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A Reider-type theorem for higher syzygies
on abelian surfaces

Alex Kiironya and Victor Lozovanu

ABSTRACT

Building on the theory of infinitesimal Newton—Okounkov bodies and previous work
of Lazarsfeld—Pareschi—Popa, we present a Reider-type theorem for higher syzygies of
ample line bundles on abelian surfaces.

1. Introduction

1.1 Background and motivation

A very effective way to study varieties is through their embeddings into projective space. For
a projective variety X, a very ample line bundle L over X gives rise to an embedding

¢r: X =PV =P(H"(X,L)).

The homogeneous coordinate ring of the image, defined as R(X, L) = @®,enH° (X , L®m), is the
main algebraic invariant associated with the pair (X, L). Quite naturally, the algebraic properties
of R(X, L) reveal a lot of information about the geometric picture it is attached to, and it has
long been an object of central significance.

The algebraic behavior of R(X, L) is best studied in the category of graded modules over the
ring S = Clao, ...,zn] = Sym (H°(X,L)). As an S-module, R(X, L) admits a minimal graded
free resolution F,

o= B> E 1= = FE—-F —>E—>R —0,

where each E; = @;5(—a, ;) is a free graded S-module. The set of numbers (a; ;) has an obvious
geometric relevance; however, studying it is of paramount interest in algebra, combinatorics, and
related areas as well.

Following the footsteps of Castelnuovo and later, Mumford [Mum70], Green and Lazars-
feld [GL86] introduced a sequence of properties asking that the first p terms in Eq be as simple
as possible. More specifically, one says that the line bundle L satisfies property (N,) if Ey = S and

a;j=1+1 forall jandall1 <i<p.

As an illustration, translated to geometric terms, property (Ng) holds for L if and only if ¢,
defines a projectively normal embedding, while property (V1) is equivalent to requiring (Np)
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REIDER-TYPE THEOREM FOR HIGHER SYZYGIES

and that the homogeneous ideal xpy of X in PV be generated by quadrics. Historically, pro-
perty (No) on curves was first studied by Castelnuovo. Many years later Mumford completed the
picture in the curve case for (Ny) and (Ny).

Due to its classical roots and its relevance for projective geometry, the area surrounding
property (INp) has generated a significant amount of work in the last thirty years or so, with
some of the highlights being [Gre84a, Gre84b, BELI1, EL93c, EL15, Par00, Voi02]. Controlling
higher syzygies has always been a notoriously difficult question. For more details about this circle
of ideas, the reader is kindly referred to [Laz04a, Section 1.8.D] and [Eis05].

In the case of abelian varieties, Pareschi [Par00] proved a conjecture of Lazarsfeld claiming
that for an ample line bundle L on an abelian variety X, the line bundle L&®+3) satisfies pro-
perty (INp). It is then natural to study property (IN,) for a given line bundle with certain numerics
instead. Such a new line of attack in the case of abelian varieties has been recently initiated by
Hwang-To [HT11], who used complex analytic techniques (more precisely, upper bounds on
volumes of tubular neighborhoods of subtori of abelian varieties) and were able to control the
projective normality of line bundles on abelian varieties in terms of Seshadri constants. Shortly
thereafter, Lazarsfeld—Pareschi—-Popa [LPP11] used multiplier ideal methods to extend the results
of [HT11] to higher syzygies on abelian varieties. The essential contribution of [LPP11] is that
property (N,) can be guaranteed via constructing effective divisors with prescribed multiplier
ideals and numerics. Our approach builds in part on the method of proof developed in [LPP11].

1.2 Description of the main result

The goal of this article is to study property (/N,) for line bundles on abelian surfaces over the
complex numbers. Based on ideas coming from algebraic and differential geometry aided by the
convex geometry of polygons in the plane, we are able to prove the following theorem.

THEOREM 1.1. Let p > 0 be a natural number, X a complex abelian surface, and L an ample
line bundle on X with (L2) > 5(p + 2)2. Then the following are equivalent:

(i) The surface X does not contain an elliptic curve C with (C?) =0 and 1< (L-C) <p+2.
(ii) The line bundle L satisfies property (Np).

The sequence of properties (INVp) is best considered as increasingly strong algebraic versions
of positivity for line bundles along the lines of global generation and very ampleness. From this
point of view, Theorem 1.1 is a natural generalization of Reider’s celebrated result [Rei88].

In comparison with the proofs of Reider’s and Pareschi’s theorem, both relying heavily on
vector bundle techniques, our approach in confirming property (V) relies on multiplier ideals and
the associated vanishing theorems together with the theory of infinitesimal Newton—Okounkov
polygons developed in [KL18]. The essential novelty of our work is the use of infinitesimal
Newton—Okounkov polygons to construct effective Q-divisors whose multiplier ideal coincides
with the maximal ideal of the origin.

THEOREM 1.2 (Theorem 2.10 and Corollary 2.11). Let p > 0 be a positive integer, X a smooth
projective surface, and L an ample line bundle on X with (LQ) > 5(p+2)%. Let x € X be a very
general point such that there is no irreducible curve C C X smooth at x with 1 < (L-C) < p+2.
Then there exists an effective Q-divisor

(1-09
p+2

D= L forsome 0<c<k1
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such that #(X; D) = #x , in a neighborhood of the point x, where #(X;D) denotes the multi-
plier ideal of D.

The implication (ii) = (i) of Theorem 1.1, on the other hand, is achieved by the method of
restricting syzygies introduced in [GLP83] and developed further by the authors of [EGHPO05].
More precisely, the strategy is that property (IN,) for the line bundle L implies the vanishing of
certain higher cohomology groups of the ideal sheaf of the scheme-theoretical intersection X NA,
where A is a plane of small dimension inside the projective space P(H 0(X,L) )

The main result of [LPP11] in dimension two follows from our Theorem 1.1. Part of the
added value of our work lies in treating the cases where (LQ) is large but €(L;0) is small; as seen
in [BS08] (cf. Example 3.9), such line bundles abound. Along the same lines, we give a criterion
for the section ring R(X, L) of an ample line bundle L on an abelian surface to be Koszul (see
Corollary 3.7).

In [GP98], Gross and Popescu put forward the following conjecture: the homogeneous ideal
of an embedded (1, d)-polarized abelian surface is generated by quadrics and cubics whenever
d > 9. Our main result implies the conjecture for d > 23; this is shown in [KL17b, Section 5.
As pointed out by Agostini [Agol7], in fact our methods can be used to settle the conjecture for
d > 10; in the same paper, Agostini solves the conjecture in its entirety.

Since the preprint [KL17b] appeared, Ito [Itol7]—relying heavily on the ideas of [KL17b]
augmented with the theory of log canonical centers—has produced a streamlined version of our
main result with slightly improved numerics.

1.3 Sketch of the proof

We outline the ideas behind the implication (1) = (2) in Theorem 1.1 for the case of projective
normality, that is, p = 0. To this end, let X be an abelian surface over the complex numbers
and L an ample line bundle on X with (LQ) > 20. Suppose in addition that X does not contain
an elliptic curve C' with (02) =0and 1 < (L-C) < 2. To ease the presentation, we assume

that there exists a Seshadri-exceptional curve F' C X through the origin o € X such that

r g(L - F) > qg=mult,(F) > 2 and € 2t e(L;0) = r/q. It is worth pointing out here that it is

the case ¢ = 1 when elliptic curves of small L-degree occur.

