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Satellites of spherical subgroups

Victor Batyrev and Anne Moreau

ABSTRACT

Let G be a complex connected reductive algebraic group. Given a spherical subgroup
H C G and a subset I of the set of spherical roots of G/H, we define, up to conjugation,
a spherical subgroup H; C G of the same dimension as H, called a satellite. We inves-
tigate various interpretations of the satellites. We also show a close relation between
the Poincaré polynomials of the two spherical homogeneous spaces G/H and G/H;.

1. Introduction

Let G be a complex connected reductive algebraic group. An irreducible algebraic G-variety X
is said to be spherical if X is normal and if a Borel subgroup of G has an open orbit in X. An
algebraic subgroup H C G is called spherical if the homogeneous space G/H is spherical. In this
article, we introduce and explore new combinatorial invariants attached to spherical subgroups
of G from several perspectives.

From now on, we fix a Borel subgroup B of G and a spherical subgroup H of G. We first collect
a few standard facts about the spherical homogeneous space G/H. There is no loss of generality
in assuming that BH is Zariski dense in G. A spherical embedding of G/H is a normal G-variety
X together with a G-equivariant open embedding j: G/H — X which allows us to identify H
with the stabilizer of the point z := j(H) € X such that Gz = G/H. Therefore, we will always
regard G/H as the open G-orbit in X whenever we write (X, z) for a G/H-embedding.

Let U := BH/H be the open dense B-orbit in G/H. The colors of G/H are the irreducible
components of the complement of the open set U in G/H, that is, the irreducible B-invariant
divisors in G/H. Denote by 2 = 2(G/H) the set of colors of G/H. The stabilizer of U in G is
a parabolic subgroup P of G containing B. Then U = B/B N H is an affine variety isomorphic
to (C*)" x C*, where s is the dimension of the unipotent radical P“ of P. The number r is
the rank of the spherical homogeneous space G/H. Let .#(U) be the free abelian group of
rank r consisting of all invertible regular functions f in the affine coordinate ring C[U] such
that f(H) = 1. Any such regular function f € .#(U) is a B-eigenfunction associated with some
weight w(f) € Z7*(B), where 2 *(B) is the lattice of characters of the Borel subgroup B. The
map f — w(f) yields a natural embedding of the lattice .#Z(U) into the lattice Z™*(B). The
weight lattice of G/H is

M= 2*G/H) = w(.#(U)).
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SATELLITES OF SPHERICAL SUBGROUPS

We denote by (—,—): M x N — Z the natural pairing, where N := Hom(M,Z) is the dual
lattice.

A spherical embedding X of G/H is said to be elementary if it consists of exactly two
G-orbits: a dense orbit X isomorphic to G/H and a closed orbit X’ of codimension one. In
this case, X is always smooth, and it is uniquely determined by the restriction of the diviso-
rial valuation vy : C(G/H) — Z to the free abelian group .#(U) C C(G/H), where C(G/H)
is the field of rational functions on G/H [LV83, §§8.3, 7.5 and 8.10]. Using the isomorphism
w: M (U) = M, we may view this restriction as an element nx, € N. This induces a bi-
jection between the set V = V(G/H) of Q-valued discrete G-invariant valuations of C(G/H)
and a convex polyhedral cone in Ng := N ®z Q; see [LV83, Proposition 7.4] or [Kno91, Corol-
lary 1.8]. The latter is usually referred to as the waluation cone of the spherical homogeneous
space G/H. In this way, we may identify V with the valuation cone of G/H. According to
the Luna—Vust theory [LV83, §8], any G-equivariant embedding X of G/H can be combina-
torially described by a colored fan in the r-dimensional vector space Ng. The classification of
G-equivariant embeddings (the Luna—Vust theory) was first studied in a more general setting.
For spherical varieties, this was later simplified and extended to any characteristic by Knop
in [Kno91].

In this classification, elementary embeddings correspond to uncolored cones Q>ov in Ng
with v a nonzero lattice point in N N V. We shall denote by (X, x,) the elementary embedding
of G/H with closed G-orbit X corresponding to a nonzero lattice point v in NNV. It is uniquely
defined up to G-equivariant isomorphism.

It is known that V' is a cosimplicial cone; that is, there exist k < r linearly independent
primitive lattice vectors sq,..., s, € M, called the spherical roots of G/H, such that

YV ={ne€ Ng: (sj,n) <0 for all ¢ with 1 <7< k}.

The definition of spherical roots goes back to Luna [LunOl, §1.2]. The set ¥ = 3(G/H) of
spherical roots is one of the components of the homogeneous spherical data associated with G/H, a
fundamental combinatorial invariant [Lun01, § 2.1]. The spherical roots s1, . .., sx are nonnegative
integral linear combinations of the positive roots with respect to the Borel subgroup B C G; see
[BP87, §4].

1.1. Main illustrating example. Symmetric homogeneous spaces are homogeneous spaces for
which the stabilizer of a typical point is the fixed-point set of a nontrivial group involution. It
is a standard fact that they are spherical [Vus74]. The lattice N = Hom(M,Z) of a symmetric
homogeneous space G/ H is naturally endowed with a root system, and the spherical roots of G/H
can be expressed by means of this root system [Vus90, §2]. The classification of all embeddings
of symmetric homogeneous spaces was carried out in [Vus90].

In order to illustrate the content of our paper, we consider the well-known example (see, for
example, [Bri97, Example 4.1]) of the group G viewed as a symmetric homogeneous space under
G x G acting by left and right multiplication: (a,b)c := acb~! for a,b,c € G. The stabilizer of
the base point 1 is A(G), where A is the diagonal closed immersion. Let B~ be the unique Borel
subgroup such that 7' := B~ N B is a maximal torus of GG, and let S be the set of simple roots
of G relatively to (B, T). The spherical roots of G (relatively to the Borel subgroup B~ x B) are
the pairs (—a, a), where € S. Thus M = 27*(G) is identified with the root lattice of S, and
the valuation cone is the antidominant Weyl chamber.

With every subset I C S, one associates a spherical subgroup A(G); C G x G as follows.
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Let Pr and P, be the two opposite parabolic subgroups containing B and B~ respectively, such
that their common Levi component Ly := P; N Pr has I as a set of simple roots. Then set

A(G)r = (Pf x (P7)*)A(Ly)

where Pj' and (P, )" are the unipotent radicals of Py and P; , respectively. We notice that
(B~ x B)A(G); is Zariski dense in G x G. We call the subgroups A(G);, where I C S, the
satellites of A(G). All satellites of A(G) have the same dimension dim G = dim A(G). Since
(B~ x B)NA(G) = (B~ x B)NA(G); for all I C S, the weight lattices of the satellites are all
equal to M:

M=2"G)=27(GxG)/A(G);) forall ICS.
We refer to Example 6.3 for another approach to this example for G = GL,,.

When G is adjoint, that is, with trivial center, De Concini and Procesi constructed a wonderful
compactification of the symmetric homogeneous space G = (G x G)/A(G); see [DP83, §3.4]. The
datum of the satellites {A(G)r: I C S} allows describing the stabilizers of points in the wonderful
compactification (cf. Section 1.3) and computing its Poincaré polynomial (cf. Section 1.5 and
Example 7.5).

Our purpose is to generalize the above construction to an arbitrary spherical homogeneous
space G/H.

1.2. Brion subgroups. Choose a nonzero primitive lattice point v in the valuation cone V C Np.
The total space X, of the normal bundle to the G-invariant divisor X/ in the elementary embed-
ding X, has a natural G-action. One can show that X, is again a spherical G-variety containing
exactly two G-orbits: the zero section of the normal bundle (it is isomorphic to X)) and its open
complement f(g. The stabilizer H, of a point in the open G-orbit 5(3 will be referred to as the
Brion subgroup corresponding to v € V. Such a subgroup was first studied by Brion in [Bri90,
§1.1]. ! Tt is defined up to G-conjugation. The above construction of the subgroup H, will be
explained in greater detail in Section 2. In Section 3, we indicate an algebraic description of
Brion subgroups.

We can alternatively define the Brion subgroup H, by considering the total space va of the
conormal bundle of X in X,,. To be more specific, if ()NQ/ )0 stands for the open complement of
the zero section of X\, then ()NQ)/)O ~ G/H, and ()NQJ/)O is spherical [Pan99, §2.1]. Furthermore,
X,L\}/ is an elementary spherical embedding of G/H,. Note that va has a natural symplectic
structure whose induced G-action is Hamiltonian.

If v = 0, we simply declare the Brion subgroup H, to be H.

Our main observation is the following (see Theorem 4.4 for a more precise formulation).

THEOREM 1.1. The Brion subgroup H, C G depends, up to conjugation, only on the minimal
face V(v) of the valuation cone V containing v.

Theorem 1.1 is proved in Section 4. It follows from the description of the homogeneous spher-
ical data introduced by Luna [Lun01] associated with the homogeneous space G/H, (see Theo-
rem 4.4). Set

I(v) :=={s; € &: (s;,v) =0}.

In [Bri90], the subgroup H is assumed to be equal to its normalizer, but this assumption is superfluous in the
construction of the subgroup H,.
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Then the minimal face V(v) of the valuation cone V containing v is determined by the equations
(si,v) = 0, where s; runs through the set I(v).

