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On the rationality of Kawamata log terminal

singularities in positive characteristic

Christopher Hacon and Jakub Witaszek

Abstract

We show that there exists a natural number p0 such that any three-dimensional Kawa-
mata log terminal singularity defined over an algebraically closed field of characteristic
p > p0 is rational and in particular Cohen–Macaulay.

1. Introduction

One of the main goals of algebraic geometry is to understand the structure of smooth projective
varieties. The techniques of the minimal model program, MMP for short, play a fundamental role
in the pursuit of this objective. Unluckily, starting from dimension three, to apply the techniques
of the MMP it is necessary to consider varieties with mild singularities. From the point of view
of the MMP, the most natural class of singularities is that of Kawamata log terminal (klt)
singularities, which includes canonical and terminal singularities. In characteristic zero, a large
part of the MMP for varieties with klt singularities is known to hold (see [BCHM10]). In this
context, it is of course essential to have a good understanding of the properties of klt singularities.
Perhaps the most important of these properties is the fact that klt singularities are rational and,
in particular, Cohen–Macaulay. This fundamental fact was first proved by Elkik for canonical
singularities and was later generalized to klt singularities; see, for example, [KM98, Theorem 5.22]
and references therein.

The main technical tool used in the proof of the results of the MMP (and in the proof of
Elkik’s result) is the famous Kawamata–Viehweg vanishing, which is known to fail in positive
characteristic and dimension at least two. So it is not surprising that the situation in positive
characteristic p > 0 is much more complicated. In spite of this, it is known that the klt MMP
is valid in dimension two [Tan14] and dimension three in characteristic p > 5 [HX15, CTX15,
Bir16, BW17]. It is natural to wonder if in positive characteristic, klt singularities are rational.
In dimension two, this is known to hold for all characteristics; however, recently, it was shown
that this does not hold when p = 2 and the dimension is at least three [GNT15, Kov18, CT16]
(see Remark 5.3). On the positive side, it is known that klt threefold singularities are Witt-
rational when p > 5 [GNT15]. This interesting result allows for the extension of Esnault’s results
on counting points over finite fields to singular varieties. Note that rational singularities are
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On the rationality of klt singularities

Witt-rational but the converse is not true. Furthermore, it is known that strongly F-regular
singularities are rational. Note that F-regular singularities are klt, but klt threefold singularities
need not be strongly F-regular even in large characteristic [CTW18].

The goal of this paper is to show the following result.

Theorem 1.1. There exists a natural number p0 > 0 such that for any three-dimensional Kawa-
mata log terminal pair (X,∆) defined over an algebraically closed field of characteristic p > p0,
we have that X has rational and, in particular, Cohen–Macaulay singularities. Moreover, if X is
Q-factorial, then, for any divisor D, the sheaf OX(D) is Cohen–Macaulay.

It is not known whether the above theorem holds or is false if we just assume that p > 2.
The main tool in the proof of this result is the Kawamata–Viehweg vanishing for log del Pezzo
surfaces in large characteristic. The constant p0 comes from this result.

Theorem 1.2 ([CTW17, Theorem 1.2]). There exists a constant p0 > 0 with the following
property.

Let X be a projective surface of Fano type defined over an algebraically closed field of char-
acteristic p > p0. Let ∆ be an effective Q-divisor such that (X,∆) is klt, and let L be a Weil
divisor for which L− (KX + ∆) is nef and big. Then H i(X,OX(L)) = 0 for i > 0.

We say that a surface X is of Fano type if there exists a Q-divisor B such that (X,B) is klt
and −(KX +B) is ample. Note that the Kawamata–Viehweg vanishing does not hold for rational
surfaces in general even in large characteristic [CT18].

Let us also note that it has been recently shown in [Kov17] that Cohen–Macaulay klt singu-
larities are rational. The results from that paper allowed us to simplify the proof of Theorem 1.1.

One possible application of these results stems from the minimal model program in mixed
characteristic. Given a positive-characteristic variety X which lifts to characteristic zero and a
basic operation of the MMP f : X 99K Y such as a contraction or a flip, it is natural to ask
if f lifts to characteristic zero as well. As a corollary of Theorem 1.1, we show that this holds
for divisorial and flipping contractions of threefolds in large characteristic (see Corollary 5.1).
Unfortunately, we do not know how to deal with the case of flips.