Our starting point is the method of [LPP11], which builds on the following observation:
consider the diagonal A C X x X with ideal sheaf #a; as shown in [[na97], the projective
normality of L is equivalent to the vanishing condition

HY (X x X,pri(L) @ prs (L") ® #p) =0 forallh>1. (1.1)

The authors of [LPP11] then go on to show that in order to guarantee the vanishing in (1.1), it
suffices to verify the existence of an effective Q-divisor

E%L for some 0 < ¢ <« 1

satisfying the additional property that #(X,D) = .£x ,. Assuming that one can do so, using
the difference morphism §: X x X — X given by §(z,y) = = — y, one deduces that I =
*(A(X; D)) = _Z(X x X, f*(D)), which in turn leads to (1.1) via Nadel vanishing for multiplier
ideals.

While directly constructing divisors with a given multiplier ideal is quite difficult in general, a
simple observation from homological algebra (see Corollary 3.2) ensures that, at least in the case
of projective normality, it is sufficient to exhibit such a divisor D with #(X, D) = #x , locally
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Y y=t
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FIGURE 1. (a) A(g ) (7*(B)) and the region A (b) The containment A g\ (7*(B)) € AOAC

around the origin o € X. This is where the main new ingredient of the paper comes into play:
it turns out that one can use infinitesimal Newton—Okounkov polygons to show the existence of
suitable Q-divisors D with #(X, D) = #x , over an open subset containing o.

Write m: X’ — X for the blow-up of X at the origin o with exceptional divisor E, and let

B %L. The first step is to find a criterion in terms of infinitesimal Newton—Okounkov polygons

that guarantees the existence of divisors D as above. In Theorem 2.5, we show that if
interior (A (g (m*(B)) N {(t,y) [t > 2,0 <y < it})

A

is non-empty for any z € E, then one will always find an effective Q-divisor D = (1 — ¢) B with
J(X;D) =, in a neighborhood of o.

Aiming at a contradiction, suppose that for some zg € E, the Newton—Okounkov polygon
A(g,z) (7" (B)) does not intersect the interior of the region A (for an illustration see Figure 1(a)).
This implies that the polygon A (g ) (7*(D)) sits above a certain line that passes through the
point (2,1). But since the area of A(p ) (7*(B)) is quite big (equal to 5(B?) > 2), the Seshadri
constant €(B;o) is then forced to be small by convexity, for it is equal to the size of the largest
inverted simplex inside A(g ) (7*(B)) by [KL18, Theorem 3.11]. A more precise computation
gives the upper bound €(B;0) < (5 — V/5).

In order to obtain a contradiction, notice that X carries a transitive group action; thus, the
origin o € X behaves like a very general point. Relying on [EKL95] and [Nak05], in [KLI8,
Proposition 4.2], the authors show the inclusion

A, (m(B)) € AOAC  for a generic point z € F,

where O = (0,0), A = (r/2q,7/2q), and C = r/2(q — 1) (see Figure 1(b)). The area of the
polygon on the left-hand side is %(BQ) > %; hence, a simple area comparison gives €(B;0) =

2e(L;0) > +/5/2, which immediately leads to a contradiction since 1(5 — v/5) < 1/5/2.

1.4 Notation and terminology

In the course of this work, X stands for a smooth projective surface, which from Section 3
onwards will be required to be abelian. The morphism 7: X’ — X without exception denotes
the blow-up of a point 2 € X, which is taken to be the origin whenever X is abelian. A divisor
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means a Q- or R-Cartier divisor depending on the context. If we insist that a certain divisor D
is integral, we explicitly say so.

The notation Ao ,)(D) stands for the Newton-Okounkov body Ay, (D) with ¥; = C and
Yz = {z}, while A;(D) denotes the generic infinitesimal Newton-Okounkov body A g (7" D)
(see [KL18, Section 3]).

We work over the complex numbers, although some of our results might be valid over an
arbitrary algebraically closed field. We do not strive for optimal hypotheses.

1.5 Organization of the paper

After a quick recap on infinitesimal Newton—Okounkov bodies, Section 2 deals with constructing
singular divisors on arbitrary surfaces at arbitrary and, later, very general points. Section 3 is
devoted to results specific to abelian surfaces, in particular to the proof of Theorem 1.1 along
with a description of the method of [LPP11], and a short discussion of the case of projective
normality. It is also here that we present a criterion for the Koszulness of section rings in terms
of self-intersection numbers. In Section 4, we treat the converse direction of our main theorem:
we prove a result that the existence of low-degree elliptic curves on X leads to property (V)
not being met.

2. Newton-Okounkov polygons and singular divisors

In this section, we give a recipe for obtaining effective Q-divisors with prescribed numerics and
non-trivial multiplier ideal at a given point. After a quick overview of infinitesimal Newton—
Okounkov polygons, we will focus on a sufficient condition for the existence of such divisors. We
end this section with a similar statement for very general points.

Note that the results of this section are valid without exception for an arbitrary smooth
projective surface X; we fix a point z € X and let 7: X’ — X be the appropriate blow-up with
exceptional divisor F.

2.1 Infinitesimal Newton—Okounkov polygons

For the general theory of Newton—Okounkov bodies and basic facts, we kindly refer the reader to
the writings [Boul4, KK12, LM09]; as far as the two-dimensional theory is concerned, the reader
is invited to look at [KL18, KLM12, Roél6].

Thanks to [LM09, Theorem 6.2], Newton—Okounkov bodies on smooth projective surfaces are
straightforward to determine assuming that one has full information on the variation of Zariski de-
composition [BKS04, Theorem 1.1] in the Néron—Severi space of X. A more precise analysis using
the results of [BKS04] shows that, in fact, A ) (D) is a polygon with rational slopes and, up to
possibly two exceptions, rational vertices as well! (see [KLM12, Theorem B and Proposition 2.2]).

The theory of Newton—Okounkov polygons has been treated in [KL.18]; here, we will work with
so-called infinitesimal Newton—Okounkov polygons, convex bodies determined by flags coming
from exceptional divisors (see [KL17a] for the higher-dimensional theory). With notation as
above, an infinitesimal Newton—Okounkov polygon of a divisor D at a point € X is a polygon
of the form A .) (7*D), where z € E is an arbitrary point. The basic convex-geometric objects
that play a decisive role for local positivity in terms of infinitesimal data are the inverted standard

!One can in fact do better, assuming that one has control over the flag. It is shown in [AKL14, Proposition 11]
that given a line bundle D, it is always possible to arrange for A(¢ ,)(D) to be a rational polygon.
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stmplices
AT () eRP[0<E<E 0<y <t}

As it turns out, one has more control over infinitesimal Newton—Okounkov polygons than in
general.

PropOSITION 2.1 ([KL18, Proposition 3.1]). With notation as above,
(i) one has Ag .\ (7*D) C A;L/l for any z € E;

(ii) there exist finitely many points z1, ..., 2, € E such that the polygon A(g y(7*D) is inde-
pendent of z € E\ {z1,...,z}, with base the whole line segment [0, 1’| x {0},

where p’ def sup{t > 0 | 7*D — tE is big}.

The second part of the proposition implies that it makes sense to talk about the generic
infinitesimal Newton—Okounkov polygon of D at the point x € X, which we denote by A, (D).

Local positivity can be described with the help of infinitesimal flags in a transparent way
(cf. [KL17a, Theorem 3.1] and [KL17a, Theorem 4.1]).

THEOREM 2.2 ([KL18, Theorem 3.8]). Let D be a big R-divisor on a smooth projective surface X .
Then

(i) @ ¢ Neg(D) if and only if (0,0) € Ag,,)(7* D) for any 2 € E;
(ii) = ¢ Null(D) if and only if there exists a £ > 0 such that Agl C Ag,z)(7*D) for any z € E.

