by x; = 0.
(19?) One has d = 3 and Type(X) = A4A;. The dual graph is

[ ] (¢] (] [ ]

o (¢] O (¢}

The surface X is weakly minimal. The lines are cut out by 9 = 0 and 1 = 0.
(20°) One has d = 3 and Type(X) = A32A;. The dual graph is

[ J O

[ ] .\.
/

O—O0—20

@)

Then X is not weakly minimal. The lines are cut out by zog =0, 1 = 0, and x2 = 0.
(21°) One has d = 3 and Type(X) = 2A2A;. The dual graph is

The surface X is weakly minimal. The lines are cut out by 1 =0, z9 = 0, and z3 = 0.
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(22°) One has d = 3 and Type(X) = D4. The dual graph is

Then X is not weakly minimal. The lines on X are cut by ¢ = 0 and x3 = 0.
(23°) One has d = 3 and Type(X) = 2A5. The dual graph is

./i\.
| | |

\/ ‘

o

(e]

The surface X is weakly minimal. The lines are cut out by 1 =0, 2 =0, and z3 = 0.
(24°) One has d =4 and Type(X) = Ds. The dual graph is

(@]

e} (¢] (¢] (¢] L]

The surface X is weakly minimal. The line is 23 — 23 = x9 = 0.

(25%) One has d = 4 and Type(X) = A32A;. The dual graph is

(¢] L] (¢] (¢] (¢] L] (¢}

The surface X is weakly minimal. The lines are 1 = z2 = 0 and :c% — x‘% =x0=0.

(26°) One has d =4 and Type(X) = D4. The dual graph is

(¢]

(] (e] (¢] (¢] (]

The surface X is weakly minimal, and the lines are w9 4+ 2?2 = 19 = 0.
(27°) One has d =4 and Type(X) = A4. The dual graph is

(¢] o (¢] O [ ] [ ]

Then X is not weakly minimal. The lines are cut out by g = 0 and z; = 0.
(28°) Ome has d = 4 and Type(X) = A3A;. The dual graph is
[ ] \

(¢] (¢] O [ ] o

The surface X is weakly minimal. The lines are ZL‘% —rixg3 =29 =0and z1 = 0 & 1‘8 =0.

(29°) One has d =4 and Type(X) = A22A;. The dual graph is

(¢] [ ] e} [ ]

O [ J O [ ]

The surface X is weakly minimal. The lines are cut out by xo = 0 and x5 = 0.
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(30°) One has d =4 and Type(X) = 4A;. The dual graph is

[ ] (¢] (] (e]

(¢] [ ] O [ ]

The surface X is weakly minimal. The lines in X are cut by z4 = 0.
(31°) One has d =4 and Type(X) = Az and #(X) = 4. The dual graph is

\O [¢] O/
./ \O

The surface X is weakly minimal. The lines are xo + w% =20 =0 and zo & x% =1z =0.
(32°) One has d =4 and Type(X) = Az and #(X) = 5. The dual graph is

(@]

®e— 0 —O
®e— 0 —O

Then X is not weakly minimal. The lines are cut out by zg = 0 and z; = 0.
(33°) One has d =4 and Type(X) = AsA;. The dual graph is

O/O [ O\Q
~__

Then X is not weakly minimal. The lines are cut out by 1 = 0 and zg = 0.
(34°) One has d =4 and Type(X) = 3A;. The dual graph is

The surface X is weakly minimal. The lines are cut out by xo = 0 and x5 = 0.
(35?) One has d =4 and Type(X) = 2A; and #(X) = 8. The dual graph is

The surface X is weakly minimal. The lines are cut out by z2 = 0 and x3 = 0.
(36°) One has d =5 and Type(X) = A4. The dual graph is

[¢] @] o [¢]

The surface X is weakly minimal. The line is given by z2 + 23 = x9 = 0.
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(37°) Ome has d =5 and Type(X) = As. The dual graph is

(¢] (¢] ¢} [ ]

Then X is weakly minimal. The lines are g = z9 = 0 and y; = x5 = 0.
(38°) One has d =5 and Type(X) = AsA;. The dual graph is

[ ] [ ] (¢] e} [ ] (¢]

Then surface X is not weakly minimal. It is given in P° by
2 2
ToT2 = T1T5, LT3 = Ty, T1T3 = T2T5, T1T4 = T5, I2T4 = T35 -

The lines on X are cut out by x5 = 0.
(39°) One has d =5 and Type(X) = Ay. The dual graph is

° ° o o/
\.

Then X is not weakly minimal. The lines are cut out by xg = 0 and z; = 0.
(40°) One has d =5 and Type(X) = 2A;. The dual graph is

¢} [ ] e}

Then X is not weakly minimal. The lines are cut out by zg =0, 1 = 0, and x2 = 0.
(41°) One has d =5 and Type(X) = A;. The dual graph is

Then X is not weakly minimal. The lines are cut out by g =0, 1 =0, yo = 0, and y; = 0.
(42°) One has d = 6 and Type(X) = A2A;. The dual graph is

O O [ o

Then X is weakly minimal. The line is zg = 0.
(43°) One has d = 6 and Type(X) = Az. The dual graph is

O/
—,

The surface X is weakly minimal. The lines are zg = 1 = 0 and zg = x2 = 0.

(44°) One has d = 6 and Type(X) = 2A;. The dual graph is

[ ] O [ o

The surface X is weakly minimal. The lines are cut out by xo = 0.
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(45°) One has d = 6 and Type(X) = A;. The dual graph is

[ ] o

[ ]
The surface X is weakly minimal. The lines are cut out by z2 = 0.
(46°) One has d = 6 and Type(X) = A; and #(X) = 4. The dual graph is

[ ] [ ] o [ J [ ]

The surface X is not weakly minimal. The lines are cut out by zg = 0.
(47°) Ome has d = 6 and X is smooth. The dual graph is

o/. .\o
\ /

Then X is not weakly minimal. The lines are cut out by xg = 0, yg = 0, and 2y = 0.