The article is organised as follows. In Section 2, we discuss rational and Cohen–Macaulay
singularities, strong F-regularity, purely log terminal (plt) blow-ups, and liftings to the rings
of Witt vectors. In Section 3, we prove the existence of certain short exact sequences on plt
threefolds (see Subsection 1.1). In Section 4, we finish the proof of Theorem 1.1. In Section 5,
we explore applications to the MMP in mixed characteristic.

1.1 Sketch of the proof

Assume that X is Q-factorial. Consider a plt blow-up (Proposition 2.11) at a closed point x ∈ X,
that is, a birational morphism f : Y → X with an irreducible exceptional divisor S such that

• (Y, S) is plt and Q-factorial,

• −(KY + S) is f -ample,

• f is an isomorphism over X\{x}.
By adjunction, there exists a Q-divisor ∆diff such that (S,∆diff) is a klt log del Pezzo pair.

When S is Cartier, one can apply the following strategy (cf. [GNT15] and [CT16]). For every
k > 0, consider

0→ OY (−(k + 1)S)→ OY (−kS)→ OS(Gk)→ 0 ,

517



C. Hacon and J. Witaszek

where Gk ∼ −kS|S . Since

Gk ∼Q KS + ∆diff −(KS + ∆diff) +Gk︸ ︷︷ ︸
ample

,

by Theorem 1.2, we have that H1(S,OS(Gk)) = 0 for every k > 0, and so R1f∗OY (−(k+1)S)→
R1f∗OY (−kS) is surjective. Since −S is f -ample, R1f∗OY (−kS) = 0 for k � 0 by the Serre
vanishing theorem, which implies that R1f∗OY = 0 as well. By [HX15], one sees that Y has
F-regular singularities along S and hence Y has rational singularities along S. Therefore, if X is
Cohen–Macaulay, then it has rational singularities at x. The fact that X is Cohen–Macaulay at
x follows by a similar argument.

When S is not Cartier, the above short exact sequence may fail to be exact; however, we
show the existence of the following short exact sequence (Proposition 3.1):

0→ OY (−(k + 1)S)→ OY (−kS)→ OS(Gk)→ 0 , (1.1)

where Gk is a Weil divisor satisfying Gk ∼Q −kS|S −∆k for some effective Q-divisor ∆k on S
such that ∆k ⊆ ∆diff . Therefore, we can apply the same argument as above with minor changes.

When X is not Q-factorial, we apply Propositions 2.11 and 2.12 and the relative F-inversion
of adjunction (Lemma 2.10).

2. Preliminaries

We say that a scheme X is a variety if it is integral, separated, and of finite type over a field k.
Throughout this paper, k is an arbitrary field of positive characteristic p > 0. For a k-variety X,
we denote the relative canonical divisor KX/ Spec k by KX (see [Kol13, Definition 1.6]).

We refer to [KM98] for basic definitions in birational geometry, and to [Kol13] whenever k
is not algebraically closed. We say that (X,∆) is a log pair if X is normal, ∆ is an effective
Q-divisor, and KX + ∆ is Q-Cartier.

Given a variety X and a Weil divisor D on X, we say that f : Y → X is a log resolution
of (X,D) if Y is regular, Exc(f) has pure codimension one, and (Y,Supp(f−1(D) + Exc(f)))
has simple normal crossings (see [Kol13, Definitions 1.8 and 1.12]). If X is of dimension at most
three, then a log resolution of (X,D) always exists (see [Lip78, Cut09, CP08, CP09]).

Theorem 2.1 ([Kol13, Theorem 10.4]). Let X be a regular surface over a field k, and let
f : X → Y be a proper, generically finite morphism with exceptional curves Ci such that

⋃
iCi

is connected. Let L be a line bundle on X, and assume that there exist Q-divisors N and
∆ =

∑
diCi such that

• L ≡f KX + ∆ +N ,

• N · Ci > 0 for every i,

• 0 6 di < 1 for every i.

Then R1f∗L = 0.

2.1 Rational and Cohen–Macaulay singularities

We say that a variety X has rational singularities if it is Cohen–Macaulay and there exists
a log resolution f : Y → X such that Rf∗OY = OX . If we assume the existence of resolutions
of singularities, the equality holds for every log resolution (this follows from the main result
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in [CR15]). For the definition of Serre’s condition Sd and Cohen–Macaulay singularities, we refer
to [Kol13, Definitions 5.1 and 5.2].

Proposition 2.2. Let f : Y → X be a proper birational morphism of normal varieties, and let D
be a Weil divisor on Y such that OY (D) is Cohen–Macaulay. Assume that Rif∗OY (D) = 0 and
Rif∗OY (KY −D) = 0 for all i > 0. Then f∗OY (D) is Cohen–Macaulay.