By Theorem 2.2 and [KL18, Lemma 3.14], it makes sense to define the largest inverted simplex
constant as follows:

def — *
§(D;x) = sup{€ > 0] A C Ay (n* D)}
In fact, it is proven in [KL18] that the right-hand side does not depend on the choice of the point

z € E. Thus the notation makes sense. One of the main statements of [KL18] is that using these
definitions, one can quickly recover the moving Seshadri constant of the divisor D at the point x.

THEOREM 2.3 ([KL18, Theorem 3.11]). Let D be a big R-divisor on X. If x ¢ Neg(D), then
e(||DI]; z) = &(D; ).

As we will see later, local positivity at very general points is somewhat less difficult to control.
An important observation of Nakamaye’s, based on the ideas from [EKL95], is the source of the
following convex-geometric estimate, which has manifold applications (see [KL18, Section 4.1],
for instance).

PROPOSITION 2.4 ([KL18, Proposition 4.2]). Let L be an ample Cartier divisor on X and x € X
be a very general point. Then the following mutually exclusive cases can occur:

(i) #/(Lyz) = e(Lyx): then Ag(L) = Ay .
(ii) p/(L,x) > e(L,x): then there exists an irreducible curve F C X with (L - F) = p and
mult, (F') = q such that ¢(L;xz) = p/q. Under these circumstances,
(a) if g > 2, then Ay(L) € Aopr, where O = (0,0), D = (p/q,p/q), and R = (p/(¢—1),0).
(b) if ¢ = 1, then the polygon A,(L) is contained in the area below the line y = t and
between the horizontal lines y = 0 and y = ¢(L; x).
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2.2 Singular divisors at arbitrary points

Our purpose here is to find an explicit connection between the Euclidean geometry of infinitesimal
Newton—Okounkov polygons and the existence of singular divisors at a given point. Write

ALt y) eR?[4>2,y>0,and t > 2y} .

Our main result is the following.

THEOREM 2.5. Let B be an ample Q-divisor on X.
(i) If
interior of (A (7*B)NA) #@ forallzeE, (2.1)
then there exists an effective Q-divisor D = (1—¢)B for any 0 < ¢ < 1 such that_#(X;D) =
4, in a neighborhood of the point .
(ii) Let us assume (B?) > 5. If

interior of (A g . (7" B)NA) =@ (2.2)
for some point zg € E, then the Seshadri constant satisfies e(B;z) < 1(5 — v/5).
Remark 2.6. Note that conditions (2.1) and (2.2) are complementary whenever (B?) > 5 is met.

Remark 2.7. In his seminal work [Dem92], Demailly introduced Seshadri constants with the aim
of controlling the asymptotic growth of the separation of jets by an ample line bundle at the
given point. Our Theorem 2.5(i) can be viewed as a more effective version of Demailly’s idea as
explained in [Laz04a, Theorem 5.1.17] and [Laz04a, Proposition 5.1.19]. To see this, note that
¢(B; ) equals the largest A such that the inverted simplex Ay! is contained in A(g,z)(m*B) for
any z € E, by Theorem 2.3.

Coupling Theorem 2.5 with Nadel vanishing, we obtain the following effective global genera-
tion result, reminiscent of Reider’s theorem in the spirit of Demailly’s original line of thought?.

COROLLARY 2.8. Let X be a smooth projective surface, x € X, and L an ample line bundle on
X with (L?) > 5. If e(L;x) > £(5 — /5), then x is not a base point of the adjoint linear series
|Kx + L.

Proof of Theorem 2.5. (i) Let us fix a point z € E, hence an infinitesimal flag (E, z). We first
show that for any 0 < ¢ < 1, condition (2.1) implies the existence of a Q-effective divisor
D' = (1—c¢)n*B with #(X',D")|ly = Oy(—2F) for some open neighborhood U of the excep-
tional divisor.

Note that (2.1) is an open condition; hence, it is also satisfied for the divisor class 7*((1—c)B)
whenever 0 < ¢ < 1. In what follows, fix a rational number ¢ > 0 such that the above property
holds, and set B’ = 7*((1 — ¢)B) — 2E. Condition (2.1) yields that A(g.)(7*B) contains an
interior point (¢,y) € A with 2 < t < pg(7*B); therefore, 7*B — 2F is a big Q-divisor on X’.
Also, by [KL18, Remark 1.7], we know that

A (B) = (A (@ (1 - o)B) N{(t.y) | t > 2}) — 2er,
where e; stands for the point (1,0).

2Corollary 2.8 also follows from Theorem 2.5 and [EL93a, Proposition 1.4], but the proof of the latter is more
involved.
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Write B’ = P + N for the Zariski decomposition of B’; we will look for the divisor D’ in the

form
D'=P +N+2E (=7"((1-¢)B))
with P’ = P an effective divisor?.

Since P is big and nef, [Laz04a, Theorem 2.3.9] shows that one can find an effective divisor N’
and a sequence of ample Q-divisors Ay with the property that P = Ay + (1/k)N’ for k > 0.
Choose P’ = P to be an effective Q-divisor such that Ay = P’ — (1/k)N’ is general and effective.
This yields

X'\ D)= 7 (X', Ax+ (1/k)N'+ N +2E) = 7 (X',(1/k)N' + N + 2E)
— J(X',N)® Ox/(~2E)
for k > 0. The second equality is an application of the Kollar-Bertini theorem [Laz04b, Ex-
ample 9.2.29], the third one comes from invariance under small perturbations (see [Laz04b,

Example 9.2.30]) and [Laz04b, Proposition 9.2.31]. Thus, it remains to check that #(X’, N) is
trivial at any point z € E. Since

A(E,z)(Bl) N{0} x[0,1) #@ forallze F,
[LMO09, Theorem 6.4] implies
1>ord,(N|g) forallzeFE.

On the other hand, ord,(N|E) > ord, (V) yields ord,(/N) < 1 for all z € E. In light of [Laz04b,
Proposition 9.5.13], this implies that #(X’, N) is trivial at any z € E, as needed.

By Lemma 2.9, there exists an effective Q-divisor D = (1 —¢)B on X with D’ = 7*D. Hence,
by the birational transformation rule for multiplier ideals (see [Laz04b, Theorem 9.2.33]), we
have the sequence of equalities

j(X’ D) = 7T’“(ﬁX’(I{X'/X) ®j(X/7D,)) = W*(/(X,’N)) ®jwv
where Ky//x = E. Since #(X', N) is trivial at any z € E, this means that #(X,D) = .7, in
a neighborhood of the point z € X.

(ii) Set € dof ¢(B;x), and observe that [KL18, Theorem D] yields the containment AOAA’ C
A(g,z)(m*B), where O = (0,0), A = (¢,0), and A" = (¢, ¢). If € > 2, then

interior (A (g .\ (7*B) N A) 2 interior (AOAA'NA) # @,

contradicting condition (2.2). The case € = 2 is equally impossible since that would imply via (2.2)
that A(g .,y (7" B) lies to the left of the line ¢t = 2; as it lies underneath the diagonal anyway, it
would have volume at most 2, contradicting (B2) > 5. Therefore, we can safely assume € < 2.

Now, condition (2.2) implies that the segment {2} x [0,1) does not intersect A g o) (7*B).
Since the latter is convex, it must lie above some line ¢ that passes through the point (2,1) and
below the diagonal. Let (8, 0) be the point of intersection of ¢ and the t-axis. It follows that § > €
since we know that the inverted simplex AOAA’ is contained in A g ) (7*B). So, our goal is
now to find an upper bound on ¢.