In particular, if v is an interior lattice point of the valuation cone V, then I(v) = @ and
the Brion subgroup H, is known to be horospherical; that is, H, contains a maximal unipotent
subgroup of G; see [BP87, Corollary 3.8] and also Proposition 2.4(2). The horospherical satellite
Hy of H is closely related to a flat deformation of the spherical homogeneous space G/H to
the horospherical one G/Hg (this has already appeared in papers of Alexeev—Brion [AB04] and
Kaveh [Kav05], using previous work of Popov [Pop87]).

We remark that for any subset I C 3, there exists a primitive lattice point v € V' such that
I(v) =1, unless I = ¥ and X is a basis of Mg := M ®z Q. This provides a natural reversing
bijection between the faces of the valuation cone V and the subsets I C 3. Therefore, the
conjugacy class of a Brion subgroup H, depends only on the subset I(v). Given a subset I C ¥
with I # X, we define up to conjugacy the spherical satellite Hy of H as a Brion subgroup H,,
where I = I(v). For [ =X, we simply set Hy, := H.

1.3. Stabilizers in toroidal compactifications. A spherical embedding X of G/H is called
simple if X has a unique closed G-orbit, and a simple spherical embedding X is called toroidal if
no color D € & contains the unique closed G-orbit in its closure. Thus a spherical embedding X
is simple and toroidal if and only if its fan has no color and contains a unique cone of maximal
dimension.

If the number k = |X| of spherical roots of G/H is equal to the rank r (that is, the max-
imal possible number of spherical roots), then the valuation cone V is strictly convex (that is,
it contains no line). If so, according to Luna—Vust theory, G/H admits a canonical normal pro-
jective G-equivariant simple toroidal compactification X such that we have a natural bijection
I < X1 between the subsets I C ¥ and the G-orbits X; C X. We show that the normalizer
of the stabilizer of any point in the G-orbit X is equal, up to G-conjugacy, to the normal-
izer Ng(Hr) of the spherical satellite Hy (cf. Proposition 5.1). This stabilizer is exactly N (Hr)
if I = @. In particular, the unique closed G-orbit Xy is the smooth projective homogeneous
G-variety G/Ng(Hg).

It is well known that in the case where G/H is horospherical, for each spherical embedding X
of G/H, a conjugate of the stabilizer of any point x € X contains the subgroup H. In [BM13,
Proposition 2.4], such stabilizers are explicitly described. Our notion of satellites allows us to
extend this fact to the more general case of spherical varieties. More precisely, since all satel-
lites Hy for I C ¥ have the same weight lattice M (cf. Propositions 2.4(1) and 3.1), we may
view every lattice point m € M as a character of the normalizer Ng(Hy) of Hy in G (cf. [Bri97,
Theorem 4.3] or Lemma 5.2), and we obtain the following.

THEOREM 1.2. Let X be a simple toroidal spherical embedding of G/H corresponding to an
uncolored cone o in Ng. Denote by I(o) the set of all spherical roots in ¥ that vanish on o.
Choose a point x' in the unique closed G-orbit X’ of X, and let G,/ be its stabilizer in G. Then,
up to a conjugation, we have the inclusions

HI(J) C Gy C NG(HI(O')) :

Moreover, there is a homomorphism (given by Lemma 5.2) from Ng(H(,)) to the torus Hom(o+N
M, C*) whose kernel is Gyr.

Since every simple spherical embedding of G/H is dominated by a simple toroidal one, it fol-
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lows that the stabilizer of a point in any spherical embedding of G/H contains, up to conjugation,
one of the spherical satellites H; (cf. Corollary 5.3).

1.4. Limits of stabilizers of points in arc spaces. Let ¢ := CJ[t]] be the ring of formal
power series, and let #" := C((t)) be its field of fractions. We write (G/H)(#) for the set of
 -valued points of the spherical homogeneous space G/H, and G(0) for the group of &-valued
points of the reductive group G. Luna and Vust established in [LV83, §4] a natural bijection
between lattice points v in V and G(&)-orbits in (G/H)(#). One can choose a representative Ao
of the G(&)-orbit attached to v using an appropriate one-parameter subgroup in G. The reader
is referred to Section 6 for more details.

THEOREM 1.3. The Brion subgroup H, consists of limits ast goes to 0 of elements in the stabilizer
in G(O) of \y.

Theorem 1.3 is helpful in practice to compute the satellites; cf. Examples 6.3 and 6.4. Its
proof is carried out in Section 6.

1.5. Poincaré polynomial of satellites. With every complex algebraic variety X, we asso-
ciate its virtual Poincaré polynomial Px (t), uniquely determined by the following properties:

(1) We have Px(t) = Py (t) + Px\y(t) for every closed subvariety ¥ of X.

(2) If X is smooth and complete, then Px(t) =), dim H™(X)t™ is the usual Poincaré poly-
nomial.

Then Px(t) = Py (t)Pp(t) for every fibration F' < X — Y which is locally trivial for the Zariski
topology. The existence of the virtual Poincaré polynomial for every complex algebraic variety X
follows from the existence of Deligne’s mixed Hodge structure on the cohomology groups H?(X)
of X with compact supports and complex coefficients, which yields a polynomial Ex(s,t) in two
variables (see, for example, [BD96, § 3] or [DK87, §1]). We have Px(t) = Ex(—t, —t).

In [BP02], Brion and Peyre investigated the virtual Poincaré polynomials of homogeneous
spaces under complex connected linear algebraic groups. In particular, they showed that they are
polynomials in t?. They also obtained a factorization result for the virtual Poincaré polynomial
of regular embeddings in the sense of [BDP90] of such homogeneous spaces, provided that the
stabilizer of a typical point is connected.

Accordingly, if X is a spherical homogeneous space G/H, then the function Px (tl/ 2) is
a polynomial in ¢. By additivity, if X is a spherical embedding of a spherical homogeneous
space G/H, then Px (tl/ 2) is a polynomial since X is a disjoint finite union of G-orbits which
are all spherical homogeneous spaces. Therefore, for our purpose, it will be convenient to set

px(t) = Px(tl/Q) .

For example, Px(t) = (t — 1)"t* if X = (C*)” x C*. Abusing the notation, we continue to call
the function Py the virtual Poincaré polynomial of X.

A G-variety X is said to be wonderful (cf. [Lun96, Introduction]) of rank r if it is complete and
smooth, with an open G-orbit whose complement is the union of r smooth irreducible G-divisors
Z1, ..., 2 such that any subset of these irreducible G-divisors has a transversal and nonempty
intersection, and these intersections are exactly all G-orbit closures of X.

A wonderful embedding of G/H (that is, a G/H-embedding which is a wonderful G-variety) is
unique, up to a G-equivariant isomorphism, if it exists (see, for example, [Lun01, § 1.3] or [Tim11,
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§30]), and this happens for instance if H = Ng(H), in which case X is the canonical toroidal
embedding; see [Kno96, Corollary 7.2] and [Lun96, Introduction]. Wonderful embeddings were
first introduced by De Concini and Procesi [DP83] for symmetric spaces, motivated by problems
in enumerative geometry.

Assume that G/H admits a wonderful compactification X of rank r. Then the spherical ho-
mogeneous space G/H has rank r, and X contains exactly 2" G-orbits X that are parameterized
by all possible subsets I C {1,...,7} such that the closure X7 is the intersection of all irreducible
G-divisors Z; with i & I.

As the wonderful embedding X is the disjoint union | |; X, we have

= ZPXI(t)
1

On the other hand, for I C {1,...,r}, the total space X7 of the normal bundle to the smooth
subvariety X; C X is a simple spherical toroidal embedding of the spherical homogeneous
space G/H;. It is a direct sum of line bundles. Indeed, since X; = ﬂigl Zi, the normal bun-
dle N)T,| « of X along X7 is the direct sum of the restrictions to X; of the line bundles N Zi|X s
where i ¢ I. One has a natural locally trivial torus fibration f;: G/H; — X for the Zariski
topology whose fiber is isomorphic to ((C*)T_‘I'. Hence, we get

= Paym,(t)

Px(t) —Z(t_/l)ﬂ_n- (1.1)

I

Because the valuation cone V C Ng of G/H is generated by a basis ey, ..., e, of the lattice NV,
every lattice point v € N NV can be written as a nonnegative integral linear combination
v=1I1e1 + -+ lye,. The set of spherical roots {s1,...,s,} C M forms a dual basis to the basis

{e1,..., e} of the dual lattice N. Let V; be the relative interior of the face V; defined by the
conditions (x, s;) = 0 for all ¢ € I. Using the power expansion

tilz( Z“

we can rewrite (1.1) as

P N
Z f/HIr ] = Poyu,(t) Y "), (1.2)

I I veVy

where « is the linear function on N which takes value —1 on the lattice vectors eq, ..., e,.

Formula (1.2) is an analog of the one we established for the Poincaré polynomial of a smooth
projective toroidal horospherical variety [BM13]. The general version of both formulas for the
stringy E-function of an arbitrary Q-Gorenstein spherical embedding X will appear in an upcom-
ing paper by the authors. It provides a motivic interpretation of the Brion—Peyre factorization
result (cf. [BP02, Theorem 2]) for the virtual Poincaré polynomial of X. This has motivated us
to investigate the ratio of the two virtual Poincaré polynomials,

P G/, (1)
Peu(t)

for general spherical homogeneous space G/H. Looking at some series of examples, we came to
the following conjecture.

