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Automorphism and cohomology I:
Fano varieties of lines and cubics

Xuanyu Pan

ABSTRACT

In this paper, we show that the automorphism groups of smooth cubic threefolds or
fourfolds act on their cohomology groups faithfully. We also prove that the same result
holds for their Fano varieties of lines and Lefschetz cubic threefolds and fourfolds. As
an application, we classify the automorphism groups of smooth cubic fourfolds with
small middle Picard numbers over the complex numbers.

1. Introduction

An important question in algebraic geometry is whether the Torelli theorem holds for varieties,
namely, whether some algebraic structures (such as Hodge structures, F-isocrytals) on the co-
homology groups of varieties can recover the geometry of varieties. Burns, Rapoport, Michael,
Shafarevich, and others proved that the Torelli theorem holds for K3 surfaces over the complex
numbers C, and Ogus proved that the Torelli theorem holds for supersingular K3 surfaces. The
Torelli theorem says that

an isomorphism ¢: H*(X) ~ H*(X’) between the cohomology groups which preserves
the algebraic structures is induced by an isomorphism v): X ~ X’ between the varieties.

It is natural to ask the following question.

Question 1.1. Is the map ¢ which satisfies 1¥* = ¢ unique (up to a sign)?

The question is often reduced to whether the automorphism group Aut(X) acts faithfully on
the cohomology group H*(X):

The natural map Aut(X) — Aut(H*(X)) is injective. (1.1)

For example, algebraic curves of genus at least 2 and algebraic K3 surfaces over an alge-
braically closed field have this property (1.1); see [DM69, Ogu79] and [Huy16, Chapter 15]. On
the other hand, Mukai, Namikawa and Dolgachev proved that some Enriques surfaces do not
have property (1.1); see [Dol13, MN84].

In this paper, we first prove the following faithfulness theorem for cubic threefolds and their
Fano varieties of lines, in Section 2.
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THEOREM 1.2. Let X3 be a smooth projective cubic threefold over an algebraically closed field k,
and let F(X3) be the Fano variety of lines of X3. If the characteristic char(k) of the field k is
not 2, then the natural maps

Aut(X3) — Aut(H (X3, Q) and  Aut(F(X3)) — Aut(Hg (F(X3), Q)

are injective.

The proof of Theorem 1.2 is based on the Lefschetz fixed-point theorem and the theory of
the Albanese variety of F(X3).

For smooth projective cubic fourfolds and their Fano varieties of lines, we prove a similar
result in Section 4.

THEOREM 1.3. Let X3 be a smooth projective cubic fourfolds over an algebraically closed field k,
and let F'(X3) be the Fano variety of lines of X3. The natural maps

Aut(X3) — Aut(HZ (X5,Q)) and Aut(F(X3)) — Aut(HZ (F(X3), Q)

are injective.

To show Theorem 1.3, we use deformation techniques. In characteristic zero, we deform
automorphisms of X3 by the holomorphic symplectic structure on the Fano variety of lines F(X3)
for a smooth cubic fourfold X3 and techniques of projective geometry. In positive characteristic,
we use a criterion to lift automorphisms of smooth projective varieties from positive characteristic
to characteristic zero and reduce the theorem to the case of characteristic zero.

In Section 5, we show the following theorem by reducing to the faithfulness theorem for
automorphisms of algebraic curves and K3 surfaces.

THEOREM 1.4. Let X3 be a projective cubic threefold or fourfold with one ordinary double point
over an algebraically closed field k. If the characteristic char(k) of the field k is not 2 or 3, then
the natural map

Aut(X3) — Aut (H:gt(Xg, Ql)) (respective]y, Aut(X3) — Aut (Hét(Xg, Ql)))
is injective.
In Section 6, we use the theory of Milnor fibers and vanishing cycles to show that there is a
smooth cubic fourfold of middle Picard number 1 with an automorphism of order 3. In Section 7,
we use lattice theory to classify the automorphism group of a complex cubic fourfold whose

middle Picard number is small. Combining the results proved in these two sections, we can show
the following theorem.

THEOREM 1.5. Let X3 be a smooth projective cubic fourfold over C. The automorphism group
Aut(Xs3) is

— trivial or Z/3Z if the middle Picard number is 1,

— trivial if the middle Picard number is 2.

2. Automorphisms of Fano surfaces

In this section, we start with some general results on automorphisms and the cohomology of
hypersurfaces. We will use these results in the following sections.
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LEMMA 2.1 ([Poo05, Theorems 1.1 and 1.3]). Suppose that X, is a smooth hypersurface of deg-
ree d in P"* over an algebraically closed field k. If n > 1, d > 3, and (n,d) is neither (1,3)
nor (2,4), then Aut(Xy) = Autr(Xy), where Auty(Xy) is the linear automorphism group. More-
over, Aut(Xy) is a finite group.

LEMMA 2.2. Let Xy be a smooth hypersurface of degree d in P! over an algebraically closed
field k of positive characteristic and f be a linear automorphism of X4. If n > 1, d > 3, and
(n,d) is neither (1,3) nor (2,4), then the following are equivalent:

(i) We have f* =1d on H (X, Qu),
(ii) We have f* = Id on H' | (Xq/W )k, where K is the fraction field of the Witt ring W = W (k).

cris

Proof. By Lemma 2.1, we know that the order of f is finite. Therefore, the induced map f* on
the cohomology group Hi (X4, Q) (respectively, H. ; (X4/W)z) is diagonalizable. In particular,
the map f* is the identity on the cohomology group if and only if all the eigenvalues of f* are 1.
On the other hand, we have

det (Id — f*¢, H. ;i (Xa/W)k) = det (Id — f*t, Hy (X4, Q1)) 5
see [KM74, Theorem 2| and [I1175, (3.7.3)]. We have proved the lemma. O
The following lemma is well known.

LEMMA 2.3. Let X4 be a smooth hypersurface in P! over C. Then, the singular cohomology
H!. (Xg4,7) is torsion free.

sing

Proof. Tt is clear that we have H;(Xg4, Z)tor = Hgglgl(Xd, Z)tor by Poincaré duality. Using the
Lefschetz hyperplane theorem for homology and cohomology, we conclude that the cohomology

group Hbmg(Xd, Z) is torsion free. O

LEMMA 2.4. Let X, be a smooth hypersurface in P"*! over an algebraically closed field k of

positive characteristic. Then, the crystalline cohomology H' ; (X4/W) is torsion free.

Proof. We lift X4 to a smooth hypersurface Xy over the Witt ring W (k) = W of k. By [DK73,
Exposé IX, Theorem 1.5], the Hodge-to—de Rham spectral sequence degenerates and the Hodge
numbers are invariant; that is, h?9(X,) = hP9((X4) k). We conclude that

According to the universal coefficient theorem of crystalline cohomology [Ber74], we have

0 — H. i (Xa/W) @w k — Hpg(Xa/k) — Torl” (HLEN(X/W), k) — 0. (2.1)

cris Cris

L (Xa/W) @w k > dimg H., (X4/W )k, we have
dll’nk H%R(Xd/k> dlmkH Xd/W) & k dlmKH Xd/W)K
Moreover, it follows from the comparison theorem that H]*)R(Xd /K) =H!. (X4/W)g. Therefore,

cris

the inequalities above are equalities. In particular, we have Tor]” (H’C;:i (X/W), k) = 0 for every 1.

In other words, the cohomology group H ! (X /W) is torsion free. O

Cris

Since dimy, H®

CI‘IS( CI‘lS(

Now, we start some preparation for proving Theorem 1.2. Let us denote by S the Fano
surface F(X3) of lines of the smooth cubic threefold Xs.

LEMMA 2.5. With the notation as above, we have H% (S, Q;) = A2HL (S, Q).
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Proof. Over the complex numbers, it is well known that
(1) dim (HL,(S, Q) = 10 and
(2) x(S,Q;) =1—-10+45—10+ 1 = 27; see [AK77] and [CGT72, Corollary 9.5 and (9.14)].

Assume that char(k) is positive. We lift X3 to a smooth cubic X over the Witt ring W (k)
of k. We have the relative Fano scheme f: F — Spec(W (k)) of lines of X over W (k). It is clear
that Flgpec(r) = S- It follows from the base change theorems that the same results (1) and (2)
above hold for S.

Therefore, we have dimg, (A*H}, (S)) = dimg, (HZ(S)). To prove the lemma, it suffices to
show that the cup product

2

U: AH&(S, @) — HE (S, Q)
is injective. It follows from [CG72, Lemma 9.13] that the cup product is injective when k is of
characteristic zero. Assume that char(k) is positive. From the construction of the cup product
for étale cohomology [Mil80, Section VI.8], we have the relative cup product

le*(@l) X le*(@l) - sz*(@l) .

Since f is smooth and proper, the higher direct image R’ f.(Q;) is a lisse f-adic sheaf for every i
see [DAT3, Chapter XVI] and [Del77, Arcata V2,3]. Since W (k) is strictly henselian, the sheaves
R'f.(Q;) are constant. By the proper base change theorem, to prove that the cup product |J
is injective over k, it suffices to show that it is injective over K, where K is the fraction field
of W (k). The injectivity of the cup product | over K follows from [CG72, Lemma 9.13]. O

Let g: L — X3 be the universal lines over the Fano surface S. Let p: L — S be the structure
morphism. Note that X3 can be lifted to a smooth cubic threefold over characteristic zero if the
characteristic of the field k is positive. One can show that the Abel-Jacobi map

peq™: HE (X5, Q) — HE (S, Q) (2.2)

is an isomorphism when k is of positive characteristic by reducing to the case of characteristic
zero [CG72, Theorem 11.19].

LEMMA 2.6. With the assumptions of Theorem 1.2, we have a natural diagram

Aut(X3) ———— Aut(S)

. J (2.3)
Aut(H3, (X3, Q) =—— Aut(HL (S, Q)

where the identification at the bottom of the diagram is induced by the Abel-Jacobi map (2.2).
Moreover, the morphism j is injective.

