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The Donaldson—Thomas partition function
of the banana manifold

Jim Bryan

With an appendiz coauthored with Stephen Pietromonaco

ABSTRACT

A banana manifold is a compact Calabi—Yau threefold, fibered by Abelian surfaces,
whose singular fibers have a singular locus given by a “banana configuration of curves.”
A basic example is given by Xpan := Bla (S xp1 5), the blowup along the diagonal of the
fibered product of a generic rational elliptic surface S — P! with itself.

In this paper, we give a closed formula for the Donaldson—Thomas partition function
of the banana manifold X},, restricted to the 3-dimensional lattice I' of curve classes
supported in the fibers of Xp,n — PL. It is given by

Zo(Xean) =[] JIQ - prQPQiQi)~2dlh
di,d2,d3>0 k
where ||d|| = 2d1ds + 2dads + 2d3dy — d3 — d3 — d3 and the coefficients c(a, k) have a
generating function given by an explicit ratio of theta functions. This formula has in-
teresting properties and is closely related to the equivariant elliptic genera of Hilb ((C2).
In an appendix with S. Pietromonaco, it is shown that the corresponding genus g
Gromov—Witten potential Fy is a genus 2 Siegel modular form of weight 2¢g—2 for g > 2;
namely, it is the Skoruppa—Maass lift of a multiple of an Eisenstein series, specifically

12| Byy|
2122l o)
29(2g — 2)! 29(7)

1. Introduction

1.1 Donaldson—Thomas invariants

The Donaldson—Thomas invariants of a Calabi—Yau threefold X encode subtle information about
the enumerative geometry of X. They are a mathematical incarnation of counts of BPS states
in B-model topological string theory compactified on X.

Let X be a Calabi—Yau threefold, that is, a smooth complex threefold with trivial canonical
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class. Let 8 € Hy(X,Z) be a curve class, let n € Z, and let
Hilb’"(X) ={Z C X: [Z] = 3, x(Oz) = n}

be the Hilbert scheme parameterizing dimension 1 subschemes in the class 8 and having holomor-
phic Euler characteristic n. The Donaldson-Thomas invariant DT, (X) can be defined [Beh09]
as a weighted Euler characteristic of the Hilbert scheme:

DT (X) = e(HilD (X)) =) k-e(v'(k)),
keZ
where e(-) is topological Euler characteristic and
v: Hilb»"(X) = Z
is Behrend’s constructible function. One can regard DTg ,(X) as a virtual count of the number

of curves in the class 8 with Euler characteristic n.

The Donaldson—Thomas partition function is a generating function for the invariants which
we define! as

Z(X)= Y > DTp.(0)Q°(-p)".
BEH(X,Z) nEL

Here Q° = chll _ er, where § = d1C1+---+d,C, and {C4,...,C,} is a basis for Hy(X,Z)
chosen such that d; > 0 for all effective curve classes. The partition function Z(X) is then a
formal power series in QQ1, ..., Q, whose coefficients are formal Laurent series in p.

The Donaldson—Thomas partition function is very hard to compute.

Remark 1.1. Currently, there is not a single compact Calabi—Yau threefold X with trivial first
Betti number, for which Z(X) is completely known, not even conjecturally.”

Given some sublattice I' C Ha(X,Z), we can define a restricted partition function:

Zp(X) = DTsa(X)Q%(—p)".

Bel' neZ

Even for restricted partition functions, there are very few results for compact X. For elliptic
or K3 fibrations 7: X — B, the restricted partition functions Z.(X) have been computed for I
given by the lattice of fiber classes, by Toda [Tod12, Theorem 6.9] in the case of elliptic fibrations,
and by Maulik, Pandharipande, and Thomas [MP13, KMPS10] in the case of K3 fibrations. In
the case of K3 fibrations, the partition functions exhibit modularity properties.

In this paper, we compute Zr(X) when X is a certain kind of Calabi—Yau threefold (a ba-
nana manifold) and T" is a rank 3 lattice. We give an explicit product formula for Zp(X), we
derive a generating function for the corresponding Gopakumar—Vafa invariants, and we show (as-
suming the Gromov-Witten/Donaldson-Thomas (GW/DT) correspondence) that the associated
Gromov—Witten potentials are Siegel modular forms.

!Our insertion of a minus sign is somewhat non-standard.

2In the case of positive first Betti number, the ordinary Donaldson-Thomas invariants are zero except for trivial
cases. However, there is a modification of the usual invariants (the reduced Donaldson—Thomas invariants) which
leads to an interesting theory. In the cases of Abelian threefolds, products of a K3 surface and an elliptic curve, and
quotients of such a product by a cyclic group acting K-trivially on both factors, we do have complete conjectural
answers for the partition functions of the modified invariants [OP16, BOPY18, BO18]. The case of a product of
a K3 surface and an elliptic curve has now been proven [OP18].
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THE DT PARTITION FUNCTION OF THE BANANA MANIFOLD

1.2 Banana manifolds and their partition functions

We study a class of compact Calabi-Yau threefolds which we call banana manifolds. The basic
example, which we denote by Xp,, and refer to as the basic banana manifold (or “the” banana
manifold for short), is defined as follows.?

DEFINITION 1.2. Let S — P! be a generic rational elliptic surface. Let
Xban = Bla (S Xp1 S)
be the fibered product of S with itself blown up along the diagonal A; see Figure 1.

FIGURE 1. The banana manifold Xp,, = BIA(S xp1 )

The map S — P! is singular at 12 points which gives rise to 12 conifold singularities in
the fibered product which all lie on the divisor A. Consequently, Xpa, is a conifold resolution of
Sxp1S. It is a simply connected compact Calabi-Yau threefold with Hodge numbers ! (Xp,n) =
20 and h'2(Xpan) = 8 (see Section 3).

The generic fiber of 7: Xpan — P! is E x E, the product of an elliptic curve with itself, and 7
has 12 singular fibers which are non-normal toric surfaces Fpan, each of which is a compactification
of C* x C* by a banana configuration of rational curves.

DEFINITION 1.3. A banana configuration® in a Calabi-Yau threefold X is a union C' = C;UC5UC3
of three curves C; = P! with N¢, x = O(—=1) @ O(—1) such that C; N Cy = Co N Cy = C3N
Cy = {p,q}, where p,q € X are distinct points. Moreover, there exist coordinates on formal
neighborhoods of p and ¢ such that the curves C; are given by the coordinate axes in those
coordinates. See Figure 2; the meaning of the picture on the right is discussed in Section 4.5.

The banana curves C, Cs, Cs of any of the singular fibers generate
I' C Hy(Xpan, Z),
the lattice of the fiber classes (Lemma 3.3). Let
Ba = d1C1 + d2Cs + d3C3

3Essentially, this construction of the banana manifold is mentioned briefly in [KL19, end of § 5.2]; we learned about
this from Georg Oberdieck.

4The Strominger—Yau-Zaslow (SYZ) mirror of this configuration was studied by Abouzaid, Auroux, and Katzarkov
in [AAK16]. The banana configuration also appears in the Landau—Ginzburg mirror of a genus 2 curve as studied
by Gross, Katzarkov, and Ruddat in [GKR17] and Ruddat in [Rud17].
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Cs

p

FIGURE 2. The banana configuration of rational curves

and define
|| = 2d1dy + 2dads + 2dsdy — d3 — d3 — d3 .
This quadratic form is twice the intersection form of a smooth fiber, by which we mean that

if Bq is represented by a cycle C' supported on a smooth fiber, then ||d| = 2C - C, where C' - C
is the self-intersection of C'in the smooth fiber.

We define banana manifolds in general as follows.

DEFINITION 1.4. We say that a compact Calabi—Yau threefold X is a banana manifold with N
banana fibers if there is an Abelian surface fibration 7: X — P!, where the singular locus of
consists of N disjoint banana configurations and the smooth locus of 7 is an Abelian group
scheme over P! whose natural action on itself extends to an action on X.

Our main theorem is the following.

THEOREM 1.5. Let Xpan be the basic banana manifold, and let ' =2 Z? be the lattice of classes
supported on the fibers of m: Xpan — P'. Then the Donaldson-Thomas partition function of Xpan
restricted to I' is given by

—12¢(||d]|,k
ZF(Xban) _ H H(l _ katlingb §3) c(lldll,k) 7
dy,d2,d3>20 k

where the second product is over all k € Z unless (dy,ds2,ds) = (0,0,0), in which case k > 0. The
c(||d]|, k) are positive integers given by

- ez @ (=) 64(27, 2)
C(av k)Qa b= S = ,
agl ke% (ZkEZ-i-% Q2k2 (—y)k>2 01 (47‘, 2)2

where 64 and 6, are the usual theta functions with Q = e*™" and y = 2™,

Remark 1.6. While we have formulated the theorem for the basic banana manifold, our proof
will work for banana manifolds in general, where the 12 in the exponent on the right-hand side
will be replaced by IV, the number of banana configurations. This also applies to Corollary 1.9,
Corollary 1.10, and Theorem 1.11 stated below with the number 12 replaced by N in each case.

Remark 1.7. The coefficients c¢(a, k) are also the coefficients of the equivariant elliptic genus of
the plane C2; see Section 2.

136



THE DT PARTITION FUNCTION OF THE BANANA MANIFOLD

Remark 1.8. The study of the partition function of Xy,, for the rank 4 lattice spanned by the
fiber classes and one section class has been initiated by Leigh [Leil9], who has obtained the
partition functions corresponding to various affine planes in the rank 4 lattice.

COROLLARY 1.9 (Pietromonaco). Assuming that the GW/DT correspondence holds for Xpap,
the genus g Gromov—Witten potential function Fy(Q1,Q2,Q3) is a meromorphic Siegel modular
form of weight 2g — 2 for all ¢ > 2, where Q = e2™%, Qg = e2™(7=2) Q3 = €2™(°~2) and where
(I Z) € Hy is in the genus 2 Siegel upper half plane. Namely, F, is given by the Skoruppa—Maass
lift of agF94(T), the (2g)th Eisenstein series multiplied by the constant

W 121By|
9 2g(2g —2)!"

See Appendix 2 for full definitions of the terms used in the corollary. See Remark A.4 for a
natural interpretation of the corollary in terms of mirror symmetry.

Our Theorem 1.5 also completely determines the Gopakumar—Vafa invariants of the banana
manifold for the fiber classes 54. One corollary is the following.

COROLLARY 1.10. The Gopakumar—Vafa invariants of Xyan in the class Bq depend only on ||d||.
We thus streamline the notation by writing

n%i(Xban) =n?(Xpan), where a=]|d]|.

The property that n%d (Xban) depends only on ||d|| and so, in particular, the invariants are

independent of the divisibility of 3q, is an unusual property of Xp,, which is also shared by the
local K3 surface by a deep result of Pandharipande-Thomas [PT16].