We can assume that both €,§ > 1 since € < 1 already implies our statement. In this case,
we have 1/(2 —¢) > 1 for the slope of the line ¢; therefore, the diagonal and ¢ intersect at the
point (6/(6 —1),0/(6 — 1)) in the first quadrant. The triangle formed by /¢, the diagonal, and the

3Note that the expression for D’ is in general not its Zariski decomposition.
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t-axis contains our Newton—Okounkov polygon; therefore, its area is no smaller than the area of
A(E,z) (7" B), which is at least 2. Hence, we obtain e(B;z) < § < 3(5 — V5). O

LEMMA 2.9. Let Y be a smooth projective variety, Z C X a smooth subvariety, and w: Y’ — Y

the blow-up of Y along Z. Furthermore, let B be a Cartier divisor on Y and D’ a Cartier divisor
onY'. If D' = 7*B, then there exists a divisor D = B on Y such that D' = n*D.

Proof. This follows from the fact that F/ = 0 for a Cartier divisor F’ on Y’ (with integral, Q-,
or R-coefficients) implies F/ = 7*F for a numerically trivial divisor F' on Y. Indeed, apply this

with F 2 D' — 7% B to obtain a numerically trivial divisor F' on Y with 7#*F = D’ — #*B, and

sethB+F. O

2.3 Singular divisors at very general points

Ever since the birth of the concept, it has been an important guiding principle that the lo-
cal positivity of a line bundle is considerably easier to control at a general or a very general
point. This observation is manifestly present in the work of Ein-Kiichle-Lazarsfeld [EKL95] (see
also [EL93Db]), where the authors give a lower bound on Seshadri constants at very general points
depending only on the dimension of the ambient space.

Later, Nakamaye [Nak05] elaborated some of the ideas of [EKL95], while translating them to
the language of multiplicities. This thread was in turn picked up in [KL18] and further developed
in the framework of infinitesimal Newton—Okounkov bodies of surfaces, as seen in Proposition 2.4.
It is hence not surprising that one can expect stronger-than-usual results on singular divisors at
very general points.

THEOREM 2.10. Let p be a positive integer, X a smooth projective surface, and L an ample line
bundle on X with (L2) > 5(p+2)2. Let x € X be a very general point, and assume that there
is no irreducible curve C C X smooth at x with 1 < (L-C) < p+ 2.

Then, for some (or, equivalently, every) point z € E,

length (A(g . (7*B) N {2} x R) > 1, (2.3)
where, as usual, we write B %2 (1/(p+2))L.

COROLLARY 2.11. Under the assumptions of Theorem 2.10, there always exists an effective Q-
divisor D = (1 — ¢)B for some 0 < ¢ < 1 such that _#(X;D) = #x, in a neighborhood of the
point x.

Proof. By Proposition 2.4, any infinitesimal Newton—Okounkov polygon sits under the diagonal
in R?. Therefore, (2.3) implies that condition (2.1) from Theorem 2.5 is satisfied, hence the
claim. 0

Remark 2.12. As abelian surfaces are homogeneous, Theorem 2.10 holds for all points on them.

Before proceeding with the proof, we make some preparations. Let ¢ = €(L;x), and write

e €(B;x) = (1/(p+ 2)) e. As Zariski decompositions of the divisors 7*B — tE along the line
segment t € [e1,2) will play a decisive role, we will fix notation for them as well. By [KLM12,
Proposition 2.1], there exist only finitely many curves 'y, ..., T, that occur in the negative part

of *B —tE for any t € [e1,2). Write ¢; for the value of ¢ where T'; first appears. We can obviously

assume €1 < €3 < -+ < € in addition, we put €411 = 2. Also set m; g(ﬁ - E) = mult, (T;) for
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1 <4 <7, where I'; = 7(I;). For any t € [e1,2), let 7*B —tE = P, + Ny« (g)—¢g be the Zariski
decomposition of the divisor.

LEMMA 2.13. With notation as above, we have Np+p_1p = Y i_; Inultfi(H?T*B - tE||) T; for all
te [61, 2).

Proof. 1t follows from the definition of asymptotic multiplicity and the existence and uniqueness
of the Zariski decomposition that for an arbitrary big and nef R-divisor D and an irreducible
curve C, the expression multec || D|| picks up the coefficient of C' in the negative part of D. [

LEMMA 2.14. With notation as above, if © € X is a very general point, then
i i
length (A(E’Z)(T(‘*B) N{t} x R) = (P,-E) <I;(t) det <1 — ij>t + Zejmj
j=1 j=1

for all t € [€;,€;41) and all z € E.

Remark 2.15. Lemma 2.14 is essentially a restatement of [Nak05, Lemma 1.3] in the context of
Newton-Okounkov bodies. Note that Nakamaye’s claim is strongly based on [EKL95, Section 2]
(see also [Laz04a, Proposition 5.2.13]), providing a way of “smoothing divisors in affine fami-
lies” using differential operators. This observation will play an important role in the proof of
Theorem 2.10 and consequently in that of Theorem 1.1.

Returning to the verification of Lemma 2.14, let A; stand for the point of intersection of
the lines t = ¢; and [; (here we identify the function [; with its graph). Note that the func-

tion £: [e1,2] — Ry given by /() def l;(t) on each interval [€;, €;+1] is continuous and satisfies
(ei,0(€;)) = A;. Let T; be the polygon spanned by the origin, the points Ay,..., A;, and the
intersection point F; of the horizontal axis with the line ;.

Remark 2.16. Since the upper boundary of the polygon A, (B) is concave, we have A, (B) C T; for
all 1 < i < r. An explicit computation using the definition will convince one that the subsequent
slopes of the functions I; are decreasing; therefore, one has T; O T; 11 for all 1 < i < r as well.

Proof of Lemma 2.14. It follows from [KL18, Remark 1.9] that
length (A g ) (m*B) N{t} x R) = (P, - E) for all points z € E.

The point z € X was chosen to be very general; therefore, one has multg (||7*(B) —thi])) > t—¢

for all 1 < ¢ < r and all ¢ > ¢ by Nakamaye’s lemma [KL18, Lemma 4.1] (see also [Nak05,
Lemma 1.3]). As a consequence, we obtain via Lemma 2.13 that

(P,-E) = (((W*B B — imulti(Hw*B —tE)) E) . E)
=1

i

% %
< t— Z(t — ej)mj = <1 — ij>t+ Zejmj
j=1

j=1 j=1

for all ¢; <t < 2, as required. O

Proof of Theorem 2.10. We will subdivide the proof into several cases depending on the size and

nature of the Seshadri constant ¢ % e(L;x).
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t=2 y=t

@)

FIGURE 2. A(g ) (7" B) and the triangles ASTC and AADC

Case 1: Assume e€(L;x) > 2(p+2). Observe that [KL18, Theorem D] yields
length (A gy (7*B) N {2} x R) > 1

since €1 = €(B;z) = (1/(p+2))e = 2 and A (7" B) 2 Ae_(lB'x) DAL

Case 2: Assume that we have €(L;x) = (L.F)/multy(F) for some irreducible curve F' C X

with r d:ef(L.F) >q def mult, (F) > 2 (note that r > q follows from the main result of [ELI3b]).
The point € X was chosen to be very general; therefore, Proposition 2.4 implies A,(B) C
AOMN, where O = (0,0), M = (r/(p+2)q,7/(p +2)q), and N = (r/(p+ 2)(qg — 1),0). Since
the area of the first polygon is %BQ > %, we obtain the inequality

1 72 S5
(p+2)? q(g—1) 7

Remembering that ¢ > 2, we arrive at the following lower bound on the Seshadri constant:

r 1 )
e(B,a:):m> 5<1—q>2 3 (2.4)

Next, fix a point zgp € E, and let S = (e1,€e1), T = (€1,0), S" = (2,2), and 7" = (2,0). The
triangle AOST is the largest inverted standard simplex inside A (g ) (7 B). Let

[AD] & Aoy (7" B) N {2} x R,

and, aiming at a contradiction, suppose ||[AD|| < 1 (for a visual guiding, see Figure 2).

