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ABSTRACT

Let X be a normal projective variety over a complete discretely valued field and L a line
bundle on X. We denote by X?" the analytification of X in the sense of Berkovich
and equip the analytification L*" of L with a continuous metric || ||. We study non-
archimedean volumes, a tool which allows us to control the asymptotic growth of small
sections of big powers of L. We prove that the non-archimedean volume is differentiable
at a continuous semipositive metric and that the derivative is given by integration
with respect to a Monge—Ampeére measure. Such a differentiability formula had been
proposed by M. Kontsevich and Y. Tschinkel. In residue characteristic zero, it implies an
orthogonality property for non-archimedean plurisubharmonic functions which allows
us to drop an algebraicity assumption in a theorem of S. Boucksom, C. Favre and
M. Jonsson about the solution to the non-archimedean Monge—Ampere equation. The
appendix by R. Lazarsfeld establishes the holomorphic Morse inequalities in arbitrary
characteristic.

1. Introduction

1.1. Monge—Ampeére equations. Let (X,w) be a compact Kéhler manifold of dimension n,
normalized by [ w”™ = 1. For a probability measure y on X which is induced by a smooth volume
form, E. Calabi conjectured that the Monge-Ampére equation n\* = p has a unique solution
by a real smooth (1,1)-form 7 in the same de Rham class as w. The uniqueness was proven
by E. Calabi [Cal54, Cal57], and the existence of solutions of the Monge-Ampere equation was
settled by S.T. Yau [Yau78].

Now we consider a field K endowed with a discretely valued complete absolute value. Let L
be a line bundle on an n-dimensional projective variety X over K. For a continuous semipositive
metric || || on L**, A. Chambert-Loir has introduced the Monge-Ampere measure c; (L, || ||)""
on the analytification X®" as a Berkovich space (see Section 2 for details). Then ¢1 (L, || |)" is
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a positive Radon measure of total mass equal to the degree of X with respect to L. Assume that X
is smooth and L is ample. In the non-archimedean analogue of the Calabi—Yau problem, there
is a positive Radon measure p of total mass deg; (X) given on X?", and we ask for a continuous
semipositive metric || || on L with u = ¢1(L, || ||)""™.

The uniqueness of the metric || || up to scaling was shown by X. Yuan and S. Zhang [YZ17,
Corollary 1.2]. In [BFJ15, BFJ16], S. Boucksom, C. Favre and M. Jonsson have proved the
existence assuming that the residue field £ of K has characteristic zero, that p is supported
on the dual complex of some SNC model of X (see Subsection 1.6) and that X satisfies the
algebraicity condition (f). The latter means that X is defined over the function field of a curve
over k having K as its completion at a closed point. Condition (}) is essential in their proof,
allowing them to use global methods on the model to prove the existence of solutions of the
non-archimedean Monge-Ampere equation. However, this global hypothesis is quite strong as a
variety over a field as C((t)) is usually not defined over a function field of a curve over C.

The main motivation of the present work is to remove condition (t), following a strategy
outlined in unpublished notes by M. Kontsevich and Y. Tschinkel [KT02]. To this end, we need
some local volumes to replace the global methods used in [BFJ15, BFJ16].

1.2. Volumes of line bundles on algebraic varieties. Let k be an algebraically closed field
and Y a projective variety over k of dimension n. For a line bundle L on Y, the volume

hO(Y. [®m
vol(L) := lim sup WY, LP7)
m m"/n!
is in R>¢ (see [Laz04a]). Outside the nef cone, we have Siu’s inequality [Laz04a, Example 2.2.47]
in terms of algebraic intersection numbers: if L, M are nef, then vol (L@M _1) > L"—nL" ' M.
It is also known that the function vol is differentiable on the big cone [BFJ09].

For i € N, A. Kiironya [Kiir06] has introduced asymptotic cohomological functions

=~ Ri(Y, L®™
R'(Y, L) :== limsup W, L7 .
m m”" /n!
In particular, 2° = vol. For L nef and i > 0, one has ﬁZ(Y, L) =0 (see [Laz04a, Theorem 1.4.40])
and the main difficulty is again to understand h’ outside of the nef cone. For L and M nef line
bundles on Y, the asymptotic holomorphic Morse inequalities give

Ri(Y, Lo M™) < <7Z>L”M (1.1)

First, an analytic proof of these inequalities was given by J.-P. Demailly [Dem85]. Later, F. An-
gelini [Ang96] gave an algebraic proof in characteristic zero. For our applications in this paper,
we need the volume and the asymptotic cohomological functions for projective schemes over an
arbitrary field k. In the appendix by R. Lazarsfeld, there is an algebraic proof of (1.1) which
works for a projective scheme Y over any field.

We will study cohomological functions in Section 3. More precisely, we generalize classical
results about the asymptotic behavior of the dimension of the higher cohomology of a coherent
sheaf F on a projective variety twisted by a family of divisors Dy, ..., D,, (see Proposition 3.5.1)
and show that the asymptotic is uniform in Dy, ..., D,,. These results might be of independent
interest and have been used already in [BN19]. In Subsection 3.6, we consider the more general
case of a projective scheme Y over a noetherian ring since we need this for Sections 4 and 5.
Then Y is allowed to be non-reduced or non-irreducible.
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1.3. Arithmetic volumes of line bundles. A. Moriwaki [Mor09] has introduced an arithmetic
analogue of the volume in the setting of Arakelov theory. Let F' be a number field, Y a projective
variety over F' of dimension n and L a line bundle on Y. For each place v of F, let F,, be the
completion of F' at v and Y2 the associated analytic space (either as a complex analytic space or
as a Berkovich space). Assume that we are given, for each place v, a continuous metric || ||, on the
analytic line bundle Li" over Y;*" determined by L. We assume also that almost all metrics || ||,
are determined by a model of (Y, L) over some open subset of Spec O. Write L = (L, {|| ||, }v)
for the line bundle and the metrics. Then the arithmetic volume of L is defined as

—~ log #{s € HO(Y,L®™) | [|s[|§™ < 1V}
vol(L) = hmrsup (4 1] .

A. Moriwaki [Mor09] has shown that the arithmetic volume is continuous. H. Chen [Che0§]
has proved that the arithmetic volume is in fact a limit as in the classical case.

The x-arithmetic volume is a variant of the arithmetic volume, which is also known as the
logarithm of the sectional capacity. Its definition is recalled in Remark 4.1.7. In contrast to the
arithmetic volume, the y-arithmetic volume can also take negative values. Both volumes agree
when L is (arithmetically) nef. X. Yuan [Yua08] has proved an analogue of Siu’s inequality for
the y-arithmetic volume and used it to prove a very general equidistribution result.

1.4. Volumes of balls of bounded sections. Let us now assume that X is a projective variety
over a local field K. We also fix a line bundle L on X. We consider a continuous metric || || on L*"
and study the asymptotic behavior of the volume of the sets

HO(X, L5, || |#™) = {s € T(X, L) | lls]lsup < 1}

with respect to a Haar measure i, on I'(X, L®™), where [|s|sup = sup,e xan |[|s(p)||*”. However,
tm is well defined only up to multiplication by a positive constant. To bypass this ambiguity,
one fixes a continuous reference metric || - ||p on L*" and introduces the local volume

g (Mm(ﬁO(x, Lem, | H®m)>> | 12)

pin (HO (X, LE™, || [|5™))

VOI(L’ H Hv ” HO) = hmﬁ?up mn+1 ’
These local volumes will be called archimedean or non-archimedean depending on the nature of
the local ground field K. If F' is a number field, K is the completion of F' at a non-archimedean
place v and L is ample, then we will show in Remark 4.1.7 that the local volume at v is a local
version of the y-arithmetic volume obtained by choosing fixed metrics at the other places.

Non-archimedean volumes were introduced by M. Kontsevich and Y. Tschinkel in [KT02].
Furthermore, differentiability for this local volume was proposed [KT02, §7.2].

In the archimedean context, R. Berman and S. Boucksom have introduced and studied in
[BB10] a variant of the archimedean volume. For an ample line bundle, they introduce an energy
functional on the space of continuous metrics. They prove that the archimedean volume of two
metrics agrees with the relative energy of the two metrics (see [BB10, Theorem A]) and that the
energy satisfies a differentiability property (see [BB10, Theorem B]).

A variant of local volumes has been studied by H. Chen and C. Maclean [CM15]. They
work over C or over any non-archimedean field and associate with (L, || |, || |lo) a sequence of
logarithmic ratios between determinants of sup norms on graded linear systems associated with L.
Their main result implies conditions when the limsup in (1.2) is a limit (see Remark 4.1.8).
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1.5. Differentiability of non-archimedean volumes. Let us now turn back to the non-
archimedean situation and explain the main results of this paper. We fix a complete discretely
valued field K with discrete valuation ring K ° and a normal projective variety X over K equipped
with a line bundle L. In this context, a non-archimedean analogue of a smooth hermitian metric is
an algebraic metric associated with a K° model (27, %) of (X, L). The algebraic metric is called
semipositive if L] 4, is nef. A metric is called a semipositive model metric if a suitable positive
tensor power is a semipositive algebraic metric. We call || || on L* a continuous semipositive
metric if it is a uniform limit of semipositive model metrics. Such metrics were first considered
by S. Zhang [Zha95b]. A construction of A. Chambert-Loir [Cha06] gives an associated Monge—
Ampere measure ¢1 (L, || [|)*" on X** which is important for arithmetic equidistribution theorems.
For details, we refer to Section 2.

Given two continuous metrics || ||; and || ||, on L*", we define vol(L, || ||, ]| I|5) as in (1.2).
However, since fields such as C((¢)) are not locally compact, we use the length of the virtual K°-
module HO(X, L, I Hl)/ﬁO(X, L,| ||5) instead of the quotient of the Haar measures (for details,
see Subsection 4.1).

In Theorem 4.2.3 we prove the following non-archimedean analogue of [BB10, Theorem A].

THEOREM A. If || |1 and || ||2 are two continuous semipositive metrics on L*", then

1S Il y -
VOl 1] o) = g D [ tom b e (Ll A Aea L] ).
=0

From the proof of this equation, we deduce that for continuous semipositive metrics, the
limsup in the definition of vol(L,|| |1, |l2) is actually a limit. S. Boucksom and D. Eriksson
told us that they have a proof of Theorem A using different methods.! Our proof is based on a
study of non-archimedean volumes and on the results of Section 3.

Our main result (following from Theorem 5.4.3) is the differentiability of the non-archimedean
volume over any discretely valued complete field K.

THEOREM B. Let || || be a continuous semipositive metric on L*" and f: X*" — R a continuous
function. Then if we consider everything fixed except € € R, one has
ol (Ll e 1) =2 [ Fea(El D +o) (1.3

for ¢ — 0. Equivalently, the function t € R + vol(L, || |[e~*/, || ||) is differentiable at t = 0 and

d _ n
SL vt i = [ s
t:() Xan

This formula is the exact non-archimedean analogue of [BB10, Theorem B] and was proposed
by M. Kontsevich and Y. Tschinkel [KT02, §7.2].

Section 5 is devoted to the proof of Theorem B. The proof of Theorem B is similar to the
proof of Theorem A, but additional problems arise from leaving the nef cone. Our arguments were
inspired by the techniques of A. Abbes and T. Bouche [AB95] and X. Yuan [Yua08]. In fact, the
differentiability of the non-archimedean volume in Theorem B is related to the differentiability
of the x-arithmetic volume shown by X. Yuan (see [Yua08] and [Chell, §4.4]) as follows. If K

!See [BE18, Theorem 8.5], which holds for any non-archimedean field K under the additional assumptions that X
is smooth and L is ample.
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is a completion of a number field F' at a non-archimedean place, if X, L are defined over F
and if L is ample, then Yuan proves the differentiability of the y-arithmetic volume. Using the
relation between the y-arithmetic and the non-archimedean volume explained in Remark 4.1.7,
this implies Theorem B under the above assumptions on X and L. Conversely, Theorem B
implies the differentiability of the y-arithmetic volume in the direction of a non-archimedean
metric change.

The proof of the differentiability of the arithmetic volume in the global case can be made in
two steps. The first one is to prove only the inequality “>” in equation (1.3) for each place of the
global field ([Yua08, Lemma 3.3] and its non-archimedean analogue). In the non-archimedean
situation, this inequality is obtained by controlling the size of certain groups of global sections.
The second step is to prove that the arithmetic volume is log concave (see [Yua09, Theorem B]).
As explained in [Chell, Proposition 4.1], these two ingredients are enough to prove the differen-
tiability.?

In the non-archimedean local case, we use a different strategy. Instead of proving only the
inequality “>” in equation (1.3), we prove directly the full equality (1.3). To this end, instead
of controlling only the size of certain H-groups, we need to control also the size of certain
first cohomology groups. This control is achieved through the use of the holomorphic Morse
inequalities and the results on the asymptotic growth of algebraic volumes obtained in Section 3.

1.6. Orthogonality and Monge—Ampeére equations. We keep the assumptions on K from
Subsection 1.5. Although we are able to establish the differentiability of the local non-archimedean
volume in arbitrary characteristic, this is not yet enough to solve the non-archimedean Monge—
Ampere equation. One important ingredient which is still missing is the existence of the contin-
uous semipositive envelope P(]| ||) for an arbitrary continuous metric || || on a line bundle L*".
Given a continuous metric || ||, one defines its semipositive envelope P(]| ||) as the pointwise
infimum of all metrics || ||; on L*" such that || ||; is a semipositive model metric on L*" with
| || < Il;- It is a priori not clear that P(]| ||) is a continuous semipositive metric on L*".