Appendix B. Del Pezzo surfaces of same homology type as P?

In this section, we recall the classification of Du Val del Pezzo surfaces whose Weil divisor class
group is cyclic [MZ88, Fur86, Ye02]. By Lemma 2.9(iii), each such surface except P2 and P(1, 1, 2)
contains a unique line that generates its class group.

PROPOSITION B.1. Let X be a Du Val del Pezzo surface such that C1(X) = Z, and let d := K%.
Then d # 7. If d < 6, then there is an embedding X — P(1,2,3,d) such that X is given by

o(y1,Y2,Y3,9a) =0,
where ¢ is a homogeneous polynomial of weighted degree 6. If 2 < d < 6, then
O =y5+ 5+ 15 v,

so that X is uniquely determined by its degree. If d = 1, there are exactly two possibilities:

¢ =y5 + 93 +yya, (B.2)

¢ = Y5 +y3 +ylya +yivs,
which give us two non-isomorphic surfaces. The only line L C X is cut out by y; = 0.
Proof. The proof is similar to the proof of Theorem 3.8. O

Thus, if d =9, 8, 6, then X = P2 P(1,1,2), P(1,2,3), respectively.

Remark B.4. In the notation and with the assumptions of Proposition B.1, one can show that
X\ L = A2. Moreover, there is cell decomposition X = A2 U A! U A°. In particular, we have

Hy(X,Z) = H,(P?,Z)
for all ¢ (cf. [BB84]). In the case d = 1, we can say even more: H*(X,Z) = H*(P?,7Z) as rings.

Remark B.5. Suppose that X is a Du Val del Pezzo surface of degree 1 such that Cl(X) = Z.
By Proposition B.1, the surface X is a hypersurface in P(1,1,2,3) that is given

(i) either by y3 + 3 + yy; =0,
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(i) or by y3 + y3 + iy, +yiy3 = 0.

These possibilities are distinguished by the collection of singular curves in the pencil |—Kx].
Indeed, in the first case, the pencil |[—Kx| contains two singular curves y; = 0 and yj = 0,
which are both cuspidal. In the second case, it has three singular curves y; = 0, yj = 0, and
4y; + 27y; = 0. One of them is cuspidal, and the remaining two curves are nodal.

COROLLARY B.6. Let X be a Du Val del Pezzo surface, let d := K%. If CI(X) & Z, then
Type(X) is

E8 ’ E7 ) Eﬁ ) D5 ’ A4 ’ A2Al ’ Al ) %] (B7)

in the case when d = 1, 2, 3, 4, 5, 6, 8, 9, respectively. Vice versa, if p(X) = 1 and Type(X) is
one of the types in (B.7), then C1(X) = Z.

Proof. The first assertion easily follows from Proposition B.1. To prove the second one, we may
assume that d < 5 since the remaining cases are easy. Let Cl(X, P) be the local Weil divisor
class group of the (unique) singular point P € X. Then in the cases in (B.7), we have

CI(X,P)~7/dZ;

see, for example, [Bri68, Satz 2.11]. Therefore, for any line L C X, the divisor dL is Cartier.
Since dL ~g —Kx, we have dL ~ —Kx. Now, the assertion follows from Lemma 2.9(iii) and
Proposition 3.4. O

For every d € {2,...,6}, let X; be the Du Val del Pezzo surface of degree d such that
Cl(Xg) = Z. As we already mentioned earlier, the surface Xy contains exactly one line Ly and
Cl(X4) = Z[Lg). Take a point Py € Lg \ Sing(Xg). Let o4: X4 — Xg be the blow-up of the
point P;, and let Ly be the proper transform on Xy of the line Ly. Then

~ 1
L§:—1+E<O,

and K %, Ed = 0. Therefore, there exists a crepant contraction g: )Z'd — X él_l of the curve Ed,
where X/,_, is a singular Du Val del Pezzo surface such that C1(X),_,) = Z and K%, = K)Q? =d-1.
d

Thus, if d # 2, then X, | = X;_1 by Proposition B.1. If d = 2, then X7 is one of the two surfaces
described in Remark B.5, so that we also let X; = X|. Hence, we obtain the following diagram:

X Xs X, X;3 X,
g6 $6 o5 $5 g4 2%} o3 Y3 o2 ©2
X N N O

It allows us to reconstruct all surfaces in Proposition B.1 starting from Xg = P(1,2, 3).

Each birational transformation Xg_; --» Xy is Aut®(X,_;)-equivariant, so that it gives
a natural embedding Aut®(X;_;) < Aut®(Xy) such that Aut®(Xy_1) is just the stabilizer of the
point P;. Moreover, there following two assertions hold:

— If d > 3, then Aut’(X,) transitively acts on Ly \ Sing(Xy).

— If d = 2, then Aut®(X2) = Gy, has two orbits in Ly \ Sing(X3), an open orbit and a closed
orbit that consists of a single point, which explains the two possibilities in Remark B.5.

The construction also allows us to compute Aut®(X) in the cases 1°, 5%, 14°, 24°, 36° of Table 3.

355



I. CHELTSOV AND YU. PROKHOROV

COROLLARY B.8. Let X be a Du Val del Pezzo surface such that Cl(X) 2 Z, and let d := K%.
Then the group Aut®(X) is isomorphic to

B3, B2XGm, G2xGm, Gax3Gm, Gm

in the case when d = 6, 5, 4, 3, 2, respectively. If d = 1, then Aut®(X) = Gy, if X is given by (B.2),
and Aut®(X) = {1} if X is given by (B.3).
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