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Monodromy map for tropical Dolbeault cohomology

Yifeng Liu

ABSTRACT

We define monodromy maps for the tropical Dolbeault cohomology of algebraic vari-
eties over non-Archimedean fields. We propose a conjecture of Hodge isomorphisms via
monodromy maps and provide some evidence.

1. Introduction

Let K be a complete non-Archimedean field. For a separated scheme X of finite type over K, one
has the associated K-analytic space X" in the sense of Berkovich [Ber93]. Using the Q-sheaf 77,
on X constructed in [Liul7], we obtain a new cohomology theory H>Y (X)), functorial in X.

trop
They are rational vector spaces satisfying H{;d (X) # 0 only when 0 < p,¢ < dim X. Denote by
h{xd (X) the dimension of HY;d (X ), which might be infinity.

Using a bicomplex &g of R-sheaves of real forms on X, constructed by Chambert-Loir and
Ducros [CD12], we can recover H{;2 (X)g = H{yd (X) ®q R via certain Dolbeault cohomology
groups. In this article, we consider a natural question, motivated by complex geometry, about

the Hodge relation: Do we have the equality h{? (X) = h{P (X)?

However, the perspective we take is very different from the one in complex geometry. In fact,
we will construct, for p > 1 and ¢ > 0, a functorial map

) —1,q+1
Ny : HRE (X)r — Hp oy (X)r

which we call the monodromy map, via constructing a canonical map @{a — d)?;,l 41 on the
level of sheaves. Such a map does not exist in complex geometry. We conjecture (see Conjec-
ture 5.3) that over certain algebraically closed complete non-Archimedean fields K, the iterated
map

N4 YL (X )r — HED (X)r

is an isomorphism for p > ¢ if X is proper smooth. We view such an isomorphism as the
Hodge isomorphism for tropical Dolbeault cohomology. If this holds, then we have the following
numerical relation for the corresponding Hodge numbers:

(X) <hhy (X)) <-eeee > hLPL(X) > 002 (X).

hp70
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This is apparently new from the results in complex geometry. In fact, we believe that the Hodge
isomorphism and the above numerical relation should have a connection with the weight spectral
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MONODROMY MAP FOR TROPICAL DOLBEAULT COHOMOLOGY

sequence. We note that the map N%: Hf;gp(X R — Hg;f)’p(X )r is simply induced by the “flipping”

map J, see [CD12], multiplied by p!; see Lemma 3.2(1).

The theorem below provides certain evidence toward our expected Hodge isomorphism. The
proof uses arithmetic geometry, especially the weight spectral sequence as we have just mentioned.
The method is restrictive in the sense that any further extension would seem to rely on the
weight-monodromy conjecture (Conjecture 4.5) in the mixed-characteristic case, among other
difficulties. Therefore, it is very interesting and important to find a somewhat analytic proof of
the results here. However, the situation is rather subtle since we know that for some algebraically
closed, complete, non-Archimedean fields K, such as the field of Puiseux series C{{¢}}, the map
Nx: Hg;gp(X)R — H?;(l)p(X)R may fail to be an isomorphism (see Remark 5.4).

In this article, by a non-Archimedean field, we mean a complete topological field equipped
with a nontrivial, non-Archimedean valuation of rank one. For a non-Archimedean field K, we
denote the ring of integers by K°, the residue field by K , and a fixed algebraic closure by K?,
with K? its completion.

THEOREM 1.1. Let Xo be a proper, smooth scheme over a non-Archimedean field K. Let K be
a closed subfield of K containing Ky. Put X = Xo ®g, K.

(i) (Corollary 5.12) Suppose that Ky is isomorphic to k((t)) for k either a finite field or a field
of characteristic zero. Then the monodromy map

,0 0,
Ng( : Hfrop(X)R — Htrgp(X)R

is injective for every p > 0. In particular, htggp(X ) is finite.

(ii) (Theorem 5.13) Suppose that Ky is either a finite extension of Q, or isomorphic to k((t))
for k a finite field, K = Kj, and X admits a proper, strictly semistable model over K.
Then the monodromy map

1,0 0,1
Nx: Htrop(X)R - Htrop(X)R

is an isomorphism.
Remark 1.2. Let K be an algebraically closed, non-Archimedean field.

(1) In his thesis, Jell proved that for a proper, smooth scheme X over K of dimension n, the
map N& : H:o (X)r — HQP (X) is injective for p = 0,1,n [Jel16, Proposition 3.4.11].
(2) In [JW18], Jell and Wanner proved that for X either PL- or a (proper, smooth) Mumford

curve over K, the map Nx: Htlggp (X)r — H?;ip(X )R is an isomorphism.

Their methods in both papers are analytic.

In [MZ14], Mikhalkin and Zharkov study the tropical homology groups Hy, ,(X) of a tropical
space X. Assuming X compact, they define a map

¢N: Hpg(X)r = Hpp1,0-1(X)r

using their eigenwave ¢. In fact, as shown in [JSS18], one can compute the tropical homolo-
gy Hp 4(X)g, or rather the tropical cohomology, via superforms in [CD12] as well. Then our
construction in Section 2 would give rise to a map Ny : Hy, (X )r = Hp41,4—1(X)gr (or rather on
cohomology) for any tropical space X. We expect that Nx and ¢N should coincide when X is
compact, possibly up to an elementary factor.

Moreover, in [MZ14], the authors prove that when X is a realizable, smooth, compact tropical
space, the iterated map ¢ PN: Hy, ,(X)r — Hgp(X)r is an isomorphism. They first realize X as
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the tropical limit of a complex, projective, one-parameter, semistable degeneration X such that
all strata of the singular fiber Xy are blow-ups of projective spaces. By the work [[KMZ16], one
knows that H, ;(X)qg can be identified with Es-terms of the Steenbrink-Illusie spectral sequence
associated with X. Moreover, Mikhalkin and Zharkov show that under such an identification, the
map ¢N is simply the monodromy map on Ea-terms. In our work, X is a proper, smooth! scheme,
and we relate our tropical Dolbeault cohomology Hfligp(X ) to Eo-terms of the weight spectral
sequence of (various) semistable alterations X’ of X (see Definition 5.5 for the precise meaning) for
certain p and ¢, under which Nx is essentially the monodromy map. In our setup, the semistable
scheme X is very general, so that its Eo-terms cannot be read off solely from the dual complex
of X'; hence, we do not obtain a strict identification for general p and g. Nevertheless, it would be
interesting to compare our approach relating to the weight spectral sequence and their approach

relating to the Steenbrink-Illusie spectral sequence in [MZ14, IKMZ16].

Conventions

Let K be a non-Archimedean field. All K-analytic (Berkovich) spaces are assumed to be good
[Ber93, Remark 1.2.16], Hausdorff, and strictly K -analytic [Ber93, Proposition 1.2.15].

For a K-analytic space X, we use H*(X, —) to indicate the cohomology group with respect
to the underlying topology of X, and we use Hg, (X, —) to indicate the cohomology group with
respect to the étale topology of X.

2. Monodromy maps for superforms on vector spaces

In this section, we review the construction of superforms on vector spaces from [CD12] and
introduce the corresponding monodromy map.

Let V be an R-vector space of dimension n. Let Ty be the tangent space of V' and TY, its dual
space. For every open subset U of V and integers p, ¢ = 0, we have the space of (p, ¢)-forms on U,

P a
Ay (U) = oy (U) o AT @r ATV
where o7, (U) is the R-algebra of smooth functions on U. The direct sum
Ay (U) =P (U)

forms a bigraded R-algebra with the following commutativity law: if w is a (p, ¢)-form and ' is
a (p, ¢')-form, then we have

W Aw= (_1)(p+q)(p’+q’)w Aw' .

Moreover, A: @P°(U) x o (U) — #2(U) is simply the map induced by the tensor product
map.

The real vector spaces «7*(U) form a bicomplex with two differentials
d': APIU) = 2T U), A" FPUU) - 2.

We also have a convolution map J: &74(U) — &} (U).

