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All-genus open-closed mirror symmetry
for affine toric Calabi—Yau 3-orbifolds
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ABSTRACT

The remodeling conjecture proposed by Bouchard—Klemm—Marino—Pasquetti relates
all-genus open and closed Gromov—Witten invariants of a semi-projective toric Calabi—
Yau 3-manifold/3-orbifold X to the Eynard-Orantin invariants of the mirror curve
of X. In this paper, we present a proof of the remodeling conjecture for open-closed
orbifold Gromov—Witten invariants of an arbitrary affine toric Calabi—Yau 3-orbifold
relative to a framed Aganagic—Vafa Lagrangian brane. This can be viewed as an all-
genus open-closed mirror symmetry for affine toric Calabi—Yau 3-orbifolds.

1. Introduction

1.1 Background and motivation
Mirror symmetry relates the A-model topological string theory on a Calabi—Yau 3-fold X to the
B-model topological string theory on another Calabi-Yau 3-fold X, the mirror of X. The genus g
free energy of the topological A-model on X is mathematically defined as a generating func-
tion FgX of genus g Gromov—Witten invariants of X which is a function on a (formal) neighbor-
hood of the large radius limit in the (complexified) Ké&hler moduli of X'. The genus g free energy of
the topological B-model on X is a section of L2729 where L is a line bundle over the complex mod-
uli of X, so locally it is a function F;( on the complex moduli of X. A mathematical consequence
of mirror symmetry is F;Y =F gX +d4,0a0+6¢,1a1 under the mirror map, where ag (respectively, a)
is a cubic (respectively, linear) function in Kéhler parameters. The mirror map and FOX are deter-
mined by period integrals of a holomorphic 3-form on X. Period integrals of Calabi-Yau complete
intersections in toric manifolds can be expressed in terms of explicit hypergeometric functions.
Let @ be the quintic 3-fold, which is a Calabi—Yau hypersurface in P4, and let Q be the mirror
of Q. Candelas, de la Ossa, Green, and Parkes computed F(? and the mirror map explicitly and
obtained a conjectural formula for the number of rational curves of arbitrary degree in @); this
formula was first proved independently by Givental [Giv96] and Lian-Liu-Yau [LLY97], who
later extended their results to Calabi—Yau complete intersections in projective toric manifolds
[Givo8, LLY99a, LLY99b]. Their proofs rely on a good understanding of genus zero Gromov—
Witten theory of (). The mirror formula for F: IQ was conjectured by Bershadsky—Cecotti—-Ooguri—
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Vafa (BCOV for short) [BCOV93] and first proved by Zinger [Zin09]. Combining the techniques
of BCOV, results of Yamaguchi—Yau [YY04], and boundary conditions, Huang-Klemm—-Quacken
[HKQO09] proposed a mirror conjecture on FgQ up to g = 51. Maulik—Pandharipande provided a
mathematical determination of Gromov—Witten invariants of @ in all genera and degrees [MP06].
In general, it is very difficult to evaluate higher-genus Gromov-Witten invariants of a compact

Calabi—Yau 3-fold.

In contrast, higher-genus Gromov—Witten invariants of toric Calabi—Yau 3-folds (which must
be non-compact) are much better understood. In general, Gromov-Witten invariants are de-
fined for projective manifolds (or, more generally, compact almost-Kéhler manifolds), but in
the toric case one may use localization to define Gromov-—Witten invariants of certain non-
compact toric manifolds. By virtual localization [GP99], all-genus Gromov—Witten invariants of
toric manifolds can be reduced to Hodge integrals, which can be evaluated by effective algo-
rithms. When the toric manifold X is a Calabi—Yau 3-fold, the topological vertex [AKMVO05,
LLLZ09, MOOP11] provides a much more efficient algorithm for computing Gromov—Witten in-
variants of X, as well as open Gromov—Witten invariants of X relative to an Aganagic—Vafa
Lagrangian brane £ (defined in [KLO1, DF05, Liu02, LLLZ09] in several ways), in all gen-
era and degrees. The topological B-model on the mirror X of a smooth semi-projective toric
Calabi—Yau 3-fold X can be reduced to a theory on the mirror curve of X. Under mirror sym-
metry, FOX corresponds to integrals of 1-forms on the mirror curve along loops, whereas the
generating function FOX 1’£ of genus zero open Gromov—Witten invariants (which count holomor-
phic disks in X bounded by L) corresponds to integrals of 1-forms on the mirror curve along
paths [AV00, AKV02]. On the basis of the work of Eynard—Orantin [EO07] and Marinio [Mar08],
Bouchard-Klemm—-Marino—Pasquetti [BKMP09] proposed a new formalism of the topological
B-model on & in terms of the Eynard-Orantin invariants wy, of the mirror curve and con-
jectured a precise correspondence, known as the remodeling conjecture, between wy, (where
n > 0) and the generating function Fg/\; ;Lﬁ of open Gromov—Witten invariants counting holomor-
phic maps from bordered Riemann surfaces with g handles and n holes to X with boundaries
in £. This can be viewed as a version of all-genus open mirror symmetry; the closed sector of
the remodeling conjecture relates wgyo to ng . The open string part of the remodeling conjec-
ture for C3 was proved independently by Chen [Chel8] and Zhou [Zho09a, ZhoO9b]. The free
energy part of the remodeling conjecture for C3 [BS12] was proved independently by Bouchard-
Catuneanu-Marchal-Sutkowski [BCMS13] and Zhu [Zhul5]. Eynard and Orantin provided a
proof of the remodeling conjecture for general smooth semi-projective toric Calabi—Yau 3-folds
in [EO15].

Bouchard-Klemm-Marinio—Pasquetti have extended the remodeling conjecture to toric Cala-
bi—Yau 3-orbifolds [BKMP10]. Topological string theory on orbifolds was constructed decades ago
by physicists [DHVWS&5, DHVWS86], and many works followed in both mathematics and physics
(for example, [HV87, DFMS87, BR87, Kni87, Road0, CV92]). Zaslow discussed orbifold quan-
tum cohomology [Zas93] along with many examples, in both abelian and non-abelian quotients.
Later, the mathematical definition of orbifold Gromov—Witten theory and quantum cohomol-
ogy was laid by Chen—Ruan [CR02] in the symplectic setting and Abramovich—Graber—Vistoli
[AGV02, AGVO08] in the algebraic setting. Orbifold Gromov-Witten invariants of a toric Calabi—
Yau 3-orbifold X and open orbifold Gromov—Witten invariants of X relative to an Aganagic—Vafa
Lagrangian brane in X can be expressed in terms of the orbifold Gromov—Witten vertex, which is
a generating function of abelian Hurwitz—Hodge integrals [Ros14]. The algorithm for the topolog-
ical vertex is equivalent to the Gromov-Witten (GW)/Donaldson-Thomas (DT) correspondence
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for smooth toric Calabi-Yau 3-folds [MNOPO6]. The GW/DT correspondence has been conjec-
tured for Calabi—Yau 3-orbifolds satisfying the hard Lefshetz condition [BCY12] and proved for
toric Calabi-Yau 3-orbifolds with transverse A, -singularities [Zonl5, RZ13, RZ15, Ros15]. This
provides an efficient algorithm for computing closed and open Gromov—Witten invariants of toric
Calabi—Yau 3-orbifolds with transverse A,-singularities, in all genera and degrees. The precise
statement of the GW/DT correspondence for toric Calabi—Yau 3-orbifolds which do not sat-
isfy the hard Lefshetz condition (for example, [((:3 / ;1,3], where p4 acts diagonally) is not known
even conjecturally. The remodeling conjecture provides a recursive algorithm to compute closed
and open Gromov—Witten invariants of all semi-projective toric Calabi—Yau 3-orbifolds in all
genera. Explicit predictions of open orbifold Gromov—Witten invariants of [(C3 / u3] are given
in [BKMP10].

1.2 Statement of the main result and outline of the proof

In this paper, we study the remodeling conjecture for all affine toric Calabi—Yau 3-orbifolds
[C?/G], where G can be any finite subgroup of the maximal torus of SL(3,C). We consider
a general framed Aganagic—Vafa brane (£, f), where £ =2 [(Sl X (C) / G] and f € Z. We define
open-closed orbifold Gromov-Witten invariants of X = [C?/G] relative to (L, f) as certain
equivariant relative orbifold invariants of a toric Calabi-Yau 3-orbifold )y relative to a divisor
Dy = [C?/p,,], where p,, = Zy, is the stabilizer of the G-action on S' x {0} € S! x C, and the
coarse moduli space C2/pu,,, of D ¢ is the A,,_1 surface singularity. We define generating functions
of open-closed Gromov—Witten invariants

FED (1 X0, X)),

which are HE (Bp,,; C)®"-valued formal power series in A-model closed string coordinates T =
(71,...,7p) and A-model open string coordinates X1, ..., Xp; here Hip(Bp,,;C) = C™ is the
Chen—Ruan orbifold cohomology of the classifying space Bu,,, of u,,,. We use the Eynard—Orantin
invariants wy,, of the framed mirror curve to define B-model potentials

Fyn(mi X1, X)),
which are H (Bp,,; C)®™-valued functions in B-model closed string flat coordinates 7 = (7, . .,
7p) and B-model open string coordinates X1, ..., Xy, analytic in an open neighborhood of the
origin in CP x C". The mirror map relates the B-model flat coordinates (71, ..., 7,) to the complex
parameters (qi, ..., ¢gp) of the framed mirror curve. Our main result is the following.

THEOREM 7.19. For any g € Z>o and n € Zxo,

Fyn(m: X1, ..., Xp) = (1) ED (r X, LX) (1.1)

This is indeed more general than the original conjecture in [BKMP10], which covers the m = 1
case, that is, the case when L is on an effective leg.

We now give an outline of our proof of Theorem 7.19. For simplicity, we consider the stable
case 2g — 2 +n > 0 in this outline. (The unstable cases (g,n) = (0,1), (0,2) will be treated
separately.) The proof consists of three steps:

1. (A-model graph sum) In [FLZ16], we used Tseng’s orbifold quantum Riemann-Roch theo-
rem [Tsel0] to write down a graph sum formula for the total descendant equivariant
Gromov—Witten potential of X. We use this formula and localization to derive a graph
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sum formula for the A-model potential Fg{( ;L(E’f ).

)

FX7(£7f) — wA( — ,

w2 Tawlr)
Iely n(X)

where I'y ,,(X) is a certain set of decorated graphs, Aut (f) is the automorphism group of

the decorated graph f, and wa (f) is the A-model weight of the decorated graph T defined
by (5.9).

2. (B-model graph sum) The Eynard-Orantin invariants wg, can be expressed as sums over
labeled graphs [KO10, Eynll, Eynl4, DOSS14]. We use special geometry to obtain the
Taylor series expansion of the graph sum formula in [DOSS14, Theorem 3.7] in B-model
closed string flat coordinates 7 = (7i,...,7,) at 7 = 0 and derive a graph sum formula for
the B-model potential F’g,n:

V wi(F)
Fon = IR
2 )
Fely . (X)
where wpg (f) is the B-model weight of the decorated graph I’ defined by (7.14).

3. (Comparison of weights) For each decorated graph I e Iy, (X), we prove the following
identity relating A-model and B-model weights:

wp (f) = (—1)g_l+nwA(f) .

1.3 Remarks on the BKMP remodeling conjecture in the general case

In [FLZ19], the authors provide a proof of the BKMP remodeling conjecture for all semi-
projective toric Calabi-Yau 3-orbifolds. The proof in [FLZ19] relies on (i) the quantization for-
mula for the total descendant potential of equivariant GW theory of GKM orbifolds [Zon16],
(ii) the B-model graph sum formula in [DOSS14, Theorem 3.7], (iii) the genus zero mirror the-
orem for toric DM stacks [CCIT15, CCK15], and (iv) the genus zero open mirror theorem for
semi-projective toric Calabi-Yau 3-orbifolds [FLT12]. Item (i) is used to derive the A-model
graph sum formula, whereas items (iii) and (iv) are used to match the A-model and B-model
graph sums. In the affine case, the proof in this paper is more direct than the specialization of
the proof in [FLZ19] to the affine case: the proof in this paper relies on Tseng’s orbifold quan-
tum Riemann-Roch theorem [Tsel(] and item (ii), but not on items (i), (iii), (iv). The proof
in [FLZ19] also relies on the computation of oscillating integrals on a mirror curve in this pa-
per; we obtain the desired result by integrating in the Landau—Ginzburg model and dimensional
reduction (Theorem 7.8).

1.4 Overview of the paper

In Section 2, we describe affine toric Calabi—Yau 3-orbifolds and their mirror curves. In Section 3,
for each affine toric Calabi-Yau 3-orbifold X and a framed Aganagic—Vafa A-brane (L, f), we
construct a relative Calabi-Yau 3-orbifold (Y, Dy), where X = Y\ Dy. In Section 4, we describe
the Chen—Ruan orbifold cohomology of the classifying space BG of the finite abelian group G

and the f—equivariant Chen-Ruan orbifold cohomology of X and Yy. In Section 5, we give

the precise definition of the A-model partition functions Fg),( ,;(E’f ) as generating functions of
equivariant relative Gromov-Witten invariants of (}y,Dy) and derive the A-model graph sum
formula (Theorem 5.5). In Section 6, we study the geometry and topology of the mirror curve.

195



B. Fang, C.-C. M. LiU AND Z. ZONG

In particular, we clarify the choice of A-cycles and B-cycles and the definition of the B-model
flat coordinates. In Section 7, we give the precise definition of the B-model partition functions
F, yn, derive the B-model graph sum formula (Theorem 7.15), and complete the proof of the main
result (Theorem 7.19).

