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for affine toric Calabi–Yau 3-orbifolds
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Abstract

The remodeling conjecture proposed by Bouchard–Klemm–Mariño–Pasquetti relates
all-genus open and closed Gromov–Witten invariants of a semi-projective toric Calabi–
Yau 3-manifold/3-orbifold X to the Eynard–Orantin invariants of the mirror curve
of X . In this paper, we present a proof of the remodeling conjecture for open-closed
orbifold Gromov–Witten invariants of an arbitrary affine toric Calabi–Yau 3-orbifold
relative to a framed Aganagic–Vafa Lagrangian brane. This can be viewed as an all-
genus open-closed mirror symmetry for affine toric Calabi–Yau 3-orbifolds.

1. Introduction

1.1 Background and motivation

Mirror symmetry relates the A-model topological string theory on a Calabi–Yau 3-fold X to the
B-model topological string theory on another Calabi–Yau 3-fold X̌ , the mirror of X . The genus g
free energy of the topological A-model on X is mathematically defined as a generating func-
tion FXg of genus g Gromov–Witten invariants of X which is a function on a (formal) neighbor-
hood of the large radius limit in the (complexified) Kähler moduli of X . The genus g free energy of
the topological B-model on X̌ is a section of L2−2g, where L is a line bundle over the complex mod-
uli of X̌ , so locally it is a function F̌ X̌g on the complex moduli of X̌ . A mathematical consequence

of mirror symmetry is F̌ X̌g = FXg +δg,0a0+δg,1a1 under the mirror map, where a0 (respectively, a1)

is a cubic (respectively, linear) function in Kähler parameters. The mirror map and F̌ X̌0 are deter-
mined by period integrals of a holomorphic 3-form on X̌ . Period integrals of Calabi–Yau complete
intersections in toric manifolds can be expressed in terms of explicit hypergeometric functions.

Let Q be the quintic 3-fold, which is a Calabi–Yau hypersurface in P4, and let Q̌ be the mirror

of Q. Candelas, de la Ossa, Green, and Parkes computed F̌ Q̌0 and the mirror map explicitly and
obtained a conjectural formula for the number of rational curves of arbitrary degree in Q; this
formula was first proved independently by Givental [Giv96] and Lian–Liu–Yau [LLY97], who
later extended their results to Calabi–Yau complete intersections in projective toric manifolds
[Giv98, LLY99a, LLY99b]. Their proofs rely on a good understanding of genus zero Gromov–
Witten theory of Q. The mirror formula for FQ1 was conjectured by Bershadsky–Cecotti–Ooguri–
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Vafa (BCOV for short) [BCOV93] and first proved by Zinger [Zin09]. Combining the techniques
of BCOV, results of Yamaguchi–Yau [YY04], and boundary conditions, Huang–Klemm–Quacken
[HKQ09] proposed a mirror conjecture on FQg up to g = 51. Maulik–Pandharipande provided a
mathematical determination of Gromov–Witten invariants of Q in all genera and degrees [MP06].
In general, it is very difficult to evaluate higher-genus Gromov–Witten invariants of a compact
Calabi–Yau 3-fold.

In contrast, higher-genus Gromov–Witten invariants of toric Calabi–Yau 3-folds (which must
be non-compact) are much better understood. In general, Gromov–Witten invariants are de-
fined for projective manifolds (or, more generally, compact almost-Kähler manifolds), but in
the toric case one may use localization to define Gromov–Witten invariants of certain non-
compact toric manifolds. By virtual localization [GP99], all-genus Gromov–Witten invariants of
toric manifolds can be reduced to Hodge integrals, which can be evaluated by effective algo-
rithms. When the toric manifold X is a Calabi–Yau 3-fold, the topological vertex [AKMV05,
LLLZ09, MOOP11] provides a much more efficient algorithm for computing Gromov–Witten in-
variants of X , as well as open Gromov–Witten invariants of X relative to an Aganagic–Vafa
Lagrangian brane L (defined in [KL01, DF05, Liu02, LLLZ09] in several ways), in all gen-
era and degrees. The topological B-model on the mirror X̌ of a smooth semi-projective toric
Calabi–Yau 3-fold X can be reduced to a theory on the mirror curve of X . Under mirror sym-
metry, FX0 corresponds to integrals of 1-forms on the mirror curve along loops, whereas the

generating function FX ,L0,1 of genus zero open Gromov–Witten invariants (which count holomor-
phic disks in X bounded by L) corresponds to integrals of 1-forms on the mirror curve along
paths [AV00, AKV02]. On the basis of the work of Eynard–Orantin [EO07] and Mariño [Mar08],
Bouchard–Klemm–Mariño–Pasquetti [BKMP09] proposed a new formalism of the topological
B-model on X in terms of the Eynard–Orantin invariants ωg,n of the mirror curve and con-
jectured a precise correspondence, known as the remodeling conjecture, between ωg,n (where

n > 0) and the generating function FX ,Lg,n of open Gromov–Witten invariants counting holomor-
phic maps from bordered Riemann surfaces with g handles and n holes to X with boundaries
in L. This can be viewed as a version of all-genus open mirror symmetry; the closed sector of
the remodeling conjecture relates ωg,0 to FXg . The open string part of the remodeling conjec-
ture for C3 was proved independently by Chen [Che18] and Zhou [Zho09a, Zho09b]. The free
energy part of the remodeling conjecture for C3 [BS12] was proved independently by Bouchard–
Catuneanu–Marchal–Su lkowski [BCMS13] and Zhu [Zhu15]. Eynard and Orantin provided a
proof of the remodeling conjecture for general smooth semi-projective toric Calabi–Yau 3-folds
in [EO15].

Bouchard–Klemm–Mariño–Pasquetti have extended the remodeling conjecture to toric Cala-
bi–Yau 3-orbifolds [BKMP10]. Topological string theory on orbifolds was constructed decades ago
by physicists [DHVW85, DHVW86], and many works followed in both mathematics and physics
(for example, [HV87, DFMS87, BR87, Kni87, Roa90, CV92]). Zaslow discussed orbifold quan-
tum cohomology [Zas93] along with many examples, in both abelian and non-abelian quotients.
Later, the mathematical definition of orbifold Gromov–Witten theory and quantum cohomol-
ogy was laid by Chen–Ruan [CR02] in the symplectic setting and Abramovich–Graber–Vistoli
[AGV02, AGV08] in the algebraic setting. Orbifold Gromov–Witten invariants of a toric Calabi–
Yau 3-orbifold X and open orbifold Gromov–Witten invariants of X relative to an Aganagic–Vafa
Lagrangian brane in X can be expressed in terms of the orbifold Gromov–Witten vertex, which is
a generating function of abelian Hurwitz–Hodge integrals [Ros14]. The algorithm for the topolog-
ical vertex is equivalent to the Gromov–Witten (GW)/Donaldson–Thomas (DT) correspondence
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for smooth toric Calabi–Yau 3-folds [MNOP06]. The GW/DT correspondence has been conjec-
tured for Calabi–Yau 3-orbifolds satisfying the hard Lefshetz condition [BCY12] and proved for
toric Calabi–Yau 3-orbifolds with transverse An-singularities [Zon15, RZ13, RZ15, Ros15]. This
provides an efficient algorithm for computing closed and open Gromov–Witten invariants of toric
Calabi–Yau 3-orbifolds with transverse An-singularities, in all genera and degrees. The precise
statement of the GW/DT correspondence for toric Calabi–Yau 3-orbifolds which do not sat-
isfy the hard Lefshetz condition (for example,

[
C3/µ3

]
, where µ3 acts diagonally) is not known

even conjecturally. The remodeling conjecture provides a recursive algorithm to compute closed
and open Gromov–Witten invariants of all semi-projective toric Calabi–Yau 3-orbifolds in all
genera. Explicit predictions of open orbifold Gromov–Witten invariants of

[
C3/µ3

]
are given

in [BKMP10].

1.2 Statement of the main result and outline of the proof

In this paper, we study the remodeling conjecture for all affine toric Calabi–Yau 3-orbifolds[
C3/G

]
, where G can be any finite subgroup of the maximal torus of SL(3,C). We consider

a general framed Aganagic–Vafa brane (L, f), where L ∼=
[(
S1 × C

)
/G
]

and f ∈ Z. We define
open-closed orbifold Gromov–Witten invariants of X =

[
C3/G

]
relative to (L, f) as certain

equivariant relative orbifold invariants of a toric Calabi–Yau 3-orbifold Yf relative to a divisor
Df ∼=

[
C2/µm

]
, where µm

∼= Zm is the stabilizer of the G-action on S1 × {0} ⊂ S1 ×C, and the
coarse moduli space C2/µm of Df is the Am−1 surface singularity. We define generating functions
of open-closed Gromov–Witten invariants

FX ,(L,f)
g,n (τ ;X1, . . . , Xn) ,

which are H∗CR(Bµm;C)⊗n-valued formal power series in A-model closed string coordinates τ =
(τ1, . . . , τp) and A-model open string coordinates X1, . . . , Xn; here H∗CR(Bµm;C) ∼= Cm is the
Chen–Ruan orbifold cohomology of the classifying space Bµm of µm. We use the Eynard–Orantin
invariants ωg,n of the framed mirror curve to define B-model potentials

F̌g,n(τ ;X1, . . . , Xn) ,

which areH∗CR(Bµm;C)⊗n-valued functions in B-model closed string flat coordinates τ = (τ1, . . . ,
τp) and B-model open string coordinates X1, . . . , Xn, analytic in an open neighborhood of the
origin in Cp×Cn. The mirror map relates the B-model flat coordinates (τ1, . . . , τp) to the complex
parameters (q1, . . . , qp) of the framed mirror curve. Our main result is the following.

Theorem 7.19. For any g ∈ Z>0 and n ∈ Z>0,

F̌g,n(τ ;X1, . . . , Xn) = (−1)g−1+nFX ,(L,f)
g,n (τ ;X1, . . . , Xn) . (1.1)

This is indeed more general than the original conjecture in [BKMP10], which covers the m = 1
case, that is, the case when L is on an effective leg.

We now give an outline of our proof of Theorem 7.19. For simplicity, we consider the stable
case 2g − 2 + n > 0 in this outline. (The unstable cases (g, n) = (0, 1), (0, 2) will be treated
separately.) The proof consists of three steps:

1. (A-model graph sum) In [FLZ16], we used Tseng’s orbifold quantum Riemann–Roch theo-
rem [Tse10] to write down a graph sum formula for the total descendant equivariant
Gromov–Witten potential of X . We use this formula and localization to derive a graph
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sum formula for the A-model potential F
X ,(L,f)
g,n :

FX ,(L,f)
g,n =

∑
~Γ∈Γg,n(X )

wA
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ ,

where Γg,n(X ) is a certain set of decorated graphs, Aut
(
~Γ
)

is the automorphism group of

the decorated graph ~Γ, and wA
(
~Γ
)

is the A-model weight of the decorated graph ~Γ defined
by (5.9).

2. (B-model graph sum) The Eynard–Orantin invariants ωg,n can be expressed as sums over
labeled graphs [KO10, Eyn11, Eyn14, DOSS14]. We use special geometry to obtain the
Taylor series expansion of the graph sum formula in [DOSS14, Theorem 3.7] in B-model
closed string flat coordinates τ = (τ1, . . . , τp) at τ = 0 and derive a graph sum formula for
the B-model potential F̌g,n:

F̌g,n =
∑

~Γ∈Γg,n(X )

wB
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ ,

where wB
(
~Γ
)

is the B-model weight of the decorated graph ~Γ defined by (7.14).

3. (Comparison of weights) For each decorated graph ~Γ ∈ Γg,n(X ), we prove the following
identity relating A-model and B-model weights:

wB
(
~Γ
)

= (−1)g−1+nwA
(
~Γ
)
.

1.3 Remarks on the BKMP remodeling conjecture in the general case

In [FLZ19], the authors provide a proof of the BKMP remodeling conjecture for all semi-
projective toric Calabi–Yau 3-orbifolds. The proof in [FLZ19] relies on (i) the quantization for-
mula for the total descendant potential of equivariant GW theory of GKM orbifolds [Zon16],
(ii) the B-model graph sum formula in [DOSS14, Theorem 3.7], (iii) the genus zero mirror the-
orem for toric DM stacks [CCIT15, CCK15], and (iv) the genus zero open mirror theorem for
semi-projective toric Calabi–Yau 3-orbifolds [FLT12]. Item (i) is used to derive the A-model
graph sum formula, whereas items (iii) and (iv) are used to match the A-model and B-model
graph sums. In the affine case, the proof in this paper is more direct than the specialization of
the proof in [FLZ19] to the affine case: the proof in this paper relies on Tseng’s orbifold quan-
tum Riemann–Roch theorem [Tse10] and item (ii), but not on items (i), (iii), (iv). The proof
in [FLZ19] also relies on the computation of oscillating integrals on a mirror curve in this pa-
per; we obtain the desired result by integrating in the Landau–Ginzburg model and dimensional
reduction (Theorem 7.8).

1.4 Overview of the paper

In Section 2, we describe affine toric Calabi–Yau 3-orbifolds and their mirror curves. In Section 3,
for each affine toric Calabi–Yau 3-orbifold X and a framed Aganagic–Vafa A-brane (L, f), we
construct a relative Calabi–Yau 3-orbifold (Yf ,Df ), where X = Yf \Df . In Section 4, we describe
the Chen–Ruan orbifold cohomology of the classifying space BG of the finite abelian group G
and the T̃ -equivariant Chen–Ruan orbifold cohomology of X and Yf . In Section 5, we give

the precise definition of the A-model partition functions F
X ,(L,f)
g,n as generating functions of

equivariant relative Gromov–Witten invariants of (Yf ,Df ) and derive the A-model graph sum
formula (Theorem 5.5). In Section 6, we study the geometry and topology of the mirror curve.

195



B. Fang, C.-C.M. Liu and Z. Zong

In particular, we clarify the choice of A-cycles and B-cycles and the definition of the B-model
flat coordinates. In Section 7, we give the precise definition of the B-model partition functions
F̌g,n, derive the B-model graph sum formula (Theorem 7.15), and complete the proof of the main
result (Theorem 7.19).

2. Affine toric Calabi–Yau 3-orbifolds and their mirrors

2.1 The A-model geometry

Let T = (C∗)3 and N = Hom(C∗,T) ∼= Z3, and let M = Hom(T,C∗) = Hom(N,Z). Let
σ ⊂ NR := N ⊗Z R ∼= R3 be a simplicial cone spanned by b1, b2, b3 ∈ N such that the simplicial
affine toric variety Xσ := SpecC[σ∨∩M ] has trivial canonical divisor. Then there exists a u ∈M
such that 〈u, b1〉 = 〈u, b2〉 = 〈u, b3〉 = 1. We may choose a Z-basis u1, u2, u3 of M such that
u3 = u. Let e1, e2, e3 be the dual Z-basis of N . Then

b1 = re1 − se2 + e3 , b2 = me2 + e3 , b3 = e3 ,

where r and m are positive integers and s ∈ {0, 1, . . . , r − 1}.
We have a short exact sequence of abelian groups

1→ G→ T̃ = (C∗)3 φ→ T = (C∗)3 → 1 ,

where φ
(
t̃1, t̃2, t̃3

)
=
(
t̃r1, t̃

−s
1 t̃m2 , t̃1t̃2 t̃3

)
.

For i = 1, 2, 3, let χi : G → C∗ be the projection to the ith factor. Then χ1, χ2, χ3 ∈ G∗ =
Hom(G,C∗), and χ1χ2χ3 = 1. Given a positive integer r, let µr := {z ∈ C∗ : zr = 1} ∼= Zr be
the group of rth roots of unity. The image of χ1 is µr, and the kernel of χ1 is isomorphic to µm.
We have a short exact sequence of finite abelian groups

1→ µm → G
χ1−→ µr → 1 .

Then Xσ = C3/G, which is the coarse moduli space of X :=
[
C3/G

]
. Let Nσ = Zb1⊕Zb2⊕Zb3.

Define

Box(σ) = {v ∈ N : v = c1b1 + c2b2 + c3b3, 0 6 ci < 1} .
There is a bijection Box(σ) → N/Nσ given by v 7→ v + Nσ; there is a bijection Box(σ) → G
given by

c1b1 + c2b2 + c3b3 7→
(
e2π
√
−1c1 , e2π

√
−1c2 , e2π

√
−1c3

)
. (2.1)

For example, for j ∈ {1, . . . ,m− 1}, we have

(0, j, 1) =
j

m
b2 +

(
1− j

m

)
b3 ∈ Box(σ) ,

(
1, e2π

√
−1j/m, e−2π

√
−1j/m

)
∈ G .

Define age: Box(σ)→ {0, 1, 2} by

c1b1 + c2b2 + c3b3 7→ c1 + c2 + c3 .

Then we have a disjoint union

Box(σ) = {0} ∪ {v ∈ Box(σ) : age(v) = 1} ∪ {v ∈ Box(σ) : age(v) = 2} .