Tt is worth noting that the tropicalization of a smooth analytic space, such as X®*, under a local tropical chart
is in general not a smooth tropical space.
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MONODROMY MAP FOR TROPICAL DOLBEAULT COHOMOLOGY

In terms of coordinates, they are described as follows. Let {z1,...,x,} be a system of coor-
dinates of V. Then a (p, g)-form can be written as

w= Z wry(x)d'zr@d"z; = Z wry(@)d'zr Ad"zy,
l=p,|J|=q 1=p,|J|=q

where I and J are subsets of {1,...,n} and the wr j(z) are smooth functions on U. For such a
form w, we have

Owr j(x
dw= dz;NdxrAd"zy
|I|—§J —q Zl Oui |

ow
d"w = (_1)p Z Z IJ $[ N d//l‘j VAN d//.’EJ,
[I|=p,|J|=q j=1

Jw=(=1)P Z wry(@x)d'zy nd"zr.
[|=p,|J1=q

We remind readers of the following relations from [CD12, Section 1.2]:
A" =3d3, Jd =da"3, Jd"=dJ, d&=3d"J,
and for a (p, q)-form w and a (p/, ¢')-form W/,
dwA)=dwAw + (-1)PTwAdd,
d"(wAW) =d"wAw + (-1)PTwAd"W .
Now we are going to define a map N: &/7%(U) — %$_I’q+1(U) for p > 1. We first recall the

notion of coevaluation map. Let W be an arbitrary finite-dimensional R-vector space with W*
its dual space. We have a canonical evaluation map

ev: W*@Qr W — R.
We define the coevaluation map to be the unique linear map
coev: R = W @pr W*

such that both composite maps

1y + ®coev ev®1yy =
e

W*@r (W or W*) = (W*@r W) @ W* —25 W* |
CONEW (T @ W) @ W S W @p (W @r W) 22V 317

W*
w

are identity maps. In fact, for an arbitrary basis {w;, ..., w,} of W, with the dual basis {w7, ...,
wy} of W*, the map coev sends 1 to > w; @ w.

Now we apply the coevaluation map to the vector space W = Ty .

DEFINITION 2.1. Let p > 1 be an integer. Define the map

N: 2T — )
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to be the composite map
P q P q
¢ (U)or ATy @r \ Ty = €°U) @r \ T @r Rer \ Ti
p q
—¢>(U) @r \ Ty @r (Tv @r Tf) @ \ TV

P q

= €°(U) ®r (/\T?/ ®r TV) QR (T*v ®r /\T*V>
g+1

— %oo ®R /\ TV QR /\ T

where the second map is given by the coevaluation map for Ty and the last map is given by the
contraction map and the wedge product. For 0 < r < p, we denote by

N": dPUU) — o7 (U)

the consecutive composition.

In terms of the coordinates {z1,...,2,} of V, for
w= Z wrg(@)d'@y, A ANdx, Nd"xg Ao ANd g, (2.1)
I={ir<-<ip }, J={j1 < <jq}

with p > 1, we have

Nw = Z Z wI J )dll‘il VANEIEIVA dll‘ik VANEEIVA d/.it‘z'p A d”xik A d”.%'jl VANRRRIVAN d”l’jq
k=1 1,J
p
= Z wI J )d/l‘]\{zk} AN dHCCZ‘k AN d”l‘] .
k=1 I,J

LEMMA 2.2. We have Nd” = d"N: #79(U) — d‘efl’quQ(U) forp > 1.

Proof. Take a (p, q)-form w as in (2.1). We have

d"Nw = d”Z Z wl J )d,l'[\{ik} VAN d”l‘ik VAN d”fL'J
k=1 1,J
o 8WIJ ) " " "
:—ZZZ de\{ik}/\d xj/\d x;, Nd"x .
1,0 j=1k=1

On the other hand, we have

" dwy 5(z) .,

o, dzrnd xj/\d”mJ

- zp: ~ (=1)*0wr,s(x)

d/xl\{ik} A d”xik A d”a:j ANd"z

k=1 1,J j—1 dz;
—1)*0
oy R W gy Ay T, A,
I1J j=1k=1 Lj
The lemma follows. =
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LEMMA 2.3. For a (p,q)-form w and a (p/, ¢')-form " with p,p’ > 1 and p+p' > n+ 1, we have
NwAWw = —-w AN .
Proof. By linearity, we may assume
w=w@)dz;ANd"z;, W =d(@)dxpAndxy.

If [INTI'| > 2, then it is easy to see that Nw A w’ = w A Nw' = 0. Otherwise, [I N I'| =
Without loss of generality, we may assume I N I' = {n}, hence d'z; = d'zpn) A d'z, and
d'zp = d'zp\ 3 A d'wy,. Then we have

Nw AW = (w(z)dzp gy Ad"z, Ad"zs) A (W (2)dzp Ad"z )
= (fl)p/(q+1)w(z)w'(x)d/azl\{n} ANdzp ANd"zy ANd" 2y ANd 2y
= (—1)p,(qﬂ)w(w)w’(a:)d'x[\{n} ANd'zpnpgy ANdag A"z A"z y ANd 2,

and
wANW' = (w(z)d'zr Ad"zy) A (W (z)d 2 gy Ad"z Ad 2 p0)
= (-1 9w (z)w (z)d 2 A Az gy Ad "z Ad "y A"z g
= (- 1)p Tw(x ) (x)d/:c]\{n} Az, A d’xp\{n} ANz, ANd"zyAd" 2
= (—1)Plat'~ (x)w'(x)d’xl\{n} ANd'zppy Ny ANd ey A"z y ANd 2y
The lemma follows. 0

LEMMA 2.4. Let V' be another R-vector space of dimension n’ and U’ C V' an open subset. Let
¢: V' =V be an affine map such that ¢(U') C U. Then for p > 1, we have
* * , —1,g+1
N'¢* = o*N: PYU) — 7, Ty,
where N’ denotes the monodromy map for V.

Proof. We may assume that ¢ is a linear map. It suffices to consider cases where ¢ is injective
or surjective.

Suppose that ¢ is injective. Regard V' as a subspace of V. Choose a basis {z1,...,z,} of V
such that V' is spanned by {z1,..., 2y} (with n’ < n). Take w = w(z)d'z; Ad"z; € FPY(U)
for I = {iy <--- <ip}. If i, > n', then N'¢*w = ¢*Nw = 0. If 4, < n/, then we have

P

N'¢*w = p*Nw = (w(z) Z(—l)p_kd/:ﬂl\{ik} Ad"x;, A d"ay)
k=1

U/

Suppose that ¢ is surjective. Choose a basis {x1, ..., 2, } of V' such that ker ¢ is spanned by
{Znt1,-- ., 2w} (with n < n'). We identify V' with the subspace of V' spanned by {z1,...,x,}.
Then, again, we have

P
N'¢*w = ¢*Nw = (w(gp@)) Z(fl)p_kdlxl\{ik} ANd" "z, A d”xj>
k=1

U/
The lemma follows. 0
LEMMA 2.5. The map NP: &% (U) — a#?(U) coincides with p! - J: a2’ (U) — 2" (U).

Proof. This is elementary. O
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Remark 2.6. The presheaf U — «7?(U) is already a sheaf on V. The maps d’, d”, J, A, N induce
maps of sheaves with the same relations. In particular, we have the map

. 7Psa p—1,q+1
Ny: %V — JZfV

of sheaves for p > 1 and the lemmas corresponding to Lemmas 2.2 and 2.3. Lemma 2.4 induces
the equality (¢.Ny/)p* = @*Ny: D7 — go*sz/‘f,_l’qﬂ on the level of sheaves.

Let P be a polyhedral complex? in V and j: P — V the tautological inclusion map. For
every open subset U of P, let A2*%(U) be the subspace of (j~'&/?)(U) of (p,q)-forms w such
that for every polyhedron C' of P, the restriction of w to (C) is zero on (C) N U, where (C) is
the affine subset of V spanned by C. It is clear that .#}"? is an R-subsheaf of j~1.&"?. Let &/
be the quotient sheaf j~t.a/?/ A2

By Lemma 2.4, the monodromy map j Ny : j_ld‘ff’q — j_l;zf‘f’q preserves A2 Thus, we
have an induced map

7 N} p—1,q+1
NP. JZ{P _>‘Q{P

of sheaves for p > 1.

3. Monodromy maps for real forms on analytic spaces

In this section, we review the construction of (p,¢)-forms in [CD12] and tropical Dolbeault
cohomology, and we introduce the monodromy map on analytic spaces.

We fix a non-Archimedean field K. Let X be a K-analytic space. Recall that a tropical
chart of X is a pair (f: U — T, P), where f: X — T is a map to a torus T over K, usually
called a moment map, and P is a compact polyhedral complex of T},op that contains firop(X).
Here, Tiyop is the tropicalization of 7', which is a real vector space of finite dimension, and
firop: X — T — Tirop is the composite map.