2. Affine toric Calabi—Yau 3-orbifolds and their mirrors

2.1 The A-model geometry
Let T = (C*)® and N = Hom(C*,T) = Z3, and let M = Hom(T,C*) = Hom(N,Z). Let
0 C Ng := N @7 R = R3 be a simplicial cone spanned by by, bo, b3 € N such that the simplicial
affine toric variety X, := Spec C[o¥ N M| has trivial canonical divisor. Then there exists a u € M
such that (u,b;) = (u,b2) = (u,b3) = 1. We may choose a Z-basis uy, uz, ug of M such that
ug = u. Let eq, eg, e3 be the dual Z-basis of N. Then

by =re; —sex +e3, by=mes+e3, bz3=e3,

where 7 and m are positive integers and s € {0,1,...,r — 1}.

We have a short exact sequence of abelian groups
145G =T=(CP3T=(C">1,

where ¢(t1,12,t3) = (67,8, 13, t1tal3).

For i = 1,2,3, let x;: G — C* be the projection to the ith factor. Then x1, x2,x3 € G* =
Hom(G,C*), and x1x2x3 = 1. Given a positive integer 7, let p, := {z € C*: 2" = 1} 2 Z, be
the group of rth roots of unity. The image of x; is u,, and the kernel of x; is isomorphic to p,,.
We have a short exact sequence of finite abelian groups

1op, -G p —1.

Then X, = C3/G, which is the coarse moduli space of X := [Cg/G]. Let N, = Zby & Zby ® Zbs.
Define

Box(o) ={v € N: v=rc1b1 4+ caba + ¢3b3, 0 < ¢; < 1}.
There is a bijection Box(c) — N/N, given by v — v + N,; there is a bijection Box(oc) — G
given by
c1b1 + coby + c3b3 — (e%ﬁcl,e%m”, 627“/?163) . (2.1)
For example, for j € {1,...,m — 1}, we have

(0,5,1) = %52 + (1 — ?‘;) bs € Box(o), (1,62”\/?13'/m7e—27f\/—71j/m) cq.

Define age: Box(c) — {0, 1,2} by
c1by + caby +c3bz e + o +c3.
Then we have a disjoint union
Box(o) = {0} U {v € Box(c0): age(v) =1} U {v € Box(o): age(v) = 2}.
Given h € G and i € {1,2,3}, define cz( ) €10,1) and age(h) € {0, 1,2} by

[
27r\/7c1 = h)
)+

age(h ) c1

(
(h) + ca(h) + c3(h).
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The inverse map G — Box(o) of (2.1) is given by h > c1(h)by + ca(h)ba + c3(h)bs.

2.2 The B-model geometry
There exist (m1,n1),..., (mp,n,) € Z* such that
{v € Box(o): age(v) = 1} = {(mq,na,1): a=1,...,p}.

We define b34q = (Mg, ng, 1) for a =1,...,p and define

p
Hi(X,Y,q) = XY 4 Y™ 414 g Xmeyme el
a=1

The mirror of X is a hypersurface in C? x (C*)%:
Xy = {(u,0,X,Y) € C*> x (C*)*: Hy(X,Y,q) —uv=0}.

This is a family of non-compact Calabi-Yau 3-folds parametrized by ¢ = (¢1, ..., ¢gp). Different
framings f € Z give isomorphic &; but different superpotentials X : X, — C*. The framed mirror
curve is

Y, ={(X,Y) € (C*)? Hy(X,Y,q)=0}.
Then

(i) the hypersurface X, is smooth if and only if %, is smooth;

(ii) all the branch points of X : ¥; — C* are simple if and only if the critical points of X : )Eq —
C* are isolated and non-degenerate.

Note that 3o = {(X,Y) € (C*)*: X"Y 5"/ 4+ Y™ 41 =0} is smooth and all the branch points
of X: ¥y — C* are simple. So properties (i) and (ii) hold for small enough q.

Remark 2.1. Whenm = 1, G = p,., and g, = 0, the framed mirror curve is given by X"Y 57"/ +
Y +1 = 0 or, equivalently,

VS (14+Y)+ X" =0. (2.4)

Up to the sign, which is a matter of convention, (2.4) agrees with the following framed mirror
curve given by equation (3.28) of [BHLM14]:

Yt (1-Y) - X" =0.
In this paper, we assume that the framing f is a positive integer.
We define

;W2 = , W3 =-—wp —wp = ——————— . (2.5)
rm rm

1 s+rf —s—rf—m
wp = —
r

For later convenience, we fix two explicit bijections (which are not necessarily group homo-
morphisms) ¢: Z, X Zy, and o*: G* = Zy X Lyy:
o 12 Ly X Ly — G, (§,0) — n{né, where

627“/?111}1,62”\/?1“}2,627“/?1“]3) 1762ﬂﬁ/m’e—2ﬂﬁ/m) . (26)

7712( ) 7722(

o "1 Ly X Ly — G*, (§,0) — x{xg, where 1, x2 € G* are defined as in Section 2.1.
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3. The 1-leg framed orbifold topological vertex

Let L = {(21,22,23) € C: 21> — |22]® = ¢, |21]* — |23]* = ¢, S(z12223) = 0}, where ¢ > 0
and (z) means the imaginary part of z. Then L is a special Lagrangian of C* (Harvey Law-
son [HL82]), and £ := [L/G] is a special Lagrangian sub-orbifold of the affine toric Calabi—Yau
3-orbifold X = [(C?’ / G]. A framed Aganagic—Vafa A-brane of X is a pair (£, f), where £ C X is
as above and f € Z. The 1-leg framed orbifold topological vertex is a relative toric Calabi—Yau
3-orbifold ()¢, Dy) associated with (X, L, f).

3.1 The toric graph

The lattice N, = Zby @ Zby @ Zbs is a sublattice of N = Zej @ Zeo ® Zeg of index rm, and
{b1,b2, b3} is a Q-basis of Ng := N ®7Q. Let {wy,wa, w3} be the dual Q-basis of Mg := M ®7Q.
Then

1 s 1 s+m 1

W = —up, W= —Uuj+ —U, W3=— up — —ug +us.
T rm m rm m

Note that
Wi + W + w3 = U3

is the weight of the T-action on T,X, where p = BG is the unique T-fixed point in the toric
3-orbifold X. Let T’ be the kernel of ug € M = Hom(T, C*).

The relative formal toric Calabi-Yau (FTCY) graph of the 1-leg framed orbifold topological
vertex is shown in Figure 1. This generalizes the 1-leg framed topological vertex [LLLZ09].

su u
W2:f1—|-%2

rm ug—fuy
m
ui
Wi = - —u
—uz+fuy
m

_ __m+s uz
W3 = mr m

FI1GURE 1. The toric graph of the 1-leg framed orbifold topological vertex

3.2 The fan

The toric graph in Figure 1 defines a relative toric Calabi-Yau 3-orbifold Yy which is a partial
compactification of X. We now describe the fan 3 defining the coarse moduli space Y} of V;. Let

v1 =0y =rey —seg+ez, vy=by=mey+e3, wvy3=by3=e3, v4=—e1 — fey.

Let o be the 3-cone spanned by vy, ve, vs, as before; let ¢’ be the 3-cone spanned by v9, v3, v4.
Let 7 be the 2-cone o N o', and let p; be the 1-cone spanned by v;. Then

(1) = {p1,p2,p3,pa}, Es(3) ={o,0'}.

The coarse moduli space Dy is the T-invariant divisor in Y} associated with p4. The pair (V¢, Dy)
is a relative toric Calabi-Yau 3-orbifold, where the relative Calabi-Yau condition is Ky, +Dy = 0.
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Let D; be the T-invariant divisor associated with p;. Then
Ky, = =Dy —Dy—D3—-Dy, Ky, +Dj=—-D;—D;—D;s.

Note that Kx; + Dy is the principal T-divisor associated with x"* € C[M].

3.3 The root construction

In this subsection, we give another description of the relative toric 3-orbifold ()¢, Dy). Let
po = [0,1] and poo = [1,0] be the two torus-fixed points in P(1,7), where P(1,r) is the weighted
projective line with an orbifold point of order r. Then pg is the unique stacky point in P(1,r),
and any C*-equivariant line bundle on P(1,r) is of the form

Op(1,)(apo + bpoo) 5
where a,b € Z. We have
deg Op(1,(apo + bpoc) = % +b.

Let p: [ — P(1,7) be the Z,,-gerbe obtained by applying the mth root construction to the
equivariant line bundle Op(; ;) (spo + fpeo). Let L2 be the tautological line bundle over [, so that
Lym = P Op(1,1)(8P0 + fPoo) -

Then deg L2 = s/rm + f/m = wa. Let

L3:=L;" ®p*Opg1(—Po)-
Then deg L3 = —s/rm — f/m — 1/r = w3 . The toric 3-orbifold Yy is the total space of the rank
2 vector bundle
Vi=Ly®Ls —[.
The divisor Dy is the fiber of V} over the stacky point p~!(pso) in I.

When G is trivial, we haver =m =1, s =0, [ =P(1,r) = P!, and V§ = Op1 (f) B Op1 (— f — 1)
— Pl

4. Chen—Ruan orbifold cohomology

In this section, we describe the Chen-Ruan orbifold cohomology [CR04] of the classifying spa-
ce BG of the finite abelian group G and the T-equivariant Chen—Ruan orbifold cohomology of
X = [(C3 / G] and Y. The Chen-Ruan orbifold cohomology of the classifying space of any finite
group is described in [JK02].

4.1 Chen—Ruan orbifold cohomology of BG
The inertia stack of BG is

IBG = | J (BG)n, where (BG),=[{h}/G]=BG.
heG

As a graded vector space over C,

HEg(BG;C) = HY(IBG;C) = P H((BG)n: C),
heG
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where H°((BG)p,; C) = C1. The orbifold Poincaré pairing of Hiy (BG;C) is given by
5h71,h’
|G|
The orbifold cup product of H¢p (BG;C) is given by 1j % 1y = 1py.
We now define a canonical basis for the semi-simple algebra H¢i (BG;C). Given a character
v € G* = Hom(G, C*), define
e 720

heG

<1h7 1h’> -

Then
HEg(BG;C) = 1, = ) Co, .

heG yEG*
Recall that we have the orthogonality of characters:

(1) For any 7,7 € G*, we have € Z Xy (W) xy (B) = 64,

heG
1
(2) For any h,h’ € G, we have @l > Xy (B xy () = S
yEG*

Therefore, (¢, dy) = 8,.//|G|? and ¢ * ¢, = &, ¢+. Then {¢: v € G*} is a canonical basis
of H¢y(BG;C).

4.2 Equivariant Chen—Ruan orbifold cohomology of X = [C3 / G]
Given any h € G, define ¢;(h) € [0,1) NQ and age(h) € {0,1,2} by equations (2.2) and (2.3) in
Section 2.2, respectively. Let ((C3)h denote the h-invariant subspace of C3. Then

dimg (C3 Z Oes(h)

The inertial stack of X is
X = | X, where X, =[(C%)"/q].
heG
In particular, X} = [C3 / G] = X. As a graded vector space over C,
HEg (X3C) = @5 H*(X; C)[2age(h)] = @D Cl,,
heG heG

where deg(1) = 2age(h) € {0,2,4}. The orbifold Poincaré pairing of the (non-equivariant)
Chen-Ruan orbifold cohomology H¢p (X;C) is given by
1
<1h7 1h’>X - @(Shfl,h’ . 5O,dimc X, -

Let R = H* (BT C) (C[Wl, wa, ws], where wq, wo, ws are the first Chern classes of the univer-
sal line bundles over BT'. The T—equlvarlant Chen—Ruan orbifold cohomology H éR 7 ( [(C?’ / G] )
is an R-module. Given h € GG, define

3
e,
eni= [[w ™" e R
i=1
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In particular, ; = wiwaws. Then the T-equivariant Euler class of 0p, := [0/G]in &) = [((C‘g)h/G]
is
e:,:(Tthh) =eply € H;:(Xh; (C) =R1y.
Let x1,x2,Xx3 € G* be defined as in Section 2.1. The image of x;: G — C* is p, for some
positive integer r;. In particular, r; = r. Define

R = C[Wi/rl,wé/m,wé/w]

)

which is a finite extension of R. Let
Q= C(wi,wg,ws) and Q' =C(w;/™ wy™ wi'™)

be the fractional fields of R and R’, respectively. The f—equivariant Poincaré pairing of

HT CR(/'\,’ C) ®r Q (which is isomorphic to H¢g (X Q) as a vector space over Q) is given by

. 1 6h_1,h/
G| e

<1h71h’>X € 9.

The T-equivariant orbifold cup product of HE ‘i (X ;C) @R Q is given by

3
1, %y 1y = (H ci(h)+ei(h') cl-(hh)> T .

Define

7 . 1y * . /
1h = W S HT CR(X’(C) ROR Q . (41)

Then
5h71,h’

<ih7 ih’)X ih *x ih’ = ihh’ .

‘G |W1W2W3 ’
We now define a canonical basis for the semi-simple algebra H, % CR(X ;C)er Q. Given y € G*,
define ’

=g G () (4.2)
heG
Then
_ _ 5 , _ B B
<¢w ¢7’>X = m s Py *x Pyt = Oy Py

So {¢y: v € G*} is a canonical basis of H%CR(X; C)or Q.