From now on, we assume that the characteristic of the residue field K of K is zero and that L
is ample. Then the regularization theorem of S. Boucksom, C. Favre and M. Jonsson [BFJ16,
Theorem 8.3] ensures that P(]| ||) is a continuous semipositive metric. Using a local approach to
semipositivity as in [GK19, GM19], we find HO(X, L, || ||) = H(X, L, P(|| ||)) for any continuous
metric || || and its semipositive envelope P(|| ||), hence

vol([[ [[, ([ 1)) = 0. (1.4)

In Corollary 6.2.2, we will deduce from (1.4) that the limsup in the definition of the non-
archimedean volume is a lim. Theorem B and (1.4) yield the following orthogonality property.

THEOREM C. We assume char(K) = 0. Let L be an ample line bundle on a smooth projective
variety X over K, let n = dim(X), and let || | be a continuous metric on L*". Then

[ tor = e pq 1 <o.

2A referee suggested that a similar strategy might be used in the local non-archimedean case. First one proves
the inequality “>” in equation (1.3) by controlling the size of certain H°-groups. Second, using Okounkov bodies
as explained in [CM15, proof of Theorem 4.5], one writes vol(L, || |1, || ||2) as the difference of two log concave
quantities, one depending on || |1 and the other on || ||2. This decomposition will depend on the choice of a regular
K-rational point (whose existence is assumed), a system of parameters around that point and a monomial order.
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We show this in Theorem 6.3.2. This orthogonality property was proven in [BFJ15, Theo-
rem A.6] assuming that X satisfies the algebraicity condition () mentioned in Subsection 1.1. It
follows from the variational method of S. Boucksom, C. Favre and M. Jonsson that the orthog-
onality property yields the existence of solutions in the non-archimedean Calabi—Yau problem
(see [BFJ15, Theorem 8.2]) and hence Theorem C implies the following.

THEOREM D. We assume char(K) = 0 and that L is an ample line bundle on the smooth projec-
tive variety X over K. Let p be a positive Radon measure on X*" with u(X?*") = deg;(X) and
supported on the dual complex of an SNC model of X. Then there is a continuous semipositive
metric || || on L* with c¢i(L, || )" = p.

Here, an SNC model is a regular projective variety 2" over the valuation ring K° with generic
fiber X such that the special fiber, which is not assumed to be reduced, agrees as a closed subset
with a simple normal crossing divisor D of Z". The dual compler Ay of 2 is defined as the
dual complex of D and can be realized as a canonical compact subset of X?" (see [BFJ16, § 3]
for details).

Recall that uniqueness up to scaling was proven by X. Yuan and S. Zhang [YZ17, Corol-
lary 1.2] without any assumptions on the residue characteristic. For a more general existence
result in terms of plurisubharmonic functions, we refer to Corollary 6.3.4.

1.7. Notation and conventions. Let X be a scheme. A divisor on X is always a Cartier divisor
on X. We denote by Div(X) the group of Cartier divisors on X and put Div(X)g = Div(X)®zQ
and Div(X)r = Div(X) ®z R.

Let k£ be a field. A variety X over k is an integral k-scheme X which is separated and of
finite type. A curve is a variety of dimension one. For X a variety and D a Cartier divisor
on X, we will sometimes write h*(D) or h*(X, D) for h*(X,Ox(D)). We also write H'(X, D) for
H(X,0x(D)). If F is a coherent sheaf on a scheme X and D € Div(X), we write F(D) for
F ®o, Ox(D).

Let M be a module over a commutative ring A with unit. Then £4(M) denotes the length of
the A-module M. We write /(M) if A is clear from the context.

Let X be a noetherian scheme over a noetherian base scheme S. For an n-cycle Z on X with
support proper over a zero-dimensional subscheme of S and line bundles L4, ..., L, on X, there
is an intersection number Ly --- L, - Z € Z. A definition of such intersection numbers is given in
[Kol96, Appendix VI.2] for coherent sheaves F instead of Z; hence, we may apply it for F := Oy
in case of a prime cycle, and we extend it by linearity to all cycles of the above form. These
intersection numbers are multilinear and satisfy a projection formula; hence, they agree with the
usual intersection numbers as given in [Ful98] in case S = Spec(R) with R a field or a discrete
valuation ring. Indeed, functoriality and multilinearity yield that this can be checked for a prime
cycle in projective space over a field, and hence it follows easily from [Kol96, Theorem 2.8].

If L; = O(D;) for Cartier divisors Dq,..., D, on X, then we set
Dy---Dy,-Z=0(Dy)---O(Dy) - Z. (1.5)

This is multilinear and symmetric in Dy, ..., D,. If Z is the fundamental cycle of X, then we
simply write Dj - - - D, for the intersection product in (1.5).

If {My,...,Ms} ={Ly,..., Ly}, then we write M{"* --- M} - Z = Ly --- Ly, - Z if M; occurs
n;-times in the intersection number. We will always use Mjm in this way; this should not be
mixed up with the tensor power M®" of a line bundle M.
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2. Preliminaries on semipositive metrics, envelopes and measures

The aim of this section is to recall the central notions for our paper following the terminology
in [BFJ15, BFJ16]. In this section, let K be a complete discretely valued field with valuation
ring K°, uniformizer m and residue class field K = K°/(w). We normalize the absolute value
on K in such a way that —log|n| = 1.

2.1. Models, analytification and reduction. Let X be a proper variety over K. Let S =
Spec K°. A model of X is a proper, flat scheme 2" over S together with a fixed isomorphism h
between X and the generic fiber Z;, of the S-scheme 2. Usually, we read h as an identification.
The special fiber 2" @go K of 2 over S is denoted by 2.

Let X be a variety over K. We denote by X" the analytification of X over K in the sense of
Berkovich [Ber90, Theorem 3.4.1]. The K-analytic space X*" consists of a locally compact Haus-
dorff topological space together with a sheaf Oxan of regular analytic functions. The space X?"
is compact if X is proper over K.

Let X be a proper variety over K. For a model 2" of X over K° with special fiber £, there
is a canonical reduction map red: X*" — 2, which is surjective. If the model 2" is normal,
then for an irreducible component V of 25, its generic point &y has a unique preimage zy in X2
(see [BPS14, Proposition 1.3.3]) called the divisorial point determined by V.

2.2. Metrics, model metrics and model functions. In this subsection, we study metrics
on a line bundle L of a proper variety X over K.

2.2.1. A continuous metric || || on L*" associates with each section s € I'(U, L) on some Zariski
open subset U of X a continuous function ||s||: U*" — [0, 00) such that ||f - s|| = |f] - ||s|| holds
for each f € Ox(U). We further require that ||s|| > 0 if s is an invertible section of L. Given
a continuous metric || || on L*", we define

HYX,L,|| ||) = {s € HY(X,L) | ||s(p)[| <1 for all p e X*"}. (2.1)

Observe that ltAIO(X7 L,|| |) is a free K°-module of rank r := dimx H°(X, L). To see this, pick
a K-basis s1,...,s, of H*(X,L) and remark that for an integer a > 0 big enough, we have
sy ... sp)ie C HO(X, L, || ) € 7 “(s1...s:)ke because two vector space norms on H°(X, L)
are equivalent [Bosl4, Appendix A, Theorem 1].

Given a continuous reference metric || ||, on L*", any other continuous metric on L*" is of
the form || || = || ||, €% for some ¢ € CY(X?"). We obtain the class of singular metrics on L
if we allow arbitrary functions ¢: X" — R U {—o0}.

2.2.2. The space of continuous metrics on L?" is a metric space for the distance

[

log —=
1l

Convergence for this distance is called uniform convergence of metrics on L*".

. (2.2)

d(ll 11 11 ll5) = sup
Xan

2.2.3. Let L be a line bundle on the proper variety X. A model of (X, L) or briefly a model of L
consists of a model (2, h) of X together with a line bundle . on 2" and an isomorphism h’
between L and h*(Z|2;). Usually, we read h' as an identification.

Let (27,.Z) be amodel of (X, L®™) for some m € Ns¢. There is a unique metric || || , on L*"
over X 2" such that the following holds: given a frame ¢ of .Z over some open subset % of £ and
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a section s of L over U = X N% such that s®™ = ht for some regular function h on U, we have
sl = %/]h| on U* Nred ™ (%;). Such a metric on L*" is called a model metric (determined on
Z"). A model metric is called algebraic if we can choose m =1 in the construction above. Note
that model metrics are continuous.

LEMMA 2.2.4. Let X be a normal proper variety over K and 2 a normal model of X. For
a model £ of L over %', we have I'(2",.¢) = H*(X, L, || || o).

Proof. The inclusion C is obvious. Note that every s € I'(X, L) extends uniquely to a mero-
morphic section § of .Z. It remains to show that ||s||¢ < 1 yields that s is a global section
of £. Since £ is normal, it is equivalent to show that the Weil divisor associated with s is
effective. Let &; be the generic point of the irreducible component E; of the special fiber Z5.
The local ring O g ¢, is a valuation ring, and we may normalize the corresponding valuation v;
such that it extends the given valuation v on K. Then the multiplicity of the Weil divisor asso-
ciated with D = div(s) in E; is equal to v;(7;), where ; is a local equation of D in &;. Let x;
be the divisorial point of X®" corresponding to E;. Then it is clear from our assumptions that

vi(vi) = —log |vi(z;)| = 0. Since the restriction s of s to the generic fiber X is a global section
anyway, this proves that the Weil divisor associated with D is effective. O
2.2.5. Each model metric || || on Oxan induces a continuous real function f = —log ||1|| on X?".

The space of model functions
2(X)={f: X* = R| f = —log|[1]| for a model metric || || on Ox}

has a natural structure of a Q-vector space. We write Z(X)r = Z(X) ®qg R. It is shown in
[Gub98, Theorem 7.12] that the space of model functions 2(X) is dense in the space C°(X?")
for the topology of uniform convergence. A model function f = —log]|1|| on X" which comes
from an algebraic metric || || on Oxan is called a Z-model function.

Let 2 be a model of X. We say that a model function f = —log||1|| is determined on 2
if the model metric || || is determined on 2. Let Divg(2") denote the subgroup of Div(Z") of
vertical Cartier divisors on the model 2. Each D € Divy(Z") determines a model O(D) of Ox
and an associated model function ¢p = —log [|1]|o(p)-

PROPOSITION 2.2.6. Let D be a vertical Cartier divisor on the model 2" of X. If D is effective,
then @p > 0. The converse holds if 2 is normal.

Proof. 1f D is an effective Cartier divisor, then it follows easily from the definition of || ||o(p)
that ¢p > 0. Conversely, if ¢p > 0, then the multiplicity formula (2.5) in Lemma 2.4.2 below
shows that the Weil divisor associated with D is effective. Since 2" is normal, D has to be an
effective Cartier divisor [Har77, Proposition I1.6.3.A]. O

Remark 2.2.7. We note that Lemma 2.2.4 and hence Proposition 2.2.6 hold also for a non-
complete discretely valued field F'. The proof of Lemma 2.2.4 has to be slightly changed: Working
on the base change 2”7/ = 2 ®po K°, where K is the completion of F, and using ||s||¢ < 1,
it follows from [Gub98, Proposition 6.5] that § induces an effective Weil divisor on 2”. Since
the special fibers of 2~ and 2" agree, it follows that the Weil divisor on 2~ associated with § is
effective. By the normality of 2", we conclude again that s € I'(Z", .%).

2.3. Closed (1,1)-forms and semipositive metrics. We consider a model 2 of a proper
variety X over K.
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2.3.1. The finite-dimensional real vector space N!(.27/S) is defined as the quotient of Pic (2 )r
= Pic(Z") ® R by the subspace generated by classes of line bundles . such that . - C' = 0 for
each closed curve C in 2. An element o € N'(27/S) is called nef if a - C > 0 for all closed
curves C' in 2. We call a line bundle . on 2" nef if the class of £ in N'(27/9) is nef. The
space of closed (1,1)-forms on X is defined as

2V (X) = i N (2/S), (2.3)
where 2 runs over the isomorphism classes of models of X.
Let L be a line bundle on X. Let || || be a model metric on L*" which is determined on 2~ by

a model .Z of L®™. The class of m™1.Z in N'(.2"/S) determines a well-defined class ¢ (L, || ||) €
ZL1(X) called the curvature form ci(L,|| ||) of (L, ] |-

2.3.2. We denote by N1(X) the real vector space Pic(X) ® R modulo numerical equivalence.
A class in N'(X) is called ample if it is an R-g-linear combination of classes induced by ample
line bundles on X. The restriction maps N'(2°/S) — N1(X), [£] = [£]|x] induce a linear map
{ }: Z2Y1(X) — NY(X), 0 — {0}.

2.3.3. A closed (1,1)-form 6 is called semipositive if it is represented by a nef element 4 €
NY(2°/S) for some model 2 of X. We say that a model metric || || on L?® for a line bundle L
on X is semipositive if the same holds for the curvature form ¢ (L, || ||).

2.3.4. Let L be a line bundle on X. Following S. Zhang [Zha95b], we say that a continuous metric
| || on L2 is continuous semipositive if it is a uniform limit of semipositive model metrics on L*".

Remark 2.3.5. Let L be a line bundle on X which admits a continuous semipositive metric. Then
the line bundle L is nef (use [BFJ16, Lemma 1.2] or [GM19, §4.8]). This implies in particular
that the generic fiber L = Z|x of a nef line bundle . on some model 2" of X is nef.

2.4. Chambert-Loir measures and energy. Throughout this subsection, X denotes a normal
proper K-variety of dimension n.

2.4.1. Let 2 be anormal model of X. For line bundles .7, . .., %, on the model 2, A. Chambert-
Loir [Cha06] introduced the discrete signed measure

(LN Ner(Ln) =Y Loy, o) (O e (L Ly V)on, (2.4)
Vv

on X' where V runs over the irreducible components of the special fiber %25 of our model, &
is the generic point of V, the point zy is the divisorial point in X" determined by V and g,
is the Dirac measure supported in the point zy .