Proof. Let g be an automorphism of X3. By Lemma 2.1, the automorphism g of X3 is li-
near. Therefore, the automorphism g maps lines to lines. It gives rise to a natural morphism
J: Aut(X3) — Aut(S).

The proof of the commutativity of the diagram is similar to the proof of Lemma 4.3, so we
postpone the proof to Section 5. On the other hand, using an argument similar to that for [CS09,
Lemma 2.1], we can show that for a point s of X3, the space of lines contained in X3 and passing
through s can be viewed as the intersection of a quadratic and cubic form in the projectivized
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tangent space of X3 at s. Therefore, we conclude that for any point s € X3, there are at least
two lines [; and [y passing through s (that is, s =113 Nl2). If j(g) is the identity, then we have

g(s) =j(g)(l1) Njlg)(l2) =lhinly = s.

It follows that the map ¢ is the identity. Therefore, the map j is injective. O

Proof of Theorem 1.2. Recall that we denote by S the Fano surface F(X3) of lines of the smooth
cubic threefold Xj3. First, we claim that an automorphism g of S has a fixed point if it acts
trivially on the first /-adic cohomology group. From Lemma 2.6 and Poincaré duality, it follows
that g acts trivially on HZ, (S, Q) for all i. Suppose that g has no fixed points. By the Lefschetz
fixed-point theorem, we have a contradiction as follows:

4
0= #(Fix(g)) = > (1) Tr (¢", H (S, Q) =1—10+45 - 10+ 1 = 27.

=0
Suppose that sp € S is a fixed point of g: S — S. Since char(k) # 2, the natural morphism
A: S — Alb(S) is an immersion, where Alb(S) is the Albanese variety of S; see [Bea82]. Moreover,
we have HZ, (S, Q) = HJ, (Alb(S),Q;) via the pullback A*. Assume A(sg) = 0. By the universal
property of Alb(S), we have a morphism h: Alb(S) — Alb(S) such that Ao g = ho X and
h(A(so)) = A(so). Therefore, the morphism A is an automorphism of the group scheme Alb(S)
[Mum08, Chapter II]. Obviously, we have h* = Id on H} (Alb(S),Q;). By a theorem of Tate
[Mum08, Chapter IV], we know that h = Iday,(s). This implies that g is the identity Ids.
Therefore, we have proved the faithfulness theorem for the Fano variety of lines. The faithfulness
theorem for X3 also follows by Lemma 2.6. O

3. The first de Rham cohomology groups

Our main result of this section is Proposition 3.3. The proof is tedious. We suggest the reader to
skip it during the first reading.

Suppose that X3 is a smooth cubic fourfold in P° over an algebraically closed field k. Denote
by F(X3) the Fano variety of lines of X3. We use the notation of [AK77]. Let V be a vector space
of dimension 6 over k. Denote the projective space P(V) = P% by P. Let G be the Grassmannian
Grassz (V). The fundamental sequence on G is

0M—=Veg—Q—0, (3.1)

where M is the universal subbundle and @ is the quotient bundle. Denote by I' the incidence
correspondence subscheme of P x G; see [AK77, Setup 5.2, p. 36]. In particular, we have I" =
{(z,1) | z € I} and two maps p and ¢

G+ PQ)=T=PK)2L—P,
where K = Q},(1). Note that there is a short exact sequence
0—-K—Vp—0Op(l) =0,

where Vp = O35, Let R (respectively, N) be the fundamental sheaf Op(g)(1) = p*Op(1) (re-
spectively, Op(k)(1)). We denote ¢*@Q by Qr. We summarize some results from [AK77] in the
following proposition.
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ProposITION 3.1 ([AKT77, Sections 5.2.2-5.4.2]). We have a short exact sequence 0 — N —
Qr — R — 0. Therefore, we have N>’Qr = N ® R. Moreover, the dualizing sheaf wryk Is
N=%® R™". We have

N E(n) = A4 (Symy(Q)) @ (A2Q)°" Y
where E = Sym4(Q)".

LEMMA 3.2. Some cohomology groups are zero, as follows:
(i) H(I,N*®@R") =0if -1 > s> —4,orifs=0andi ¢ {0,5}, orif s =0,7 =0 and t < —1,

orifs=1andi#1,orifs=1,i=1andt# —1, orifs=—b5andi ¢ {4,9}, orif s = —6
and i ¢ {4,8,9};

(i) H(T,Qr® N*®@ R") =0if =2 > s > —4, or if s = —5 and i ¢ {4,9};

(iii) H*(T, Symy(Qr) @ N*®@ R") =0if s = -3 or s = —4, or if s = =5, i ¢ {9,4}, or if s = —5,
i=4andt< —4,orifs=-5i=9andt> -8, orifs=—6 andi ¢ {8,9,4};

(iv) Hi(I‘,Sym3(Qp) QN ® Rt) =0ifs=-5andi¢ {4,9}, orifs=—5,i=4 andt < -5,
orifse€ {—6,—7} and i € {2,3};

(v) H(T, A?Symy(Qr) @ N*® R") = 0 if s € {—4,—5}, orif s = =3 and i ¢ {0,5}, or if s = —3,
it =—bandt> —6;

(vi) H (T, A?Syms3(Qr) @ N*®@ R") = 0if s = =5 and i ¢ {0,5}, orif s = —5, i =5 and t > —6,
orifs=—6,1¢{4,9}, orifs=—6,i=4 andt < —5,orif s=—6,i=9 and t > —9 or if
s=—Tandie{1,2}.

Proof. The lemma follows from Proposition 3.1, the formulas [AK77, (5.7.1) and (5.7.2)], Serre
duality and the Bott vanishing theorem. The proof is straightforward but tedious.

(i) By [AKT77, (5.7.1)], the cohomology groups vanish if —1 > s > —4. If s =0 and ¢ ¢ {0,5},
orif s =4 =0and t < —1, then, by [AK77, (5.7.1)], we have H (I, N* ® R?) = H (P, Op(t)) = 0.
If s = 1 then, by [AK77, (5.7.1) and (5.7.2)], we have H'(TI', N* ® R') = H'(P,Qp(t + 1)) =0
ifi#1,orif i =1 andt # —1, where we use the Bott vanishing theorem (see [Hua0l, Bott’s
formulal).

For s = —5 and i ¢ {4,9}, we conclude that H'(N~° @ R") = 0 by Serre duality and [AK77,
(5.7.1)]. In fact, we have H'(N~° ® R') = H7(I',wp ® N°R™") = HY"/(P,Op(—t — 7)) = 0.

For s = —6 and i ¢ {4, 8,9}, we conclude that H'(N* ® R!) = 0 by Serre duality and [AK77,
(5.7.1)]. In fact, we have H'(N % @ R") = H*"(T',wp ® N°R™") = H*~*(P,Qp(—t — 6)) = 0 by
[AK77, (5.7.1)] and the Bott vanishing theorem.

In summary, we have proved part (i).

(ii) Applying the short exact sequence in Proposition 3.1 and [AK77, (5.7.1)], we have a long
exact sequence

= (0=)H(,N*""@R") - H(I,Qr ® N°® R') - H(I', N* @ R""!)(=0) — - --
if —2>s>—4.
For s = —5 and i ¢ {9,4}, it follows from part (i) that H*(I', N**' @ R') = 0 and H(I', N* ®
Rt+1) = 0. In summary, we have proved part (ii).
(iii) By [AKT77, (5.11.5)], we have a short exact sequence

0= QraN @R — Symy(Qr) ® N*®@ R = N*®@ R"™ = 0. (3.2)
Using part (ii), we have H' (T, Sym,(Qr) ® N* ® R") =0 if s = —3 or —4.
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For s = —5 and i ¢ {4,9}, we have the long exact sequence associated with (3.2)
= H'(Qr ® N*T'R") — H'(Symy(Qr) ® N°R') — H'(N*R'*?) — ... |

where H' (N "°R'2) = 0 and H (Qr ® N~*R") = 0 by parts (i) and (ii).

For s = —5,1 =4 and t < —4, we have Hi(QF®N*4Rt) = 0 by part (ii) and H? (N*5Rt+2) =
HY/(R™'7%) = H?(P,Op(—t — 9)) = 0 by [AK77, (5.7.1)].

For s = =5, i = 9 and t > —8, we know that H'(Qr ® N™*R') = 0 and H'(N°R*?) =
H(R™9) = HY(P,Op(—t —9)) = 0 by [AKT7, (5.7.1)].

Similarly, for s = —6 and i ¢ {4, 8,9}, it follows from parts (i) and (ii) that H*(Qr@ N °R") =
0 and H*(T', N-SR"*?) = 0. We have proved part (ii).

(iv) By [AKT77, Proof of Proposition 5.11, p. 42], we have a short exact sequence

0 — Sym,(Qr) ® N — Symy(Qr) — R® — 0. (3.3)

It gives rise to a long exact sequence after tensoring by N*R!:

-+ = H'(Symy(Qr) @ N*T'R") — H'(Syms(Qr) ® N°R') — H (N* @ R"3) — -
If s = —5 and i ¢ {4,9}, then we have H'(N* @ R"?) = 0 and H*(Sym,(Qr) ® N**'R') = 0 by
parts (i) and (iii). If s = —5, i = 4 and ¢ < —6, then we have H(Sym,(Qr) @ N**'R') = 0 by
part (iii) and the fact that

H (N®*® R"3) = H*7/(I, R7""1°) = H°(P, Op(—t — 10)) = H(P,Op(t +4)) =0,
where we use Serre duality and [AK77, (5.7.1)].

For s € {—6,—7} and i € {2,3}, the exact sequence (3.3) gives rise to an exact sequence
H'(Sym,(Qr) ® N*t' @ R') — H'(Syms(Qr) ® N* ® R') — H'(N* @ R'™3),

where the first term is zero by part (iii). We claim that the last term is also zero. In fact, this
follows from part (i) for s = —6. For s = —7, we have

HY(T,N*® R"?) =H*7/(I, N * ° @ R 1) = H*(P°, Sym,(K)(—t — 9)) =0

by Serre duality and [AK77, (5.7.1)]. Therefore, we have proved part (iv).