4.3 Equivariant Chen—Ruan orbifold cohomology of Y,

We use the notation in Sections 3.2 and 3.3: the coarse moduli space Y of the toric 3-orbifold N
is defined by a simplicial fan 3; with two 3-dimensional cones o and ¢’. Let X' = [(C3 / G] and
X' = [C3/p,,] be the affine toric sub-orbifolds of Yy associated with o and o', respectively. As
Q-vector spaces,

HE (V5 C) @r Q = Heg(Vr; Q) = Her (X5 Q) & Heg (X' Q)

where
m—1
Heg(X;Q) =@ 1, Her(Y;Q) =01 e P Q1),, -
heG k=1
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We have the following isomorphisms of Q-vector spaces (which do not preserve the grading and
the orbifold cup product):

Hig (V5 Q) =2 Hig(Q),  HEr(X; Q) = Hir(BG; Q),
HEg(X'5Q) = HER(Dy; Q) = HEg (Poo; Q) = HER (Bt Q) -

5. A-model topological string

5.1 Relative orbifold Gromov—Witten invariants of (Y¢, Dy)

In this section, we define open-closed orbifold Gromov—Witten invariants of X as certain equiv-
ariant relative orbifold Gromov-Witten invariants of (V¢, D). Recall from Section 3.3 that the
orbifold YV; can be viewed as the total space of the rank 2 vector bundle V' = Lo ® L3 — |,
where [ is a w,,-gerbe over P(1,7), so equivariant relative orbifold Gromov—Witten invariants of
(V§,Dy) are twisted equivariant relative orbifold Gromov-Witten invariants of (I, poo).

Relative orbifold Gromov—Witten theory has been constructed in algebraic geometry by
Abramovich—Fantechi [AF16] and in symplectic geometry by Chen-Li-Sun-Zhao [CLSZ11]. We
refer to [AF16, CLSZ11] for the precise definitions of moduli spaces of relative stable maps to
smooth DM stacks.

We first introduce some notation. We fix non-negative integers g and ¢ and a vector i =
((p1,k1)s oo, (pon, kn)), where pj € Zso and kj € {0,1,...,m —1}.

(1) Let My ¢(YVf/Dy, i) and Mgy e(I/poo, i) be the moduli spaces of genus g relative stable
maps to (V¢,Dy) and ([, po), respectively, with ¢ marked points and n relative points, where
the relative points are ordered, and the ramification index of the jth relative point is u; and its
monodromy is k;.

(2) Let evi: My o(Vr/Dy, i) — Yy and evi: My (I/poo, fi) — ZI be the evaluation maps at
the ith marked point, where i = 1,... /.

3) Let m: U — M, o(I/poo, i£) be the universal curve, T — M, ((/poo, fi) be the universal
s gs H
target, and F': U — T be the universal map.

(4) There is a contraction map 7 — [ Let F: & — [ be the composition of this contraction
map and the universal map F: U — T.

(5) Let D = {J;¢j<, Dj C U be the universal relative points corresponding to /i, and let Do =
Ui<j<n Dj C D.
k=0
(6) Let Ty = {(t,t/,1): t € C*} C T = (C*)3. This induces
¢f: H*(BTa Q) = Q[Ul, uz, U3] = Q[WlaWQaWC’J — H*(BTfa Q) = Q[V] )

up—v, us+— fv, ug—20
or, equivalently,
1 s+rf —s—rf—m

Wi = —V = w1V, W32 V=WV, W3 ———V = W3V.
r rm

We extend ¢ to ¢p: Q = C(uy,u,uz) = C(wy,wp,wz) = C(v).
For any

Yoo € Hog(X5Q) = €D Qi € Heg (V53 Q) = Heg(5 Q)
heG
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we define the T—equivariant relative orbifold Gromov—Witten invariant

¢
1 (u2 _ ful)zj_1 5k],0 .
<’Ylv s 77f>X7‘§£7f) T TAni ¢f </ vir eviTi
o | Aut (7)) My, (X /Dy ) TV ez (N'Y) Hl

i=

L meeran
|Aut ()| (Moo (/poo,id)T]¥ir ez (NYY) el

€ Q(v).

Note that ¢¢(uz — fuy) = 0. The factor (uz — ful)zyzlg’“j’o is included to cancel such a factor
in ez(NVIT).

If 41, ..., 7, are homogeneous, then

c ' (degyi/2— c
syl = VI /2Dy ) R (5.1)

v=1

5.2 Descendant orbifold Gromov—Witten invariants of X

+(L:1)

In this subsection, we use localization to compute (71, ... ,w)g P

terms of cubic abelian Hurwitz—Hodge integrals.
We first give some definitions. For i = 1,2,3, let y; € G* = Hom(G,C*) be the characters

of G defined in Section 2.1, and let L, be the line bundle over BG associated with the irreducible
character x; € G*. Then & = [C?’/G} is the total space of

and obtain an expression in

3
Pr. —BG.

i=1

Let ﬂg,n(BG) denote the moduli space of genus g, n-pointed twisted stable maps to BG. Let
m: Cypn — Mgm(BG) be the universal curve, and let F': C;,, — BG be the universal map. Define

3 3
€gn ‘= ¢f < (RW*F* <@ LXz))) = H(wiv)(rankRﬂ*F*LXi)Cl/wiv(RW*F*LXZ.) 7 (52)

i=1 =1

where ¢;(E) = 1+ te1(E) + t?co(E) + - -+ denotes the Chern polynomial of a complex vector
bundle E (or, more generally, an element in the K-theory). The rank of Rm.F™ Ly, is constant on
a connected component of M, ,,(BG) but might be different on different connected components

of My, (BG).
A moduli point in M (I/pso, i) is represented by a morphism

p: (Coxr,y .o, o, Y1y oY) = K] =TUA U UAE,
where each A, is a trivial u,,-gerbe over P1. Let

gé([/pom )CMgK([/pocn )

be the substack where the target is [[0] = [. Computations in [RZ13] show that the contribution
from a T-fixed locus outside M;g([/ Poo, i) vanishes. Therefore,

~ (=R (F*Lao(—Do) ® F*L3)
<’Yl,~-- é> (Lf):1_.'¢f</ T eT( ﬂ( 2( 069 3 Hevm)
R |Aut(u)\ [ﬂg o (U poo, ) T]vir GT(NVH
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Suppose that p: (C,z1,...,2¢,y1,...,Yn) — [ represents a point in M;nM([/poo, /I)T Then

n
c=cul g,
=1
where Cy is an orbicurve of genus g, the components Cy, ..., C, are 1-dimensional toric orbifolds,
z1,...,2¢ € Co and y; € C;, and Cy and C; intersect at a node z; for j = 1,...,n. We view z; as

a point on C; in order to determine its monodromy. Let p; := plc,: C; — [. Then py is a constant
map to po = [0, 1], and we have the following diagram for 1 < j < n:

CjL}[

l l (5.3)

Pl Pj s Pl
where p;([z,y]) = [z, y*/] is the map between coarse moduli spaces, the monodromy around y;
is e2mV=1ki/m ¢ W, and the monodromy around z; is

<e27r\/—71ujw17627r\/—71(ujw2—kj/m)’ eZﬂle(ujw3+kj/m)> _ niljn;kj cq.

For (do, k) € Z X Zp,, define h(dy, k) := 1{°n;* € G, and define D’(dy, k) to be
T () Ldows+k/m] ( v >age(h(d°’k))_l' ['(do(w1 + wa) + c3(h(do, k))) .
\% do F(do’wl —C1 (h(do, ]{})) ) (do’LUQ — Cg(h(do, k?)) + 1)
(5.4)

Then D'(dg, k) € Cv2ee(Mdo-k)=2 Up to the sign, D’'(dy, k) is essentially |G| times the disk
function in [Rosl4, Section 3.3]. Note that
(71)Ld0w3+k/mj _ (71)d0w3—63(h(d07k))+k/m.

By virtual localization, we have the following result.

PROPOSITION 5.1. We have

) 2
X,(L,f) _ YLh(do,k) s
Xl =40 pran - (3 )

X7 L7f V
( >07(Elo7k)) = <'77eh(d0,k:)1h(do,k)*1>)( ) D/(dﬁa k) - dT)’
X,(L,f) _
{ >07(u1,/€1)y(u27k2) - <eh(u17k1)1h(ulyk’1)_17eh(ﬂ2,k2)1h(uzvk2)_l>)€

- D', k1) D' (p2, k) v
|Aut((p1, k1), (p2, k2))| o1 + p2
If fi = ((p1, k1), - - (un,kn)) and 2g — 2+ +n > 0, then

l *
X, (L, / i=1 €V Vi @ Z-I—j g,k g kg) ™

- HD y Ty eviyi o Visi(@n(u, ) L ) 1)

e \AUt ik My en(BG) Cgl4n 55 1 — (5 /V)ibes;

Introduce variables X1,...,X,, and let

p
T = E Ta]-haa
a=1
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where h, € G corresponds to (mg,ng, 1) € {v € Box(o): age(v) = 1}. For k € {0,1,...,m — 1},
let 1"y, =1 5 4 € Hog(Bpy,; C) = @7 C1j,. Define

L,f)
2
FENED (X, X)) = Y Z Z )]
By in >0 Ky, k=0 €20
n

Jleow - (—yimr, e (-1 Tem,
j=1

which is an Heg (Bps,,; C)®"-valued function, where Heg (Bpy,; C) = @iy 1y,

Remark 5.2. For each k € {0,1,...,m — 1}, the set {u;: k; = k} determines a partition p* =
(u’f =2 /‘]Z(#k) > 0). We have

Aut((pa, k1), -+, (s k) H Aut(p

)+ 4+ e(pm ) =n.

The correlator <7'£>;(&L£1’Q) i

depends only on the m-tuple of partitions 1, ..., ™ 1. So F;fﬁ(ﬁ’f)(T; X1,...,X,) is a symmet-
ric function in X1,..., X, and can be rewritten as

) is invariant under permutation of (u1, k1), ..., (fin, kn), so it

X(ﬁf)

X, (L, ) _ gu oo™t
FED(r Xy, X,) = > Z Pl X et
poypmtep 20
L(pO) 4™ )=n

where P is the set of partitions and
O(p0) 4L

m—1 " )
XHO, Lpm—l = Z H H ngj)((_l)_k/mlLk/m)(g[(“ ).

TESn k=0 j=0(u0)+-+L(u*~1)+1

We introduce some notation.

(1) Given h € G, define

1
WX =1 D Dl RXP()TIML,,
(do,k)EZ20XZm
h(do,k)=h
age(h)—1
- _ Z 1 eV~ Im(dows—cs(h)) <V> g
mv do
(do,k)GZ)OXZm
h(do,k)=h

I(do(w1 + w2) + c3(h))
F(d0w1 — Cl(h) -+ 1)F(d02U2 — Cz(h) + 1)

Then &} (X) takes values in @Zl:_ol Cvage(”)_21;€/m. For a € Z and h € G, we define
1 do\* k/m

| ’ do>0
h(do,k)=h

d
X%1" " kjm -
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Then ®)(X) takes values in @}, Cva&e()=2= Ll @

o) = (X ) 2h).

(2) For a € Z and vy € G*, we define

1615 1) Ty i)

heG

and

Then &) (X) takes values in @' Cv'~ B .

(3) Given y1,v € Hig(X;C) ®@c C(v) and ay,az € Zxo, define
XT
<Ta1(’)/1)> - 6111, <1 ’71> 27
p T
<Tal ('71)7—a2 (72)>
(4) Given y1,...,7 € Hig(X;C) ® C(v) and ay, ..., a, € Zxq, define

QW(BG) eg7 z:l

= 50.1,06(12,0 V(Vl? '72>

<wm>vumﬁ“—A

(5) Given h € G, define 1} = |G|df(eply-1).

(6) In the rest of this paper, we consider T-equivariant cohomology and write ¢, and Q_SA,
instead of ¢7(¢) and ¢ (), respectively. (Recall that ¢(w;) = w;v.)

ProprosiTION 5.3. We have the following equations:
(i) (Disk invariants)
(r*, Ta(1*)>X’Tf

p
F(flz(ﬁyf)(T’X) — @EQ(X) + ZTQ(I)Eal( + 0,0+1 (I)Z(X)
= (lEZ)() hEG 2

3
|G’2w1w2w3< Z 67 +ZT‘1HwCZ (i) Z X~ (P )>

yeG* = i=1 yeG*

ry p

0,0+1 =
£(X).
a€Zxq yEG* €22

v=1

(ii) (Annulus invariants)

X,Tf

T Tal 71 )Ta2(1lt ) 0,0+2
= 2 EZZI R (X)) B2 (X)

a1,a2€%Zxq h1,ho€G £21

X,Ty

-y s Tt g

a1,a2€%Lx0 11,72€G* €21
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where

0 0\ gL o
<&&&+X%X>F' mxh&)\ay%;%%gm% (X2)

= W( > gg(Xl)gg(Xz)>

yeG*

v=1
(i) For2g —2+4n >0,
FED(r X, Xy)

(70 (1) 7 (1, )0

= 2 X X lﬂ 22 [T 20 (%)

a1,..,04n L0 h1,....,hn €G £20 j=1

- X ,T
T ' Tay (@ Tap (Qb'yn rn

- Z Z Z / 2 H§

Q1,00 €L30 Y1y Yn €EG* £20

Remark 5.4. The function F());’(L’f) (0; X1, Xo) is an H*(Bu,,; C)®2-valued power series in X
and X which vanishes at (X, X2) = (0,0), so it is determined by (5.5).

