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Stratifications for moduli of sheaves
and moduli of quiver representations

Victoria Hoskins

ABSTRACT

We study the relationship between two stratifications on parameter spaces for coherent
sheaves and for quiver representations: a stratification by Harder—Narasimhan types
and a stratification arising from the geometric invariant theory construction of the
associated moduli spaces of semistable objects. For quiver representations, both stratifi-
cations coincide, but this is not quite true for sheaves. We explain why the stratifications
on various Quot schemes do not coincide and that the correct parameter space to
compare such stratifications is the stack of coherent sheaves, where we construct an
asymptotic geometric invariant theory stratification and prove that this coincides with
the Harder—Narasimhan stratification. Then we relate these stratifications for sheaves
and quiver representations using a generalisation of a construction of Alvarez-Cénsul
and King.

1. Introduction

Many moduli spaces can be described as a quotient of a reductive group G acting on a scheme Y
using the methods of geometric invariant theory (GIT) developed by Mumford [MFK94]. This
depends on a choice of linearisation of the G-action which determines an open subscheme Y*°
of Y of semistable points such that the GIT quotient Y//G is a good quotient of Y. In this
article, we are interested in two moduli problems with such a GIT construction:

(1) moduli of representations of a quiver () with relations R,

(2) moduli of coherent sheaves on a polarised projective scheme (X, Ox(1)).

In the first case, King [Kin94] uses a stability parameter 6 to construct moduli spaces of 6-
semistable quiver representations of dimension vector d as a GIT quotient of an affine scheme
by a reductive group action linearised by a character pg. In the second case, Simpson [Sim94]
constructs a moduli space of semistable sheaves with Hilbert polynomial P as a GIT quotient
of a closed subscheme of a Quot scheme by a reductive group action linearised by an ample line
bundle.
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STRATIFICATIONS IN MODULI PROBLEMS

For both moduli problems, we compare a Hesselink stratification arising from the GIT con-
struction and a stratification by Harder—Narasimhan (HN) types. An overview of these stratifi-
cations is given in Sections 1.2 and 1.3, and we give an outline of our main results in Sections 1.4
and 1.5.

1.1 Moduli and stratifications

One of the most famous uses of stratifications in moduli problems is the Yang—Mills stratification
on an infinite-dimensional affine space A of unitary connections on a C*-vector bundle over
a smooth complex projective curve C' due to Atiyah and Bott [AB83]. The space A arises in
a gauge-theoretic construction of a moduli space of unitary connections, which is diffeomorphic to
a moduli space of semistable (algebraic) vector bundles over C. This moduli space of connections
is constructed as a symplectic reduction using a moment map for the action of a gauge group,
and the Yang—Mills stratification is defined by considering the gradient flow of the norm square
of this moment map. Remarkably, the Yang—Mills stratification coincides with a stratification by
Harder—Narasimhan types of vector bundles, which arises from the notion of stability for vector
bundles. Furthermore, these stratifications are used to give formulae for the Betti numbers of
the vector bundle moduli space [AB83, Das92].

Bifet, Ghione and Letizia [BGL94] provide an algebraic approach to calculating these Betti
numbers: they use elementary modifications of vector bundles over a curve to characterise vector
bundles by matrix divisors and construct a HN stratification on an ind-variety of matrix divisors.
However, this approach does not generalise to sheaves on higher-dimensional bases, as one cannot
use elementary transformations.

A finite-dimensional version of the work of Atiyah and Bott was proved by Kirwan [Kir84]
and Ness [Nes84]: for a linear action of a reductive group on a projective variety, the finite
stratification associated to the norm square of a moment map agrees with a finite instability
stratification arising from GIT (the Hesselink stratification introduced below).

1.2 Harder—Narasimhan stratifications

In both of the above moduli problems, there is a notion of semistability for objects that involves
verifying an inequality for all sub-objects; typically, this arises from the GIT notion of semistabil-
ity appearing in the construction of these moduli spaces. The idea of a Harder—Narasimhan (HN)
filtration is to construct a unique maximally destabilising filtration for each object in a moduli
problem [HN75]. The HN type of an object is a tuple of invariants for the subquotients appearing
in its HN filtration.