(v) According to [AK77, Lemma 2.10 and (5.11.5)], we have a short exact sequence [AK77,
display after (5.11.5)]

0= N @R 5 A2Symy(Qr) @ N*®@ R - Qr @ N @ RI™2 - 0.
This gives rise to a long exact sequence
- = HY(N*PRAY) — HY (A*Symy(Qr) ® N°R') — H'(Qr @ N*H'R™?) — ...

We notice that if s = —3, i = 5 and ¢ > —6, then H'(N*" @ R**!) = H/(P,0p(t + 1)) = 0
by [AK77, (5.7.1)]. By parts (i) and (ii), we conclude that H*(I', Nst3R'*1) = HY(I',Qr @
N*t1R2) = 0 under the hypotheses of part (v). Therefore, we have H'(T', A2Sym,(Qr) ®
N#R') = 0. We have proved part (v).

(vi) Asin [AKT77, Proof of Proposition 5.11, p. 42], we have the short exact sequence
0 = A2Sym,(Qr) ® N*™2 @ R' — A?Sym;(Qr) ® N* ® R' — Sym,(Qr) ® N*T @ R -0,
which gives rise to a long exact sequence

- = H'(A’Symy @ N**?R) — H'(A’Symy ® N°R') — H'(Sym, @ N*T R — ...
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By parts (iii) and (v), we conclude that
H' (D, A%Symy(Qr) © NP2 @ R') and H'(T, Symy(Qr) ® N*™' @ R'1)
are zero under the hypotheses of part (vi). We have proved part (vi). O

ProprosiTiON 3.3. With the notation as above, we have

H' (F(X3), Or(xy)) = B (F(X3), Qg (xy)) = B (F(X3), Op(xy)) = 0.
Therefore, the Néron-Severi group NS(F(X3)) of F(X3) is torsion free. Moreover, we have
H*(F(X3), Op(xy)) = k-

Proof. First of all, we show that H' (F(X3), (’)F(X3)) = H3(F(X3), OF(X3)) = 0. In fact, the Fano
variety F(X3) of X3 is defined by a regular section s of the vector bundle Syms(Q) = EV, which
is of rank 4; see [AK77, Theorem 1.3]. So we have the exact sequence

0—A*E—NE—NE—E->50g— 0 —0. (3.4)
By the syzygy argument, in order to prove that H!(F, Or) = 0, it suffices to prove that
H'(G,0¢) = H*(G, E) = H*(G,\*E) = HY(G,A’E) = H°(G,\'E) = 0.

This is verified by [AK77, Theorem 5.1]. Similarly, to prove that H3(F,Or) = 0, it suffices to
prove that

H*(G,0q) = HY(G,E) = H°(G,\’E) = H%(G,A’E) = H" (G, \'E) =0,

which is also verified by [AK77, Theorem 5.1]. To prove that H?(F, Op) = k, it suffices to prove
that

H*(Og) = H*(Og) = H*(E) = H¥(E) = HY(A’E) = H*(AE)
=H°(A'E) =H°(A'E) =0
and H*(G, A2E) = k, which are verified by [AK77, Theorem 5.1].
Apply Lemmas 3.4 and 3.6 to the long exact sequence of cohomology groups associated with
the short exact sequence

0= Elpixy) = Q6lrxs) — Q11?()(3) — 0.

Note that E|p(x,) is the conormal bundle of F(X3) in G. We conclude that H? (F(X3), Q%(X?))) =0.

In summary, we conclude that Hjy, (F(X3)) =0 since the Hodge numbers H' (F(X3), Opx,)) =
HO(F(X3), Q%(XB)) are zero.

By the universal coefficient theorem of crystalline cohomology, we know that H2_. (F(X3)/W)
is torsion free. By a theorem of Illusie and Deligne, see [Del81, Remark 3.5] and [I1179], we have
an injection
We conclude that NS(F(X3)) is p-torsion free. On the other hand, we have an injection [Mil80]

NS(F(X3)) ® Z; — HE (F(X3), Z(1)) .

We claim that H% (F(X3),Z;(1)) is torsion free. Therefore, the group NS(F(X3)) is torsion free.
In fact, it follows from [BD85, Propositions 1 and 2] that the variety F(X3)c is simply
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connected. By the universal coefficient theorem, we have
Hging(F(Xg)(c, Zl) = HOII](HQ(F(Xg)C, Z), Zl) = lérzl HOII](HQ(F(Xg)C, Z), Z/an)
= lim HE, (F(X3)c, Z/1"Z) = H (F(X3)c, Zi) -

Since H% _(F(X3)c,Z) is torsion free, the group H% _(F(X3)c,Z;) is torsion free. We show that

sing sing
the claim holds in characteristic zero. Assume char(k) > 0. Since F(X3) over k has a lifting from

positive characteristic to characteristic zero, the claim holds for F(X3) over k. O

LEMMA 3.4. With the notation as above, we have H'(F, E|r) = 0.

Proof. By the exact sequence (3.4) and the syzygy argument, it suffices to prove that
H(G,N'E@E) =H'(NWE®E) =H*(ANE® E) =H*(E® E) =H'(G,E) =0.

(1) We claim H3(G,A*E ® E) = 0. In fact, we have A’E = (/\262)_6 by Proposition 3.1. It
follows from [AK77, Proof of Lemma 5.12, p. 43] that E = R'q. (R_5) ® A%2Q. By the equality
RYq, (R*E‘) = 0 and Proposition 3.1, we conclude that A*E ® E is

R'¢.(R%) ® (M2Q) " = Re. (R P ® ¢*(A%Q) ") = Rgu (R0 @ N79).
Therefore,
H?(G,N'E® E) =H*(I,R "’ @ N~°) = HY(T', R*) = H'(P,0p(3)) = 0.

(2) We claim that H*(AE @ E) = 0. In fact, by Proposition 3.1 and [AK77, Proof of
Lemma 5.12,], we conclude that A3E @ E is

Symy(Q) ® (A*Q) " @ R'q.(R™°) = Symy(Q) ® (A*Q) " ® Ry (R™?)
= Rq.(Symy(Qr) ® N°R™17) .
Therefore, by Lemma 3.2(iv), we conclude that
HY(G,N’E ® E) = H* (I, Sym3(Qr) ® N"°R™1%) = 0.
(3) We claim that H? (G, NE ® E) = 0. In fact, as before,
NE ® E = A2Symy(Q) ® (A2Q) ™" ® Ra.(R™°)
= Rq. (/\QSymg(Qr) QN°® R_IO) )
It follows that H3 (G, NE ® E) = H3 (F, A2Sym4(Qr) ® N7° ® R*w) = 0. The last equality
H3 (T, A2Sym;(Qr) ® N~° @ R™1%) = 0 follows from Lemma 3.2(vi).
(4) We claim that H?(G, E ® E) = 0. In fact, as before, we have that
E®E = Rq,(R°®NQr ® ¢*E)
=Re. (R @ N ®¢'E) = R, (R ® N ® Symy(Qr)") ,
where the last equality follows from ¢*E = Syms(Qr)Y. Therefore, we have H?(G,E ® E) =
H? (T, Sym;s(Qr)Y ® N @ R™*). The short exact sequence (3.3) gives rise to a short exact sequence

0 N®R " — Symy(Qr)" ® N® R™* — Symy(Qr)" @ R™* — 0.

By Lemma 3.2(i), we have H? (F,N ® RJ) = 0. To prove the claim, it suffices to prove that
H? (T, Symy(Qr)Y ® R~*) = 0. In fact, by the exact sequence [AK77, (5.11.5)], we have an exact
sequence

05 R%—=Symy(Qr)' @R ' Qe N eR™ =0.
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By Lemma 3.2(i), we have H? (F, R’6) =0.
In the following, we show that H? (F, Qr ® N'® R*4) = 0. In fact, by Proposition 3.1, we
have a short exact sequence

0-N'®9R®° = QreN'eR* = N2eR*=0.

We conclude that H2 (I‘, QLeaN e R*4) = 0 since H? (N*1 ® R*5) = H? (N*2 ® R*4) =0 by
Lemma 3.2(i). Therefore, we have shown that H2 (F, Sym,(Qr)Y ® R—4) =0.
(5) The equality H'(G, E) = 0 follows from [AK77, Theorem 5.1]. O

LEMMA 3.5. For any vector bundle V on G, we have H\(T', ¢*V) = HY(G, V).

Proof. The lemma follows from the projection formula and the equality Riq,Or = 0 for i > 0.
In fact, we have

H'(G,V) =H(G,V ® ¢.0¢) = H(G, ¢.¢"V) = H(G, Rq.q*V) = H(T, ¢*V)
where the second equality follows from ¢,Or = Og. O
LEMMA 3.6. With the notation as above, we have H(F,Q}|r) = 0.
Proof. By the exact sequence (3.4), we have an exact sequence
ME@Q— NERQ —NERQ: — E®Qq — Qc— Qalr.
By the syzygy argument, to prove the lemma, it suffices to show that
H'(ME ® Q¢) = B (NME® Qg) = H*(N’E® Q¢) = H(E ® Q) = H(G,Qg) = 0.
We first notice that Q5 = Q¥ ® M.
(1) By the exact sequence (3.1), we have the exact sequence
0-Q" oM —-Q"—-QVeQ —0.

We claim that H(G, Q") = 0. Therefore, we have H*(G, Q) = H°(G,QV ® M) = 0. In fact,
by the exact sequence in Proposition 3.1, we have a short exact sequence 0 — N~—! — Qr —
R~ — 0. It follows from Lemma 3.2(i) that H*(I', R™!) = H°(I', N~!) = 0. We have proved the

claim.

(2) We claim that H'(G,E ® Q) = 0. As in [AK77, Proof of Lemma 5.12], we have
E = Rlq, (R_5) ® A2Q. Denote by Mr the pullback of M via q. We conclude that

HYE ®Qg) = H(G,Rg. (R° @ N’Qr @ QY @ Mr)) =H' (I, R° @ Qr ® Mr),
where the last equality follows from Qr = A2Qr ® Q).. By the short exact sequence
0> MreQroR°—>QF @R > QreQreoR -0,

to prove the claim, it suffices to prove that H° (F, Qr ® Qr ® R_5) =H! (F, Qr® R_5) = 0. The
latter follows from Lemma 3.7(i) below.