5.3 A-model graph sum
Introduce formal variables

0= a2 ZZZ uhdpz" = > u’(2)dg,
a=0 a=0 BeG*

peG*
where
ude Q, g = Zuﬂd)geHCR(XQ v’ Zuﬂa
BeG* a>0
For j =1,...,n, define G1; and uf(z) similarly. Define
(0, ) = 3 (Tan (fhay )+ Tag (it ) 7oy (1)) < T, ()1, 1 -

al,...,ag,bl,...,bn€Z>0

By [FLZ16, Theorem 4.2], the term (1/¢!){a‘ 1y,... ,ﬁn>X’Tf

g.t+n
sum. By Proposition 5.3,
1 =~ ~ X
F;,('r;,(ﬁjf) (T; Xl, tee Xn) = Z E<’T€7 g(X1)7 s ag(Xn)>g’g+fn ) (56)
220

where g(X) = za€Z>o ZBEG* gg(X)q_ﬁﬁza. Therefore, a graph sum of Fg)fﬁ(ﬁ’f)(T; X1,...,Xp) can
be obtained by the following specialization of [FLZ16, Theorem 2J:

can be written as a graph

p
:ZTath, ﬁj :f(X]), W; = W;V .
a=1

By (5.1), we may let v = 1; that is, w; = w;. In the rest of this subsection, we give the precise
statement of this graph sum.

Given a connected graph I', we introduce the following notation:

(1) V(T) is the set of vertices in T'.
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(2) E(T) is the set of edges in T".
(3) H(T) is the set of half-edges in I

(4) LO(T) is the set of open leaves in T'. The open leaves are ordered: LO(T') = {l1,...,1,},
where n is the number of open leaves. (Open leaves correspond to ordered ordinary leaves
in [FLZ16].)

(5) L°(T) is the set of primary leaves in I'. The primary leaves are unordered. (Primary leaves
correspond to unordered ordinary leaves in [FLZ16].)

(6) LY(T') is the set of dilaton leaves in I'. The dilaton leaves are not ordered.

With the above notation, we introduce the following labels:
(1) (genus) g: V(I') = Zzo,
(2) (marking) a: V(I') — G* (This induces

a: L) = LO(M) U L°(T) U LX) — G*
as follows: if [ € L(I") is a leaf attached to a vertex v € V(I'), define a(l) = a(v).),

(3) (height) k: H(T) — Zso.

Given a vertex v € V(I'), let H(v) denote the set of half-edges emanating from v. The

the valency val(v) of the vertex v is equal to the size |H(v)| of the set H(v). A labeled graph
I'=(T,g,,k) is stable if 2g(v) — 2 + val(v) > 0 for all v € V(T').

Let T'(BG) denote the set of all stable labeled graphs [ = (T',g,, k). The genus of a stable
labeled graph I' is defined to be

9(0) = > g +[EO|- VIO +1= 3 (g + 3 1+l
veV (D) veV (T) ecE()
Define
Ty0n(BG) = {T = (T, g,0,k) € T(BG): ¢(T) =g, |L°(T)| = (D) =n}.
Let

=Tl (2 5 ten (2)”)

m>=1

where A® is the operator defined by
Al . H*(IBG;C) — H*(IBG;C), 1j, + Bp(ci(h))1y
and By, (x) is the Bernoulli polynomial. Then, relative to the basis {¢,: v € G*},
—1)m

3 o .
2)5 = G| Z Xa(h)xs(h™") HeXp (Z m((ml_l)BmH(Ci(h)) (;) > . (5.7)
=1 m=1

heG
Given 8 € G*, define

PzX) =) X,

a=0

We assign weights to leaves, edges, and vertices of a labeled graph Te I'(Y) as follows:
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(1) (Open leaves) To each open leaf [; € LO(I") with a(l;) = o € G* and k(l;) = k € Zso, we
assign

(1. k —VBB(5 X ).

() l) = = ]<|G|\/w1w2w Z R(=2)at"(= ])>

peG*

(2) (Primary leaves) To each primary leaf [ € L°(T") with a(l) = a € G* and k() = k € Z>o,
we assign

(L)) = [ wi ") R(=2) x5 (ha)7a | (5.8)
]G\\/wlwgw ﬁ;;}_[l
By the orthogonality of the characters, we have
p 3 "
S 3w ™ R==)xs(ha)ma
BeEG* a=1i=1
p 3 0o m—+1 m
Ci ha (_1) * z
= ZHU) ( Xa(ha)Tq exp ( Z mBm—H (ci(ha)) (w) ) :
a=1i=1 m=1 ¢

Here we used the facts that B, (1 — z) = (=1)™By,(z), that B,, = 0 when m is odd, and that
ci(h) +ci(h™) =1=6cn)0-

(3) (Dilaton leaves) To each dilaton leaf | € LY(T") with a(l) = a € G* and 2 < k(I) = k € Z>o,
we assign

(@50 = (- \G!Wg% %)

(4) (Edges) To an edge connecting a vertex marked by ao € G* and a vertex marked by § € G*,
and with heights k& and [ at the corresponding half-edges, we assign

i@ = o) (g (- 3 RC2RCWS) ).

yeG*

(5) (Vertices) To a vertex v with genus g(v) = g € Z>o and with marking a(v) = v € G¥,
with n primary or open leaves and half-edges attached to it with heights ki, ..., k, € Z>0 and m
dilaton leaves with heights kypy1, ..., kntm € Z>0, We assign

2g—2-+4val S
(IGlVwrwaws) ™" ) / RREREna

g,n+m

Given a labeled graph T’ € Ty 0n(BG) with LO(I') = {l1,...,l,}, we define its A-model weight
to be

wa(®) = [ (G|\/m)2g‘“”“”)< II > H Extn N ithatan ©)
h

veV () €H(v) (v) ecE(D
a(l = a(l; ) a(l)
[T @) oIT e I @i o- (5.9)
leLO(F) Jj=1 leL(I)
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Setting i = 7, 0; = E(Xj), and w; = w; in [FLZ16, Theorem 4.2], we obtain

—

U E ua(F)
E<T£7 §(X1)7 s ag(Xn)>;‘jg+n = ) Z m . (510)
Tely . (BG)

Let Ty n(X) 1= Uz Lyen(BG). Equations (5.6) and (5.10) and Proposition 5.3 imply the fol-
lowing A-model graph sum formulae.

THEOREM 5.5 (A-model graph sum). We have the following equations:

(i) (Disk invariants)

L wa (T
i Xy =0y (x) + Y mdty(x)+ Y e At( ﬁ) ,
a=1 feFo,l(X) ‘ u ( )‘

where
P
X)+ ) 7@y (X
a=1
|G‘2w1w2w3< Z {Y +ZTan62(ha Z X+ (h )>

yeG* yeG*

(5.11)
v=1

(ii) (Annulus invariants)

wa(T)

Fs 5D (r X1, Xo) = By O (0, X1, X))+ Y Tawe()]

)

].:‘}EF()’Q(X)

where Fé;’(c’f) (0; X1, X2) is determined by equation (5.5).
(iii) For2g—2+mn >0,

FOLD(r: Xy, .., X)) = —.
gn (T3 K )= 2 [Aut(D)]

6. The mirror curve and its compactification

The equation of the framed mirror curve is given by

p
Xry—s—rf Y™ 41+ anXmaYna—maf =0,
a=1

where
mg =rc1(hy), ng = —sc1(hg) +mea(hy) .

Let A be the triangle on R? with vertices (r, —s), (0,m), and (0,0). The compactified mirror
curve iq is embedded in the toric surface Sa defined by the polytope A. In this section, we
assume that qi,...,qp, € C are sufficiently small so that the compactified mirror curve iq is a
smooth compact Riemann surface. Let g be the genus of f)q, and let n be the number of points
in X, \ 3.
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6.1 The Liouville 1-form
Let iq = 7 4(%,) C C? be the preimage of ¥; C (C*)? under the (universal) covering map
m: C? — (C*)? defined by (z,y) — (X = e %, Y =e¥). Then 7, := W‘iqi Xy — X, is a regular
Z?-cover. The 1-form logY dX /X is multi-valued on (C*)?, but 7*(logY dX/X) = ydx is a
well-defined holomorphic 1-form on C?; indeed, it is the Liouville 1-form of the cotangent bundle
T*C = (C)%

d(ydz) = dy N dx .

X
b, = (logY =

which is a multi-valued 1-form on ¥4. Then m;®, = ydz|s is a well-defined holomorphic 1-form
q

We define

9

g

on 5,
Given a ¢ € CP such that X, is smooth, we choose a base point p, € X, and a point
Pq € m; ' (pg). We have a commutative diagram

1 —— 11 (505, — m(S0pg) —2 m((CH2,p,) —— 1

al al al (6.1)
H (S57) - Hy(S5:2) —2s Hy((CH%Z) —— 0.
In the above diagram, the following hold:
e The map I,. is induced by the inclusion map I,: 3, — (C*)2.
e The first row is a short exact sequence of multiplicative groups.
e The second row is exact at Hy(Xq;Z) = Z*#T" 1 and H, ((C*)*Z) = Z2.

e The maps a and « are surjective group homomorphisms given by abelianization, and & is
a group isomorphism.

e The group (X4, pg) is a free group generated by 2g +n — 1 elements.
We define
K1(24;Z) = Ker(Ige: Hi(Sg; Z) — H1((C*)%Z)) = Im(mge: Hy (iq;Z) — Hi(34;Z)) .
Then K;(3,;Z) = 729473, There is a well-defined map

Wl(iq,ﬁq)%C, g»—>/g7r2<1>q.

Given any A € K1(X,;Z), there exists an Aem (iq,ﬁq) such that A = Wq*oc?(ﬁ) = QOTyy (ﬁ) If
A, Ay €m (Zq,ﬁq) and oy, (Al) = Q0T (Ag) = A, then 7, (AQ) = Ty« (AI)BIB2Bl_lBQ_1 for
some By, By € m1(Xy, pg). If I.(B1) = (m1,n1) and I,(B2) = (m2,n2), where my,ny, mo, no € Z,
then

/~ W;(I)—/g TFZ(I)—F(27‘(’\/—1)2(?7‘&1712—TTL2TL1).
1

A
So we have a map

Ki(242) — C/(2nv/-1)’Z, AH/~w;¢q+(2wﬁ)QZ, (6.2)
A
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where A is any element in (mge 0 @) HA) € m (iq,ﬁq). Let [, ® denote the image of A €
K1(X4;Z) under the above map. Then [, ®, € C/(2WJT1)QZ is independent of choice of p,
and py.

Let B, denote the open ball in CP with radius € > 0 and center 0. There exists an € > 0 such
that X, is smooth for all ¢ € B.. For g € B, there are canonical isomorphisms

Hi(3g;Z) = Hi(30;Z),  Ki(3¢;Z) = K1 (S0; Z) -

Given an A € K(X0;Z) = K(X4;Z), the integral [, ®, can be viewed as an element in
(B, C)/(2W/j1)2Z, where I'(B, C) is the space of holomorphic functions on B, and (2Wﬁ)2Z
is identified with the set of constant functions from B, to (QW\/jl)QZ.

The inclusion J;: ¥ — Z_]q induces a surjective map
Jget Hi(24;C) 2 C? 1 — H (£,,C) 2 C*,
which restricts to a surjective C-linear map
Ki(84C) i= K1 (8¢ Z) ®7 C 2 C*¥3 5 | (£,;C) 2 C*». (6.3)

The complex vector spaces K1(3q;C), Hi(X,;C), and H; (iq; (C) form flat complex vector bun-
dles K, H, and ‘H over B, of rank 2g+n—3, 2g+n—1, and 2g, respectively. Given A € K;(X,;C)
which is a flat section of K with respect to the Gauss—Manin connection, [ 4 ®q can be viewed
as an element in I'(B,, C)/C, where C is identified with the space of constant functions from B,
to C.

6.2 Holomorphic 1-forms on X,

For any integers m, n,

xmyn=—fm gx 4y —xmyn=fm  4x
Wmnp = Res ———«  — N — = —
’ Hy=0 Hy X Y YOH;(X,Y,q)/0Y X
is a holomorphic 1-form on ¥,. We view X as a flat coordinate independent of ¢ and use implicit
differentiation to obtain
oY  —Xmaymna—/ma
8¢,  OH/OY

We define
o0 oY dX

Vo /90, ® = — =

8/54 aqa X =constant aqa YX

Then V5, P = @mgn, for a=1,... p.

6.3 Differentials of the first kind on Z_]q

Recall that a differential of the first kind is a holomorphic 1-form. By results in [BC94], the
holomorphic 1-form @, , on ¥, extends to a holomorphic 1-form on ¥, if and only if (m,n) is
in the interior of the triangle A with vertices (r, —s), (0,m), (0,0). Without loss of generality,
we may assume that (mg,n4) is in the interior of A for 1 < a < g and is on the boundary of A
for g+ 1 < a < p; note that g can be zero. Let n = p — g + 3 be the number of lattice points
on the boundary of A. Then ¥, is a Riemann surface of genus g with n punctures, and E_)q is a
compact Riemann surface of genus g. We have

p = dimg Hég(¥;C), g = dime Hég(X;C),
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and
—Xx(Eg) =2g-2+n=14+p+g=|G|=dimc Hix(X;C).
A basis of H° (iq,wgq) =H'Y0 (iq,C) is given by {Va/aqaq) = Wmame: ¢ =1,... ,g}.