Proof. Since D is Cohen–Macaulay, so is HomOY
(OY (D), ωY ) (see [KM98, Corollary 5.70]). In

particular, the latter sheaf is reflexive, and hence it is isomorphic to OY (KY − D). Therefore,
the proposition follows from [Kol13, Theorem 2.74].

The following result is well known.

Proposition 2.3 ([Kov17, Lemma 8.1]). Let X be a variety with rational singularities. Then
Rf∗ωY = ωX for every resolution f : Y → X.

Let us recall that a rank one sheaf F on a normal variety X is reflexive if and only if it is
divisorial, that is, of the form OX(D) for some Weil divisor D. Moreover, i∗(F|U ) ' F , where
i : U → X is an inclusion of an open subset whose complement is of codimension at least two.

Lemma 2.4. Let X be a normal variety, let S ⊂ X be a prime divisor, and let D be any Weil
divisor. For the exact sequence

0→ OX(−S +D)→ OX(D)→ E → 0 ,

we have that Supp E = S. Moreover, if OX(−S + D) and OX(D) satisfy Serre’s condition S3,
then E is reflexive as a sheaf on S.

Proof. Since the ideal sheaf IS of S annihilates E and the sequence above is the standard restric-
tion exact sequence outside of a closed subset of codimension two, we have that Supp(E) = S.
The second part of the lemma follows from [Kol13, Lemma 2.60].

2.2 Strongly F-regular singularities

The proof of the main theorem makes use of the concept of F-regular singularities. We refer the
reader to [ST12] for a comprehensive treatment of this topic. The sole purpose of introducing
them here is to show, summing up known results, that a plt threefold singularity (X,S) in
characteristic p > 5 is rational near S and, assuming Q-factoriality, that any reflexive rank one
sheaf on X is Cohen–Macaulay near S (Propositions 2.7 and 2.8, and, for the non-Q-factorial case,
Proposition 2.9). This shows that singularities of plt blow-ups possess these desirable properties
(see Propositions 2.11 and 2.12). For the convenience of the reader, we recall the basic definitions.

Definition 2.5. For an F-finite scheme X of characteristic p > 0 and an effective Q-divisor ∆,
we say that (X,∆) is globally F-split if for every e ∈ Z>0, the natural morphism

OX → F e∗OX(b(pe − 1)∆c)

splits in the category of sheaves of OX -modules.

We say that (X,∆) is globally F-regular if for every effective divisor D on X and every big
enough e ∈ Z>0, the natural morphism

OX → F e∗OX(b(pe − 1)∆c+D)

splits.
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We say that (X,∆) is purely globally F-regular if the definition above holds for those D which
intersect b∆c properly (see [Das15, Definition 2.3(2)]).

The local versions of the above notions are called F-purity, strong F-regularity, and pure
F-regularity, respectively. Moreover, given a morphism f : X → Y , we say that (X,∆) is F-split,
F-regular, or purely F-regular over Y if the corresponding splittings hold locally over Y (see
[HX15, Definition 2.6]).

Remark 2.6. Assume that (X,∆) is F-split over Y with respect to f : X → Y . Then for any
affine open subset U ⊆ Y , we have that (f−1(U),∆|f−1(U)) is globally F-split (see [HX15, Propo-
sition 2.10], cf. [CGS16, Remark 2.8]). In particular, if u : Y → Y ′ is affine, then (X,∆) is
also F-split over Y ′ with respect to u ◦ f . Analogous statements hold for F-regularity and pure
F-regularity.

Proposition 2.7. Let X be a strongly F-regular variety. Then X has rational singularities.
Moreover, if X is Q-factorial and of dimension at least three, then any reflexive sheaf of rank
one on it is S3.

In particular, a reflexive sheaf of rank one on a Q-factorial strongly F-regular threefold is
Cohen–Macaulay.

Proof. The variety X is F-rational (see [ST12, Appendix C]), and hence it has rational singular-
ities by [Kov17, Corollary 1.12].

The last statement in the proposition is a consequence of [PS14, Theorem 3.8]. Indeed, let
OX(D) be a reflexive sheaf, and take a general effective divisor E ∼ −(mp + 1)D for m � 0.
Then

(
X, (1/(mp+ 1))E

)
is strongly F-regular, and the result follows.

The following proposition is false in characteristic p = 2 (see [CT16]).

Proposition 2.8. Let (X,S) be a plt three-dimensional pair defined over an algebraically closed
field of characteristic p > 5. Then S is normal, and X is strongly F-regular along it.