(3) We claim that H*(G,A’E ® Q¢g) = 0. By [AK77, (5.4.2)] and Lemma 3.5, we have
H? (G, /\2E®Qg) = H? (F, A2Sym;(Qr) ® (/\2Qr)76 R QY. ®MF). From the short exact sequence
0 — Mr — Vr — Qr — 0, we have the exact cohomology sequence

H' (A?Symy (Qr) @ (A*Qr) " ® QF @ Qr) — H? (A*Symy(Qr) @ (A*Qr) " @ Qf ® Mr)

— H?(A?Sym3(Qr) ® (A*Qr) " @ QY) ™.

10
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By Lemma 3.7(ii),(iii) below, we know that the first and last terms of this cohomology sequence
are zero. The claim follows.

(4) We claim that H*( A* E ® Qg) = 0. In fact, by [AK77, (5.4.2)], Proposition 3.1 and
Lemma 3.5, we have H? (G, \*E ® Q¢) = H*(T, Sym3(Qr) @ N @ R™%® QY. ® Mr). From the
short exact sequence (3.1), we have an exact cohomology sequence

H? (Symy(Qr) @ N™° @ R™% @ Qf ® Qr) — H*(T', Sym,(Qr) © N ® R™° @ Qf @ Mr)

— H?(Sym,(Qr) @ N %@ R0 Qy)®°.
The claim follows from the fact that first term and last term of this sequence are zero by Lem-
ma 3.7(iv),(v).

(5) We claim that H{(A*E®Q¢) = 0. By [AK77, (5.4.2)] and Lemma 3.5, we have H*(A*E®
Qg) =H* (F, N RSaQy. ®Mp). The exact sequence (3.1) gives rise to an exact cohomology
sequence

H (N S®RS0QroQy) - H{(N o R0 e Mr @ QYY) - H*(Qr ©® N0 @ R6)%°
where the first and last terms are zero by Lemma 3.7(vii)—(viii) below. The claim follows. [

LeEMMA 3.7. With the notation as before, we have
(i) (I, Qro® Qr® R %) =H'(I,Qr ® R™°) =

(i) H2(T, A28ym,(Qr) ® (A2Qr) ° @ Q)) =0,

(i) H (T, A2Sym,(Qr) ® (A?Qr) ° ® QY ® Qr) =0
(iv) H3(T,Symy(Qr) @ N6 @ R0 ® QY) =0,

(v) H2(T, Symy( Qr ®N @ RS2 QY ®Qr) =0,
(vi) H?(P®, Symy(K)(—1)) =0,
(vii) HY(I',Qr @ N~ 6®R %) =0,

(viii) H¥(I,N" @ R0 @ Qr ® QY) = 0.
Proof. For part (i), by Proposition 3.1, we have a short exact sequence
0N®QreR°—>QreQroaR° >R *@Qr—0.
We claim that HO(R~* ® Qr) = 0. This follows from the exact sequence
(0 =)H"(P°, Qps(-3)) =H'(N@ R™*) - H*(R* @ Qr) - H(R%)(=0),
where the first term is equal to zero by the Bott vanishing theorem and [AK77, (5.7.1)] and the
last term is equal to zero by Lemma 3.2(i). Therefore, we conclude that H° (Qp RQr® R_5) =0
since H (R_4 ® Qr) =0.
The equality H° (Qr QN ® R*E’) = 0 follows from the exact sequence
H(N*@R°) > H(Qroe N R®) - H'(N@ R™?),
where the last term is zero by Lemma 3.2(i) and the first term is zero by the equality H° (N 2®
R™) = H(P®, Symy(K)(—5)) = 0. In the following, we show that H°(P°, Symy(K)(-5)) = 0.
The fundamental sequence [AKT77, Setup 5.2] gives rise to an exact sequence
0 — HY(K © K(-5)) — H(K(~5)%%)( = H*(Q'(—4))®° = 0) .
It follows that H° (K QK (—5)) = (. Moreover, we have a short exact sequence
0 — N2K(=5) - K ® K(—5) = Symy(K)(=5) =0, (3.5)

11
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which gives rise to an exact sequence
(0 =)H*(K ® K(-5)) — H°(Symy(K)(-5)) = H' (A K(-5)) ( = H (Q2:(-3)) = 0) ,
where the last equality H! (Q§5(—3)) = 0 follows from the Bott vanishing theorem. Therefore,
we have proved that H°(P?, Sym,(K)(—5)) = 0.
For part (ii), by Proposition 3.1, we have A2Qr = N ® R and a short exact sequence
0-R'=Q\—>N"1-0; (3.6)
the latter gives rise to an exact sequence
(0 =)H?(A*Symy @ N0 © R™7) — H* (A*Symy(Qr) @ (A°Qr) ™" © Q¥)
— H(A?Symg @ N " ®@ R9)(=0),
where the last term is equal to zero by Lemma 3.2(vi). We have proved part (ii).

For part (iii), as in the proof of part (ii), the short exact sequence (3.6) gives rise to an exact
cohomology sequence

(0 =)H" (A?Symg(Qr) ® N~ ® R™7 @ Qr) — H' (A*Symy(Qr) ® (A*Qr) " ® Q¥ ® Qr)
— H' (A?Sym3(Qr) @ N " @ R °® Qr)(=0),

where the first term is zero by the following exact sequence associated with the short exact
sequence in Proposition 3.1, see Lemma 3.2(vi):

(0 =)H"(A?Symy(Qr) ® N " @ R™") — H' (A?Sym3(Qr) @ N * @ R™" ® Qr)
— H! (/\2Sym3(Qr) QN ® R_G) (=0).

Similarly, that the last term H'(A2Sym3(Qr) ® N~7® R~%® Qr) is zero follows from the exact
sequence

(0 =)} (A*Symy(Qr) @ N™° @ R™%) — H! (A*Symy(Qr) @ N™" @ R™" @ Qr)
— H'(A®Syms(Qr) @ N " @ R™°)(=0),
where the first and the last terms are zero by Lemma 3.2(vi). We have proved part (iii).

For part (iv), the exact sequence in Proposition 3.1 gives rise to an exact sequence
H3(T, Syms(Qr) ® N * @ R™7) — H*(T, Syms(Qr) ® N * @ R ® QY)
— H?(T, Syms(Qr) © N~ T @ R™°),,
where the first and last terms are zero by Lemma 3.2(iv). Therefore, we have proved part (iv).

For part (v), Lemma 3.5 and the exact sequence in Proposition 3.1 give rise to an exact
cohomology sequence (denote Syms(Qr) by Syms)

H(Symz @ N S @ R @ Qr) — H*(Symy ® N @ R 5@ Qr ® QY)
—>H2(Sym3®N_7®R_6®QF) — e (3.7)
The term H? (Sym3 QN S®R"® Qp) is zero by the exact sequence
(0=)H*(Symy @ N @ R™") - H*(Symy ® N @ R™"® Qr)
— H?(Symz ® N °®@ R%)(=0),

which follows from Lemma 3.2(iv), Lemma 3.5 and the short exact sequence in Proposition 3.1.

12
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Similarly, the term H?(Syms; ® N7 ® R™% @ Qr) in the sequence (3.7) is also zero by the
exact cohomology sequence

H*(Symz @ N O @ R%) - H?*(Syms @ N '@ R %@ Qr) —» H?*(Symg® N " @ R™°).
It follows from Lemma 3.2(iv) that the first and the last terms of this cohomology sequence are
zZero.

For part (vi), an exact sequence similar to (3.5) gives rise to an exact sequence of cohomology
groups

H®(P°, (A’K) (1)) — H® (P, (K ® K)(—1)) — H?(P°, Sym,(K)(—1)) — 0.
The first term H® (IP’5, (/\2K ) (—1)) is zero by the Bott vanishing theorem and the exact sequence
(0 =)HY(K) - H°(K @ K(-1)) » H(K(-1))*°(=0),

which is associated with the short exact sequence K @ K(—1) — (K(-1))® — K — 0. The
latter follows from the Euler sequence 0 — Q]}m — Ops(—1)%% — Ops — 0 and the fact that
K = Qg;(1).

For part (vii), the exact sequence in Proposition 3.1 gives rise to the exact sequence of
cohomology groups

H' (I, N *eR") - H'(T,Qro N *®@R %) - HY(I,N "® R "),

where the first term is equal to H?(I', N) by Serre duality. It follows from [AK77, (5.7.1)] and
the Bott vanishing theorem that H®(I', N) = H?(P? Ql;(1)) = 0. The last term H*(I, N~" ®
R~%) is H?(P®, Symy(K)(—1)) by Serre duality and [AK77, (5.7.1)]. By part (vi), we know that
H5 (PS5, Symy(K)(—1)) is zero; therefore, we have proved part (vii).

For part (viii), the exact sequence in Proposition 3.1 gives rise to an exact sequence of
cohomology groups

HQroN eR ) B (N 2R °2Qre@)) > H*(QreoaN "oR°).

We claim that the first and last terms are zero. In fact, the exact sequence in Proposition 3.1
gives rise to the exact sequences of cohomology groups

BN 9R) B (QroN @R ") - H (N *e@R°),
HB(NS9R %) - (QroN "@R % > H (N "@R®).
The first and the last terms of these two sequences are of the form H (F, N>V ® R*), and thus
equal to H®(P®, —) by [AK77, (5.7.1)]. Therefore, they are zero. We have proved the claim and
part (viii). O
4. Deformations of automorphisms

Let X be a smooth projective scheme over the Witt ring W (k) = W with relative dimension 4.

ASSUMPTION 4.1. We assume that the Hodge-de Rham spectral sequences of X/W degenerates
at By and the terms are locally free, so that the Hodge and de Rham cohomology sheaves
commute with base change; see [Kat70, Theorem 8.0].

Under this assumption, we have the following theorem.