We can reformulate our main result in terms of the Gopakumar—Vafa invariants. After some
manipulation of generating functions (see Sections 2 and A.5), we can deduce the following result.

THEOREM 1.11. The Gopakumar—Vafa invariants n%d (Xban) = né(Xpan) In the classes Bq with
|d|| = a are given by a

oo i N29 00 (1+yQ2n71)(1+y71Q2n71)(1_QZn)
g Xban 2 + 2 atl — 12 :
a;1g§)n (Xo )<y y ) @ g (1+yQ4n)2(1+y71Q4n)2(1_Q4n)2

It is interesting to compare the above formula to the analogous result for the local K3 surface,
namely the Katz—Klemm—Vafa formula.

THEOREM 1.12 (Pandharipande-Thomas [PT16]). The Gopakumar—Vafa invariants n%(K 3) =
ng(K3) in the class 8 with 3?/2 = a are given by

i S ng(K3) (7 + ‘%)29 Q! ﬁ !
n = .
AT (T yQMP(1+y TQ2(1 - Q)

a=—1g=>0 n=1

Note that after the substitution () = —yq, the right-hand side of the above equation is equal
to Y, xy(Hilb"(K3))g", the generating function for the x,-genus of the Hilbert schemes of points
on K3. It would be interesting to find an analogous interpretation of the right-hand side of the
equation in Theorem 1.11.

See Section A.6 for a table of nd(Xpa,) for small values of a and g.
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2. The coefficients c(a,k) and the elliptic genera of Hilb ((Cz)

Let M be a compact complex manifold of dimension d, and let x1,...,x45 be the Chern roots
of T'M. Then the elliptic genus is defined by

(e 9]

d 1 -1, x; ,n
1— e Tig" ) (1 — e*i
Ell, (M) :/M H%y 1 H Y q _)( Y ‘ q )
j=1

1 — e Tign 1)(1 _ equn)

N \

If M has a C*-action with isolated fixed points, then by Atiyah—Bott localization, we get
o (1 — oyt~ (p)qnfl) (1 _ yfltkj(p)qn)
Bl (M) = 3> [[v U (=t BOg 1) (1- h®gy) (21)

where ki(p), ..., kq(p) € Z are the weights of the C*-action on T, M.

If M is non-compact, we take equation (2.1) to be the definition of the elliptic genus
Ellgy(M,t), which then may depend on ¢, the equivariant parameter. (The parameter ¢ € Hg. (pt)
is the Chern character of the universal line bundle, so ¢t = €', where ¢; € H%* (pt) is an integral
generator.)

It is convenient to rewrite this expression in terms of the Fourier expansion of the theta
function 6. Let ¢ = exp(27i7T) and y = exp(27miz); then 61(q,y) is given by
(o ¢]
2 .11 _ _
S Pyt =—iggy e [JA- ") (1 —y" ) (1 -y g

keZ+1 n=1
Then equation (2.1) becomes
01 (q,yt ))
Ell, (M, t) .
w0 = D, H PR
peMC* j=1

For example, if we let C* act on C? with weights £1, then the induced action of C* on
Hilb™ ((C2) has isolated fixed points corresponding to monomial ideals which are in bijective
correspondence with integer partitions of m. The tangent weights associated with a partition R

are given by {%h;}, where h;, = h;,(R) is the hook length of the box in position (j, k) in the
diagram of R (see Section 5.2 for this notation). Thus

—h;, h;,
Z EHq y Hllbm (CQ Z Q‘Rl H 01 (Q7 yt J k)el (Q> yt J k) ) (22)

= i 010 0]

Dijkgraaf-Moore—Verlinde—Verlinde (DMVV) conjectured [DMVV97] that

Z Ell,, (Hilb™ (C?),t Z BN (Sym™ (C?),t) Q™

m=0
where Ellgf; (Symm ((C2),t) is the orbifold elliptic genus of Sym™ ((CZ). This is a special case of
the crepant resolution conjecture for equivariant elliptic genera which was proven by Waelder
[Wae08, Theorem 12] based on the non-equivariant case proven by Borisov-Libgobner [BLO5].
The right-hand side of the DMVV conjecture is easy to compute; consequently, Waelder’s result
leads to the following formula.
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THEOREM 2.1 (Waelder). We have

N T T N
3 Bl (Hib™(C2),0)Q™ = T] T] T] (0 - t*a"s'@™) ™Y,
m=0 m=1n=01keZ

where the coefficients c(n, [, k) are defined by

01(q, yt)01 (g, yt~* .
Ellg, (C*t) = 1(0,4)01id, 3 ZZ (n, 1, k)q"y't" .

)
01(q,1)01(q, 1~ n=0k,IcZ

We prove the following result about the coefficients ¢(n, [, k).

PROPOSITION 2.2. Let

Ell;, (C?,t) Z > e(n,1,k)g

n=0 LkeZ
Then c(n,l, k) depends only on the pair (4n — I?, k). Writing
e(n,l,k) = c(4n — 1%,k ,
we have c(a, k) =0 if a < —1 and

i ZC(G, k)Q“tk - Zkez ka(—t)k . 94(Q2,t)2 |
(S @ Cor) 0@

Examining the first two terms in the ) expansion, we get the following easy corollary.

COROLLARY 2.3. The coefficients c¢(a, k) for a = —1,0 are given by

o 0 ifk<0

c(—1,k) = 1 S 7 and c(0,k)=<{1 ifk=0,
—k it k>0 % ifk>0

1 .

Applying the Jacobi triple product identity, we also get the following corollary.

COROLLARY 2.4. We have

0o 00 QQn) ( tQZn—l) (1 _ t—lQQn—l)
k at+lik ‘
X e = g 13 —Qm)T( Qi) (1 Q)

2.1 Proof of Proposition 2.2

From the product formula for 6,(q,t) and the fact that 6; (q,t_l) = —01(q,t), we see that we

may write
o

01(g,t)" 101 (gt~ 1) ~01(a,1) " = ¢ i1—t Z

=0
where 8y = 1 and 6;(t) € Z[t,t™']. Then

Ellg (C27t) = qii# Z(si(t)qi Z q%(n+%)2+%(m+%)2(_yt)n+% (_yt—l)m+% .

=0 nmezZ
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Ifweletl:m—l—n—I—landb:n—mandwenotethatthenlzb+1mod2and%(n—|—%)2—|—
%(m—i—%)z: %(lz—i-bz),we get

oo
122
Euq’y (C2 1 — t Z Z q4(l +b 1)yl(_t)b )
=0 1,beZ

[=b+1 mod 2

The terms with ¢™y' in the above sum occur when n = i + %(l2 + b — 1) and thus when
4n — 12 = 4i +b*> — 1 > —1. Therefore, the ¢"y' coefficient of Ell(, ) (CQ,t) depends only on
a = 4n — 1% and is zero if a < —1:

Coef gyt [Ellgy) (C*8)] =D e(n, k)" = e(4n — 12, k)tF
k€EZ kEZ

where

> > cla Q= QZZ@W H(=1)"5i(0)

a=—1keZ =0 bez
= i_l ° 6Z(t)Q4Z ZQbQ(_t)b
-0 beZ
K2/ _1\k
:91(@4715)_2262172(_25)1)2 > kez QF (—t) N .
beZ (Zk’EZ—i-% szz(_t)k>

3. Geometry of the banana manifold

In this section, we compute the Hodge numbers of the banana manifold Xp,,, and we show that
the fiber classes are spanned by the banana curves Cq, Csy, Cs.

Let p: S — P! be a rational elliptic surface with 12 singular fibers, each having one node.
Let p#: S# — P! be an isomorphic copy of S, and consider the fibered product
Xsing =5 Xp1 S# .

The space Xging is singular at the 12 points where both p and p# are not smooth, namely at the
product of the nodes. To see that these points are conifold singularities, note that for each node
n € S and corresponding node n* € S#, there exist formal local coordinates (z,y), (z#,y#), ¢
about n, n#, and p(n) = p*(n#) € P!, respectively, such that the maps p and p* are given by
xy =t and 2#y* = t. Consequently, xy = x#y# is the local equation of Xgng at (n,n*).

Let A C Xging be the divisor given by the diagonal in the fibered product. From the above
local description of the singularities, all of which lie on A, we see that

Xban = BIA(Xsing) )
the blowup of Xgi,g along the diagonal is smooth, and
X ban — Xsing

is a conifold resolution.

3.1 Relation to the Schoen threefold and the Hodge numbers
LEMMA 3.1. We have e(Xpa,) = 24.
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Proof. Since the map Xy,,n — Xsing contracts 12 rational curves to 12 singular points, we can
write the following equation in the Grothendieck group of varieties:

[Xban] = [ ging] + 12[P1] )
where X2

dng C Xsing Is the non-singular locus. Since e(—) is a homomorphism from the Gro-
thendieck group to the integers, we see that e(Xpay) = e(Xgng) + 24. We claim that the Euler
characteristic of each fiber of X i P! is zero. The smooth fibers are E x E, a product of smooth
elliptic curves, and hence have zero Euler characteristic. The singular fibers have a (C* x C*)-
action constructed in Section 4.5. The fixed points of the action on the fibers of X,z — P! are
exactly the conifold points, and so the action on the fibers of Xgng = P! is free. Consequently,

the Euler characteristics of these fibers are zero. The lemma follows. O

The banana manifold is related to the Schoen Calabi-Yau threefold [Sch88] by a conifold
transition. This will allow us to compute the Hodge numbers of the banana manifold in terms of
the (well-known) Hodge numbers of the Schoen threefold. The Schoen threefold can be defined as

Xsep C P2 x P2 x P!

the intersection of two generic hypersurfaces of multi-degree (3,0,1) and (0, 3,1). It is a simply
connected Calabi-Yau threefold with h'!(Xse,) = 19 and h?!(Xsep) = 19.

PROPOSITION 3.2. The space Xpan, is a simply connected Calabi—Yau manifold with h*'(Xpan) =
8 and hb!(Xpan) = 20.