Let Z4,...,. %, be nef on 2" with L; := Z|x. Then the measure (2.4) is positive of total
mass L1---L, - X.

LEMMA 2.4.2. Let E be a vertical Cartier divisor on a normal model Z of X with model
function pg. For an irreducible component V of 2 with divisorial point xy € X", let by
and cy be the multiplicities of Zs and E, respectively, in V. Then we have

Cy = (pE(xv) . bV . (25)
Moreover, for line bundles 2, ...,%, on 2", we have
AL E= QOE'C1($1)/\'-‘/\01($”). (2.6)
Xan
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Proof. Denote by &y the generic point of V. Since 2" is normal, it is regular in codimension one.
Thus there exists a local equation 7 for V' at &y. Then 4°V is a local equation for E. By [BPS14,
Proposition 1.3.3], the seminorm associated with zy is precisely the one which comes from the
valuation of Oy ¢, . For a uniformizer 7 of K°, we get

1=wv(m) = —log |4" (zv)| = —by log [y(xv)|.
This implies

pp(rv) = —log||L(zv)llor) = —cvilog|y(zv)| = cv /by,
which proves (2.5). From the first part and (2.4), we deduce (2.6). O

2.4.3. For continuous semipositive metrized line bundles (L1, || ||),. .., (Ln,| ||,) on X, there
exists a unique positive Radon measure ¢1 (L, || [|;)A---Aci(Ln, | |,,) of total mass Ly - -+ Ly, - X
on X" with the following properties (see [Cha06, Gub07]):

(i) The map (L1, | 1))+ (Lol 1)) = ex(Las |l 1) A+ A er(Las | 1) is multilinear and
symmetric.

(ii) If the metrics on (L1,| ||;),---, (Ln, || ||,,) are induced by line bundles %3, ...,.%, on a mo-
del Z of X, then ci(Lq, || |[{) A+ Aci(Ln, || |],,) agrees with (2.4).

(iif) If each metric || [|; is a uniform limit of continuous semipositive metrics (|| [[;;)jen on L™,
then the measures (c1(L1, || [[1;) A -+ Aci(Ln, || [|,;))jen on X* converge weakly to the
measure c1 (L, || |[}) A== Aer(Ln, | ],,)-

(iv) Given a morphism f: X’ — X of normal proper K-varieties over K of dimension n, we
have for L; := (L;,|| ||;) the projection formula

F(er(FPT0) A Aer(fTn)) = deg(f) er(Tn) A= Aea(En).

where deg(f) is the degree of the finite function field extension K (X')/K(X) if f is dominant
and zero otherwise.

We call ¢1 (L1, || I;) A+ Aci(Ln, || |,,) the Chambert-Loir measure for Lq,. .., Ly.

DEFINITION 2.4.4. For continuous semipositive metrics || ||; and | ||, on a line bundle L over X,
the energy is defined as

R I 4
B )= g 2 [ e qta @l )Y A 1)) eR. - (27)
=0

This energy is denoted by Eg(p) with 8 = ¢1(L,| ||;) and ¢ = —log(|| |I,/]| I|5) in [BFJ15,
§6].
245, If || ||; and | ||, are algebraic metrics induced by models %, and % of L on a normal

model 2" of X, then we can write £ = % (D) for some vertical Cartier divisor D on 27, and
(2.6) yields the explicit formula

E(L, || 41l L) =

1 n . o
n+lz.zf-.$2 7.D. (2.8)
j=0

2.5. The semipositive envelope. Let X be a normal projective variety over K, let L be a
line bundle on X, and let || || be a continuous metric on L*".
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DEFINITION 2.5.1. The semipositive envelope of the metric || || is the singular metric
P(|[ |[) = inf{|| ||y | | [l is a semipositive model metric on L** with || [| < | ||}

on L?" with the infimum taken pointwise on X3".

Remark 2.5.2. (i) By definition, we have P(|| [|®™) = P(|| ||)®™ for all m € Z.

(ii) Assume that the semipositive envelope P(]| ||) is a continuous metric. Using that the mini-
mum of two semipositive model metrics is a semipositive model metric [GM19, Propositions 3.11
and 3.12], we see that P(|| ||) is the infimum of a decreasing family of semipositive model metrics,
and hence it follows from Dini’s theorem that P(]| ||) is a continuous semipositive metric.

For the rest of this subsection, we assume that K has characteristic zero and that L is an ample
line bundle on a smooth projective variety X over K. In [BFJ16], the envelope was introduced
in terms of f-psh functions. To compare, let us fix a model metric || ||, on L*" for reference and
consider 6 = ¢1(L, || ||)- The function —log(P(|| ||)/| ||) is the #-psh envelope of the continuous
function —log(|| ||/] |l;) on X*" as defined in [BFJ16, Definition 8.1], and [BFJ16, Theorem 8.3]
gives the following.

THEOREM 2.5.3 (Boucksom, Favre, Jonsson). Assume char(K) = 0 and that L is an ample
line bundle on a smooth projective variety over K. Then the semipositive envelope P(|| ||) is
a continuous semipositive metric on L*".

3. Asymptotic formulas for algebraic volumes

The goal of this section is to study the asymptotics of h(Y,my Dy + - - - + m,.D,.) for fixed divisors
Dy, ..., D, on a projective variety Y over any field k. Our main result is Proposition 3.5.1. Its
consequences from Subsection 3.6 will be applied in Sections 4 and 5. In these applications, we will
need to consider non-reduced projective schemes Y over a non-reduced basis as R = K°/(n®) for
a uniformizer 7 of a discrete valuation ring K° and a non-zero «.. Note that R is not necessarily an
algebra over the residue field. Therefore, we will develop much of the theory over any noetherian
ring R in the spirit of the appendix in [Kol96, § VI.2].

Let us recall that the canonical morphism Div(Y) — Pic (V) is surjective if the scheme Y is
projective over the noetherian scheme S = Spec(R) [GD67, Corollary 21.3.5]. This means that
we can switch freely between the language of Cartier divisors and the language of line bundles.
In this section, we have a slight preference to the former.

3.1. Infinitesimal perturbations. In this subsection, let S = Spec(R) for any noetherian
ring R, and consider a projective scheme Y over S. We fix a coherent Oy-module F on Y with
support over a zero-dimensional closed subset of S = Spec(R). The dimension of the support
of F is denoted by n. We note that the cohomology HY(Y,F) is an R-module of finite length,
and we set

hI(Y,F) =Lr(HIY,F)).

LEMMA 3.1.1. Let T be a finite subset of Y, let D be a Cartier divisor on Y, and let A be an
ample divisor on Y. Then there exists a sufficiently large m € N such that the Cartier divisors mA
and D + mA are linearly equivalent to effective Cartier divisors I/ and F', respectively, with the
property that the supports of E and F' are disjoint from T.
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Proof. Recall that regular global sections are precisely those global sections which correspond
to effective Cartier divisors. In [SP16, Tag 0AYL], it is explained that a global section is regular
if and only if it does not vanish in the associated points of Y.

Step 1: There is an mg > 0 such that for any integer m > mg, there exists a global section s
of O(D +mA) with s(t) #0 for all t € T.

Since Y is noetherian, the closure of any point ¢ € T' contains a closed point ¢y by [SP16,
Tag 02IL]. If s is a global section of O(D +mA) with s(tg) # 0, then s(t) # 0, and hence we can
replace t by tg. So we may assume that the points in T are closed.

We consider T as a reduced closed subscheme ¢: T' — Y By restriction of regular functions
to T', we get a short exact sequence of coherent Oy-modules

0—K—0y —1t.0r —0.

We twist by O(D + mA) and consider the associated long exact cohomology sequence. Since A
is ample, Serre’s vanishing theorem [Har77, Theorem III 5.2] yields a surjection

D(Y,O(D +mA)) —s (T, £*O(D + mA)) — 0

for m > 0. Since T is discrete, t*O(D 4+ mA) is trivial, and we find a nowhere vanishing section
so € (T, t*O(D+mA)). The above surjection allows us to lift s to a section s € I'(Y, O(D+mA))
which does not vanish at any ¢ € T. This proves the first step.

Step 2: There is an mg > 0 such that for any integer m > my, there exists an effective Cartier
divisor F' linearly equivalent to D + mA with supp(F)NT = 0.

We first enlarge T to include the finitely many associated points of Y. Then we apply the
first step to get a global section s of O(D 4+ mA) with s(t) # 0 for all t € T. As explained at
the beginning, such a global section has to be regular, and hence the associated effective Cartier
divisor does the job in Step 2.

Lemma 3.1.1 follows by applying Step 2 twice, once for D = 0 and once for D. ]

It is well known (see [Laz04a, Example 1.2.33] if the base is a field) that for every integer g,
RrI(Y, F(mD)) = O(m"). (3.1)

We need the following easy generalization. We will fix line bundles My,..., M, and Pi,..., P
on Y. Form = (my,...,m,) € N" and p = (p1,...,ps) € N°, with r, s > 0, we set

Fm,p) =FOMZ @ @ ME™ @ PP @ -.. @ PSP

PROPOSITION 3.1.2. There is constant C' € R (depending on the isomorphism classes of F, My,
.oy M., Py, ..., Ps) such that for all my,...,m.,,p1,...,ps € N\ {0}, we have

|h(Y, F(m, p)) — h?(Y, F(0,p))| < C-m(m +p)"~",
where m =3[, m; and p = 3"_, p;.

Proof. We prove the claim by induction on n = dim(supp(F)). If the support is empty, then

F = 0 and the claim holds for n = —oco. So we may assume n > 0. As a first step, we will show
the existence of a constant C’ depending only on the isomorphism classes of F, My, ..., M, and
of a line bundle L such that

(Y, F(m) ® L) — h%(Y, F(m))| < C'm"* (3.2)
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for all m € (N'\ {0})", where F(m) == F @ MP™ @ --- @ M®™ . By Lemma 3.1.1, there are
effective Cartier divisors E and F' of Y such that O(F — F') ~ L and such that the supports of £
and F' both do not contain a generic point of supp(F). This means that the support of F(m)|g
has dimension at most n— 1. The same also holds for the restriction of (m, E) := F(m)® O(E)
to E and for the restrictions to F'. Then we have the short exact sequence

0 — F(m) Z& F(m, E) — F(m, E)|g — 0, (3.3)
where sp is the canonical global section of O(E). By induction on n, we have
h(E,F(m,E)|g) < Cpq-m"! (3.4)

for a Cp,—1 € R>( depending only on the isomorphism classes of F,Mj,..., M, and O(F). Using
the long exact cohomology sequence associated with (3.3), we deduce

—hY(E, F(m, E)|g) < h(Y, F(m, E)) — (Y, F(m)) < h%(E, F(m, E)|g) .
Using these inequalities and (3.4), we get
|h4(Y, F(m, E)) — h(Y, F(m))| < Cp_q -m" 1. (3.5)
We apply (3.5) to F' := F(E — F) instead of F and F instead of E. We get a C),_; € Rxg
depending only on the isomorphism classes of F, My, ..., M,, O(E) and O(F) such that
|h(Y, F'(m, F)) — kY, F' (m))| < C;,_; -m" . (3.6)
Given that F'(m) ~ F(m) ® L and that F7'(m, F') ~ F(m, E), the inequality (3.2) follows easily
from (3.5) and (3.6) with the constant C' := C,,—1 + C/,_;.
To prove Proposition 3.1.2, we apply (3.2) for any k € N" with k = Z;Zl k; to get

[h?(Y, F(k,p) ® L) — h(Y, F(k,p)| < C(k +p)" " (3.7)
for any L € {Mj,...,M,}, with C € Ry depending only on the isomorphism classes of
F,My,..., M, Py,...,Ps. The claim follows from an m-fold application of (3.7). O

3.2. Dévissage and non-reduced schemes. In this subsection, we work over S = Spec(R)
for a noetherian ring R. The goal is to generalize the following classical fact from [Deb01, Proof
of Theorem 1.5 and Proposition 1.31] to the situation over the base scheme S.

LEMMA 3.2.1. Let Y be an n-dimensional projective variety over an arbitrary field k, and let
qg € N. Let D1,...,D, be Cartier divisors and F a coherent sheaf on Y. Then for my,...,m, €
N\ {0} and m = }"_, m;, we have

h (Y, F (i mlDl>> = rank(F)h? (Y, Oy <i miDi>> + O(mn_l) ,
i=1 i=1

where rank(F) is the dimension of the Oy ¢-vector space F¢ at the generic point £ of Y.

We need the following dévissage result for coherent sheaves.

LEMMA 3.2.2. For a coherent sheaf F on a noetherian scheme Y, there is a filtration
0=FCFC---CFs=F (3.8)

by coherent subsheaves, closed integral subschemes v;: Z; < Y and coherent sheaves of ideals
T; C Oz, with supp(Z;) = Z; and F;/Fj1 ~ 1j«(T;) for j =1,...,s.
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Proof. This can be found in [SP16, Tag 01YC] except for the precise statement for the support
of the Z;. The latter follows immediately from the argument in loc. cit. O

We have the following generalization of Lemma 3.2.1.