Proof. By [Har98] and [Das15, Theorem A] (cf. Lemma 2.10), we have that (X,S) is purely
F -regular along S and S is normal. This implies the F-regularity of X along S.

In order to deal with non-Q-factorial singularities, we also need a relative version of the above
result.

Proposition 2.9. Let (X,S) be a plt three-dimensional pair defined over an algebraically closed
field of characteristic p > 5, and let f : X → Z be a proper birational morphism between
normal varieties such that dim f(S) = 2. If −(KX + S) is f -ample, then Z is strongly F-regular
along f(S).

This does not follow directly from Proposition 2.8, because KZ + f(S) is almost never Q-
Cartier. Further, let us note that we will need to apply Proposition 2.9 in the case when X is
not Q-factorial.

Proof. As above, S is normal. The normalization morphism f(S)ν → f(S) is affine, and so,
by [HX15, Theorem 3.1], the pair (S,∆diff), defined by adjunction, KS + ∆diff = (KX + S)|S ,
is globally F -regular over f(S) (see Remark 2.6). Lemma 2.10 and [HX15, Lemma 2.12] imply
that Z is strongly F -regular along f(S).
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In Proposition 2.9, we used a relative version of inversion of adjunction, which is a conse-
quence of [Das15, Theorem B]. The proof is very similar to [Das15, Corollary 5.4] and [CTW17,
Lemma 2.7], but we include it here for the convenience of the reader.

Lemma 2.10. Let (X,S + B) be a plt pair where S is a prime divisor, and let f : X → Z be
a proper birational morphism between normal varieties. Assume that −(KX +S+B) is f -ample
and (S,BS) is globally F -regular over f(S), where S is the normalization of S, and BS is defined
by adjunction, KS + BS = (KX + S + B)|S . Then (X,S + B) is purely globally F-regular over
a Zariski-open neighbourhood of f(S) ⊆ Z.

Proof. Since the question is local over Z, we can assume that Z is affine, that is, Z = Spec(R) for
some ring R. Further, by perturbing the coefficients of B, we can assume that the Cartier index
of KX + S +B is not divisible by p (see, for example, the proof of [Das15, Proposition 3.8]). By
[Das15, Theorem A], the pair (X,S + B) is purely F-regular, and S is a normal F-pure centre.
By standard arguments (replacing B with B + εH for 0 < ε � 1 and a very ample divisor H
intersecting S properly), it is enough to show that (X,S + B) is F -split over a Zariski-open
neighbourhood of f(S) (see the proof of [SS10, Theorem 3.9]).

Set L := OX((1 − pe)(KX + S + B)), and for a sufficiently divisible integer e � 0, consider
the diagram

H0(X,F e∗L) H0(S, F e∗ (L|S)) H1(X,F e∗ (L(−S)))

H0(X,OX) H0(S,OS) ,

ψX
S+B

ψS
BS

where ψXS+B and ψSBS
are the trace maps, while the horizontal arrows come from the restriction

exact sequences. The diagram is well defined and commutes by the fact that S is an F-pure centre
and by the equality of the different and the F-different (see [Das15, Theorem B], cf. [CTW17,
Section 2.2]). Note that ψSBS

is surjective since (S,BS) is F-split over f(S).

Since e � 0, the relative Serre vanishing theorem implies that H1(X,F e∗ (L(−S))) = 0. In
particular, the upper left horizontal arrow is surjective, and so the composition

H0(X,F e∗L)
ψX
S+B−−−→ H0(X,OX)→ H0(S,OS)

is surjective as well. But H0(X,OX) = H0(Z,OZ) = R; hence, this implies that the zero locus
of the ideal in R generated by im(ψXS+B) is disjoint from f(S). After we remove this locus, the
surjectivity of ψXS+B follows.

2.3 Local to global transition

In the course of the proof of the main theorem, we will need the following two results that allow
for the transition from a local to a global case.

Proposition 2.11 (Generalized plt blow-up, Kollár component). Let (X,∆) be a Kawamata log
terminal three-dimensional pair defined over an algebraically closed field of characteristic p > 5,
and let x ∈ X be a closed point. Assume that X\{x} is Q-factorial. Then there exist a projective
birational morphism f : Y → X and an effective Q-divisor ∆Y on Y such that

• f is an isomorphism over X\{x},
• S := Exc f is irreducible and anti-f -nef,
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• (Y, S + ∆Y ) is a Q-factorial plt threefold,

• −(KY + S + ∆Y ) is f -ample.