Proof. We first show that there is a conifold transition from Xgc, to Xpan. The generic hyper-
surface in P2 x P! of degree (3,1) is a rational elliptic surface S — P!, and consequently the
projections of Xsen C P? x P2 x P! onto various subfactors realize Xsq, as a fibered product

Xsch = So xp1 S1,

where the S; — P! are distinct generic rational surfaces. We may choose a 1-parameter family
of elliptic surfaces S; which interpolates between Sy and S7. Then the family of threefolds

Xt = So Xp1l St

are all Schoen threefolds for ¢ # 0 and Xy = Xging, and since Xpan — Xsing is a conifold
resolution, we get a conifold transition Xscp ~ Xpan. Since conifold transitions preserve simple
connectivity and the Calabi—Yau condition, we see that Xp,, is a simply connected Calabi—Yau
threefold. The change in "' through a conifold transition is determined by the codimension of
the family of singular threefolds inside the full deformation space of the threefold (see [Mor99,
§3.1]). The family of Schoen threefolds is 19-dimensional: there are the two 8-dimensional families
of rational elliptic surfaces S; — P! and the 3-dimensional family of isomorphisms between the
bases of S; — P! required to form the fibered product Sy xp1 S;. The locus of such fibered
products with § = 12 conifold singularities is 8-dimensional: the 12 nodes of Sy and S; must
occur over the same fibers, which implies that Sy = S7, and the isomorphism of the base is the
identity. The codimension o is thus o = 19 — 8 = 11. Following [Mor99, §3.1], we compute

R (Xpan) = B (Xsep) +0 — 0 =19+ 12 — 11 = 20.

Then since e(Xpan) = 24 = 2(h1’1(Xban) - h2’1(Xban)), we see that h%!(Xpa,) = 8 (in particu-
lar, the 8-dimensional space of banana manifolds constructed above is the whole deformation
space). O
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LEMMA 3.3. Let Cy, (o, and C5 be the banana curves in a singular fiber Fp,,. Let I' C
Hy(Xpan, Z) be the lattice spanned by cycles supported on the fibers of w. Then I' is spanned by
the classes of C1, Co, and Cj.

Proof. By the previous discussion of the conifold transition, we have that
HQ(Xbana Z) = HZ(XSCI‘H Z) G Z )

where the Z-summand is spanned by the exceptional curves of the conifold resolution; in partic-
ular, the exceptional curves are all homologous. Let

b: Xban —)S, p#: Xban —>S#

be the projections onto the first and second factors of the fibered product. Let 1, ..., z12 € P!
be points corresponding to singular fibers; we label the banana curves C1(i), Ca(i), C3() in the
singular fiber over x; as follows. Let C3(i) be an exceptional curve for the conifold resolution,
and let C'(7) and Cz(7) be such that

p (i) = Ci(i) U Cs(i), (p*) " (nf) = Cali) U C3(d),
where n; € S and nf € S# are the nodal points in the fibers over z;.

The fibers of p: Xpan — S and p#: Xpan — S# are all irreducible except for the fibers
C1(i)UC5(i) and C1(i) UCs(3) for ¢ = 1,...,12. Since the exceptional curves are all homologous,
we have a single class C3 = C3(i) for all ¢, and since the fibers of p are all homologous and the
fibers of p* are all homologous, we get

Ci(i) +C3 = Cl(i/) +Cs and Cy(i)+C5 = Cz(i/) +C5.

Hence all C;(i) are homologous to a single class Cy, and all Cs(7) are homologous to a single
class Cs.

Moreover, the three classes Cq, Co, and C5 are independent: The classes p.(C7) and p,(Cs)
are independent in Hy(S,Z), and, likewise, the classes p#(C2) and p?(C3) are independent in
Hy(S#,7). Then pushing forward any relation a1Cy + a2Cs + a3Cs = 0 by p. and p# shows
a; — ap = as = 0.

It remains to show that C'1, Co, and C5 generate I', which is by definition spanned by classes
represented by cycles supported on fibers. As we will prove in Proposition 4.10, the singular
fibers Fpa, are non-normal toric surfaces whose boundary divisor is the union of the banana
curves which thus generate all the classes in Ha(Fpan, Z). Then we need only prove that all classes
represented by classes supported on some smooth fiber E, x E;f are in the span of C'1, Cs, and Cj.
By the Kiinneth theorem, all classes in Hy(Ey x Ejf,Z) are integral combinations of E, x {pt},
{pt} x E?j*, and classes given by a product of 1-cycles in each factor. The latter classes are 0
as classes in Hz(Xpan,Z) since 1-cycles in E, and EJ are generated by vanishing cycles in the
elliptic surfaces S and S*. Finally, as argued above, the classes Ej, x {pt} and {pt} x Ej are
homologous to C; 4+ Cs and Cy + Cf3, respectively. O

4. Computing the partition function

4.1 Overview

Our basic strategy for computing the partition function Zp(Xpa,) is to stratify the Hilbert
scheme, where each stratum parameterizes subschemes supported on a prescribed set of fibers of
the map 7: X — P!. Each stratum admits an action by the Mordell-Weil group of sections on
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an infinitesimal neighborhood of a fiber.

We use these group actions to reduce the v-weighted Euler characteristic computation to
the fixed-point set of the group actions. The fixed points correspond to subschemes which are
supported on an infinitesimal neighborhood of the banana configurations and which are formally
locally given by monomial ideals. We can count these fixed points (weighted by v) using a tech-
nique from [MNOPOG6] adapted to our setting. The outcome is an expression for the partition
function in terms of the topological vertex.

The vertex expression we get has essentially been computed in the physics literature. The bulk
of the computation is done by Hollowood, Igbal, and Vafa [HIV08] using geometric engineering.
Their derivation requires a certain geometrically motivated combinatorial conjecture. The con-
jecture was a special case of the equivariant crepant resolution conjecture for elliptic genera (also
called the equivariant DMVV conjecture after Dijkgraaf-Moore—Verlinde—Verlinde [DMVV97]),
which was subsequently proven by Borisov-Libgobner and Waelder [BL0O5, Wae08] using motivic
integration. We present a mathematically self-contained version of the Hollowood—Igbal-Vafa
derivation in Section 5.

4.2 Preliminaries on notation and Euler characteristics

For any separated scheme of finite type Y over C, let e(Y") be the topological Euler characteristic
of Y in the complex analytic topology. Note that the Euler characteristic is independent of any
nilpotent structures; that is, e(Y) = e(Yieq)-

For any constructible function pu: Y — Z, let
e(YV,p) = k-e(p (k)
keZ
be the u-weighted Euler characteristic of Y.

We will need the following standard facts about Euler characteristics:

— The Euler characteristic defines a ring homomorphism e: Ky(Varc) — Z; that is, it is
additive under the decomposition of a scheme into an open set and its complement, and it
is multiplicative on Cartesian products.

— For any constructible morphism® f: Y — Z, we have (see [Mac74])
where f,u is the constructible function given by
(fer)(z) = e(fH(x), ) -
— If C* acts on a scheme Y with fixed point locus YC € Y, then (see [Bia73])
e(Y) = e(Y(C*) .
We will also use the following.

LEMMA 4.1. Let G be an algebraic group acting on V', a separated scheme of finite type over C.
Let 1 be a G-invariant constructible function on V. Suppose that each G-orbit has zero Euler
characteristic; that is, e(O,) = 0 for all x € V. Then e(V, 1) = 0.

5A constructible morphism is a map which is regular on each piece of a decomposition of its domain into locally
closed subsets.
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Proof. Since we are considering Euler characteristics, we may replace V with Vieq and thus
assume without loss of generality that V is a variety.

By a theorem of Rosenlicht [Ros56, Theorem 2], [Ros63], we have that for the action of any
algebraic group G on any variety V, there exist a G-invariant dense open set U C V and a
morphism 7: U — W to a variety W such that for all x € U, the fiber 771(x) is a G-orbit.
By iteratively applying the same theorem to V \ U, we obtain a locally closed G-equivariant
stratification V' = UyU, such that the G-action on each stratum has a geometric quotient

Ta: Uy — W,

Suppose that every G-orbit has Euler characteristic zero, e(O,) = 0. Let u be a G-invariant
constructible function on V; then

e(Vip) =Y e(Uarp) = D e(Wa, (Ta)e(1)) = > e(Wa,0) = 0. O
We will use the notation
Hilb®* (Xpan) = > Hilb™ " (Xpan) Q1 Q3 Q5 (—p)"
d,n

where we regard the right-hand side as a formal series in @1, 2, 3, Laurent in p, having
coefficients in Ky(Varc), the Grothendieck group of varieties.® We extend the operations in
the Grothendieck group (addition, multiplication, and Euler characteristic) to the series in the
obvious way. So, for example, in this notation, the partition function is given by

ZF(Xban) = e(Hﬂb.(Xban), I/) .

We will apply the above notation more generally. Whenever we have any collection {AQ’”}
of elements of a set (for example Z or Ky(Varc)) indexed by (d,n), we will write

A= Y AR QR QI

Q?n

4.3 Pushing forward the v-weighted Euler characteristic measure
Let
Conf* P! = Sym* P!\ A
be the configuration space of k unordered distinct points in P!, that is, the kth symmetric product
of P! with the big diagonal deleted. Let

Conf P! = U Conf* P! .
k

We define a constructible morphism by
pdm: Hilb%4"(Xp,,) — Conf P!,
Z — Supp(m.Oz) .

Informally, p9"(Z) records the points in the base of 7: Xpan — P! over which the subscheme
Z C Xpan is supported. Then using equation (4.1) and our bullet notation, we have

Zr(Xpan) = e(Hilb'(Xban), 1/) = e(Conf]P’l,p;V) .

5We note that HilbO’O(Xban) is a single point corresponding to the empty subscheme. Thus the constant term of
the series Hilb®(Xpan) is 1.
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Note that the constructible function pir takes values in Z[[Q1, Q2, Q3]]((p))-

4.4 Subschemes supported in an infinitesimal neighborhood of a fiber

From here on out, we will write X for Xp,, for the sake of brevity when there is no ambiguity.
We will also suppress the superscripts 8 and n when they are understood and/or unimportant.

DEFINITION 4.2. Let F, be the fiber of m: X — P! over y € P! Let Fy(k) be the k-order
infinitesimal neighborhood of Fy in X, and let F, be the formal neighborhood of F, in X. We
define

Hilb(F}) ¢ Hilb(X)
to be the locally closed subscheme of Hilb(X) parameterizing subschemes Z C X supported

on Fy, that is, subschemes which are set-theoretically, but not necessarily scheme-theoretically,
supported in Fy. Finally, we define

(7,
to be the formal neighborhood of Hilb(ﬁy) in Hilb(X).

The value of the Behrend function v: Hilb(X) — Z at a point depends only on the formal
neighborhood of that point inside the Hilbert scheme [Jial7]. Therefore, v restricted to Hilb(F})

is completely determined by the formal scheme ﬁlﬁ)(ﬁy)

Remark 4.3. The closed points of Hilb(ﬁy) and }Tﬂ\b(ﬁy) are of course the same; they corre-

spond to subschemes Z C X such that Z..q C F,. However, Hilb(ﬁy) and Pﬁﬁ)(ﬁy) classify
different families of subschemes. For example, the infinitesimal deformations of Z parameterized
by Hilb (Fy) must preserve the closed condition Z,.q C F),, whereas Hilb (Fy) includes all in-
finitesimal deformations of Z, even those which (infinitesimally) violate the condition Zy.q C Fy,.