Let Be = {(q1,...,9p) € CP: |q| < €} be an open ball in C? with radius € > 0 centered at
the origin. Let ¥ = {(X,Y,q) € C* x C* x CP: H¢(X,Y,q) = 0} be the family of mirror curves
over Be, and let m.: . — B, be given by (X,Y,q) — g, so that m-1(q) = X,. Then G* acts on
the total space 3. by

o (XY, q0) = (Xa(m) X, Xa(m2)Y, Xa (hg ") da) , (6.4)

where o € G*, xo: G — C* is the associated character, 11,72 € G are defined as in equation (2.6),
and h, € G corresponds to (mg,ng, 1) € Box(o) for a = 1,. .., p. The G*-action on 3, extends to
the family of compactified mirror curve 7.: ¥ — B, where 7. 1(q) = 5,. In particular, G* acts
on Y, and the induced G*-action on Hi(X¢; C) preserves the intersection pairing - on Hi(2q; C).

We choose a symplectic basis Ay, By, . .. ,Ag, Bg of H1(Xo;C) such that

Aa'Ab:Ba'Bb:()) Aa'Bbzéaba a,b=1,...,9

and
1

ZW\/TI/Iqa(Va/aqbq))‘qzoz(sab, a,bzl,...,g.
The G*-action on A, is given by a - Ay = Xa(ha)Aa, where a € G* and 1 < a < g. We may
choose B, such that a - B, = Ya (h;l)Ba forae G*and 1 <a < g.

The inclusion Iy: 3o — (C*)? is G*-equivariant, where a € G* acts on (C*)2 by a- (X,Y) =
(Xa(m)X, Xa(m2)Y). So the G*-actions on H;((C*)%Z) and H;((C*)?; C) are trivial, and the
G*-action on Hi(Z¢; C) preserves K1(Xo; C) = Ker(I,: H1(X0;C) — Hy ((C*)?Z).

We extend Ay, By, . .. ,flg, Bg to a symplectic basis of Hy (iq; C) such that A; and B; are flat
sections of H with respect to the Gauss—Manin connection. Note that the composition

Ki(£4;C) = Hy(£4;C) 2 Hy(,;C)

is surjective. For a = 1,...,g, we lift A,, B, € H; (E_Jq;C) to Ay, B, € K1(X4;C). We choose
A, B, € Ki(X4;C) such that they are flat sections of I with respect to the Gauss—Manin
connection and are eigenvectors of the G*-action on K;(3y;C) at ¢ = 0.

6.4 Differentials of the third kind on E_lq
Recall that a differential of the third kind is a meromorphic 1-form with only simple poles.

Let Fy, Eo, E3 be the edges of the triangle A opposite to the vertices (r, —s), (0,m), (0,0),
respectively. Let n; + 1 be the number of lattice points on F; (including the end points). Then
Gi = {h € G: xi(h) = 1} = p,; in particular, ny = m. For i« = 1,2,3, we have short exact
sequences of abelian groups

1—>Gi:uni—>Gﬁuri—>1, 1=y, -G =G —1.

The G*-action on ¥ preserves the finite set 9N D;, where D; C Sx is the torus-invariant divisor
associated with the edge F;. The G*-action on Xy N D; induces a free and transitive G7-action
on ¥y N D;. So we may label the point in 3¢ N D; (non-canonically) by elements in G} = [T
that is, io ND; = {]5; le /JJ:;Z}

If g+1<a<p, then hy, € G; \ {1} = p,, \ {1} for some i € {1,2,3}. The meromorphic
I-form Vy,54,® has a simple pole at each point in {p;: £ € G} and is holomorphic elsewhere
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on the compactified mirror curve 3, so it is a differential of the third kind on 3,. We have

eﬂ'\/jlk/ni
RGS' (Va/aqaé) }q:() = 7)(((]{:) 3

pP—Dj n;

where h, = e2mV=1k/ni ¢ By, for 1 <k <n; —1and x¢: G; — C* is the character associated
with ¢ € G}. Let C} € H1(20;Z) be the class of a small circle around p}. Then there exists an
A, € K1(20;C) (a=g+1,...,p) such that

e A, is an eigenvector of the G*-action on Kj(X;C);

e A, is a C-linear combination of C’é, with ¢ € G7;

e fora,b=1,...,p,

1
—_— \Y ) = 0gp -
27T /_1 /Aa( 8/8‘11; )‘q:o b
We extend Agi1, ..., A, to flat sections of K;(X,;C). Then for a,b € {1,...,p},

1
—— \Y% D=4+ O .
2r/ T /Aa 8/0q, b+ O(lql)

DEFINITION 6.1 (B-model closed string flat coordinates). For a = 1,...,p, let 74(¢) be the unique
function in I'(Be, C) such that 7,(0) = 0 and

1
b= +CeTI(B.,C)/C.
5 [, @ =0+ C ey
Then 7,(¢) = ¢o + O(|g?) and
1
v b =06y, ab=1,...,p.
277\/jl /Aa 8/87’1, ab p
The B-model closed string flat coordinates are related to ¢, for a =1, ..., p via the following

hypergeometric formulae:

’ D(—{ci(ha)} +1 1 &
m<q>=qa< 3 11 (=eilla)} + 1) . }Z:ldb!glqg).

0 (e - Thy dieith) + 1)
{ b= dvci(hp) }:0, i=1,2,3

(6.5)
Here {x} denotes the fractional part of x. This mirror map is obtained by solving the Gelfand—
Kapranov—Zelevinsky-type (GKZ-type for short) Picard—Fuchs equations. Iritani explains these
GKZ-operators and explicitly writes down the mirror map for general toric orbifolds [Iri09]. The
integrals over A-cycles on mirror curves as flat coordinates and their hypergeometric expressions
for toric Calabi—Yau 3-folds are discussed in [CKYZ99] together with genus zero closed Gromov—
Witten mirror symmetry.

Let Dg° = S \E = U?:l {ﬁi, ce 13}%} By Lefschetz duality, there is a perfect pairing
Hi(X4C) x Hl(f}q,D;O;(C) —C. (6.6)
The inclusion Y, C iq induces a surjective C-linear map
Hy(S4;C) 2 C?t ! — [ (8,;,Z) = C¥.
Our choice of Ay, By,..., Aq, By gives a splitting
ji1: Hi(24;C) = H1(24;C). (6.7)
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The long exact sequence of relative homology groups of the pair (flq,Dgo) gives an injective
C-linear map

jo: Hip (iq;(C) — H; (Eq,Dgo;(C) . (6.8)
Under the inclusion maps j; and jo, the perfect pairing (6.6) restricts to the intersection pairing
H\(£,;C) x Hi(£4:C) = C,
which is perfect by Poincaré duality. For g+ 1 < a < p, choose B, € H; (X_]q, Dge; (C) such that
o (A,...,A,,By,...,By) and (By,..., By, —A1,...,—Ay) are dual under the pairing (6.6);
° - Ba_xa(h )B forae G*,and g+ 1< a<p.
Then fora=1,...,p,

(Va/ara‘b) (Z) = /’EB B(ZI,Z),

where B(2/,z) is the fundamental normalized differential of the second kind on 3, (see Sec-
tion 6.6).

6.5 Critical points and Lefschetz thimbles

We choose a framing f such that X : Yy — C* has only simple branch points. Then X: ¥, — C*
has only simple branch points for ¢ sufficiently small.

The critical points of X : o = {(X,Y) € (C*)?: X"Y 5/ +Y™ +1=0} — C* are
{(ng,Yj@): jE{0,1,...,7“—1},56{0,1,...,m—1}},

where

Xjo = exp <27r\/—1 <J +€W>> mM (s + ¢ f)STTNIM (g — g — g p)Emesmrf)/rm

3
X1X2 H (|Glwi)*,
s+rf L/m ; wy\ Y™
Yje = exp <27T\/ _1m> (—m—s—rf) = (X{Xg)@h) (w;;) .

If a = X{xg € G*, then we define (X,,Ys) = (X}, Yje). The critical points of X : ¥y — C* are
{(Xa,Ys): a € G*}. We define

3
A = —log(Xy) = — Zwi log w; — log(xa(m)), (6.9)
i=1
ba = — log(Ya) = — log(us/wz) — log(xa(m)). (6.10)

In equation (6.9), we use the identity Z?:l w; log(|Glw;) = Z?:l wj log w;, which holds since
S22 w; = 0. Note that

log(Xa(m)) = V=104, log(xa(m)) = V—1¢a

for some Y4, po € R. We may assume 9, @, € [0, 27).

Let X = e and Y = e Y. Around each critical point p,, we set up the following local
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coordinates
o0
z=aa(q) + Cl@)®, ¥ ="bal@) + Y hi(@)ala),
d=1
where

o 2
hi(q) = \/(de/dyQ)(ba(Q)) .

Let v, be the Lefschetz thimble of the superpotential x = —log X : 3, — C, so that z(y,) =
ao +RT. Then {7,: a € G*} is a basis of the relative homology group

Hi(Z, {(X,Y) € %,: log X < 0};2) = 7I4
6.6 Differentials of the second kind on Z_)q

Recall that a differential of the second kind is a meromorphic 1-form with no residues.

We choose a symplectic basis { A1, By, ..., Ag, By} of Hy (Z_]q, (C) as in Section 6.3. Let B(p1,p2)
be the fundamental normalized differential of the second kind on X, (see, for example, [Fay73]),
which is characterized by the following properties:

(1) The differential B(py,p2) is bilinear symmetric meromorphic on %, x 3.

(2) The differential B(pi,p2) is holomorphic everywhere except for a double pole along the
diagonal p1 = pa. If 21, 22 are local coordinates on ¥, x ¥, then

1
B(z1,22) = <(zl_22)2 + f(21722)> dzydz
where f(z1,22) is holomorphic.
<3)/ Blp,ps) = 0fori=1,....q.
P1EA;

Let pa(q) = (Xa(q), Ya(g)) be the branch point of X : £, — C* such that
lim (Xa(q), Ya(q)) = (Xa, Ya) -
q—0
Following [Eynl4, EO15], given o € G* and d € Zx¢, define
09 (p) := —(2d — 1)127¢ Res B(p,p)¢; 2% L. (6.11)
P’ —pa
(In this paper, we use the symbol 67 instead of the symbol d&, q in [Eynll, EO15] because the

1-form defined by the right-hand side of (6.11) is not necessarily exact.) Then 6 satisfies the
following properties:

(1) The form 69 is a meromorphic 1-form on X, with a single pole of order 2d + 2 at p,.

(2) In local coordinate ¢, near p,,

—(2d+ D!
03 = (—;dC;} + f<ca)> dCa,

where f(() is analytic around p,. The residue of 65 at p, is zero, so 05 is a differential of
the second kind.

(3) / 07 =0fori=1,...,g.
A

7
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The meromorphic 1-form 67 is characterized by the above properties; 05 can be viewed as a sec-
tion in H° (Eq,wiq((Qd +2)pa)).

LEMMA 6.2. Suppose that f is a meromorphic function on %, with simple poles at the ramifica-
tion points {pg: B € G*} and is holomorphic on ¥, \ {pg: B € G*}. Then

df = c 05, here cg = lim )
! ﬁg* oo v ’ p=pp fs

Proof. Let Aw = df — ZBGG* 0595. Then Aw is a holomorphic 1-form on ¥, and fAi Aw = 0 for

i=1,...,9. So Aw = 0. O
Remark 6.3. In Lemma 6.2, different choice of A-cycles Aq,. .., Ay will give different meromorphic
1-forms 95 , but the equality
df = > gl
BeG*

still holds, where the coefficients cg = lim;,,;,, f(s do not depend on the choice of A-cycles.

We make the following observations:

(1) The form dr = —dX /X is a meromorphic 1-form on ¥, which is holomorphic on ¥,. It has
a simple zero at each of the |G| ramification points {p,: ,a € G*} and a simple pole at each
of the n punctures py, ..., pn.

(2) The form dy = —dY /Y is a meromorphic 1-form on %, and a holomorphic 1-form on %,.
It is non-zero at each of the |G| ramification points and has at most a simple pole at each
of the n punctures.

(3) Fora=1,...,g, the form V5., ® is a holomorphic 1-form on 3, which is non-zero at each
of the |G| ramification point.

(4) Fora=g+1,...,p, the form V)04, P 1s a meromorphic 1-form on 3, which is holomorphic
on Y,. It is non-zero at each of the |G| ramification points and has at most a simple pole
at each of the n punctures.

On the basis of the above observations, the following are meromorphic function on i]q satis-
fying the assumption of Lemma 6.2:

dy  Voje,® _ 9y
dz’ dz 0q,’
where a =1,...,p and a € G*.