9
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CONJECTURE 1.4. Let G/H be an arbitrary spherical homogeneous space. Then for any satel-
lite H; of the spherical subgroup H C G, the ratio of the two virtual Poincaré polynomials

PG/H, (t)
pG/H(t)

is always a polynomial R; in t~! with integral coefficients.

We prove this conjecture in several examples, notably in the case where the spherical group H
is connected (cf. Theorem 7.3) and in the case where the spherical homogeneous space G/H is
of rank one (cf. Theorem 7.9).

Notation. Unless otherwise specified, we keep the notation used in Section 1 further on in the
article.

2. Brion subgroups, first properties and examples

The section starts with a number of results of [LV83, BLV86] and [BP87] concerning elementary
embeddings. Recall that P* stands for the unipotent radical of the parabolic subgroup P.

DEFINITION 2.1 ([BLV86, §4.2] or [BP87, §2.9]). Let L be a Levi subgroup of P, and let C' be
the neutral component of its center. We say that L is H-adapted if the following conditions are
satisfied:

(1) We have PNH =LNH.
(2) The intersection P N H contains the derived subgroup (L, L) of L.

(3) For any elementary embedding (X, z) of G/H, the action of P* on'Y := PxUPz/, with Pa’
the open P-orbit in the closed orbit of X, induces an isomorphism of algebraic varieties
PUx (CznNY)—=Y.

The existence of H-adapted Levi subgroups is established in [BLV86, §§3 and 4.2]. Fix such
an H-adapted Levi subgroup L. Since P has an open dense orbit in G/H, any f € .#(U) = M is
determined by its weight w(f) € 27 (P) since f is a P-eigenvector in C(G/H). Furthermore, the
restriction to PN H of w(f) is trivial. But the sublattice of 2 *(P) consisting of characters whose
restriction to PN H is trivial identifies with the lattice of characters 2 *(T) of the algebraic torus
T:=C/CNH since P= P“L and H contains (L, L). Here, C' denotes, as in Definition 2.1, the
neutral component of the center of L. As a result, we get M = 27*(T). Hence, by duality, the
lattice Ng = Hom(M, Q) identifies with 2% (T) ®z Q, where 2. (T) is the free abelian group of
one-parameter subgroups of T.

DEFINITION 2.2. A one-parameter subgroup A of C is said to be adapted to the elementary
embedding (X, ) if %in% A(t)x exists and belongs to the open P-orbit of the closed orbit.
—

Through the identification Ng = 25 (T) ®z Q, the primitive lattice points in N NV are in
bijection with the indivisible one-parameter subgroups of T, adapted to the different elementary
embeddings of G/H. More precisely, if v is a nonzero lattice point in N NV, then any one-
parameter subgroup of C' adapted to (X, z,) corresponds to a point of NNV, which is equivalent
to v; cf. [BP87, §2.10].
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We now give a concrete construction of the Brion subgroups H,, following [Bri90, §1.1].
Fix a nonzero lattice point v € N NV, and choose a one-parameter subgroup A, of C' adapted
to (Xy, zy). Thus,

!=1i t
Ly tg% Ay ()

belongs to the closed G-orbit X/ . The stabilizer H, of ] in G acts on the one-dimensional normal
space Ty (X,) /Ty (X)) via a character x,. The character y, is nontrivial since HJ, contains the
image of \,, which acts nontrivially on Ty, (Cx, U Cxl)) /Ty (Cay); cf. [Bri90, §1.1]. We define
H, to be the kernel of x, in H/. If v = 0, we simply set H, = H.

DEFINITION 2.3. We call the subgroup H, for v € N NV a Brion subgroup of G.

Brion subgroups are defined up to G-conjugacy. They have the same dimension as H, and
they are spherical by [Bri90, Proposition 1.2] and the proof of [Bri90, Proposition 1.3].

PROPOSITION 2.4. Let v € NNV be a lattice point in the valuation cone of G/H.

(1) The weight lattice 27*(G/H,) of the spherical homogeneous space G/H, is equal to the
weight lattice M of G/H.

(2) The valuation cone of G/H, is equal to V + Qu. In particular, v € V° if and only if the
spherical subgroup H, is horospherical, where V° is the relative interior of V.

Proof. We can certainly assume that v is nonzero, since the statement is clear for v = 0.

(1) Denote by X, the total space of the normal bundle to the G-invariant divisor X’ in X,.
We use the deformation of X, to the normal bundle X,, and we follow the ideas of the proof of
[Bri90, Proposition 1.2].

Consider the product X, x C as a spherical embedding of G/H x C* endowed with the
natural (G x C*)-action. It is the toroidal simple spherical embedding corresponding to the
two-dimensional cone in Ng @ Q generated by (v,0) and (0, 1). Let

p:f@—)va(C

be the blow-up of the codimension two closed (G x C*)-orbit X x {0} in X,, x C. The preimage
by p of X, x {0} contains a divisor which is isomorphic to X,; denote its complement by Z,. Let
p: Z, — C be the restriction of the composition pryop to Z, C Y,, where prs is the projection
from X, x C to C. Then p defines a fibration over C such that p~!(C*) identifies with X, x C*, and
the fiber p~1(0) is isomorphic to X,,. The fibration p deforms the spherical variety X, to X,. We
have a (G x C*)-action on Z,, so that (Zv,p_l(azv, 1)) is a smooth embedding of (Gx C*)/H x {1}
containing a closed codimension one orbit isomorphic to X0 2 G/H,. Choose a point 2, € Z, in
this closed (G x C*)-orbit of Z,, and let H’ be its stabilizer in G x C*. Up to G-conjugacy, H/,
is the image of H, by the map

j: H, — GxC*, h+—— (h,xu(h)).
As a G-variety, (G'xC*)/H! is isomorphic to G/ H,, where G acts on G x C* by left multiplication

on the left factor.

By the Luna—Vust correspondence [LV83, §§3.3, 7.5 and 8.10] between embeddings of G x C*
and colored fans in the valuation cone of (G x C*)/H x {1}, the uncolored fan of the blow-up
Y, is obtained from that of X, x C by adding the half-line generated by (v,0) + (0,1) = (v, 1)
in the lattice N @ Z. Moreover, the ray generated by the lattice point (v, 1) corresponds to the
elementary embedding of (GxC*)/H x {1} with closed (G xC*)-orbit X° = G/H, = (GxC*)/H!.
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According to [BP87, §3.6], we get
2(G % C*)/Hy) = (M ®Z)N (v,1)",
since 27*(G x C*) = 27*(B) @ Z. The weight lattice of (G x C*)/H! as a G-variety is then the
image of (M @ Z) N (v,1)* by the projection map
2Z*(B)®Z— Z*(B).

This image is nothing but M. Therefore, the weight lattice of G/H,, is M since G/H, = (G x
C*)/H] as a G-variety.

(2) It is easily seen (see the proof of [BP87, Corollary 3.7]) that

V(G xC*/H x {1}) 2V & Q(0,1).

On the other hand, by [BP87, Theorem 3.6], the valuation cone V((G x C*)/H!) = V(G/H,)
is the quotient of V((G x C*)/H) by Q(v,1). But the image of V @ Q(0, 1) by the isomorphism
Ng — (Ng + Q(0,1))/Q(v,1) is V 4+ Qu, whence V(G/H,) = V + Qu. In particular, v € V° if
and only if V(G/H,) =V + Qu = Ng. Since the equality V(G/H,) = Ng holds if and only if H,
is horospherical by [Kno91, Corollary 6.2], the statement follows. O

Ezample 2.5. In the case where H is horospherical, all Brion subgroups associated with H are
equal to H up to G-conjugacy. This can be proved by describing all elementary embeddings
of G/H as induced from elementary embeddings of the torus C/(C N H).

3. Algebraic approach to Brion subgroups

In this section, we investigate an algebraic approach to Brion subgroups, and we furnish another
proof of Proposition 2.4(1). Let us fix a primitive lattice point v in N N V.

Let K := C(G/H) be the field of rational functions over G/H. The field K is a B-module,
and it is the quotient field of the affine coordinate ring A := C[U] of the open B-orbit U C G/H.
From the restriction of the valuation v: K — Z to the subring A C K, we define the subring

Al ={feA: v(f)=0o0r f=0}.

By the local structure theorem for toroidal embeddings ([BP87, §3.4] or [Tim11, Theorem 29.1]),
the ring A/ is isomorphic to the coordinate ring of a B-invariant open subset U’ C X,, contain-
ing U. Note that U’ is the union of U and the open B-orbit in X/. Additionally, U’ is isomorphic
to (C*)"~1 x C**!) with r and s as in the introduction. Since U’ is an affine variety with a
nonempty intersection with X/, the vanishing ideal I,, in A] = C[U’] of the divisor X] N U’ is
generated by one element f,. One has

I,:={fe€A: v(f)>0o0r f=0}.

Then, for any ¢ € Z, we set

Il = {f e A: v(f) >i}.

We have a decreasing filtration

D7D D[P oA L, D2 DI D -

A=]I.