13
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THEOREM 4.2 ([Panl6, Theorem 5.5]). Let X be a smooth projective scheme over the Witt
ring W (k) = W with relative dimension 4. Let Xy be the special fiber over k and fy be an
automorphism of Xy. Moreover, we assume that the map

Heio (fo) : Hyio(Xo/W) — Heyo(Xo/W)

cris cris cris

preserves the Hodge filtrations under the natural identification H2  ((Xo/W) = Hip (X/W). If

cris
Assumption 4.1 holds for X/W and the infinitesimal Torelli theorem holds for X, that is, the
cup product

-1
H' (X, Tx,) — Hom (H?(Xo, % ), HI* (X0, 0% 7))
is injective for some p and q with p + q = 4, then one can lift the automorphism fy to an
automorphism f: X — X over W.

Let X3 be a smooth cubic fourfold. In the following lemma, we prove that one can deform
the automorphisms of X3 which are trivial on the cohomology.

LEMMA 4.3. Over the complex numbers C, the kernel Ker(s) of the natural map

s: Aut(X3) — Aut(H4 (X3,Q))

sing
is invariant for any smooth deformation of Xs.
Proof. Denote by ¢ the map Aut(F(X3)) — Aut (Hging
Ker(t).

In fact, we have a canonical map

Ji Aut(X3) = Autp (X3) — Aut(F(X3));

(F(X3),Q)). We claim that Ker(s) ~

see Lemma 2.6. It is clear that we have a commutative diagram (cf. (2.3))

F(X3) +——L—"+ X3

J (9)J h lg

F(X) L2 X;,
where g € Aut(X3) = Aut;(X3) and ¢: L — F(X3) is the universal bundle of lines. We have
a morphism h: L. — L associating with a line [ in X3 the line g(I) in X3. Note that the inverse
map of j(g)* is j(g)«. Therefore, we have j(g)* o (g«p*) = g oh* op* = (qup*)og* on HE  (X3,Q).

sing
Since the Abel-Jacobi map ¢.p*: Hging (X3,Q) — Hging(F(Xg), Q) is an isomorphism [BD85], the
following are equivalent:

— j(g)* =1d on HZ,,(F(X3),Q),
— g*=1Idon HL (X3,Q).

sing
In particular, the map j sends Ker(s) into Ker(t). We claim that this map is an isomorphism.
The injectivity is obvious by the fact that for each point x € Xj, there are at least two lines
in X3 passing through .

We show that j is surjective as follows. Since F(X3) is simply connected, an automor-
phism j(g) such that j(g)* = Id on Hgmg(F(Xg)) must preserve the natural ample bundle
Or(x,)(1) of F(X3) which is induced by the Pliicker embedding.

We claim that an automorphism f of F(X3) preserving the natural polarization O (x,)(1)
comes from a morphism g: X3 — X3; in other words, we have j(g) = f. We consider the natural

14
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inclusions F(X3) C G(1,5) C PV, where the last inclusion is the Pliicker embedding. By [AK77,
Theorem 1.16(iii)], the Grassmannian G(1,5) is the intersection of the quadric hypersurfaces
in PV containing F(X3) . So there is an automorphism ¢’: G(1,5) — G(1,5) sending F(X3) to
F(X3) and such that ¢'[p(x,) = f. By a theorem of Chow [Cho49], we have
Aut(G(1,5)) = Aut (P5) .

So there is a linear automorphism g” of P? sending X3 to X3. The automorphism g”|x, induces the
automorphism f: F(X3) — F(X3). It follows that j(¢”|x,) = f. We have shown that Ker(s) ~
Ker(t).

Since F(X3) is a holomorphic symplectic manifold [BD85], the lemma follows from [HT13,
Theorem 2.1]. O

PROPOSITION 4.4. Over the complex numbers C, the map Aut(Xs3) — Aut(Hging(Xg,Q)) is
injective.
Proof. The proposition follows from Lemma 4.3 and the fact that the automorphism group of a

general cubic fourfold is trivial; see [MMG63]. For a different proof of the proposition, we refer to
[PCZ15, Proposition 6.1]. O

Remark 4.5. One can also use [Pan16, Theorem 3.2 and Corollary 3.3] to give a simple proof.

Proof of Theorem 1.3. By Proposition 4.4 and the proof of Lemma 4.3, the theorem holds in
characteristic zero. Assume that the characteristic of k is positive. Let fy € Aut(X3) be an
automorphism of X3 such that fj = Id on Hét (X3,Qy). It follows from Lemma 2.2 that fj = Id
on H2. (X3/W)k, where K is the fraction field of the Witt ring W = W (k). Therefore, by
Lemma 2.4, we have f; = Id on HL. (X3/W). Let X3 be a lifting of X3 over W. By the
comparison theorem of crystalline cohomology and de Rham cohomology, we have
fo =1d: Hiyg (Xs/W) — Hbg (X3/W) .

In particular, the action f§ preserves the Hodge filtrations of HA‘DR ()/(E / W) = Hffris (X3/W). Note
that Assumption 4.1 holds for X3 /W [DKT73, Exposé IX, Theorem 1.5]. By Theorem 4.2 and the
infinitesimal Torelli theorem [Lev01, Theorem 3.4] for cubic fourfolds, one can lift the map fy to
a map f on )/(\g,/W By Proposition 4.4, we conclude that (f)g : ()/(\3)1( — ()/(\3)1( is the identity
map, where K is the fraction field of W (k). Therefore, its specialization fj is the identity map.
We have proved the first assertion that the map Aut(X3) — Aut (Hét (X3, QZ)) is injective.

For the second statement, by Proposition 3.3, we know that the Picard group Pic(F(X3)) =
NS(F(X3)) of F(X3) is torsion free; hence, it is a subgroup of HZ (F(X3),Q;), where we omit
the Tate twist. Hence, for an automorphism f of F(X3) such that f* is the identity Id on
HZ (F(X3),Q;), we have f* = Id on the Picard group Pic(F(X3)). Let L be the very ample
line bundle of F(X3) induced by the Pliicker embedding. We have f*(L) = L. By the proof of
Lemma 4.3, we know that f is induced by an automorphism g of the cubic fourfold X3. To prove
that f is the identity map, it suffices to show that ¢ is the identity map. In fact, it follows from
HZ (F(X3), Q) ~ H (X3,Q;) [BD85] that g* = Id on HZ, (X3,Q;). Hence, we have g = Id by the
first statement. O

5. Lefschetz cubics

Let k be an algebraically closed field. We assume char(k) # 2,3. A cubic hypersurface is called
a Lefschetz cubic if it has exactly one ordinary double point.
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LEMMA 5.1. Let X4 be a hypersurface in P" over k. If the dimension of X is at least 3, then we
have Autr(Xg) = Aut(Xy).

Proof. By [Har70, Chapter IV, Corollary 3.2], we know that Pic(X,) = Z[Ox,(1)]. It is clear
that HY(X4, Ox, (1)) = H°(P", Opn (1)). Therefore, we conclude that Autr(Xy) = Aut(Xy). O

Proof of Theorem 1.4. We give a proof for Lefschetz cubic fourfolds and sketch a proof for Lef-
schetz cubic threefolds. First of all, we blow up the node p of the cubic fourfold X3. Denote the
blow-up by Bl,: X3 — X3. Suppose g € Aut(X3). It is clear that g(p) = p. Therefore, g induces
a map ¢ from )A(;, to )A(;, We have the diagram

;.  —~ Bl
QC—Z>X3i>X3

J{qu g J{g (5.1)
- L Bl
QC—Z> X3 *p> X3 y
where @ is the exceptional divisor of the blow-up; it is a smooth quadric threefold [DK73,

Exposé XII]. We apply the long exact sequence of ¢-adic cohomology with compact support to
the pair (X3, X3 — p); see [Full, Theorem 7.4.4(iii)]. This gives rise to an exact sequence

(0 =), (p) — Hy

ét,c

(U) — Hg(X3) — He, (p)(=0),

where U is X3 — p. We conclude that Hf, .(U) ~ H} (X3). On the other hand, we have an exact

ét,c
sequence

(0 =)HZ (Q) — Hj (X3) — H, (XVS) @ Hi (p) — HE (Q) — HZ (X3)
by [Mil80, Chapter VI, Exercise 3.4]. It gives rise to an exact sequence
0 — H{ (Xs5) = HE (Xs) = HE(Q)(= Q) (5.2)
see [DKT73, Section XII.3]. Let NQ/S{} be the normal bundle of Q in X3. By [GBHT77, Chap-

ter VII, Theorem 4.1], we have maps i, and ¢* such that

Z*Z*(—) = (—) Uecr (NQ/E)

and
—Uer(Ng, ;)
e
Ql = Hgt(Q) T> Hé‘t (X?)) T> Hét(Q) = Ql 5 (5'3)

where Q; = H%(Q) and H% (Q) = Q; follow from [DK73, Exposé XII]. Let P5 be the blow-up of
P> at p. Since )’(73 is the strictly transformation of X3 in the blow-up ]/133’ it is easy to see that
NQ/)’(E = Og(—1). Therefore, the map i*i, is an isomorphism which gives a splitting by (5.2). In
particular, we have
(ix,BL%) N
HZ,(Q) @ H (X3) — H§ (X3) .

If g* = Id on HY, (X3), then, by Lemma 5.2 below and the equality HZ (Q) = Q;{c1(Og(1))) (see
[DK73, Exposé XII]), we conclude that the map ¢’ is the identity on Hét ()A(;,)

Denote by S the space of lines in X3 passing through p. Let
L—S
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be the tautological bundle of lines. We hope that there is no confusion if we also denote by L
the union of lines in X3 passing through p. In an affine coordinate system with the origin p, we
can write down the equation for X3 as follows:

0= fo(21,...,25) + f3(21,...,25),
where fos and f3 are polynomials of degree 2 and 3, respectively. Therefore, the surface S is a
complete intersection in P* of type (2, 3) defined by the equations f; and f3. Since X3 has exactly
one node, the surface S is a smooth K3 surface by local calculations (here we use the assumption
char(k) # 2 or 3). We project X3 from p to P*. This gives rise to the following commutative
diagram (see Lemma 5.1):

Bl, 9lxz-L

X Xs X3 — L2 Xy — I

|

Blg(P1) —5 Pt Pt — g% ,pi_g,

where proj is the projection from p to a projective subspace P* and gq is induced by the vertical
identification between X3 — L and P* — S. Since S is of codimension 2, the map gy extends to
an automorphism g; of P* sending S to S. It induces a map

g2: Blg(P*) — Blg(P*).