4.5 Mordell-Weil groups and actions on Hilb (f?y)
Let
X° = {x € X such that 7: X — P! is smooth at x} .
In other words, X° is X with the 12 banana configurations removed. Then, once we fix a section
so: Pt — X°,
7°: X° — P!

has the structure of an Abelian group scheme over P!. Let F; = X°N Fy, be the group of the
fiber over y. Let

{:Cl, . ,x12} C P!
be the points with singular fiber. Then for y € {x1,... 212}, we have F) = E, x E,, where E, is

an elliptic curve, and for y € {z1,..., 712}, we have Fjj = C* x C*.

DEFINITION 4.4. Let 7°: X% — B and 7: Xp — B denote the B-schemes obtained from X°
and X by some base change B — P!. We define MW(B) to be the Mordell-Weil group of sections
of ¥ over B.

If B — SpecC is finite, then MW(B) is the Weil restriction of X% — B with respect to
B — SpecC and is thus an algebraic group over C; see [BLR90, § 7, Theorem 4].
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We get an action of MW(B) on Xp defined as follows (cf. [BLR9I0, §7, Theorem 6]). The
group scheme structure morphism X3 xp X3 — X extends (see [DR73]) to a morphism

X9 xp Xp —> Xp.
We define the MW(B)-action on Xpg by the composition
MW(B) x Xp ~2 X8 x5 Xp — X5,

where ¢ = (evo (Id x m),pry, ) with ev: MW(B) x B — Xp the tautological evaluation map
(s,y) — s(y) and
prx,: MW(B) x Xp — Xp
the projection. The map ¢ is well defined because moevo (Id x 7) = Topry,.
Concretely, if x € Xp is a point, then the action of s on x is given by translation: (s,z) —

s(m(z)) + .
Let A?(Jk) C P! be the kth order thickening of y € P'. Since
Aj(f) = Spec(Cle] /") — SpecC
is finite, MW(A?(P) is an algebraic group. Restriction of a section to the closed fiber expresses

MW(Agk)) as an extension of Fy) by a vector group of some dimension D = D(k):
0 — CP — MW(AY) 5 F2 — 0. (4.2)

We write F,gk) for X AR that is, the kth order thickening of the fiber F,. The action of
Y
MW(Ag(),k)) on F@Sk) is compatible with the restriction homomorphisms MW(A;’HI)) — MW(A&R))
and the inclusions Fék) C FékH). Let

MW () = %1 MW (AP)

be the inverse limit group. Then by construction, MW;OO) acts on ﬁy, and this induces an action

of MW;OO) on Hilb (ﬁy) and on I—iﬁ)(ﬁy) Note that

Hilb*" (F,) ¢ Hilb*" (EM)
for some large N = N(f,n) which depends on 8 and n. Therefore, Hilb?" (ﬁy) is acted on by
the algebraic group MW(AZ(/N)). However, MW(AéN)) does not act on ﬁil\bﬁ’n (ﬁy) since this
includes all infinitesimal deformations of any Z C F},, which can involve finite neighborhoods of
arbitrarily big orders. Thus only the pro-algebraic group IVIW;OO) acts on Ifiﬁ)ﬁ’n (ﬁy)

Since the Behrend function v: Hilb (ﬁy) — Z is determined by }iﬁ)(ﬁy), the action of MWZ(/OO)
must preserve v. Consequently we have the following.

LEMMA 4.5. The Behrend function v is invariant under the action of MW(A;N)) on Hilb?" (ﬁy)

In general, we do not know if the sequence (4.2) splits. However, if y = z; so that F, is
a singular fiber and thus Fy = C* x C*, then (4.2) must split:

0 » CP > MW(AJ(CE)) ;T\ C*xC* —— 1.
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Indeed, any infinitesimal deformation of an algebraic group of multiplicative type is trivial by
[BCO14, Corollary B.2.7], and thus

X° A = AP x C* x C*,

which induces the splitting.
Consequently, we have the following.

LEMMA 4.6. The group C* x C* acts on Hilb (ﬁban), where ﬁban is any singular fiber. Moreover,

the action extends to Im(ﬁban), and thus it preserves the Behrend function v.

4.6 Reduction of the computation to the singular fibers
LEMMA 4.7. Let F, be a smooth fiber; then e(Hilb(ﬁ ), V) =0.

Proof. By Lemma 4.5, the group MW = MW(A NV, )) acts on Hilb%a " ( ) preservmg v. More-
over, the action is ﬁxed point free since the group MW acts transitively on Fy, and so any
subscheme Z C F not supported on all of F must be moved by some element of the group. Let
Stab, be the MW-stabilizer of x € Hllb( y), and let Z, C Fy be the subscheme corresponding
to z. Then the image r(Stab,) is a proper subgroup of F, since there is some element in F, which
does not preserve Supp(Z;). Then the orbit O, = MW/ Stab,, of = is an Abelian group fitting

into the exact sequence
cP F,
0— ———— — 0, — —24+— — 0.
Stab, N CP * r(Stab,)

Therefore, O, is given as the total space of a smooth fibration with base Fy,/r(Stab,), a positive-
dimensional Abelian variety. It follows that e(O;) = 0. We then can apply Lemma 4.1 with
G=MW,V = Hilb(Fy), and p = v to complete the proof. O

Recall that Z(X) = e(Conf P, p;l/). To compute pjv, we note that the preimage satisfies

k
(P*) (w1, we}) = Hilb® (Fy, U--- U E,) = [[Hib(F,)
=1

where the product takes place in the ring Ko(Varc)[[@1, Q2, Q3]]((p))-
Lemma 4.7 implies that

) {y1, - ue) =0 if {yr,uk) € {2, 12,

where Fy,,..., F;,, are the 12 singular fibers.

In other words, we have shown that the constructible function p}v is supported on the subset
Conf({z1,...,212}) C Conf PL. Therefore,

Zp(X) = e(CoanP’l,y) = e(Conf({z1,... xlg}) 03)
= e(Hilb® (Fy, U--- U Fyy,) He (Hilb® (EL,),v) .

Since all the formal neighborhoods F\wl are isomorphic, we will write Fban for this formal scheme,
that is, the formal neighborhood of Fy,,, a fiber containing a banana configuration. In conclusion,
we have

Zr (Xban) = e(Hib" (Fpan), )" . (4.3)
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Note that here v is the restriction of the Behrend function on Hilb(X) to Hilb (ﬁban), but since
this is determined by Hilb (ﬁban), we may regard v as the Behrend function of the formal scheme
Hilb (Fhan). We will write

7 (Foan) = e (D" (Foan) ) -
Remark 4.8. For more general banana manifolds, the same proof shows that equation (4.3)

holds with the 12 replaced by N, the number of singular fibers (that is, the number of banana
configurations).

4.7 Reduction to (C* x C*)-fixed subschemes

The (C* x C*)-action on ﬁban preserves the canonical class by construction. In particular, the
action of C* x C* is compatible with the symmetric obstruction theory [BFO08] of Hilb(X),
restricted to Pflﬁ)(X ). We note that in order to work in this formal setting, we must use the
symmetric obstruction theory associated with the formal moduli space (defined by Jiang in
[Jial7]). The result of Behrend and Fantechi [BF08] is that for an isolated fixed point P €
}ﬁﬁ)(ﬁban), the value of the Behrend function is given by

U(P) = (1) T
where Tp = Tpﬁiﬁ)(ﬁban) is the Zariski tangent space of P € ﬁil\b(ﬁban). We note that Tp =
Ext)(Iz,,1z,), where Zp is the subscheme associated with P (see [MNOP06]).

We will see that the fixed points of the action are isolated. It then follows that

2(Foon) = (D" (Fonn) ) = (D" (Foan) ")

_ Z (_1)dimTprlll(P)Qg2(P)Qg3(P)(_p)x((’)zp) ’

Peﬁiﬁ)(ﬁbaOC* e

where d;(P) is defined by
[Zp] = di1(P)C1 4 d2(P)Co + d3(P)Cs.

PROPOSITION 4.9. The (C* x C*)-fixed points P € ﬁiﬁ)(ﬁban)c*xc* are isolated, and the fixed-
point set is in bijective correspondence with the set {R1, Re, R3,m1, 72}, where Ri, Ra, Rs3 is
a triple of 2D partitions and 7y, my is a pair of 3D partitions asymptotic to (R, Ra, R3) and
the conjugate partitions (R}, RS, R%), respectively. Moreover, the discrete invariants of the cor-
responding subscheme are given by

di(P) = |Ril,
1 3
X(Ozp) = |mi| + |m2| + 5 DRl + IR,

=1

(_1)dimTp _ (_1)X(OZP)+|Rl|+|R2|+|R3| ,

where |R;| is the size of a partition, |m;| is the normalized volume [BKY18, ORV06], and || R;||?
denotes the sum of the squares of the parts (cf. Section 5).

See, for example, [BKY 18, Definition 1] for a definition of 3D partitions asymptotic to a triple
of 2D partitions. We use A’ to denote the partition conjugate to A; see Section 5.

This proposition will be proved in the next section, but we first use it to finish the computation
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of Z (ﬁban). First, recall that the topological vertex is defined to be the generating function

VR, RyRs (D) = ZP'”' ;

where the sum is over all 3D-partitions asymptotic to (Ri, Re, R3); see [BKY18, Definition 2],
[ORV06]. Then by the proposition, we obtain

Z(Foan) = > (_Q1)|R1|(_Q2)|R2|(_Q3)|R3|p%223:1”Rill?H‘R;l'zVRleRg(p)vR/lR’QRg(p)

R1RoR3
=M®p)® D (—Q)™(=Q2) " (=Qs) VR, ryry (0)V Ry ry R, ()
R1R2R3
where
Vi o, = M(p) 1 ppIBIPHIRIP IR oo

is the normalized vertex. The main result of Section 5 (Theorem 5.1) then asserts

ZFn) =[] I (1-@rQuqsyt) <leh,

a; >0 kEeZ,
k>0 if a=0

This formula, along with equation (4.3), then proves Theorem 1.5.

4.8 Analysis of (C* x C*)-fixed subschemes

The goal of this section is to prove Proposition 4.9. To analyze the action of C* x C* on ﬁban and
determine the (C* x C*)-invariant subschemes, we obtain an explicit toric description of Fa,
using Proposition 4.10 below. Informally, the proposition says that

— Fpan is obtained from Bl(]P>1 X IP’I), the blowup of P! x P! at the points (0, o0), and (o0, 0),
by gluing the three pairs of disjoint boundary divisors to each other in normal crossings;

— Flan is obtained from Bl(]P’l X ]P’l), the formal neighborhood of Bl(IP’l X IP’l) inside the total
space of its canonical bundle, by an étale gluing (which restricts to the normal crossing
gluing of Bl(]P’l X ]Pl));

— the gluing is (C* x C*)-equivariant.