1€EL

such that
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The group B acts on this filtration, and each I! is a free A-module of rank one generated by f.

We set
=>"5/0 and A, =) L/
120 1€EZ
so that 212 = gr A and Z, = gr A with respect to the above filtrations. Denote by A’ the
quotient ring A’ /I,, which is the affine coordinate ring of X/ N U’. The rings :42, Al and Al
are naturally endowed with a B-action. Note that :47 is the affine coordinate ring of the normal
bundle to the divisor X, N U’ in U’. Moreover, A’ is the affine coordinate of a B-invariant ~open

subset U’ in X, which has a nonempty intersection with the closed G-orbit in X,. As for Av, it
is the affine coordinate ring of the open B-orbit UinU'.

PROPOSITION 3.1. There is a natural B-equivariant isomorphism between the rings :47, and A
which induces an isomorphism between the groups of B-eigenfunctions in A, and in A. In par-
ticular, the lattices of weights of the spherical homogeneous spaces G/H and G/H, are the
same.

Proof. Given any m € 2*(B), the dimension of the set K&B) of B-eigenvectors of K associated

with m is at most one for spherical H. For each m € M, choose a generator f,, of KT(nB), and set

M:= > Cfn.

meM

Then M is a C-vector subspace of K. Similarly, let K, := C(G/H,), let M, be the weight lattice
of G/H,, and set
> Clom,

mEMv
where for each m € M,, the element f,,, is a generator of the set of B-eigenvectors of K,
associated with m. Let T € I,/ IE be the class of the generator f, € I,,. Then we have

A, = AT =A@ LR e oL/ e CATT ) =Y I/ =
1€EZ

For each i € Z, write . for the image of the projection map I N M — IL/Ii+L ) and set

My = Z//;

1€Z

Let us first show that .4, = M,. Observing that the intersection I’ N M is the direct sum of
the lines generated by f,,, where m € M and (m,v) > i, we deduce that .# is the direct sum
of the lines generated by f,,, where m € M and (m,v) = i. By construction, .#, is contained
in K, and consists of B-eigenvectors, whence a first inclusion .#, C Mv.

To establish the converse inclusion, let us prove that for each m € M, we have f,,, € 4.
Note that K, admits a C*-action induced from the Z-¢-grading on A, which commutes with
the G-action. Then for every m € M,, the B-eigenvector f,,, is also an eigenvector for the
C*-action, which means that f, ,, is homogeneous with respect to the Z-grading on K,. Hence,
fom is in ¢ for some i.

In conclusion,

My=ty =) Y Cfn=M

i€Z meM,
(m,v)=1
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So the weight lattice in K, is M. Because the above isomorphisms are B-equivariant, the propo-
sition follows. O

Remark 3.2. Proposition 3.1 can also be deduced from the local structure theorem: Spec A =
P" x Z, where Z is an elementary embedding of C'/C' N H.

4. Homogeneous spherical data associated with satellites

The idea of classifying spherical homogeneous spaces G/H in combinatorial terms was proposed
by Luna in 2001 [LunO1]. For this purpose, Luna invented in [Lun01, §§3 and 4] the spherical
systems and Luna diagrams and conjectured that these combinatorial data can be used to classify
spherical homogeneous spaces. This classification is carried out in two steps. The first one is to
reduce the classification to the case of wonderful subgroups, that is, the subgroups H C G such
that G/H admits a wonderful completion. The second step is to describe all the wonderful
G-varieties.

Luna’s conjecture was recently solved due to the long efforts of several researchers. The
uniqueness part of Luna’s conjecture was proved by Losev in 2009 [Los09]. The existence part
was recently completed in a series of papers by Bravi and Pezzini [BP14, BP15, BP16]. Another
proof of the existence part, with different methods, has been proposed by Cupit-Foutou [Cup09].
We refer the reader to the introduction of [Avd15], and the references given there, for more about
this topic.

In this section, we describe the homogeneous spherical data associated with Brion subgroups
in order to prove Theorem 1.1. We start by recalling the definition and basic properties of the
homogeneous spherical datum associated with the spherical homogeneous space G/H.

The Borel subgroup B acts on G/H by left multiplication, (b, gH) — (bgH ), and the spherical
subgroup H acts on the generalized flag variety B\G by (h, Bg) ~ Bgh~!. Then we have
a natural bijection between the finite cosets B\(G/H) and (B\G)/H which induces a natural
bijection D; <+ D) sending D; to D} := B\D;H between the set Z of B-invariant divisors
in G/H and the set 2’ := {D},..., D]} of H-invariant divisors in B\G. The Picard group
of the generalized flag variety B\G is a free group whose base consists of the classes of line
bundles Ly, ..., L, such that the space of global sections H°(B\G, L;) is the jth fundamental
representation (with the highest weight w;) of the semisimple part of the Lie algebra of G,
for 1 < j < n. Therefore, we can associate with every color D; C G/H a nonnegative linear
combination of fundamental weights > " a;;o; = [D;] € Pic(B\G). Let A := (aij)11§§§<727 and
let C := (c1,...,¢n) be the sum of rows of A; that is, ¢; = Y ;" a;; and o

m

> D)) = chwj :

i=1

It is known (see, for example, [Lun01, Lemma 6.4.2] or [Tim11, Lemma 30.24]) that all entries
¢; of the vector C' belong to the set {0, 1,2} (so the same statement holds for all entries of the
matrix A). The matrix A satisfies certain stronger additional conditions that are used in the
classification of colors ([Lun97, §§2 and 3] and [Lun0O1, §§1 and 2]). Fix i € {1,...,m}, and let
J (i) be the set of j € {1,...,n} such that a;; # 0.

(1) If a;; = 2 for some j, then a; = 0 for all [ # j; that is, [D}] = 2w;. In this case, the
B-invariant divisor D; C G/H is said to be of type 2a.
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(2) If the color D; is not of type 2a, then
JeJ (@)
and either ¢; = 2 for all j € J(i) (and the color D; is called of type a), or ¢; = 1 for all
j € J(i) (and the color D; is called of type b).
Denote by 22, 2% and 2° the sets of colors of type 2a, type a and type b, respectively.
Let us consider two maps

d: 2 — Pic(B\G) and p: 22— N,

where §(D;) := [D}] € Pic(B\G) for 1 < i < m and p(D;) is the lattice point in N corresponding
to the restriction of the divisorial valuation vp, of the field C(G/H) to the group of B-semi-
invariants in C(G/H).

The following statement is the uniqueness part of Luna’s program.

THEOREM 4.1 ([Los09, Theorem 1]). The triple (M,X, 2) consisting of the lattice of weights
M C Z7*(B), the set of spherical roots ¥ C M and the set 9 of all B-invariant divisors in G/H,
together with the two maps §: 9 — Pic(B\G) and p: 9 — N, uniquely determines the spherical
subgroup H C G up to conjugation.

Using the natural bijection between the set S = {aq,...,a,} of simple roots of G and the
set of fundamental weights, o <> w;, we can regard the set J(i) as a subset in S. The set 2 of
colors of type a can be characterized as the set of those B-invariant divisors D; € & for which
the set J(i) contains a spherical root; that is, J(i) N X # @. Set SP := {a € S: ¢, = 0}; that
is, SP consists of those simple roots o € S such that the corresponding fundamental weight is
not a summand of §(D;) for all colors D; € 2. By [Lun01, §2.3|, the triple (M, X, 2) is uniquely
determined by the quadruple (M, X, SP, %), where the set 2% of colors of type a is equipped with
only one map p%: 2% — N, which is the restriction to 2% of p. The quadruple (M, X, SP, 2%) is
called the homogeneous spherical datum associated with the spherical homogeneous space G/H.

By the Luna general classification, the map G/H — (M,%,SP, 2%) is a bijection between
spherical homogeneous spaces of G (up to G-equivariant isomorphism) and homogeneous spher-
ical data for G.

The following theorem has been proved by Gagliardi and Hofscheier.
THEOREM 4.2 (|[GH15, Theorem 1.1]). Let X be a simple toroidal spherical embedding of G/H

corresponding to an uncolored cone o. Then the homogeneous spherical datum of the unique
closed G-orbit in X (it is a spherical homogeneous space) is the quadruple

(M07207Sp7@(()1)
with
My:=Mno+, $9:=%no-, 2§={Dic2* J@i)NZ#2},

where the map po: 2§ — N/(o) is the restriction to 2§ of the map p: 2* — N composed with
the natural homomorphism N — N/{o).

COROLLARY 4.3. Let v € NNV be a nonzero lattice point in the valuation cone of G/H. Then
the homogeneous spherical datum of the closed divisorial G-orbit X! in the elementary spherical
embedding X, of G/H corresponding to v is the quadruple

(Mo, 207 Sp7 9(()1)
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with
My:=Mnovt, Yo:=%nvt, Z§{={D;e 2" JE)NL#2},

where the map po: 9§ — N/(v) is the restriction to 2§ of the map p*: 2* — N composed with
the natural homomorphism N — N/(v).

We now compare the homogeneous spherical datum of the spherical homogeneous space G/H
to that of the spherical homogeneous space G/H, corresponding to the Brion subgroup H, C G.