Given h ∈ G and i ∈ {1, 2, 3}, define ci(h) ∈ [0, 1) and age(h) ∈ {0, 1, 2} by

e2π
√
−1ci(h) = χi(h) , (2.2)

age(h) = c1(h) + c2(h) + c3(h) . (2.3)
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The inverse map G→ Box(σ) of (2.1) is given by h 7→ c1(h)b1 + c2(h)b2 + c3(h)b3.

2.2 The B-model geometry

There exist (m1, n1), . . . , (mp, np) ∈ Z2 such that

{v ∈ Box(σ) : age(v) = 1} = {(ma, na, 1) : a = 1, . . . , p} .

We define b3+a = (ma, na, 1) for a = 1, . . . , p and define

Hf (X,Y, q) = XrY −s−rf + Y m + 1 +

p∑
a=1

qaX
maY na−maf .

The mirror of X is a hypersurface in C2 × (C∗)2:

X̌q =
{

(u, v,X, Y ) ∈ C2 × (C∗)2 : Hf (X,Y, q)− uv = 0
}
.

This is a family of non-compact Calabi–Yau 3-folds parametrized by q = (q1, . . . , qp). Different
framings f ∈ Z give isomorphic X̌q but different superpotentials X : X̌q → C∗. The framed mirror
curve is

Σq =
{

(X,Y ) ∈ (C∗)2 : Hf (X,Y, q) = 0
}
.

Then

(i) the hypersurface X̌q is smooth if and only if Σq is smooth;

(ii) all the branch points of X : Σq → C∗ are simple if and only if the critical points of X : X̌q →
C∗ are isolated and non-degenerate.

Note that Σ0 =
{

(X,Y ) ∈ (C∗)2 : XrY −s−rf +Y m + 1 = 0
}

is smooth and all the branch points
of X : Σ0 → C∗ are simple. So properties (i) and (ii) hold for small enough q.

Remark 2.1. When m = 1, G = µr, and qa = 0, the framed mirror curve is given by XrY −s−rf +
Y + 1 = 0 or, equivalently,

Y s+rf (1 + Y ) +Xr = 0 . (2.4)

Up to the sign, which is a matter of convention, (2.4) agrees with the following framed mirror
curve given by equation (3.28) of [BHLM14]:

Y s+rf (1− Y )−Xr = 0 .

In this paper, we assume that the framing f is a positive integer.

We define

w1 =
1

r
, w2 =

s+ rf

rm
, w3 = −w1 − w2 =

−s− rf −m
rm

. (2.5)

For later convenience, we fix two explicit bijections (which are not necessarily group homo-
morphisms) ι : Zr × Zm and ι∗ : G∗ → Zr × Zm:

• ι : Zr × Zm → G, (j, `) 7→ ηj1η
`
2, where

η1 =
(
e2π
√
−1w1 , e2π

√
−1w2 , e2π

√
−1w3

)
, η2 =

(
1, e2π

√
−1/m, e−2π

√
−1/m

)
. (2.6)

• ι∗ : Zr × Zm → G∗, (j, `) 7→ χj1χ
`
2, where χ1, χ2 ∈ G∗ are defined as in Section 2.1.
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3. The 1-leg framed orbifold topological vertex

Let L =
{

(z1, z2, z3) ∈ C3 : |z1|2 − |z2|2 = c, |z1|2 − |z3|2 = c, =(z1z2z3) = 0
}

, where c > 0
and =(z) means the imaginary part of z. Then L is a special Lagrangian of C3 (Harvey–Law-
son [HL82]), and L := [L/G] is a special Lagrangian sub-orbifold of the affine toric Calabi–Yau
3-orbifold X =

[
C3/G

]
. A framed Aganagic–Vafa A-brane of X is a pair (L, f), where L ⊂ X is

as above and f ∈ Z. The 1-leg framed orbifold topological vertex is a relative toric Calabi–Yau
3-orbifold (Yf ,Df ) associated with (X ,L, f).

3.1 The toric graph

The lattice Nσ = Zb1 ⊕ Zb2 ⊕ Zb3 is a sublattice of N = Ze1 ⊕ Ze2 ⊕ Ze3 of index rm, and
{b1, b2, b3} is a Q-basis of NQ := N⊗ZQ. Let {w1,w2,w3} be the dual Q-basis of MQ := M⊗ZQ.
Then

w1 =
1

r
u1 , w2 =

s

rm
u1 +

1

m
u2 , w3 = −s+m

rm
u1 −

1

m
u2 + u3 .

Note that

w1 + w2 + w3 = u3

is the weight of the T-action on TpX , where p = BG is the unique T-fixed point in the toric
3-orbifold X . Let T′ be the kernel of u3 ∈M = Hom(T,C∗).

The relative formal toric Calabi–Yau (FTCY) graph of the 1-leg framed orbifold topological
vertex is shown in Figure 1. This generalizes the 1-leg framed topological vertex [LLLZ09].

w1 = u1
r

w2 = su1
rm + u2

m

w3 = −m+s
mr u1 − u2

m

−u1

−u2+fu1
m

u2−fu1
m

Figure 1. The toric graph of the 1-leg framed orbifold topological vertex

3.2 The fan

The toric graph in Figure 1 defines a relative toric Calabi–Yau 3-orbifold Yf which is a partial
compactification of X . We now describe the fan Σf defining the coarse moduli space Yf of Yf . Let

v1 = b1 = re1 − se2 + e3 , v2 = b2 = me2 + e3 , v3 = b3 = e3 , v4 = −e1 − fe2 .

Let σ be the 3-cone spanned by v1, v2, v3, as before; let σ′ be the 3-cone spanned by v2, v3, v4.
Let τ be the 2-cone σ ∩ σ′, and let ρi be the 1-cone spanned by vi. Then

Σf (1) = {ρ1, ρ2, ρ3, ρ4} , Σf (3) = {σ, σ′} .

The coarse moduli space Df is the T-invariant divisor in Yf associated with ρ4. The pair (Yf ,Df )
is a relative toric Calabi–Yau 3-orbifold, where the relative Calabi–Yau condition is KYf +Df = 0.
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Let Di be the T-invariant divisor associated with ρi. Then

KYf = −D1 −D2 −D3 −D4 , KYf +Df = −D1 −D2 −D3 .

Note that KXf +Df is the principal T-divisor associated with χu3 ∈ C[M ].

3.3 The root construction

In this subsection, we give another description of the relative toric 3-orbifold (Yf ,Df ). Let
p0 = [0, 1] and p∞ = [1, 0] be the two torus-fixed points in P(1, r), where P(1, r) is the weighted
projective line with an orbifold point of order r. Then p0 is the unique stacky point in P(1, r),
and any C∗-equivariant line bundle on P(1, r) is of the form

OP(1,r)(ap0 + bp∞) ,

where a, b ∈ Z. We have

degOP(1,r)(ap0 + bp∞) =
a

r
+ b .

Let p : l → P(1, r) be the Zm-gerbe obtained by applying the mth root construction to the
equivariant line bundle OP(1,r)(sp0 + fp∞). Let L2 be the tautological line bundle over l, so that

L⊗m2 = p∗OP(1,r)(sp0 + fp∞) .

Then degL2 = s/rm+ f/m = w2. Let

L3 := L−1
2 ⊗ p

∗OP(1,r)(−p0) .

Then degL3 = −s/rm− f/m− 1/r = w3 . The toric 3-orbifold Yf is the total space of the rank
2 vector bundle

Vf := L2 ⊕ L3 → l .

The divisor Df is the fiber of Vf over the stacky point p−1(p∞) in l.

When G is trivial, we have r = m = 1, s = 0, l = P(1, r) = P1, and Vf = OP1(f)⊕OP1(−f−1)
→ P1.

4. Chen–Ruan orbifold cohomology

In this section, we describe the Chen–Ruan orbifold cohomology [CR04] of the classifying spa-
ce BG of the finite abelian group G and the T̃ -equivariant Chen–Ruan orbifold cohomology of
X =

[
C3/G

]
and Yf . The Chen–Ruan orbifold cohomology of the classifying space of any finite

group is described in [JK02].

4.1 Chen–Ruan orbifold cohomology of BG
The inertia stack of BG is

IBG =
⋃
h∈G

(BG)h , where (BG)h = [{h}/G] ∼= BG .

As a graded vector space over C,

H∗CR(BG;C) = H∗(IBG;C) =
⊕
h∈G

H0((BG)h;C) ,
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where H0((BG)h;C) = C1h. The orbifold Poincaré pairing of H∗CR(BG;C) is given by

〈1h,1h′〉 =
δh−1,h′

|G|
.

The orbifold cup product of H∗CR(BG;C) is given by 1h ? 1h′ = 1hh′ .

We now define a canonical basis for the semi-simple algebra H∗CR(BG;C). Given a character
γ ∈ G∗ = Hom(G,C∗), define

φγ :=
1

|G|
∑
h∈G

χγ
(
h−1

)
1h .

Then

H∗CR(BG;C) =
⊕
h∈G

C1h =
⊕
γ∈G∗

Cφγ .

Recall that we have the orthogonality of characters:

(1) For any γ, γ′ ∈ G∗, we have
1

|G|
∑
h∈G

χγ
(
h−1

)
χγ′(h) = δγ,γ′ ,

(2) For any h, h′ ∈ G, we have
1

|G|
∑
γ∈G∗

χγ
(
h−1

)
χγ(h′) = δh,h′ .

Therefore, 〈φγ , φγ′〉 = δγ,γ′/|G|2 and φγ ? φγ′ = δγ,γ′φγ . Then {φγ : γ ∈ G∗} is a canonical basis
of H∗CR(BG;C).

4.2 Equivariant Chen–Ruan orbifold cohomology of X =
[
C3/G

]
Given any h ∈ G, define ci(h) ∈ [0, 1) ∩Q and age(h) ∈ {0, 1, 2} by equations (2.2) and (2.3) in

Section 2.2, respectively. Let
(
C3
)h

denote the h-invariant subspace of C3. Then

dimC
(
C3
)h

=
3∑
i=1

δci(h),0 .

The inertial stack of X is

IX =
⋃
h∈G
Xh , where Xh =

[(
C3
)h
/G
]
.

In particular, X1 =
[
C3/G

]
= X . As a graded vector space over C,

H∗CR(X ;C) =
⊕
h∈G

H∗(Xh;C)[2 age(h)] =
⊕
h∈G

C1h ,

where deg(1h) = 2 age(h) ∈ {0, 2, 4}. The orbifold Poincaré pairing of the (non-equivariant)
Chen–Ruan orbifold cohomology H∗CR(X ;C) is given by

〈1h,1h′〉X =
1

|G|
δh−1,h′ · δ0,dimC Xh .

LetR = H∗
(
BT̃ ;C

)
= C[w1,w2,w3], where w1, w2, w3 are the first Chern classes of the univer-

sal line bundles over BT̃ . The T̃ -equivariant Chen–Ruan orbifold cohomology H∗
CR,T̃

([
C3/G

]
;C
)

is an R-module. Given h ∈ G, define

eh :=
3∏
i=1

w
δci(h),0
i ∈ R .
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In particular, e1 = w1w2w3. Then the T̃ -equivariant Euler class of 0h := [0/G] in Xh =
[(
C3
)h
/G
]

is

e
T̃

(T0hXh) = eh1h ∈ H∗T̃ (Xh;C) = R1h .

Let χ1, χ2, χ3 ∈ G∗ be defined as in Section 2.1. The image of χi : G → C∗ is µri for some
positive integer ri. In particular, r1 = r. Define

R′ = C
[
w

1/r1
1 ,w

1/r2
2 ,w

1/r3
3

]
,

which is a finite extension of R. Let

Q = C(w1,w2,w3) and Q′ = C
(
w

1/r1
1 ,w

1/r2
2 ,w

1/r3
3

)
be the fractional fields of R and R′, respectively. The T̃ -equivariant Poincaré pairing of
H∗
T̃ ,CR

(X ;C)⊗R Q (which is isomorphic to H∗CR(X ;Q) as a vector space over Q) is given by

〈1h,1h′〉X =
1

|G|
·
δh−1,h′

eh
∈ Q .

The T̃ -equivariant orbifold cup product of H∗
T̃ ,CR

(X ;C)⊗R Q is given by

1h ?X 1h′ =

(
3∏
i=1

w
ci(h)+ci(h

′)−ci(hh′)
i

)
1hh′ .

Define

1̄h :=
1h∏3

i=1 w
ci(h)
i

∈ H∗
T̃ ,CR

(X ;C)⊗R Q′ . (4.1)

Then

〈1̄h, 1̄h′〉X =
δh−1,h′

|G|w1w2w3
, 1̄h ?X 1̄h′ = 1̄hh′ .

We now define a canonical basis for the semi-simple algebra H∗
T̃ ,CR

(X ;C)⊗RQ′. Given γ ∈ G∗,
define

φ̄γ :=
1

|G|
∑
h∈G

χγ
(
h−1

)
1̄h . (4.2)

Then

〈φ̄γ , φ̄γ′〉X =
δγγ′

|G|2w1w2w3
, φ̄γ ?X φ̄γ′ = δγγ′ φ̄γ .

So
{
φ̄γ : γ ∈ G∗

}
is a canonical basis of H∗

T̃ ,CR
(X ;C)⊗R Q′.

4.3 Equivariant Chen–Ruan orbifold cohomology of Yf
We use the notation in Sections 3.2 and 3.3: the coarse moduli space Yf of the toric 3-orbifold Yf
is defined by a simplicial fan Σf with two 3-dimensional cones σ and σ′. Let X =

[
C3/G

]
and

X ′ = [C3/µm] be the affine toric sub-orbifolds of Yf associated with σ and σ′, respectively. As
Q-vector spaces,

H∗
T̃ ,CR

(Yf ;C)⊗R Q = H∗CR(Yf ;Q) = H∗CR(X ;Q)⊕H∗CR(X ′;Q) ,

where

H∗CR(X ;Q) =
⊕
h∈G
Q1h , H∗CR(X ′;Q) = Q1′ ⊕

m−1⊕
k=1

Q1′k/m .
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We have the following isomorphisms of Q-vector spaces (which do not preserve the grading and
the orbifold cup product):

H∗CR(Yf ;Q) ∼= H∗CR(l;Q) , H∗CR(X ;Q) ∼= H∗CR(BG;Q) ,

H∗CR(X ′;Q) ∼= H∗CR(Df ;Q) ∼= H∗CR(p∞;Q) = H∗CR(Bµm;Q) .

5. A-model topological string

5.1 Relative orbifold Gromov–Witten invariants of (Yf ,Df)

In this section, we define open-closed orbifold Gromov–Witten invariants of X as certain equiv-
ariant relative orbifold Gromov–Witten invariants of (Yf ,Df ). Recall from Section 3.3 that the
orbifold Yf can be viewed as the total space of the rank 2 vector bundle V = L2 ⊕ L3 → l,
where l is a µm-gerbe over P(1, r), so equivariant relative orbifold Gromov–Witten invariants of
(Yf ,Df ) are twisted equivariant relative orbifold Gromov–Witten invariants of (l, p∞).

Relative orbifold Gromov–Witten theory has been constructed in algebraic geometry by
Abramovich–Fantechi [AF16] and in symplectic geometry by Chen–Li–Sun–Zhao [CLSZ11]. We
refer to [AF16, CLSZ11] for the precise definitions of moduli spaces of relative stable maps to
smooth DM stacks.

We first introduce some notation. We fix non-negative integers g and ` and a vector ~µ =
((µ1, k1), . . . , (µn, kn)), where µj ∈ Z>0 and kj ∈ {0, 1, . . . ,m− 1}.

(1) Let Mg,`(Yf/Df , ~µ) and Mg,`(l/p∞, ~µ) be the moduli spaces of genus g relative stable
maps to (Yf ,Df ) and (l, p∞), respectively, with ` marked points and n relative points, where
the relative points are ordered, and the ramification index of the jth relative point is µj and its
monodromy is kj .

(2) Let evi : Mg,`(Yf/Df , ~µ) → IYf and evi : Mg,`(l/p∞, ~µ) → Il be the evaluation maps at
the ith marked point, where i = 1, . . . , `.

(3) Let π : U → Mg,`(l/p∞, ~µ) be the universal curve, T → Mg,`(l/p∞, ~µ) be the universal
target, and F : U → T be the universal map.

(4) There is a contraction map T → l. Let F̂ : U → l be the composition of this contraction
map and the universal map F : U → T .

(5) Let D =
⋃

16j6nDj ⊂ U be the universal relative points corresponding to ~µ, and let D0 =⋃
16j6n
kj=0

Dj ⊂ D.

(6) Let Tf =
{(
t, tf , 1

)
: t ∈ C∗

}
⊂ T ∼= (C∗)3. This induces

φf : H∗(BT;Q) = Q[u1, u2, u3] = Q[w1,w2,w3]→ H∗(BTf ;Q) = Q[v] ,

u1 7→ v , u2 7→ fv , u3 7→ 0

or, equivalently,

w1 7→
1

r
v = w1v , w2 7→

s+ rf

rm
v = w2v , w3 7→

−s− rf −m
rm

v = w3v .

We extend φf to φf : Q = C(u1, u2, u3) = C(w1,w2,w3)→ C(v).