Let Fiing C Xsing be the image of Fia, under the blowup Xpan — Xging. Let

. 77norm . 77norm
o FSing — Fsinga T Fban — Fban

be the normalizations. Define ﬁg‘a"

(Fpom 7+0 A )

"™ to be the formal scheme given by the ringed space

PrOPOSITION 4.10. The following hold:
(i) EFrom ~pl x pl,

sing
(i) We have that Fjorm = BI(IP>1 X Pl), the blowup of FGIT™ at the two points (0,00) and (00, 0)
(cf. [AAK16, Figure 4]).

(iii) We have that Fo™ = BI(P! x P1), the formal neighborhood of BI(P' x P') viewed as the

zero section in Tot (KBI(]PHXHM)), the total space of its canonical bundle.
(iv) The induced map T: ﬁg‘:gm — ﬁban is étale.

(v) All of the above maps are (C* x C*)-equivariant.
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These results are summarized in the following diagram:

i norm o 1 1
Foan Eper BI(IP x P1)

formal formal
neighborV }‘ ]\ ]\ W@rhood
T norm ~ 1
— =
Xban — Fban normalization Fbal'l l(]P) x ]P) ) — TOt (KB](]}DIX]}DI))
l l l lBlow up (o0, 0) and (0, co)
g norm ~ 1 1
ing ¢ Faing ¢———— F?" =
Xsmg Fsmg normalization Fsmg PP xP

Proof. The proof of this proposition is primarily based on computations in formal local
coordinates. Let Csing C S be a singular fiber of S — P!, and let Cjng C 5% be an isomorphic
copy, so that

Xsing =5 Xp1l S#* and Fsing = Csing x C*#

sing *
The curve Csing is a nodal rational curve whose normalization Pl — Csing identifies the points
0,00 € P! to the nodal point n € Csing. Thus FS’I‘r?g“ is isomorphic to P! x P!, and the map

Fsrl‘r‘fgm — Fging identifies 0 x P! and oo x P! to n x C’:fng and identifies P! x 0 and P! x oo to

Csing x n*. Note that this map is (C* x C*)-equivariant with respect to the usual toric action
on P! x P! and our constructed action on Fling.

The formal nelghborhood Fban is obtained from FS,ng by blowing up the diagonal A C FSlng

The blowdown Fban — FS,ng contracts the exceptional P! to the conifold point n x n# and
is an isomorphism elsewhere. We study this blowup and the normalizations in formal local
coordinates about n x n*.

Let (z,y) and (z#,y*) be formal local coordinates on S and S# about the points n and n*
such that the maps S — P! and S# — P! are given by t = zy and t = z#y#, where ¢ is
a formal local coordinate on P!. Moreover, we may choose the coordinates such that the action
of (\,\*) € C* x C* on ﬁsing is given by

(x,y, 2%, y%) —> (/\a:, Ay, A a#, (A#)*ly#) .

Then the formal neighborhood of n x n# € ﬁsing is isomorphic to

{l’y = ZE#y#} - SpeC C[[IE? Y, CB#, y#“ )
where the closed fiber Fg,g C ﬁsing is given by {zy = 2*y* = 0}.

The blowup of ﬁsing along the diagonal A = {z = z#,y = y*} is canonically isomorphic to
the blowup along any of the planes’

{az = a*z* a*y = ay®}, (a:a®*) e Pl.
Choosing (a : a*) = (1:0), we get two affine toric charts for the blowup with coordinate rings
given by
Cllz, =, y, y*]|[ul/(z — uy*, 2% — uy) = C[[y, y*]][u],
Clla, 2*,y,y*]][v]/(y — va®, y* — vx) = C[[z, 27]][v].

"There are canonically two small resolutions of the conifold singularity zy = z#y#. These two are given by blowing
up any plane given by an affine cone over a line in one of the two rulings of the quadric surface {zy = 2*y*} c P®.
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The coordinate change between the charts is given by v = v™!, y = va#, y#* = vz, and the
induced (A, A\#)-action is given by

Az, M2, (AN 7h) (A hy, V) Ty, AN )
The coordinates on the blowup of the formal neighborhood of n x n# € ﬁsing and the

corresponding blowdown are encoded in the momentum “polytopes” in Figure 3, where the
coordinate lines are labeled by their corresponding variables.

x#
x?

y*
FIGURE 3. Momentum “polytopes”

The z- and y-coordinates about n € S (which correspond to the two branches of the node
in Csing) become local coordinates near 0 and oo in P!, the normalization of Csing-

Thus Fs?;’gm and FJo™ when endowed with local coordinate rings given by 0*@\?, and
sing

™0 Foan’ respectively, have the momentum polytopes given in Figure 4.

T x#
s U
x Yy Yy
) T v - ,
y# y# Y
U x#
— Y — —
y* v
x# o*
x? Y
Y €z Y . T u
v y*
y* y*
FIGURE 4. Momentum “polytopes” of Fs?ﬁg" and FPo™
We see that
Foor™ & Bliog 0)(0,00) (B* X P'),  Fsn™ = BI(P! x P1)
as asserted. O
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We can now finish the proof of Proposition 4.9. Using the equivariant étale morphism

7o ™ — Fhan
provided by the lemma, we may s/‘gudy (C* x C*)-invariant subschemes of ﬁban by studying
(C* x C*)-invariant subschemes of FJ'O'™ satisfying the descent condition. Since the only proper
invariant subschemes of

KBl .= Tot (KBl(]P’l X]pl))

are supported on ﬁg‘:r:m C Kpg), we may consider torus-invariant subschemes of the toric
threefold Kp; and use the method of Maulik-Nekrasov—Okounkov—Pandharipande (MNOP)
[MNOPO6] to count such subschemes—subject to the condition that such subschemes descend

under the étale relation given by 7.

A torus-invariant subscheme of a toric Calabi—Yau threefold is determined by combinatorial
data attached to its web diagram, a trivalent planar graph (which includes non-compact edges).
Namely, each edge is labeled by a 2D partition and each vertex is labeled by a 3D partition
which is asymptotic to the three 2D partitions given by the incident edges (see [MNOPO6] or
also [BCY12, §3 and Appendix B]). The web diagram of Kp; is a hexagon with six additional
non-compact edges (the graph on the right in Figure 3). The étale relation identifies the six
vertices to two distinct vertices corresponding to the points {p, ¢} in the banana configuration.
The relation also identifies the edges to three distinct edges corresponding to the curves C, Ca, Cs
in the banana configuration. Each (C* x C*)-invariant subscheme is thus determined by three 2D
partitions Ry, Ry, R3 and two 3D partitions 71, 2. The quantities d;(P), x(Oz,), and (—1)4m7r
are computed by MNOP in terms of the combinatorial data associated with the fixed point P for
toric Calabi—Yau threefolds. Their computation applies in our setting (of a formal Calabi-Yau
threefold) as well. Their proofs are based on computing with the Cech open cover given by the
C3 coordinate charts, but we can equally well use the Cech cover obtained by intersecting the
toric open cover on Kp; with the formal neighborhood of the banana configuration and then
identifying via the étale relation. The proof that fixed points are isolated [MNOP06, Lemma 6],
the computation of the degree and Euler characteristic [MNOPO06, §4.4], and the computation of
the parity of the dimension of the tangent space [MNOPO06, Theorem 2] all work with this more
general Cech cover.

Applying the formulas of MNOP is then straightforward. The formulas in our Proposition 4.9
follow directly from the formulas in [MNOPO06, §4.4] (in particular Lemma 5), [MNOPO06, The-
orem 2|, and the fact that

1

Y +j+1)=(IRI>+ R

(4,7)ER

O |

This completes the proof of Proposition 4.9.

5. The vertex calculation
Let

vR1R2R3 (p) = SRy (") Z SR/ /A (p_R3_p)5R2/A (p_Ré—P)
A
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be the normalized vertex, and let (see Section 4.7)

Z(Foan) = M(p)* Z (*Ql)Rl(*QQ)RQ(*Q:S)RszleRs(P)VRgRgRg(P),

R1,R2,R3
o0
where M (p) = [] (1 —p™)™.
m=1

The purpose of this section is to prove the following.

THEOREM 5.1.

ZFBn) =[] I (1-@rQuqsyt) <lehh

a; >0 keZ,
k>0 if a=0

where c(a, k) is given by Proposition 2.2.

Most of this computation has previously appeared in the physics literature under the guise
of geometric engineering (in this case, a duality between a certain 6-dimensional U(1) gauge
theory and a certain topological string theory). The main reference is Hollowood-Igbal-Vafa
[HIV08]. This calculation was also studied in [LLZ06]. These computations assumed an equality
between the generating function for the equivariant elliptic genus of Hilb" ((CQ) and the orbifold
equivariant elliptic genus of Sym"™ ((CQ), which they call the DMVV conjecture (after [DMVV97]).
This is an instance of the crepant resolution conjecture for elliptic genera, proven in the compact
case by Borisov-Libgober [BL05] and in the equivariant case by Waelder [Wae08].

We give the derivation here in full detail. We have filled in some details that are missing
from the previous accounts (in particular, the proof of Lemma 5.2 seems to be missing from the
literature) and have collected all the needed results in one place.

5.1 Overview of the computation

After collecting some standard Schur function identities and proving a few new ones in the next
subsection, we proceed to the main computation. The basic structure is as follows.

(1) Writing
leoan = M(p)_2z(ﬁban) = Z(*Q?))lR‘ZR(Qla Q?vp) )

R
we use a series of Schur function identities to simplify Zr and write it as a product

ZR = Zprod ) Zhook,Ra

where Zpoq is a product of terms which do not depend on R and Zyook g is also a product
of terms which depend on the hook-lengths of R.

(2) We observe that after the change of variables
Qi=y, Q=y'q, Q=y'Q, p=t, (5.1)
the product Zhook,r is exactly the contribution of a C*-fixed point to the computation of

Z Ell,, (Hilb(C?),t) Q",

n=0
the elliptic genera of the Hilbert schemes, via Atiyah—Bott localization. Here A € C* acts
on the factors of C? with opposite weights, and ¢ is the equivariant parameter.
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(3) A product formula for > >°  Ell,, (Hilb (CQ),t) Q™ was conjectured by Dijkgraaf-~Moore-
Verlinde—Verlinde [DMVV97] and proven by Borisov—Libgobner and Waelder [BLO05,
Wae08]. Using that formula, substituting back to the variables Q1, Q2, @3, p, and per-
forming a few easy manipulations, we arrive at Theorem 1.5.