Under the identification Blg (IP’4) = )?;, the map ¢': )/5; — 5(\;) coincides with the map gy over
the open subset Blg (IP’A‘) — E, where F is the exceptional divisor of the blow-up Blg (IP’4) along S.
It follows that go = ¢’. So we have the following diagram:

B Blg(PY) —2 Bl (PY) + 0K

TR

S( inc IP)4 g1 P4 )S )

Consider the map
@: Hy (P*) & HE, (S) & HY, (S) — H, (Bls (P*)) (5.4)
that sends (z,y, 2) to Blg(z) + 7.7*(y) + j«((7*2) Uc1(Og(1))). It follows from [Voi02, Theorem
7.3.1] and [GBH' 77, Chapter VII] that the map ¢ is an isomorphism.
By Lemma 5.3 below, we have

g2 o9 =vo(g1, 915 0l5) - (5.5)
From the discussion above, we know that g5 = Id on HZ, (Bls (IP4)) if the map g* is Id on H, (X3).
Therefore, we have (g1]s)* = Id on HZ (S, Q;). By [Riz06, Proposition 3.4.2], we conclude that
¢1|S is the identity since HZ (S,Z;) is torsion free. Since S is a smooth complete intersection
surface of type (2,3) in P4, we have

c1(0s(1)) - e1(0s(1))
2

by the Riemann—Roch theorem. Therefore, we know that the inclusion inc is given by the complete

linear system |Og(1)|

H'(S,05(1)) =

+X(Os):3+2:5

gils
S= Pt P, pi g
inc inc ’

17
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Therefore, we conclude that g; = Id and go = Id. In summary, we have proved that the theorem
holds for Lefschetz cubic fourfolds. For the cubic threefolds, the proof is similar. We sketch a
proof here.
(1) The exact sequence (5.2) is replaced by H3 (X3) — Hgt()?;,) — 0. Then g5 = Id on
HE (Xs) = HE (BIsP?).
(2) The space S of lines is a smooth complete intersection curve of type (2,3) in P3. Instead
of using [Riz06, Proposition 3.4.2], we use [DM69, Theorem 1.13] to show that g; = Id and
g2 = 1d.

Steps (1) and (2) imply that the theorem holds for Lefschetz cubic threefolds. O

LEMMA 5.2. Under the hypothesis as above, we have the following commutative diagram:

(BI* i) —~
HY, (X3) @ HZ(Q) —— HE, (X3)

~ ét

(9*79/*|Q)J( Jg*
. ) (Blpjix) _, =
H; (X3) @ HE (Q) —=— Hy, (X5) -
Proof. By the diagram (5.1), we have ¢"* o Bl) = Blj 0 g* and g 0 ix = i, 0 ¢'[{) since g™ is the
inverse of g.. O

LEMMA 5.3. With the same notation and hypotheses as above, we have g50p = @o (gf, g1l&, o1 |’g)7
see (5.5) and (5.4).

Proof. 1t suffices to show that
92 (Blg() + jxm™(y) + ju((772) U c1(Op(1))))
is equal to
Blggi () + j«(7"(g11s)" () + Jl (7" (91]5)" (2)) U e1(Op(1))] -

We claim that

— g3 0 Blg(z) = Blg o g7 (),

— g3 0Jxom (y) =Jxom o (g1]s)"(y),

= (g5 04:) (72U c1(OE(1))) = jx (7" 0 (91]5)*(2)) U c1(Ogp(1))).

The first equality is obvious. The second equality follows from the equalities g5 o j.(7*y) =
(4« 0 (g2|E)*) (7*y) and go. = (g3) L. To show the third equality, it suffices to show that

(92 © j<) ("2 U c1(Op(1))) = ju([(92]6)" (7" (2))] U c1(Or(1))) -
In fact, that go2.j«((g2|g)*(7*(2)) U c1(Og(1))) is equal to

J+((92]E)«([(92]6)" (7" 2)] U e1(OE(1)))) = j«(7"(2) U [(92]£)+ (c1(O(1)))])

follows from the projection formula and the fact that go. = (g3)~!. Therefore, it suffices to show
that

Je(m*2 U e1(Op(1))) = ju(7"(2) U (92| )« (c1 (O(1)))]) -
We claim that (g2|g)«(c1(Og(1))) = c1(Og(1)). The lemma follows from this claim. To prove the
latter, we just need to show that (g2|r)*(Ogr(1)) = Og(1). In fact, we have Op(—1) = Ng/gi4(ps),

where NE/BIS (Em) is the normal bundle of E in Blg (]P’4). It follows that (92’E)*(NE/BIS(IP’4)) =

NEg/Bigp+)- Hence, we have proved the claim. O
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6. Vanishing cycles and the middle Picard number

In this section, we apply the theory of Milnor fibers and vanishing cycles to show that there
is a smooth cubic fourfold of middle Picard number 1 with an automorphism of order 3; see
Proposition 6.5. All varieties in this section are over the complex numbers C. We fix some
notation as follows.

Let F1(X1,Xo,...,X5) and F»(X1, Xo,...,X5) be cubic forms defining smooth cubic three-
folds. Let V; and Va be the smooth cubic threefolds in P* defined by F; = 0 and F» = 0,
respectively. By the theory of Lefschetz pencils, we can assume that F; and Fb are two forms
such that the intersection Vi N V5 is smooth and every fiber of the family X of cubic threefolds
defined by

FI(XI,...,X5)—|—tF2(X1,...,X5):0, teC
has at most one node.
Using this family X of cubic threefolds, we can construct a family X,1 of cubic fourfolds
f: Xa1 — Al as follows: X1 is given by
{(t,[Xo ..oy : X5]) € AV x P° | X3 + Fy(X1,..., X5) +tF(X1,...,X5) =0}, (6.1)

In other words, the fiber of X 1 — A! over b € C is a cubic fourfold which is a 3-cyclic branched
covering over P4 along the cubic threefold (X); which is the cubic threefold in X over b. Hence,
every fiber of X, 1 — A! has at most one singularity, and the singularity must be of As-type.
Such an As-singularity is locally defined by the equation

Xe4+ X2+ X34+ X2=0.

Denote by z1,...,2,;, € X1 the As-singularities in Xy1. The Milnor fiber Mily ;. corresponding
to x; is homotopic to S* Vv S% since its Milnor number is 2.

The family X,1 — A! can be completed to a pencil of cubic fourfolds over P! naturally.
Denote the pencil by

f: Xp1 — PL.

In particular, it is the pencil of cubic fourfolds defined by cubic fourfolds X3+ Fy = 0 and F» = 0.
Over the point oo € P!, the fiber X is the cubic fourfold defined by F5(X7,..., X5). It is clear

that the cubic fourfold X, is a cone. An easy calculation shows that the base locus B of this
pencil is smooth since V1 N V5 is smooth. Moreover, we have Xp1 = Blp (IP’5).

Let U= A'—{f(z1),..., f(zm)} and X, = f71(b) (b € U). It is clear that Xp1 — Xoo = Xyp1.
We have the following lemma to describe the vanishing cycles.

LEMMA 6.1. Let Y be a smooth fiber of X1 — A! over some point b € U. Consider the inclusions
j Y CPPandj: Y = f~1b) C Xp = Blg(X)).
(i) Hi (Y. C) = HL, (Y, €) = Ker(jL: HY(Y, C) — HO(B5,C)).
4
van

(ii) By Poincaré duality, the space H
Hy(Mily,,, C) in

(Y, C) of vanishing cycles is generated by the image of

H4(Xti7(c) = H4(}/7 (C) )

where t; is a regular value of f nearby f(x;) and we identify the homology and cohomology
groups of X;, with those of Y.

Proof. The first statement follows from [Voi02, Proposition 2.27]. For the second statement, we
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claim that
Ker(j,: Hy(Y,C) — Hy(P°,C)) = Ker(js: Hy(Y,C) = Hy(Xp1 — X, C)),
where the left-hand side is HY, (Y,C) by Poincaré duality. In fact, Xp1 = Blg(P®) and j' =

van

Bl|x,, o j where Bl is the blow-up morphism
Bl: Xp: = Blg(P°) — P°.

So we have a diagram

0 —— Ker(j,) —— Hy(Y *>H4(XA1)

0 —— Ker(j.) —— Hy(Y —>H4(IP’5)

where X, 1 = Xp1 — Xoo. If ji is surjective, then h is an isomorphism by the snake lemma. To
show the surjectivity of j., we consider the long exact sequence of homology groups associated
with (X41,Y),

Hs (X1, V) —— Ha(Y) —25 Hy(X 1) —— Ha(X 1, Y).
By Lemma 6.2 below, we have Hy (X 41,Y) = 0. Therefore, we have shown that j, is surjective. [

LEMMA 6.2. With the notation as above, we have
Hj(Xa1,Y) = @2 H(Xa,, Y) = O Hioy (Mily,)

where A; is a small disk containing f(x;) and we identify Y with any smooth fiber of f, so that
the relative homology groups make sense. Moreover, we have Hy(X1,Y) = 0 and H5(X1,Y) =
iz Ha(Milyz,).