Furthermore, S is normal, and Y is strongly F-regular along it.

When x ∈ X is Q-factorial, −S is automatically f -ample. Since X is a klt threefold, there
exists an open neighbourhood x ∈ U ⊆ X such that U\{x} is Q-factorial.

Proof. Apart from the last statement, this is a direct consequence of [GNT15, Proposition 2.15]
(see [Xu14, Lemma 1]). The strong F-regularity of Y and the normality of S follow from Propo-
sition 2.8.

For the non-Q-factorial case of the main theorem, we will also need the following result.

Proposition 2.12. Under the assumptions of Proposition 2.11, the f -relative semiample fibra-
tion g : Y → Y ′ associated with −S exists. Moreover, g is small, −S|S is big, and Y ′ is strongly
F-regular along g(S).

Proof. The first statement follows from the base point free theorem (see [GNT15, Theorem 2.9]),
once we notice that −S = KY + ∆Y − (KY + S + ∆Y ).

For the proof of the bigness of −S|S , it is enough to show that g is small. To this end,

run a (KY + S + ∆Y )-MMP over Y ′, and let Y 99K Ymin
g′−→ Y ′ be the minimal model. Since

−(KY +S+∆Y ) is g-ample, g′ is small. Moreover, as S is g-numerically trivial, none of the steps
of the MMP may contract S. Indeed, an MMP preserves Q-factoriality, and hence a contracted
divisor is always relatively anti-ample with respect to a divisorial contraction. Since Exc f = S
is irreducible, this shows that g is small and does not contract S.

For the last statement, we replace Y with the output of a −(KY + S)-MMP over Y ′, and so
we can assume that −(KY +S) is g-nef and g-big. We can run such an MMP, since we can write

−ε(KY + S) = KY + S + (1 + ε)∆Y − (1 + ε)(KY + S + ∆Y ) ,

where −(KY + S + ∆Y ) is g-ample and (Y, S + (1 + ε)∆Y ) is plt for 0 < ε � 1. Further, by
replacing Y with the image of the g-relative semiample fibration associated with −(KY +S), we
can assume that −(KY + S) is g-ample. The fibration exists by the klt base point free theorem,
as S is g-numerically trivial and we can write

−(KY + S) = KY − 2(KY + S) + S .

Although Y may have ceased to be Q-factorial, (Y, S) is a well-defined plt pair (in particular,
KY + S is Q-Cartier), and so Proposition 2.9 concludes the proof.

2.4 Liftings

LetWm(k) denote the ring of Witt vectors of lengthm. We say that a k-varietyX lifts over Wm(k)
if there exists a flat morphism X̃ → SpecWm(k) such that the special fibre is isomorphic to X.
Similarly, we can define liftings of morphisms.

In Section 5, we will need the following result.

Proposition 2.13 ([LS14, Proposition 2.1], [CvS09, Theorem 3.1]). Let f : Y → X be a mor-
phism of schemes satisfying Rf∗OY = OX . Assume that Y lifts to a scheme Ỹm over Wm(k) for
some natural number m ∈ Z>0. Then f lifts to f̃m : Ỹm → X̃m over Wm(k).

The same is true for formal lifts to the total Witt ring W (k).
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3. The restriction short exact sequence

Proposition 3.1. Let (X,S) be a plt three-dimensional Q-factorial pair defined over an alge-
braically closed field k of characteristic p > 5, where S is a prime divisor, and let ∆diff be the
different. Then for any Weil divisor D on X, there exist an effective Q-divisor ∆S 6 ∆diff and a
Weil divisor G on S such that G ∼Q KS + ∆S +D|S and the sequence

0→ OX(KX +D)→ OX(KX + S +D)→ OS(G)→ 0

is exact.

Let us note that G is only defined up to linear equivalence.

Proof. Note that in proving the proposition, we are free to replace X with an appropriate neigh-
bourhood of S. By Proposition 2.8, we may assume that X is strongly F-regular and S is normal.
Replacing D with a linearly equivalent divisor, we may assume that S is not contained in the
support of D and so D|S is a well-defined Q-divisor. Consider the following short exact sequence
(see Lemma 2.4):

0→ OX(KX +D)→ OX(KX + S +D)→ i∗E → 0 ,

where E is a sheaf supported on S and i : S → X is the inclusion. By Proposition 2.7, any
reflexive rank one sheaf on X satisfies Serre’s condition S3 and so, by Lemma 2.4, the sheaf E is
reflexive on S.