For any

γ1, . . . , γ` ∈ H∗CR(X ;Q) =
⊕
h∈G
Q1h ⊂ H∗CR(Yf ;Q) ∼= H∗CR(l;Q) ,
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we define the T̃ -equivariant relative orbifold Gromov–Witten invariant

〈γ1, . . . , γ`〉
X ,(L,f)
g,~µ :=

1

|Aut(~µ)|
· φf

(∫
[Mg,`(Xf/Df ,~µ)T̃ ]vir

(u2 − fu1)
∑n
j=1 δkj,0

e
T̃

(Nvir)

∏̀
i=1

ev∗i γi

)

=
1

|Aut(~µ)|
· φf

(∫
[Mg,`(l/p∞,~µ)T̃ ]vir

e
T̃

(
−Rπ∗

(
F̂ ∗L2(−D0)⊕ F̂ ∗L3

))
e
T̃

(Nvir)

∏̀
i=1

ev∗i γi

)
∈ Q(v).

Note that φf (u2 − fu1) = 0. The factor (u2 − fu1)
∑n
j=1 δkj,0 is included to cancel such a factor

in e
T̃

(Nvir).

If γ1, . . . , γ` are homogeneous, then

〈γ1, . . . , γ`〉
X ,(L,f)
g,~µ = v

∑`
i=1(deg γi/2−1) · 〈γ1, . . . , γ`〉

X ,(L,f)
g,~µ

∣∣∣
v=1

. (5.1)

5.2 Descendant orbifold Gromov–Witten invariants of X
In this subsection, we use localization to compute 〈γ1, . . . , γ`〉

X ,(L,f)
g,~µ and obtain an expression in

terms of cubic abelian Hurwitz–Hodge integrals.

We first give some definitions. For i = 1, 2, 3, let χi ∈ G∗ = Hom(G,C∗) be the characters
of G defined in Section 2.1, and let Lχi be the line bundle over BG associated with the irreducible
character χi ∈ G∗. Then X =

[
C3/G

]
is the total space of

3⊕
i=1

Lχi → BG .

Let Mg,n(BG) denote the moduli space of genus g, n-pointed twisted stable maps to BG. Let
π : Cg,n →Mg,n(BG) be the universal curve, and let F : Cg,n → BG be the universal map. Define

eg,n := φf

(
e
T̃

(
Rπ∗F

∗

(
3⊕
i=1

Lχi

)))
=

3∏
i=1

(wiv)(rankRπ∗F ∗Lχi )c1/wiv

(
Rπ∗F

∗Lχi
)
, (5.2)

where ct(E) = 1 + tc1(E) + t2c2(E) + · · · denotes the Chern polynomial of a complex vector
bundle E (or, more generally, an element in the K-theory). The rank of Rπ∗F

∗Lχi is constant on
a connected component of Mg,n(BG) but might be different on different connected components
of Mg,n(BG).

A moduli point in Mg,`(l/p∞, ~µ) is represented by a morphism

ρ : (C, x1, . . . , x`, y1, . . . , yn)→ l[k] = l ∪∆1 ∪ · · · ∪∆k ,

where each ∆i is a trivial µm-gerbe over P1. Let

M0
g,`(l/p∞, ~µ) ⊂Mg,`(l/p∞, ~µ)

be the substack where the target is l[0] = l. Computations in [RZ13] show that the contribution

from a T̃ -fixed locus outside M0
g,`(l/p∞, ~µ) vanishes. Therefore,

〈γ1, . . . , γ`〉
X ,(L,f)
g,~µ =

1

|Aut(~µ)|
· φf

(∫
[M0

g,`(l/p∞,~µ)T̃ ]vir

e
T̃

(
−Rπ∗

(
F̂ ∗L2(−D0)⊕ F̂ ∗L3

))
e
T̃

(Nvir)

∏̀
i=1

ev∗i γi

)
.
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Suppose that ρ : (C, x1, . . . , x`, y1, . . . , yn)→ l represents a point in M0
g,n+`(l/p∞, ~µ)T̃ . Then

C = C0 ∪
n⋃
j=1

Cj ,

where C0 is an orbicurve of genus g, the components C1, . . . , Cn are 1-dimensional toric orbifolds,
x1, . . . , x` ∈ C0 and yj ∈ Cj , and C0 and Cj intersect at a node zj for j = 1, . . . , n. We view zj as
a point on Cj in order to determine its monodromy. Let ρj := ρ|Cj : Cj → l. Then ρ0 is a constant
map to p0 = [0, 1], and we have the following diagram for 1 6 j 6 n:

Cj
ρj−−−−→ ly y

P1 ρ̄j−−−−→ P1 ,

(5.3)

where ρ̄j([x, y]) = [xµj , yµj ] is the map between coarse moduli spaces, the monodromy around yj
is e2π

√
−1kj/m ∈ µm, and the monodromy around zj is(

e2π
√
−1µjw1 , e2π

√
−1(µjw2−kj/m), e2π

√
−1(µjw3+kj/m)

)
= η

µj
1 η
−kj
2 ∈ G .

For (d0, k) ∈ Z× Zm, define h(d0, k) := ηd01 η
−k
2 ∈ G, and define D′(d0, k) to be

−r
v

(−1)bd0w3+k/mc
(

v

d0

)age(h(d0,k))−1

· Γ(d0(w1 + w2) + c3(h(d0, k)))

Γ(d0w1 − c1(h(d0, k)) + 1)Γ(d0w2 − c2(h(d0, k)) + 1)
.

(5.4)

Then D′(d0, k) ∈ Cvage(h(d0,k))−2. Up to the sign, D′(d0, k) is essentially |G| times the disk
function in [Ros14, Section 3.3]. Note that

(−1)bd0w3+k/mc = (−1)d0w3−c3(h(d0,k))+k/m .

By virtual localization, we have the following result.

Proposition 5.1. We have

〈 〉X ,(L,f)
0,(d0,k) =

δ1,h(d0,k)

|G|
D′(d0, k) ·

(
v

d0

)2

,

〈γ〉X ,(L,f)
0,(d0,k) =

〈
γ, eh(d0,k)1h(d0,k)−1

〉
X ·D

′(d0, k) · v
d0
,

〈 〉X ,(L,f)
0,(µ1,k1),(µ2,k2) =

〈
eh(µ1,k1)1h(µ1,k1)−1 , eh(µ2,k2)1h(µ2,k2)−1

〉
X

· D′(µ1, k1)D′(µ2, k2)

|Aut((µ1, k1), (µ2, k2))|
v

µ1 + µ2
.

If ~µ = ((µ1, k1), . . . , (µn, kn)) and 2g − 2 + `+ n > 0, then

〈γ1, . . . , γ`〉
X ,(L,f)
g,~µ =

1

|Aut(~µ)|

n∏
j=1

D′(µj , kj)

∫
Mg,`+n(BG)

∏`
i=1 ev∗i γi
eg,`+n

n∏
j=1

ev∗`+j(eh(µj ,kj)1h(µj ,kj)−1)

1− (µj/v)ψ̄`+j
.

Introduce variables X1, . . . , Xn, and let

τ =

p∑
a=1

τa1ha ,
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where ha ∈ G corresponds to (ma, na, 1) ∈ {v ∈ Box(σ) : age(v) = 1}. For k ∈ {0, 1, . . . ,m− 1},
let 1′−k/m := 1′1−δ0,k−k/m ∈ H

∗
CR(Bµm;C) =

⊕m−1
k=0 C1′k/m. Define

FX ,(L,f)
g,n (τ ;X1, . . . , Xn) =

∑
µ1,...,µn>0

m−1∑
k1,...,kn=0

∑
`>0

〈τ `〉X ,(L,f)
g,(µ1,k1),...,(µn,kn)

`!

·
n∏
j=1

(Xj)
µj · (−1)−k1/m1′−k1/m ⊗ · · · ⊗ (−1)−kn/m1′−kn/m ,

which is an H∗CR(Bµm;C)⊗n-valued function, where H∗CR(Bµm;C) =
⊕m−1

k=0 C1′k/m.

Remark 5.2. For each k ∈ {0, 1, . . . ,m − 1}, the set {µj : kj = k} determines a partition µk =(
µk1 > · · · > µk

`(µk)
> 0
)
. We have

Aut((µ1, k1), . . . , (µn, kn)) =

m−1∏
k=0

Aut
(
µk
)
,

`
(
µ0
)

+ · · ·+ `
(
µm−1

)
= n.

The correlator 〈τ `〉X ,(L,f)
g,(µ1,k1),...,(µn,kn) is invariant under permutation of (µ1, k1), . . . , (µn, kn), so it

depends only on the m-tuple of partitions µ0, . . . , µm−1. So F
X ,(L,f)
g,n (τ ;X1, . . . , Xn) is a symmet-

ric function in X1, . . . , Xn and can be rewritten as

FX ,(L,f)
g,n (τ ;X1, . . . , Xn) =

∑
µ0,...,µm−1∈P

`(µ0)+···+`(µm−1)=n

∑
`>0

〈τ `〉X ,(L,f)
g,µ0,...,µm−1

`!
Xµ0,...,µm−1 ,

where P is the set of partitions and

Xµ0,...,µm−1 =
∑
σ∈Sn

m−1∏
k=0

`(µ0)+···+`(µk)∏
j=`(µ0)+···+`(µk−1)+1

X
µkj
σ(j)

(
(−1)−k/m1′−k/m

)⊗`(µk)
.

We introduce some notation.

(1) Given h ∈ G, define

Φh
0(X) :=

1

|G|
∑

(d0,k)∈Z>0×Zm
h(d0,k)=h

D′(d0, k)Xd0(−1)−k/m1′−k/m

= −
∑

(d0,k)∈Z>0×Zm
h(d0,k)=h

1

mv
e
√
−1π(d0w3−c3(h))

(
v

d0

)age(h)−1

· Γ(d0(w1 + w2) + c3(h))

Γ(d0w1 − c1(h) + 1)Γ(d0w2 − c2(h) + 1)
Xd01′−k/m .

Then Φh
0(X) takes values in

⊕m−1
k=0 Cvage(v)−21′k/m. For a ∈ Z and h ∈ G, we define

Φh
a(X) :=

1

|G|
∑
d0>0

h(d0,k)=h

D′(d0, k)

(
d0

v

)a
Xd0(−1)−k/m1′−k/m .
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Then Φh
a(X) takes values in

⊕m−1
k=0 Cvage(v)−2−a1′k/m, and

Φh
a+1(X) =

(
1

v
X

d

dX

)
Φh
a(X) .

(2) For a ∈ Z and γ ∈ G∗, we define

ξ̃γa (X) := |G|
∑
h∈G

χγ
(
h−1

)( 3∏
i=1

(wiv)1−ci(h)

)
Φh
a(X) .

Then ξ̃γa (X) takes values in
⊕m−1

k=0 Cv1−a1′k/m.

(3) Given γ1, γ2 ∈ H∗CR(X ;C)⊗C C(v) and a1, a2 ∈ Z>0, define

〈τa1(γ1)〉X ,Tf0,1 = δa1,0〈1, γ1〉X · v2 ,

〈τa1(γ1)τa2(γ2)〉X ,Tf0,2 = δa1,0δa2,0 · v〈γ1, γ2〉X .

(4) Given γ1, . . . , γn ∈ H∗CR(X ;C)⊗ C(v) and a1, . . . , an ∈ Z>0, define

〈τa1(γ1) · · · τan(γn)〉X ,Tfg,n =

∫
Mg,n(BG)

1

eg,n

n∏
i=1

(
ev∗i (γi)ψ̄

ai
i

)
.

(5) Given h ∈ G, define 1∗h = |G|φf (eh1h−1).

(6) In the rest of this paper, we consider Tf -equivariant cohomology and write φγ and φ̄γ
instead of φf (φγ) and φf

(
φ̄γ
)
, respectively. (Recall that φf (wi) = wiv.)

Proposition 5.3. We have the following equations:

(i) (Disk invariants)

F
X ,(L,f)
0,1 (τ ;X) = Φ1

−2(X) +

p∑
a=1

τaΦ
ha
−1(X) +

∑
a∈Z>0

∑
h∈G

∑
`>2

〈
τ `, τa(1

∗
h)
〉X ,Tf

0,`+1

`!
Φh
a(X)

=
1

|G|2w1w2w3

( ∑
γ∈G∗

ξ̃γ−2(X) +

p∑
a=1

τa

3∏
i=1

w
ci(ha)
i

∑
γ∈G∗

χγ(ha)ξ̃
γ
−1(X)

)∣∣∣∣
v=1

+
∑
a∈Z>0

∑
γ∈G∗

∑
`>2

〈
τ `, τa

(
φ̄γ
)〉X ,Tf

0,`+1

`!
ξ̃γa (X) .

(ii) (Annulus invariants)

F
X ,(L,f)
0,2 (τ ;X1, X2)− FX ,(L,f)

0,2 (0;X1, X2)

=
∑

a1,a2∈Z>0

∑
h1,h2∈G

∑
`>1

〈
τ `, τa1(1∗h1)τa2(1∗h2)

〉X ,Tf
0,`+2

`!
Φh1
a1 (X1)Φh2

a2 (X2)

=
∑

a1,a2∈Z>0

∑
γ1,γ2∈G∗

∑
`>1

〈
τ `, τa1(φ̄γ1)τa2

(
φ̄γ2
)〉X ,Tf

0,`+2

`!
ξ̃γ1a1 (X1)ξ̃γ2a2 (X2) ,
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where (
X1

∂

∂X1
+X2

∂

∂X2

)
F
X ,(L,f)
0,2 (0;X1, X2) = |G|

(∑
h∈G

ehΦh
0(X1)Φh−1

0 (X2)

)∣∣∣∣
v=1

=
1

|G|2w1w2w3

( ∑
γ∈G∗

ξ̃γ0 (X1)ξ̃γ0 (X2)

)∣∣∣∣
v=1

. (5.5)

(iii) For 2g − 2 + n > 0,

FX ,(L,f)
g,n (τ ;X1, . . . , Xn)

=
∑

a1,...,an∈Z>0

∑
h1,...,hn∈G

∑
`>0

〈
τ `, τa1(1∗h1) · · · τan(1∗hn)

〉X ,Tf
g,`+n

`!

n∏
j=1

Φ
hj
aj (Xj)

=
∑

a1,...,an∈Z>0

∑
γ1,...,γn∈G∗

∑
`>0

〈
τ `, τa1(φ̄γ1) · · · τan

(
φ̄γn
)〉X ,Tf
g,`+n

`!

n∏
j=1

ξ̃
γj
aj (Xj) .

Remark 5.4. The function F
X ,(L,f)
0,2 (0;X1, X2) is an H∗(Bµm;C)⊗2-valued power series in X1

and X2 which vanishes at (X1, X2) = (0, 0), so it is determined by (5.5).

5.3 A-model graph sum

Introduce formal variables

û =
∑
a>0

ûaz
a =

∑
a>0

∑
β∈G∗

uβa φ̄βz
a =

∑
β∈G∗

uβ(z)φ̄β ,

where

uβa ∈ Q , ûa =
∑
β∈G∗

uβa φ̄β ∈ H∗CR(X ;Q) , uβ(z) =
∑
a>0

uβaz
a .

For j = 1, . . . , n, define ûj and uβj (z) similarly. Define〈
û`, û1, . . . , ûn

〉X ,Tf
g,`+n

=
∑

a1,...,a`,b1,...,bn∈Z>0

〈
τa1(ûa1) · · · τa`(ûa`)τb1((û1)b1) · · · τbn((ûn)bn)

〉X ,Tf
g,`+n

.

By [FLZ16, Theorem 4.2], the term (1/` !)
〈
û`, û1, . . . , ûn

〉X ,Tf
g,`+n

can be written as a graph
sum. By Proposition 5.3,

FX ,(L,f)
g,n (τ ;X1, . . . , Xn) =

∑
`>0

1

`!

〈
τ `, ξ̃(X1), . . . , ξ̃(Xn)

〉X ,Tf
g,`+n

, (5.6)

where ξ̃(X) =
∑

a∈Z>0

∑
β∈G∗ ξ̃

β
a (X)φ̄βz

a. Therefore, a graph sum of F
X ,(L,f)
g,n (τ ;X1, . . . , Xn) can

be obtained by the following specialization of [FLZ16, Theorem 2]:

û = τ =

p∑
a=1

τa1ha , ûj = ξ̃(Xj) , wi = wiv .

By (5.1), we may let v = 1; that is, wi = wi. In the rest of this subsection, we give the precise
statement of this graph sum.

Given a connected graph Γ, we introduce the following notation:

(1) V (Γ) is the set of vertices in Γ.
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(2) E(Γ) is the set of edges in Γ.

(3) H(Γ) is the set of half-edges in Γ.

(4) LO(Γ) is the set of open leaves in Γ. The open leaves are ordered: LO(Γ) = {l1, . . . , ln},
where n is the number of open leaves. (Open leaves correspond to ordered ordinary leaves
in [FLZ16].)

(5) Lo(Γ) is the set of primary leaves in Γ. The primary leaves are unordered. (Primary leaves
correspond to unordered ordinary leaves in [FLZ16].)