Proof. In fact, we can choose a good cover {Uq, ...,Us1} of P! such that

— the finite intersections of {U;} are contractible,

— the intersection N;e;U; does not contain any point of {z1,..., Ty, 00} if #(I) (where I C
{1,2,..., s+ 1}) is greater than 1,

— P! — (U3 U---UUs) contains oo, and it is contractible to oo,
— U; contains z;, and U; does not contain any z; if j > m + 1.
It follows from a deformation retraction that the inclusion (Xy,u...uv,,Y) C (Xa1,Y) is a ho-
motopy equivalence. It follows that H;(X,1,Y) ~ H;(Xy,u..uv,,Y). By the Mayer—Vietoris
sequence and induction on the number of the coverings {U;}, we have H;(Xy,u..ov,,Y) =
@ 1 H;(Xy,,Y). Since we can shrink U; to a small disk A;, we have shown that H;(X,1,Y) ~
@ H;(Xa,,Y). By the excision theorem (see [PSO08, Proof of Lemma C.13]), we have
H.(Xa,,Y) ~ H.(B,Mils,,) ~ H._y(Mily,.),
where B is a small ball that is centered at x;. We have proved the lemma. O
From now on, we denote H° (]P’4, Opa (3)) by V. Suppose that V has a basis {F1, Fa, ..., Fn11}.

Using this basis, we identify P(V) with PV. Let [t1 : ... : ty4+1] be the coordinates of PV. So we
have a natural inclusion

Al — AN =11 £ 0}, (6.2)
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which maps t € Al to [Fy + tF).

By the theory of Lefschetz pencils, we know that there is an irreducible discriminant hyper-
surface H' in P(V') parametrizing singular cubic threefolds; see [Voi02, (2.2) and Section 3.2.2].
Denote the universal smooth hypersurface by

0: X > P(V)-H'.

Let H! be the open subset of H' parametrizing cubic threefolds with at most one ordinary
double point. The subvariety H] is smooth; see [Voi02, Lemma 2.7 and Proposition 2.9]. Let H
be H' N AN=! and H, be H' N AN~1 where AN~! = {t; # 0}; see (6.2). In particular, we have
H,NA' = {z1,..., 2 }. Assume w = exp (2mi/3).

LEMMA 6.3. Let r; be the local monodromy operator of w1 (A7) on the homology Hy(Mily ;).
We have the following decomposition:

Hy(Mily,,,C) = H, @ H

w?

where H! (respectively, ;2) is the w (respectively, w?)-eigenspace of r;, which is of dimension 1.
Denote the corresponding eigenvector by d,, (respectively, 6. ,). Under the monodromy action of
m1(U), all the image of 8., (respectively, &' ,) in Hf;rim(Xb, C) = H%,, (X, C) are conjugate up to
a nonzero scalar, where b is a point in U.

Proof. Since the singularity x; is of As-type, that is, is locally as
X§+ X7+ +X2=0,

the first statement follows from the Brieskorn-Pham theorem and the fact that Mily,, ~ SV S%;
see [Mil68, Theorem 9.1]. For the second statement, we notice that H = H'NAYN~1 is irreducible,
so its smooth open subset H, is connected. For points x; and x; in H,, we can choose a path [
from z; to x; in H,. We lift [ to a path I’ from ; to 2’; in the boundary of a tubular neighborhood of
H, in AN~ where 2/ (respectively, ) is a point very closed to z; (respectively, z;). Obviously,
a trivialization of ¢ over I’ transports the vanishing cycle classes generated by the image of
Hy(Mily ) to the vanishing cycle classes generated by the image of Hy(Mily,;); see Lemma 6.1.
Under this transportation, the monodromy operators r; and r; are conjugate by the path ['.

So we identify H!, with H}, and H! , with H , by the monodromy action. We have proved the
1 " B N O
emma.

Consider f|x, : Xy — U; see (6.1). There is a natural Z/3Z-action on Xy fiberwise. More
precisely, the action of the generator of Z/3Z is given by

(t,[Xo: X1:...: X5]) = (¢, [wXo: X1 0.0 X5]),

where w is exp(27i/3). This action induces an action on the local system (R*f.(C)), (over U)
whose stalk over b € U is Hérim(Xb7 C). So we have
H?)rim(va C) = Hilu ® Hfu2 )

where H? (respectively, HiQ) is the w (respectively, w?)-eigenspace of the Z/3Z-action. The
eigenspace HY, (respectively, HfUQ) contains H*! (respectively, H"3) by the Griffiths residues;
see (7.1). Since the Z/3Z-action commutes with the monodromy action of 71(U), the summands
H% and HfUQ are 71 (U)-modules. In particular, the summand H2 (respectively, Hiz) is generated
by the vanishing cycles {dL,} (respectively, {0 ,}) for i = 1,2,...,m; see Lemma 6.1 and [Mil68,
Theorem 9.1].

We use the Picard—Lefschetz transformation formula to show the following proposition.
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PROPOSITION 6.4. With the notation as above, the monodromy representation 71 (U) of
Hérim (X, C) is complete reducible. The irreducible decomposition is

HY i (X5, C) = HY @ HY 5

prim
Proof. Let W be a nonzero subrepresentation of Hérim(Xb). We claim that w colntains Hy, or H,.
In fact, it follows from Lemma 6.1 that Hérim(Xb) is generated by d;, and J; ,. For a nonzero
element y € W, it follows that y = Y| y;, where
Yi € Im(H4(Milf7xi)) = Span (0%, 6%2) .

It is clear that the local monodromy operator r; fixes Im (H4(Mil Fais (C)) if i # 7.

We use the notation of [Dim92, Chapter 3|. On the space Hy(Mily,,), there is an intersection
form (, );. It is nondegenerate on Hy(Mils ;) since the singularity is of As-type; see [Dim92,
Chapter 3, Proposition 4.7(A) and Theorem 4.10].

Recall the Picard-Lefschetz transformation [Dim92, Chapter 3, (3.11)]: Suppose that T} is
an endomorphism of Hy(Milys ,,) defined by

Tk(z) =y=+ <Z7 2>1A2,
where k = 1,2 and {A!} is a distinguished basis of vanishing cycles Hy(Mils,), see [Dim92,

Chapter 3, Definition 3.4]. The monodromy operator r; on Hy4(Mily,,) is the composition of T3
and Th; see [Dim92, Chapter 3, (3.10)]. Therefore, we have

ri(ys) = i £ (ys, A1),00 £ ((y5, AL), £ (w5, A7) (A1, AY) ) AS .
If y # 0, then y; # 0 for some j. Since r(y;) = y; (i # j), we have
m
ri(y) = <Z yz> +riyi) =y % (y5, A AL £ (w5, A9) 5 £ (5, M) (AL, A) ) A
i#]
Since the intersection form (, ); is nondegenerate, it follows that
ri(y) =y + AN + BA, =y + A'8], + B, ,
where A or B # 0, and A’ or B’ # 0. This implies that
— c:= A'§, +B’5i}2 =rj(y) —y € W and
— r;(c) = Awdl, + B'w?sl, e W.

In particular, we conclude that &3, or (51} , is in the subrepresentation W. It follows from Lemma 6.3
that W contains HZ, or Hiﬂ' O

PROPOSITION 6.5. Suppose that X3 is a smooth cubic fourfold defined by a cubic equation
X3+ G(X1,...,X5) =0.
If X3 is very general, then the middle Picard number of X3 is 1.

Proof. Recall that Hodge loci are unions of countably many proper analytic subsets; see [Voil3].
To prove the proposition, it suffices to show that there exists a smooth cubic fourfold defined by

X3+ G(Xy,...,X5) =0,

whose middle Picard number is 1. Consider the family X 1 — A! of cubic fourfolds which we
describe at the beginning of this section. With the notation as before, if b € U is a very general
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point which is out of the Hodge locus of X 1 — Al, then m1(U) preserves the rational Hodge
classes Hdg(X})q; see [Voil3]. Therefore, the vector space

Hdg(X3)c NHE. (X, C)

prim
is a subrepresentation of the 71 (U)-representation Hf‘)rim(Xb). It follows from Proposition 6.4 that
Hdg(X3)c ﬁHfmm(Xb, C) is either zero or one of Hérim(Xb), H2 , and vaz. However, the last three
cases are impossible since they contain either H>! or H3. So Hdg(X})c N Hf‘)rim(Xb, C)=0.In

other words, the middle Picard number of X is 1. ]

7. Lattices and automorphisms

In this section, we will use the theory of lattices to classify the automorphism groups of cubic
fourfolds. For the theory of lattices, we refer to [Nik80] and [Huy16, Chapter 14]. We use the
notation of [Huy16, Chapter 14]. Suppose that F' is a cubic form defining a smooth projective
cubic fourfold X3. Denote by o the (3, 1)-form

5 , —
S(=1)'X;dXog A ANdX; A+~ NdX5
Resx, | = 7 e H3Y(X3).
It follows from the Griffiths residues that
H*1(X3) = Clo). (7.1)

Let T(X3) be the smallest primitive integral sub-Hodge structure of H*(X3,7Z) containing
H31(X3). Tt is called the transcendental part of the Hodge structure on H*(X3, Z). We have a na-
tural action of the automorphism group Aut(X3) on the 1-dimensional vector space H>!(X3).
Since the automorphism group Aut(X3) is finite, we have the exact sequence

1 — Auts(X3) — Aut(Xs) = fim — 1, (7.2)

where /i, is the group of mth roots of unity acting as multiplication on H*!(X3) = C and the
kernel Auts(X3) is the subgroup of automorphisms preserving o.

It follows from Poincaré duality and Lemma 2.3 that (H*(X3,7Z),(,)) is a unimodular lat-
tice. Denote this lattice by A. We define the middle Picard group MP(X3) as the sublattice of
H*(X3,7Z) which is generated by algebraic cycles

MP(X3) := Im (cl: CHX(X3) — HY(X3,2)) = H*(X3,Z) N H*(X),

where the second equality follows from the fact that the integral Hodge conjecture holds for
smooth cubic fourfolds; see [Voi07, Theorem 18].

LEMMA 7.1. If g € Auts(X3), then g* =1d on T'(X3).

Proof. Consider a map 9: T'(X3) — C that sends « € T(X3) to the intersection product (z, o)
of z and 0. Since g* preserves the intersection product and g € Auts(X3), we have

Y(g*(x)) = (9" (), 0) = (9" (2),g70) = P(x).