PROPOSITION 6.4. We have

d <3§> :% S W6 (6.12)

BeG*
Fora=1,...,p,
Va/aq (b> ]_ Xﬁ(q)mQY5(q)na_fma B B
R h Oy - 6.13
( dx 2 5§* (0H Jox)(Xs(q),Y5(q), q) L (@)8 ( )

Equation (6.12) was proved in [EO15, Appendix D]; we include it for completeness.
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Proof of Proposition 6.4. Near pg,

@C_Eiolh() (5]’%1(5 Zhﬁ

dz™’ 2(pdCs ’
Va/aqa‘1>C = XMaYTamfma - Xmayna fma ‘@g
de T (0H[oy)(X,Y,q) "~ (0H/02)(X,Y,q) dz>""
So
fm W, M@ Vol ® . Xal@)™Ya(@) " lg)
popp da 2 pops dx (0H/0x)(Xp(q),Ys(q),q) 2
The proposition follows from Lemma 6.2. O

PROPOSITION 6.5. We have

V0. O
(22 -3 > (5 /%)) M. 1)
t BEG* Ta T/ 1X=Xp5(q),Y=Ys(q)
1 OH jOH\ (0H ;0H 8, a8
Vajor,Vojon,® = 5 ( > : < > ~hy(q)0, - (6.15)
b 2,8;* BTa/ﬁx an,/ax X=Xa(a).Y =Ys(a)

Proof. Equation (6.14) follows from equation (6.13). It remains to prove (6.15).
By a special geometry property of the topological recursion ([EO15, Theorem 4.4], proved

in [E007)),
(Vojor.Vojon,®)(p) = / / wo,3(p1, P2, D),
P1E€Ba Jp2€By

where (see Example 7.13)
-1
woa(p1,p2,p) = Y —5 06 (p1)05 (p2)03 (p) -
BeG* 2h

So Vo7, Vaor,® is a linear combination of 05 :

VosorVojom® = Z caby
e

where the coefficient cg is given by c¢g = Res¢, 0 (Cﬁ . va/aTava/aqu>). We have

0q. 0qq d%q.
Voor,Vojom® = Z ar, 0n, o Vo/0q.Vo/9q, P + Z Br.om

where V54, P is holomorphic on %, and

OH OH 0?H ;[ 0H\*> 0’H OH  0°H OH OH\ >
d= -2 (22 7 il ) ) de.
Voroq: Voo ( 94a Oqp Oy? / <3y> i (8qb0y O4a " 04,0y 8%) / (6y> ) )
OH OH

So
62H> <6H)3
c - Res —_—— — | dx
B = 8Ta aTb X= X@((])Y YB() Cﬁ—>0 (CB< ay2 / 8y

OH jOH\ (0H ;0H .
=3 (aT /ax) ' (&/ax)‘ h5(0)- -
a b X=Xp(q),Y=Yz(q)
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Given «, f € G* and k,l € Z>, define BO"B to be the coefficients of the expansion of B(p1,p2)
near (pa,ps) € X4 X ¥, in coordinates ¢; = Ca (p1) and (2 = (3(p2). Then

B(PLPQ):(( C2 + Z Ba’ﬁﬁﬁé)dCld@-

kl€Z>0

We define
(2k — D20 —1)N
2k+i+1
The following lemma is the differential of [Eynl1, Equation (D.4)] and holds globally on the
compactified mirror curve.

LEMMA 6.6. We have

Bgfzﬁ = ngﬁm (6.16)

Op1 = ( ) Z Baﬁeﬁ

BeG*

Proof. We have the following Laurent series expansion of the meromorphic function 67 /dx
near pg in the local coordinate (g:

02 —(2d+ 1) By

> = 501 - : h )
dg P 21T ¢ +h(Cp)

where h((g) is a power series in (g. Set Aw = 0 | +d (07 /dx) + > 5c0n ngﬁeg. Then Aw is a
holomorphic 1-form on ¥, and fAi Aw=0fori=1,...,g. So Aw = 0. O

Given a € G* and k € Z~(, we define

om0 (2) 7 (8 = (x.2) " (x) o

which is a meromorphic function on iq. We define déa,() = 0.
LEMMA 6.7. We have
91? = déa,k - Z Z Bk 1— zodfﬁ,i'
=0 BeG*

Proof. We prove the result by induction on k. When k = 0, we have 0 = démo by definition.
Suppose that the lemma holds for £ = d. By Lemma 6.6,

05, = — < ) > BsYos

BeEG*
o d—1
d&a,d S5, dgﬂz a,
=—d - Z Z By 00 Z By ﬁdfﬁ,o
dx ‘ dx
=0 BeG* BEG*
= déaar1 — Z > B iodésiv — Y By déso
i= O,BEG* BEG*
= déa,d—i—l Z Z Bd Zodfﬂz
i=0 BeG*

The second equality follows from the induction hypothesis. So the lemma holds for k = d+1. O
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7. B-model topological string

7.1 Laplace transform

The Laplace transform of a meromorphic 1-form A along a Lefschetz thimble ~, is given by
/. e "
ZE€EYa

DEFINITION 7.1. We have fg(u,q) —“wg.

2\/7ru

It is straightforward to check that fg(u, q) =dap + O(u‘l).
The Eynard-Orantin invariants {wy} of the mirror curve can be expressed as a graph sum

involving fg‘(u, q), 95 , and descendant integrals over moduli spaces of stable curves [KO10, Eynl1,
Eynl4, DOSS14]. The goal of this subsection and the next two subsections is to relate I (u,q)

and 6° to terms in the A-model graph sum. The following is our strategy:
d

1. In this section (Section 7.1), we relate fg(u, q) to the following Laplace transforms:

/e_umq), /e_uxva/afﬂ)v /e_wva/afava/an,q’- (7.1)
Yo Yo Yo

2. In Section 7.2, we evaluate the oscillatory integrals in the Landau—Ginzburg mirror of
X = [C3 / G] for any small q. These oscillatory integrals can be identified with the Laplace
transforms in (7.1) by dimensional reduction.

3. In Section 7.3, we expand an antiderivative of 05 near X = 0 and relate it to Eg from
Section 5.2.

By equation (6.12),

dy 1
e WP = u_2/ e “*d <> = —q 2 hﬁ/ e "“dég o
/zE'ya ZEYa dx 2 Z ! 2E%a o

BeG*

= Vru3 e N Rl 8 (u,q) .

BeG*
By equation (6.14),

V0. O
Z2€% ZEa dx

_ u! B —uzx B
a X:Xﬁ YZYﬁ ZE€Ya

BeG*

= e S <§f /%

BeG*

hy () £5 (u,q) .-

> ‘ X=Xp,Y=Yp

By equation (6.15),

_ 1 OH ;0H\ (OH ;0H 5 wz B
T SN VLA N (L Y g
/ZEW /07 ¥ 0/ 2 [gg* afa/ dx arb/ 0 ) |x—xyvey,  Jeev 0

v OH j0H\ (OH ,0H
-t 3 (5 ) (Gl o

BeG*

R (q) f5 (u,q) .

> ’X:XB Y=Yp
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In the remainder of this subsection, we consider the limit ¢ — 0. We have

1 -2
lim ) — 7.2
gm0 (9) = GV wiwws’ (7:2)
O0H /0H 3 ci(ha)
lim < )‘ — xg(ha) [T ws ), (7.3)
q—0 aTa/ ox )| x_ X5.Y=Y; zl_Il
where h, € G corresponds to (mg, ng, 1) € Box(o), so that age(h,) = 1.
We introduce some notation. For h € G, let
, h=1,
Vip® = Va/amq)a h = hq,
Vg)/aTbVa/aTa@, h = hahb and age(h) =2.
Then
/— o7 (—1)28&e(h) LA
lim e—urvhq) _ 7T( ) uage(h)—3/2 Hwiz(h) 1/2
920 Jreq, |G’ i1
(VI o) 5 i, 0o () (7.4

geG*

We conclude the following.

PROPOSITION 7.2.

3
fg‘(u,O) = \/% exp (— (x/jlﬁa + Zwi log wi> u)

3
. —1Y . (_1)age(h 3/2 age(h) —cl h)+1/2 . —uz
> oxs(hh) - (=) [Tw 131/ e ITVAD.
heG i=1 Yo

We will evaluate lin% / e "'V, ® in the next subsection.
a— Yo
7.2 Oscillatory integrals
The equivariant Landau-Ginzburg mirror of a general toric orbifolds has been studied by Iri-
tani [Iri09].
The mirror B-model to X = [C?/G] is a Landau-Ginzburg model W : (C*)* — C, where

P
W, = X{Xz_s_ers + X3" X3+ X3+ anXi”“Xg“_m“fX?) .
a=1

Define H = W/ X3. Following Iritani [Iri09], the equivariantly perturbed B-model superpotential
W, is

Wq =W, —ulog Xy .
We assume wq, ws, u > 0 and wg < 0 as usual. Define

th=XIX Xy, by = XXy, b= X7X,5T ) iy = Xi
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We use the notation in Section 6.5. For each critical point p,(q) = (aa(q),ba(g)) on the mirror
curve, we have

v — —
I(aa(0) = —mwz — Vo, S(ba(0)) = o Pas Ve —yo(m), eV = yo(m),

where $(z) is the imaginary part of z. Notice that we have a preferred choice of the labeling of
branch points by the elements in G* with 91 = ¢; = 0. Let C = —1 + v/—1R C C*, and define
(Lagrangian) cycles 't C (C*)? and T'q C (C*)® by

red = (Rfe @) x (RTe™P@) - Ty 4 =T x € C (C)?.

In the perturbed superpotential Wq, the logarithm is defined in the following way: when ¢ = 0,
we have X3 < 0, S(log X1) = mws + 94, S(log Xo) = —71/m + ¢a, I(log X3) = 7. Since the
cycle I'y 4 is contractible and deforms continuously with respect to g, the choice is fixed by these
conditions on I'y 4.

Define the oscillatory integral of Wq to be

~ dX1 dXs dX

IX (u) _ / W 1 2 3
Caq

o - -

X1 Xo X3

Define Lo := {(q1,...,qp) € CP: g XmaY e mmel ¢ R}, which is a totally real linear subspace

of CP. We will view I (u) as a function of ¢ € L, = R? and consider the power series expansion
at g = 0.

LEmmA 7.3. If ¢ € L, is sufficiently small, then Fgef; = Froi%.

Proof. Consider the change of variables X = X A, Y = Y,B, and ¢, = X, mayMatmaf e for
a=1,...,p. Then ¢ = (q1,...,qp) € Ly if and only if € = (€1,...,¢,) € RP. We have

f = %ATB_S_’"f, fy = %Bm, H(X,Y,q) = F(A,B,e), Y‘;—g — G(A,B,e),
where
p
F(A,B,e) = 2arg=s—rf  DP2pgm 4 4 > eqAmeBreima,
ws w3 p—
|G lwrws . i
G(A,B,e) = ——=(=A"B £ B™) + (na — fma)eg AT B M

w
3 a=1

are R-valued real analytic functions on Rt x RP. We have F(1,1,0) = G(1,1,0) = 0, and
the Jacobian |(9(F,G)/8(A, B))(1,1,0)| = —|G|*wiw; is non-zero. By the implicit function
theorem, there exist real analytic functions ¢,d: U — RT, where U is an open neighborhood
of 0 in RP, such that ¢(0) = d(0) = 1 and F(c(e),d(e),e) = G(c(e),d(e),e) = 0. If € € U, then
e~ (1) = ¢=2(0)¢(¢) and e~b(®) = ¢=b=(0)d(€), so Ffff(} = Fge,%. O

By Lemma 7.3 and its proof, if ¢ € L, and (X1, X3) € IS then 1,4 € R™ and H € R.
(Recall that wy,ws > 0 and ws = —wy — wy < 0.) We first integrate out {1 and fg, and then
integrate out X3 € C. Recall that hq,...,h, are age 1 elements in G. Given h = (r,...,7p) €

7P where rq > 0, define ¢;(h) = S20_, raci(ha) € Q, and define x4 (h) = Xa( P hZ“) e U(1).
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Then I (u) is equal to

p
/ <6Xp (— Z aninana_mang — tl — tg — Xg) (—fl)uwl (_£2)uw2
Taq

a=1

. eu(w1+w2+w3)(logX3—ﬁﬂ)eﬁ(ﬂa+ww3)u> d(_il)d(_ZgQ)dX?’

|G\(—A ) (—t2) X3
_ %1 V(o trws)u Z oV Tmes(F H
| ‘ h (Tl’ »P) a=1
Ta6220

) —tA cl(ﬁ)+uw1—l —£ cg(ﬁ)—&-uwg—l
(i) (~h)
] e(bgxg_mﬁ)(cl(H)+02(ﬁ)+cS(ﬁ)+u(w1+w2+w3)—1)6—51X3—52X3—X3) d(—tl)d( tQ)dX3

T‘

-1 — W e -
::Taﬂevfjlﬂa+ 3)u 2{: eV —Tmes( II

TLyeeerTp) a=1

Ta EZ>O

/ (/ 6-X3£1(_51)01(ﬁ)+uw1—1d(_£1)>(/A e—EQ(_tAZ) 2(h)+uwy— 1d(—f2)>
XzeC —t1>0 —t2>0

. €_X3€(10g X3—+/—17)(c1 (i_i)—l—cg(i_i)—i—c;:,(l_i)—i—u(wl—l—wg—l—wg)—l)ng

Ta

—

F(uwl + ¢ (h))F(uw2 + ¢o (ﬁ))

-1 Tw e T (_
=g’ 3 i@ [T

(Tlv'“’rp) a=1
TQEZ2O

' / ¢~ gllog Xa—y/=Tm) (cs (B)+uws—1) g x,
XzeC

27['\/7 \/7 (Yo +7Tws)u e7r\/703 . (_Qa)ra . F(uwl + (ﬁ))r(uwQ + co (E))
’G| Z (h) H Ta! F(—uwg — Cg(ﬁ) + 1) .

h=(r1,...,mp) a=1
ra€Zx0

Here we use the following identity.