First, note that by (2.4), one has ¢; > 1 and thus ||ST|| > 1. Together with the assumption
||AD|| < 1, this implies that the lines TA and SD intersect to the right of the vertical line ¢ = 2;
let us call the point of intersection C. Put x = dist(C, ¢ = 2). Since both line segments [T'A] and
[SD] are contained in A(g ) (7*B), convexity yields the inclusion

AADC 2 A ) (T B)is2 & Aoy (7*B) N {t > 2} x R.
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An area comparison yields the string of inequalities

Area(AADC) > Area(A(E7ZO)(7T*(B))t>2 = Area(A(E,ZO)(W* (B)) — Area(A(EJO)(W*(B))tQ

voly (B) 5 41

VOXUP)  Area(AOS'T) > 2 — 2 = =

5 rea(AOS'T") 575~ 3

By the similarity between AADC and ATSC, we see that ||AD|| = e;x/(x + 2 —€;). Along

with the condition ||AD|| < 1, this implies
T+2
r+1

On the other hand, by the above we also have Area(AADC) = e12%/2(z +2 — e1) > 1, which

gives €1 > (x + 2) /(22 + 1). Combining this inequality with (2.5), we arrive at

r+2 _ z+2

r+17 22417

P

> €. (2.5)

forcing > 1. Since the function f(z) = (z+2)/(x + 1) is decreasing for = > 1, the inequal-
ity (2.5) implies that €; < f(1) = 3/2, contradicting €; > /5/2 from (2.4). Thus. ||AD|| > 1, as
required.

Case 3: Assume e = €(L;x) € N with 1 < € < 2p+3 and that there exists an irreducible curve
'y € X with mult,(T'1) =1 and e(L;x) = (L-T1) = €. We point out that when 1 < e <p+2,
our assumptions reduce to the condition in the statement of our theorem with I'y playing the
role of C'. Hence, in what follows, we can assume that in addition p + 3 < € < 2p + 3. Second,
since mult,(T1) =1, (L-T1) = € < 2p+ 3, and L? > 5(p + 2)2, the Hodge index theorem yields
(r'f) <o.

Since the point z € X is very general, Proposition 2.4(ii.b) shows that the slope of the linear
function t — (P;.E) is non-positive. By (2.6), the only way this can happen is when m; = 1 and
(T'?) =0 (since (I'?) < 0).

We consider two sub-cases. Denote the proper transform of I'y via = by T';.

Case 3(a): Assume that T'y is the only curve appearing in the negative part of the divisor
7B —tE for any t € [e1,2). First, note that by the above, we have that mult;(I';) = 1 and
thus 'y = 7'’y — E. Since the curve I'; is the only curve appearing in the negative part of
m*B — tE for any t € [1,2), we can apply the algorithm for finding the negative part of the

Zariski decomposition for each divisor 7*B — tE and deduce that
B —tE = P, + (t — 61)?1
is indeed the appropriate Zariski decomposition for any ¢ € [e1, 2). In particular, we obtain that

(P.E) =¢; forallte [e,2). (2.6)

Having positive self-intersection, 7*B — tF is big for all ¢ € [e,2]; therefore, the Zariski
decomposition along this line segment is continuous by [BKS04, Proposition 1.16]. Accordingly,
(2.6) yields
€

length (Ap ) (m*B) N {2} X R) = (P.E) = 1 = bt2

>1

for we assumed € € {p+3,...,2p+ 3}.

559



A. KURONYA AND V. LOZOVANU

Case 3(b): Assume that the negative part of 7* B—tE contains another curve (or other curves)
beside T'1 for somet € [€1,2). Denote these other curves by To,..., T, for some r > 2. Our main
tool is going to be the generic infinitesimal Newton—Okounkov polygon A, (B). An important
property of A, (B) is that the vertical line segment A, (B) N {t} x R starts on the t-axis for any
t >0 (see [KL18, Theorem 3.1]).

Aiming at a contradiction, suppose that length(A,(B) N {2} x R) < 1. First, note that this
is equivalent to having the point (2,1) outside the interior of the polygon A, (B), as its lower
boundary sits on the t-axis.

As x € X was chosen to be a very general point, by Remark 2.16, we have A, (B) C T,
where the latter polygon denotes the convex hull of the vertices O, Ay, Ag, Fy, where O = (0,0)
and Ay = (e1,€1). We will focus on the slope of the line AsFy. If Ay = Aq, then by Lemma 2.14,
we know that

slope of AsF» < slope of £(t) = (1 — m1 — ma)t + e1my + eama .
In particular, the slope of AsF5 is at most —1 since mq = 1 and my > 1. In the non-degenerate
case A1 # As, since we have m; = 1, we again have that
slope of AsFy < slope of £(t) = —mat + €1 + eama < —1.
Also note that in this case, based on the proof of Case 3(a), we are certain that the segment

[A1As] is actually an edge of the convex polygon A, (B).

Since the upper boundary of the polygon A, (B) is concave by [KLM12, Theorem BJ, all
supporting lines of the edges on this boundary, besides [OA;] and [A; As], then have slope at
most —1. However, we initially assumed (2,1) ¢ interior A, (B); thus, convexity yields that the
first edge of the polygon A, (B) intersecting the region [2,00) x R will do so at a point on the
line segment {2} x [0, 1]. Furthermore, this edge and all the other edges of the upper boundary
in the region [2,00) x R will have slope at most —1.

Now, set A = (2,1), C = (3,0), and D = (2,0). Since the line AC has slope —1, by what we
said just above, we have the following inclusions due to convexity reasons:

Ay (B)N[2,00) x RC AADC'.
Write R = (2,2); since Area(A,(B)) > 3, the above inclusion 1mphes
Area(AADC) = 1 > Area(A,(B)) — Area(AODR) > 2=1,

contradicting the statement (2,1) ¢ interior A, (B). In particular, length(A (B)n{2} xR) > 1
and we are done.

3. Syzygies of abelian surfaces

3.1 Syzygies and singular divisors on abelian surfaces

The essential contribution of the work [LPP11] can be summarized in the following statement.

THEOREM 3.1 ([LPP11]). Let X be an abelian surface, L an ample line bundle on X, and p
a positive integer such that there exists an effective Q-divisor Fy on X satisfying

(i) Fo=((1—=¢)/(p+2))L for some 0 < ¢ < 1, and
(ii) Z(X; Fy) = A, the maximal ideal at the origin.

Then L satisfies the property (N,).
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For the sake of clarity, we give a quick outline of the argument in [LPP11]; to this end, we
first recall some terminology. As above, p will denote a natural number; one studies sheaves on
the (p + 2)-fold self-product X*#+2), Based on the philosophy of Green [Gre84b, Section 3] and
as established later by Inamdar in [Ina97], the N, property for the line bundle L holds provided
that

HI(X*P) RPP2L o N @ gs) =0 foralli>0 (3.1)
and for any nef line bundle N, where %5, is the ideal sheaf of the reduced algebraic subset
Eg{(:vo,...,xwrl) | zg = z; for some 1 <i<p+1}.