(6) L1(Γ) is the set of dilaton leaves in Γ. The dilaton leaves are not ordered.

With the above notation, we introduce the following labels:

(1) (genus) g : V (Γ)→ Z>0,

(2) (marking) α : V (Γ)→ G∗ (This induces

α : L(Γ) = LO(Γ) ∪ Lo(Γ) ∪ L1(Γ)→ G∗

as follows: if l ∈ L(Γ) is a leaf attached to a vertex v ∈ V (Γ), define α(l) = α(v).),

(3) (height) k : H(Γ)→ Z>0.

Given a vertex v ∈ V (Γ), let H(v) denote the set of half-edges emanating from v. The
the valency val(v) of the vertex v is equal to the size |H(v)| of the set H(v). A labeled graph
~Γ = (Γ, g, α, k) is stable if 2g(v)− 2 + val(v) > 0 for all v ∈ V (Γ).

Let Γ(BG) denote the set of all stable labeled graphs ~Γ = (Γ, g, α, k). The genus of a stable
labeled graph ~Γ is defined to be

g
(
~Γ
)

:=
∑

v∈V (Γ)

g(v) + |E(Γ)| − |V (Γ)|+ 1 =
∑

v∈V (Γ)

(g(v)− 1) +
∑

e∈E(Γ)

1 + 1 .

Define

Γg,`,n(BG) =
{
~Γ = (Γ, g, α, k) ∈ Γ(BG) : g

(
~Γ
)

= g, |Lo(Γ)| = ` ,
∣∣LO(Γ)

∣∣ = n
}
.

Let

R(z) =

3∏
i=1

exp

(∑
m>1

(−1)m

m(m+ 1)
Aim+1

(
z

wi

)m)
,

where Aim is the operator defined by

Aim : H∗(IBG;C)→ H∗(IBG;C) , 1h 7→ Bm(ci(h))1h

and Bm(x) is the Bernoulli polynomial. Then, relative to the basis {φγ : γ ∈ G∗},

R(z)αβ =
1

|G|
∑
h∈G

χα(h)χβ
(
h−1

) 3∏
i=1

exp

( ∞∑
m=1

(−1)m

m(m+ 1)
Bm+1(ci(h))

(
z

wi

)m)
. (5.7)

Given β ∈ G∗, define

ξ̃β(z,X) =
∑
a>0

zaξ̃βa (X)
∣∣
v=1

.

We assign weights to leaves, edges, and vertices of a labeled graph ~Γ ∈ Γ(Y) as follows:
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(1) (Open leaves) To each open leaf lj ∈ LO(Γ) with α(lj) = α ∈ G∗ and k(lj) = k ∈ Z>0, we
assign (

Lξ̃
)α
k
(lj) = [zk]

(
1

|G|√w1w2w3

∑
β∈G∗

R(−z)βαξ̃β(z,Xj)

)
.

(2) (Primary leaves) To each primary leaf l ∈ Lo(Γ) with α(l) = α ∈ G∗ and k(l) = k ∈ Z>0,
we assign

(Lτ )αk (l) = [zk]

(
1

|G|√w1w2w3

∑
β∈G∗

p∑
a=1

3∏
i=1

w
ci(ha)
i R(−z)βαχβ(ha)τa

)
. (5.8)

By the orthogonality of the characters, we have

∑
β∈G∗

p∑
a=1

3∏
i=1

w
ci(ha)
i R(−z)βαχβ(ha)τa

=

p∑
a=1

3∏
i=1

w
ci(ha)
i χα(ha)τa exp

( ∞∑
m=1

(−1)m+1

m(m+ 1)
Bm+1 (ci(ha))

(
z

wi

)m)
.

Here we used the facts that Bm(1 − x) = (−1)mBm(x), that Bm = 0 when m is odd, and that
ci(h) + ci

(
h−1

)
= 1− δci(h),0.

(3) (Dilaton leaves) To each dilaton leaf l ∈ L1(Γ) with α(l) = α ∈ G∗ and 2 6 k(l) = k ∈ Z>0,
we assign (

L1
)α
k
(l) =

[
zk−1

](
− 1

|G|√w1w2w3

∑
β∈G∗

R(−z)βα
)
.

(4) (Edges) To an edge connecting a vertex marked by α ∈ G∗ and a vertex marked by β ∈ G∗,
and with heights k and l at the corresponding half-edges, we assign

Eα,βk,l (e) = [zkwl]

(
1

z + w

(
δα,β −

∑
γ∈G∗

R(−z)γαR(−w)γβ

))
.

(5) (Vertices) To a vertex v with genus g(v) = g ∈ Z>0 and with marking α(v) = γ ∈ G∗,
with n primary or open leaves and half-edges attached to it with heights k1, ..., kn ∈ Z>0 and m
dilaton leaves with heights kn+1, . . . , kn+m ∈ Z>0, we assign(

|G|
√
w1w2w3

)2g−2+val(v)
∫
Mg,n+m

ψk11 · · ·ψ
kn+m
n+m .

Given a labeled graph ~Γ ∈ Γg,`,n(BG) with LO(Γ) = {l1, . . . , ln}, we define its A-model weight
to be

wA
(
~Γ
)

=
∏

v∈V (Γ)

(
|G|
√
w1w2w3

)2g−2+val(v)
〈 ∏
h∈H(v)

τk(h)

〉
g(v)

∏
e∈E(Γ)

Eα(v1(e)),α(v2(e))
k(h1(e)),k(h2(e)) (e)

·
∏

l∈Lo(Γ)

(
Lτ
)α(l)

k(l)
(l)

n∏
j=1

(
Lξ̃
)α(lj)

k(lj)
(lj)

∏
l∈L1(Γ)

(
L1
)α(l)

k(l)
(l) . (5.9)

209



B. Fang, C.-C.M. Liu and Z. Zong

Setting û = τ , ûj = ξ̃(Xj), and wi = wi in [FLZ16, Theorem 4.2], we obtain

1

`!

〈
τ `, ξ̃(X1), . . . , ξ̃(Xn)

〉X
g,`+n

=
∑

~Γ∈Γg,`,n(BG)

wA
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ . (5.10)

Let Γg,n(X ) :=
⋃
`>0 Γg,`,n(BG). Equations (5.6) and (5.10) and Proposition 5.3 imply the fol-

lowing A-model graph sum formulae.

Theorem 5.5 (A-model graph sum). We have the following equations:

(i) (Disk invariants)

F
X ,(L,f)
0,1 (τ ;X) = Φ1

−2(X) +

p∑
a=1

τaΦ
ha
−1(X) +

∑
~Γ∈Γ0,1(X )

wA
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ ,

where

Φ1
−2(X) +

p∑
a=1

τaΦ
ha
−1(X)

=
1

|G|2w1w2w3

( ∑
γ∈G∗

ξ̃γ−2(X) +

p∑
a=1

τa

3∏
i=1

w
ci(ha)
i

∑
γ∈G∗

χγ(ha)ξ̃
γ
−1(X)

)∣∣∣∣
v=1

. (5.11)

(ii) (Annulus invariants)

F
X ,(L,f)
0,2 (τ ;X1, X2) = F

X ,(L,f)
0,2 (0;X1, X2) +

∑
~Γ∈Γ0,2(X )

wA
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ ,

where F
X ,(L,f)
0,2 (0;X1, X2) is determined by equation (5.5).

(iii) For 2g − 2 + n > 0,

FX ,(L,f)
g,n (τ ;X1, . . . , Xn) =

∑
~Γ∈Γg,n(X )

wA
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ .

6. The mirror curve and its compactification

The equation of the framed mirror curve is given by

XrY −s−rf + Y m + 1 +

p∑
a=1

qaX
maY na−maf = 0 ,

where

ma = rc1(ha) , na = −sc1(ha) +mc2(ha) .

Let 4 be the triangle on R2 with vertices (r,−s), (0,m), and (0, 0). The compactified mirror
curve Σ̄q is embedded in the toric surface S4 defined by the polytope 4. In this section, we
assume that q1, . . . , qp ∈ C are sufficiently small so that the compactified mirror curve Σ̄q is a
smooth compact Riemann surface. Let g be the genus of Σ̄q, and let n be the number of points
in Σ̄q \ Σq.
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6.1 The Liouville 1-form

Let Σ̃q := π−1(Σq) ⊂ C2 be the preimage of Σq ⊂ (C∗)2 under the (universal) covering map

π : C2 → (C∗)2 defined by (x, y) 7→ (X = e−x, Y = e−y). Then πq := π|
Σ̃q

: Σ̃q → Σq is a regular

Z2-cover. The 1-form log Y dX/X is multi-valued on (C∗)2, but π∗
(

log Y dX/X
)

= ydx is a
well-defined holomorphic 1-form on C2; indeed, it is the Liouville 1-form of the cotangent bundle
T ∗C = (C)2:

d(ydx) = dy ∧ dx .
We define

Φq :=

(
log Y

dX

X

) ∣∣∣∣
Σq

,

which is a multi-valued 1-form on Σq. Then π∗qΦq = ydx|
Σ̃q

is a well-defined holomorphic 1-form

on Σ̃q.

Given a q ∈ Cp such that Σq is smooth, we choose a base point pq ∈ Σq and a point
p̃q ∈ π−1

q (pq). We have a commutative diagram

1 −−−−→ π1

(
Σ̃q, p̃q

) πq∗−−−−→ π1(Σq, pq)
Iq∗−−−−→ π1

(
(C∗)2, pq

)
−−−−→ 1

α̃

y α

y ᾱ

y
H1

(
Σ̃q;Z

) πq∗−−−−→ H1(Σq;Z)
Iq∗−−−−→ H1

(
(C∗)2;Z

)
−−−−→ 0 .

(6.1)

In the above diagram, the following hold:

• The map Iq∗ is induced by the inclusion map Iq : Σq ↪→ (C∗)2.

• The first row is a short exact sequence of multiplicative groups.

• The second row is exact at H1(Σq;Z) = Z2g+n−1 and H1

(
(C∗)2;Z

)
= Z2.

• The maps α̃ and α are surjective group homomorphisms given by abelianization, and ᾱ is
a group isomorphism.

• The group π1(Σq, pq) is a free group generated by 2g + n− 1 elements.

We define

K1(Σq;Z) := Ker
(
Iq∗ : H1(Σq;Z)→ H1

(
(C∗)2;Z

))
= Im

(
πq∗ : H1

(
Σ̃q;Z

)
→ H1(Σq;Z)

)
.

Then K1(Σq;Z) ∼= Z2g+n−3. There is a well-defined map

π1

(
Σ̃q, p̃q

)
→ C , Ã 7→

∫
Ã
π∗qΦq .

Given any A ∈ K1(Σq;Z), there exists an Ã ∈ π1

(
Σ̃q, p̃q

)
such that A = πq∗◦α̃

(
Ã
)

= α◦πq∗
(
Ã
)
. If

Ã1, Ã2 ∈ π1

(
Σ̃q, p̃q

)
and α◦πq∗

(
Ã1

)
= α◦πq∗

(
Ã2

)
= A, then πq∗

(
Ã2

)
= πq∗

(
Ã1

)
B1B2B

−1
1 B−1

2 for
some B1, B2 ∈ π1(Σq, pq). If I∗(B1) = (m1, n1) and I∗(B2) = (m2, n2), where m1, n1,m2, n2 ∈ Z,
then ∫

Ã2

π∗qΦ =

∫
Ã1

π∗qΦ +
(
2π
√
−1
)2

(m1n2 −m2n1) .

So we have a map

K1(Σq;Z)→ C/
(
2π
√
−1
)2Z , A 7→

∫
Ã
π∗qΦq +

(
2π
√
−1
)2Z , (6.2)
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where Ã is any element in (πq∗ ◦ α̃)−1(A) ⊂ π1

(
Σ̃q, p̃q

)
. Let

∫
A Φ denote the image of A ∈

K1(Σq;Z) under the above map. Then
∫
A Φq ∈ C/

(
2π
√
−1
)2Z is independent of choice of pq

and p̃q.

Let Bε denote the open ball in Cp with radius ε > 0 and center 0. There exists an ε > 0 such
that Σq is smooth for all q ∈ Bε. For q ∈ Bε, there are canonical isomorphisms

H1(Σq;Z) ∼= H1(Σ0;Z) , K1(Σq;Z) ∼= K1(Σ0;Z) .

Given an A ∈ K1(Σ0;Z) ∼= K1(Σq;Z), the integral
∫
A Φq can be viewed as an element in

Γ(Bε,C)/
(
2π
√
−1
)2Z, where Γ(Bε,C) is the space of holomorphic functions on Bε and

(
2π
√
−1
)2Z

is identified with the set of constant functions from Bε to
(
2π
√
−1
)2Z.

The inclusion Jq : Σq ↪→ Σ̄q induces a surjective map

Jq∗ : H1(Σq;C) ∼= C2g+n−1 → H1

(
Σ̄q;C

) ∼= C2g ,

which restricts to a surjective C-linear map

K1(Σq;C) := K1(Σq;Z)⊗Z C ∼= C2g+n−3 → H1

(
Σ̄q;C

) ∼= C2g . (6.3)

The complex vector spaces K1(Σq;C), H1(Σq;C), and H1

(
Σ̄q;C

)
form flat complex vector bun-

dles K, H, and H̄ over Bε of rank 2g+n−3, 2g+n−1, and 2g, respectively. Given A ∈ K1(Σq;C)
which is a flat section of K with respect to the Gauss–Manin connection,

∫
A Φq can be viewed

as an element in Γ(Bε,C)/C, where C is identified with the space of constant functions from Bε
to C.

6.2 Holomorphic 1-forms on Σq

For any integers m, n,

$m,n := Res
Hf=0

XmY n−fm

Hf
· dX
X
∧ dY
Y

=
−XmY n−fm

Y ∂Hf (X,Y, q)/∂Y

dX

X

is a holomorphic 1-form on Σq. We view X as a flat coordinate independent of q and use implicit
differentiation to obtain

∂Y

∂qa
=
−XmaY na−fma

∂H/∂Y
.

We define

∇∂/∂qaΦ :=
∂Φ

∂qa

∣∣∣∣
X=constant

=
∂Y

∂qa

dX

Y X
.

Then ∇∂/∂qaΦ = $ma,na for a=1,. . . ,p.

6.3 Differentials of the first kind on Σ̄q

Recall that a differential of the first kind is a holomorphic 1-form. By results in [BC94], the
holomorphic 1-form $m,n on Σq extends to a holomorphic 1-form on Σ̄q if and only if (m,n) is
in the interior of the triangle 4 with vertices (r,−s), (0,m), (0, 0). Without loss of generality,
we may assume that (ma, na) is in the interior of 4 for 1 6 a 6 g and is on the boundary of 4
for g + 1 6 a 6 p; note that g can be zero. Let n = p − g + 3 be the number of lattice points
on the boundary of 4. Then Σq is a Riemann surface of genus g with n punctures, and Σ̄q is a
compact Riemann surface of genus g. We have

p = dimCH
2
CR(X ;C) , g = dimCH

4
CR(X ;C) ,
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and

−χ(Σq) = 2g− 2 + n = 1 + p+ g = |G| = dimCH
∗
CR(X ;C) .

A basis of H0
(
Σ̄q, ωΣ̄q

)
= H1,0

(
Σ̄q,C

)
is given by

{
∇∂/∂qaΦ = $ma,na : a = 1, . . . , g

}
.

Let Bε = {(q1, . . . , qp) ∈ Cp : |q| < ε} be an open ball in Cp with radius ε > 0 centered at
the origin. Let Σε = {(X,Y, q) ∈ C∗ ×C∗ ×Cp : Hf (X,Y, q) = 0} be the family of mirror curves
over Bε, and let πε : Σε → Bε be given by (X,Y, q) 7→ q, so that π−1

ε (q) = Σq. Then G∗ acts on
the total space Σε by

α · (X,Y, qa) =
(
χα(η1)X,χα(η2)Y, χα

(
h−1
a

)
qa
)
, (6.4)

where α ∈ G∗, χα : G→ C∗ is the associated character, η1, η2 ∈ G are defined as in equation (2.6),
and ha ∈ G corresponds to (ma, na, 1) ∈ Box(σ) for a = 1, . . . , p. The G∗-action on Σε extends to
the family of compactified mirror curve π̄ε : Σε → Bε, where π̄−1

ε (q) = Σ̄q. In particular, G∗ acts
on Σ̄0, and the induced G∗-action on H1(Σ̄0;C) preserves the intersection pairing · on H1(Σ̄0;C).
We choose a symplectic basis Ā1, B̄1, . . . , Āg, B̄g of H1(Σ̄0;C) such that

Āa · Āb = B̄a · B̄b = 0 , Āa · B̄b = δab , a, b = 1, . . . , g

and
1

2π
√
−1

∫
Āa

(
∇∂/∂qbΦ

)∣∣
q=0

= δab , a, b = 1, . . . , g .

The G∗-action on Āa is given by α · Āa = χα(ha)Āa, where α ∈ G∗ and 1 6 a 6 g. We may
choose B̄a such that α · B̄a = χα

(
h−1
a

)
B̄a for α ∈ G∗ and 1 6 a 6 g.