For every open subset U of X, let @4d(U) be the inductive limit of @75(P) for all tropical
charts (f: U — T, P) of U. Again by Lemma 2.4, the monodromy maps Np are compatible with
transition maps. Therefore, we obtain a map Npe: hd(U) — he T (U) for p > 1. The sheaf
of (p,q)-forms on X is defined as the sheafification of U — #5:d(U) and is denoted by /¢

DEFINITION 3.1. For p > 1, we define the monodromy map for forms on X, denoted by
Nx: /B9 — af bt

to be the sheafification of the map U + [Npre: FRd(U) — e "1 (U)] of presheaves. For
0 < r < p, we denote the iterated composition by N% : &/B? — o/B 0%

LEMMA 3.2. (i) The map N%.: &/2% — d)g’p coincides with p! - J.

ii) The map Nx commutes with d”; that is, Nxd” = d’Ny: @2? — o252 for p > 1.
X X
(iii) We have (Nxe) A — = —(o A (Nxe)): o2 x 427)’;,"], — d§+pl_1’q+q,+1 for p,p’ > 1 and
p+p >dimX + 1.
(iv) Let ¢: X' — X be a map of K-analytic spaces. Then
(QO*NX’)SO* — QO*NX JZ{)};—’q N SO*%)];/—LCH-I )
Proof. These are consequences of Lemmas 2.5, 2.2, 2.3, and 2.4, respectively. ]

2It is called polytope in [CD12, Section 1.1].

390
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For a fixed integer p, we have the complex

pe qmy. p0 4" p1 d”
(p®,d"): 87— A =

The monodromy map in Definition 3.1 is in fact a map of complexes
Nx: B — a2 V1. (3.1)

DEFINITION 3.3 (Dolbeault cohomology, [Liul7, Definition 3.1]). Let X be a K-analytic space.
We define the Dolbeault cohomology of X to be the sheaf cohomology

HPY(X) = HY (X, ker (d“; @7)1;:0 N %)}?1)) .

Let Ox be the structure sheaf of X. For p > 0, let ﬁg?) be the sheaf such that for every

open subset U of X, the set ﬁ)(?)(U ) is the Q-vector space spanned by symbols {f1,..., fp} with
fi € 0% (U). For p > 0, we have a natural map

T: ﬁg) — ker (d”: %)‘?’0 — d}?’l) (3.2)

of Q-sheaves on X. Let .7y be its image sheaf. We recall the definition of 7. For an open subset U
of X and fi,..., fp € 0% (U), we have a moment map

=0, fp):U—=T= (G?,rbl)p.
Let {x1,...,2,} be the standard coordinates of Tiop = RP.? Then 7({f1,..., fp}) is defined as
d'zy A - Ad'zy, regarded as an element in ker(d”: Z20(U) — /2 (U)).

PROPOSITION 3.4. Let X be a K-analytic space. The canonical map
TL @R — ker (d": 720 — o)
is an isomorphism. It induces a canonical isomorphism HY (X , T )Jg) ®g R ~ HPY(X).
Proof. This follows from [Liul7, Proposition 3.6 and Corollary 3.7]. O
Remark 3.5. If X is paracompact, then by [Liul7, Remark 3.2], we have a canonical isomorphism
HP(X) ~ ker (d": JZ7)11()’(1_(5() — (X))
im (47 (X)) = (X))

)

and the monodromy map (3.1) induces a map
Ny : HPY(X) — HP LT X)
of Dolbeault cohomology when p > 1.

4. Semistable schemes and cohomological monodromy maps

In this section, we introduce some constructions for strictly semistable schemes, and review the
(cohomological) monodromy maps coming from the weight spectral sequence.

Let K be a discrete non-Archimedean field, that is, a non-Archimedean field with a discrete
valuation. Fix a rational prime ¢ that is invertible in K. Denote by K" C K? the maximal
subextension that is unramified over K, with residue field K . which is a separable closure of K.
Let Ix C Gal(K?*/K) be the inertia subgroup so the quotient group Gal(K?/K)/Ix can be

3The map G** — (G2%)rop = R is given by —log| |.

391



Y. Liu

identified with Gal(K%/K). Denote by t;: I — Z(1) the (f-adic) tame quotient homomorphism;
that is, the one sending o € I to (o (/") /w!/*"),, for a uniformizer w of K. We fix an element
T € Ik such that t,(T) is a topological generator of Z,(1).

For a separated scheme X of finite type over K, put X, = X ®g K?, and let X*" be the
associated K-analytic space as in [Ber93]. Put X3" := (X K Ka)an. For a scheme X over K°,
put X, = X ®go K. For a scheme Z over IN(, put Zs = Z @ K",

We first recall the following definition (see [Sai03], for example).

DEFINITION 4.1 (Strictly semistable scheme). Let X be a scheme locally of finite presentation
over Spec K°. We say that X is strictly semistable if it is Zariski-locally smooth over

Spec K°[to, ..., tp)/(to - -ty — @)

for some integer p > 0 (which may vary) and a uniformizer w of K.

Let X be a proper, strictly semistable scheme over K°. The special fiber Y = X ®go K is
a normal crossing divisor of X'. Suppose that {Y!,... Y™} is the set of irreducible components

of Y. For a nonempty subset I C {1,...,m}, put Y/ := Nicr Y?. For p > 0, put

y®) = 11 vl

[C{1,im} | =p+1

Then Y is a finite, disjoint union of smooth, proper subschemes of Y of codimension p over K.
Denote the image of the canonical morphism Y®) — Y by Y[Vl

Notation 4.2. For a subscheme Z of Y, put I(Z) = {i € {1,...,m} | Z C Y’} and p(Z) =
[1(Z)| = 1.

DEFINITION 4.3. Let y be a point of ¥ with p = p(y) > 0. Suppose I(y) = {ip < -+ < ip}
(Notation 4.2). We define a semistable chart at y to be a pair (V,{go,...,gp}), where V is
a connected, affine, open neighborhood of y in & and go, ..., g, are regular functions on V such
that there is a smooth morphism V — Spec K°[to,...,tp]/(to---t, — w) under which g; is the
pullback of ¢; and its associated divisor is V N Y for 0 < j < p.

Remark 4.4. For every point y of Y, one can always find a semistable chart at y by Definition 4.1.
Moreover, for every irreducible component W of Y[l with r > 0, the intersection VNW is either
empty or connected since W is smooth and irreducible.

For subsets J C I C {1,...,m} such that [I| = [J] + 1, let ij7: N;e; Y" = ;s Y denote
the closed immersion. If I = {ig < --- < i,} and J = I\ {i;}, then we put €(J,I) = (—1)7. We
define the pullback map

0y HE (Y7, Qu) — HE (Y7, Q) (4.1)

to be the alternating sum ZICJ,\II=\J|71=p+1 €(1,J)i}; of the restriction maps and the pushfor-
ward map

S HE (Y, Q)) — HEP (v P~V (1)) (4.2)

to be the alternating sum ZID‘L'II:'JlJ’_l:pJ’_l €(J, I)i . of the Gysin maps. For p > 1, these maps
satisfy the formula

5;_1 0 Opsx + Opy1x © (5; =0.
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Let us recall the following weight spectral sequence E attached to X, originally studied

in [RZ82]:

ERY = @ HIH(YP),Qu(—i) = HE (X, Q) -
i>max(0,—p)

Here, we will follow the convention and discussion in [Sai03]. When X is fixed, we write E¢®

for E%®, for short. By [Sai03, Corollary 2.8(2)], we have a map p: Ee™"*TH — EIT*~h of
spectral sequences (depending on T'). The differential map d}"? is an appropriate sum of pullback

D . Ep 1,q+1 Ell)Jrl,(I*l

and pushforward maps. The map 1 is the sum of its restrictions to

each direct summand HZ;r =2 (YS(27’+1 , Qe(—1 )), and such a restriction is the tensor product map

by t¢(T') (respectively, the zero map) if nglf% (YS(%H), Qu(—i+ 1)) does (respectively, does not)
appear in the target. For integers p, ¢, r > 0, the map p induces a map

N7 : ER4(r) — ERT2Ma-2" (4.3)
which depends only on X.

CONJECTURE 4.5 (Weight-monodromy conjecture). Let X’ be a proper, strictly semistable scheme
over K°. Then for all integers p,r > 0, the map

N%: E; 7P (r) — ERP7
is an isomorphism.
For p > 1, the map N&,: E; 7P (p) — ELY is simply the map
B5" 7 (p) = fer (1Y (7, Q1) _}(5;,5,@ HL (Y0, Q) @ B (Y 70,00D))  (44)
N ker (Hgt( 7@4) _> Hgt (¥ p+1)v Q)
im (H9, (.7, Q) "7 1Y, (v, Q)

induced by the identity map on Hgt (YS P) ,@4).