It follows that ¢*(z) — x € T'(X3) N MP(X3). Since we know that (0,7) # 0, we conclude that
Ker(y) C T(X3) N MP(X3).
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We claim that T+ (X3) = MP(X3). In fact, since H*!(X3) is orthogonal to MP(X3), we
conclude that T'(X3) € MP(X3)* by the minimality of T'(X3). Therefore, we have MP(X3)++ C
T(X3)*. On the other hand, an integral class = which is orthogonal to T(X3) is orthogonal
to H3!(X3). Therefore, we have 2 € H*2(X3). This implies that 7'(X3)* € MP(X3). Obviously,
we have MP(X3) € MP(X3)*+. In summary, we get the inclusions

MP(X3) C MP(X3)t+ C T(X3)t € MP(X3).

It follows that MP(X3) = T((X3)*. We have proved the claim.

By the claim, if y € T(X3) "MP(X3), then (y,y) = 0 and (y, H?) = 0, where H is c¢1(Ox,(1)).
It follows that y = 0 by the Hodge index theorem for H*(X3). Hence, we have g*(x) — x = 0 for
all z € T'(X3). We have proved the lemma. O

Remark 7.2. A similar argument shows that T'(X3)g N MP(X3)g = 0.

LEMMA 7.3. Suppose that (A, (,)) is a unimodular lattice. Let A1 be a primitive sublattice of A.
Denote by Ay the sublattice Af. Define Ay, to be A} /A;, where the inclusion A; C A is induced
by the intersection form (, ); see [Huy16, Chapter 14]. If Ay N Ay = 0, then we have Ay, ~ Ax,
via a natural identification.

Proof. We mimic the proof of [Huyl6, Chapter 14, Proposition 0.2]. Suppose that 1 is the
composition of 7 and m:

Af

Ay’

where i sends z to the linear map (z, —) on A; and 7 is the natural quotient. The kernel Ker (1))
of 7 is given by

b A AT Dy

{x € A| there is an 2’ € Ay such that (z,y) = (z,y) for all y € A1} .

Suppose x € Ker(¢)). There is an 2’ € Ay such that x — 2’ € Ag. It follows that x € Ay & As.
Therefore, we have a natural inclusion
— — = AA1 .

& MDA Ay
Since A; — A is primitive and A is unimodular, the map A ~ A* — A7 is surjective. Therefore,

the natural map 1) is surjective. We conclude that 1) is an isomorphism. A similar argument
shows the same result for A,,. So we have a natural identification

A A

Apy 2 ———— 2 Ay, . ]

LEMMA 7.4. We have Auts(X3) = {Id} if the rank of MP(X3) is at most 2.

Proof. By Proposition 4.4, it suffices to show that g* = Id on H*(X3,Q) for all g € Aut,(X3)
if the rank of MP(X3) is at most 2. By Lemma 7.1 and the fact that MP(X3) 4+ 7'(X3) has the
same rank as H*(X,Z), we just need to prove that g* = Id on MP(X3) since g* = Id on T'(X3)
by definition. We consider two cases.

(1) If the rank of MP(X3) is 1, then MP(X3) is generated by HU H, where H = ¢;(Ox,(1)).
We have g*(H?) = H? since g is linear by Lemma 2.1. It follows that ¢* = Id on MP(X3).

(2) If the rank of MP(X3) is 2, then we can assume MP(X3) = (H2,S) by the fact that
the subgroup (H?) generated by H? is primitive. As in Case 1, we have g* (H2) = H2. Suppose
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g*(S) = aH? +bS, where a and b are integers. It follows from det(g*) =1 or —1 that b= 1 or —1,
respectively. On the other hand, we have

H?. S = g*(H?) - ¢*(S) = 3a+ bH*- 5. (7.3)
If det(g*) = 1, then b = 1. It follows from (7.3) that a = 0. Therefore, we have ¢*(S) = S.

We now prove the lemma.
Suppose det(g) = —1. Then b = —1. By equation (7.3), we have

2S5 - H2
a =

, thatis, ¢"(S)= %(S ‘HHH? - S.

In particular, it follows that S - H? is divisible by 3. Therefore, the lattice (MP(X3),(,)) is
equivalent to the lattice
(H?) @, () =(3) @, (2n) with (H?H?’)=3 and (H?S5)=0,
where S’ = §— 1(S - H?)H?. Note that the discriminant of MP(X3) is 6n. It follows from [Has00,
Theorem 1.0.1] that n > 2. It is clear that
g (8") = -9

It follows that g* = (Id, —Id) on Ayip(x,) = Z/3Z © Z/2nZ. Since n > 2, we know that g* # Id.
On the other hand, by Lemma 7.1, we know that g* = Id on Ap(x,). By the claim in the proof
of Lemma 7.1, we have MP(X3) = T'(X3)*. Under the natural identification Anp(xs) = Ar(xs)

(see Lemma 7.3), we have Id = ¢g* # Id, which is absurd. This gives a contradiction. So det(g)
cannot be —1. ]

COROLLARY 7.5. The automorphism group Aut(X3) is the cyclic group pu, if the middle Picard
number of X3 is at most 2.

Proof. This follows from Lemma 7.4 and the exact sequence (7.2). O]
The rest of this section is used to figure out what the number m is.

LEMMA 7.6. Let A be a nondegenerate lattice of rank at most 2. For Ay, if one of the following
assumptions holds

(i) A=Z(H) and (H, H) is at least 3,
(ii) rk(A) =2 and disc(A) > 4,
then IdAA * —IdAA.
Proof. Under assumption (i), we have Ay = A*/A = Z/(H - H)Z ~ Z/nZ, where n > 3. The

lemma follows.

Under assumption (ii), we identify A* with {z € Ag|(z,A) C Z}. So we can pick a basis
{H, S} of A such that A* = Z{H/Ny,S/N3) for some integers N and Nj. Therefore, we have
Apn = NN = Z/N\Z & Z/NoZ. If 1da, = —Ida,, then Ny, Ny € {1,2}. This contradicts the
hypothesis disc(A) (=[A*/A] = Ny - Np) > 4. O

LEMMA 7.7. The number ¢(m) divides the rank of T(X3), where ¢(—) is Euler’s function.
Suppose that the middle Picard number of X3 is at most 2. Then

— p(m) € {1,2,22} if the rank of MP(X3) is 1,

— @(m) =1 if the rank of MP(X3) is 2.
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Proof. We mimic the proof of [Huy16, Chapter 15, Corollary 1.14]. Let T' be an integral Hodge
structure of K3-type that does not contain any proper primitive sub-Hodge structure 7" of K3-
type.

Fact: For a,a’ € Endyg(T), if a = a’ on T*°, then a = o’ .
Note that the action of Aut(X3) on T'(X3)c is induced by p: Aut(X3) — pm, see (7.2), where p,,
acts on T'(X3)c faithfully. Let f € Aut(X3) be the automorphism such that

p(f)=¢,

where £ is a primitive mth root of unity. Therefore, the minimal polynomial ®,,(z) of £ divides
the characteristic polynomial G(z) of the linear map f* on T(X3)g. In order to show that
¢(m) divides rk(7T'(X3)), we simply remark that all nontrivial irreducible subrepresentations of
pm = (p(f)) on T'(X3)q are of rank ¢(m).

Indeed, otherwise, for some n < m, there exists a nonzero b € T'(X3) with (f™)*(b) = b.
Suppose b = by 3+ba 2+ b3 1. It follows from Remark 7.2 that b3 1 # 0. By the fact we mention at
the beginning of the proof, we conclude that f™(bs 1) = (§)"bs,1 # bs3,1. This is absurd. In other
words, as a representation of y,,, we have

T(X3) ~ Z[¢]*"

with 7 = rk(T(X3))/¢(m). It follows that ¢(m)|rk(T(X3)) = 23 — rk(MP(X3)). So we conclude
that

— ¢(m) € {1,2,11,22} if tk(MP(X3)) = 1 and
— ¢(m) € {1,3,7,21} if rk(MP(X3)) = 2.

By the elementary facts that there is no m such that ¢(m) = 11 and that ¢(m) is even if m > 2,
we have proved the lemma. ]

Proof of Theorem 1.5. Suppose rtk(MP(X3)) = 1. It follows from Corollary 7.5 that Aut(X3) =
tm. Using Lemma 7.7 and solving the equations ¢(m) = 1, 2 or 22, we conclude that m €
{1,2,3,23, 46}. By [GL11, Theorem 1.6], we know that m # 23 or 46. We claim that |Aut(X3)]
is odd. This implies that m # 2 or 46.

We suppose that g € Aut(X3) is of order 2. Recall that the action of ¢g* on T'(X3) is determined
by the action on T%1(X3) (see the fact in the proof of Lemma 7.7). It follows from this fact that
g* = —Id on T(X3). Therefore, we have g* = —Id on Ap(x,) = Anp(x,;) (Lemma 7.3). On
the other hand, we have ¢g* = Id on MP(X3) since g is linear. It follows that ¢* = Id on
AMP( X3) = AT( X3)- However, this is absurd by Lemma 7.6.

We conclude that m = 1 or 3. According to a theorem of Deligne [DK73, Exposé XIX],
we know that a very general cubic fourfold is of middle Picard number 1. By [MMG63], the
automorphism group of a general cubic fourfold is trivial. Therefore, we show that there is
a cubic fourfold of middle Picard number 1 with trivial automorphism group. For m = 3, it
follows from Proposition 6.5 that there is a cubic fourfold X of middle Picard number 1 with an
automorphism of order 3 defined by

[XotXl2...2X5]I—>[63X0:X1Z...ZX5],

where &3 = exp(27i/3).
For rk(MP(X3)) = 2, it follows from Corollary 7.5 that Aut(X3) = p,. By Lemma 7.7 and the
equation ¢(m) = 1, we conclude that m = 1 or 2. We claim that m # 2. In fact, if g € Aut(X3)
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is of order 2, then g* = —Id on T'(X3) (the argument is similar to that above). It follows that
g* = —Id on Ap(x,) = Ayp(x;)- From the proof of Lemma 7.4, we know that there are only two
possible cases for g*:

(2) ¢g* = (Id,—1d) on MP(X3) = (3) &, (2n), where n > 2.

However, by Lemmas 7.3 and 7.6, both cases are absurd. Therefore, we have m # 2. In summary,
we have proved the theorem. ]
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