THEOREM 4.4. Let v € N NV be a nonzero lattice point in the valuation cone of G/H. Then
the homogeneous spherical datum of the spherical homogeneous space G/H, is the quadruple

(M, nov*, SP, 25),

where 98 = {D; € 9°: J(i)N (S Nv') # @} and the map p%: 9% — N is the restriction of
p%: 2% — N to the subset % C °. In particular, the G-variety G/H, (and hence the conjugacy
class of the Brion subgroup H,) depends only on the minimal face of the valuation cone of G/H
containing the lattice point v.

Proof. We keep the notation of the proof of Proposition 2.4. Thus X is the spherical homoge-
neous space G/H/, where H] is the stabilizer of a point in X/, and H, is contained in H/. Let
us consider the spherical homogeneous space G/H x C* together with the (G x C*)-action. Its
lattice of weights is equal to M @& Z. Then G/H, = (G x C*)/H], is the closed (G x C*)-orbit in
the elementary spherical embedding of G/H x C* corresponding to the primitive lattice vector
(v,1) € N @ Z. By the definition of colors as B-stable prime divisors, we get a natural bijection
between the colors in G/H x C* and those in G/H, as well as a natural bijection between the col-
ors in G/H] and those in (G x C*)/H that both preserve the type of colors. On the other hand,
by Corollary 4.3, we have a natural bijection between the set of a-colors D; x C* in G/H x C* such
that J(i) N (SNvt) # @ and the set of a-colors in G/H, = (G x C*)/H. Since the composition
of the natural embedding N < N @& Z and the epimorphism N & Z — (N & Z)/{(v,1)) = N
is the identity map on N, we obtain that the pf-images in N of the a-colors in G/H, and the
p?-images of the a-colors D; in G/H such that J(i) N (X Nvt) # @ are the same; that is, the
map po: 3 — N is the restriction of p*: 2% — N to the subset 77 C 2°. O]

According to Theorem 4.4, the following definition is legitimate.

DEFINITION 4.5. Given a subset I of X, the spherical satellite Hy of H associated with I (or
with the face Vr) is the spherical subgroup H,, where v is any point in the interior of V; = {n €
Ng: (si,n) =0 for all s; € I}. Then H; is well defined up to G-conjugation.

The spherical satellite Hy; corresponding to the minimal face of V is G-conjugate to H. On
the opposite side, there is a unique, up to a G-conjugation, horospherical satellite Hgy which
corresponds to the whole cone V (cf. Proposition 2.4(2)). Recall that the valuation cone V is
cosimplicial and that it has 2* faces. Consequently, H has exactly 2¥ spherical satellites.

Remark 4.6. When H, is horospherical, that is, v € N N V°, Theorem 4.4 can be easily proved
by the arguments of Example 2.5.

As a consequence of Theorem 4.4, we derive the following description of the homogeneous
spherical datum of the spherical homogeneous space G/H; corresponding to a satellite H;.
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COROLLARY 4.7. Given a subset I of Y, the homogeneous spherical datum of the spherical
homogeneous space G/Hy is the quadruple

(M7[75p7@?)5

where ¢ = {D; € 2*: J(i)NI # @} and the map p}: 9} — N is the restriction of p*: 2% — N
to the subset 9§ C 2°.

5. Normalizers of satellites and consequences

Let Ng(H) be the normalizer of H in G. The homogeneous space G/N¢(H) is spherical, and
Ng(H) is of finite index in Ng(Ng(H)).” Therefore, its valuation cone V = V(G/Ng(H)) is
strictly convex by [BP87, Corollary 5.3]. Namely, we have ¥V = V/(V N —V) (see, for example,
the proof of [Tim11, Theorem 29.1]). Let X be the unique, up to a G-equivariant isomorphism,
complete simple toroidal embedding of G/N¢(H). The corresponding uncolored cone of Ny is V
The G-orbits of X are in bijection with the faces of V Thus we have a natural bijection I «» X T
between the subsets I C ¥ and the G-orbits X; C X such that Xy, = G/Ng(H).

PROPOSITION 5.1. Let I be a subset of X. The normalizer of the stabilizer of any point in the
G-orbit X is equal to the normalizer Ng(H) of the satellite H;.

Proof. Pick a nonzero point v in the interior V} of V;. According to [Tim11, Theorem 15.10], the

canonical map G / H— G /Ng( ) extends to a G-equivariant map 7: X, — X. Choose a point ),
in X , and set T, = m(x ’). Then Z, belongs to the G-orbit of X corresponding to the face v
of V where V; is the image of Vr by the projection map Ng — Ng/(V N —V). Furthermore,
since 7 is G-equivariant, the stabilizer H] of 2/ in G is contained in the stabilizer Gz, of Z, in G.
Hence, we have the following inclusions of spherical subgroups:

H;=H,C H, CGs,. (5.1)
Let us show that Gz, is contained in Ng(H,). We first observe that the fiber of = at 2/, is
nH(n(a})) = (Gg,)-v, = Gg,/H,. (5:2)

Since BNg(H) = BH by [BP87, §5], the set BNg(H) is dense in G. In addition, the parabolic
subgroup P is the set of s € G such that sBNg(H) = BNg(H). Fix an H-adapted Levi sub-
group L of P; cf. Definition 2.1.

Let 2 and 2 be the sets of colors of G/H and G/N¢(H), respectively. Set
X;=X,\|JD and X°:=X\ (J D,
De De9

and apply the local structure theorem for toroidal embeddings (cf. [Tim11, §29.1]) to X. There
is a closed L-stable subvariety Z of X° on which (L, L) acts trivially and such that the map

PYx 7 — X°

*In [BP87, § 5] and [Tim11, Lemma 30.2], it is claimed that Ng(Ng(H)) = Ng(H), but this is not true in general.
The simplest counterexample is the following, due to Avdeev. Let G = GL2, and let H be the set of diagonal
matrices whose second entry is 1. Then Ng(H) is the set of diagonal matrices, which is not self-normalizing (see
[Avd13, Example 4] for another counterexample with G = SL3).

99



V. BATYREV AND A. MOREAU

is an isomorphism. Moreover, Z is an embedding of the torus C'/C' N H, and every G-orbits
of X meets Z along L-orbits. Here C' is the neutral component of the center of L. Note that
C=L/(L,L).

Since X is the preimage of X by 7, the local structure for X, holds with Z := 7! (2) as
an L-stable variety. Every G-orbit of X,, (respectively, X ) meets Z (respectively, Z ) and, hence,
we may assume z, € Z and Z, € Z.

Using the isomorphisms X, = P" x Z and X° = PU x Z, we identify z, with (1,z,) and &,
with (1,Z,) and identify the restriction of 7 to X with the map

P'xZ —P“xZ, (p,y)— (p,7(y))-

The closed subvarieties Z and Z are pointwise fixed by (L, L). Consequently, 7 (x(z)) N X2
coincides through the above identifications with the algebraic subtorus

v

of C which is contained in the closed subvariety Z. The Zariski closure S of S in X, is contained
in Z since Z is closed. On the other hand,

S 7 (w@) N Xg =« (r(x})) = G, /H,.

As aresult, Gz, /H!, =2 S = 5. So by (5.2), the subgroup Gz, normalizes H/. On the other hand,
we notice that H) normalizes H,. Hence by [Timl1l, Lemma 30.2] and the inclusions (5.1), we
get? the expected equalities:

Ng(Hp) = Ng(H,) = No(Gs,) -

What is left is the case where v = 0. In this case, I = ¥ and Vg = {0}, so that Gz, = Ng(H).
But Hy = Hy = H up to G-conjugacy, whence the statement. O

We now present some applications of Proposition 5.1 to the description of stabilizers of points
in spherical embeddings.

Let v € Ng(H), and let f be a B-eigenvector of C(G/H) with weight m € M. The map
g — f(g7) is invariant by the right action of H, and it is a B-eigenvector of C(G/H) with
weight m. Therefore, for some nonzero complex number wg ¢(7y),

flgv) =wms(v)f(g) forall geG.

The map
wr,f: No(H) — C*,  vr— wh ¢(7)

is a character whose restriction to H is trivial and which depends only on m; see [Bri97, § 4.3]. We
denote it by wp . The reader is referred to [Tim11, Theorem 21.5] for a proof of the following
result.

LEMMA 5.2. The spherical subgroup H is the kernel of the homomorphism

Ng(H) — Hom(M,C*), ~v+— (m+— wam(7))-

Now, fix an arbitrary simple embedding X of G/H, and choose a point 2’ in the unique
closed G-orbit of X. There exist a simple toroidal (G/H )-embedding X and a proper birational

3The equality Ng(H,) = Ng(H,) also results from [BP87, §5.1].
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G-equivariant morphism 7: X — X such that 7(#') = #’ for some #' in the unique closed G-
orbit of X; see, for example, [Bri97, Proposition 2]. Let (o,.%#) be the colored cone corresponding
to the simple embedding X, and let I(o) be the set of all spherical roots in ¥ that vanish
on 0. Thus Vy(, is the minimal face of V containing o. Note that ¢ NV is the uncolored cone

corresponding to the simple toroidal embedding X.
We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. By choosing X = X, we may actually assume that X is toroidal. Let v
be a nonzero element in o C Vy(,. By [Tim11, Theorem 15.10], the identity map G/H — G/H
and the canonical map G/H — G/Ng(H) extend to G-equivariant maps

Ty: Xy — X and 7T:X—>)A(,

respectively. As in the proof of Proposition 5.1, we deduce from this the inclusions of spherical
subgroups

H](o) =H, C H{) C Gy C Gz, (53)
where H) is the stabilizer in G of a point z, in the closed G-orbit X! such that 2’ = 7, (z))
and 7 := 7(z'). By Proposition 5.1, we have Ng(H[(,)) = Ng(Gz). So by [Timl11, Lemma 30.2]
and (5.3), it follows that Ng(Gu) = Ng(Hp()). Then Lemma 5.2 applied to the spherical
subgroup G, implies that

Gy ={v€ Na(Hy)): wa,m(y) =1 forallme MnN O'J‘}
since the weight lattice of G /G, is M N o+, This finishes the proof of the theorem. O

Return to the case where X is a simple embedding of G/H (not necessarily toroidal). As
a consequence of Theorem 1.2, we get the following result, announced in the introduction.