This is the vanishing condition one intends to verify.
Observe that ¥ C X*(®+2) can be realized in the following manner. Upon forming the self-
product Y def X x(r+1) with projection maps pr;: Y — X, one considers the subvariety

p+1
AZE o 0) = (@1, 2pe1) i = 0 for some 1 <i <p+1}.
i=1

Next, look at the morphism

§: Xx0F2) _y xx (et (g S Zpg1) (X0 — X1y, T0 — Tpt1)
then ¥ = §~1(A) scheme-theoretically. Consider the divisors

¢ f
BN piiFy and B 6°E,.
i=1

As forming multiplier ideals commutes with taking pullbacks by smooth morphisms (cf. [Laz04b,
Example 9.5.45]), one observes that

S (XPPHE) = g(X*PT26*Ey) = 6 #(X P By) = 0"y = I,
The divisor (&fif L) — E is ample by [LPP11, Proposition 1.3]; therefore,

HI(X*0H) 2L o N @ s5) = H (X P2 RPHELe #(X*PT2E) =0 forall i>0

by Nadel vanishing, where one sets N = 0.

3.2 Projective normality on abelian surfaces

As a toy example, we provide an easy proof of Theorem 1.1 for projective normality via the
convex geometric results given in Theorems 2.5 and 2.10(ii). What sets this apart from the
general case is that it suffices to find a divisor whose multiplier ideal is the maximal ideal of the
origin in a small neighborhood. This is of course much simpler to check than the global statement
of [LPP11]. Historically, this was the first case that was dealt with by Hwang and To [HT11].
Observe that our methods provide a precise characterization of projective normality in terms of
the existence of elliptic curves with given numerical properties.

COROLLARY 3.2. Let X be an abelian surface and L an ample line bundle with (LQ) > 20. Then
the following are equivalent:

(i) The surface X does not contain an elliptic curve C' with (L -C) < 2 and (C?) = 0.
(ii) The line bundle L defines a projectively normal embedding.
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Remark 3.3. As remarked in the introduction, there seems to be a discrepancy between Corol-
lary 3.2 and Reider’s theorem from [Rei88]. In the case of checking the very ampleness condition
for an ample line bundle L on an abelian surface X, the latter says that if L? > 10, then L is
very ample on X if and only if there is no elliptic curve C C X with C?> =0 and 1 < (L.C) < 2.
So, now consider a general abelian surface X given by a principal polarization L of type (1,6)
and hence with L? = 12. By Reider’s theorem, L is very ample. In order for L to be projectively
normal, the map Sym? (HO (X, L)) — HO (X, L®2) needs to be surjective. By the Riemann—Roch
theorem, the dimension of the first vector space is 21, while that of the image is 24; therefore, L
is very ample but not projectively normal.

A similar observation holds for the cases (1, 5) and (2, 2); note that in the second case, the line
bundle is not very ample, but it still defines a 2 : 1 morphism from X to the Kummer surface.
For the cases (2,d) with d > 4, a result of Pareschi and Popa [PP04, Theorem 6.1] yields that L
is in fact projectively normal when X is a generic choice of an abelian surface with the given
polarization. It turns out that it is much harder to say when a very ample line bundle is not
projectively normal, especially that by Reider’s theorem and Corollary 3.2, the only difference
in these two cases is the lower bound on (LZ).

Proof of Corollary 3.2. (i) = (ii) The main observation is that in order to prove the projective
normality on an abelian surface, it is enough to show #(X;D) = .7, in a neighborhood U C X
of the origin for some effective Q-divisor

e 1
Dz(1—c)32§(1—c)L.

To see this, consider the map o: X x X — X given by o(z,y) = x — y. Then
A (X xX,0%(D)) =0"(#(X;D)) =1Ia -7,

where A stands for the diagonal and .# C O'x « x is an ideal sheaf whose cosupport V' is contained
in 0~1(X \ U), hence disjoint from A. Now, one has the short exact sequences

0—)IA-f—> ﬁXXx—)ﬁXXx/(IA-,f)—)O,
0—>IA-f—>IA—>IA/(IA-J)—>O

since ANV = @, which also implies by straightforward commutative algebra that Ia/(Ia --9) is
a direct summand of Oxxx/(Ia - -#).

Therefore, in order to prove the vanishing of the higher cohomology of shifts of Ia, one shifts
the first sequence and uses Nadel vanishing for the first two terms to obtain the vanishing of the
cohomology of the shifts of the quotient. A second application of Nadel vanishing to the second
sequence and the fact that taking cohomology commutes with direct sums gives the required
vanishing.

To finish the proof, we need to present a divisor D = (1 — ¢)B with _#(X; D) = ¥x ,, where
the equality takes place in a neighborhood of the origin. Since we work on an abelian surface,
we can assume that x € X is a very general point. As in our previous proofs, we approach the
question through an analysis of the Seshadri constant e(B;x) = 3e(L; ).

If e(L;x) = r/q with 7 > ¢ > 2, then case (ii) of Theorem 2.10 and Theorem 2.5 imply the
existence of such a divisor. If €(L;x) > 4, then again condition (2.1) in Theorem 2.5 applies,
and we are done. Thus, it remains to tackle the cases when there exists a curve C' C X with
mult,(C) =1 and (L - C) = e(L;x) for which e(L;x) = 1,2, or 3. If e(L;z) = 1 or 2, then the
Hodge index theorem yields (02) < 0, and since X is abelian, (02) = 0. The adjunction formula
then shows that C must be an elliptic curve as abelian varieties do not contain rational curves.
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If (L;z) = 3, then e(B;z) > 3. Note that 3 > 1(5—+/5); thus, by Theorem 2.5(ii), we
deduce the existence of a divisor with the desired properties.

(ii) = (i) In the opposite direction, suppose that L satisfies property Ny, that is, it is pro-
jectively normal, and that there exists an elliptic curve C' C X with (L - C) = 1 or 2. The first
condition implies that L is a very ample divisor and defines an embedding X C P(H°(X, L)).
On the other hand, using [Laz04a, Theorem 2.2.15] and the fact that L? > 20, we know that
L — C is big; then it is automatically nef since X is an abelian surface. Kawamata—Viehweg
vanishing then implies that the restriction map H°(X,L) — H°(C, L|¢) is surjective. Since L
is very ample, L|c defines an embedding of C' into some projective space as well; however, as
1 < (L-C) <2, this can never be the case. O

3.3 Property (INp) in the absence of elliptic curves of low degree

In this subsection, we give a proof of the direct implication of Theorem 1.1. As opposed to the
case of projective normality, it is no longer clear whether finding an effective divisor D with
J(X; D) = .7, locally suffices to verify (N,). We show, however, that with a bit more work, one
can in fact control the multiplier ideal of the divisor found in Theorem 2.5 over the whole abelian
surface X. As always, m: X’ — X denotes the blow-up of o with exceptional divisor E.

The main goal of this subsection is to prove the following theorem.

THEOREM 3.4. Let X be an abelian surface and B an ample Q-divisor on X with (BQ) > 4.
Suppose that

length(A (g ) (7*(B)) N {2} x R) > 1 (3.2)
for some point zy € E. Then there exists an effective Q-divisor D = (1 — ¢)B for some 0 < ¢ < 1
such that _#(X,D) = 9x, over the whole of X.