_ p0
= E2

PROPOSITION 4.6. (i) The spectral sequence Ex degenerates from the second page. In particu-
lar, Eg’o is canonically a subspace of HE, (X)) a, Qq).

(ii) If K has equal characteristic, then Conjecture 4.5 holds.

(iii) If Kisa purely inseparable extension of a finitely generated extension of a prime field, then

Ny: EQ_I’Q(I) — Eé’o is an isomorphism.
Proof. See [Ito05, Theorem 1.1] for parts (i) and (ii). Part (iii) follows from [Ito05, Proposition 2.5
and Remark 2.4]. O
Let X be a separated scheme of finite type over K. From [Ber00, Section 1], we have the map
Kk HP(X*, Q) — HE, (Xa, Q). (4.5)

It is defined as the composition of the restriction map HP(X*",Qy) — HE (X2", Q) and the
inverse of the comparison isomorphism HE, (X,, Q) = HE (X2", Q).

4Tt also depends on the ordering of the set of irreducible components of Y.
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LEMMA 4.7. The map /{iﬂ in (4.5) is injective with image contained in Eg’o. Moreover, if ev-
ery irreducible component of Y (") (r > 0) is geometrically irreducible, then HI;(n induces an
isomorphism HP (X", Qp) = Eg’o.

Proof. From [Ber00, Section 4], we have the diagram

HY (V,Qp) —— HP(X2™, Q)

| |

HY,, (Y5, Qr) —— HP(X33, Qo)

| |

Hzé)t(y& @5) - Hgt()(n,aa QZ) )

in which the composition of the two right vertical maps is just HI:Y . By [Ber00, Lemma 4.1], the
n

upper and middle horizontal maps are both isomorphisms. By the discussion after [Ber00, Theo-
rem 1.1], the map HP(Ap", Qp) — HP (X5, Q) and therefore the map HY (Y, Q) — HY, (Y, Q)
are injective. Now we compute the composite map

Hgar(}/& @5) - Hzéjt(ym QE) - Hgt(Xn’au QZ) . (46)

To compute the term HZar( Ys, Q¢), we apply the topological proper descent theorem [SGA4-2,
Expose vbis, Corollaire 4.1.6] to the covering [ 7", Y? — Y. Note that for every smooth scheme Z

over K* , the cohomology HZar(Z , Qp) vanishes for i > 0 as constant sheaves are flasque over Zy,;.
By the descent spectral sequence, we have a canonical isomorphism

ker (HZar (Y p 7@6) _> H%ar( p+1 ’Q ))
im (H%ar( v 7(@ ) H%ar( ’Q€>)

HY, (Y5, Qp) ~

Thus, the map (4.6) is an isomorphism onto its image, which is Eg’o. Therefore, the map &%,
n

from (4.5) is injective with image contained in E5?.
Moreover, if every irreducible component of Y(") is geometrically irreducible, then the restric-

tion map H%ar (Y(p), Qg) — H%ar( (v ), Qg) is an isomorphism for every p > 0. Thus, again by
topological proper descent, the map H), (Y, Q) — H},_ (Y5, Q) is an isomorphism. The lemma
follows. O

LEMMA 4.8. Suppose that one of following conditions holds:

(i) The field K is local non-Archimedean.

(ii) There is a finite extension K' of K such that X ® x K’ is the generic fiber of a proper strictly
semistable scheme over K'°.

Then the map lig( is injective for all p > 0.

Proof. Case (i) follows from [Ber00, Corollary 1.2]. Case (ii) follows from Lemma 4.7 and the
fact that the map HP (X", Q) — HP((X @k K')*,Qy) is injective. O
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5. Monodromy maps for tropical Dolbeault cohomology

In this section, we propose the conjecture on the isomorphism of tropical Dolbeault cohomology
groups under monodromy maps. Then, we prove our main results.

Let K be a non-Archimedean field. Let X be a separated scheme of finite type over K. Note
that X2" is paracompact.

DEFINITION 5.1 (Tropical Dolbeault cohomology, [Liul7]). We define the tropical Dolbeault co-
homology of X to be

HPd (X)) = HY(X™, Tla) -

Then H{;3 (X )g is canonically isomorphic to H?9(X®") by Proposition 3.4. We define the corre-

sponding tropical Hodge number of X to be

hiyd (X)) = dimg HyZ (X)) .

We have the monodromy map

, —1,q+1
Nx = Nyan: HOL (X)r — HEo 0T (X)R

for p > 1 by Remark 3.5.
Remark 5.2. Since Jan is the constant sheaf Q, we have H>4 (X) =HUX*" Q).

trop

CONJECTURE 5.3. Suppose that K is an algebraically closed, non-Archimedean field such that K
is algebraic over a finite field. Let X be a proper, smooth scheme over K. Then for p > g > 0,
the (iterated) monodromy map

NA9: HPZ (X)) — HEP (X)g

trop trop

is an isomorphism.

Remark 5.4. Conjecture 5.3 does not hold for arbitrary algebraically closed non-Archimedean
fields. In fact, let Xy be the generic fiber of the scheme X in [BGS95, Section (6.1)], which is
a geometrically connected, projective, smooth curve over Ky := C((t)). Now take K = I/(E} and
X = Xo ®k, K. One can show that hyjo,(X) = 0 but ;e (X) = 2. This also implies that the
canonical pairing

(X)r x H2! (X)g —» HYL (X)) 25 R

1,0
H trop trop

trop
(where Tr is the integration map) is not a perfect pairing; in other words, the Poincaré duality
fails.

DEFINITION 5.5. Let X be a proper, smooth scheme over a discrete non-Archimedean field K.
A strict semistable alteration of X is a proper, strictly semistable scheme & over K&, for some
finite extension Ky /K contained in K?, together with a proper, generically étale morphism
¢: X — X over K, such that every irreducible component of Y™ for r > 0 is geometrically
irreducible.

THEOREM 5.6. Let X be a proper, smooth scheme over a discrete non-Archimedean field K and
p > 0 an integer. Suppose that the map k%, from (4.5) is injective.

(i) Iflog|x| € Q for every x € K*, then the monodromy map

;0 0,
NI_;( : Hfrop (X)R - Htrgp (X)R

preserves the rational structure; that is, it sends Hfr’gp(X ) into H?r’gp

(X).
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(ii) Suppose that for every strict semistable alteration X of X (Definition 5.5), the map
—p2 0
NE.: By P2 (p) — B

(X)r — HYP (X)) is injective.

from (4.3) is injective. Then N : HPO o

trop

We need some preparation before the proof. The case p = 0 is trivial. So we assume p > 1.
The following notation will be used later.

Notation 5.7. Let h: T — T be a homomorphism of K-analytic torus. Then we denote by

B Tt’mp — Tirop the induced linear map under tropicalization.

For a proper, strictly semistable scheme X over K%, recall that we have the reduction map
Tx: Xf; T Y y
where Y is the special fiber of X as before.

Let w be an element in Hfr’gp(X ) =HO (X an_ 9)’(’&,1). We say that a strict semistable alter-
ation & of X (with a morphism ¢: A}, — X) presents w if for every irreducible component Yy?
of Y, there exist

— an open subset U of X" containing Tr;(lYi,

— ¢ €Qfor 1 <1< M with some integer M = My > 1,

— fik € O%a(U) for 1 <1< M and 1 < k < p satisfying |fi| = 1 on 73! (Y?\ YI)
n

such that

M
P wly =7 (ch{fllw--aflp}> :

=1
where 7 is the map (3.2). We call such data (U, {c;}, {fi}) a presentation of w on Y.

Now let Z be an irreducible component of Y7 for some I = {iy < - -+ < i,} with p > 1. Choose
a presentation (U, {¢;}, {fir}) of w on Y. For j =1,...,p, let aj; € Z be the order of zero (or
the negative order of pole) of fi; along the connected component of Y% MY containing Z.

LEMMA 5.8. Let the notation be as above. The rational number Y"1 ¢ det(am;)} ;=1 depends
only on ¢**w and Z.

Proof. Let nz be the generic point of Z. Then I(nz) = {ip < --- < iy} (Notation 4.2). We choose

a semistable chart (V,{go,...,gp}) of nz (Definition 4.3). Put V := VN Y. Since U contains

w;(lYiO, since V" contains ﬁ}l(VﬂY), and since both U and Vj" are open in X", we know that

U NV is an open neighborhood of WK/IV. Now we replace U by U N V" and regard g1, ..., 9gp

as elements in €%, (U). Then for 1 < j < p, we have |gj| = 1 on 7' (V' \ YI1)), and the divisor
n .

associated with the reduction g; on V is V. NY".