The inclusion I0 : Σ0 → (C∗)2 is G∗-equivariant, where α ∈ G∗ acts on (C∗)2 by α · (X,Y ) =
(χα(η1)X,χα(η2)Y ). So the G∗-actions on H1

(
(C∗)2;Z

)
and H1

(
(C∗)2;C

)
are trivial, and the

G∗-action on H1(Σ0;C) preserves K1(Σ0;C) = Ker(I∗ : H1(Σ0;C)→ H1

(
(C∗)2;Z

)
.

We extend Ā1, B̄1, . . . , Āg, B̄g to a symplectic basis of H1

(
Σ̄q;C

)
such that Āi and B̄i are flat

sections of H̄ with respect to the Gauss–Manin connection. Note that the composition

K1(Σq;C)→ H1(Σq;C)
J∗−→ H1

(
Σ̄q;C

)
is surjective. For a = 1, . . . , g, we lift Āa, B̄a ∈ H1

(
Σ̄q;C

)
to Aa, Ba ∈ K1(Σq;C). We choose

Aa, Ba ∈ K1(Σq;C) such that they are flat sections of K with respect to the Gauss–Manin
connection and are eigenvectors of the G∗-action on K1(Σ0;C) at q = 0.

6.4 Differentials of the third kind on Σ̄q

Recall that a differential of the third kind is a meromorphic 1-form with only simple poles.

Let E1, E2, E3 be the edges of the triangle 4 opposite to the vertices (r,−s), (0,m), (0, 0),
respectively. Let ni + 1 be the number of lattice points on Ei (including the end points). Then
Gi := {h ∈ G : χi(h) = 1} ∼= µni ; in particular, n1 = m. For i = 1, 2, 3, we have short exact
sequences of abelian groups

1→ Gi = µni → G
χi→ µri → 1 , 1→ µ∗ri → G∗ → G∗i → 1 .

The G∗-action on Σ̄0 preserves the finite set Σ̄0∩Di, where Di ⊂ S4 is the torus-invariant divisor
associated with the edge Ei. The G∗-action on Σ̄0 ∩Di induces a free and transitive G∗i -action
on Σ̄0 ∩ Di. So we may label the point in Σ̄0 ∩ Di (non-canonically) by elements in G∗i = µ∗ni ;
that is, Σ̄0 ∩Di = {p̄i` : ` ∈ µ∗ni}.

If g + 1 6 a 6 p, then ha ∈ Gi \ {1} ∼= µn1 \ {1} for some i ∈ {1, 2, 3}. The meromorphic
1-form ∇∂/∂qaΦ has a simple pole at each point in {p̄i` : ` ∈ G∗i } and is holomorphic elsewhere
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on the compactified mirror curve Σ̄q, so it is a differential of the third kind on Σ̄q. We have

Res
p→p̄i`

(
∇∂/∂qaΦ

)∣∣
q=0

=
eπ
√
−1k/ni

ni
χ`(k) ,

where ha = e2π
√
−1k/ni ∈ µni for 1 6 k 6 ni − 1 and χ` : Gi → C∗ is the character associated

with ` ∈ G∗i . Let Ci` ∈ H1(Σ0;Z) be the class of a small circle around p̄i`. Then there exists an
Aa ∈ K1(Σ0;C) (a = g + 1, . . . , p) such that

• Aa is an eigenvector of the G∗-action on K1(Σ0;C);

• Aa is a C-linear combination of Ci`, with ` ∈ G∗i ;
• for a, b = 1, . . . , p,

1

2π
√
−1

∫
Aa

(
∇∂/∂qbΦ

)∣∣
q=0

= δab .

We extend Ag+1, . . . , Ap to flat sections of K1(Σq;C). Then for a, b ∈ {1, . . . , p},
1

2π
√
−1

∫
Aa

∇∂/∂qbΦ = δab +O(|q|) .

Definition 6.1 (B-model closed string flat coordinates). For a = 1, . . . , p, let τa(q) be the unique
function in Γ(Bε,C) such that τa(0) = 0 and

1

2π
√
−1

∫
Aa

Φ = τa(q) + C ∈ Γ(Bε,C)/C .

Then τa(q) = qa +O
(
|q|2
)

and

1

2π
√
−1

∫
Aa

∇∂/∂τbΦ = δab , a, b = 1, . . . , p .

The B-model closed string flat coordinates are related to qa for a = 1, . . . , p via the following
hypergeometric formulae:

τa(q) = qa

( ∑
db∈Z>0{∑p

b=1 dbci(hb)
}

=0, i=1,2,3

3∏
i=1

Γ(−{ci(ha)}+ 1)

Γ
(
−ci(ha)−

∑p
b=1 dbci(hb) + 1

) · 1∏p
b=1 db!

p∏
b=1

qdbb

)
.

(6.5)
Here {x} denotes the fractional part of x. This mirror map is obtained by solving the Gelfand–
Kapranov–Zelevinsky-type (GKZ-type for short) Picard–Fuchs equations. Iritani explains these
GKZ-operators and explicitly writes down the mirror map for general toric orbifolds [Iri09]. The
integrals over A-cycles on mirror curves as flat coordinates and their hypergeometric expressions
for toric Calabi–Yau 3-folds are discussed in [CKYZ99] together with genus zero closed Gromov–
Witten mirror symmetry.

Let D∞q = Σ̄q \ Σq =
⋃3
i=1

{
p̄i1, . . . , p̄

i
ni

}
. By Lefschetz duality, there is a perfect pairing

H1(Σq;C)×H1

(
Σ̄q, D

∞
q ;C

)
→ C . (6.6)

The inclusion Σq ⊂ Σ̄q induces a surjective C-linear map

H1(Σq;C) ∼= C2g+n−1 → H1

(
Σ̄q;Z

) ∼= C2g .

Our choice of A1, B1, . . . , Ag, Bg gives a splitting

j1 : H1

(
Σ̄q;C

)
→ H1(Σq;C) . (6.7)
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The long exact sequence of relative homology groups of the pair
(
Σ̄q, D

∞
q

)
gives an injective

C-linear map

j2 : H1

(
Σ̄q;C

)
→ H1

(
Σ̄q, D

∞
q ;C

)
. (6.8)

Under the inclusion maps j1 and j2, the perfect pairing (6.6) restricts to the intersection pairing

H1

(
Σ̄q;C

)
×H1

(
Σ̄q;C

)
→ C ,

which is perfect by Poincaré duality. For g + 1 6 a 6 p, choose Ba ∈ H1

(
Σ̄q, D

∞
q ;C

)
such that

• (A1, . . . , Ap, B1, . . . , Bg) and (B1, . . . , Bp,−A1, . . . ,−Ag) are dual under the pairing (6.6);

• α ·Ba = χα
(
h−1
a

)
Ba for α ∈ G∗, and g + 1 6 a 6 p.

Then for a = 1, . . . , p, (
∇∂/∂τaΦ

)
(z) =

∫
z′∈Ba

B(z′, z) ,

where B(z′, z) is the fundamental normalized differential of the second kind on Σ̄q (see Sec-
tion 6.6).

6.5 Critical points and Lefschetz thimbles

We choose a framing f such that X : Σ0 → C∗ has only simple branch points. Then X : Σq → C∗
has only simple branch points for q sufficiently small.

The critical points of X : Σ0 =
{

(X,Y ) ∈ (C∗)2 : XrY −s−rf + Y m + 1 = 0
}
→ C∗ are

{(Xj`, Yj`) : j ∈ {0, 1, . . . , r − 1}, ` ∈ {0, 1, . . . ,m− 1}} ,

where

Xj` = exp

(
2π
√
−1

(
j

r
+ `

s+ rf

rm

))
m1/r(s+ rf)(s+rf)/rm(−m− s− rf)(−m−s−rf)/rm

=
(
χj1χ

`
2

)
(η1)

3∏
i=1

(|G|wi)wi ,

Yj` = exp

(
2π
√
−1

`

m

)(
s+ rf

−m− s− rf

)1/m

=
(
χj1χ

`
2

)
(η2)

(
w2

w3

)1/m

.

If α = χj1χ
`
2 ∈ G∗, then we define (Xα, Yα) = (Xj`, Yj`). The critical points of X : Σ0 → C∗ are

{(Xα, Yα) : α ∈ G∗}. We define

aα := − log(Xα) = −
3∑
i=1

wi logwi − log(χα(η1)) , (6.9)

bα := − log(Yα) =
1

m
log(w3/w2)− log(χα(η2)) . (6.10)

In equation (6.9), we use the identity
∑3

i=1wi log(|G|wi) =
∑3

i=1wi logwi, which holds since∑3
i=1wi = 0. Note that

log(χα(η1)) =
√
−1ϑα , log(χα(η2)) =

√
−1ϕα

for some ϑα, ϕα ∈ R. We may assume ϑα, ϕα ∈ [0, 2π).

Let X = e−x and Y = e−y. Around each critical point pα, we set up the following local
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coordinates

x = aα(q) + ζα(q)2 , y = bα(q) +

∞∑
d=1

hαd (q)ζα(q)d ,

where

hα1 (q) =

√
2

(d2x/dy2)(bα(q))
.

Let γα be the Lefschetz thimble of the superpotential x = − logX : Σq → C, so that x(γα) =
aα + R+. Then {γα : α ∈ G∗} is a basis of the relative homology group

H1(Σq, {(X,Y ) ∈ Σq : logX � 0};Z) ∼= Z|G| .

6.6 Differentials of the second kind on Σ̄q

Recall that a differential of the second kind is a meromorphic 1-form with no residues.

We choose a symplectic basis {A1, B1, . . . , Ag, Bg} ofH1

(
Σ̄q,C

)
as in Section 6.3. LetB(p1, p2)

be the fundamental normalized differential of the second kind on Σ̄q (see, for example, [Fay73]),
which is characterized by the following properties:

(1) The differential B(p1, p2) is bilinear symmetric meromorphic on Σ̄q × Σ̄q.

(2) The differential B(p1, p2) is holomorphic everywhere except for a double pole along the
diagonal p1 = p2. If z1, z2 are local coordinates on Σ̄q × Σ̄q, then

B(z1, z2) =

(
1

(z1 − z2)2
+ f(z1, z2)

)
dz1dz2 ,

where f(z1, z2) is holomorphic.

(3)

∫
p1∈Ai

B(p1, p2) = 0 for i = 1, . . . , g.

Let pα(q) = (Xα(q), Yα(q)) be the branch point of X : Σ̄q → C∗ such that

lim
q→0

(Xα(q), Yα(q)) = (Xα, Yα) .

Following [Eyn14, EO15], given α ∈ G∗ and d ∈ Z>0, define

θαd (p) := −(2d− 1)!!2−d Res
p′→pα

B(p, p′)ζ−2d−1
α . (6.11)

(In this paper, we use the symbol θαd instead of the symbol dξα,d in [Eyn11, EO15] because the
1-form defined by the right-hand side of (6.11) is not necessarily exact.) Then θαd satisfies the
following properties:

(1) The form θαd is a meromorphic 1-form on Σ̄q with a single pole of order 2d+ 2 at pα.

(2) In local coordinate ζα near pα,

θαd =

(
−−(2d+ 1)!!

2dζ2d+2
α

+ f(ζα)

)
dζα ,

where f(ζα) is analytic around pα. The residue of θαd at pα is zero, so θαd is a differential of
the second kind.

(3)

∫
Ai

θαd = 0 for i = 1, . . . , g.
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The meromorphic 1-form θαd is characterized by the above properties; θαd can be viewed as a sec-
tion in H0

(
Σ̄q, ωΣ̄q((2d+ 2)pα)

)
.

Lemma 6.2. Suppose that f is a meromorphic function on Σ̄q with simple poles at the ramifica-
tion points {pβ : β ∈ G∗} and is holomorphic on Σ̄q \ {pβ : β ∈ G∗}. Then

df =
∑
β∈G∗

cβθ
β
0 , where cβ = lim

p→pβ
fζβ .

Proof. Let ∆ω = df −
∑

β∈G∗ cβθ
β
0 . Then ∆ω is a holomorphic 1-form on Σ̄α and

∫
Ai

∆ω = 0 for
i = 1, . . . , g. So ∆ω = 0.

Remark 6.3. In Lemma 6.2, different choice of A-cycles A1, . . . , Ag will give different meromorphic

1-forms θβ0 , but the equality

df =
∑
β∈G∗

cβθ
β
0

still holds, where the coefficients cβ = limp→pβ fζβ do not depend on the choice of A-cycles.

We make the following observations:

(1) The form dx = −dX/X is a meromorphic 1-form on Σ̄q which is holomorphic on Σq. It has
a simple zero at each of the |G| ramification points {pα : , α ∈ G∗} and a simple pole at each
of the n punctures p̄1, . . . , p̄n.

(2) The form dy = −dY /Y is a meromorphic 1-form on Σ̄q and a holomorphic 1-form on Σq.
It is non-zero at each of the |G| ramification points and has at most a simple pole at each
of the n punctures.

(3) For a = 1, . . . , g, the form ∇∂/∂qaΦ is a holomorphic 1-form on Σ̄q which is non-zero at each
of the |G| ramification point.

(4) For a = g+1, . . . , p, the form ∇∂/∂qaΦ is a meromorphic 1-form on Σ̄q which is holomorphic
on Σq. It is non-zero at each of the |G| ramification points and has at most a simple pole
at each of the n punctures.

On the basis of the above observations, the following are meromorphic function on Σ̄q satis-
fying the assumption of Lemma 6.2:

dy

dx
,
∇∂/∂qaΦ

dx
=

∂y

∂qa
,

where a = 1, . . . , p and α ∈ G∗.

Proposition 6.4. We have

d

(
dy

dx

)
=

1

2

∑
β∈G∗

hβ1 (q)θβ0 . (6.12)

For a = 1, . . . , p,

d

(∇∂/∂qaΦ

dx

)
=

1

2

∑
β∈G∗

Xβ(q)maYβ(q)na−fma

(∂H/∂x)(Xβ(q), Yβ(q), q)
hβ1 (q)θβ0 . (6.13)

Equation (6.12) was proved in [EO15, Appendix D]; we include it for completeness.
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Proof of Proposition 6.4. Near pβ,

dy

dx
ζβ =

∑∞
k=1 h

β
k(q)k(ζβ)kdζβ
2ζβdζβ

=
1

2

∞∑
k=1

hβk(q)k(ζβ)k−1 ,

∇∂/∂qaΦ

dx
ζβ =

−XmaY na−fma

(∂H/∂y)(X,Y, q)
ζβ =

XmaY na−fma

(∂H/∂x)(X,Y, q)
· dy
dx
ζβ .

So

lim
p→pβ

dy

dx
ζβ =

hβ1 (q)

2
, lim

p→pβ

∇∂/∂qaΦ

dx
ζβ =

Xβ(q)maYβ(q)na−fma

(∂H/∂x)(Xβ(q), Yβ(q), q)

hβ1 (q)

2
.

The proposition follows from Lemma 6.2.

Proposition 6.5. We have

d

(∇∂/∂τaΦ

dx

)
=

1

2

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)∣∣∣∣
X=Xβ(q),Y=Yβ(q)

· hβ1 (q)θβ0 , (6.14)

∇∂/∂τa∇∂/∂τbΦ =
1

2

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)
·
(
∂H

∂τb

/∂H
∂x

)∣∣∣∣
X=Xβ(q),Y=Yβ(q)

· hβ1 (q)θβ0 . (6.15)

Proof. Equation (6.14) follows from equation (6.13). It remains to prove (6.15).

By a special geometry property of the topological recursion ([EO15, Theorem 4.4], proved
in [EO07]), (

∇∂/∂τa∇∂/∂τbΦ
)
(p) =

∫
p1∈Ba

∫
p2∈Bb

ω0,3(p1, p2, p) ,

where (see Example 7.13)

ω0,3(p1, p2, p) =
∑
β∈G∗

−1

2hβ1
θβ0 (p1)θβ0 (p2)θβ0 (p) .

So ∇∂/∂τa∇∂/∂τbΦ is a linear combination of θβ0 :

∇∂/∂τa∇∂/∂τbΦ =
∑
β∈G∗

cβθ
β
0 ,

where the coefficient cβ is given by cβ = Resζβ→0

(
ζβ · ∇∂/∂τa∇∂/∂τbΦ

)
. We have

∇∂/∂τa∇∂/∂τbΦ =
∑
c,d

∂qc
∂τa

∂qd
∂τb
∇∂/∂qc∇∂/∂qdΦ +

∑
c

∂2qc
∂τa∂τb

∇∂/∂qcΦ ,

where ∇∂/∂qcΦ is holomorphic on Σq, and

∇∂/∂qc∇∂/∂qdΦ =

(
−∂H
∂qa

∂H

∂qb

∂2H

∂y2

/(∂H
∂y

)3

+

(
∂2H

∂qb∂y

∂H

∂qa
+

∂2H

∂qa∂y

∂H

∂qb

)/(∂H
∂y

)2
)
dx .