Every coherent sheaf has a unique HN filtration: for pure sheaves, this result is well known (see
[HL97, Theorem 1.3.4]), and the extension to coherent sheaves is due to Rudakov [Rud97]. The
HN type of a sheaf is the tuple of Hilbert polynomials of the subquotients in its HN filtration. For
quiver representations, there is no canonical notion of HN filtration with respect to the stability
parameter 6. Rather, the notion of HN filtration depends on a collection of positive integers a,,
indexed by the vertices v of the quiver (see Definition 3.4), although often only the choice o, = 1,
for all vertices v, is considered. The HN type of a quiver representation is the tuple of dimension
vectors of the subquotients in its HN filtration.

For both quiver representations and sheaves, we can stratify the associated moduli stacks
(and parameter spaces used in the GIT construction of these moduli spaces) by HN types.
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1.3 Hesselink stratifications

Let G be a reductive group acting on a scheme Y, where

(1) Y is affine, G acts linearly and the action is linearised using a character of G, or

(2) Y is projective with an ample G-linearisation.

Then, by the Hilbert—-Mumford criterion [MFK94], it suffices to check GIT semistability on 1-
parameter subgroups (1-PSs) of G. In Section 2, we explain that associated to this linearised
action and a choice of norm on the set of conjugacy classes of 1-PSs, there is a Hesselink strati-

fication [Hes79]
Y = |_| S3

BeB
into finitely many disjoint G-invariant locally closed subschemes indexed by conjugacy classes of
rational 1-PSs of G, whose lowest stratum is Y. In order to construct this stratification, the
idea is to associate to each unstable point a conjugacy class of adapted 1-PSs of G, in the sense
of Kempf [Kem?78], that are most responsible for the instability of this point (this class depends
on the choice of norm). This stratification also depends on the choice of linearisation.

These stratifications have a combinatorial nature: the weights of the action of a maximal
torus of G determine the index set B, and the strata Sz can be constructed from simpler limit
sets Zg, which are semistable sets for smaller reductive group actions (cf. Section 2).

Hesselink stratifications have a diverse range of applications. For a smooth projective va-
riety Y, the cohomology of Y//G can be studied via these stratifications [Kir84]. In variation
of GIT, these stratifications are used to describe the birational transformations between quo-
tients [DH98, Tha96] and to provide orthogonal decompositions in the derived categories of GIT
quotients [BFK17, Hall5]. More recently, Halpern-Leistner abstracted the properties of these
instability stratifications in GIT to define instability stratifications on certain classes of ‘weakly
reductive’ stacks [Hall4].

1.4 Comparison results

As both the HN stratification and the Hesselink stratification are concerned with (in)stability, it
is natural to ask whether these stratifications agree. Furthermore, the work of [AB83] suggests
that we might expect these stratifications to agree.

For quiver representations, the choice of parameter a used to define HN filtrations corresponds
to a choice of norm || — ||, used to define the Hesselink stratification. The corresponding HN
and Hesselink stratifications on the space of quiver representations agree: for a quiver without
relations, this result is [Hos14, Theorem 5.5], and we deduce the corresponding result for a quiver
with relations in Theorem 3.8.

Simpson constructs the moduli space of (Gieseker) semistable sheaves on (X, Ox(1)) with
Hilbert polynomial P as a GIT quotient of a closed subscheme R, of the Quot scheme
Quot,, := Quot (kp(") ® Ox(—n), P)

by the natural SLp(,)-action for n sufficiently large. The action is linearised by embedding the
Quot scheme in a Grassmannian (which depends on choosing m > n). However, the resulting
moduli space does not depend on the choice of m > n > 0.

One can consider the Hesselink stratification of Quot,, and R,, associated to this action and
the stratifications by HN types of the quotient sheaves. These stratifications were first compared
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set-theoretically by the author in joint work with Kirwan [HK12, § 6], where we showed that for
a pure HN type 7 (that is, a HN type of a pure sheaf) and for m > n > 0 (depending on 7),
there is a corresponding Hesselink stratum of R,, indexed by S, ,,,(7) such that the HN stratum
of R, indexed by 7 is contained in this Hesselink stratum. In general, this containment is strict.
This result raises the following questions:

(1) Why do we only have a containment of a HN stratum in a Hesselink stratum, rather than
an agreement of these stratifications?

(2) As this is an asymptotic result for m > n > 0 depending on 7, is there an asymptotic
version of the Hesselink stratifications which agrees with the HN stratification?