Note that the divisor associated with ﬂ]v is supported on V N ( ;’:1 Yij). Put

p
fio=fu-T] 9, "™

Jj=1

Then the reduction Eﬂ is invertible on V. In other words, |f/,| = 1 on 7'(‘;(1‘/. Thus, we have
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7({f},}) =0 € R on 73,'V. An elementary calculation shows that

M M
G ]y =T (Z al{fi,-.. ,flp}> = (Z ¢ det(alkj)gj:l) ({91, -, 9p}) - (5.1)

=1 =1

It is clear that 7({g1,...,9p}) is nonzero as V contains 7. Since the choice of the semistable
chart is independent of the presentation w on Y0, the lemma then follows. O

We denote the rational number in Lemma 5.8 by ord,,(Z). The assignment Z +— ord,,(Z) gives
rise to an element ord,, € HY (Y(p ,Q¢). Denote by HP? (X )x the subset of HtrOp

trop (X) consisting
(X)x is a Q-subspace of H.

of the w which X presents. Then it is easy to see that H (X).

trop trop

LEMMA 5.9. Let ord: H? (X)x — HY (Ys(p), Qg) be the map sending w to ord,,.

trop

(i) The map ord is injective.

(ii) The image of ord is contained in the subspace E;7(p) < HY, (Ys(p), Q) defined in (4.4).

Proof. For statement (i), take an element w € Hfllop(X )x. Let x € A" be a point, and put
y = mx(z) € Y. Suppose I(y) = {ip < --- < i} (Notation 4.2) for some r > 0, and choose a
semistable chart (V,{go,...,9r}) of y (Deﬁnition 4.3). Put V=V nYo,

Choose a presentation (U, {c;}, {fit}) of w on Y. As in the proof of Lemma 5.8, we replace U
with UNV" and view g1, ..., g, as being in 0} ﬁn(U)’ Then there exist unique integers a;;; such
that if we put f/, = H] 1 gj”” then | f],| = | fix| on 7' V. Let f (respectively, f’) be the moment

map 7'V — (G2)MP induced by {fi.} (respectively, {f],}). Then firop = ftrop- In particular,

M
¢an*w|ﬂ_;{1v =T (Z Cl{flll, ey fl,p}> .

=1
Let g: w;flV — (G2")" be the moment map induced by {g1,...,¢,}. Then there exists a unique
homomorphism h: (G2)" — (Ga)MP_ determined by integers {a;} such that fuop = (ho
)trop Now if ord,(Z) = 0 for every irreducible component Z of Y, then the pullback of
(lel a{fli---s flp}) under h’ (Notation 5.7) is zero. In other words, we have gi)an*wlw;w =0

by the equality (5.1). Thus, the map ord: Htmp(X Ja — HY, (Ys(p ),@g) is injective since 77;(1‘/
contains x and z is arbitrary; statement (i) follows.

For statement (ii), we need to show that dp.ord, = d,ord, = 0. Suppose that Z is an
irreducible component of Y for some I = {ig < --- < ip}. For every permutation o of the set
{0,...,p}, we may define in the same way a rational number ordg,(Z) by replacing i; by i, ;).
If 0(0) = 0, then we let (o) € {£1} be the sign of the permutation o|g . If 0(0) # 0, then
we let €(o) € {1} be the negative of the sign of the permutation from {1,...,0,...,p} (where
0(0) is replaced by 0) to {c(1),...,0(p)}. Then a calculation similar to that in the proof of
Lemma 5.8 implies

ord](Z) = €(0) - ord,(Z) . (5.2)
We start from d,. ord,,. Fix an irreducible component W of Y/ for some J = {ip < -+ < ip_1}.
For 1 < j < p—1, let W, be the unique irreducible component of Y NY% that contains W.

Choose a presentation (U, {cl} {fix}) of w on Y. By linear algebra, it is easy to see that we may
choose fi; such that ordyy, ( flk) = 01if j < k. In particular, the restriction of flp on W is a nonzero
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rational function, which we denote by flI;V. Put b ; = ordy;, (E) for1<j<p-—1.Let Z be an

irreducible component of W NYPl. Then there is a unique element i, € {1,...,m}\ {io,...,ip_1}
such that Z C W NY™. Let 0 < ez < p be the integer such that there are exactly ez elements
in {ig,...,ip—1} that are greater than i,. Then by (5.2), we have

ord,(Z) = )€z Z cbyy by p—qordy (f};v) .

Therefore, we have the equality

M
(=177 ) ordy(2)Z = (=1)P Y abyy - b1 div (f})) (5.3)
ZCcwW =1

of divisors on W. By the definition (4.2) of ., the value of §,. ord,, on W, which is an element
in HZ (W5, Qu(1)), is equal to the cycle class of the left-hand side of (5.3). Since div(flI;V) =0in

HZ, (W, Qe(1)), we have 4, ord,, = 0 by (5.3).
Now we consider d, ord,,. Let W be an irreducible component of Y7 for some J = {ig < --- <

ip+1}. For 0 < j < p+1, let Z; be the unique irreducible component of y/\ii} containing W.
Let (V,{g0,--- ,gp+1}) be a semlstable chart of the generic point of W (Definition 4.3). Put
V=VYNY and V; =V \ Y%. From the proof of part (i), we know that

¢an*w‘ﬂ_;{1v = Z Coﬂ'({ga(l)a ce ,ga(p)})

for some ¢, € Q, where the sum is taken over all strictly increasing maps a: {1,...,p} —
{0,...,p+ 1}. We take such a map a. Now let ag < a3 be the two integers in {0,...,p+ 1} not
in the image of . We have three cases:

— If j € im(a), then 7({ga(1); - ’ga(P)})’w;(le =0.
- If ] = Qp, then T({ga(l), cee 7goz(p)})|ﬂ—;(1v- = (71)0(1_17—({90/(1)’ < 9a/(p })| _1\/]7 where o

J
is the unique map whose image does not include ay and min({0,...,p+ 1} \ {0 }).

— It j = aq, then 7({gaq1) -+ Ja) Dlrpty, = (= 1)0‘07({9a'(1),‘~',ga )Dlz1y,, where o is
the unique map whose image does not 1nclude {0, a1}

Now we may choose an open affine subscheme V; of V with V;NY = Vj such that (V}, {go, ...,
Gjs---,gpt1}) is a semistable chart of the generic point of Z;. Then the above three cases imply
that

(ban*w‘ﬂXl‘G:( Z ca a1 1+ Z Ca )T({gl,...,@7...,gp+1}).

a,a0=j a,a1=j

Comparing with the formula (5.1), we have

ordw(Zj): Z a a1 1+ Z Ca

a,a0=] a,a1=j
However, by (4.1), we have
p+1
Spwlw = Z( ) ord,,( an peotar=l ¢ (—1)0Fer —q,
=0
Thus, part (ii) follows. O
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The map ord in Lemma 5.9 is inspired by and closely related to the construction in [Liul7,
Section 4]. The following lemma is the key step to the proof of Theorem 5.6. It also justifies the
terminology monodromy map for Nx in Definitions 3.1 and 5.1.

LEMMA 5.10. Let X be a strict semistable alteration of X, with ¢: &, — X . Suppose that we have

log || = —1 for a uniformizer w of K. Then the image of the restriction of N¥, : Hfr’gp(X )R —
HS;ﬁP(X)R to H‘fr’gp(X)X is contained in HS;ﬁP(X) = HP(X*" Q) (Remark 5.2). Moreover, the
diagram
0 d pep2
Hfrop <X>X = E2 P P(p)

Ng(l iNf;{ (5.4)
(X, Q) o

commutes. Here, the bottom map is the composition of
— the multiplication map (—1)P(P+D/2; HP(X2*» Q) — HP(X?*", Qy),
— the map k% : HP(X**, Q) — HY, (Xa, Q) defined in (4.5) (which is assumed to be injective),
and
— the pullback map ¢*: HE, (X,, Qp) — HE, (X4, Qo).

The image of the bottom map is contained in E’Q”0 by Lemma 4.7.

Proof. We first claim that ¢*: HY (X, Q) — HE, (., Qp) is injective. In fact, for every a €
HY (Xa, Q) and B € H;™¥7P(X,,Qy), we have ¢*a U ¢*B = ¢*(a U B). If ¢*a = 0, then
¢*(a U B) = 0. However, since ¢*: H23mX(X,, Q,) — HZI™X(X, ., Q) is injective as ¢ is
proper generically étale, we must have a U 8 = 0 for every 8. Thus, a = 0 by Poincaré duality
[Ber93, Theorem 7.3.1].