So

cβ =
∂H

∂τa

∂H

∂τb

∣∣∣∣
X=Xβ(q),Y=Yβ(q)

· Res
ζβ→0

(
ζβ

(
−∂

2H

∂y2

)/(∂H
∂y

)3

dx

)

=
1

2

(
∂H

∂τa

/∂H
∂x

)
·
(
∂H

∂τb

/∂H
∂x

)∣∣∣∣
X=Xβ(q),Y=Yβ(q)

· h1
β(q) .
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Given α, β ∈ G∗ and k, l ∈ Z>0, define Bα,β
k,l to be the coefficients of the expansion of B(p1, p2)

near (pα, pβ) ∈ Σ̄q × Σ̄q in coordinates ζ1 = ζα(p1) and ζ2 = ζβ(p2). Then

B(p1, p2) =

(
δα,β

(ζ1 − ζ2)2
+

∑
k,l∈Z>0

Bα,β
k,l ζ

k
1 ζ

l
2

)
dζ1dζ2 .

We define

B̌α,β
k,l =

(2k − 1)!!(2l − 1)!!

2k+l+1
Bα,β

2k,2l . (6.16)

The following lemma is the differential of [Eyn11, Equation (D.4)] and holds globally on the
compactified mirror curve.

Lemma 6.6. We have

θαk+1 = −d
(
θαk
dx

)
−
∑
β∈G∗

B̌α,β
k,0 θ

β
0 .

Proof. We have the following Laurent series expansion of the meromorphic function θαk /dx
near pβ in the local coordinate ζβ:

θαk
dx

= δα,β
−(2d+ 1)!!

2d+1ζ2d+3
β

−
B̌α,β
k,0

ζβ
+ h(ζβ) ,

where h(ζβ) is a power series in ζβ. Set ∆ω = θαk+1 + d (θαk /dx) +
∑

β∈G∗ B̌
α,β
k,0 θ

β
0 . Then ∆ω is a

holomorphic 1-form on Σ̄q, and
∫
Ai

∆ω = 0 for i = 1, . . . , g. So ∆ω = 0.

Given α ∈ G∗ and k ∈ Z>0, we define

ξ̂α,k := (−1)k
(
d

dx

)k−1(θα0
dx

)
=

(
X

d

dX

)k−1(
X
θα0
dX

)
, (6.17)

which is a meromorphic function on Σ̄q. We define dξ̂α,0 := θα0 .

Lemma 6.7. We have

θαk = dξ̂α,k −
k−1∑
i=0

∑
β∈G∗

B̌α,β
k−1−i,0dξ̂β,i .

Proof. We prove the result by induction on k. When k = 0, we have θα0 = dξ̂α,0 by definition.
Suppose that the lemma holds for k = d. By Lemma 6.6,

θαd+1 = −d
(
θαd
dx

)
−
∑
β∈G∗

B̌α,β
d,0 θ

β
0

= −d
(
dξ̂α,d
dx
−

d−1∑
i=0

∑
β∈G∗

B̌α,β
d−1−i,0

dξ̂β,i
dx

)
−
∑
β∈G∗

B̌α,β
d,0 dξ̂β,0

= dξ̂α,d+1 −
d−1∑
i=0

∑
β∈G∗

B̌α,β
d−1−i,0dξ̂β,i+1 −

∑
β∈G∗

B̌α,β
d,0 dξ̂β,0

= dξ̂α,d+1 −
d∑
i=0

∑
β∈G∗

B̌α,β
d−i,0dξ̂β,i .

The second equality follows from the induction hypothesis. So the lemma holds for k = d+1.
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7. B-model topological string

7.1 Laplace transform

The Laplace transform of a meromorphic 1-form λ along a Lefschetz thimble γα is given by∫
z∈γα e

−uxλ.

Definition 7.1. We have fαβ (u, q) :=
euaα

2
√
πu

∫
z∈γα

e−uxθβ0 .

It is straightforward to check that fαβ (u, q) = δαβ +O
(
u−1

)
.

The Eynard–Orantin invariants {ωg,n} of the mirror curve can be expressed as a graph sum

involving fαβ (u, q), θβd , and descendant integrals over moduli spaces of stable curves [KO10, Eyn11,
Eyn14, DOSS14]. The goal of this subsection and the next two subsections is to relate fαβ (u, q)

and θβd to terms in the A-model graph sum. The following is our strategy:

1. In this section (Section 7.1), we relate fαβ (u, q) to the following Laplace transforms:∫
γα

e−uxΦ ,

∫
γα

e−ux∇∂/∂τaΦ ,

∫
γα

e−ux∇∂/∂τa∇∂/∂τbΦ . (7.1)

2. In Section 7.2, we evaluate the oscillatory integrals in the Landau–Ginzburg mirror of
X =

[
C3/G

]
for any small q. These oscillatory integrals can be identified with the Laplace

transforms in (7.1) by dimensional reduction.

3. In Section 7.3, we expand an antiderivative of θβ0 near X = 0 and relate it to ξ̃β0 from
Section 5.2.

By equation (6.12),∫
z∈γα

e−uxΦ = u−2

∫
z∈γα

e−uxd

(
dy

dx

)
=

1

2
u−2

∑
β∈G∗

hβ1

∫
z∈γα

e−uxdξβ,0

=
√
πu−3/2e−uaα

∑
β∈G∗

hβ1f
α
β (u, q) .

By equation (6.14),∫
z∈γα

e−ux∇∂/∂τaΦ = −u−1

∫
z∈γα

e−uxd

(∇∂/∂τaΦ

dx

)
= −1

2
u−1

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)∣∣∣∣
X=Xβ ,Y=Yβ

· hβ1
∫
z∈γα

e−uxθβ0

= −
√
πu−1/2e−uaα

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)∣∣∣∣
X=Xβ ,Y=Yβ

· hβ1 (q)fαβ (u, q) .

By equation (6.15),∫
z∈γα

e−ux∇∂/∂τb∇∂/∂τaΦ =
1

2

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)
·
(
∂H

∂τb

/∂H
∂x

)∣∣∣∣
X=Xβ ,Y=Yβ

· hβ1
∫
z∈γα

e−uxθβ0

=
√
πu1/2e−uaα

∑
β∈G∗

(
∂H

∂τa

/∂H
∂x

)
·
(
∂H

∂τb

/∂H
∂x

)∣∣∣∣
X=Xβ ,Y=Yβ

· hβ1 (q)fαβ (u, q) .
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In the remainder of this subsection, we consider the limit q → 0. We have

lim
q→0

hβ1 (q) =
1

|G|

√
−2

w1w2w3
, (7.2)

lim
q→0

(
∂H

∂τa

/∂H
∂x

)∣∣∣∣
X=Xβ ,Y=Yβ

= χβ(ha)
3∏
i=1

w
ci(ha)
i , (7.3)

where ha ∈ G corresponds to (ma, na, 1) ∈ Box(σ), so that age(ha) = 1.

We introduce some notation. For h ∈ G, let

∇hΦ =


Φ , h = 1 ,

∇∂/∂τaΦ , h = ha ,

∇∂/∂τb∇∂/∂τaΦ , h = hahb and age(h) = 2 .

Then

lim
q→0

∫
z∈γα

e−ux∇hΦ =

√
−2π(−1)age(h)

|G|
uage(h)−3/2

(
3∏
i=1

w
ci(h)−1/2
i

)

· eu
(√
−1ϑα+

∑3
i=1 wi logwi

) ∑
β∈G∗

fαβ (u, 0)χβ(h) . (7.4)

We conclude the following.

Proposition 7.2.

fαβ (u, 0) =
1√
−2π

exp

(
−

(
√
−1ϑα +

3∑
i=1

wi logwi

)
u

)

·
∑
h∈G

χβ
(
h−1

)
· (−1)age(h)u3/2−age(h)

3∏
i=1

w
−ci(h)+1/2
i · lim

q→0

∫
γα

e−ux∇hΦ .

We will evaluate lim
q→0

∫
γα

e−ux∇hΦ in the next subsection.

7.2 Oscillatory integrals

The equivariant Landau–Ginzburg mirror of a general toric orbifolds has been studied by Iri-
tani [Iri09].

The mirror B-model to X =
[
C3/G

]
is a Landau–Ginzburg model Wq : (C∗)3 → C, where

Wq = Xr
1X
−s−rf
2 X3 +Xm

2 X3 +X3 +

p∑
a=1

qaX
ma
1 Xna−maf

2 X3 .

Define H = W/X3. Following Iritani [Iri09], the equivariantly perturbed B-model superpotential

W̃q is

W̃q = Wq − u logX1 .

We assume w1, w2, u > 0 and w3 < 0 as usual. Define

t1 = Xr
1X
−s−rf
2 X3 , t2 = Xm

2 X3 , t̂1 = Xr
1X
−s−rf
2 , t̂2 = Xm

2 .
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We use the notation in Section 6.5. For each critical point pα(q) = (aα(q), bα(q)) on the mirror
curve, we have

=(aα(0)) = −πw3 − ϑα , =(bα(0)) =
π

m
− ϕα , e

√
−1ϑα = χα(η1) , e

√
−1ϕα = χα(η2) ,

where =(z) is the imaginary part of z. Notice that we have a preferred choice of the labeling of
branch points by the elements in G∗ with ϑ1 = ϕ1 = 0. Let C = −1 +

√
−1R ⊂ C∗, and define

(Lagrangian) cycles Γred
α,q ⊂ (C∗)2 and Γα,q ⊂ (C∗)3 by

Γred
α,q :=

(
R+e−aα(q)

)
×
(
R+e−bα(q)

)
, Γα,q := Γred

α,q × C ⊂ (C∗)3 .

In the perturbed superpotential W̃q, the logarithm is defined in the following way: when q = 0,
we have X3 < 0, =(logX1) = πw3 + ϑα, =(logX2) = −π/m + ϕα, =(logX3) = π. Since the
cycle Γα,q is contractible and deforms continuously with respect to q, the choice is fixed by these
conditions on Γα,q.

Define the oscillatory integral of W̃q to be

ĨXα (u) =

∫
Γα,q

e−W̃q
dX1

X1

dX2

X2

dX3

X3
.

Define Lα :=
{

(q1, . . . , qp) ∈ Cp : qaX
ma
α Y na−maf

α ∈ R
}

, which is a totally real linear subspace

of Cp. We will view ĨXα (u) as a function of q ∈ Lα ∼= Rp and consider the power series expansion
at q = 0.

Lemma 7.3. If q ∈ Lα is sufficiently small, then Γred
α,q = Γred

α,0.

Proof. Consider the change of variables X = XαA, Y = YαB, and qa = X−maα Y −na+maf
α εa for

a = 1, . . . , p. Then q = (q1, . . . , qp) ∈ Lα if and only if ε = (ε1, . . . , εp) ∈ Rp. We have

t̂1 =
w1

w3
ArB−s−rf , t̂2 =

w2

w3
Bm , H(X,Y, q) = F (A,B, ε) , Y

∂H

∂Y
= G(A,B, ε) ,

where

F (A,B, ε) =
w1

w3
ArB−s−rf +

w2

w3
Bm + 1 +

p∑
a=1

εaA
maBna−fma ,

G(A,B, ε) =
|G|w1w2

w3

(
−ArB−s−rf +Bm

)
+

p∑
a=1

(na − fma)εaA
maBna−fma

are R-valued real analytic functions on R+ × Rp. We have F (1, 1, 0) = G(1, 1, 0) = 0, and
the Jacobian

∣∣(∂(F,G)/∂(A,B)
)
(1, 1, 0)

∣∣ = −|G|2w1w2 is non-zero. By the implicit function
theorem, there exist real analytic functions c, d : U → R+, where U is an open neighborhood
of 0 in Rp, such that c(0) = d(0) = 1 and F (c(ε), d(ε), ε) = G(c(ε), d(ε), ε) = 0. If ε ∈ U , then
e−aα(q) = e−aα(0)c(ε) and e−bα(q) = e−bα(0)d(ε), so Γred

α,q = Γred
α,0.

By Lemma 7.3 and its proof, if q ∈ Lα and (X1, X2) ∈ Γred
α,q then t̂1, t̂2 ∈ R− and H ∈ R.

(Recall that w1, w2 > 0 and w3 = −w1 − w2 < 0.) We first integrate out t̂1 and t̂2, and then
integrate out X3 ∈ C. Recall that h1, . . . , hp are age 1 elements in G. Given ~h = (r1, . . . , rp) ∈
Z⊕p, where ra > 0, define ci(~h) =

∑p
a=1 raci(ha) ∈ Q, and define χα(~h) = χα

(∏p
a=1 h

ra
a

)
∈ U(1).
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Then ĨXα (u) is equal to∫
Γα,q

(
exp

(
−

p∑
a=1

qaX
ma
1 Xna−maf

2 X3 − t1 − t2 −X3

)(
−t̂1
)uw1

(
−t̂2
)uw2

· eu(w1+w2+w3)(logX3−
√
−1π)e

√
−1(ϑα+πw3)u

)
d
(
−t̂1
)
d
(
−t̂2
)
dX3

|G|
(
−t̂1
)(
−t̂2
)
X3

=
−1

|G|
e
√
−1(ϑα+πw3)u

∑
~h=(r1,...,rp)
ra∈Z>0

e
√
−1πc3(~h)χα(~h)

p∏
a=1

(−qa)ra
ra!

·
∫

Γα,q

((
−t̂1
)c1(~h)+uw1−1(−t̂2)c2(~h)+uw2−1

· e(logX3−
√
−1π)(c1(~h)+c2(~h)+c3(~h)+u(w1+w2+w3)−1)e−t̂1X3−t̂2X3−X3

)
d
(
−t̂1
)
d
(
−t̂2
)
dX3

=
−1

|G|
e
√
−1(ϑα+πw3)u

∑
~h=(r1,...,rp)
ra∈Z>0

e
√
−1πc3(~h)χα(~h)

p∏
a=1

(−qa)ra
ra!

·
∫
X3∈C

(∫
−t̂1>0

e−X3 t̂1
(
−t̂1
)c1(~h)+uw1−1

d
(
−t̂1
))(∫

−t̂2>0
e−t̂2

(
−t̂2
)c2(~h)+uw2−1

d
(
−t̂2
))

· e−X3e(logX3−
√
−1π)(c1(~h)+c2(~h)+c3(~h)+u(w1+w2+w3)−1)dX3

=
−1

|G|
e
√
−1(ϑα+πw3)u

∑
~h=(r1,...,rp)
ra∈Z>0

e
√
−1πc3(~h)χα(~h)

p∏
a=1

(−qa)ra
ra!

Γ
(
uw1 + c1

(
~h
))

Γ
(
uw2 + c2

(
~h
))

·
∫
X3∈C

e−X3e(logX3−
√
−1π)(c3(~h)+uw3−1)dX3

=
2π
√
−1

|G|
e
√
−1(ϑα+πw3)u

∑
~h=(r1,...,rp)
ra∈Z>0

eπ
√
−1c3(~h)χα

(
~h
) p∏
a=1

(−qa)ra
ra!

·
Γ
(
uw1 + c1

(
~h
))

Γ
(
uw2 + c2

(
~h
))

Γ
(
−uw3 − c3

(
~h
)

+ 1
) .

Here we use the following identity.

Lemma 7.4. If <z > 0, then
√
−1

2π

(∫
C
e−z(log(s)−

√
−1π)e−sds

)
=

1

Γ(z)
.

Proof. Hankel’s representation of the reciprocal Gamma function says
√
−1

2π

(∫
Cδ

e−z(log(t)−
√
−1π)e−tdt

)
=

1

Γ(z)
,

where Cδ is a Hankel contour (see Figure 2). The integrand is holomorphic on C \ [0,∞), and∣∣e−z(log(t)−
√
−1π)e−t

∣∣ = e−<(z) log |s|+=(z)(arg(t)−π)−<t 6 eπ=z|t|−<ze−(<z)t , (7.5)

so we may deform Cδ to the contour Ca,b (see Figure 2) without changing the value of the contour
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integral. Therefore, √
−1

2π

(∫
Ca,b

e−z(log(t)−
√
−1π)e−tdt

)
=

1

Γ(z)
(7.6)

for any a, b ∈ (0,∞). The estimate (7.5) implies that contributions to the above contour integral
from the two horizontal rays in Ca,b tend to zero as a, b→ +∞. The lemma follows from taking
the limit of (7.6) as a, b→ +∞.

0

−1 + a
√
−1

−1− b
√
−1 Ca,b

0

Cδ

Figure 2. A Hankel contour Cδ and the contour Ca,b (a, b > 0)

Remark 7.5. Let f(t) be the inverse Laplace transform of F (s) = Γ(z)/sz, where z ∈ C is a
constant with <z > 0. Lemma 7.4 implies that f(t) = tz−1 for t > 0.

By Hori–Iqbal–Vafa [HIV00], this oscillatory integral could be reduced to a Laplace transform
on the mirror curve. The Landau–Ginzburg model on (C∗)3 is equivalent to a 5-dimensional
Landau–Ginzburg model, and the 5D model is again reduced to a Calabi–Yau threefold without
potential. Further dimensional reduction reduces it to the mirror curve.

Introduce two variables v+, v− ∈ C and the cycles

Γ̃α,q = Γα,q ×
{
v+ = v−

}
, Γ̃red

α,q = Γred
α,q ×

{
v+ = v−

}
.