5.2 Notation and Schur function identities

We will use capital letters R, A, B, C, etc. to denote partitions. Via its diagram, we regard
a partition A as a finite subset of N x N, where if (7, j) € A, then (i —1,j) € Aand (i,7—1) € A.
The rows or parts of A are the integers A; = max{i | (i, j) € A}. We use’ to denote the conjugate
partition

A'={(i,5): (4,1) € A},

Al = ZAJ7 1A]* = ZAQ
For each (i,7) € A, we define the hook length by
hij(A) = A+ Ay —i—j +1.

and we write

We write [ for the unique partition of size 1.

We also use the notation

[e.9]
—m

(1 —up™
m=1

and the shorthand M (p) = M (1,p).

For a collection of variables x = (1, 22,...) and two partitions A and B, let s4/p(7) =
sa/B(w1,72,...) denote the skew Schur function (see, for example, [Mac95, §1.5]).

Let
(135
p - 27 27 27 e
so that, for example, p~ =" is notation for the variable list

—Ri+3 ,—Ro+3
(p 12 pm 2 2,...).

Okounkov-Reshetikhin—Vafa derived a formula for the topological vertex in terms of skew
Schur functions. Translating their formulas [ORV06, (3.20) and (3.21)] into our notation, we get

1 / —
VR1R2R3 (p) = M(p) p_2(HRl”2+HR2”2+HR3”2) VR1R2R3 (p) ) (5'2)
where we have defined
VR, Ry Ry (D) = 5R, (P Z sry a7 )spyya (P 0) (5.3)

We will need the following Schur function identities. We remark that the Schur functions
which appear are all Laurent expansions in p or in p~! of rational functions in p, and many of
the identities should be understood as equalities of rational functions.
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From [ORV06, (3.10)], we have®
sa/p(p“T7) = (_1)|A|_|B|5A’/B’ (p="). (5.4)
From [Mac95, §1.3, Example 2, p. 45]:
sR(l,p,pQ, ) ) :p”(R) H 1_plh”(R) ,
(i,j)ER
where n(R) = 3||R'||*> — 3|R| (see [Mac95, § .1, (1.6), p. 3]) and so using the homogeneity of sg,

we see that
7y = pHIRI T 1
SR(p ) - p2 (1 _phij(R)) 9

,jER
and so we arrive at
1
sr(p™")sp(p") = (—1)1F - ——y (5.5)
I a=mmy = mm
We will also need the following identities [Mac95, § 1.5, Example 26(2), p. 93 and (5.10), p. 72]
Z sr/B(T) spryaly) = H (1 + 295) ZSA'/C(@SB//C(?/% (5.6)
R ij=1 C
> sap@)spiely) = saclx,y) . (5.7)

B

Finally, we will need the following lemma. The proof of this lemma appears to be absent in
the physics literature.

LEMMA 5.2. For a fixed partition R, the following equalities hold as formal power series in u
whose coefficients are rational functions of p:

(1 _ upRj‘*‘Rk—j—k-H) = M(u,p)~! H (1 _ uphjk(R)) (1 _ up_hjk(R)) ’ (5.8)
7,k=1 J,kER
H (1- up_Rj'*'Rk‘”'j_k) = M (u,p) H (1- uphjk(R))_l (1- up_hj’“(R))_l ) (5.9)
Ji.k=1 j,kER

Note that the right-hand sides of the equations are invariant under p <> p~', and so we get two

more identities by replacing p with p~! on the left-hand sides of the above equations.

Proof. Moving the M (u,p) to the left-hand side of the first equation and then taking the log,
we get

log (M(u,p) H (1 — upRJ"'R;c_j_k’"‘l))

7,k=1
0o 0o
= log ( H (1 _ upj-i-k—l)—l) + log < H (1 _ upRj-l-R;C—j—k-l—l))
k=1 k=1
_ ufn Z (pn(j—l-k—l) _ pn(Rj—i-R;C—j—k-l-l)) _ Z —UfnPR(pn) ’
nz1 " 3,k>1 n>1 n

8There is a typo in equation (3.10) in [ORV06]—the exponent on the right-hand side should be —v’ — p.
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where we have defined

_ Rj+R, —j—k+1 +k— 1 + Ry, —k+ x
Pr(z) = ) (2= — 0 (ZW“ZN 2>—(1_x)z

Ji.k=1 =1 k>1
x
= oo () -
Since by equation (5.5), we have
SO (xRer) = —s0 (mfR/fp) ,

we see from the above equation that Pr(x) is a sum of two rational functions in z, each invariant
under = < 2. Moreover, all but a finite number of terms in the sum
Z (ij—&-R;v—j—k—l—l . x—j—i—H) _ PR(JJ)
Jik=1
cancel, and so we deduce that Pr(z) is a Laurent polynomial which is invariant under z <> 1/x.
Consequently, Pgr(zx) is uniquely determined by its terms with positive exponents. Since
hit(R if (j,k) e R
Rj+R;€—j—k+1: Jk( ) (]7) )
negative if (j,k) ¢ R,

we see that the terms with positive exponent in the above expression for Pr are precisely the
zhir(B) where (4, k) € R. Therefore,

Prla)= D (ahH00 +amhe®).
(4,k)ER

Substituting back, we find

10g< U,p (1 upfitie—i— ’““) 2_7 Z )

=1 n>1 (j,k)ER
= Z log(l —up jk(R)) +log(1 — up = log H plan (1) )(1 - up—hjk(R)) 7
J,kER (j,k)ER

which proves equation (5.8). To prove equation (5.9), we observe that since by equation (5.5)
ZpR;fk+% - _ prRka% ’
k>1 k=1
we have
=N (a ot Rii ok iRy o S (ghak(R) 4 b)Y

Jik>1 (j,k)ER

Equation (5.9) then follows from a logarithm argument similar to the one we used for equa-

tion (5.8). O

5.3 The main derivation
Recall that Z|, = M(p)_QZ(ﬁban), so that

Zhan = Y, (=QD) (=Q2)™(~Q3)™ Vi, py 1y Vi, Ry, -

Ri1R2R3

156



THE DT PARTITION FUNCTION OF THE BANANA MANIFOLD

We write

leoan = Z(*Q3)RZR )
R
where

Zp= > _ (—Q)™(-Q2)"Vr,m,r VR ryr
R1,R2

=sr(p)sr(p") Z (—Q1) ™ (—Q2)"™ <3R/1/A (P_R_p)SR2/A (p_R'_P)

A,B,R1,R2

sry 50~ )5y (7))
=sr(p")sw(P?) Y ((_QQ)RQ(_QI)BSRQ/A(p_R/_p)SR’Q/B(p_R_p)

' Z SR, /B (—le_R/_p)sR’l/A (P_R_p)> '

Ry

We apply equation (5.6) to the last sum in the above and equation (5.5) to the first two
factors in the above. The result is

o0

= ()" TL =) (o) T (- @)
LJER i,j=1
Y (R (=Qu)” <8R2/A(p_R/_p)3R’2/B (p~ ")

ABR;C
sar0(=Q1p ™ ") sp (IfR*p)) -

Using equation (5.8) from Lemma 5.2, we get

Zr = Hg Z —Q2)2(—Q1)” ZSRQ/A B=r)s g0 (~Qup~ 7 F)

C Ry
: Z SR,/B (PiR*p)SB'/C'(—lefpr) , (5.10)
B
where
(1= Qup"™) (1 — Qup~ ")
Hp = (-1)"M(Q1,p) ——
ER 1 — 1.7(R)) (1 —p h”(R))

Using equations (5.7) and (5.4), we can rewrite the second and third sums in equation (5.10) as

ZSRQ/A (p~fr). SA’/C(_le_R,_p) = SRy/C" (=P, Qup"*),

s o) s () = s Q)
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Substituting back into equation (5.10), we get

Zr = Hp Z —Q2)(—Q1)% - spycr (p~ =P, Q1p"t?) “ SRy /C (p~BrQipf+r)
C\Rq

=Hpr Y (Q1Q2)™ spyor(y.y') - spyc(x,%),
C\Ra

where

y={-Q'p "}, ¥y ={-p""}, x={p "}, x={Qp""}.

We now use [Mac95, §1.5, Example 28(b), p. 94] to obtain

Zr=Hp H (1—-Q1Q2) 1H (1+ Q1Q%zjyk) (1 + Q1 Q5 yk) (1 + Q1 Qbx;y) (1 + Q1 Q5y}) -

i=1 7.k

We deal with each of four factors in the product over j and k using Lemma 5.2:

[T+ Q1Q4zme) = [J(1 — @'y p? i1 h)

Jik J.k
=M@Q7'Qhp) " [ (1 - Q'@ ™) (1 - Qi '@y p ),
7,kER
[T+ @Qiaiun) = [ (1 — Q@5 p~7 it H)
Jik 3k
= M(QiQhp) [ (1 - QiQhp" M)~ (1 - Qi @) p~ha+t) ",
7,kER
[10 +@iQszvi) = [T (1 - @i@sp/ 1)
Jik J.k
= M(Qi@Qhp) [ (1-QiQhp" W)™ (1 - Qi Q) p~ ()",
J,kER
[Ta +@i@saiur) = [T - Qi Qap/~F 1)
J:k J:k
=M@ Q5p) 7t [T (1 - Q7 @y ) (1 - Q1 Qs p~ ")) .
7,kER

Substituting back, we see that Zr equals

Ol (QIQZ’ )
RH ((1 — QIQYM(QT QL p)M(QITQ), p)

H (1_inleZéphjk(R))(1_Q’L'71QZ‘ k(R )(1_Qi+1Qi hjk(R)) (1_Qli+1Q'ép—hjk(R))>.
TheR (1 - Q4Qip" (M) (1 — Qi+ (R))*
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Putting Hgr back in we get that Zr equals

)R 1—Q1P #) (1 — Qup~hir ()
Zoroa: (=] [ =y
—p .7Ic( ))( —p ,7k( ))

7,kER
fiU—Qﬁ%%ﬁﬁmhU—Q?%%ﬁ%“m)U—QTQ%%“m)U—QT@yﬂﬂmD
(1 - Qi@sp"+ )" (1 - Q{Qp "+ )*
= Zprod : (_1)R
I II (1-Q7' Q") (1-Q1 " Qhp "+ (R)) (1-QT Qip"+ 1)) (1-QT " Qhp i+ (R))
her o1 (1=QT1 Qe ) (1-QT Q5 (1)) (1- Q1 Qhpho (M) (1 - Q1 Qypr o+ () 7
where we have defined
= M (QiQ,p)?
Zorod = M(Q1,p) " — AEInt —
prod = AL HlfQW@M@ﬁ@MWW@ﬂ%m)

N ﬁ M(Q1@5,p)
i (1 Q1) M (Q' Q5 p) M (Q1Q5 ', p)
We now make the variable change given by equation (5.1), sum over the remaining partition,
and write the result in terms of elliptic genera:

B 1 1 th]kyqz 1)(1 t ]kyql—l)(1_th]ky—1q7,)(1_t—hjky—1ql)
Zt/>an —Zprod Z(y Q H H 1 thjqu 1)(1—t hjkql’*l) (1_thjkq>(1_t_h]'kqi)

i=1j,k€ER

Zprod : Z Qk Euq,y ( (CQ) " ) t)

k=0

= Zprod * H H H (1 o tkqnlem)—c(nm,l,k)

n=0 m=1 [LkeZ

_med H H H tkq ) c(4nm—127k)7

n=0 m=1 l,keZ

where the last three equalities come from equation (2.1), Theorem 2.1, and Proposition 2.2,
respectively.
Returning to the DT-variables via

t=p, ¢=Q1Q2, y=Q1, Q=1Qs,
reindexing by
di=n+l4+m, do=n, dz=m
and observing that
||| = 2dydy + 2dads + 2dsdy — df — dj — d3 = 4mn — 7,
we find

Zban - Zprod H H H Qd2Qd3) c(lldll, k)

d3=1 d2=0 di1,k€Z
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Observing further that when d; < 0 and d3 > 0, we have ||d| = 4dsd; — (dy — dy — d3)? < —1,
and so c(||d||, k) = 0, we get

o oo
3 —c(||d]|,k
Z(Foan) = M(9)* Zon = M(0)* Zowos [ ] TIC1-pr@iQizag) 00
ds=1 dao,d3=0 kEZ
Finally, we claim that
lldll k)

M) Zuos = [](1 - QI QFQ5) 1Y
(*)

where the product is over

keZ if (di,d 0,0
(+) d3 =0, di,dy>0, and €L if(d),dy) # (0.0,
k>0 if (dl,dg):(0,0).
Indeed, if d3 = 0, then ||d|| = —(d2 — d1)? and by Corollary 2.3, the product over () reduces to

the terms where

keZ, (di,d2)=(d,d—1),(d—1,d),(d,d), d>1
and the special case di = dy = 0,k > 0. Applying Corollary 2.3, we easily deduce the above
claim.

Substituting the claimed equation back into the previous equation for Z (ﬁban) then finishes
the proof of Theorem 1.5. 0

Appendix. The Gromov—Witten potentials are Siegel modular forms
coauthored with Stephen Pietromonaco

A.1 Overview

Let Fy(Q1,Q2, Q3) be the genus g > 2 Gromov-Witten potential for fiber classes in Xpa,. Namely,
let
Fy(Q1,Q2,Q3) = Y GWE(Xpan) QT QP QT
d1,d2,d3>0
where GWg (Xban) is the genus g Gromov-Witten invariant of Xp,, in the class fq = d1C1 +
doCo + d3Cs.

Assuming that the Gromov-Witten/Donaldson-Thomas (GW/DT) correspondence conjec-
tured in [MNOPO6] holds, we may compute Fy(Q1,Q2, Q3) using the formula for the Donaldson-
Thomas partition function derived in the main text. The main result of this appendix is that Fj,
is an explicit genus 2 Siegel modular form of weight 2g — 2.

DEFINITION A.1. Let Q = (7 2) € Ha be the standard coordinates on the genus 2 Siegel upper
half plane. A holomorphic (respectively, meromorphic) genus 2 Siegel modular form of weight k
is a holomorphic (respectively, meromorphic) function F'(€2) satisfying

F((AQ+ B)(CQ+ D)) = det((CQ + D)*)F(Q)

for all (A B) € Spy(Z) (cf. [EZ85]). We denote the space of meromorphic genus 2 Siegel forms
of weight k by Siegel,..

As we will detail in Section A.2, a standard way to construct a genus 2 Siegel modular form
of weight 2g — 2 is to take what is called the Maass lift of a Jacobi form of weight 2¢g — 2 and
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index 1. Moreover, such Jacobi forms are easily obtained by taking a modular form of weight 2¢
and multiplying it by ¢_2 1, the unique weak Jacobi form of weight —2 and index 1. Some authors
call this the Skoruppa lift of the modular form. Schematically, we have

Skoruppa M .
MOdgg E— J3C2g 2,1 & Slegel29_2 .

We call the composition the Skoruppa—Maass lift. It takes weight 2¢g modular forms to genus 2,
weight 2¢g — 2 Siegel modular forms. (This lift is different from the famous Saito-Kurokawa lift
which also takes Moda to Siegely, 5. While both use the Maass lift, the Saito-Kurokawa lift uses
a combination of the Shimura correspondence and a lift studied by Eichler—Zagier to go from
Mody, to Jacgg—21; see [EZ85].) Our main result is the following.

THEOREM A.2. Assume that the GW/DT correspondence holds for Xpa,. Then for g > 2,
the genus g Gromov—-Witten potentials Fy(Q1,Q2,Q3) of Xpan are meromorphic genus 2 Siegel
modular forms of weight 2g — 2, where

Q1 = e2miz . Q= 627m'(‘rfz) . Q3= 627ri(ofz) )

Specifically, Fy is the Skoruppa—Maass lift of agFo4(T), the (2g)th Eisenstein series times the
constant

ag = 12|Byg[/(29(29 — 2)!) ,
where By, is the (2g)th Bernoulli number.

The ring of holomorphic, even weight, genus 2 Siegel modular forms is a polynomial ring
generated by the Igusa cusp forms 19 and xi12 of weight 10 and 12, respectively, and the Siegel
Eisenstein series & and & of weight 4 and 6, respectively [Igu62, Igu67]. Although the F are
meromorphic, the denominators can be determined explicitly.

COROLLARY A.3. For g > 2, the product x, Fg is a holomorphic Siegel form of weight 12g—12.

This corollary follows from a proof given by Aoki in an upcoming paper in Pure Appl. Math.
Q. In terms of the generators x10, x12, 1, &, the first few potentials are given explicitly as

1 (xi2
F.
2= 240<X10>

—1 X12 2
Foe—— (66 —5
3 60480( 4 (X10> )

1 35 X12 3 63 X12
o L Xi2) 09 £, 4 15&
4= 3628800( <x10> 2 <X10 1 oss

-1 —175 [ x12 X12 200 [ x12 2
Fs — X121\ 40 g — 22 (X2 g —14e2).
5 106444800( 3 (X10> * <x10 T3 o) !

Note that the prefactor is given by

29(29 —2)(2g - 2)1
the degree 0 genus g Gromov—Witten invariant of X},,,. See [Piel8] for details of this computation.

F,(0,0,0) =

Remark A.4. Theorem A.2 has a nice interpretation in terms of mirror symmetry. The Gromov—
Witten potentials are functions of local coordinates on the Ké&hler moduli space. Under mirror
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symmetry, these become coordinates on the complex moduli space of the mirror. Since the
arguments of a genus 2 Siegel modular form are coordinates on the moduli space of genus 2 curves
(or Abelian surfaces), we expect the complex moduli space of Xpa,, the mirror of the banana
manifold, to contain a subspace isomorphic to the moduli space of genus 2 curves. Indeed, it has
already been observed that the mirror of a local banana configuration should be a genus 2 curve

[AAK16, GKR17, Rud17].

Remark A.5. We also determine the genus 0 and genus 1 potentials. Up to degree 0 terms (which
are unstable for ¢ = 0 or g = 1), Fy is the Skoruppa—Maass lift of the constant 12 (viewed as
a weight 0 modular form), and F; is the Maass lift of 12p - ¢_o 1, where p is the Weierstrass
o-function.”

A.2 Modular forms and lifts
DEFINITION A.6. A weight k£ modular form is a holomorphic function f(7) on H = {7 € C with
Im7 > 0} satisfying the following conditions:

— For all (¢}) € SLy(Z),

F(E5) = e v atso,

— The function f(7) admits a Fourier series of the form
e .
@) =) angd", q=e""".
n=0

We denote the space of weight k£ modular forms by Modg. We sometimes abuse notation by
writing f(q) for the Fourier expansion of f(7).

The (2g)th Eisenstein series is given by

19 _
EQg(Q):l—%ZZdzg ",
9

n=1 d|n

where By, is the (2g)th Bernoulli number. The Eisenstein series Fo, is a modular form of weight
2g for all g > 2.

DEFINITION A.7. A weak Jacobi form of weight k and index m is a holomorphic function ¢(7, 2)
on H x C satisfying the following conditions:

— For all (¢Y) € SLy(Z),

at +b =z B i 2micmz?
¢<+d+d> =ler+d) exp( cr+d )¢W>'

— For all u,v € Z,
&(1, 2 +ur +v) = e’zmm(mzﬂw)(ﬁ(ﬂ 2).

— The function ¢ admits a Fourier expansion of the form

o0

B(1,2) =YY es(n, gy,

n=0 l€Z

where ¢ = €2™7 and y = e>™%.

“Interestingly, the Jacobi form ¢o1 = 120 ¢_21 is also equal to 1 EII(K3).
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In the case of index m = 1, the Fourier coefficients c,(n, ) depend only on 4n — [? and so, in
this case, we will sometimes write

co(dn —1%) = cy(n,1).
We denote the space of weak Jacobi forms of weight £ and index m by Jacy,,. We sometimes

abuse notation by writing ¢(q,y) for the Fourier expansion of ¢(7,z). A basic example is given
by ¢_2 1, whose Fourier expansion is given by

¢-21(q,y) =y

= 2H (1-yg")?(1 -y 'q")*

(1—qm)*

Up to a multiplicative constant, ¢_o ; is the unique weak Jacobi form of weight —2 and index 1.
We also will use the Weierstrass p-function:

112 +szy+yd_ )n’

and we note that up to a multiplicative constant,

Y01 =12-¢p_21-p

is the unique weak Jacobi form of weight 0 and index 1.

o(q,y) =

The product of a weak Jacobi form of weight k& and index m with a modular form of weight n
is a weak Jacobi form of £ +n and index m. In particular, multiplication by ¢_2 1 defines a map
which we call the Skoruppa lift:

Skoruppa

MOdgg JaC29_2,1 .

DEFINITION A.8. Let k be even. For a non-negative integer m, the mth Hecke operator
Vin: Jacg1 — Jackm,
is given by taking

=Y > cslnd"y

n=0 l€Z

(8| Vin) ZZ Sodt 1%(%,2) % for m >0,

n=0r€Z d|(n,r,m)

(¢H/())—C¢OO +Z Z del ( f) q"y" form=0.

el d|(n,r)
r>0 if n=0

to

DEFINITION A.9. Let ¢ € Jacy 1 with k even. The Maass lift of ¢ is given by
ML(¢) = D (#lVm)Q™
m=0

The following is due to Eichler—Zagier [EZ85] in the case of holomorphic Jacobi forms and to
Borcherds [Bor95, Theorem 9.3] and Aoki in the case of weak Jacobi forms (upcoming paper).!?