Let π : X → X be a log resolution of (X,S), and let S be the strict transform of S. Define ∆X

by

KX + S + ∆X = π∗(KX + S) .

Consider the following exact sequence:

0→ OX(KX + dπ∗De)→ OX(KX + S + dπ∗De)→ OS(KS + dπ∗De|S)→ 0 .

Since (X,S) is plt, we have that b∆Xc 6 0, and so dπ∗De > b∆X + π∗Dc. Therefore,

KX + S + dπ∗De > bKX + S + ∆X + π∗Dc
= bπ∗(KX + S +D)c , and

KX + dπ∗De > bKX + ∆X + π∗Dc
> bπ∗(KX +D)c .

In particular,

π∗OX(KX + dπ∗De) = OX(KX +D) , and

π∗OX(KX + S + dπ∗De) = OX(KX + S +D) .

By applying π∗ to the above exact sequence, we have that

0→ OX(KX +D)→ OX(KX + S +D)→ π∗OS(G)→ R1π∗OX(KX + dπ∗De)

is exact, where G := KS + dπ∗De|S . By localizing at one-dimensional points on X, we can use
Lemma 3.3 to show that

dim Supp
(
R1π∗OX(KX + dπ∗De)

)
6 0 .

Set ∆S := (π|S̄)∗((dπ∗De − π∗D)|S) and G := (π|S̄)∗G, so that G ∼Q KS + ∆S + D|S . We
claim that E ' OS(G). Indeed, by what we observed above, E is isomorphic to π∗OS(G) in
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codimension one on S, which in turn is isomorphic to OS(G) in codimension one on S. Since
both E and OS(G) are reflexive sheaves of rank one, the isomorphism E ' OS(G) follows.

To conclude the proof, it is enough to verify that ∆S 6 ∆diff . This can be checked by
localizing at one-dimensional points in Sing(X), and thus we conclude by Lemma 3.3 (see also
[Kol13, Theorem 3.36] and [Kol92, Corti 16.6.3]).

Remark 3.2. Proposition 3.1 also holds in the following two cases:

(1) if (X,S) is an n-dimensional Q-factorial plt pair and D is a Weil divisor, defined over an
algebraically closed field of characteristic 0, and

(2) if (X,S) is an n-dimensional Q-factorial plt pair and D is a Weil divisor, defined over an
algebraically closed field of characteristic p > 0 such that (X,S) admits a log resolution of
singularities and (Sν ,∆diff) is strongly F-regular, where Sν → S is the normalization.

For case (1), recall that since (X,S) is plt, S is normal and both OX(KX +D) and OX(KX +
S + D) are Cohen–Macaulay sheaves by [KM98, Corollary 5.25]. For case (2), recall that by
[Das15], the divisor S is normal and (X,S) is purely F-regular near S.

The following lemma, used in the above proof, was applied to localizations at non-closed
points, and thus we cannot assume that k is algebraically closed. However, this has no impact on
the proof because the surfaces under consideration are excellent. We refer to [Kol13] and [Tan18]
for the classification and basic results pertaining to excellent log canonical surfaces. Let us just
note that excellent klt surfaces are Q-factorial by [Tan18, Corollary 4.10], and if (X,S) is a plt
surface pair, then S is regular [Kol13, Section 3.35].

Lemma 3.3. Let (X,S) be a plt surface pair defined over an arbitrary field k, where S is a prime
divisor. Let ∆diff be the different, let π : X → X be a log resolution of (X,S), let S be the strict
transform of S, and let D be any Weil divisor. Then

• R1π∗OX(KX + dπ∗De) = 0, and

• ∆S 6 ∆diff , where ∆S := (dπ∗De−π∗D)|S and S is identified with S.

Proof. As bdπ∗De−π∗Dc = 0, the vanishing R1π∗OX(KX +dπ∗De) = 0 follows by Theorem 2.1.

As for the second statement, we can restrict ourselves to a neighbourhood of S such that all
singularities of X lie on S. Therefore, [Kol13, Section 3.35] implies that each singularity of X
is cyclic and S is regular. Moreover, if x ∈ Sing(X) and mx is the Q-factorial index of X at x,
then mxD is Cartier and ∆diff has coefficient 1 − 1/mx at x [Kol92, Corti 16.6.3]. Therefore,
∆S 6 ∆diff because, by definition, ∆S has coefficients smaller than one, and mx∆S is Cartier at
x ∈ Sing(X).