The equation H(X1, X2, q1, . . . , qp) = 0 prescribes the mirror curve. Define the holomorphic
volume form

Ω =
dX1

X1

dX2

X2

dv−

v−
= dxdy

dv−

v−
.

We reduce the oscillatory integral to the mirror curve as follows:

ĨXα (u) =
−1

2
√
−1π

∫
Γ̃α,q

e−X3(H−v+v−)e−ux
dX1

X1

dX2

X2
dX3dv

+dv−

=

∫
Γ̃red
α,q

δ
(
H − v+v−

)
e−ux

dX1

X1

dX2

X2
dv+dv−

=−
∫

Γ̃red
α,q∩{H−v+v−=0}

e−ux
dX1

X1

dX2

X2

dv−

v−
.

The first identity comes from integrating out v+ and v− (notice that on C, we have Re(X3) < 0),
using ∫

v+=v−
eX3v+v−dv+dv− = −2π

√
−1

X3
.
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The second identity is the Fourier transform∫
C
e−X3(H−v+v−)dX3 =

∫ +∞

−∞
e(1+s

√
−1)(H−v+v−)

(
−
√
−1
)
ds = −2π

√
−1δ

(
H − v+v−

)
.

For the third identity, fixing X1 and X2 such that H > 0, and letting v± = re±
√
−1θ, we have∫

v+=v−
δ
(
H − v+v−

)
dv+dv− = 2π

√
−1

∫ ∞
0

δ
(
H − r2

)
2rdr = 2π

√
−1 = −

∫
|v−|=H

dv−

v−
.

This integration is further reduced to the mirror curve H(e−x, e−y) = 0 as follows:

ĨXα (u) = −
∫

Γ̃red
α,q∩{H−v+v−=0}

e−uxdxdy
dv−

v−
= 2
√
−1π

∫
γα=Γ̃red

α,q∩{H=v−=0}
e−uxydx.

Notice that we use the fact that d
(
e−uxydx(dv−/v−)

)
= −e−uxΩ near Γ̃red

α,q ∩
{
H − v+v− = 0

}
.

Therefore, we obtain the following formula.

Theorem 7.6. The integral
∫
γα
e−uxΦ is equal to

1

|G|
e
√
−1(ϑα+πw3)u

∑
~h=(r1,...,rp)
ra∈Z>0

eπ
√
−1c3(~h)χα(~h)

p∏
a=1

(−qa)ra
ra!

·
Γ
(
uw1 + c1

(
~h
))

Γ
(
uw2 + c2

(
~h
))

Γ
(
−uw3 − c3

(
~h
)

+ 1
) .

Corollary 7.7. We have

lim
q→0

∫
γα

e−ux∇hΦ =
e
√
−1(ϑα+πw3)u

|G|
(−1)age(h)e

√
−1πc3(h)χα(h)

Γ(uw1 + c1(h))Γ(uw2 + c2(h))

Γ(−uw3 − c3(h) + 1)
.

Theorem 7.8. We have

fαβ (u, 0) =
∑
h∈G

χα(h)χβ
(
h−1

)
|G|

exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

)
.

Proof. By Proposition 7.2 and Corollary 7.7,

fαβ (u, 0) =
∑
h∈G

χα(h)χβ
(
h−1

)
|G|

· Ch ·
Γ(uw1 + c1(h))Γ(uw2 + c2(h))

Γ(−uw3 − c3(h) + 1)
,

where

Ch =
1√
−2π

exp

(
−u

3∑
i=1

wi logwi

)
· u3/2−age(h)

3∏
i=1

w
−ci(h)+1/2
i e

√
−1π(w3u+c3(h)) .
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By the Stirling formula [KP11],

log
Γ(w1u+ c1(h))Γ(w2u+ c2(h))

Γ(−w3u+ 1− c3(h))

=

(
w1u+ c1(h)− 1

2

)
log(w1u) +

(
w2u+ c2(h)− 1

2

)
log(w2u)

−
(
−w3u− c3(h) +

1

2

)
log(−w3u) +

1

2
log(2π)

+
∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

= log
√
−2π −

√
−1π(w3u+ c3(h)) +

(
age(h)− 3

2

)
log u+

3∑
i=1

(
ci(h)− 1

2

)
logwi

+ u
3∑
i=1

wi logwi +
∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m ,

Γ(w1u+ c1(h))Γ(w2u+ c2(h))

Γ(−w3u+ 1− c3(h))

=
√
−2πe−

√
−1π(w3u+c3(h))uage(h)−3/2

3∏
i=1

w
ci(h)−1/2
i exp

(
u

3∑
i=1

wi logwi

)

· exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

)

= C−1
h · exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

)
.

Therefore,

fαβ (u, 0) =
∑
h∈G

χα(h)χβ
(
h−1

)
|G|

exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

)
.

Define

ȟα(u, q) :=
u3/2

√
π
euaα

∫
z∈γα

e−uxΦ =
∑
β∈G∗

fαβ (u, q)hβ1 . (7.7)

Corollary 7.9.

ȟα(u, 0) =
1

|G|

√
−2

w1w2w3
exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(wiu)−m

)
.

Proof. Recall that

lim
q→0

hβ1 =
1

|G|

√
−2

w1w2w3

for any β ∈ G∗, so

ȟα(u, 0) =
1

|G|

√
−2

w1w2w3

∑
β∈G∗

fαβ (u, 0) .
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By Theorem 7.8,

∑
β∈G∗

fαβ (u, 0) =
∑
h∈G

χα(h)

|G|

( ∑
β∈G∗

χβ
(
h−1

))
exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(h))(wiu)−m

)
,

where ∑
β∈G∗

χβ
(
h−1

)
=
∑
β∈G∗

χβ
(
h−1

)
χβ(1) = |G|δh−1,1 .

So

ȟα(u, 0) =
1

|G|

√
−2

w1w2w3
χα(1) exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(ci(1))(wiu)−m

)

=
1

|G|

√
−2

w1w2w3
exp

(∑
m>1

(−1)m+1

m(m+ 1)

3∑
i=1

Bm+1(wiu)−m

)
.

7.3 Inverse Laplace transform and expansion at X = 0

Recall that on the Lefschetz thimble γα, the local coordinate is ζα(q), and x = aα(q) + ζα(q)2.
We choose ζα(q) such that when ζα(0) → −∞, the corresponding point on the mirror curve Σ0

approaches a point with X = 0 and Y m = −1 (this is consistent with our choice hα1 (0) > 0).
Furthermore, we require that for any element α′ ∈ G∗, its action on the compactified mirror
curve Σ0 moves the end point ζα = −∞ on γα to the end point ζα′α = −∞ on γα′α. (Here
α′α ∈ G∗ is the product of α, α′ ∈ G∗; that is, χα′α(h) = χα′(h)χα(h) for all h ∈ G.)

We label the m points with X = 0 and Y m = −1 on Σ0 by elements in µ∗m
∼= Zm as follows:

p̄` :=
(
0, eπ

√
−1(2`+1)/m

)
for ` ∈ Zm. With our convention, if χα = χj1χ

`
2, then the end point

ζα = −∞ is p̄`−1.

Every 1-form on γα is exact, so there exists a function ξαβ,0 on γα such that dξαβ,0 = θβ0 |γα .

The Laplace transform of θβ0 along γα is

fαβ (u) =
euaα

2
√
πu

∫
z∈γα

e−ux(z)θβ0 =

√
u

2
√
π

∫
z∈γα

e−u(x(z)−aα)ξαβ,0d(x(z)− aα)

=

√
u

2
√
π

∫
x−aα∈R+

e−u(x−aα)(ξα+
β,0 (x)− ξα−β,0 (x))d(x− aα) ,

where ξα±β,0 (x) = ξαβ,0
(
x, y
(
±
√
x− aα

))
∈ L2(0,∞). From the proof of Theorem 7.8,

fαβ (u, 0) =
e−u

∑3
i=1 wi logwi
√
−2π

∑
h∈G

(
e
√
−1π(w3u+c3(h))χα(h)χβ

(
h−1

)
|G|

· u3/2−age(h) ·
3∏
i=1

w
1/2−ci(h)
i

Γ(w1u+ c1(h))Γ(w2u+ c2(h))

Γ(−w3u+ 1− c3(h))

)
.
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So the “classical Laplace transform” is∫
x−aα∈R+

e−u(x−aα)(ξαβ,0|q=0)d(x− aα)

= −
√
−2e−u

∑3
i=1 wi logwi

∑
h∈G

(
e
√
−1π(w3u+c3(h))χα(h)χβ

(
h−1

)
|G|

· u1−age(h)
3∏
i=1

w
1/2−ci(h)
i

Γ(w1u+ c1(h))Γ(w2u+ c2(h))

Γ(−w3u+ 1− c3(h))

)
.

By the inverse Laplace transform formula,

− lim
q→0

ξα−β,0 = −
√
−2

∑
(d0,h)∈Z×G

d0/r−c1(h)∈Z>0

Res
u=−d0

(Γ(w1u+ c1(h)))

(
eu(x−aα−

∑3
i=1 wi logwi)e

√
−1π(w3u+c3(h))

·
χα(h)χβ

(
h−1

)
|G|

u1−age(h)
3∏
i=1

w
1/2−ci(h)
i

Γ(w2u+ c2(h))

Γ(−w3u+ 1− c3(h))

)∣∣∣∣
u=−d0

,

lim
q→0

ξα+
β,0 = −

√
−2

∑
(d0,h)∈Z×G

w2d0−c2(h)∈Z>0

Res
u=−d0

(Γ(w2u+ c2(h)))

(
e
u

(
x−aα−

∑3
i=1 wi logwi

)
e
√
−1π(w3u+c3(h))

·
χα(h)χβ

(
h−1

)
|G|

u1−age(h)
3∏
i=1

w
1
2
−ci(h)

i

Γ(w1u+ c1(h))

Γ(−w3u+ 1− c3(h))

)∣∣∣∣
u=−d0

.

Remark 7.10. We obtain ξα+
β,0 and ξα−β,0 by taking residues around the poles of Γ(w1u+ c1(h)) and

Γ(w2u + c2(h)). When both w1u + c1(h) and w2u + c2(h) are non-positive integers, the sum of
the respective terms in ξα+

β,0 − ξ
α−
β,0 is the residue.

We are interested in the expansion of ξαβ,0 at ζ = −∞, that is, the expansion of ξα−β,0 at X = 0,

lim
q→0

ξα−β,0 =
√
−2

∑
(d0,k)∈Z>0×Zm

h=h(d0,k)

e−d0xχα
(
η−d01

)
e−
√
−1π(d0w3−c3(h))

·
χα(h)χβ

(
h−1

)
|G|

(−d0)1−age(h)
3∏
i=1

w
1/2−ci(h)
i

(−1)bd0/rcΓ(−d0w2 + c2(h))

Γ(d0w1 − c1(h) + 1)Γ(d0w3 + 1− c3(h))

=
√
−2

∑
(d0,k)∈Z>0×Zm

h=h(d0,k)

Xd0e−
√
−1π(d0w3−c3(h))χβ

(
h−1

)
m

(
1

d0

)age(h)−1

·
3∏
i=1

w
1/2−ci(h)
i

Γ(d0(w1 + w2) + c3(h))

Γ(d0w1 − c1(h) + 1)Γ(d0w2 − c2(h) + 1)
χα
(
η−k2

)
.

This is the expansion of limq→0 ξ
α
β,0 at X = 0 and Y = e−

√
−1π/mχα(η2). If α = χj1χ

`
2, then

χα
(
η−k2

)
= e−2

√
−1πk`/m

depends only on ` ∈ {0, 1, . . . ,m−1}. Let ξ`−β,0 be the expansion of ξαβ,0 at p̄` =
(
0, eπ

√
−1(2`+1)/m

)
228



All-genus open-closed mirror symmetry

for α = χj1χ
`+1
2 . Define

ψ` :=
1

m

m−1∑
k=0

ω−k`m 1′k/m , ` = 0, 1, . . . ,m− 1 ,

where ωm = e2π
√
−1/m. Then {ψ0, . . . , ψm−1} is a canonical basis of H∗CR(Bµm;C). Define

ξβ0 :=
m−1∑
`=0

ξ`−β,0ψ` , (7.8)

which takes values in H∗CR(Bµm;C). Compare with the definition of ξ̃β0 in Section 5.2; we obtain
the following identity.

Proposition 7.11. We have

lim
q→0

ξβ0 = − 1

|G|

√
−2

w1w2w3
ξ̃β0
∣∣
v=1

.

7.4 Eynard–Orantin topological recursion

Let ωg,n be defined recursively by the Eynard–Orantin topological recursion [EO07]:

ω0,1 = 0 , ω0,2 = B(z1, z2) .

When 2g − 2 + n > 0,

ωg,n(p1, . . . , pn) =
∑
α∈G∗

Res
p→pα

∫ p̄
ξ=pB(pn, ξ)

2(Φ(p)− Φ(p̄))

(
ωg−1,n+1(p, p̄, p1, . . . , pn−1)

+
∑

g1+g2=g

∑
I∪J={1,...,n−1}

I∩J=∅

ωg1,|I|+1(p, pI)ωg2,|J |+1(p̄, pJ)

)
,

where p, p̄→ pα, X(p) = X(p̄), and p 6= p̄.

The B-model invariants ωg,n can be expressed as sums over labeled graphs involving inter-
section numbers on moduli spaces of stable curves [KO10, Eyn11, Eyn14, DOSS14]. We will
use the formula stated in [DOSS14, Theorem 3.7], which is equivalent to the formula in [Eyn11,
Theorem 5.1]. To state this graph sum, we introduce some definitions. Following Eynard [Eyn11],
define the Laplace transform of the Bergman kernel B(z1, z2)

B̌α,β(u, v, q) :=
uv

u+ v
δα,β +

√
uv

2π
euaα+vaβ

∫
z1∈γα

∫
z2∈γβ

B(z1, z2)e−ux(z1)−vx(z2) , (7.9)

where α, β ∈ G∗. By [Eyn11, equation (B.9)],

B̌α,β(u, v, q) =
uv

u+ v

δα,β − ∑
γ∈G∗

fαγ (u, q)fβγ (v, q)

 . (7.10)

Let B̌α,β
k,l (q) be defined by (6.16). Then B̌α,β(u, v, q) =

∑
k,l B̌

α,β
k,l (q)u−kv−l. Let ȟαk (q) be defined

by

ȟα(u, q) =
∑
k

ȟαk (q)u−k ,

where ȟα is defined by (7.7).
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Given a labeled graph ~Γ = (Γ, g, α, k) ∈ Γg,0,n(BG) with LO(Γ) = {l1, . . . , ln}, we define its
weight to be

w
(
~Γ
)

= (−1)g(
~Γ)−1

∏
v∈V (Γ)

(
hα1√
−2

)2−2g−val(v)
〈 ∏
h∈H(v)

τk(h)

〉
g(v)

∏
e∈E(Γ)

B̌
α(v1(e)),α(v2(e))
k(e),l(e) (e)

·
n∏
j=1

1√
−2

θ
α(lj)

k(lj)
(zj)

∏
l∈L1(Γ)

(
− 1√
−2

)
ȟ
α(l)
k(l) (l) .

In our notation, [DOSS14, Theorem 3.7] is equivalent to the following.

Theorem 7.12. For 2g − 2 + n > 0, we have

ωg,n =
∑

Γ∈Γg,0,n(BG)

w
(
~Γ
)∣∣Aut
(
~Γ
)∣∣ .

Example 7.13 (Pair of pants).

ω0,3(p1, p2, p3) =
∑
α∈G∗

1

2hα1
θα0 (p1)θα0 (p2)θα0 (p3) .

We now consider the unstable case (g, n) = (0, 2). Recall that dx = −dX/X is a meromorphic
1-form on Σ̄q, and d/dx = −Xd/dX is a meromorphic vector field on Σ̄q. Define

C(z1, z2) :=

(
− ∂

∂x
(z1)− ∂

∂x
(z2)

)(
ω0,2

dx1dx2

)
(z1, z2)d(x(z1))(dx(z2)) . (7.11)

Then C(z1, z2) is meromorphic on (Σ̄q)
2 and holomorphic on (Σ̄q \ {pα : α ∈ G∗})2. It only has

double poles on {pα : α ∈ G∗} × Σ̄q and Σ̄q × {pβ : β ∈ G∗}.
Lemma 7.14. We have

C(z1, z2) =
1

2

∑
γ∈G∗

θγ0 (z1)θγ0 (z2) .

Proof. First, we show that the Laplace transforms of both sides are asymptotically equal. For
any α, β ∈ G∗, ∫

z1∈γα

∫
z2∈γβ

e−u(x(z1)−aα)−v(x(z2)−aβ)C(z1, z2)

= (−u− v)

∫
z1∈γα

∫
z2∈γβ

e−u(x(z1)−aα)−v(x(z2)−aβ)ω0,2

∼ 2π
√
uv
∑
γ∈G∗

fαγ (u, q)fβγ (v, q)

∼ 1

2

∫
z1∈γα

∫
z2∈γβ

e−u(x(z1)−aα)−v(x(z2)−aβ)θγ0 (z1)θγ0 (z2) .