COROLLARY 5.3. With the preceding notation, the stabilizer G, of ¥’ in G contains the satel-
lite H I(o)-

6. Limits of stabilizers of points in arc spaces

Let # := C((t)) be the field of formal Laurent series, and let &' := C[[t]] be the ring of formal
power series. For a scheme X over C, denote by X () and X (&) the sets of J# -valued points
and O-valued points of X, respectively. If X is a variety admitting an action of an algebraic
group A, then X (.#") and X (&) both admit a canonical action of the group A(&) induced from
the A-action on X. For example, the action of the group G on the homogeneous space G/H by
left multiplication yields an action of the group G(&) on (G/H)(%).

As shown by Luna and Vust, the set NNV parameterizes the G(&)-orbits in (G/H)(#"). More
precisely, with each A € (G/H)(#) \ (G/H)(0), one associates a valuation vy: C(G/H)* — Z
as follows; cf. [LV83, §4.2]. The action of G on G/H induces a dominant morphism

G x Spec.# — G x G/H — G/H ,
where the first map is 1 x A\, whence an injection of fields ¢): C(G/H) — C(G)((t)). Then we set
vy :=vowy: C(G/H)" — Z,

where v;: C(G)((t))* — Z is the natural discrete valuation on C(G)((t)) given by the order in ¢
of the lowest term of formal series. If A\ € (G/H)(0), we define vy to be the trivial valuation.
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Then v}, is a G-invariant discrete valuation of G/H, that is, an element of NNV, by [LV83, §§4.4
and 4.6]. Furthermore, for every v € G(€) and every A € (G/H)(%'), we have v\ = v).

By [LV83, Proposition 4.10] (see also [GN10, Theorem 3.2.1]), the mapping
(G/H)(A)— NNV, A— vy, (6.1)

is a surjective map, and the fiber over any v € N NV is precisely one G(&)-orbit. Thus there is
a one-to-one correspondence between the set of G(&)-orbits in (G/H)(.#") and the set N N V.
We write €, := {\ € (G/H)(#): vy = v} for the G(&)-orbit in (G/H)(.#") corresponding to
veNNV.

Let X be a spherical embedding of G/H associated with a colored fan F. The support of F is
the set

Fl= |J cnv.
(C,.F)eF

The group G(O) acts on the sets X (&) and (G/H)(.#), which are both viewed as subsets
of X (#). Hence the group G(0) acts on X (0)N(G/H)(*"). By restriction to X (0)N(G/H)(%),
the mapping (6.1) induces a surjective mapping

X(0)N(G/H)(A) — NOF|,  Ar— vy,
whose fiber over any v € N N |F| is precisely one G(&)-orbit. Thus there is a one-to-one corre-

spondence between the set of G(&)-orbits in X ()N (G/H)(#') and the set N N |F|.

Fix an H-adapted Levi subgroup L of P, and denote as usual by C the neutral component
of its center. Let x := eH be the base point in G/H. Any one-parameter subgroup A of C' yields
a morphism of algebraic varieties

X C"— G/H, t+— At)z

whose comorphism gives rise to an element A of (G/H)(X).

Pick a nonzero lattice point v in N N V. Since the open orbit of X, is G/H, one can assume
zy = eH. Then, X is adapted to the elementary embedding (X,,z,) (cf. Definition 2.2) if and
only if A lies in X(0) N (G/H)(#') and lim;_,o A(t) exists in the closed G-orbit X/. One can
choose A\, € Z,(C), adapted to (X, x,), such that vy, = v. By [LV83, §5.4],

G(O)Ny =C,,

and so v = vy, = v; . Setting Ao (0) := limy—0 Xv(t), one gets a morphism of algebraic varieties

Ao
XU: C— X,.

One can view the differential d),(0) of A, at 0 as an element of T, (Xy) for the point zj, :=

limy_0 Ay ()2 € X,

LEMMA 6.1. The one-dimensional space Ty (X,)/Ty (X)) is generated by the class of dX,(0) in
Txﬁ, (Xv)/TxL (XQIJ)

Proof. According to the local structure theorem for toroidal embeddings ([BP87, §3.4] or [Tim11,
Theorem 29.1]), it suffices to show the statement for elementary embeddings of a torus. So we can
assume that X, = TUX] is an elementary embedding of the algebraic torus T := C/CNH in C".

Arguing in coordinates 1, . .., x,, we can assume furthermore that the divisor X7 is given by the
equation ;1 = 0. One can choose for A\, the adapted one-parameter subgroup ¢t — (¢,1,...,1).
The statement is now clear. O
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LEMMA 6.2. We have CNH, =CNH.

Proof. Tt follows from the definition of the Brion subgroup H, (cf. Definition 2.3) that C' N H,
is a Brion subgroup associated with the elementary embedding Cx,, U Cz), of the algebraic torus
T =C/CnNH. Since T is a torus, C N H is equal to each of the Brion subgroups of T. Therefore,
we get CNH = CNH,. O

Theorem 1.3 can now be proved.

Proof of Theorem 1.3. We have to show that H, = {lim¢,0v(t): v € G(ﬁ)iv}7 where G(0)5,
is the stabilizer of A, in G(0), that is, the set of v € G(0) such that v(t)(Ay(t)zy) = Ay (t)x, for
all t € C*.

In order to establish the inclusion H, D {lim,07y(t): v € G(O)5 }, fix v € G(0); and
write v(0) for its limit at 0. Let H, be the stabilizer of z, in G. One can assume that H, =
ker x,, C H}, (cf. Definition 2.3). For any t € C*,

Y(E) (N () x0) = Ay () - (6.2)

Taking the limit at 0 on both sides, we get v(0)z), = 2. Hence v(0) € H]. Since v(0) € H,, the
element y(0) leaves invariant the tangent space T, (X, ). Differentiating the equality (6.2), we
get

7(0)(dAy(0)) = dAy(0) mod Ty (X)) .
Since H, acts on the one-dimensional space T, (X,)/T, (X,) by the character ., we deduce
from Lemma 6.1 that (0) is in the kernel H, of x,, whence the expected inclusion.

Let us prove the other inclusion. Pick vo € H,. We have to show that vy = lim;_,¢ (¢) for some
v € G(O)3, - By [BP87, 5.2, Proposition and Corollary], we have N¢(Hy) = HY(C N Ng(H,)),
with HY the neutral component of H,, whence H, C HY(C N H,). Write v = Joc with 79 € HY
and ¢ € C' N H,. Since H? is connected, there exist [ € Z~q and 7y,...,n in b, := Lie(H,) such
that

Yo = expg, (m) - - - expg, (m) ,
where expy, : b, — H, is the exponential map of H,.

Denote by (g,&) — ¢.£ the adjoint action of the algebraic group G on its Lie algebra. By
[Bri90, Lemma 1.2], the limit lim; 0 A\, (¢).€ exists and lies in Lie(H)) for every £ in the Lie
algebra b of H. Moreover, according to [Bri90, Proposition 1.2],* the Lie algebra of H, is

%E}%)\U(t).b = {%gr(l))\v(t).fz gen}.
Therefore, for some &1, ...,& € b, we have n; = limy_,g Ay (t).&;. For any ¢t € C*, set

A(t) = Ao(t) expp (€1) - expy (€)M (171)
where expy: h — H is the exponential map of H. Then for any ¢t € C*,

() (Ao (t)zn) = Au(t) exppy (€1) - - expp (§) @0 = Av(t) 2y
since for ¢ =1,...,1, expy/(&) lies in H = G,. As aresult, y € G(0)5 .