Now for every embedding ¢: R — Q7, we have an induced map «,: H?(X*",R) — Eg’o ®q, Q7
from the bottom map of (5.4), which is injective by the previous claim. If we can show that the
diagram

,0 rd —p,2
H?rop(X)X 2 E2p p(p)

Nz;(i lNﬁf (5.5)
HP (X, R) > E5 ®q, Q3

commutes for every ¢, then the composite map r, o N&- does not depend on the choice of ¢. An
easy argument from linear algebra implies that the image of N%. must be contained in HP (X", Q)
and that the original diagram (5.4) commutes.

Now we show the commutativity of (5.5). To simplify the notation, put
%P,%Cl — ker (d": %p,q - %p,qﬂ) )

Take an element w € Hf;gp(X ). By Lemma 3.2(i), the map N% (w) is represented by the Dol-

beault representative p!Jw € H? (Xan, M)gﬁ;d).

For 1 < i < m, put U? := 7r;(1Yi, and choose a presentation (U, {ci}, {fi} |1 <1 < M,
1 < k < p) of won Y For every subset I C {1,...,m}, put Ul := Nicr Ut = W/;lYI. Since
0 (U 4 ) =T (YI ), the assignment Z — ord,(Z) gives rise to a Cech p-cocycle 6,, for the sheaf Q
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with respect to the ordered open covering U = {Ul, .. .,Um} of X" Since d,ord,, = 0 by
Lemma 5.9(ii), the cocycle 6, is closed hence gives rise to a class in HP(U,Q), whose image
0] € HP(X7", Q) coincides with (/{ZTI)_l(Ngf(ordw)) by (4.4), where /-cg(n: HP (X3, Q) = E5°
is the isomorphism in Lemma 4.7. Therefore by Lemma 3.2(i), the commutativity of (5.5) is
equivalent to the statement that (—1)?®*+1/2plJw is a Dolbeault representative of [4,,].

Let us recall the construction of Dolbeault representatives, following the similar procedure in
the proof of [GH94, Section 5.1, first lemma, p. 651]. For an abelian sheaf .# on X" and r > 0,
denote by

c'u,7)= @ ru', 7

the abelian group of Cech r-cocycles for .# with respect to U. We have a coboundary map

§: C™(U,F) — C™TY(U,.Z). If we have elements 0, € CT(Q,MEﬁ_T_l) for 0 <r<p-1
n

satisfying

(—1)pl+1)/2

d//90 == Jw, d”@l == (590 g ey d”9p,1 = 50;0,2 5 p'

O, =00, 1,  (5.6)

then (—1)P®*+1D/2plJw is a Dolbeault representative of [f,] and (5.5) commutes. Here, we re-
gard Jw as an element in C°(U, ;z%)gfl,).

The remainder of the proof will be dedicated to the construction of 6,. For r > 0, denote the
set of irreducible components of Y[} by D

Step 1. For Z € D", put Uz = W;KIZ and My = Eig(z) M;, and let fz: Uy — (G22)Mzp
be the moment map given by invertible functions {f}, |i € I(Z),1 < I < M;,1 < k < p}
on U. Put Uj = 7@1 (Z \ Y[T“]). The image of the tropicalization map fzrop: Uz — RMzp
denoted by Cyz, is canonically a simplicial complex, induced by the reduced, normal crossing
divisor ZN Y[+ of Z, with the unique minimal simplex Ay = 7 trop(UZ). We now define the
barycenter Py of Ay as follows.

Let nz be the generic point of Z. Let (V,{go,...,9r}) be a semistable chart at 7z (Defini-
tion 4.3). We let gz: Uz N V" — (Ga)r+1 he the moment map induced by {go,...,gr}. Then
the image of gz trop i the standard (open) simplex A° in R™!, which is {(zo,...,7,) € R |
xo+ -+ x = 1,z; > 0}. As in the proof of Lemma 5.9, we have unique integers a}'kj such that

T

i _afkj
Sk H 9;

j=0,j#
has norm 1 on 7@1 (ZNV) C Ug. Then there exists a unique homomorphism
hz: (Gi)h = (G Mer (5.7)

determined by integers {afkj} such that f7 trop| rsl(zv) = (hz © 97)trop- Then we have

h‘bZ(AO) = fZ,trop (77;1(2 N V)) C Ay,

where h,: R™1 — RM2P is the map induced by (5.7) (Notation 5.7). We now define Pz to be
the image of the barycenter of A°, which has coordinates (1/(r +1),...,1/(r + 1)), under h’.
It is easy to see that the point P, does not depend on the choice of the semistable chart of 7z
(and in fact, h%(A°) = Az). To summarize, we have Pz € Ay C Cyz C RMzP,
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Step 2. Take another irreducible component Z’ € D" such that Z ¢ Z'. In particular, we
have " < r and I(Z') C I(Z). Let

hgz: (GE)Mzp _y (GamyMzp (5.8)
be the canonical projection by forgetting components with i € I(Z) \ I(Z’). Then the diagram
Uy 2= (G zp
iZ,Z’ \Lhz’Z/
le

UZ’ (Gan)MZ/p

commutes, where iz 7/ is the natural inclusion map. It induces, for every ¢ > 0, the commutative
diagram

A (Cpr) —> Ay (Uz)

(th Z/)*i \Li*Z,Z’

A (Cg) —5= Ay (Uz),

where 1z and ¢z are natural maps from the definition of ,;2728;%.
n

On the other hand, we have a canonical isomorphism C" (U, %0;?%) ~ Byepr 527/»8}73,((]2),

which induces a canonical map

0, Oa
@ ’Q{ch(CZ) - C"(U, %X;’)
ZeDr
for » > 0, and there is a similarly defined coboundary map

6: (P 2(C) ~» D At

ZeDr Z'eDr+l

(Cz), (5.9)

using (th /)" as restriction maps, that is compatible with the coboundary map for C'*® (Q , szi)gﬁl)
’ n
under ¢°.

Moreover, since Cy is star-shaped with respect to Pz, we have the star-shape integration
map

T, d52(Cy) = g2 (Cy)

for ¢ > 1 (see the appendix for a formula on the standard simplex). We put

" @ I}va: @ Mo,q @ Q{O,q 1

ZeDr ZeDr ZeDr

Step 3. Note that D = {Y" |1 < i < m}. Define 9y € B 4cpo sz ?=1(Cy) by the formula

M;
9o(Y') =TIp, , (Z i d"zih A A d”x§p> : (5.10)

=1
where {z, } are the standard coordinates on RMi?. For 1 <r < p — 1, define

Oy =T1"(60,_1) € @MM’” 7).

zZeDr
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We claim that
d'(69,-1) = d"(69,_1) =0 (5.11)

for1<r<p-—1and

50,1 = Oy . (5.12)

We leave the proof to the next step. Assuming these, we have "9, = §9,_; as d”(69,-1) = 0.

Finally, we put 6, = "9, € C" (U, %/g;ﬁf’n_l) for 0 < r < p— 1. The 0, satisfy (5.6), and the
n

lemma, follows.

Step 4. We have to verify (5.11) and (5.12) for (§9,-1)(Z) € ,cho’;_r(CZ) for every Z € D".
Without loss of generality, we assume that X has dimension n. For each fixed Z € D", it suffices
to consider the restriction of (§9,_1)(Z) to maximal (open) cells of Cz, all of which are of the
form fzrop(Uz), where z € Z is a closed point that belongs to D™.