LEMMA 7.4. If Rz > 0, then

v-1 / o—2(0g(s)~v"Tm) s o) — _L
27 C P(Z)

Proof. Hankel’s representation of the reciprocal Gamma function says

v—1 (/ e—z(log(t)—ﬁw)e—tdt> _ 1 ’
2 Cs F(Z)

where Cj is a Hankel contour (see Figure 2). The integrand is holomorphic on C \ [0, c0), and

‘e—z(log(t)—ﬁw)e—t’ _ e—%(z) log |s]+S(z) (arg(t) —m)—Rt < ew%z‘t‘—ﬂ?ze—(ﬂ%z)t7 (75)

so we may deform Cs to the contour Cy, (see Figure 2) without changing the value of the contour
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integral. Therefore,

V-1 —2(log(t)—v/=Tr) —t 1) _ 1
? /Ca’b e e dt = F(z) (76)

for any a,b € (0,00). The estimate (7.5) implies that contributions to the above contour integral
from the two horizontal rays in Cy tend to zero as a,b — +00. The lemma follows from taking
the limit of (7.6) as a,b — +o0. O

—1+av-1

—1—by=1  Cap

FIGURE 2. A Hankel contour Cs and the contour Cy; (a,b > 0)

Remark 7.5. Let f(t) be the inverse Laplace transform of F'(s) = I'(z)/s*, where z € C is a
constant with Rz > 0. Lemma 7.4 implies that f(t) = t*~! for t > 0.

By Hori—Igbal-Vafa [HIV00], this oscillatory integral could be reduced to a Laplace transform
on the mirror curve. The Landau-Ginzburg model on (C*)? is equivalent to a 5-dimensional
Landau—Ginzburg model, and the 5D model is again reduced to a Calabi—Yau threefold without
potential. Further dimensional reduction reduces it to the mirror curve.

Introduce two variables v™,v~ € C and the cycles

Fag = Tag x {o" =57}, oot =i (=37}

The equation H (X1, X2,q1,...,q,) = 0 prescribes the mirror curve. Define the holomorphic
volume form

q_ dX1dXs dv™ dv™

—— ——— =dxdy—.
X1 XQ v ey (O
We reduce the oscillatory integral to the mirror curve as follows:
~ -1 _ Cuto—) e dX1 dXo _
I (u) = / e~ Xs(H—vTvT) gmur 2L 202 g ¥ dot do
a( ) 2\/37‘( foc,q X1 X5 3
N X1 dXo _
= S(H —vto)e ™ ——="Zdvtdv
T'red ( ) X1 Xo
:_/ eiudel dXQd’U;.
rredn{H—vtv==0} X1 Xo v~

The first identity comes from integrating out v* and v~ (notice that on C, we have Re(X3) < 0),
using

vt=v— X3
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The second identity is the Fourier transform

/ ~Xa(H—v" 0 ) g x, / eV =D(H—v ) (/) g
c

For the third identity, fixing X7 and X5 such that H >

Aﬂmé( vt dutdv —zm//

This integration is further reduced to the mirror curve H(e *

Notice that we use the fact that d(e™“"ydz(dv™/v™))

Therefore, we obtain the following formula.
THEOREM 7.6. The integral f% e " d is equal to

|é¥‘e\/—71(79a+7rw3)u Z 71'\/703 ﬁ H
h=(71,...,rp) a=1
Ta€Z>0

COROLLARY 7.7. We have

e\/*l(ﬁgﬁ*ﬂ"wg)u

lim e‘“xV;@ =
|G|

q—0 Yo

THEOREM 7.8. We have

a(h)xp(h™! 1m+t
fﬁa(wo):Zx()‘xGﬁ( )e’q’(Zl( )

(m+1)

heG

Proof. By Proposition 7.2 and Corollary 7.7,

Qa

0, and letting v

:—27r\/7(5( —vTw )

—7 )2rdr =2m/—1=

IvIHU

,e ¥) =0 as follows:

d
Fw=- [ e dady =2V [ e yda.
reedn{H—vtv==0} v Ya=IEdN{H=0v"=0}

e U*() near Fred N {H —vty =

I(uwy + ¢ (ﬁ))F(uU& +C2 (E))

(—1)2ae(h) gv=Tmes(h)

Xa(h)

F(—uwg —c3 (i_i) + 1)

[(uwy + e1(h))T(uws + c2(h))

I'(—uws — c3(h) + 1)

ZBm—H Cz(h))(wiu)_m> :

I(uwy + e1(h))T (uws + c2(h))

-1
£5(u,0) = Z M.C}l.

et 16

where

I'(—uws — c3(h) + 1) ’

3 3
C), = ! exp (—uZwi log wi> - y3/2age(h) Hw;Ci(h)H/Qe*/jhr(w?’“"'CB(h)) .

v =27

=1
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By the Stirling formula [KP11],

L(wiu + e1(h))T(weu + c2(h))
[(—wsu+ 1 —c3(h))

= (wlu +ci(h) — ;) log(wiu) + <w2u +ca(h) — ;) log(wau)

log

1 1
- <—w3u —c3(h) + 2> log(—wsu) + B log(27)
1)m+1 3

+mz>:1 ((m+ 1) ZBmH ci(h)) (wiw) ™™

= log V=21 — V=1n(wsu + c3(h)) + <age(h - ) log u + Z <cz ) log w;

m+1

—s-uZwZ log w; + Z m+ ) ZBm—f—l ci(h))(wiu)™™,

F(wlu + (h))F(wzu + Cz(h))
I(—wsu+1—c3(h))

3 3
— /—9re— V- Im(wsutes(h)), age(h)-3/2 H wl‘?i(h)*l/Q exp (u Z w; log wi)

i=1 =1

( 1)m+1 m
- exp (Z W Z Bt Cz(h))(wiu) )

m>=1
3 ( 1)m+1 _
=0t ex ———— % Bpti(ci(h))(wiu) m)
h p(mzx T
Therefore,
. o(h)xs (h™") ( VRN m>
f5(u,0) = XlWXAA\R ) oy ———— % Bpyi(ci(h))(wu) .
P TR PP P
Define

) w32 .
()= e [ e = S gt
2E€%a

BeG*

COROLLARY 7.9.

1 —9 ( 1)m+1 3
h® - B, au)” "
(4:0) = 151\ wragws &P > oy Z 1 (win)”

m>=1

Proof. Recall that

1 —2
li h = —
ql—I>I(l) ’G| wW1wWwaWs
for any 8 € G*, so
1
h(u,0 0
(U ) ’G‘ Wi wWaws Bzg* fﬁ u,
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By Theorem 7.8,

m+1 3
> £0) =3 (X ) e (Z e 2 B cz<h>><wiu>m> ,

EG* heG ﬁeG* m>1
where
Z xs(h™h) = Z xs(h M) xs(1) = |G|6p-14 -
peG* BeG*
So
1 -2 ( 1)m+1 B
h 0 o 1 _ Bm 5 1 i m
(u,0) = el wywaws (1) exp <mz>:1 m(m + 1) Z +1(ci(1)) (wiu)
L2 (-
el 1) B, i m. I
GV wiwgws P (g;l m(m+1) Z +1(wiu)

7.3 Inverse Laplace transform and expansion at X = 0

Recall that on the Lefschetz thimble 74, the local coordinate is (4 (q), and = = an(q) + (a(q)?.
We choose (,(gq) such that when (,(0) — —oo, the corresponding point on the mirror curve ¥y
approaches a point with X = 0 and Y™ = —1 (this is consistent with our choice h$(0) > 0).
Furthermore, we require that for any element o/ € G*, its action on the compactified mirror
curve Yy moves the end point ¢, = —oo on 7, to the end point (yq = —00 0N Yuro. (Here
o' € G* is the product of a, @’ € G*; that is, xaa(h) = Xa/(h)xa(h) for all h € G.)

We label the m points with X =0 and Y™ = —1 on % by elements in Wy, = Ly, as follows:
Dy 1= (O e’rr(%“‘l)/m) for ¢ € Z,,. With our convention, if y, = X1X2a then the end point
Co = —00 i8 Pyt

Every 1-form on 7, is exact, so there exists a function 50 on Yo such that d{;o = 95 e -

The Laplace transform of Gg along v, is

/ —urz /3: \/a e
2\/7”1 2€7a 0 2ﬁ 2E7a

\/E —u(r—aa « a—
=25 ) T @) — @)l — aa),

where fg% (z) = 50 (x, y( +Vr— aa)) € L?(0,00). From the proof of Theorem 7.8,

[ (u) TurEmee)ed (d(w(z) — aa)

—u Y3 w; logw; 1
F8(u,0) = C 3 ( VTn(usirea(n)) Xe (WX (1)
o v=2m heG G|

3
ud/2oee®) T /2 Lwiu+ e ()T (wau + c(h)) ) ‘

i1 F(—W3U +1- Cg(h))
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So the “classical Laplace transform” is

/ emua=ax) (g3 | _0)d(z — ag)
T—aqERT

, -1
_ —\/—7267112?:1 w; log w; Z (eﬁw(w3u+03(h)) Xa(h)XB (h )

et Gl

R 1/2—¢;(h) L(wiu + ¢1(h))T(wau + co(h))
* H F( w3u+1—03(h)) >

By the inverse Laplace transform formula,
q—0 go u=—dp

(do,h)EZXG
do /T‘*Cl (h)eZ%)

— lim 504— = —/—=2 Z Res (F(wlu +c1 (h))) <eu(maa2?_1 w; logwi)e\/jlﬂ(wgu+03(h))

) on(h)xﬁ (h_l) wul—age(h) ﬁ wl/?—ci(h) I'(wou + c2(h)) >
i I'(

|G| —wsu + 1 —c3(h))

9
u=—dg

i=1

. u(z—aa—Z?zl w; logwi) =T (wsutes(h))
lim 560 = —V- Z Res (I'(wau + c2(h))) | e eV T iTlwsuTes
I (do, yezxa T
wgdoch(h)GZQO
_ 3
) Xa(h)Xﬁ (h 1) ul—age(h) H w%_ci(h) F(wlu + Cl(h)) )
|G| ’ I(—wsu+1—c3(h))

i=1 u=—do

Remark 7.10. We obtain fg“g and {5 by taking residues around the poles of I'(wiu+c1(h)) and
I'(wau + c2(h)). When both wiu + ¢;(h) and wou + c2(h) are non-positive integers, the sum of
the respective terms in 52"5 — fga is the residue.

We are interested in the expansion of 30 at ¢ = —oo, that is, the expansion of fg’a at X =0,
—dox —d —v—1r(dows—c3(h
(}1_2%5 — Z e OXa(?h 0)€F(03 3(h))
(do,k)€Z>0 X Lo,
h=h(do,k)
_ 3 "

Xa(h)xs(h™") (—do) =50 T /2 (—1)L4o/mIT (—dgws + c2(h))

G| il I'(dowy — c1(h) + 1)I'(dows + 1 — c3(h))

-1 age(h)—1
=+/=2 Z X dog—v=TIn(dows—c3(h)) Xﬁ(h ) 1 gelh)
m d()
(do,k)€Z>0 X Lo
h=h(do,k)
, ﬁ l/2—ci(h) D(do(w1 4+ wa) + c3(h)) va ()
paiey ! F(d0w1 — Cl(h) + 1)F(d0w2 - Cg(h) + 1) AL

This is the expansion of limg0 &5, at X =0 and Y = e’ﬁ”/mxa(ng). Ifa= X{Xé: then
Ya (772—k:) _ 672\/jlﬂk€/m

depends only on ¢ € {0,1,...,m—1}. Let £€57 be the expansion of £2 , at py = (0, e™V=1(26+1)/m
8,0 B,0
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for a = Xlxé"'l Define

1m
E: —ke

% 1k/m’ f:(),l,...,m—l,
k=0

where wy, = 2™V =1/™_ Then {¢y, . ..,1m_1} is a canonical basis of H¢ g (Bp,,; C). Define
m—1
& =D ot (78)
=0

which takes values in H g (Bp,,; C). Compare with the definition of §§ in Section 5.2; we obtain
the following identity.

PRroOPOSITION 7.11. We have

1 -2 4

. __ )2z
ql—r>I(l) §O |G ‘ w1i w2w3 ‘

7.4 Eynard—Orantin topological recursion

Let wgy ,, be defined recursively by the Eynard-Orantin topological recursion [EO07]:

wo1 =0, wo2 = B(z1,2).
When 2g —2+n > 0,
J&, B(pa,

w e = Res ———————(w sy Ply -+ s P
g,n(pl pn gG:*p_)pa —(I)(p))< g— 1n+1(ppp1 DPn 1)

+ Z Z wgl,|l|+l(p7p1)wgz,|J+1(]57pJ)>7

g1+92=9 TUJ={1,...n—1}
INnJ=0
where p, p — pa, X(p) = X(p), and p # p.