LEMMA 3.2.3. Let Y be a projective scheme over S, and let F be a coherent sheaf on Y with
support over a zero-dimensional subscheme of S. We denote by {E;}ic; the set of irreducible
components of supp(F) of maximal dimension n = dim(supp(F)). Let D1,...,D, be some
Cartier divisors and q € N. Then for my,...,m, € N\ {0}, we have

h4 (Y, F ( Z mij> > < oy, (Fe,)h (E Oy (zr:mjpj)

j=1 il j=1

) +0(m™ 1), (3.9

where m = Z;Zl m; and where ; is the generic point of E;.
Proof. We proceed by induction on the length s of a dévissage of F as in (3.8). The case s = 0

means that F = 0 and the claim is obvious. So we may assume s > 1. The corresponding
dévissage (3.8) leads to the short exact sequence

00— Q(ijD]> Hf(ijDJ) —>’H<Zm3DJ> —0
j=1 j=1 j=1

for G := Fs_1 and H := F/Fs_1. The long exact sequence in cohomology yields

hi (Kf(zr:mJD]>> < h (Y,Q( g mij>> +hq (Y,H(ZT:MJD]>) (310)
j=1 Jj=1 J=1

By the definition of the dévissage, H ~ ¢.(Z), where ¢: Z — Y is an integral closed subscheme
of Y and Z C Oy is a coherent sheaf of ideals with supp(Z) = Z. By the projection formula
[Har77, Exercise 11.5.1(d)] and by [Har77, Lemma III1.2.10], we deduce

o <m(zmp>> - (Z, o <o(zmp)> m). 1)

Case 1. If dim(Z) < n, then hq(Y,’H(Zgzl m;D;)) = O(m™!) by Proposition 3.1.2;
hence, (3.10) yields

h <Y,f<zmjpj>> < ht (Y,g(ijDj» +0(m"1). (3.12)
j=1 j=1

Since H is the push-forward of Z from Z, the assumption in Case 1 yields H¢, = 0 for all ¢ € I.

Since the length is additive, we deduce o, . (F¢,) = Loy, (Gg,) for all i € I. Hence, the result

follows from (3.12) by the induction hypothesis applied to G.

Case 2. 1lf dim Z = n, then Z = E;, for some iy € I. Then the stalk I¢ at the generic point §
of Z is a non-zero ideal in the field Oz¢ and hence equal to this field. Since £ is in the support
of F, it lies over a closed point 7 in the base scheme S, and hence Z may be viewed as a variety
over the residue field of 7. So we may apply Lemma 3.2.1 to the right-hand side of (3.11) with
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rank(Z) = 1 to get

R (Y, G ( Z mij>> = K4 (EO <OY <ijDj )
j=1 j=1 Ey,

Using the additivity of the length, we have lo, . (F¢,) = Loy, () for i # ip and Lo, (F¢) =
Loy (Ge) + 1. Hence, the result follows from (3.10) and
applied to G.

> +0(m" ). (3.13)

(3.13) using the induction hypothesis

O]

3.3. Volumes and asymptotic cohomological functions. In this subsection, we assume
that Y is a projective variety over a field k. We will recall the volume of a Cartier divisor and
its higher cohomological analogues. We fix a Cartier divisor D on Y.

3.3.1. The volume of D or of the corresponding line bundle L = O(D) is defined by

0
vol(D) = vol(L) := lim sup iats (ZY(mD)) .
m m"/n!
Since h°(Y, Oy (mD)) = O(m™), one easily gets that vol(D) € Rsq. Actually, the limsup is a
lim. This follows from Fujita’s approximation theorem when k is algebraically closed (cf. [Laz04b,
Example 11.4.7] for characteristic zero and use [Tak07] in characteristic p > 0). For arbitrary
fields, we refer to [Cutl4, Theorem 8.1].

Remark 3.3.2. If D is nef, then vol(D) = D" (cf. [Laz04a, Corollary 1.4.41]).

A. Kiironya has introduced and studied the following higher volume-type invariants, called
asymptotic cohomological functions, in [Kiir06].

DEFINITION 3.3.3. For 0 < 7 < n, the asymptotic cohomological function ﬁZ(Y, D) is defined by

Ri(Y, D) := limsup WY, Oy (mD)) .

m m”"/n!

(3.14)

For ¢ = 0, we get the volume. For ¢ > 0, it seems to be unknown whether lim sup is a limit.
In the case k = C, A. Kiironya showed that h¢(Y, D) is homogeneous in D and extends uniquely
to a continuous homogeneous function N'(Y) — Rsq. In fact, the arguments work for every

algebraically closed base field k. We will prove in Subsection 3.4 a weaker continuity property
which holds over any field k.

3.4. Asymptotic cohomological functions for real divisors. In this subsection, we assume
that Y is an n-dimensional projective scheme over a field k. As promised in Subsection 3.3, we will
extend A. Kiironya’s asymptotic cohomological functions to Divg(Y) := Div(Y)®zR, and we will
characterize them by homogenity and continuity. Note that A. Kiironya proved stronger results
in the special case of a projective variety over an algebraically closed field (see Definition 3.3.3).

DEFINITION 3.4.1. Let D € Divg(Y). Then we have D = >"7_, a;D; for suitable a; € R and
D; € Div(Y). We call this a decomposition D of D. We define the round-up of D with respect
to D to be

r

[D]p = [a;]D; € Div(Y),
=1
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and for ¢ € N, we set h?(D)p = hi(Y,Oy([D]p)).

Remark 3.4.2. The above definitions indeed depend on the choice of a given decomposition D.
Similar methods are used in [FKL16, Theorem 3.5(i)]. One can also define canonical round-downs
and round-ups for R-Weil divisors [Laz04b, §9.1].

LEMMA 3.4.3. Let V be a finitely generated Z-module, and let x € V ®z R. We consider two
decompositions x = 7 xjv; = Y I_) yjw; with x;,y; € R and v;,w; € V. Then the set
S = {20 [mailv; — 39, [my;lw; | m € Z} is finite.

Proof. Let us put a Euclidean norm || || on Vg :=V ®z R. For all m € N, we have

(Z (mmﬂv,) —mz|| < Ky = Z llvi| -

i=1
Similarly, there exists a K5 € R for the second decomposition, and hence we get

() (o)

i=1 j=1

<K

for K := K} +K3. On the other hand, (327, [ma;]v;) — (35, [my;]w;) € V. Since a given ball
in Vg contains only finitely many points in the lattice im(V — Vg), we deduce that the image
of § in Vg is finite. The claim follows from the fact that the kernel of the map V — Vg is the
group of torsion elements, which is finite as V' is finitely generated. 0

In the following, we will use linear equivalence D ~ E for real divisors D, E € Div(Y)g,
meaning that D and E have the same image in Pic(Y) ®z R.

LeEMMA 3.44. Let D,E € Div(Y)r be real Cartier divisors with decompositions D and &. If
D ~ E, then there exists a C' > 0 such that for all m,q € N,

|h9(mD)p — hq(mD)g‘ <Cm" 1.
Proof. Let D ="', a;D; be the decomposition D, and let E = 2521 bjE; be the decomposi-
tion €. The images of Dy, ..., D,, Eq, ..., Es in Pic (Y') generate a subgroup V. Let 7: Div(Y) —
Pic (Y') be the canonical homomorphism. Using > i_, a;m(D;) = >°7_; bjm(E;) in Vg and Lem-
ma 3.4.3, we see that
m € N}

is a finite subset of Pic (Y'). We fix representatives G € Div(Y") of the elements in S. Then (3.2)
yields a constant Cg such that for all m € N,

h (K Oy (i [mbﬂEj + G)) — he (Y, Oy ( i [mbﬂE}))

Using h(mD)p = h4(Y, Oy ( > =1 mbsEj+ G)) for a suitable representative G and the finite-
ness of S, we easily deduce the claim. O

S

S = { meaﬂﬂ(Di) = > [mb;]x(Ej)

j=1

< Cg<1 +ifmbj~|> _ .

j=1

Remark 3.4.5. We are interested in the asymptotics of h?(my1 D1+ - - -+ m,D,)p for real divisors
Dy, ..., D, with respect to decompositions Dy, of Dy, and D := [[;_; Di. An obvious general-
ization of Lemma 3.4.4 shows that this function depends only on the linear equivalence classes
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of Di,..., D, and is independent of the choice of the decompositions Dy up to an error term of
the form O(m™™!) for m := Y _; my. We use the notation h?(myD; + - -+ + m,D,), which is a
well-defined function in (mq,...,m;) up to O(m”_l).

DEFINITION 3.4.6. For D € Div(Y)r and 0 < ¢ < n, we define

~ q
hi(Y, D) = lim sup WY, mD) :
m m"/n!

By Remark 3.4.5, the value of ?L\q(Y, D) depends only on the linear equivalence class of D and
is independent of the decomposition chosen to calculate h9(Y, mD).

LemmA 3.4.7. Fix Dy ~ D},...,D, ~ D\ Ey,...,Es € Div(Y)r and q € N. There exists a
C € R (depending on the linear equivalence classes of Dy, ..., D,, E1,..., Ey) such that for all
M, ..oy My, D1y -, Ps € Reg and for m = Y71 ym; and p = >_%_,p;, we have

h <Y, ZmiDi + ijEj> — h1 <Y, Z mlD;> ‘ < Cp(m+p)" '+ O(d”_l) (3.15)
i=1 j=1 i=1

ford:=m+p+1 and

T S T
e (Y, Z m;D; + ijEj> — he (Y, Z mZ-D;) ’ < n!Cp(m +p)" 1. (3.16)
i=1 j=1 i=1

Proof. The bound (3.15) follows directly from Proposition 3.1.2 after choosing decompositions
of D; and Ej for all ¢, j. Then (3.16) is an asymptotic consequence of (3.15). O

ProOPOSITION 3.4.8. For any q € N, the function h is homogeneous of degree n on Div(Y)r and
continuous on every finite-dimensional R-subspace with respect to any norm.

Proof. To prove the homogenity, we choose A > 0. For every non-zero m € N, there are k,, € N
and 7, € R with mA =k, + r,,, and 0 < 7, < 1. By (3.15), we have

|h(Y, mAD) — h'(Y, kyD)| < Cryp(km + 1)1 + O(m™ 1) = O(m" ). (3.17)
Dividing (3.17) by m"/n! = (ky,)"/(n!A") + O(m"~!) and passing to the lim sup, we get
h9(Y,AD) < \"h4(Y, D) .
Replacing D by A™'D, we get the reversed inequality for p := A~! instead of X. This proves the

homogenity. The continuity on finite-dimensional subspaces follows from (3.16). O

Remark 3.4.9. If Y is a projective variety over the field k, we call EO(Y,D) the volume of
D € Div(Y)g, extending the classical notion from Paragraph 3.3.1 to real Cartier divisors. Then
we claim that the limsup in the definition of vol is actually a limit, thus

h?(mD
vol(D) = n%gnoo nm .

Proof. For D € Div(Y), this follows from a result of S.D. Cutkosky [Cut14, Theorem 8.1]. For
D € Div(Y)q, there is a non-zero e € N with eD represented by a Cartier divisor D’ on Y.
Applying the previous case to D’ and using (3.15), we deduce that
0 / 0 ! 0
— lim hP(kD") _ lim h°(kD" +rD) — o lim h°((ke +r)D)
k—oo k™/n! k—o0 k™ /n! k—oo (ke +1)"/n!

(3.18)

vol(D’)
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for r =0,...,e — 1. By the homogenity of the volume, we get (3.18) for D € Div(Y)q.

To prove the claim for D € Div(Y)g, we choose a finite-dimensional real subspace W which
has a basis Dy, ..., D, in Div(Y)g and is such that D € W. For ¢ > 0, pick D’ € Div(Y)g with
distance to D in W bounded by €. By (3.15), there is a C' € R>( independent of ¢ and m with
RO(Y,mD) — h%(mD’) < Cem™. Then (3.18) for D’ yields (3.18) for D. O

3.5. Asymptotic formulas for families of real divisors. In this subsection, Y is a projec-
tive variety over a field k. We will use the continuity of the asymptotic cohomological functions in
Proposition 3.4.8 to derive asymptotic estimates for real divisors. Since we are using the asymp-
totic cohomological functions, we obtain only estimates up to o(m”) and not up to O(m”fl),
but these will be enough for our applications.

PROPOSITION 3.5.1. For Dy, ..., D, € Div(Y)g, there is a p: N = R>q with p(m) = o(m™) for
m — oo such that for all non-zero my,...,my € N and m =), _, m;, we have

T n T
m~ m;
a <Y§ miDl-> <o (Y§ mZDi> + p(m) (3.19)
i=1 =1

and for ¢ =0, we even have |h°(Y, > 7_ m;D;) — (1/n!)vol (YXI_ym;D;)| < p(m).

Proof. Let us prove the proposition by contradiction. Then there are a > 0 and some sequences

(mik)ken in N\ {0} for ¢ = 1,...,r such that my == >"._; m; — oo and
'
my k:
q (Y,;mi,kl)i> hq (Y Zl mzk ) > amj . (3.20)
1= 1=

When ¢ = 0, we replace the left side by its absolute value. Since for each i and k, we get m; i, /my, €
[0, 1], by compactness and up to considering subsequences, we may assume klim mig/mg = ¢ €
—00

[0,1]. For k£ > 0, the continuity of h given in (3.16) yields

ha (Y,ZmiﬁkDi> hq (Y > D ) > Smi - (3.21)
=1

When ¢ = 0, this holds again with the absolute value of the left-hand side. Using that m;; =
myc; + (M — myc;), Lemma 3.4.7 gives a C' > 0 such that for all £ € N,

r r r
q (K Z mi,kDi> — hq (Y, Z kaiDi) <C <Z ]m@k — mkcz|> . mzil + O(mzil) .
=1 =1 =1

Since my; k /My, ? ¢;, it follows that >, |m;, — mye;| = o(my,) always for k — co. Hence,

h4 (Y,Zmi7kDi> — he <Y,kaciDi> ‘ = o(mZ) (3.22)
i=1 i=1

for k — o0o. By Definition 3.4.6 for % and using Y7 myce; Dy = my (Y01, ¢;D;), we get

q (y, Z mkciDi> hq <Y > @D > o(my) (3.23)

for kK — oo. In case ¢ = 0, the limsup in the definition of vol = 1 is a limit (see Remark 3.4.9),
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and then (3.23) holds with the absolute value of the left side. Combining (3.22) with (3.23), we
get a contradiction to (3.21). This proves the proposition. ]

3.6. Asymptotic formulas in the non-reduced case. We fix the following notation for this
subsection. The base is S = Spec(R) for a noetherian ring R, and Y is a projective scheme
over S. We consider a coherent sheaf F on Y with support over a zero-dimensional subscheme
of S. Let n := dim(supp(F)), and let {E;};cs be the set of n-dimensional irreducible components
of supp(F). For each i € I, let ¢; := loy.,, (Fe;), where & is the generic point of E;.