The idea is to reverse the consideration. We fix a closed point z € D" and consider the
restriction of (69,-1)(Z) to fzrop(U:) for all 1 < r < p and all Z € D" such that z € Z. We
fix a semistable chart (V,{go,...,gn}) at 2. Then V" contains U,. We have the moment map
g: vyt = (G2 and gop: Vot — R™! such that geop(Us) is the standard open simplex
A° in R™*L. Note that for every subset I C I(z) of cardinality r + 1, there is a unique element
Z € D" that contains z, which we denote by Z;. For every I as above, put

hr=h, 7 oh,: (GE)TL 5 (GamyMz;p

where h, and h, z, are defined in (5.7) and (5.8), respectively. Then fziyop(U;) is the image
of A° under h'}. Consider the composite map

(h})? o
hi: ﬂ%(cz,) s PUA%) = QIUA),

where the second map is simply regarding a (0, ¢)-superform as an ordinary g¢-form (see the
appendix for notation concerning A). Since &} is affine and hy(P!) = Pyr, the diagram

00 (1) e ()

| lfﬂ
T

h
TN (Cgy) S 2712

;
0
a1
Zr

C

commutes. Moreover, we have the commutative diagram

hr

D epr S (C7) 0" (Q1(a)

| la

hri1

B zepr T (Czr) == CHH(QU(A))

concerning coboundary maps. Here, ¢ on the left-hand side is (5.9) and § on the right-hand side
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is defined in the appendix. The map h, is the composition of the projection

@VQ/CO’ZQ(CZ)% P AL(Cz)

0,q
Cz;
ZeDr ICI(2),/I|=r+1

and @Ic[(z),|1|=r+1 h}-
Recall that we have the element ¥Jg € @, cpo %(%”_1(02) defined in (5.10). Put By =

ho(d"9g) € CO(QP(A)). Since

M;

@) (V) = cf d"xjy A+ A d"z],

=1
(Remark A.1), the element ho(d”dy)(i) represents the form w over U, for every i € I(z). In par-
ticular, ho(d”g) is of constant value 8 € QP(A). Now we are in the situation of Proposition A.2.
In particular, we have elements 3, € C"(AP™"(A)) satisfying 5, = 6(Z5,—1) for 1 < r < p. We
prove by induction that

57“ = hr<(579r—1) :

When r = 1, we have
B1 = 6(ZBo) = 6(Z(ho(d"))) = d(ho(Z"(d"V0))) = d(ho(Do)) = h1(d0) -
Suppose B, = h,(69,-1). Then we have
Bre1 = 0(ZBy) = 6(Z(hy(60r-1))) = 6(he(Z7(60r-1))) = 6(hr(9r)) = hr11(80;)

where we recall that 9, = Z"(69,_1) by definition.

Now Proposition A.2(i) (respectively, (ii)) implies that (5.11) (respectively, (5.12)) holds when
restricted to fz rop(Uz). Since z is arbitrary, (5.11) and (5.12) hold. O

LEMMA 5.11. We have Hfr’gp(X) = Uy Hf;gp(X)X, where the union is taken over all strict
semistable alterations X of X.

Proof. Let w be an element in Hf;gp(X ). Since X is proper, we may choose a finite open covering U
of X" such that for every U € U, there are ¢; € Q for 1 <1 < M with some integer M > 1, and
Jik € O%an(U) for 1 <1< M and 1 < k < p, such that w|y = T(Zf\il cl{f“,...,flp}).

By [Liul7, Lemma 7.8], after taking a finite extension K’/ K inside K?#, we have a (proper, flat)
integral model Xy of X @ K’ such that if Y, . .. , Y™ are all reduced irreducible components of
Xo ®K/0IA(7, then the covering {w;OlYOi li=1,... ,mo} refines U. By [dJ096, Theorem 8.2], we have
a proper, strictly semistable scheme X over K¢, where Ky /K’ is a finite extension inside K?,
with a proper, generically étale morphism X — Aj. Replacing Ky by a finite unramified extension
inside K?, we may assume that every irreducible component of Y®) for p > 0 is geometrically
irreducible. Therefore, (X, ¢: &, — X)) is a strict semistable alteration of X such that {W}lYﬂz’ =
1,...,m} refines (¢™)~'U.

Now for an arbitrary irreducible component Y of Y, take an open subset U € U such that
W;lY" C (¢™™)~1U. For every fi, as above, we may choose an element a;; € K* such that
lai ™™ fi] = 1 on 7@1 (Yi \ Y[l]). Thus, ((qban)_lU, {a}, {alkqban*flk}) is a presentation of w
on Y. Therefore, w belongs to Hfr’gp(X )x- O

Proof of Theorem 5.6. Part (i) is a consequence of Lemmas 5.10 and 5.11.
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For part (ii), it is equivalent to check that the map N : Hf;gp

(X) — HP(X?" Q) is injective.
Let w be an element of Hf;gp(X ). By Lemma 5.11, we may assume w € Hf;gp(X )x for a strict
semistable alteration (Definition 5.5) X of X. Then the injectivity follows from Lemmas 5.9

and 5.10 as we assume that N’;( is injective. O

COROLLARY 5.12. Let X be a proper smooth scheme over a non-Archimedean field K that is
isomorphic to k((t)) for k either a finite field or a field of characteristic zero. Let K be a closed
subfield of K} containing Kq. Then the monodromy map

,0 0,
Ng( : :Hfrop()()]R - Htrgp(X)R
is injective, where X = X®x, K. In particular, we have hf;gp(X) < oo and hi, (X)) > hfr’gp (X)

for 0 < g < p.

Proof. First, suppose that K /K is a finite extension. By Lemma 4.8 and resolution of singularity
when chark = 0, the map /@7)’( is injective. Then the corollary follows from Theorem 5.6 and
Proposition 4.6(ii).

In general, since X is proper, we have

0 0
Hfrop(X) = U Hfrop(XO ®K0 K/) )
KoCK'CK

where the union is taken over all finite extensions K’/K contained in K. By [Ber99, Theo-
rem 10.1], we know that Hggf)’p(Xo ®K, K'), which is isomorphic to H?(X"®r, K’,Q) by Re-
mark 5.2, stabilizes when K’ increases. Therefore, the injectivity of N% is reduced to the case

where K/ K| is finite. O

In the case where p = 1, we have the following stronger result over certain non-Archimedean
fields.

THEOREM 5.13. Let Ky be a local, non-Archimedean field and Xy a proper, smooth scheme
over Ko that admits a proper, strictly semistable model over K. Then the monodromy map

1,0 0,1
NX: Htrop(X)R - Htrop(X)R

is an isomorphism, where X = Xy ®g, [/(731.

Proof. Note that every form in H%;SP(X )r and ng’(l)p(X )r is defined over Xy ®, K for some
finite extension K of K| contained in I/(T%‘. We need some particular strict semistable alteration of
X0 ®k, K for sufficiently large K. Since X, admits a proper, strictly semistable model over K,
it is well known (see, for example, [Sai03, Lemma 1.11]) that Xy ® g, K admits a proper, strictly
semistable model over K° for any finite extension of K of K. Replacing K by a finite unramified
extension, we may assume that Xy admits a strict semistable alteration X over K° such that
¢: X, — Xo induces an isomorphism &} = Xo ®k, K. We then have an infinite sequence of
successive finite field extensions Ko C Ky C --- contained in K such that for i > 1, the scheme
Xo admits a strict semistable alteration X; over K with ¢: &j, = X; an isomorphism, where
X; = Xo R K, K;.

By the similar argument in the proof of Corollary 5.12, it suffices to show that
Nx,: H? (X)p = HEL (X (5.13)

trop trop
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is an isomorphism for every i > 1. By Theorem 5.6(ii), Lemma 4.8, and Proposition 4.6(iii),
we know that (5.13) is injective. Thus, if we can show h%r’gp(Xi) > h?r’(l)p(Xi), then (5.13) is an
isomorphism.

We fix such an index ¢ and suppress it from the notation. In particular, we now have X =
Xo ®k, K with K a finite extension of Kj. Let X be a strict semistable alteration of X with an
isomorphism ¢: X, = X. We identify X with A,. By Lemma 4.7 and Proposition 4.6(iii), the
composite map

Ny owk: HY(X™, Q) — E; (1)
is an isomorphism, under which the image of Hl(X a1 Q) is contained in Ey 1’2(1) N Hgt (Ys(l), Q),
which we denote by Ex. The theorem will follow if we can construct an injective (linear) map
Tx: Ex = H (X, Tyan) .

For every point y € Y, we fix a semistable chart (V,, {g§, - . ., ;/(y)}) at y (Definition 4.3). We
can write an element in Ey in the form

1
D=-> a2z
q ZeD?

for some integers a(Z) and ¢ > 0, where the sum is taken over D!, the set of all irreducible
components of Y. As §;,D = 0 by the description of the map N via (4.4), the divisor (¢D)NY"
on Y is cohomologically trivial for every irreducible component Y of Y (1 < i < m). Thus,
there exists some integer ¢; > 0 such that (g;gD)NY" is algebraically equivalent to zero on Y?; in
particular, Oyi((g;gD) NY?) is an element in Picg/i y f((k ). Since PicOYZ. e is a projective scheme

over the finite field K, one may replace g; by some integer multiple such that Oyi((gigD)NY?) is
a trivial line bundle. Replacing ¢ by ¢ [[;~, ¢, we may assume that for every i, there is a rational
function f; € K(Y?) such that its divisor is exactly (¢D) N Y.