The B-model invariants wg, can be expressed as sums over labeled graphs involving inter-
section numbers on moduli spaces of stable curves [KO10, Eynll, Eynl4, DOSS14]. We will
use the formula stated in [DOSS14, Theorem 3.7], which is equivalent to the formula in [Eynl1,
Theorem 5.1]. To state this graph sum, we introduce some definitions. Following Eynard [Eyn11],
define the Laplace transform of the Bergman kernel B(zy, z2)

Ba’ﬁ(u,’u,q) — uv 50675 + uaa-‘rvag/ / 21722 17(21)—1)3:(22)’ (79)
u+v 21€%a J 22€78

where a, 8 € G*. By [Eynll, equation (B.9)],

uv
U+ v

Baﬂ(“’avaq) = B Z f,?(u, Q)ﬂ?(vﬂﬁ : (710)

yEG*

Let B,‘:}’f(q) be defined by (6.16). Then B8 (u, v, q) = > ki B?,’lﬁ(q)u_kv_l. Let h¢(q) be defined
by

h*(u,q) =Y hi(gu™,
k

where A% is defined by (7.7).
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Given a labeled graph T= (I, g, a,k) € Ty 0 (BG) with LOT) = {ly,...,1,}, we define its
weight to be

a 2—2g—val(v
w(ﬁ) = (—1)9D-1 H hi gval) H . H Ba(m(e)),a(vz(e))(e)
) k(h) k(e),l(e)

heH (v g(v) €€E(T)

L e LY o0
T —= 0 =) 11 <—> REV(1) .
/—9 k() /= k(1)
2 ’ leL1(T) 2
In our notation, [DOSS14, Theorem 3.7] is equivalent to the following.
THEOREM 7.12. For 2g — 2 +n > 0, we have
w((
Won = Y, = ——a—.
€Ty 0,..(BG) | Aut(T) |
Ezample 7.13 (Pair of pants).
wo,3(P1, P2, p3) = Z

aEG*

90 (P1)05 (p2)05 (p3) -

We now consider the unstable case (g,n) = (0, 2). Recall that dz = —dX /X is a meromorphic
1-form on ¥4, and d/dx = —Xd/dX is a meromorphic vector field on ¥,. Define

Cl21, 22) = <—8(1(21) - ;;(zz)> < 0,2 >(zl,zg)d(x(zl))(dx(zg)). (7.11)

d$1d$2

Then C(21,22) is meromorphic on (iq)2_and holomorphic on (£, \ {pa: a € G*})2 It only has
double poles on {p,: o € G*} x ¥4 and ¥4 x {pg: S € G*}.

LEMMA 7.14. We have

Zl, 2’2 E 07 Zl

7€G*

Proof. First, we show that the Laplace transforms of both sides are asymptotically equal. For

any «, 3 € G*,
/ / e~ u@(:1)=aa)=v(@(22)=a5) (1 5y 1)
21€Ya J 22€73

— (—u—v) / / e—a(m)—0n)~v(a(z2)=as)
21€7a J 22€73

~2mvuw Y o (u,q) f2 (v, q)

yeG*

L / / e U () —aa)—v(@(22)~08) g7 ()97 (z5)
2 21€%a J 22€78

Define their difference

1
w=Cla1,22) = 5 > 032103 (22) ;
yeG*
its Laplace transform at v, x g for any «, 8 € G* vanishes. For i =1,...,g,

/ wo2(p1,p2) = / 05 =0.
p2EA;
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Then
/ w(p1,p2) =0, / Res (i,a(p1)w(p1,p2) =0
p2EA; D

2EA; P1—Pa
for all t =1,...,g. Notice that the 1-form

-1
R _ —u(z(p1)—aa)
o eS Ca(p)w(pi, p2) = [U ]2 — /pl@ e w(p1,p2)

is a well-defined holomorphic form on %,. It has no poles; otherwise, any possible double pole
at pg implies a non-zero Laplace transform of w at v, x yg. It follows from the vanishing A-cycles
integrals that

Res (1o(p1)w(pi,p2) =0

P1—7Pa
for any a € G*, and then w does not have any poles since it is symmetric and could only have
double poles at the ramification points. Therefore, by the vanishing A-periods of w, we know
that w = 0. O

7.5 B-model potentials
Choose § > 0 and € > 0 sufficiently small that for |g| < ¢, the meromorphic function X: ¥, —
C U {oo} restricts to an isomorphism
XDl — Ds={X eC:|X|<d},
where DS is an open neighborhood of p, € X~!(0) and £ = 0,...,m — 1. Define
pytn = (Xgl)_1 X o X (Xf")_l: (Ds)" = Dyt x -+ x D (Sg)".

(1) (Disk invariants) At ¢ = 0, we have Y (p;)" = —1 for £ =0,...,m — 1. When € and § are
sufficiently small, Y(pg(X)) € C\ [0,00). Choose a branch of logarithm log: C \ [0,00) —
(0,27), and define yg(X) = logY(pg(X)). The function yS(X) depends on the choice of
logarithm, but yg(X) - yg(()) does not. The form dz = —dX/X is a meromorphic 1-form

on C with a simple pole at X = 0, and (yg(X) - yé(O))dw is a holomorphic 1-form on Djy.
Define the B-model disk potential by

Foa(g X Z/ yq —yf}(O))< dX,) e

LELm

this takes values in H*(Bpy,,; C).
(2) (Annulus invariants) The form
dX1dX,
(X1 — X3)?
is holomorphic on Ds x Djs. Define the B-model annulus potential by

X1 Xa XmXm
Foolg; X1, X2) = ) / / ( (pg"2) "wo — (X’lX’2)2> e, @ Yy,
17 A2

01 EQEZ

01,02

(pq ) w072 -

this takes values in H*(Bu,,; C)®?
(3) For 29 —2+n > 0, the form (p f-l""’gn)*wg n is holomorphic on (Dg)™. Define

X1 Xn Z
g,n(q;Xl,-'-’Xn) = Z / / 17 ,n wgn w& ®¢en?

Zly /nGZ

e

231



B. Fang, C.-C. M. LiU AND Z. ZONG

this takes values in H*(Bp,,; C)®".
For g € Z>o and n € Z~, the function Fgm(q; X1,...,Xp) is holomorphic on B x (Ds)"™ when

€,0 > 0 are sufficiently small. By construction, the power series expansion of Fgm(q; X1y, Xp)
involves only positive powers of Xj.
For 8 € G*, let f be defined as in Section 7.3. Then 55 0 fo ( q)

7.6 Special geometry and B-model graph sum

By the special geometry property of the topological recursion ([EO15, Theorem 4.4], proved
in [EO07]),

Va/@mwg,n(zl, . ,zn) = / wg’n_,_l(zl, . 7Zn+1) s
2n+1€Baq

where B, is defined as in Section 6.4. At ¢ = 0,

go . _ u_k / (_ﬁe“““)/ B(z, ,Z/ e—ux(z')
[ mG = [ () [ )
_ [u—k]< f@ a>/ (Va/a—ra )( /)e—ux(Z)
Ze’Ya

/ Cz(ha) oa
‘G’ wlwgwg H Z f Xﬁ

BeG*

Define the B-model primary leaf to be

p 3
() = [ quwWWQEIZHIw’MMuOMMh>)- (7.12)

BeEG* a=11i=1

For any o € G*, k € Z>9, and ¢ € Z,,, the form (pf))*ég‘ is a holomorphic 1-form on Dy for
small enough 6 > 0. To each open leaf /; of a labeled graph e Iy (&X), we assign

€950 = 755 ([ ) o 7.13)

The Taylor series expansion of (pﬁl""’gn)*wg,n at T =0is

(o7 ) wgn = Z (") ((Va/an) "(Va/an)l”wg,n

l1,..,lp€Z>0

ll lp

) oo T
=0 ll l'.

Recall that T'y ,(X') is the set of stable genus g graphs with n open leaves and any number of

primary leaves. Given [= (I',g,0, k) € Ty ,(X) with open leaves 1, ..., ,, we define its B-model
weight to be

. . he|,_ 2—2g—val(v) < alor (D).
wB(p):(,l)g(F)—l H <\1/|TQO> H Thh H Bk:((e)l,l((e7

veV () heH (v) g(v)eeE(F)

I F ()2 H 9 1 (_\/1_72) h:&l;(z)L:O, (7.14)

leLo(T) leL1(T)

We have the following B-model graph sum formulae.
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THEOREM 7.15 (B-model graph sum). (i) (Disk invariants)

Fou(m;X) = Fo1(0; X) +Z¢a OFo,1 (0 X) + Z L(F)

FeTon () |Aut(T)|
(ii) (Annulus invariants)
y § wp (f)
Foo(m; X1, X5) = Fpa(0; X1, Xo) + > -
Feloalit) |Aut(F)’
(iii) For2g—2+n >0,
v wi(F)
Fyn(m: X1, Xn) = Y ()]
Fery . (X)

7.7 All-genus open-closed mirror symmetry
PROPOSITION 7.16. We have

dFy, P
5 (0:X) = @1 5(X) + ) 7a®h, —1(X)

P
Fo1(0; X) + ZTa
a=1
Proof. From the definition,

X F(0:X) = 3 65~ sh ),

By Proposition 6.4, equations (6.13) and (7.2), and Proposition 7.11,

d 1 1 _
X— ) Fy1(0;X) 1 v s ’
( dX> 10 X)= 2 G s o of %;* G wgus 0 =1

AN OFo .y ! ci(ha)
(XdX> 0Ta (0;X) = |G|V —2wiwaws Z H égr[l)fo( )

BEG* i=1
3

! ci(ha) ZB
= G 2 Xstha) [T @ () e

BeG* i=1
The functions Fp 1(0; X) and (0Fp1/97,)(0; X) are power series in X with no constant term, so
1

Fp1(0;X) = mﬂwvzl, (7.15)
OFy1 1 )z
H(0:X) = g > xp(ha) [J i "€ (X (7.16)
87'(1 |G‘ wi1waws BeG i
The lemma follows from (7.15), (7.16), and (5.11). O

PROPOSITION 7.17. We have FO,Q(O; X1,Xy) = —Fgg’(ﬁ’f) (0; X1, X2).
Proof. Let C' = C(z1, z2) be defined by (7.11). Then

9 9 o
<X18X1 5%, >F°2(0 XX = / / 07) Con ® v
01,02€Lm,
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3 XX [ [ e e o

51,52€Zm vEG*

= lim > Z%x%%)

q—>0
vEGH

o e @RI ES)

vEG*

v=1
0 0

= X X
< ox, T2ax,
where the second equality follows from Lemma 7.14, the fourth equality follows from Proposi-
tion 7.11, and the last equality follows from (5.5). Both Wy 2(0; X1, X2) and FX (L) (0; X1, X2)

are H g (B, C)®2-valued power series in X; and X5 which vanish at (X7, Xg) = (0,0), so

> F(‘)),(Q’(E’f) (07 X17 XQ) 5

= L
Fo2(0; X1, X2) = —Fy5 o0 (0; X1, Xa) . O

PROPOSITION 7.18. For any T € L'y n(X), we have

—

wis(£) = (190 (),
where w4 (f) is defined in Section 5.3 and wp (f) is defined in Section 7.6.

Proof. We fix Te Iy n(X). From (5.7) and Theorem 7.8, for any a, 5 € G*,

1
R(—2)5 = f§ <Z,0> : (7.17)
Here we have used the fact that B, (1 — x) = (—=1)"Bp(z), By, = 0 when m is odd and
Cz(h) =+ Ci(hfl) =1- 5ci(h),0'
(1) (Vertex) By equation (7.2), we have

lim,_oh§ 1

= . 7.18
V —2 |G|\/w1w2w3 ( )
(2) (Edge) By equation (7.10) (that is, [Eynll, equation (B.9)]), we have
Ba,,B _ —k, —l uv _ e B
7]y = o) (S G > w00
- (e 57 (20) 2 (50)))
z+ w’
vEG*
By definition,
af _ [k, I 1
&f = [u] (M(m -y R(—z>zR<—w>g)>.
yEG*
It follows from (7.17) that
By =& (7.19)
(3) (Primary leaf) By equation (7.12),
;L‘ra_u—k< wclaa )
\/_72( )k [ ] |G‘\/W5§*az:h - f Xﬁ( )
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By equation (5.8),
3

p
T\ k
€= 1 (e 2o 1w R st ).
It follows from (7.17) that
1 b (0% T (07
(4) (Open leaf) Given B € G* and k € Zxq, define
m—1 .x )
=3 [ ) e, (7.21)
=070

which is an H¢g (B, (C) valued holomorphic function on Ds. Then é,f (X)=(X d/dX)k ég (X)
and éo( ) = hmq_m §0, where fo is defined by equation (7.8). By Proposition 7.11 and the
definitions of §k( ) and fk( )s

00 = 1\ T 0. (7.22)

wi1wawWs
By (7.13), (7.21), (7.22), and Lemma 6.7,
k—1
1 - . -
cfaz-:<a— BF @X->.
( )k( J) ‘G’\/m gk gﬁ;* ( k—l—Z,O‘T:O)g’L ( J)
By item (2) above, for k € Z>,
<o 1
ka’ = [kao] <z+w (5%3 — Z R(—z)lR(—w)l)) = [zkH] (—R(—z)g) .
yEG*
We also have [2] (R(—z)g) = 0q,3. Therefore,
1 -
29109 41 )
( ) ( ) [ ] |G\/MBZG:* ( Z)a§ (Z J)

Comparing the above expression with the definition of the A-model open leaf (ﬁg):(lj), we
conclude that

()5 () = —(£9)7 ) (7.23)
(5) (Dilaton leaf)
1 Ko R N T u P I S (u,

where the second identity follows from Corollary 7.9. By definition,

ﬁl @ _ k—1 Rﬁ
(9 =] rG\Wﬁ%
It follows from (7.17) that
IR a
(~ms) 7l = e (7:24)
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By (5.9), (7.14), (7.18), (7.19), (7.20), (7.23), and (7.24),
wp (F) = (=1)9O =1y, (T) . O

Combining Theorem 5.5 (A-model graph sum), Theorem 7.15 (B-model graph sum), and
Propositions 7.16, 7.17, and 7.18, we obtain the final result.

THEOREM 7.19 (All-genus open-closed mirror symmetry). We have
Fon(m;X1,..., Xp) = (1) ESED (1m0 X0, LX)

As a consequence, the H*(Bpu,,)®"-valued formal power series F;f,;(ﬁ’f)(r; X1,...,Xp) con-
verges in an open neighborhood of the origin in CP x C”.
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