Proof of Theorem 1.1. (i) = (ii) By Theorem 3.1, it suffices to find a divisor as produced by
Theorem 3.4. Since X is abelian, it is enough to treat the case when the origin o behaves like
a very general point. By Theorem 2.10, the condition (3.2) is automatically satisfied whenever X
does not contain an elliptic curve C' with (C?) =0 and 1 < (L-C) < p+2.

It remains to show that the exceptions in Theorem 2.10 correspond to the exceptions in the
statement in Theorem 1.1. For a curve C' C X which is smooth at the point x and satisfies
1 < (L-C) < p+2, one has (C?) < 0 by the Hodge index theorem since (L?) > 5(p + 2)*.
Since we are on an abelian surface, we then automatically have (02) = 0 and, by adjunction,
this indeed forces C' to be an elliptic curve. O

Proof of Theorem 3.4. To start, [KL18, Proposition 3.1] gives the inclusion
Ag(m*(B))N{2} x R C {2} x [0,2] forany z € E.

Hence, according to [KL18, Remark 1.9], condition (3.2) implies (2.1) in Theorem 2.5 for any

z € FE as (BZ) > 4 by assumption.

By Theorem 2.5, we know how to find a divisor D = B such that #(X,D) = #x locally
around a point. It remains to show that this equality in fact holds over the whole of X. Recall
that D is the image of a divisor D' on X', where (revisiting the proof of Theorem 2.5)

1=
D'=P+) aFE+2E,

i=1
and 7(B) — 2E = P+ Y a;E/ is the appropriate Zariski decomposition.

563



A. KURONYA AND V. LOZOVANU

Writing E; for the image of E! under 7, the first step in the proof is to show the following
claim.

CrLAIM. Let y # o be an point of X such that _#(X, D), # Ox . Then

i=r i=r
Z a; mult,(E;) < Z a; mult, (E;) . (3.3)
i=1 i=1

Proof. First, observe that by [Laz04b, Proposition 9.5.13], the condition #(X, D), # Ox, im-
plies mult, (D) > 1. Since the morphism 7 is an isomorphism around the point y, considering y
as a point on X', we actually have mult,(D’) > 1. In the proof of Theorem 2.5, we were able to
write P = A+ (1/k)N, where Ay is ample and N’ is an effective Q-divisor for any &k > 0. Thus,
we chose D' = P' + % a;E! + 2E, where P’ = A+ (1/k)N’, A = Ay, is a generic choice, and
k > 0. Since Ay, is ample, a generic choice of A does not pass through the point y; in particular,
mult, (P’) — 0 as k — oco. Since mult, (D’) > 1, this implies that

multy <Z azEz) = Z a; multy(Ei) >1.
% A

As a consequence, it suffices to check that ), a; mult,(E;) < 1. To this end, recall that E! =
7" E; — mult,(E;)E, and therefore

2=((r*"B—2E)-E)=(P-E)+ Y a(Ej-E)=(P-E)+ Y a;multy(E;).

Because (P - E) is equal to the length of the vertical segment Ay ) (7*B) N {2} x R for any
z € E, inequality (3.2) implies that ), a; mult,(E;) < 1, as we wanted. O

We return to the proof of the main statement. We will argue by contradiction and suppose
that there exists a point y € Y for which #(X; D), # Ox 4. In other words, by the claim above,
we have the inequality

Z a; mult,(E;) < Z a; multy, (F;) .

This yields the existence of a curve E; with mult,(E;) < mult, (E;).

By our assumptions E! is a negative curve on X'; let EY denote the proper transform of E;
with respect to the blow-up m,: X, — X. Since mult,(F;) < mult,(E;), we obtain

(EY)? = E? — (multy(E,))* < E? — (mult,(E;))? = E? < 0;

in particular, we deduce that EY remains a negative curve on X,, just as E/ on X'. However,
Lemma 3.5 shows that F; must then be a smooth elliptic curve passing through o and y. There-
fore, mult, &; = mult, E; = 1, which contradicts the inequality above. ]

LEMMA 3.5. Let X be an abelian surface and C C X a curve passing through two distinct points
x1,22 € X. If the proper transforms of C' for the respective blow-ups of X at the x; both become
negative curves, then C' must be the smooth elliptic curve that is invariant under the translation
maps Ty, _z, and Ty, o, .

Proof. Denote by Cy and Cs the proper transforms of C with respect to the blow-up of X at
x1 and x9, respectively. Aiming at a contradiction, suppose Ty,_.,(C) # C. Since both proper
transforms C7 and Cy are negative curves, one has

0> (C}) = (C?) — (mult,, (C))* and 0> (C3) = (C?) — (mult,, (C))?
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or, equivalently, (02) < min{mult,, (C)?, mult,,(C)?}. On the other hand, observe that
(02) =(C - Tpy—2,(C)) = multy, (C) - multy, (Ty,—z, (C)) = mult,, (C) - mult,, (C),

for C' is algebraically equivalent to its translate T,,_,, (C). This gives a contradiction, so we
conclude that C' is invariant under both of the translation maps Ty, 4, and T, 5, and is indeed
a smooth elliptic curve. O

3.4 On the Koszul property of section rings

Still making use of the observations of Lazarsfeld-Pareschi-Popa, we produce a strong numerical
criterion for the section ring R(X; L) of an ample line bundle on an abelian surface to be Koszul.
Summarizing the proof of [LPP11, Proposition 3.1], one obtains the following.

ProposITION 3.6 ([LPP11, Proposition 3.1]). With notation as above, assume that X is an
abelian surface and L an ample line bundle on X. If there exist a rational number 0 < ¢ < 1 and
an effective Q-divisor Fy such that

(i) Fo=1(1-¢)L,
(i) A(X; Fy) =S,
then R(X, L) is Koszul.

COROLLARY 3.7. Let X be an abelian surface and L an ample line bundle on X with (L2) > 45.
If X does not contain an elliptic curve C with (C?) =0 and 1 < (L-C) < 3, then R(X, L) is
Koszul.

Proof. Our reasoning is essentially the same as in the proof of Theorem 1.1: take p = 1 in
Corollary 2.11, and apply Theorem 3.4 to obtain the required divisor Fy. We conclude the proof
with Proposition 3.6. O

Remark 3.8. Tt is a classical result of Kempf [Kem89] that 4L is Koszul for any ample line
bundle L on an abelian variety. As pointed out following Corollary B of [LPP11], the main
interest for our result lies in the case when L is not a (large) multiple of an ample line bundle,
where for instance Kempf’s theorem is not available. Furthermore, if L? > 3, then Corollary 3.7
implies that R(X,4L) is Koszul, thus leading to the recovery of Kempf’s result.

Regarding the bound of [LPP11], our methods seem to imply a slightly weaker version. In
reality, looking carefully at the proof of Theorem 2.10, we see that the results of [LPP11] are
covered by Case 1. The self-intersection L? was chosen to be large in order to force that only
elliptic curves of small degree encode the syzygies of L and the Koszul property of R(X, L). It is
only due to the large lower bound on L? that we do not seem to recover the bounds in [LPP11]
straight from Corollary 3.7 or Theorem 1.1.

More importantly, note that our result confirms the Koszulness and the (NN,) property of

many ample line bundles with a small Seshadri constant and large self-intersection; the criterion
we give is easily checked in concrete examples.

Ezample 3.9. Here, we present a class of ample line bundles on a self-product of an elliptic curve
where our criterion verifies the Koszulness of the section ring, but [LPP11] does not. For this,
we will rely on computations from [BS08].