We also fix Cartier divisors D, ..., D,. For iy, ... i, € {0,...,7r}, we will use the intersection
numbers
Diy - Dj, - F = Z&Dil - Dy, - Ej (3.24)
el

from [Kol96, § VI.2]. We start with an asymptotic formula for the Euler characteristic x.

PROPOSITION 3.6.1. With the above notation, we have
r 1 r n
—1
1= 1=

Proof. This follows from [Kol96, Theorem VI.2.13] using the definition of intersection numbers
in [Kol96, Definition VI.2.6]. O

PROPOSITION 3.6.2. For ¢ € N, there is a p: N — Ry with p(m) = o(m') such that for all

mi,...,my € N\ {0} and m = 37, m;, we have
r 1 R r
h <}/’ f<z:1m]Dj>> < E zg;&hq (Ei, O (z:lm]D]> E) + p(m) .
J= 7 Jj= %

Proof. By assumption, E; lies over a closed point x; of S, and hence we may view F; as a
projective variety over the residue field of x;. The result now follows from Lemma 3.2.3 and
Proposition 3.5.1. O

COROLLARY 3.6.3. If Dy,...,D, are nef and q > 1, then there are functions p;: N — Ry
(i = 1,2) with p;(m) = o(m™) such that for allmi,...,m, € N\{0} and m := }7%_, m;, we have

h <Yv, f(ZmJD])) = pP1 (m)
j=1

h? (Y,]—'(ijDj>> = ;(ijDj) - F+ pa(m).
N\ &

J=1

and

Proof. Again, we may view any FE; as a projective variety over a suitable field. Note that the
asymptotic Riemann-Roch formula in [Ko0l96, Theorem VI.2.15] yields ﬁq(Ei,D) = 0 for any
nef divisor D on F;, and hence the first claim follows from Proposition 3.6.2. The second claim
follows from the first claim and Proposition 3.6.1. O
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4. Non-archimedean volumes and energy

In this section, K is a discretely valued complete field with —log(|w|) = 1 for a uniformizer .
We consider a projective variety X over K of dimension n with a line bundle L. All metrics on
line bundles are assumed to be continuous. The length of a K°-module M is denoted by ¢(M).
We will use the algebraic volume vol(L) from Paragraph 3.3.1.

4.1. Non-archimedean volumes

DEFINITION 4.1.1. If V is a finite-dimensional K-vector space, a lattice of V is a free K°-
submodule of A C V with K-span V. If Ay C A; C V are lattices of V, then ¢(A;/A2) is finite
since Aj/As is a finitely generated torsion K°-module. If A; and Ay are any lattices of V', we
choose a lattice Az contained in both A; and As, and we set

g(Al/AQ) = E(Al/Ag) — E(AQ/Ag) eZ.

This is independent of the choice of A3. Observe that /¢ (A1/A2) might become negative. Recall
from Paragraph 2.2.1 that HO(X, L,|| ||) == {s € H*(X, L) |||s/lsup < 1} is a lattice of H(X, L).

DEFINITION 4.1.2. If || ||; and || |2 are two metrics on L?", we define the non-archimedean volume
of L with respect to || |1 and || ||2 by

HO(X, L8™, | H?’"))

n!
vol(L, , = lim su L =
(1 s ) = timsup (HO T |

Often, we will write vol(|| |1, || |l2) instead of vol(L, || ||1,]| ||2). For the following result, recall
that we have |7|~! = exp(1) by our normalization of the valuation on K.

LEMMA 4.1.3. Fort € R, we have

vol (L, e[| [ly 1 llo) = vol (L, [| [ly: €]l ll2) =t vol(L) + vol(L, || Iy, ] ll5)-

Proof. Note that M, = fIO(X, L™ || |$™) and M}, = fIO(X, L™ || |5™) are free K°-mo-
dules of the same rank h" (X ) L®m). We first assume ¢ = k € Z. Then the additivity of the length
and H° (X, L®™, e~ km|| ||$™) = n=km M, show that
C(HO(X, L™ eFm|| |$™) /M]) = kmb® (X, LE™) + 0(Myn /M) . (4.1)
By Paragraph 3.3.1, we have
hO X. L®m
vol(L) = lim ¥

m—oo  m"/n!

and vol (L,e || ||, || [lz) = kvol(L) + vol(L, || ||}, | [l) follows from (4.1) and the definition of
the non-archimedean volumes. Similarly, we prove the other equality.

If t € Z, then 7~ M, fIO(X, Lem e~tm|| H?m) c wItmIpr and the claim follows
from a sandwich argument similarly as above. O

PROPOSITION 4.1.4. For metrics || ||; and || ||, on L*", we have the following properties:

(a) The volume vol(|| ||1,]| ||2) is monotone decreasing in || ||, and monotone increasing in || ||,.

(b) The volume vol(]| |1, || |l2) is finite and continuous in (|| ||, || I|5)-
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Proof. Property (a) is obvious. The finiteness in (b) and the inequality
[vol([l 111, Il 1l2) = vol(ll fly- Il ll)] < vol(Z)d(l[ Iy Il 11%) (4.2)

for any metric || ||} on L2 follow from an easy sandwich argument based on property (a) and
Lemma 4.1.3, where d is the distance from Paragraph 2.2.2. Just as in (4.2), the absolute difference
[vol(|| I, 11 lls) = vol(l| Il 1 ll5)] is bounded by vol(L)d(|| ||, || [|5), and hence the continuity in
property (b) follows. O

LEMMA 4.1.5. Let L and M be line bundles on X. Then we have

nt(HOX M e Lo | @ %)
lim sup | —- =~ ! s < vol(L)d(|l [l1- 1 l2)
m—oo0 | M HY X, M@ L™, || [y @ | [I7)
for any metrics || || on L* and || ||y, || ||, on M*".
Proof. This is a twisted variant of (4.2) which follows along the same lines. O

Remark 4.1.6. Let L be a line bundle on X which is not big. By definition, this means that
vol(L) = 0. It follows easily from Lemma 4.1.3, Proposition 4.1.4 and a sandwich argument that
vol(L, || |I, 1 [l2) = 0 for all continuous metrics || ||; and || ||, on L*".

Remark 4.1.7. Let us describe how the non-archimedean volume is related to the y-arithmetic vol-
ume which is studied in Arakelov theory. The precise relation is given in formula (4.4) below. We
assume in this remark that F'is a number field with ring of integers O and with set of places M.

Let L be a line bundle on an n-dimensional projective variety X over F' endowed with an
adelic metric, which means that we have a continuous metric | ||, on L ®f F,, for the comple-
tion F,, of any w € Mp and that we assume that there is a finite set S of Spec(Op) such that
the metric || ||,, is induced by a single model of (X, L) over Spec(Op)\ S for all non-archimedean
places w € S. We denote the resulting metrized line bundle by L, and we set E := H(X, L). For
w € Mp, let By, be the unit ball in £ ®@p F,, = H*(X ®f F,,, L @ F,) with respect to the sup
norm. Observe that B,, is a finitely generated Fj-module. We note that A := (1, gpite Bw N E is
a lattice in E ®@g R = [[,o H(X ®F Fy, L®F F,) (see [BGO6, Proposition C.2.6]), and we set

VOl(Hw\oo Bw)
covol(A) ’

w|oo

x(X,L) :=log <

where the volume and the covolume are computed with respect to the same Haar measure
on F ®g R. If the adelic metric is induced by a normal Op-model (£, %) of (X, L), then
A =HYZ,%) (see Lemma 2.2.4 and Remark 2.2.7).

Now we assume that L is ample. Then we have the y-arithmetic volume

(X, T):=1 X, T
vol, (X, L) msup = X(X, L)

considered in Arakelov theory. It agrees with the logarithm of the sectional capacity studied in
the book of R. Rumely, C.F. Lau and R. Varley [RLV00]. It follows from [RLV00, Theorem B]
that the limsup in the definition is actually a limit. S. Zhang’s extension [Zha95a, Theorem 1.4]
of the arithmetic Hilbert-Samuel formula of Gillet-Soulé shows that @X(X , L) is finite in the
case of a semipositive adelic metric, and hence the continuity argument in [CT09, § 5] shows that
@X(X ,L) € R is finite for any adelic metric on the ample line bundle L.

Let us now fix a non-archimedean place v of F. We consider two continuous metrics || ||,
and || ||, on L ®p F, at the fixed non-archimedean place v inducing unit balls B, and Bj in
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H(X ®p F,,L ®p F,) with respect to the sup norms. We extend the metrics to adelically
metrized line bundles L and L’ using the same metrics || || » for all places w # v. From Arakelov
theory on the arithmetic curve Spec(Or), we get the formula

X(X,I) = x(X,I') = log (#F,) - tre(Bu/B) (4.3)

which holds without assuming L ample and which can be deduced from the Riemann—Roch éor—
—/KXm

mula given in [Gau08] before Lemma 4.2. If L is ample, then we apply (4.3) for %" and T ,
multiply it with (n + 1)!/m"™*! and pass to the limit. This proves the formula

Vol (X, I) — vol (X, T) = (n+ 1) log (#F,) - vol (L, | [l,,1I I,) (4.4)

which describes the non-archimedean volume in the number field case as a localized x-arithmetic
volume.

Remark 4.1.8. We conjecture that the limsup in the definition of vol(L, | ||, ||;) is always
a limit. In the case of a non-archimedean completion K of a number field F, with X and L
defined over F' and with L ample, this follows from the argument deducing (4.4) from (4.3). In
Theorem 4.2.3 and in Corollary 6.2.2, we will prove special cases of the conjecture.

A referee pointed out that a result of H. Chen and C. Maclean [CM15, Corollary 4.6] proves
this conjecture if the projective variety X contains a K-rational regular point. Indeed, the ar-
guments in Remark 4.1.6 show that we may assume L big. By [CM15, Footnote 10 on p. 388],
the conditions (a)—(c) in [CM15, §4.3, p. 385] are satisfied for the complete graded linear system
induced by (H 0 (X , L®m))m N and hence we may apply [CM15, Corollary 4.6] to get the exis-
tence of the limit in the definition of vol(L, || ||, ]| ||5)- For this last step, one has to ensure that
the considered sequence in [CM15, Corollary 4.6] is asymptotically equal to

( 1 , (ﬁO(X, e, | ||?’")>>
0 om) "\ G ® ’
mh®(X, LEm) N\ HO(X, L9 [115™) ) ) e
which follows from [BE18, Proposition 2.21]. To apply the latter, we note that the determinant
norms in [CM15, § 3] and in [BE18, § 2] agree as all ultrametric norms on a finite-dimensional K-

vector space are diagonalizable [BE18, Example 1.12] and we have the same concrete formula for
diagonalizable norms. We thank the referee for pointing us to the reference [CM15, Corollary 4.6].

Note also that the existence of the limit in [CM15, Corollary 4.6] holds over any not necessarily
discretely valued complete non-archimedean field K.

4.2. Volumes and semipositive metrics. In this subsection, we consider a normal projective
variety X over the complete discretely valued field K.

If M is a K°-module and a € K°, we set
My—tor ={m € M |am =0} .
LEMMA 4.2.1. Let M be a K°-module of finite type. For any o € N, we have
U( Mo _tor) < L (M/mM) .

Proof. This follows from the classification of modules of finite type over a principal ideal domain.
O

Recall from (2.7) that we have defined the energy E(L,|| ||, || ||5) of continuous semipositive
metrics || ||; and || ||, on a line bundle L over X. The following proposition is our key point to
interpret the energy as a non-archimedean volume.
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PROPOSITION 4.2.2. Let L be a line bundle on X, and let % be a normal model of X. We
consider nef models .&, and % of L, and we write & ® .,2”2_1 = O(D) for some vertical Cartier
divisor D on 2. In addition, let M be a line bundle on 2" with generic fiber M := M|x. Then
we have

E(L, H Hfﬂ H H:fz) = 7111210 mnt1

n! CMXM®WWMM®M%U
B (x,MeLem | |yl %)

Proof. First, we reduce the claim to the case when D is an effective vertical Cartier divisor.
There is a k € N such that D' := div(7*) + D is an effective Cartier divisor and for .% =
1 (div(rh)) ~ .Z, we get O(D') = ] ® %" Note that &/ is still nef and || | = LN P
Using the definition of the energy and property 2.4.3(i), we get

E(L [ Nzl lz) = kL™ + E(L, N 1l ) -

The same argument as for (4.1) and then Paragraph 3.3.1 and Remark 3.3.2 yield

HY (X, M ® L™ || | @ | |17 ntl
14 AO( M 25;) = kmh®(X,M @ L®™) ~ km' L.
H(X, M L™, || |yl I'5") moee

Hence, the claim for D’ implies the claim for D, and we can replace D by D’.