Define their difference

ω = C(z1, z2)− 1

2

∑
γ∈G∗

θγ0 (z1)θγ0 (z2) ;

its Laplace transform at γα × γβ for any α, β ∈ G∗ vanishes. For i = 1, . . . , g,∫
p2∈Ai

ω0,2(p1, p2) = 0 ,

∫
Ai

θα0 = 0 .
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Then ∫
p2∈Ai

ω(p1, p2) = 0 ,

∫
p2∈Ai

Res
p1→pα

ζ1,α(p1)ω(p1, p2) = 0

for all i = 1, . . . , g. Notice that the 1-form

Res
p1→pα

ζ1,α(p1)ω(p1, p2) =
[
u0
] −1

2
√
πu

∫
p1∈γα

e−u(x(p1)−aα)ω(p1, p2)

is a well-defined holomorphic form on Σ̄q. It has no poles; otherwise, any possible double pole
at pβ implies a non-zero Laplace transform of ω at γα×γβ. It follows from the vanishing A-cycles
integrals that

Res
p1→pα

ζ1,α(p1)ω(p1, p2) = 0

for any α ∈ G∗, and then ω does not have any poles since it is symmetric and could only have
double poles at the ramification points. Therefore, by the vanishing A-periods of ω, we know
that ω = 0.

7.5 B-model potentials

Choose δ > 0 and ε > 0 sufficiently small that for |q| < ε, the meromorphic function X : Σ̄q →
C ∪ {∞} restricts to an isomorphism

X`
q : D`

q → Dδ = {X ∈ C : |X| < δ} ,

where D`
q is an open neighborhood of p̄` ∈ X−1(0) and ` = 0, . . . ,m− 1. Define

ρ`1,...,`nq :=
(
X`1
q

)−1 × · · · ×
(
X`n
q

)−1
: (Dδ)

n → D`1
q × · · · ×D`n

q ⊂
(
Σ̄q

)n
.

(1) (Disk invariants) At q = 0, we have Y (p̄`)
m = −1 for ` = 0, . . . ,m − 1. When ε and δ are

sufficiently small, Y (ρ`q(X)) ∈ C \ [0,∞). Choose a branch of logarithm log : C \ [0,∞) →
(0, 2π), and define y`q(X) = − log Y

(
ρ`q(X)

)
. The function y`q(X) depends on the choice of

logarithm, but y`q(X) − y`q(0) does not. The form dx = −dX/X is a meromorphic 1-form

on C with a simple pole at X = 0, and
(
y`q(X)− y`q(0)

)
dx is a holomorphic 1-form on Dδ.

Define the B-model disk potential by

F̌0,1(q;X) :=
∑
`∈Zm

∫ X

0

(
y`q(X

′)− y`q(0)
)(
−dX

′

X ′

)
· ψ` ;

this takes values in H∗(Bµm;C).

(2) (Annulus invariants) The form (
ρ`1,`2q

)∗
ω0,2 −

dX1dX2

(X1 −X2)2

is holomorphic on Dδ ×Dδ. Define the B-model annulus potential by

F̌0,2(q;X1, X2) :=
∑

`1,`2∈Zm

∫ X1

0

∫ X2

0

((
ρ`1,`2q

)∗
ω0,2 −

dX ′1dX
′
2

(X ′1 −X ′2)2

)
· ψ`1 ⊗ ψ`2 ;

this takes values in H∗(Bµm;C)⊗2.

(3) For 2g − 2 + n > 0, the form
(
ρ`1,...,`nτ

)∗
ωg,n is holomorphic on (Dδ)

n. Define

F̌g,n(q;X1, . . . , Xn) :=
∑

`1,...,`n∈Zm

∫ X1

0
· · ·
∫ Xn

0

(
ρ`1,...,`nq

)∗
ωg,n · ψ`1 ⊗ · · · ⊗ ψ`n ;
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this takes values in H∗(Bµm;C)⊗n.

For g ∈ Z>0 and n ∈ Z>0, the function F̌g,n(q;X1, . . . , Xn) is holomorphic on Bε × (Dδ)
n when

ε, δ > 0 are sufficiently small. By construction, the power series expansion of F̌g,n(q;X1, . . . , Xn)
involves only positive powers of Xi.

For β ∈ G∗, let ξ`−β,0 be defined as in Section 7.3. Then ξ`−β,0(X) =
∫ X

0

(
ρ`q
)∗
θβ0 .

7.6 Special geometry and B-model graph sum

By the special geometry property of the topological recursion ([EO15, Theorem 4.4], proved
in [EO07]),

∇∂/∂τaωg,n(z1, . . . , zn) =

∫
zn+1∈Ba

ωg,n+1(z1, . . . , zn+1) ,

where Ba is defined as in Section 6.4. At q = 0,∫
zn+1∈Ba

θαk (zn+1) =
[
u−k

] ∫
zn+1∈Ba

(
−
√
ueuaα√
π

)∫
z′∈γα

B(zn+1, z
′)e−ux(z′)

=
[
u−k

](
−
√
ueuaα√
π

)∫
z′∈γα

(
∇∂/∂τaΦ

)
(z′)e−ux(z′)

=
[
u−k

] 1

|G|

√
−2

w1w2w3

3∏
i=1

w
ci(ha)
i

∑
β∈G∗

fαβ (u)χβ(ha) .

Define the B-model primary leaf to be(
ȟτ
)α
k

=
[
u−k

]( 1

|G|

√
−2

w1w2w3

∑
β∈G∗

p∑
a=1

3∏
i=1

w
ci(ha)
i fαβ (u, 0)χβ(ha)τa

)
. (7.12)

For any α ∈ G∗, k ∈ Z>0, and ` ∈ Zm, the form
(
ρ`0
)∗
θαk is a holomorphic 1-form on Dδ for

small enough δ > 0. To each open leaf lj of a labeled graph ~Γ ∈ Γn(X ), we assign(
Lξ
)α
k
(lj) =

1√
−2

∑
`∈Zm

(∫ Xj

0

(
ρ`0
)∗
θαk

)
ψ` . (7.13)

The Taylor series expansion of
(
ρ`1,...,`nτ

)∗
ωg,n at τ = 0 is

(
ρ`1,...,`nτ

)∗
ωg,n =

∑
l1,...,lp∈Z>0

(
ρ`1,...,`n0

)∗ ((∇∂/∂τ1)l1 · · · (∇∂/∂τp)lpωg,n∣∣∣
τ=0

)
· τ

l1
1

l1!
· · · τ

lp
p

lp!
.

Recall that Γg,n(X ) is the set of stable genus g graphs with n open leaves and any number of

primary leaves. Given ~Γ = (Γ, g, α, k) ∈ Γg,n(X ) with open leaves l1, . . . , ln, we define its B-model
weight to be

wB
(
~Γ
)

= (−1)g(
~Γ)−1

∏
v∈V (Γ)

(
hα1 |τ=0√
−2

)2−2g−val(v)
〈 ∏
h∈H(v)

τk(h)

〉
g(v)

∏
e∈E(Γ)

B̌
α(v1(e)),α(v2(e))
k(e),l(e) (e)

∣∣∣
τ=0

·
∏

l∈Lo(Γ)

1√
−2

(
ȟτ
)α(l)

k(l)
.
n∏
j=1

(
Lξ
)α
k
(lj)

∏
l∈L1(Γ)

(
− 1√
−2

)
ȟ
α(l)
k(l) (l)

∣∣∣
τ=0

. (7.14)

We have the following B-model graph sum formulae.
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Theorem 7.15 (B-model graph sum). (i) (Disk invariants)

F̌0,1(τ ;X) = F̌0,1(0;X) +

p∑
a=1

τa
∂F̌0,1

∂τa
(0;X) +

∑
~Γ∈Γ0,1(X )

wB
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ .

(ii) (Annulus invariants)

F̌0,2(τ ;X1, X2) = F̌0,2(0;X1, X2) +
∑

~Γ∈Γ0,2(X )

wB
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ .

(iii) For 2g − 2 + n > 0,

F̌g,n(τ ;X1, . . . , Xn) =
∑

~Γ∈Γg,n(X )

wB
(
~Γ
)∣∣Aut

(
~Γ
)∣∣ .

7.7 All-genus open-closed mirror symmetry

Proposition 7.16. We have

F̌0,1(0;X) +

p∑
a=1

τa
∂F̌0,1

∂τa
(0;X) = Φ1,−2(X) +

p∑
a=1

τaΦha,−1(X) .

Proof. From the definition,

−X d

dX
F̌0,1(0;X) =

∑
`∈Zm

(
y`0(X)− y`0(0)

)
ψ` .

By Proposition 6.4, equations (6.13) and (7.2), and Proposition 7.11,(
X

d

dX

)2

F̌0,1(0;X) =
∑
β∈G∗

1

|G|
√
−2w1w2w3

lim
q→0

ξβ0 (X) =
∑
β∈G∗

1

|G|2w1w2w3
ξ̃β0 (X)|v=1 ,

(
X

d

dX

)
∂F̌0,1

∂τa
(0;X) =

1

|G|
√
−2w1w2w3

∑
β∈G∗

χβ(ha)
3∏
i=1

w
ci(ha)
i lim

q→0
ξβ0 (X)

=
1

|G|2w1w2w3

∑
β∈G∗

χβ(ha)

3∏
i=1

w
ci(ha)
i ξ̃β0 (X)|v=1 .

The functions F̌0,1(0;X) and (∂F̌0,1/∂τa)(0;X) are power series in X with no constant term, so

F̌0,1(0;X) =
1

|G|2w1w2w3
ξ̃β−2(X)|v=1 , (7.15)

∂F̌0,1

∂τa
(0;X) =

1

|G|2w1w2w3

∑
β∈G∗

χβ(ha)

3∏
i=1

w
ci(ha)
i ξ̃β−1(X)|v=1 . (7.16)

The lemma follows from (7.15), (7.16), and (5.11).

Proposition 7.17. We have F̌0,2(0;X1, X2) = −FX ,(L,f)
0,2 (0;X1, X2).

Proof. Let C = C(z1, z2) be defined by (7.11). Then(
X1

∂

∂X1
+X2

∂

∂X2

)
F̌0,2(0;X1, X2) =

∑
`1,`2∈Zm

∫ X1

0

∫ X2

0

(
ρ`1,`20

)∗
Cψ`1 ⊗ ψ`2
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=
1

2

∑
`1,`2∈Zm

∑
γ∈G∗

∫ X1

0

(
ρ`10
)∗
θγ0

∫ X2

0

(
ρ`20
)∗
θγ0ψ`1 ⊗ ψ`2

= lim
q→0

1

2

∑
γ∈G∗

ξγ0 (X1)ξγ0 (X2)

= − 1

|G|2w1w2w3

( ∑
γ∈G∗

ξ̃γ0 (X1)ξ̃γ0 (X2)

)∣∣∣∣
v=1

= −
(
X1

∂

∂X1
+X2

∂

∂X2

)
F
X ,(L,f)
0,2 (0;X1, X2) ,

where the second equality follows from Lemma 7.14, the fourth equality follows from Proposi-

tion 7.11, and the last equality follows from (5.5). Both W0,2(0;X1, X2) and F
X ,(L,f)
0,2 (0;X1, X2)

are H∗CR(Bµm;C)⊗2-valued power series in X1 and X2 which vanish at (X1, X2) = (0, 0), so

F̌0,2(0;X1, X2) = −FX ,(L,f)
0,2 (0;X1, X2) .

Proposition 7.18. For any ~Γ ∈ Γg,n(X ), we have

wB
(
~Γ
)

= (−1)g(
~Γ)−1+nwA

(
~Γ
)
,

where wA
(
~Γ
)

is defined in Section 5.3 and wB
(
~Γ
)

is defined in Section 7.6.

Proof. We fix ~Γ ∈ Γg,n(X ). From (5.7) and Theorem 7.8, for any α, β ∈ G∗,

R(−z)βα = fαβ

(
1

z
, 0

)
. (7.17)

Here we have used the fact that Bm(1 − x) = (−1)mBm(x), Bm = 0 when m is odd and
ci(h) + ci

(
h−1

)
= 1− δci(h),0.

(1) (Vertex) By equation (7.2), we have

limτ→0 h
α
1√

−2
=

1

|G|√w1w2w3
. (7.18)

(2) (Edge) By equation (7.10) (that is, [Eyn11, equation (B.9)]), we have

B̌α,β
k,l

∣∣∣
τ=0

=
[
u−kv−l

]( uv

u+ v
(δα,β −

∑
γ∈G∗

fαγ (u, 0)fβγ (v, 0))

)

=
[
zkwl

]( 1

z + w

(
δα,β −

∑
γ∈G∗

fαγ

(
1

z
, 0

)
fβγ

(
1

w
, 0

)))
.

By definition,

Eα,βk,l =
[
zkwl

]( 1

z + w

(
δα,β −

∑
γ∈G∗

R(−z)γαR(−w)γβ

))
.

It follows from (7.17) that

B̌α,β
k,l

∣∣∣
τ=0

= Eα,βk,l . (7.19)

(3) (Primary leaf ) By equation (7.12),

1√
−2

(
ȟτ
)α
k

=
[
u−k

]( 1

|G|√w1w2w3

∑
β∈G∗

p∑
a=1

3∏
i=1

w
ci(ha)
i fαβ (u)χβ(ha)τa

)
.

234



All-genus open-closed mirror symmetry

By equation (5.8),

(
Lτ
)α
k

=
[
zk
]( 1

|G|√w1w2w3

∑
β∈G∗

p∑
a=1

3∏
i=1

w
ci(ha)
i R(−z)βαχβ(ha)τa

)
.

It follows from (7.17) that

1√
−2

(
ȟτ
)α
k

=
(
Lτ
)α
k
. (7.20)

(4) (Open leaf ) Given β ∈ G∗ and k ∈ Z>0, define

ξ̂βk (X) :=

m−1∑
`=0

∫ X

0

(
ρ`0
)∗

(dξ̂β,k)ψ` , (7.21)

which is an H∗CR(Bµm;C)-valued holomorphic function on Dδ. Then ξ̂βk (X) = (X d/dX)k ξ̂β0 (X)

and ξ̂β0 (X) = limq→0 ξ
β
0 , where ξβ0 is defined by equation (7.8). By Proposition 7.11 and the

definitions of ξ̂βk (X) and ξ̃βk (X),

ξ̂βk (X) = − 1

|G|

√
−2

w1w2w3
ξ̃βk (X) . (7.22)

By (7.13), (7.21), (7.22), and Lemma 6.7,

(
Lξ
)α
k
(lj) =

−1

|G|√w1w2w3

(
ξ̃αk −

k−1∑
i=0

∑
β∈G∗

(
B̌α,β
k−1−i,0

∣∣
τ=0

)
ξ̃βi (Xj)

)
.

By item (2) above, for k ∈ Z>0,

B̌α,β
k,0

∣∣∣
τ=0

=
[
zkw0

]( 1

z + w

(
δα,β −

∑
γ∈G∗

R(−z)γαR(−w)γα

))
=
[
zk+1

](
−R(−z)βα

)
.

We also have
[
z0
](
R(−z)βα

)
= δα,β. Therefore,(

Lξ
)α
k
(lj) =

[
zk
]( −1

|G|√w1w2w3

∑
β∈G∗

R(−z)βαξ̃β(z,Xj)

)
.

Comparing the above expression with the definition of the A-model open leaf
(
Lξ̃
)α
k
(lj), we

conclude that (
Lξ
)α
k
(lj) = −

(
Lξ̃
)α
k
(lj) . (7.23)

(5) (Dilaton leaf )(
− 1√
−2

)
ȟαk

∣∣∣
τ=0

=
[
u1−k](− 1√

−2

)
ȟα(u)

∣∣∣
τ=0

=
[
u1−k] −1

|G|√w1w2w3

∑
β∈G∗

fαβ (u, 0) ,

where the second identity follows from Corollary 7.9. By definition,(
L1
)α
k

=
[
zk−1

] −1

|G|√w1w2w3

∑
β∈G∗

Rβα(−z) .

It follows from (7.17) that (
− 1√
−2

)
ȟαk

∣∣∣
τ=0

=
(
L1
)α
k
. (7.24)
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By (5.9), (7.14), (7.18), (7.19), (7.20), (7.23), and (7.24),

wB
(
~Γ
)

= (−1)g(
~Γ)−1+nwA

(
~Γ
)
.

Combining Theorem 5.5 (A-model graph sum), Theorem 7.15 (B-model graph sum), and
Propositions 7.16, 7.17, and 7.18, we obtain the final result.

Theorem 7.19 (All-genus open-closed mirror symmetry). We have

F̌g,n(τ ;X1, . . . , Xn) = (−1)g−1+nFX ,(L,f)
g,n (τ ;X1, . . . , Xn) .

As a consequence, the H∗(Bµm)⊗n-valued formal power series F
X ,(L,f)
g,n (τ ;X1, . . . , Xn) con-

verges in an open neighborhood of the origin in Cp × Cn.
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