In order to be in the situation of [BS08, Theorem 1], let C' be an elliptic curve without
complex multiplication, and let L = a1 F} + asFs + a3/ be an ample line bundle on C' x C, where
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the F; are fibers of the two natural projections and A C C' x C' stands for the class the diagonal.
The self-intersection is then computed by

(L2) = 2a1a2 + 2a1a3 + 2aqa3 .

We will take aj,as, a3 > 0; hence, [BSO8, Example 2.1] applies. Set as = 3 and a3 = 2; our plan
is to take a1 > a9, az. In any case, if a1 > 4, then

e(L;0) = min{ay + as,a1 + az,as + as} =5,

and there is no elliptic curve of L-degree less than 5 on C' x C. Our choice of as and as forces the
line bundle L to be primitive; that is, it is not a multiple of any other line bundle on C x C. Thus,
neither [Kem89] nor [LPP11] applies. Moreover, if a; > 4, then (L?) > 52 > 45, and therefore
R(C x C, L) is Koszul according to Corollary 3.7.

4. Low-degree elliptic curves and syzygies
In this section, we give the proof of the implication (ii) = (i) of Theorem 1.1.

THEOREM 4.1. Let X be an abelian surface and L a very ample line bundle on X. Suppose
(LQ) > 4p + 5 and that there exists an elliptic curve C C X with 1 < (L-C) < p+ 2. Then L
does not satisfy property (N,).

Proof of (ii) = (i) of Theorem 1.1. Assume that X contains an elliptic curve C with C? = 0 and
1 < (L.C) < p+2. Then either L is not very ample, in which case it cannot satisfy property (N,)
for p > 0, or it is, but then Theorem 4.1 applies. O

Remark 4.2. Property (NNp) is predominantly studied via vector bundle techniques. This turns
out to be a feasible approach in our case as well, by making use of syzygy bundles (cf. [Laz86])
and Lazarsfeld-Mukai bundles (introduced simultaneously in [Laz86] and [Muk89]). An extensive
cohomology computation exploiting these vector bundles on X and C' leads to a proof that L
does not satisfy property (IV,) under the given conditions, primarily since the restricted line
bundle L|c does not satisfy the same property on the elliptic curve C either.

Along the way, one also needs to rely on some ideas from [Par00] via the observation that L|¢
is actually numerically equivalent to the (p + 2)nd power of a line bundle on the curve C. For
a recent overview on the techniques involving syzygy bundles and Lazarsfeld-Mukai bundles and
their manifold applications, the reader is kindly referred to Aprodu’s surveys [Aprl3, Aprl4].

In order to give a much shorter proof of Theorem 4.1, we will follow a path suggested
by Rob Lazarsfeld via restricting syzygies and invoke ideas of Eisenbud—Green—Hulek—Popescu
from [EGHPO05]. The kernel of the proof is the same as in Remark 4.2, namely that low-degree
elliptic curves have bad syzygies. Assuming by contradiction that there are good syzygies on X,
one can take a plane and restrict the resolution of the ideal sheaf of X to the elliptic curve C.
This way, one obtains a complex that is exact away from a set of dimension one; diagram chasing
will lead to the desired contradiction. This strategy was first introduced in [GLP83] and further
developed in [EGHPO05].

We start by recalling the following lemma.

LEMMA 4.3 ([GLP83, Lemma 1.6]). Let

Ee: - -+—E_1—--—>FE —-E——F—=0
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be a complex of coherent sheaves on a projective variety V of dimension r, with € surjective.
Assume that

(i) E, is exact away from a set of dimension 1;
(ii) for a given integer 1 < m < r, one has H((V,Ey) = --- = H(V,E,_,) =0 fori > 0 .
Then HY(V,F) =0 for i > m.

Proof of Theorem 4.1. The case of projective normality was already discussed in Corollary 3.2, so
we can suppose p > 1. Note that in Corollary 3.2, we assumed (Lg) > 20, but in fact the argument
for the direction (ii) = (i) works whenever (L?) > 5. This way, we will get a contradiction by
assuming that L satisfies property (NNp) on X.

First, observe that L is, in particular, projectively normal, hence very ample, and so L gives
rise to an embedding X C PV = P(H%(X,L)). As this embedding is defined by the complete
linear series |L| so, in particular, H°(PY ,JXUPN(l)) = 0, the image is non-degenerate.

Second, we point out that the natural restriction map
HO(X,L) =% HO(C, L|c) (4.1)

is surjective. For this, H'(X, L — C) = 0 would suffice, which follows from Kawamata-Viehweg
vanishing once we show that L. — C' is big and nef. Since (LQ) > 2(L - C), by the condition in
Theorem 4.1, Theorem 2.2.15 of [Laz04a] implies that L — C'is big. Nefness then follows since X
is an abelian surface, and therefore any effective divisor is nef.

Next, being the restriction of a very ample line bundle, L|c defines an embedding C' C PP+ =
P(H°(C, L|c)). Because the restriction map in (4.1) is surjective, PP can be seen as a (p + 1)-
dimensional plane A C PV. Here, we can assume (L-C) = p+2 by the induction hypothesis. The
embedding X C PV was non-degenerate; therefore, the scheme-theoretic intersection X NA is a
subset of dimension one (recall that p +1 < N). Furthermore, by analyzing the exact sequence

0— H'(X,L-C)— H°(X,L) — H°(C,L — C|¢) — 0,
we see that b(|L — C|) = (Fxna/x: Foyx) © Ox; in particular, X N A = C if and only if the
complete linear series |L — C| is base-point free.

We have already dealt with the case p = 0; hence, we will for the moment assume p > 1.
As shown in [GP98, Section 1.2], the line bundle L — C is base-point free by Reider’s theorem
whenever it is big and nef with (L—C)? > 5. This is implied by the conditions p > 1, (LQ) > 4p+5,
(L-C)<p+2,and (C?) =0.

The rest of the proof follows that of [EGHP05, Theorem 1.1], with the difference that there
the plane is of dimension at most p (and hence one obtains strong statements about the regularity
of the ideal sheaf .#x, | of the embedding X NA C A), whereas in our case the plane is of larger
dimension. In any case, by the same token, we will obtain that H? (]P’Z’H,ﬂXmM A) = 0, which
will give us the required contradiction.

Recall that, aiming at a contradiction, we assumed that L satisfies property (NN,) for some
p > 1. By definition, one has a resolution of the ideal sheaf

Ee: - = Epp1 = Ep— - = Ey = By — Ixpy — 0,

where E; = ®0pn(—i — 1) for any ¢ = 1,...,p. We tensor this resolution by & and obtain
a complex F|p:

= By 1 @ Oy — DON(—p—1) = - = DON(-3) = DON(-2) —>fX|IP>N ® O\ — 0
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that is exact outside the intersection A N X, that is, away from a set of dimension 1. Directly
applying Lemma 4.3 and the automatic vanishing we have of the higher cohomology of line
bundles on projective space yields H m(A,fx“pN ® O)) = 0 for any m > 2. Now, consider the
short exact sequence

0= Ix NI\ Ix - In —>fx|]P>N®ﬁA %ijAm—)O-

The kernel # g,ﬂx NI/ Ix - I is supported on the one-dimensional scheme X N A, so

H™(A, ") = 0 for any m > 2. We then deduce that H™ (A, #xnpja) = 0 for any m > 2. Under
the assumption p > 1, the short exact sequence

0 — Ixran = On = Oxnp — 0

gives that H'(X NA, Oxnp) = 0. In particular, one arrives at H'(C, 0¢) = 0, which contradicts
the fact that C' is an elliptic curve. O
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