For every point y of Y, we are going to construct an open neighborhood U, C X®" of ﬂ}ly
and an element wy € Jian(Uy). For every nonempty subset I of I(y) (Notation 4.2), let ZyI be

the unique irreducible component of Y/ that contains y. Put Uy =V ﬁﬂ}l Z; @) For wy, there
are two cases:

(1) If p(y) = 0, that is, Zz,l,(y) =Y for some i, then we set

e (i)

where ff is a lift of fi‘vymyi to an invertible regular function on V.

(2) If p(y) > 0, then we set
(y) o
1% (710
wy—7<q [T (7 ))

j=1

U,’

)

Uy
where I(y) = {ip < -+ < iy, }. Note that Z;io’ij} € DL

We claim that the (Uy,w,) patch together to give an element in H(X®" 7¢..) = H%r’gp(X),

which we define as Ty D. Given two points y and 3’ of Y, this amounts to showing that w, = w,y
on Uy NU,y. If one of y and g’ is in Case (1), then the compatibility can be shown in the same

way as in the proof of Lemma 5.8. In particular, w, does not depend on the choice of the lift ff
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in Case (1). If both y and 3" are in Case (2), then it is a straightforward consequence of the fact
that 67D = 0 by the description of the map N%. via (4.4). We leave the details to the reader.

By construction, Ty is apparently linear and injective. The theorem is proved. O

Remark 5.14. Suppose that we are in the situation of Theorem 5.13. In particular, we have a se-
quence of finite extensions Ko C K; C --- contained in K§ such that UZ->0 K; is an algebraic
closure of Ky and a sequence of schemes -+ = X; — X;_1 — -+ — X, where each X; is a strict
semistable alteration of Xo ®g, K; such that X;, ~ X ®g, K;. It follows from Lemma 4.7
that there is a canonical isomorphism li iE];éSQ ~ H(t)r’f_)’p(X ) ®g Q¢ for p > 0. Thus, Conjec-
tures 4.5 and 5.3, together with Theorem 5.6(i), imply that there should be an isomorphism
lim, E;(ﬁ’gp(p) ~ Hf;gp(X) ®g Q¢ for p > 0. This is trivial when p = 0. The case p = 1 is essen-
tially Theorem 5.13. For p > 2, we do not know how to prove this at the moment. Moreover, for
general (p, q), we expect some relation between Hfl;gp(X ) and hﬂz E;(:Q but do not know if there
is one.

Appendix. Star-shaped integration on simplex

In this appendix, we prove a technical result for the local computation used in the proof of
Lemma 5.10.

Let n > 1 be an integer. Let A C R"*! be the standard (closed) simplex of dimension n. In
other words, if we denote by o, ..., x, the standard coordinates on R"*!, then
A ={(zo,...,xn) |0+ +xp=1,2; >0}.

For p > 0, denote by QP(A) the space of (smooth) p-differential forms on A and by QF (A) the
subspace of closed forms. Let w be an element of QP(A); then for every 0 < i < n, the form w
can be uniquely written as

w= Z fr(z)dzr,
I1c{0,...,n}\{3}, |I|=p
where fr is a continuous function on A, smooth in the interior of A. We say that w has constant
coefficients if fr is a constant function for every such I. Note that this property is independent
of the choice of i. Let QCons(A) C QF(A) be the subspace of forms with constant coefficients.

For every nonempty subset J C {0,...,n}, let A’ be the face of A generated by {P7|j € J},
where PJ is the point with coordinates z; = dij, and let P7 be the barycenter of A”. For every
point P € A, the simplex A is star-shaped with respect to P. Thus, one has the star-shaped
integration map

Ip: QP(A) — QP7H(A)
for p > 1. We briefly recall the definition. Consider the map yp: A x [0,1] — A sending (z,t) to

(1 —t)P + tx. Then
L/a
Z = —,VF
P(Oé) /O <at77Pa> dtv

where (, ) denotes the contraction.

Remark A.1. By the Poincaré lemma for a star-shaped region (see, for example, [Spi65, Theo-
rem 4-11], we know that if da = 0, then d(Zp(«)) = .

Let F' be an abelian group. For every r > 0, put
C"(F):=Map({J c{0,....,n}||J|=7r+1},F).
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We have a coboundary map ¢: C"(F) — C"+1(F) similar to the one for Cech cocycles. Namely,
for p € C"(F), we set

GB)(T) =D (=1)*B({jos - Jks- - drs1})

k=0

for J = {jo,. -, jry1} with 0 < jo < -+ < jJrp1 <1
For p — r > 1, we define the map

Z: C"(QPTT(A)) — O (QPTTTHA)) (A.1)
sending w, in the source to Zw, in the target such that (Zw,)(J) = Zps(w.(J)).

PROPOSITION A.2. Let 1 < p < n be an integer. Let 3 be an element in Qbons(A). We define
Bo € C°(P(A)) by Bo({j}) = B for every 0 < j < n. For 1 < r < p, we inductively define
Br € CT(QP7"(A)) by the formula B, = 6(Zy—1). Then

(i) Br belongs to C"(ons(A)) for 0 < r < p, and in particular 3, € CP(R); and
(ii) we have the formula
Blar = (=D)PPI2pl- 8(1) dayy A -+ A da,
for every subset I = {ip < --- < ip} C{1,...,n}.

Proof. We fix some i € {0,...,n} and write

8= > frda; (A.2)

I1c{0,...,n3\{¢}, [ I|=p

for some f; € R. Regard 3 as a p-form on R"*! with constant coefficients, which we denote by
B € Qons(R™1). For a point Q@ € R™™! and r > 1, denote by

. +1 -1 +1
Ig: (R - @R
the corresponding star-shaped integral on R"! with respect to Q. If Q belongs to A, then for
a € Q" (R, we have
T)()]a = Tolala). (A.3)
Suppose @ = (qo, - - -, ¢n); we define a map Cq: QL (R™ ) — QLo L (R" 1) sending « to the

cons cons

contraction of a by >°%_¢;(0/0z;) (from the left). For example,

—1ddag A Adzj A Ada_y,  0<j<r—1,
ij(dl‘()/\"'/\dl‘r_l): ( ) 0 J r=t SIS
0, r<j<mn.
Denote the origin of R"™! by O. It is an elementary exercise to see that for a € Q7 (R" 1), we

have

1
Th(e)  Tp(e) = ~ Lq(a). (A1)
For 0 < r < p, we define an element 8. € C"(Q5ns(R™ 1)) by the formula

(=" -

pp—1)- - (p—r+1) (=1)(Cprig 00 Cpyy o=+ 0Cpir ) (5 (A.5)

Br(I) =

J=0
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for I = {ig < --- <i,}. We claim that

Br=0(T'B-1), (A.6)
where Z': CT(QP~"(R"1)) — C™(QP~""1(R"*!)) is defined similarly to (A.1). In fact, by the
definition of §, for r > 1, we have

r

5(T'B-1) =) (1 Ty (B (I \ {if}). (A7)
=0
As !, is a closed cocycle, we have Z;ZO(—l)j ! _1(I'\ {i}) = 0. Thus,

T

(A7) =D (- (Tpniy — To)Bra T\ {i})

§=0
- Y (B (T (i)
§=0
by (A.4), which equals
(=1)" : : ~ o
p(p — 1) . (p —r+ 1) jzo(_l)JCpf\{ij} <k0€(j7 ]{?)C(j, k)(ﬂ )) : (A8)

Here €(j, k) is set to be (—1)* (respectively, 0, (—=1)**1) if k < j (respectively, k = j, k > j), and
C(], k‘) is the map CP'iO O---0 CPiT with Cp'ij and CPik removed. Since

1 —
CPI\{z'j} = ;(Cpio oo+ Cpiy 4+ Cpir),

it is easy to see that

(=" -
plp—1)---(p—r+1)

(A.8) = (=1YC(5,)(8) = B(I) -

j=0
Thus, (A.6) holds. By (A.3), we have 3, = B.|a which belongs to C"(Q%ons(A)). Thus, state-
ment (i) follows.

Now we compute the value of 3,(I) = §,(I) for I = {ig < --- < ip}. Note that the represen-
tative 8 defined in (A.2) can be chosen with respect to an arbitrary i € {0,...,n}. In particular,
we may take i = ig. By (A.5), we have

(—1)P (—1)p+1)/2
Boll) = == (Cpu o0 Cps)(B) = = (Cpip 0+ 0 Cpu )(B).
Thus, statement (ii) follows as B|ar = (Cpip © -+ 0 Cpiy )(B) dayy A -+ Aday,. O
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