4The result is stated in [Bri90, Proposition 1.2] for H, equal to its normalizer. However, the proof does not use
this hypothesis.
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Using the natural embedding G < G(&), one can view the element ¢ of C C G as an element
of G(0). For any t € C*, set y(t) := ¥(t)c. We have

lim 4(t) = lim (Ao (t) expy (€1) -+~ expy (€)M ()
= lim (expg(Ao(t)-£1) - - expa(Ao(t).&)) = expy, (m) - - expy, (m) = o,

with expq the exponential map of G, whence limy_,07(t) = Joc = 7. By Lemma 6.2, the ele-
ment ¢ of C'N H, is in C N H. In particular, ¢ is in the stabilizer of x, in GG. Hence,

YO Ao ()zy) = F(B)e(Ao (D)) = F(B) (Ao (t)ezy) = F(E)(Ao(t)z0) = Ao(t)2

because 7 € G(0); and ¢ commutes with the image of \,. This proves that v is in G(0)5 . We

have shown that v € {limt_m y(t): v € G(O)5 }, as desired. d

Theorem 1.3 can be used in practice to compute the Brion subgroups H, for v € N N V.
According to Theorem 1.1, it suffices to compute finitely many of them to describe all the
satellites Hy of H, where I C . We illustrate this with some examples. In the following, no

distinction is made between A and /):, and so by a slight abuse of notation, we write G(&)y
for G (ﬁ )X

Ezample 6.3. In the setting of Section 1.1, assume G = GL,, (n € N*) and that T = D,, is the
set of diagonal matrices in G. Then T' x T' is a maximal torus of G x G and is adapted to A(G);
cf. [Bri97, §2.4, Example 2]. Hence,

M= 2%D,)=7".

The dual lattice N = Hom(M, Z) identifies with the lattice of one-parameter subgroups of D,,,
and V identifies with the set of sequences (A1,...,\,) € Q" with Ay > --- > \,,. Let T,} and T,
be the subgroups of GL,, consisting of upper- and lower-triangular matrices, respectively. The
identity matrix F lies in the open (T, x T, )-orbit since T, T, is open in GL,. Consider the
one-parameter subgroup A of T' x T' given by

At) = (diag(t)‘l, ey t)‘"),diag(t_h, ey t_A")) for all ¢te C*,

where (A1,...,\y) in Z" and Ay > --- > \,.

Write (A1, ..., Ap) = (ulfl,...,uff’“) with pg > --- > p, and k1 + - - - + k, = n, where k; € N*.
Let Py be the (standard) parabolic subgroup of GL, consisting of the block upper-triangular
invertible matrices with diagonal blocks of sizes k1, . .., k.. Denote by L its standard Levi factor,
and let P_) be the opposite parabolic subgroup to Py, so that P_y N Py = L.

An easy computation allows us to determine the set of limits of points (z(t),y(t)) € G(O)x,
and applying Theorem 1.3, we get

Hy = (P x PY)A(Ly),

where Py’ and P“, are the unipotent radicals of Py and P_), respectively. Thus we recover the
description of the satellites of Section 1.1 for G = GL,,.

Example 6.4. Let n € Z with n > 3. Assume G = SL,, and that H = SL,,_1 is the subgroup
H= {(61 (1]) A€ SLn,l}. The spherical homogeneous space G/H can be realized as

G/H = {(z,y) € C" x (C")*: (y,z) =1}.
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The Levi subgroup

a 0 0
L= 0 B 0):a,ceC", BeGL,_9,acdetB=1
0 0 c

is adapted to the stabilizer H = H of the point ((1,0,...,0, 1),(1,0,...,0)). Let A be the one-
parameter subgroup of the neutral component of the center of L, with A(t) = diag (t, 1,...,1,, t_l)
for all t € C*. In order to compute G(&),, we exploit the elementary embedding

X = {[:Ul;...;xn;yl;...;yn;zo]: leyl = Z(Q)} C p2n
of G/H. The closed G-orbit of X corresponds to the divisor {z9 = 0}, and we have
A()([1;0;...,0;1;1;05...5051)) = [t;O;...;t_l;t_l;O;...,0;1} e P,
From this, we easily determine G(&)), and by Theorem 1.3, we get
0
Hy = 0
a

0
B : BeSL, o, u,v,w,a €C,a?=1
w

S 2 e

7. Virtual Poincaré polynomials of G/H

This section is devoted to the proofs of Theorems 7.3 and 7.9. They are strongly inspired by the
work of Brion and Peyre [BP02].

In order to state the results of [BP02] we need, let us assume for a while that G is any complex
connected linear algebraic group and that H is any closed subgroup of G. We denote by ry the
rank of H and by uy the dimension of a maximal unipotent subgroup of H. Choose maximal
reductive subgroups H™d ¢ H and G4 C G such that A4 ¢ Gred,

THEOREM 7.1 ([BP02, Theorem 1(b)]). Under the above assumptions, there exists a polyno-
mial Qg y with nonnegative integer coefficients such that

Payp(t) =671 (t = 1) Qg pr(t) and Qgyp(t) = Qgreaprea(t)
In particular, if G is reductive, then
Pgyp(t) = t"umed =" Py prea(t) .
Moreover, Qg i (0) =1 if H is connected.
Let us now return to the case where G is reductive and H is a spherical subgroup of G.
For each subset I of the set of spherical roots ¥ of G/H, choose a maximal reductive subgroup

H}ed C Hj of the satellite Hy of H. We briefly denote by rr, ur and ul}ed the integers 7y, , un,
and u Hreds respectively. Note that r; =17 Hred-

LEMMA 7.2 ([BP02]). Let I C ¥. Then H'*¢ is contained in a G-conjugate of H.

Proof. If I = X, the statement is clear. Let I C X, and pick a lattice point v in N N V7. Without
loss of generality, we may assume that H}ed = H4 is contained in H,.

We now resume the arguments of [BP02, §2]. Consider the action of H!*! on the tangent
space Ty (X,), and choose an H}*d-invariant complement N to the tangent space Ty (X}). By
construction, H;;ed fixes N pointwise. Then we can find an ngd—invariant subvariety Z of X,
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such that Z is smooth at 2, and T,/ (Z) = N. Therefore, HI*d fixes pointwise a neighborhood
of 2/, in Z, and this neighborhood meets the open G-orbit G/H. Thus we may suppose that
Hred = H}ed is contained in H, as expected. O

Since the satellite Hy is defined up to G-conjugacy, Lemma 7.2 allows us to assume from now
on that H}ed is contained in H for each subset I C .

THEOREM 7.3. Assume that H is connected, and let I C X.
(1) We have PG/HI (t) = pG/H(t)pH/H;ed (t)tf(ulfu?d). In particular, the ratio

Ryt = Dermlt)
Peu(t)
is a polynomial Ry in t~! with integer coefficients and constant term 1.
(2) The degree of Ry is ug — upg = Ug — .
(3) The degree of Ry is uy — up provided that H is connected.

Proof. (1) Set X = G/H}*,Y = G/H and F = H/H*?, and consider the locally trivial
fibration F — X i) Y for the complex analytic topology.

CLAIM 7.4. The local systems R’ f,Cx are constant for each j.

Proof. Recall that Y being a connected complex algebraic variety with the complex analytic
topology, for any choice of a base point y € Y, there in an equivalence of categories be-
tween the category of local systems on Y and the category of representations of the funda-
mental group 71(Y,y). So for each j, there is a natural 71 (Y, y)-action on the cohomology fiber
Rif.(Cx), = H/(f!(y),C) = HI(F,C). Hence, it is enough to show that this action is trivial.
We are dropping, later on, the mention of the base point for the fundamental group.

Since the fiber F' = H/H?*? is connected (H being connected), we deduce from the long exact
sequence of homotopy groups

o —m(F) — m(X) —mY) —m(F)=1— -

that the morphism 71 (X) — 71(Y) is surjective.

Let us now make use of the pullback of the fiber bundle X — Y by the map f: X — Y. We
have f*(X) = X x F, and the following diagram commutes, where the bottom and left arrows
are the natural projections:

The natural action of 71(X) on the cohomology fiber H’(F,C) furnishes a map p: m(X) —
Aut(HI(F,C)) which is the composition of the surjective map m(X) — 71(Y) and the rep-
resentation m(Y) — Aut(H’(F,C)) induced by the local system R’f,Cy. Since the fibration
fH(X) 2 X x F — X is trivial, the action of 71(X) on H’(F,C) is trivial, that is, p is trivial. The
map 71 (X) — 71 (Y) being surjective, we deduce that the representation 71 (Y) — Aut(H7(F,C))
is trivial too, as required. O
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By Claim 7.4, we can apply [DL97, Theorem 6.1(ii)] to the algebraic morphism f to obtain

PG/H;Ed(t) — PG/H(t>PH/H;ed(t) .
Thus by Theorem 7.1, we get

~ ~ ~ —(u 7ured
PG/HI(t):PG/H(t)PH/Hﬁed(t)t (ur—uj )

In addition, PH/H;ed (t) is a polynomial with integer coefficients. Since dimG/H; = dimG/H,

the polynomials Py /h,;(t) and P /m(t) have the same degree, and so the degree of PH/ fred (t)

must be equal to d := u; — u}ed. Hence, for some integers ag,...,aq4_1, aq, we have

Pyyyppsea ()7 = (ag + art + -+ ag 1t + agt)t ! = Ry (t71),

where R;(X) = aoX? + a1 X% ' + .-+ 4+ ag_1 X + aq. Tt remains to show that the constant
term ag of Ry is 1. Since G/H| and G/H are irreducible of the same dimension, the leading term
of pg/HI (t) and Pg/H(t) is t4mG/H whence ag = 1.