0We thank H. Aoki and G. Oberdieck for a discussion on this point.
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THEOREM A.10. The Maass lift of a weak Jacobi form of weight k > 0 and index 1 is a mero-
morphic genus 2 Siegel modular form of weight k. If the Jacobi form is holomorphic, then the

Maass lift is also holomorphic. Here Q = €2™°, q = ¢*™7 and y = ¢*™*, where (T 2) € Ha.

We may reformulate the Maass lift in terms of polylogarithms. Let

Liy(x Zn z"

Then a straightforward computation yields the following.

LEMMA A.11. Let ¢ =300 >y co(4n — 12)g™y" € Jacg with k even. Then

—B
ML(¢) = ¢4(0 ’“ + 3 > ¢ (4nm — 12) Liy ¢ (Q™q"y!) .
im0 1>0 if (fﬁ):(o,m

A.3 The A-expansion of Ell,, (Cz,t)

Recall from Section 2 that the coefficients ¢(d, k) are defined by the expansion of the equivariant
elliptic genus of C2:

Ell,,(C2 1) ZZ (4n — 2, k) "yl *

n=01,keZ

Let t = ¢*. Theorem 4.4 in Zhou [Zho15] gives the expansion of Ell;, (C?,¢) as a Laurent series
in \. His result is'!

. > Bay|
Ell, ,(C2, ) = A"2.¢_ 1 A2 Byl o)
q,yY ((C , € ) ¢ 2,1(% y) < + p(Qu y) + gz:; 29(29 — 2)| QQ(Q)

Let
YPog—2(q,y) = Coef 292 [Ellqyy (((:2761')\)] :
so that Zhou’s result can be expressed as

V2g-2(¢,y) = ¢—2.1(q,y) - 0(a,y) ifg=1,
'EQQ(C]) ifg>1.

We observe that 1)2,_2 is a weak Jacobi form of weight 2g — 2 and index 1 and consequently
has an expansion

Yag—2(q,y 226292471—1)611/,

n=0 l€Z
which defines the coefficients cog_2(d).
Comparing coefficients in the A and the ¢ expansions of Ell, ,, ((CQ, t= ei/\), we get the following

"'We use the r = 1 case of Zhou’s theorem. Our X is 27t in Zhou’s notation (his ¢ is not our ¢). There is a typo in
his formula: the n(7) should be n(7)?.
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fundamental relationship between the coefficients cog_2(d) and c(d,[):

[e.e]

Cog-a ()N = " e(d, 1)e™. (A.11)
g=0 leZ

A.4 Gromov—Witten potentials via the GW /DT correspondence

The GW/DT correspondence is a conjectural equivalence between the Gromov-Witten and the
Donaldson-Thomas invariants of a Calabi-Yau threefold [MNOPO6]. It has been proven for
a broad class of Calabi—Yau threefolds including complete intersections in products of projective
spaces [PP17], which unfortunately does not include Xp,,.

However, if we assume that the GW/DT correspondence holds for Xp,,, we may compute
the genus g Gromov—Witten potentials from our formula for the Donaldson—-Thomas partition
function (Theorem 1.5). We define the reduced genus g Gromov-Witten potential (for banana
curve classes) of Xpan by

F(Q1,Q2,Q3) = Y GW(Xban) QT Q52 Q5"
d>0

Here GWg (Xban) denotes the genus g Gromov-Witten invariant in the class Sq = d1C1 + d2Cs +
d3C3 and d > 0 means d; > 0 and (dy, da,d3) # (0,0,0).

The GW/DT correspondence asserts that under the change of variables p = e**,

[e's) ) _ Z (Xban)
Ia >\2g 2 _ 1 F> .
QZ:;) 2(Q1,Q2,Q3) og <ZI‘(Xban)|Qi=0

We now prove Theorem A.2. Applying Theorem 1.5 and using equation (A.11), we get

ZF;(QhQ%Qs))\QQ 2 = log ( H H d2Qd3) 12¢(||d]|, k))

9=0 d>0 kezZ
= Z 2126 |d|| k‘ Z kaQdelQndendg
d>0 keZ
=123 Z Lonis Qs 3™ a2 23%02.
d>0n= 1 g=0

Thus we find that

Fj(Q1,Q2,Q3) = 12> ca9-2(||d])) Zn29 QT QL™

d>0 =

=12 Z c2g—2(Id]]) L13—29( 11@32@33) :

d>0

Substituting

Q1 = 627riz =y, Qs = e?ﬂ'i(f—z) _ qy—l’ Qs = 27rz (0—=2) Qy_l ,

reindexing by
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so that ||d|| = 4nm — 2, and noting that d > 0 is equivalent to n,m > 0,1 € Z and [ > 0 if
n =m = 0, we find that

Fj(q,y,Q) =12 > > cag—2(4nm — 1%) Lig_24 (Q™q"y") .
n,m>=0 lEZ
>0 if (n,m)=(0,0)

For g > 1, the full genus g Gromov-Witten potential is the reduced potential plus the constant
term:
Fy= GWQg(Xban) + Fé .
Using for example the formulas in [MNOPO06, §2.1], we know

1 | Bag| | Bag—2| —Bag—2 —|Bag|
g _(_1et I 9 _ g . 9
GWQ(Xban) ( 1) 2€(Xban)29(2972)(2972)[ 12 49 — 4 9(29—2)! '

Examining the y%¢’-term of
— | Bag|
Y2g-2(¢,y) = P21 29029 — 21 %
for g > 1 yields

_’329’
c29—2(0) = —(—+,
s=2(0) 9(29 — 2)!

and hence we find

—Boq— .
F,=12 (ng_g(O) 17 Qj 42 + Z Z cag—a(dnm — 1% L13_29(qunyl)>.
,m=0 l€Z
o >0 if (n%m)z(0,0)

By Lemma A.11, the above is exactly the Maass lift of 12¢5,_», and hence we find that Fj, is the
Skoruppa-Maass lift of ayFs,, where

o = 12| Bag|
9 2g(2g —2)!"
This completes the proof of Theorem A.2.

Remark A.12. Note that the proof of the theorem also shows that up to constant terms, the
genus 0 and the genus 1 Gromov-Witten potentials are given by the Maass lifts of 12¢_»; and
12¢_2 19 = ¢o,1, respectively. Although these are weak Jacobi forms of index 1, they are not of
positive weight, and hence their Maass lifts are not guaranteed to be Siegel forms. See [Piel8§]
for a further discussion.

A.5 BPS invariants from a Donaldson—Thomas partition function in product form

The Gopakumar—Vafa invariants (also known as the BPS invariants) nj(X) can be defined
in terms of Gromov-Witten or Donaldson-Thomas invariants and (conjecturally) have better
finiteness properties. Unlike the Donaldson—Thomas invariants, it is expected that there are only
a finite number of non-zero Gopakumar—Vafa invariants for each curve class (.

One definition of Gopakumar—Vafa invariants, which is equivalent to the usual one given in
terms of Gromov—Witten invariants via the Gopakumar—Vafa formula, is the following.

DEFINITION-THEOREM A.13. Let X be any Calabi—Yau threefold, and suppose that the Donald-
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son—Thomas partition function is given by

zx)= ] [Ia-#e%) " (A12)

BEH(X) keZ

for some integers a(f,k) € Z. Then for § # 0 € Hy(X) and g € Z, the Gopakumar—Vafa
invariants n%(X ) can be defined by the formula

Zn%(X)(y% +y‘%)29 = (y% +y‘%)zza(5,k‘)(—y)k‘
g

keZ

This is equivalent, assuming the GW/DT correspondence, to defining n%(X ) in terms of the
Gromov—Witten invariants via the Gopakumar—Vafa formula.

Remark A.14. It is expected that n% (X) is zero unless 0 < g < gmax, Where gmax is the maximal
arithmetic genus of curves in the class 5. Note that the left-hand side of the above formula
is a palindromic polynomial in y (that is, invariant under y < y~!). One can see that the
invariants n%(X) are well defined by the above definition as follows. Any power series Z €
Z((p))[[Q]] can be uniquely written in the form of equation (A.12) for some collection of integers
a(B, k). By a theorem of Bridgeland [Brill], the right-hand side of equation (A.12) is a rational
function of y, invariant under y <+ y~!, possibly having poles at y = —1. Such functions have a
basis given by the functions

2g
(y% +y’%) =y (1+y)¥, gei,
and so the left-hand side of (A.12) is well defined and uniquely determines n%(X ). The conjecture
that n%(X ) =0 if g < 0 is equivalent to the right-hand side of (A.12) not having a pole.

Proof of Definition—Theorem A.13. The Gopakumar—Vafa formula [GV98] expresses the reduced
Gromov—-Witten potential function F’(X) of a Calabi—Yau threefold X in terms of conjecturally
integer invariants n% (X)), which are commonly called Gopakumar—Vafa invariants or BPS invari-
ants:

29—2
— Y w2 =Y Y g <2 sin W) T
g>0 B0 g0 B£0 m>0 2

One can re-express this formula in terms of the partition function Z'(X) = exp(F'(X)) as

12
"(X) = H H (1 _ Qﬁpm)*zg;o ng(X)(,292,.) (=)™ ’
B#0mEZ
where p = exp (iA) and (}) =n(n—1)---(n — k+ 1)/k! is defined for all k > 0 and n € Z.
The Donaldson—Thomas partition function can always be written in the form

HH Qﬁm c(B,m)

B meZ

follows:

for some ¢(3,m) € Z. Then for 5 # 0,

=S (7)o

g=0

12This expression essentially appears in [Kat06, (18)], although our convention for (:) allows us to write the
formula more uniformly.

167



J. BRYAN

The definition—theorem is then an easy consequence of the binomial theorem. ]

A.6 Gopakumar—Vafa invariants

In this section, we give tables of values of the Gopakumar—Vafa invariants n3(Xp,,) for small
values of g and a. Since all values are divisible by 12, we list &5 nd(Xpan) (Which can also be
regarded as the Gopakumar—Vafa invariants of a local banana configuration). We note that the
non-zero values have a congruent to 0 or —1 modulo 4, and so we organize the tables as such.

519 1(Xpan) | =0 g=1 g=2 g=3 g=4 g=5 g=6
n=0 1 0 0 0 0
n=1 8 —6 1 0 0 0 0
n=2 39 —46 17 ) 0 0 0
n=3 152 —242 139 34 3 0 0
n=4 513 —1024 800 —304 56 —4 0
n=>5 1560 —3730 3683 —1912 548 —82 5

End,(Xban) | g=0 g=1 g=2 g=3 g=4 g=5 g=6
n=0 —2 1 0 0 0
n=1 ~12 10 -2 0 0 0 0
n=2 -56 72 —30 4 0 0 0
n=3 —208 352 —220 60 —6 0 0
n=4 —684 1434 —1194 492 —100 8 0
n=>5 —2032 5056 —5252 2908 —902 148  —10
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