So we may assume that D is an effective vertical Cartier divisor. Let sp € I'(Z,O(D))
denote the canonical global section of O(D). Note that div (sp) = D. Let ¢p denote the model

function associated with D. For j € {0,...,m}, we use the notation
F =MoL 0 27" (4.5)
For j € {1,...,m}, we consider the short exact sequence
(m) ®sp, (m) (m)
0= F5 == 7" — 7|, —0. (4.6)

The associated long exact sequence in cohomology gives

0—I(2,F") E2 (2, F™) — (D, F™) — H (2, F") — . (4)
Let us pick o € N such that 0 < ¢p < «. Because £ is normal, Proposition 2.2.6 yields 7% € Jp,
where Jp is the ideal sheaf of the closed subscheme D. Hence, D is in a natural way a scheme
of finite type over S := Spec(K°/m*K®). The K°-module F(D,]-"j(m)) is m%-torsion as 7 € Jp.
Since the restrictions of % and % to Zg = 2 X ko S are nef, Corollary 3.6.3 yields that

((HY (25, F™)) = o(m™). (4.8)
From the short exact sequence

0—>.7-“;T1) QI}T} —>}"§T1)|% —0,

we get the exact sequence

) ) (25,2,
and hence the induced homomorphism
(2 F) e (2, F) o B (25, 717))
is injective. Together with Lemma 4.2.1 and (4.8), this shows that

(HN (2 F™) o) = 0(m"). (4.9)
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Then (4.7) and (4.9) show that
e(r(2, FYr(2, Fr) = (D, FM)) + o(m™) . (4.10)

Let Dy be a Cartier divisor with .23 = O(D;) and D := D1 — D. Observing (3.24), Corol-
lary 3.6.3 gives

¢(r(D, 7)) = TZ—T <7Z;LD1 + (1 - m) Dg)n D +o(m"). (4.11)

It follows from Lemma 2.2.4 that ﬁO(X,M QL || Iy © |l ||g}j”) = F(%,fr(nm)) and
I;TO(X,M ®LE™ || [y @ I 19 = F(%,fém)). Hence, we have to show that

SB(E ol ) = Jim 0 (D(2, FGO) /(2 F)). (4.12)
The additivity of the length, (4.10) and (4.11) yield
1 m 1 ([ "
i e (2, Fiy (2, 7)) = 'mjzl <mD1+ (1— m) D2> D +o(1).

The limit for m — oo exists and is given by the sum of Riemann integrals

1t 1 < /n 1
— [ (tD1+ (1 —t)D2)" - Ddt = — k1 — kg DF . pn—k . D
n!/o( 1+ (1= 1)Dy) n,;}@/o (1—)"*dt D} - Dy

Using the identity fo t)Ftnkdt = ((n+ 1)(2))71, we get
1 m m 1 n—
Jim s (O (2 F) (2, 7)) = ln+1ZDk Dy*- D,
and hence (4.12) follows from (2.8). O

THEOREM 4.2.3. Let L be a line bundle on the normal projective variety X, and let || |1 and || |2
be continuous semipositive metrics on L*". Then we have

vol (L, [ 1y 1 lg) = E(L: I 11 11 lla) - (4.13)

Furthermore, under our assumptions, the lim sup in the definition of the non-archimedean volume
is a limit.

Proof. In the following, let ¢ := —log (|| [[1/]| ||2). We first prove the claim for semipositive model
metrics. Then there exist an integer k € N and nef models A and N5 of the line bundle N := L®*
such that || |$% = || |lx, and || [|$% = || |np. We fix some = € {0, ...,k — 1} which will play the
role of the remainder in the Euclidean division by k. Moreover, we fix a model M of L®". To
have all our models of line bundles defined on the same normal model 2", we pass to a common
finer model. There is now a vertical Cartier divisor D on 2" such that O(D) = N; ® Ny . Note
that we have pp = k.

Then it is enough to study the arithmetic progression made of the integers m of the form
m = kq+r for ¢ € N. By Lemma 4.1.5, we note that both

~ = k

€< HO(X, 2™, | [|F™) ) - €<H°(X,L®T®L®kq,u I Q))

_ _ .
HO(X, L8r & Lok, | ||y | ) HO(X, Lom, | [I5™)
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equal O(q™). Using this together with the additivity of the length and || H;@k = [ln;, we get

, gﬂ(x,mm,u IT™)\ _ ) ?O(X,L®T®L®"fQ»ll Iam® | 1% L o).
HO(X, Lom || [|5™) HO(X, L& @ Lo, || ||y @ || %)

By Proposition 4.2.2, the equality ¢p = k¢ and the homogeneity of the energy, we deduce

ﬁO(X7 L®m7 || ||£®m) o qn+1 Rk n+1
e(ﬁo oy ) = S P e )+ (ko™

qn—l-lkn—l-l 1
= Bl 1) + o((kg)™ )
mn+1
= = B ) + o(m™)

along the arithmetic progression (m = kq + r)4en. This proves the claim for model metrics.

Arbitrary continuous semipositive metrics on L?" are uniform limits of semipositive model
metrics on L. Then the formula in the theorem follows from the first case as both the non-
archimedean volume and the Chambert-Loir measure are continuous in (|| ||, ||l5) (see Propo-
sition 4.1.4 and Paragraph 2.4.3).

It remains to see that the lim sup in the definition of the non-archimedean volume is a limit.
We choose a rational number ¢ > 0. For i = 1,2, there is a semipositive model metric || || on
L with distance to || ||, bounded by e and hence e[| ||} < || [|; < €°]| ||;- As the e*¢|| ||} are
semipositive model metrics, we deduce easily from a sandwich argument, from the first case and
using € — 0 that the limsup is a limit. O

Remark 4.2.4. As Sébastien Boucksom pointed out to us, in the proof of [DEL00, Lemma 3.5],
one can find arguments involving remainders in Euclidean divisions which are similar to some
arguments in the proof of Theorem 4.2.3.

The kind of use of Riemann sums made at the end of the proof of Proposition 4.2.2 already
appeared in the literature on algebraic volumes. See, for instance, [Laz04a, Example 2.3.6] and
[ELM 05, Example 2.2].

There is a description of the non-archimedean volume in terms of the energy for arbitrary
continuous metrics if the residue characteristic of K is zero and if X is a smooth projective
variety. Moreover, the limsup in the definition of the non-archimedean volume is again a limit.
These results will be shown in Corollary 6.2.2.

5. Differentiability

As usual, K is a complete discretely valued field with valuation ring K°. Recall that we normalized
our absolute value such that —log|r| = 1 for a uniformizer m. Let X be a projective variety
over K of dimension n. In this section, we consider projective K°-models 2" of X. The special
fiber will be denoted by 2. This is a scheme of finite type over the residue field K but not
necessarily reduced. We denote the irreducible components of 2 by (E;);cr and let b; denote
the multiplicity of 25 in E;.

5.1. Upper bounds for the first cohomology group. In the following, we will use the
notation introduced in Paragraph 2.3.2. Given Cartier divisors D1, ..., D, on a model 2" of X,
we denote by {D1}---{D,} the algebraic intersection number in the generic fiber.
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LEMMA 5.1.1. Let D, My, My be nef divisors, and let N be any line bundle on 2 . There exists
a function p: N — R with p(m) = o(m') as m — oo such that

n

. ) ~ m e
dlm["{(Hl (%7N(mD +](M1 - MQ))) ®Ko K) < Wn{D + Ml} 1 . {MQ} + p(m)
holds for allm € N and all j € {0,...,m}.

Proof. We will use the notation Fj ,, := N(mD + j(M; — M3)). Let m be a uniformizer of the
discrete valuation ring K°, and let M := M; — M>. The short exact sequence

0 — Fjm — Fjm — Fjmla, — 0
yields the long exact sequence
oo — HY X Fjm) — HNZ, Fjm) — H (s, Fjmla) — - .
Forming the cokernel of the first map, we obtain an injection

HYZ  Fjm) @ro K ~ HA(Z , Fjm)/THYZ , Fjm) = H (s, Fjml2.) -

By Proposition 3.6.2, we have
+ )" 1 m J ,
W2 Forl ) < )" bt [ E;, 0 D M ny
( S5 J,m|ls) nl ZEZI i 7 m+j +m—|—j 5 +0((m+]) )
For the cycle cyc(Z5) associated with 2, we have cyc(Zs) = > ,c; bilJ;. Now the holomorphic
Morse inequalities in Theorem A.2 applied on every component E; and the above inequality show
that h'( 2%, Fjm|2,) is bounded above by

(”L+j) m J et J Ve .
—_— D+ M T . - CY S o ")
n! " m+j m+ j ! m+j 27 ¢ C<%> ((m J))

By the flatness of 2" over K°, the degrees of the special fiber Z5 and of the generic fiber X
of 2" with respect to n line bundles on 2 are equal (cf. [Kol96, Proposition 2.10]). Hence, the
above upper bound is equal to

n

m J n=1 j mn
" {D * li} | {mm} +o((m+4)") < Zpn{D+ M} {Ma} +o(m"),
where we have used that D, My, My are nef and j < m. This proves the claim. O

COROLLARY 5.1.2. Let m be a uniformizer of K°, let D, My, My be nef divisors, and let N' be
any line bundle on 2 . There exists a function p: N — R with p(m) = o(m') as m — oo such
that for alla € N, m € N and all j € {1,...,m}, we get

C(HYZ N (mD + j(M; — M,))) < %an{D + M} {My) + ap(m).

e —tors)

Proof. Since 2 is projective, H' (%,/\/’(mD + (M — Mg))) is a finitely generated K°-module.
Since £(Mza_tors) < adim (M QKo K ) holds for any finitely generated K°-module M, the claim
follows from Lemma 5.1.1. O

5.2. Bounds for the zeroth cohomology group. We continue working with the setup from
the beginning of Section 5. Let E be an effective vertical Cartier divisor on 2" and s the canonical
global section of O(F). We write the Weil divisor corresponding to E as ), ; ¢;F;. We define
a; = ¢;/b; and o = max;es .
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Let D, My, M5 be nef Cartier divisors on 2". We consider the sum
Op(My, My) = > {D}* - {M}"- {Mp} (5.1)
a,b,c

of intersection numbers on X, where (a,b,c) € N? with a + b+ ¢ = n and a # n. By [Kol96,
Proposition 2.10], we have

Op(My, My) = D*- My - M3 - cye(Z25).
a,b,c

This is non-negative and will be used in the error terms of asymptotic estimates. Note that the
definition of ép(Mj, Ms) can be extended to the case when M; and My are Q-divisors and

dp(eMy,eMsy) = O(e) (5.2)
for e = 0 in Q. Let further N be an arbitrary line bundle on 2 .

LEMMA 5.2.1. There is an explicit constant C,, > 0 depending only on n such that for all X, 2,
D, E, My, My, N as above, there exists a function p: N — R with p(m) = o(1) as m — oo such
that for all m € N and all j € {0,...,m}, we have

!
o hO(E, N (mD + j(M = My))|) — D" E‘ < Cbp(My, My)a+ p(m).

Proof. We argue similarly as in the proof of Lemma 5.1.1. For all ¢ > 0, it follows from Propo-
sition 3.6.2 and the holomorphic Morse inequalities of Theorem A.2 that
, m" (n ' n—q j q . ,
(B, N (mD + j(M; — Ma))|g) < ‘( ) (D+Zan)" " (L0n)" - B4 plm+j) (53)
n! \q m m

for some function p: N — R with p(m) = o(m™) as m — oco. Using that D, M;, My are nef
and using that the Weil divisor cyc(F) associated with E satisfies cyc(F) < a- cyc(Zs), we may
replace E in the bound (5.3) by a - cyc(Z5). As before, since the model 2 is flat, the degree of
the special fiber 25 with respect to line bundles on 2" agrees with the corresponding degree of

the generic fiber X. For all ¢ > 1, we deduce from (5.3) and j/m < 1 that there is an explicit
constant C/, depending only on n such that

W (BN (mD + j(M = My))|) < TraChdp (M, M) + p'(m) (5.4)

holds for all m € N and j € {1,...,m} with p/(m) == max{p(m +1) | 1 <i < m}.
By Proposition 3.6.1, the Euler characteristic x(E, N (mD + j(M; — Ms))|g) equals

2 S () (o) () oo o

Expanding (5.5), bounding all terms involving at least one M; by C)/dp(Mi, M2)a as above,
using again cyc(F) < a - cyc(Zs) and (5.4), we get the claim. O

5.3. A filtration argument. We consider a normal projective variety X over K with a normal
projective model 2" over K°. Let f be a Z-model function determined on 2~ by a vertical Cartier
divisor V' € Div(2"). In this situation, we will write O(f) = O(V).

Since £ is projective, we can write O(f) = O(M; — M) for nef Cartier divisors M; and
My on Z°. We consider a nef Cartier divisor D on 2", and we will use again ép(M;, Ms) from
Subsection 5.2 to bound error terms.
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In the following result, we assume f < 0. Then Proposition 2.2.6 yields that the Cartier
divisor £ = —V is effective, and we denote the canonical global section of O(E) by s. We
consider also an arbitrary line bundle N" on 2.

LEMMA 5.3.1. There is an explicit constant C,, > 0 depending only on n such that for every
X, Z, D, f <0, My, My, N as above, there exists a function p: N — R with p(m) = o(1) as
m — oo such that

n' F(«%,fj-}—Lm) An
s (7 5) = [0
holds for allm € N and all j € {0,...,m — 1}, where Fj,, == N (mD + j(M; — My)).