(2) Because Hgy is horospherical, its normalizer Ng(Hg) in G is a parabolic subgroup of G,
and we have a locally trivial fibration G/Hg — G/N¢g(Hg) for the Zariski topology, with fiber
isomorphic to Ng(Hg)/Hg. The algebraic torus Ng(Hg)/Hg has dimension the rank r of G/H.
Therefore,

Pg/Hg (t)=(t— 1)T]50/NG(HQ)(15). (7.1)

Note that pG/NG(Hg)(O) = 1. On the other hand, by Theorem 7.1, the polynomial PG/H(t)
is equivalent to (—1)"¢~TH{UGTUH when t goes to 0 since Qg (0) = 1 for connected H. So,
according to (7.1) and assertion (1), we obtain

(_1)r — (_1)rg—'rHtug—th—degRg
since Rg(0) = 1, which forces deg Ry = ug — up. To conclude, notice that ug = ugy because Hy

is horospherical.

(3) Assume that H; is connected. By Theorem 7.1, the polynomial P /1, (t) is equivalent to
(=1)rerigie—u when t goes to 0. So, from assertion (1), we deduce that

(_1)rcfrltuc;fu1 _ (_1)chrHtfdegR[tuG7uH
since Rr(0) = 1, which forces deg R; = ur — up. O

Ezample 7.5. Keep the notation of the main illustrating example, Section 1.1. Given I C S,
let ®; be the root system generated by I, and write <I>? for the set of its positive roots with
respect to I. Note that dim G/P; = dim P} = |@& \ ] |, where P} is the unipotent radical of P;.
Simple computations show that

_ ~ e\ Bt ght(a)+l 1\ oy
Ri(t71) = Pgyp, ()t 1%5\%1 1 = H (tht(a)—l t12s\e7 |
ac®{\F

where ht(a) denotes the height of o for a € @;. In particular, we obtain that the right-hand
side is a polynomial in ¢~ 1.

Remark 7.6. When Rj verifies the statement of Conjecture 1.4, it would be interesting to find
an algorithm for computing the polynomial R; using combinatorial properties of the spherical
roots in I C X, as in Example 7.5.
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Ezxample 7.7. Assume G = SLy X SLa x SLo and that H is SLo, diagonally embedded in G. The
spherical homogeneous space G/H admits three spherical roots s1, s2, s3, and so its valuation
cone has 23 = 8 faces. By symmetry, Hyoy = Higyy & Hygyy and Hyg oy = Hig, o) = His, s5)
Applying Theorem 1.3, we can compute the satellites Hy,, ), Hy, 5,3 and Hg, and we find that

- ap 0 ar by a; 0 ‘ .
o ={ (0 a2) (5 ) (5 h))rmecamech
aj 0 al by a1 by "
o) = {<<Cl afl) ’ <0 a1_1> ’ (0 a1_1>>: meth b e C}’
_ a 0 ap  bo ap b3\ . 9
H@—{((c a1>7<0 a1>’<0 a1)>. C1,bg,b3€(canda1—1}.

We observe that G/Hg is a locally trivial fibration for the Zariski topology over (]P’l)g with
fiber (C*)3. So we get

[y

[y

Po/m,(t) = (t—1)3(t+1)%.
On the other hand, Hy, y and Hyg, 4,y are connected. By Theorem 7.1, we get
Pau,,, () = Paug,, ., (8) = t(t = 1)%(t + 1)%.
In conclusion, Ry (¢t71) =1 —t72 and Ry () = R{SLSQ}(t_l) =14tL
Ezxample 7.8. Let G = SL,, and let H be a maximal standard Levi factor of semisimple type
SL,,—1 x C*. The homogeneous space G/H is spherical and admits only one elementary em-

bedding, up to isomorphism, X := P(C") x P((C")*) = P! x P*~!. So G/H has a unique
satellite Hg which is horospherical. The unique closed G-orbit of X is

i=1
The variety X' is a locally trivial fibration for the Zariski topology over P"~! with a fiber

isomorphic to P"~2. In addition, denoting by H’ the stabilizer of a point in X’, we know that
G/Hgy is a locally trivial fibration for the Zariski topology over G/H' = X’ with fiber C*. Hence,

Pop, )= (1+t+ - +t" Y (1+t+ - +t" )t -1).
Observing that ]Sg/H = Px(t) — Px/(t), we get
Pog(t)= (14+t+-+t" )"t
In conclusion, Ry (til) =1—¢ (D),

THEOREM 7.9. Assume that the spherical homogeneous space G /H is of rank one. Then Ry is
a polynomial with integer coefficients.

Proof. Spherical homogeneous spaces G/H of rank one were classified by Akhiezer [Ahi83] and
Brion [Bri89]. Such a homogeneous space G/H either is horospherical or has a wonderful com-
pactification. Theorem 7.9 is obvious if G/H is horospherical. So we are interested only in those
homogeneous spaces G/H of rank one that admit a wonderful compactification. These spaces
are listed in [Tim11, Table 30.1]. In this case, the spherical subgroup H has a unique satel-
lite subgroup different from H; this is the horospherical subgroup Hg. For each homogeneous
space G/H from the list in [Tim11, Table 30.1], we compute the Poincaré polynomials P /m(t)
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and Pg/Hg (t) and then the ratio
PG/HQ (t)
Peu(t)

The obtained results are described in Table 1. Our calculations show that the ratio Ry (t‘l) is
a polynomial in ¢t~! containing only two terms, with integer coefficients.

Ryt ™) =

Let us explain our computations. Let G/H — X be a wonderful embedding of G/H with
closed G-orbit X’. We have

Py (t) = Poy(t) + P (t) = Py (t) + P(c;/z_flgﬂ |

Note that X’ is a projective homogeneous space G/P, where P is certain parabolic subgroup
of G such that dimG/P =dim G/H — 1.

_ In some cases, like in Example 7.8, from the knowledge of X and X', we compute Px(t) and
Px:(t) and so Pg g (t) and Pg g, (t) by (7.2). We can proceed in this way for cases 1, 3 (which
corresponds to Example 7.8), 7a, 7b and 10 of Table 1.

(7.2)

If H is connected, it is sometimes easier to compute directly ﬁ’G /u(t) using Theorem 7.1
and [BP02, Theorem 1(c)] instead of computing Px/(t). Then we get Pg/Hg (t) from Px(t)
and P(;/H(t) by (7.2). We can argue in this way for cases 2, 5, 6, 7a, 7b, 9, 10, 11 and 13.

Still, if H is connected, it is alternatively possible to compute Pg /H, () even without the
knowledge of X. Indeed, it is sometimes possible to deduce the conjugacy class of the parabolic
stabilizer P of a point in X’ just by dimension reasons. Then we get Pg /H, (t) since

P/, (t) = Pgp(t)(t —1).

Consider, for example, the case 12 of Table 1, where G = F4 and H = By. Then dimG/H =
52 — 36 = 16. So dim G/P = 15 and dim P = 37. Hence, for dimension reasons, P is conjugate
to a parabolic subgroup whose semisimple Levi part is of type either B3 or Cs3. In both cases,
we get (assuming that P contains the standard Borel subgroup B)

B Pg/p(t) (@ =-)(—1) (8 1) (¢ —1)
o/plt) = PP/B(t) =D -1t - 1) (5 —1)

since Bs and Cj3 share the same exponents 1, 3, 5. Hence,
Po/n,(t) = Popt)(t—1) = (t* +1) (¢ —1).
On the other hand, since H is connected, we have by [BP02]
(=1 —1)(B - 1) ("2 = 1) (12— 1)¢8

Fon =" n@_n@E_n@E—ne ~ A1
In conclusion,
Ly 8 —1 _
R@(t 1) =5 =1-¢8.
We can proceed similarly for cases 4, 8a, 8b, 14 and 15. O
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n® | G H Pg/H(t) pG/Hg (t) Ry (til)

1 | SLa x SLq SLs tH(t? —1) (t—1)(1+1)2 14+¢t

2 | PSLy x PSLy  PSLs t(t?2 —1) (t—1)(1+1)2 1+ttt

3 SLn S(L1 % Ln_l) tnit(_tzfl) (tn7 *ti)l(tnfl) 1— t—(n—l)
4 PSL, PO, t? | 1—¢2

2n—2,2n 2n—2 2n _
5 Sp2n Sp2 X San—Q ' tz(t,l D ¢ t21,)§_t L 1- t_(Zn_Z)
2n—1,2n _ 2n—1_ 2n _

6 Sp2n B(SPQ) X Sp2n—2 : t(_tl D ¢ ti)l(t 1 1- t_(Qn_l)
7a | SO2p41 SOs, (" + 1) 2 —1 1—t "

7b | SO2, SOg,, 1 -1 @t D@t —1) 14t
8a SOQn+1 S(01 X Ogn) t2n 2 — 1 1—t 2
8b | SO, S(Ol X Ogn_l) tn_l(tn — 1) (tn_l + 1)(tn — 1) 1+ t_(n_l)
9 | SOz, GL,, £ A2C" tIl (t+1) =Dt +1) 1—¢t

10 | Spin, Go B3t —1) B+ 1) —1) 1+¢73

11 | SO G, 3t - 1) B+ -1) 1+¢73

12 | Fy B, ) (4 1)(t12 - 1) 1— 8

13 | G SL3 t3(t3 + 1) B+ -1) 1—¢3

14 | Go N(SL(3)) t6 -1 1—¢6

15 | Gy GLy £ (C@C?) @ A2c? £ (GBI 112

TABLE 1. Data for homogeneous spherical spaces of rank one.
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