By applying Proposition 3.1 for D replaced with D − (KX + S), we get that

0→ OX(−S +D)→ OX(D)→ OS(G)→ 0

is exact for a Q-divisor 0 6 ∆S 6 ∆diff and a Weil divisor G ∼Q D|S −∆S .

Corollary 3.4. Under the assumptions of Proposition 3.1, the sequences

0→ OX(KX − (k + 1)S −D)→ OX(KX − kS −D)→ OS(G′k)→ 0 ,

0→ OX(−(k + 1)S +D)→ OX(−kS +D)→ OS(Gk)→ 0

are exact for any k ∈ Z>0, some effective Q-divisors ∆k,∆
′
k 6 ∆diff depending on k, and some

integral divisors G′k ∼Q KS + ∆′k − (k + 1)S|S −D|S and Gk ∼Q −kS|S +D|S −∆k.
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4. Proof of the main theorem

Proof of Theorem 1.1. Fix p0 as in Theorem 1.2. Since the question is local, we can assume
that X is affine and aim to show that a fixed closed point x ∈ X is rational. We replace X
with a Zariski-open neighbourhood of x whenever convenient. Let f : Y → X be a generalized
plt blow-up at x as in Proposition 2.11. Let S := Exc(f). Recall that (Y, S + ∆Y ) is plt, −S is
f -nef, and −(KY +S+ ∆Y ) is f -ample for some effective Q-divisor ∆Y on Y . Moreover, we may
assume that Y is strongly F-regular. First, we show that Rf∗OY = OX .

To this end, we apply Corollary 3.4 to get short exact sequences

0→ OY (−(k + 1)S)→ OY (−kS)→ OS(Gk)→ 0

for all k > 0, where Gk ∼Q −kS|S −∆k for some effective Q-divisor ∆k 6 ∆diff , where ∆diff is
the different. Thus, to show that Rif∗OY (−kS) vanishes for k = 0 and i > 0, it is enough to
prove that

• Rif∗OY (−mS) = 0 for i > 0 and a divisible enough m� 0, and

• H i(S,OS(Gk)) = 0 for i > 0 and all k > 0.

If X is Q-factorial, then the first vanishing follows from the relative Serre vanishing theorem,

as −S is f -ample. In general, we consider the f -relative semiample fibration Y
g−→ Y ′

f ′−→ X
associated with −S. It exists by Proposition 2.12. Since Y ′ is strongly F-regular along SY ′ :=
g(S), we may assume that Y ′ has rational singularities (see Proposition 2.7). For m > 0 suffi-
ciently divisible, mSY ′ is Cartier and mS = g∗(mSY ′). By the projection formula, we have that
Rg∗OY (−mS) = g∗OY (−mS) =OY ′(−mSY ′) and therefore Rif∗OY (−mS) =Rif ′∗OY ′(−mSY ′),
which is zero for m� 0 by the Serre vanishing theorem since SY ′ is f ′-anti-ample.

Therefore, it suffices to show that H i(S,OS(Gk)) = 0 for i > 0 and all k > 0. To this end,
we notice that

(KY + S + ∆Y )|S = KS + ∆diff + ∆Y |S
is anti-ample and (S,∆diff + ∆Y |S) is klt. The cohomology in question vanishes because

Gk ∼Q KS + (∆diff + ∆Y |S −∆k)−(KS + ∆diff + ∆Y |S)− kS|S︸ ︷︷ ︸
ample

,

which is zero by Theorem 1.2.

By an analogous argument, considering the other short exact sequence in Corollary 3.4,

0→ OY (KY − (k + 1)S)→ OY (KY − kS)→ OS(G′k)→ 0 ,

one can show that Rif∗ωY = 0 for i > 0. Indeed, Rg∗ωY = ωY ′ by Proposition 2.3 applied to
both Y and Y ′. As S is g-trivial, we have that

Rif∗OY (KY −mS) = Rif ′∗OY ′(KY ′ −mSY ′) = 0

for i > 0 and a divisible enough m � 0 by the relative Serre vanishing theorem. Moreover, by
Theorem 1.2,

H i(S,OS(G′k)) = 0 ∀ i > 0

for any k > 0 and a divisor G′k such that G′k ∼Q KS + ∆′k − (k+ 1)S|S , where ∆′k is an effective
Q-divisor satisfying ∆′k 6 ∆diff , because −S|S is nef and big (see Proposition 2.12).