Proof. Recall that [y.. fe1(O(D))"" was introduced in Subsection 2.4. By Lemma 2.4.2, we
have

< Cpdp(My, Ma) - [|flsup| + p(m)

| neomy =B, (56)
The section s determines a short ej(act sequence of coherent sheaves on 2:
0— Firtm 2 Fjm — Fimlp — 0. (5.7)
The associated long exact sequence in cohomology is
0= T(2, Fiyrm) 25 D2, Fim) 25 T(E, Fim) 2 HUZ, Fiyrm) — . (5.8)

We have to compute £(im(¢;)) = € (D(Z, Fjm)/T(Z, Fjs1,m)). Using the obvious relation
UD(E, Fjm)) = lker(v;)) + £(im(¢);)) and im(¢;) = ker(¢);), we deduce that

((im(¢;)) = (T (E, Fjm)) — £(im(¢;)) . (5.9)

Using the notation from Subsection 5.2, we have a; = — f(x;); hence, Lemma 5.2.1 and (5.6) give
n! n

RUCEFm) ~ [ (DD < Cobp(My, M) | fluwp + o). (5.10)

For a = [|f|sup|, the model function associated with the Cartier divisor div(7*)—E equals

a+ f > 0, and hence Proposition 2.2.6 shows that div(nr®) — E is an effective Cartier divisor
on 2 . We deduce that Of is 7% torsion and thus

1m(%) C Hl(%a ]:jJrl,m)ﬂa-tors .
This allows us to bound ¢(im(¢;)) using Corollary 5.1.2. With (5.9) and (5.10), we get

ﬂﬁf(im(aﬁj))/ (= e (OD)Y ] < Cpép(My, My) - a + p(m) (5.11)

an

for larger C,, and p. By £(im(¢;)) = £ (T'(2", Fjm)/T(Z, Fit1,m)), we get the claim. O

5.4. From model metrics to continuous semipositive metrics. In this subsection, X is
a normal projective variety of dimension n over K with a line bundle L. We will generalize the
result from Subsection 5.3 to a continuous semipositive metric || || on L*" (cf. Subsection 2.3).
Let L = (L,|| ||) be the corresponding metrized line bundle. We will use the notation

[l = eIl
for any continuous function g: X** — R. If f is a Z-model function, if % is a model of L and if
L= (L, lly). then || Il = | |4 for Z(f) = £ O(f).
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5.4.1. Let 2 be a projective K°-model of X, and let f be a model function on X" determined
on Z . Choose some non-zero k € N such that kf is a Z-model function determined on 2 . In
much the same way as before, there is a decomposition O(kf) = O(kM; — kMs) for nef Q-Cartier
divisors M; and My on 2" such that kM; and kM; belong to Divy(Z2).

Since || || is a continuous semipositive metric on L*", it follows from [BFJ16, Lemma 1.2]
that L is nef. Using algebraic intersection numbers on X, we have

Op(My, M) =" L% - {M}" - {Mp}° >
a,b,c
where (a, b, ¢) ranges over N® with a + b+ ¢ = n and a # n. Note that in the setup of (5.1), we
have 5D(M1,M2) = 5L(M1,M2) for L = O(D)|X

PROPOSITION 5.4.2. There is an explicit constant C,, depending only on n such that for all X,
L, f, My, My as above and any continuous semipositive metric || || on L*", we have

VULl gl D= [ Fea@l D™

< Cn(sL(Mla MQ)’f‘sup .

Proof. We first prove the claim under the assumptions f<0 and that || || is a semipositive model
metric. We will proceed as in the proof of Theorem 4.2.3. We first choose a non-zero k € N such
that kf is a Z-model function with |k f|sp € N, the divisors kM; and kM, are Cartier divisors
on 2 and | |®¥ is an algebraic metric. As we may always pass to a finer model (which does
not change the quantities involved), we may assume that we have || [|% = || | & for a nef line
bundle .Z on 2" with .Z|x = L®*. We fix some r € {0,...,k—1}, and we consider the arithmetic
progression (m = kq +7)qen. By passing to a finer model, we may assume that L®" has a model
M on Z and that 2" is normal. By an argument similar to that in the proof of Theorem 4.2.3,
we deduce from Lemma 4.1.5 that

Ho(x. em ®@m HO X, L®T®L®kq ®
€< (2, L |15 )):€< ( Il uuw)%()(qn),

HO(X, Lom || |&™) HO(X, L% @ Lok, || ||\, ® || |5

along the arithmetic progression (m = kq + 1)g4en.
By Lemma 2.2.4, the first summand on the right-hand side is equal to

(MM LU (M) L5 (W)

§=0
for any decreasing filtration M @ %1 = Fo, D Fig D -+ D Fygq = M @ L(kf)®? into
coherent Og-submodules Fj, of M ® £®4. We will now apply Lemma 5.3.1 with ¢, .Z,

kf, kM, kM, M instead of m, O(D), f, My, Ma, N; hence, we use the filtration F;, :=
M@ L% @ O(j(kM; — kMs)). Then Lemma 5.3.1 shows that

& (%v}—j-&-l,q)) - AR
o ( o p) e

Now the claim in the special case can be easily deduced from (5.12) and (5.13).
Next, we skip the above assumption f < 0. Note that C' = |flsyp € Q and hence C is
the model function of a numerically trivial Q-Cartier divisor E1 on 2. The Q-Cartier divisor

M| = M;—E; is nef. Replacing k by a suitable multiple, we may assume that kM| is also
a Cartier divisor on 2". The decomposition O(k(f — C)) = O(kM] — kM>) follows from Para-

< Cpbp(kMy, kMs) - |k flsup + 0(1) . (5.13)
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graph 5.4.1. An application of the above special case to f — C' < 0 gives

(Ll eyl 1) = [ (7= Cher(all 1)

We have vol(L, || [[(s—cy I [I) = vol(L, || |z, |l )—=CL™ by Remark 3.3.2 and Lemma 4.1.3. Now
Paragraph 2.4.3, the equality o1, (M, Ma) = 61 (M, M) and | f—Clsup < 2|f]sup yield

vol(L, || 17,11 1) —/Xan fe(L, || ™

This proves the claim for a semipositive model metric.

< Cn(SL(ML MQ)’f - C|SUP :

< 20,01 (My, Ma)| flsup -

Finally, we prove the claim for any continuous semipositive metric || ||. By definition, || || is
a uniform limit of semipositive model metrics on L?*, and hence the claim follows from the con-
tinuity of the non-archimedean volume in Proposition 4.1.4 and of the Chambert-Loir measure

in Paragraph 2.4.3. O
THEOREM 5.4.3. Let || || be a continuous semipositive metric on L**, and let f be a continuous
function on X?". Then if we consider everything fixed except € € R, one has

Vol(L, [ fles> I'1) = E/X fer(L, |1 D™ + ofe) (5.14)

for € — 0. In the special case of a model function f on X", the formula (5.14) holds even after
replacing o(e) with O(e?).

Proof. 1t is enough to prove the claim for € > 0. In the following, all € are assumed to be positive.
We choose the same setup as in Paragraph 5.4.1. For € € Q~¢, Proposition 5.4.2 yields

vol(Ly [ llgs 1) —€/Xan fer(L |1 D™

Using Proposition 4.1.4, this inequality and the equality d7(eM;,eMs) = O(e) from (5.2) can be
continuously extended to all ¢ € Ry, and hence (5.14) follows for model functions.

< CnéL(EMl,EMQ)IEf’sup. (5.15)

To prove the case of a continuous function f, we argue by contradiction. Then either

o]
lim inf = vol(L, || [y, [| []) </ fed(L, D™ (5.16)
e—0 € Xan

or a reverse strict inequality with the lim sup holds. We will prove that (5.16) leads to a contra-
diction; the case of the limsup is similar.

Let 6 > 0. By the density of model functions [Gub98, Theorem 7.12], there is a model
function fs with f — ¢ < f5 < f. By (5.16), we can choose 6 > 0 so small that

lim inf = vol(L, | less 111 </ (f = d)er(L, | D / fser(L, | D"
e—=0 € Xan
By the model case, the right-hand side equals lim 1nf€H0 e~ vol(L, || |lcf;, || I). This contradicts
the monotonicity of the volume as we have || ||, < || [, since ¢ > 0. O

Remark 5.4.4. We note here that only the use of the holomorphic Morse inequalities from Theo-
rem A.2 and our considerations about the asymptotic growth of algebraic volumes in Section 3,
applied in the proofs of Lemmas 5.1.1 and 5.2.1, allowed us to prove equality in (5.14). Without
using the holomorphic Morse inequalities, we can still prove “>” in (5.14), as we explain below.
This would have been enough for our applications to orthogonality in Section 6 and for the proof
of Theorem D.
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The following result is a non-archimedean analogue of the main result in X. Yuan’s paper
[Yua08, Theorem 2.2]. It makes the lower bound in Proposition 5.4.2 very explicit and leads to
“>” in (5.14) with the same arguments as in the proof of Theorem 5.4.3.

PROPOSITION 5.4.5. Let f be a model function on X*" with f < 0, and let || || be a continuous
semipositive metric on L*". Then f = —log(|| ||,/|l |ly) for semipositive model metrics || ||, and
| |ly of a line bundle M on X. For any such presentation, we have

vol(L, |l lle™, 1 1) > /Xanf(ﬂ(LJ )+ ex (ML) - (5.17)

Proof. The existence of the presentation is equivalent to that of a decomposition O(kf) =
O(kM; — kM>) as in Paragraph 5.4.1, and so the existence follows from Paragraph 5.4.1.

To prove (5.17), we need to review some of the results of this section. Under the same
assumptions as in Lemma 5.2.1, we get the explicit upper bound

%ho (BN (mD + j(My — M,))|p) < (D + M)" E +o(1) (5.18)

by using the case ¢ = 0 in (5.3). Observe that (5.3) for ¢ = 0 is based only on the classical
Hilbert—Samuel formula and on Proposition 3.6.2. Under the assumptions and with the notation
from Lemma 5.3.1, we get

n! N2, Fitim) A
— | =2 > O(D + My))™ 1). 5.19
mn < F(%, fj,m) can fcl( ( + 1)) + 0( ) ( )
Indeed, starting as in the proof of Lemma 5.3.1 and using (5.9), one gets that
D2, Fim) .
O —2= 2" ) < O(T(E, Fim)) = h°(E, D M; — M. . 5.20
(R 2mh ) < B ) = (BN D + 500 = M)le) . (520

Applying (5.18), we deduce that
n! (2, Fjm)
ﬁ <F(‘%>]:j+1,m)
where the equality follows from Lemma 2.4.2 applied to the Z-model function —f associated
with E. Multiplying by —1, we get (5.19).
Now Proposition 5.4.5 follows from the same arguments as used in the proof of Proposi-
tion 5.4.2 just by replacing the application of Lemma 5.3.1 in (5.13) by (5.19). O

><QHWMWE+MD=/ (—)er(O(D + M)™ + o(1).

an

6. Application to orthogonality and Monge—Ampeére equation

In this section, K is a complete discretely valued field with valuation ring K and residue field K.
At the end of Subsection 6.3, we will assume char(K) = 0.

6.1. A local approach to semipositivity. In this subsection, L is a line bundle on a proper
variety X over K. It will be important to have a local analytic characterization of semipositive
model metrics. This is done in [GK19, §6] over an algebraically closed non-archimedean base
field and can be done in a similar way over a complete discretely valued field (see [GM19] for
details and generalizations). Our analytic objects will be compact strictly K-analytic domains V'
(see [Ber90, §3.1, p. 48]) in the analytification X?" of X. We mimic the construction of algebraic
metrics from Paragraph 2.2.3. We now consider formal models U of V which are admissible formal
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schemes over K° (see [BL93, §1]) with generic fiber V. As in Paragraph 2.2.3, a formal model
(3, £) of (V,L*|y) induces a metric || ||, on L*'|y, which we call the formal metric associated
with £.

Following [GK19, Definition 6.2] and [GM19], we say that a model metric || || on L*" is
semipositive in x € X" if there exist k € N\ {0}, a compact strictly K-analytic domain V' which
is a neighborhood of z and a formal model (T, £) of (V,(L*™)®F|y,) with | |[|{* = || ||¢ such
that for any curve Y in the special fiber of U which is proper over K, we have dego(Y) > 0. By
[GK19, Proposition 6.5] and [GM19, Proposition 3.10], the model metric || || is semipositive if
and only if it is semipositive in all z € X?".

We will need the following result from [GM19, Proposition 3.11].

PrOPOSITION 6.1.1. Let || |1 and || ||2 be model metrics on L*. Then the metric || | =
min(|| ||1,]| |l2) is a model metric on L. If || |1 and || |2 are semipositive in x € X?", then
|| || is semipositive in x.

6.1.2. Let sp € I'(X, L) \ {0}. We define a singular metric || ||s, on L*" by
{]s/so(m)] if s/s0 € Oxan 4,

00 if s/s9 ¢ Oxan g .

[I8llso () = (6.1)

LEMMA 6.1.3. Let || || be a model metric on L*" and so € I'(X, L) \{0}. Let || ||, be the singular
metric defined above. Then || ||" := min (|| ||, || Is,) is @ model metric on L**. If || || is semipositive
inz € X, then || || is also semipositive in .

Proof. By passing to a positive tensor power, we may assume that || || is an algebraic metric. It
follows from [GK17, Proposition 8.13] that algebraic metrics and formal metrics on L*" are the
same since the argument in loc. cit. does not use that the base field is algebraically closed. Thus,
to prove the first claim, it is enough to show that || ||’ is a formal metric on L*. We use the
fact that being a formal metric on L®" is a G-local property (cf. [GK19, Proposition 5.10] and
[GM19, Proposition 2.8]). By [Ber93, Lemma 1.6.2], it is enough to check that for any y € X",
there is a neighborhood V' which is a strictly affinoid domain in X" such that || ||" restricts to
a formal metric on V.

Let us first assume s¢(y) = 0. Since X" is a good analytic space, there exist a neighborhood V'
of y which is a strictly affinoid domain in X*" and a frame s of L over V' which satisfies ||s(v)| <
|s(v)]]s, for all v € V. So || H"V = || [l;y/ is a formal metric on L*"|y.