Proposition 2.7 implies that Y is Cohen–Macaulay, and so X is Cohen–Macaulay as well
by Proposition 2.2. Let πY : Y → Y be a log resolution. By Proposition 2.7, we have that
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R(πY )∗OY = OY , and so, by the composition of derived functors, we get that Rπ∗OY = OX ,
where π := f ◦ πY : Y → X. Thus X has rational singularities.

In order to prove the last statement, we assume that X is Q-factorial, fix a Weil divisor D
on X, and set DY := bf∗Dc = f∗D − εS for some 0 6 ε < 1.

First, we show that Rf∗OY (DY ) = OX(D). By Corollary 3.4, we get short exact sequences

0→ OY (−(k + 1)S +DY )→ OY (−kS +DY )→ OS(Gk)→ 0

for all k > 0, where Gk ∼Q −(k + ε)S|S −∆k for some effective Q-divisor ∆k 6 ∆diff . As in the
argument above, when i > 0 we have that

H i(S,OS(Gk)) = 0 and

Rif∗OY (−mS +DY ) = 0 for divisible enough m� 0 ,

where the second identity follows from the Serre vanishing theorem as −S is f -ample, and the
first one is a consequence of Theorem 1.2 given that

Gk ∼Q KS + (∆diff + ∆Y |S −∆k)−(KS + ∆diff + ∆Y |S)− (k + ε)S|S︸ ︷︷ ︸
ample

.

The claim now follows easily by an argument similar to the one we used in the proof that the
singularities are rational.

Analogously, one can show that Rif∗OY (KY − DY ) = 0 for i > 0 by considering the other
short exact sequence in Corollary 3.4,

0→ OY (KY − (k + 1)S −DY )→ OY (KY − kS −DY )→ OS(G′k)→ 0 .

Indeed, Rif∗OY (KY − mS − DY ) = 0 for sufficiently divisible m � 0 by the Serre vanishing
theorem. Moreover, by Theorem 1.2,

H i(S,OS(G′k)) = 0 ∀ i > 0

for any k > 0 and a divisor G′k such that G′k ∼Q KS + ∆′k − (k + 1 − ε)S|S , where ∆′k is an
effective Q-divisor satisfying ∆′k 6 ∆diff .

Since OY (DY ) is Cohen–Macaulay (see Proposition 2.7), Proposition 2.2 concludes the proof.

5. Applications and open problems

Corollary 5.1. There exists a constant p0 > 0 with the following property. Let (X,∆X) and
(Y,∆Y ) be Kawamata log terminal threefolds defined over an algebraically closed field k of
characteristic p > p0, and let π : X → Y be a proper birational morphism between them. If X
lifts to X̃m over Wm(k) for some m ∈ N, then π lifts to π̃m : X̃m → Ỹm.

Proof. This follows from Theorem 1.1 and Proposition 2.13.

With Corollary 5.1 in mind, it is natural to ask the following.

Question 5.2. Let X be a Kawamata log terminal threefold defined over an algebraically closed
field k of characteristic p� 0 and X 99K X+ a flip. If X lifts to X̃m over Wm(k) for some m ∈ N,
then does X+ lift to X̃+

m over Wm(k)?
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Remark 5.3. After the first version of the paper had been announced, we were informed by
Professor Takehiko Yasuda that for any algebraically closed field k of characteristic p > 2, there
exists a quotient klt singularity of dimension d depending on p which is not Cohen–Macaulay.
For p > 5, his construction is the following. Let X = V/G, where V is a d-dimensional k-vector
space, d(d− 1)/2 > p > d > 4, and G ' Fp is a subgroup of GLd(k) generated by a matrix of
the form 

1 1 0 0 . . . 0 0
0 1 1 0 . . . 0 0
0 0 1 1 . . . 0 0
0 0 0 1 . . . 0 0

. . .

0 0 0 0 . . . 1 1
0 0 0 0 . . . 0 1


,

that is, Id + I. Here Id is the identity matrix and I is a matrix with ones just above the diagonal
and zeroes elsewhere. We have that (Id + I)p = Id because p > d. Since the action of G on V
is indecomposable and d(d− 1)/2 > p, the variety X is klt by [Yas14, Propositions 6.6 and 6.9].
Since dimV G = 1 < d− 2, it is not Cohen–Macaulay by the main result in [ES80] (see the first
paragraph of the article).

By a similar construction, one can get an example of a non-Cohen–Macaulay quotient klt
singularity for p = 3.

It is also natural to wonder what the optimal value for the constant p0 is.

Question 5.4. Let X be a three-dimensional klt variety defined over an algebraically closed field
of characteristic p > 2. Does X have rational singularities?
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