If so(y) # 0, then we can find a neighborhood V' of y which is a strictly affinoid domain
in X" such that so[y is nowhere vanishing. So the restriction of || [[,, to V is isometric to the
trivial metric on Oy, which is formal. Hence, the restriction of || ||" to V is the minimum of two
formal metrics on V. By [Gub98, Lemma 7.8], the restriction of || || to V is also a formal metric
on L?". This proves the first claim.

If || || is semipositive in x, then we proceed as in the first part of the proof with y = z to
show that || ||" is semipositive in z. If so(z) = 0, then this follows from the fact that || H\,v = [l
is semipositive in z. If so(z) # 0 and V is as before, then [GK19, Corollary 5.12] and [GM19,
Proposition 2.6] give the existence of an algebraic metric on L*" which agrees with the singular
metric || [[,, over V. Since || |”V is the restriction of the minimum of two model metrics on L*"

which are both semipositive on V', Proposition 6.1.1 yields that || || is semipositive on V. O
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6.2. A useful property of the semipositive envelope of a metric. Let X be a normal
projective K-variety. Let L be a line bundle on X and || || a continuous metric on L**. We will
assume that the semipositive envelope P(|| ||) is a continuous metric. If char(K) = 0 and if L
is an ample line bundle on a projective smooth variety, then the semipositive envelope P(|| ||)
of || || is a continuous metric on L*" (see Theorem 2.5.3). Going from a continuous metric to its
semipositive envelope does not change the space of small sections, as we will show next.

PROPOSITION 6.2.1. For a continuous metric || || on the line bundle L*" such that the semipositive
envelope P(]| ||) is a continuous metric, we have

HY(X, L, || ) = H'(X, L, P(|| |})) - (6.2)
As a consequence, the non-archimedean volume satisfies

vol([[ Il P(H)) = 0. (6.3)

Proof. Let us first prove (6.2). We have [|s|| < P(||s]|) for every section s € I'(X, L) by definition
of the semipositive envelope. This implies H°(X, L, P(|| ||)) € H*(X, L, || ||). Assume that there
exists some sy € HO(X, L, | ||) which does not belong to the subset HO(X, L, P(|| ||)). Then
lsoll < 1, and there is a point zp € X*" with

P([lso(xo)l]) > 1. (6.4)

This gives f = log||sol| < 0, and the metric || [|,, = | le=/ introduced in Paragraph 6.1.2
satisfies || || < [| ||, For a semipositive model metric || [|; > || || on L™, we get

E< 1 = min([] g, 1 D) < T - (6.5)

By Lemma 6.1.3, the metric || || is a semipositive model metric on L**. Hence, P(|| ||) < || |I
by (6.5) and the construction of the semipositive envelope. However, we have ||so|ls, = 1 and get

Iso(2)]|" = min(L, ||so(x)1) <1 (6.6)
for all x € X®*. This contradicts P(|| ||) < || ||’ if we compare (6.4) and (6.6).

Equation (6.3) is a direct consequence of (6.2) by the definition of the non-archimedean
volume in Definition 4.1.2 and Remark 2.5.2. Ul

COROLLARY 6.2.2. Let L be a line bundle on X, and let || |1 and || ||2 be continuous met-

rics on L*" whose semipositive envelopes P(|| ||;) and P(|| ||,) are continuous metrics. Then we
have vol(L, || ||y, l) = E(L, P(|| Il;), P(|| lly)), and the limsup in the definition of the non-

archimedean volume is a limit.

Proof. For ¢ = 1,2, Proposition 6.2.1 yields
HY(X, L, ;) = HO X, L, P )5 vol(Zy | s I ) = vol(Ly Pl (1), P(I2)) -

Hence, the result follows from Theorem 4.2.3 and Remark 2.5.2. ]

6.3. The orthogonality property. Let X be a normal projective K-variety of dimension n.
After the proof of Theorem 6.3.2, we will assume char(K) = 0, which implies in particular
that the semipositive envelope P(]| ||) of a continuous metric || || of an ample line bundle on a
smooth projective variety over K is a continuous metric by a result of S. Boucksom, C. Favre
and M. Jonsson (see Theorem 2.5.3).
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DEFINITION 6.3.1. Let L be a line bundle on X. Let || || be a continuous metric on L*" whose
semipositive envelope P(|| ||) is continuous. We say that the pair (L, || ||) satisfies the orthogo-
nality property if

[ o P ez e e <o.

THEOREM 6.3.2. Let L be a line bundle on X and || || a continuous metric on L* whose semi-
positive envelope P(|| ||) is a continuous metric. Then the pair (L, || ||) satisfies the orthogonality

property.
Proof. By assumption, the function ¢ = log (P(|| [|)/|| ||) is continuous. Fix ¢ € [0,1]. We have

)
|| < P(]| [)e =¥ < P(]| ||)- Hence, P(P(]| ||)e %) = P(]| ||). Applying Proposition 6.2.1 and
then Theorem 5.4.3, we get

0 = vol(P(|| Ne™**, P(|| |I)) = e/Xan wer (L, P(|| D)™ + oe)
for € — 0. Dividing first by € and then letting ¢ — 0, we get the result. O

We now use the notation and terminology from Subsection 2.3 and, for the rest of this
subsection, assume char(K) = 0 and that X is a smooth projective variety over K. Let 8 €
ZL1(X) be a closed (1,1)-form such that {#} € N'(X) is ample. Given f € C°(X?"), we
denote by Py(f) the #-psh envelope of f defined in [BFJ16, Definition 8.1] and by MAgy(p) the
Monge-Ampeére measure on X?" associated with a continuous 6-psh function ¢ (see [BFJ15,
Theorem 3.1]). The form 6 is said to satisfy the orthogonality property if

[ (= RMA(RA) =0

holds for all f € CO(X?®) (see [BFJ15, Definition A.1]). In [BFJ15, Appendix A], S. Boucksom,
C. Favre and M. Jonsson show that every such 6 satisfies the orthogonality property if X satisfies
the algebraicity condition (f) mentioned in Subsection 1.1. Using our results, we can remove ().

THEOREM 6.3.3. Let § € Z11(X) be a closed form such that {0} is ample. Then 0 satisfies the
orthogonality property.

Proof. To deduce this from Theorem 6.3.2, we follow [BFJ15]. By [BFJ15, Lemma A.2], it is
enough to show the theorem for rational classes. The homogeneity of the envelope allows us to
assume that 6 is an integral class. In this case, the Monge-Ampere measure MAy(Py(f)) agrees
with the Chambert-Loir measure c;(L, P(|| ||))"" (see [BFJ15, §3.3]). Then the result follows
from Theorem 6.3.2. O

Now we can solve the Monge—Ampeére problem without the algebraicity assumption (f). For
the definition of the dual complex of an SNC model, see [BFJ16, §3].

COROLLARY 6.3.4. Let § € ZY1(X) be a closed form with {6} ample and u a positive Radon
measure on X*" of mass {0}". If p is supported on the dual complex of some SNC model of X,
then there exists a continuous 6-psh function ¢ such that MAg(p) = p.

Proof. This follows from Theorem 6.3.3 and [BFJ15, Theorem 8.1]. O

Remark 6.3.5. By [BFJ15, Remark 7.4], the orthogonality property is equivalent to the differen-
tiability of F o Py. Note that our differentiability result in Theorem 5.4.3 is a priori different and

146



NON-ARCHIMEDEAN VOLUMES

weaker. We only proved for semipositive 6 that the function t € R — E o Py(tf) is differentiable
at t = 0 for any f € CY(X?). However, the orthogonality property from Theorem 6.3.3 and
the proof of [BFJ15, Corollary 7.3] imply that f € CO(X?") — E o Py(f) is differentiable in the
direction of any g € CO(X®1).
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Appendix. Holomorphic Morse inequalities in arbitrary characteristic
Robert Lazarsfeld

The holomorphic Morse inequalities give us asymptotic upper bounds for the higher coho-
mology of powers of line bundles. They were first proved by J.-P. Demailly [Dem85] for complex
varieties. Later, F. Angelini [Ang96] gave an algebraic proof for varieties over a field of charac-
teristic zero (see also [Kiir06, Example 2.4]). In this section, we extend the holomorphic Morse
inequalities to varieties over arbitrary fields.

Remark A.1. We say that a property (P) holds at points in general position (respectively, at points
in very general position) of an irreducible variety T over a field k if (P) holds on the complement
of a proper Zariski closed subset of T' (respectively, on the complement of a countable union of
proper Zariski closed subsets of T'). If k is uncountable and algebraically closed and (P) holds at
points in very general position, one can always pick a k-rational point where (P) holds (this is
not true if k is only countable).

We have introduced the space Div(Y)r of real Cartier divisors on a projective scheme Y
over k in Subsection 3.4. Such a divisor D is called nef if the intersection number with any closed
curve in Y is non-negative. Now we come to the holomorphic Morse inequalities.

THEOREM A.2. Let Y be an n-dimensional projective scheme over any field k, and let q €
{0,...,n}. For very ample Cartier divisors D and E onY and F := D — E, we have

hi(Y, Oy (mF)) < (Z)zr*ﬂ.ﬂﬂijl+<9@n”—w. (A.1)

More generally, if D, E € Div(Y)r are nef, then (A.1) holds with the weaker error term o(m")
for m — oo instead of O(m™ ).

Proof. Step 1: The claim holds for very ample Cartier divisors D and F on a projective variety Y
over an algebraically closed field k.

The numbers h? and the intersection numbers are invariant under base change (see [Har77,
Proposition I11.9.3] and [Ful98, Example 6.2.9]), and hence we may assume that the base k is
uncountable. We denote by |E| the space of hyperplane sections of E. According to [Kiir06,
Proposition 5.5], for fixed integers m >0, n >s>0and n > j >0,

W (s,m) = h?(EyN---N Es, O(mD)) (A.2)
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does not depend on the choice of divisors Ey, ..., Es € |E| in general position. It follows that for
divisors F, ..., Es € |E| in very general position, the equality (A.2) holds simultaneously for all
m=>=>0,n>s>0andn > j > 0. Since we assume that k is uncountable, such divisors exist.
Since D is very ample, there exists an mg € N such that

hj(s,m) =0 for all integers m >mgp, n>j>1, n>s>0. (A.3)

For a fixed integer s with n > s > 0 and varying m € N, we claim that

mn—s

(n—s)!
To see this, we first note that a Bertini-type argument shows that the intersection product E? is

given by the scheme-theoretic intersection Ej N ---N E; (see [Kiir06, Lemma 5.7]). Using that D
is very ample and Remark 3.3.2, we deduce (A.4).

(s, m)=D""* - E* " 1 O(m""1). (A4)

Applying [Kiir06, Lemma 5.7 and Corollary 4.2] for a fixed integer m > n, we deduce that for

effective Cartier divisors (E1,...,Ey) € |E|™ in general position, we have the following exact
sequence:
0— Oy (mD ZE) — Oy(mD) = @ Op,(mD)— B Og, s, (mD) —
=1 1<i<m 1<ii<ia<m
— P Ok, nE,n-nE,, (MD) = 0. (A.5)

1< <io < <ip<m

We now fix an integer m > max(n + 1, mg). There are Ey,..., E, € |E| such that (A.5) is
exact and such that for any integer 0 < s < n and for any integers 1 < i1 < -+ < 153 < m,
the s-tuple Ej,, ..., E;, is in very general position. The latter yields that h?(s,m) = h?(E;, N

--N E;,,0(mD)). We conclude from (A.3) that (A.5) gives an acyclic resolution of the sheaf
Oy(mD — > E;) ~ O(mF). It follows that HY(Y,Oy(mF)) ~ ker(d?)/im(d?" ') for the
canonical homomorphism

d': @ H(Er,0p,(mD)) = @ H(E;,Op,(mD)),

[|=q |J|=q+1
where I and J range over subsets of {1,...,m} and where Ef := (,c; E;. We conclude
m
hi(Y, Oy (mF)) < Y h(Er, Og,(mD)) = (q ) W (q,m).
1=q

The first step now follows from (A.4) and the equality (7:;) =m1/ql + O(m?!) for fixed q.

Step 2: The inequalities (A.1) hold for very ample Cartier divisors D and E on a projective
scheme Y over any field k.

By the same base change argument as in Step 1, we may assume that k is algebraically closed.
Let [Y] = ) ;c; b:iY; be the fundamental cycle of the projective scheme Y, where Y; ranges over
the irreducible components of Y and where b; is the multiplicity of Y in Y; given as the length
of the local ring at the generic point of Y;. The first step shows

h1(Y;, Oy, (mF)) < <n> D" B4 Y, 4 O(m" Y,
q n!
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and hence Lemma 3.2.3 yields Step 2 by the following computation:
hU(Y, Oy (mF)) <> b;h?(Y;, Oy, (mF)) + O(m" 1)

i€l
n
< Zbi <n> D 4. gq. Yzmil + O(mnfl)
icl q n!
< <n> D 4a. Eqm7n + O(mn—l) ]
q n!

Step 3: The claim holds for nef real divisors D and E on a projective scheme Y over any
field k.

By the definition of asymptotic cohomological functions, it is equivalent to prove

RU(Y, F) < (Z) Dt (A.6)
It is here where the error term o(m™) comes in. Since both sides are continuous (see Propo-
sition 3.4.8) and the ample cone is dense inside the nef cone, we may assume that D and F
are ample Q-Cartier divisors. Since both sides of the equation are homogeneous of degree n (see
Proposition 3.4.8), we may assume that D and F are very ample Cartier divisors on Y and hence
Step 3 follows from Step 2. O
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