The primary aim of this paper is to answer these questions. In this paper, we work with
coherent sheaves rather than pure sheaves and study the Hesselink stratifications on Quot,,.
First, we enhance and generalise the result of [HK12] stated above. The proof in op. cit. is set-
theoretic, whereas we now give a scheme-theoretic proof, and we extend the argument to include
non-pure HN types. In Theorem 4.19, we show that for any HN type 7 and m > n > 0, the
7-HN stratum of Quot,, is a closed subscheme of a Hesselink stratum indexed by By m (7).

The first question is answered by Lemma 4.22: distinct HN types 7 and 7/ can give the same
Hesselink index S for finitely many values of n and m (although, this only happens when X
has dimension greater than 1). Since there are infinitely many HN types, it is not possible to
pick finite n and m such that the assignment 7 +— S, (7) is injective. To resolve this issue,
we consider a refined version of the Hesselink stratification, where the refined strata Sg, are
further indexed by tuples of polynomials v and are (unions of) connected components of the
unrefined strata Sz. However, this refined Hesselink stratification still does not agree with the
HN stratification (as not all quotient sheaves parametrised by Quot,, are n-regular).

The second question is natural, as the Hesselink stratification is a finite stratification, whereas
in general there are infinitely many HN types for sheaves on X with Hilbert polynomial P.
This suggests that to compare these stratifications properly, one should construct an infinite
asymptotic Hesselink stratification. Since every coherent sheaf is n-regular for n sufficiently large
(depending on the sheaf), one would like to compare the Hesselink stratifications on Quot,,
for different n. This is not as straightforward as in the case of curves studied in [BGL94]|, as
there are no natural maps between these Quot schemes for different values of n. However, if
we consider the open subscheme Q"¢ C Quot,, parametrising n-regular quotient sheaves, then
there are natural equivariant morphisms Q™" — Q"I‘reg for n’ > n, as every n-regular sheaf is
n/-regular. In fact, the quotient stack of the natural action of GL P(n) On Q"8 is isomorphic to
the stack Coh?—,'reg(X ) of n-regular coherent sheaves on X with Hilbert polynomial P, and the
above equivariant morphism of schemes gives an open immersion

Coh’5™ (X)) < Coh!s ™5 (X) .

The direct limit of these open immersions is the stack Cohp(X) of coherent sheaves on X with
Hilbert polynomial P; thus the schemes Q™8 (and their associated quotient stacks) are only
finite-dimensional approximations of Cohp(X). The natural space on which to construct an
asymptotic Hesselink stratification is the stack Cohp(X).

Let us outline our construction of an asymptotic Hesselink stratification on Cohp(X). We
restrict the refined Hesselink stratification of Quot,, to Q™ ® and take the stack quotient of each
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stratum by GLp(,) to give a (finite) Hesselink stratification

Cohp™8(X)= || s3,.
(B,v)EBR

For a tuple of Hilbert polynomials v, we define an associated Hesselink index 3, (v) for each n
and write 8 := Sgn W) and, for n’ > n, we construct fibre products

/

nn ._ en n
87 = 8 X gyt ) S5

which we prove stabilise to an asymptotic stratum denoted by 8,. Let us state the main result.

THEOREM 1.1 (cf. Theorem 4.27). The strata 8, determine an asymptotic Hesselink stratification
of Cohp(X) which coincides with the HN stratification as stacks.

In fact, the asymptotic Hesselink strata 8, and the HN strata Cohp(X) can both be realised
as global quotient stacks for the same group, and this agreement as stacks comes from a scheme-
theoretic agreement of the atlases.

The reason why the Hesselink stratification and HN stratifications on the Quot schemes do
not agree is that we are only seeing a finite-dimensional approximation of the full picture. One
may hope to be able to use this result to study the cohomology ring of the moduli space of
semistable sheaves (analogously to [AB83, BGL94|), but there is a major obstruction to such
a programme: the subschemes Q™78 of the Quot schemes used for curves are all smooth, whereas
for higher-dimensional X, these Quot schemes can have arbitrarily bad singularities, in which
case the results of Kirwan [Kir84] do not apply. Hence different techniques (such as using derived
algebraic geometry) are required. Another application of this work is in the construction of
moduli spaces of sheaves of a fixed HN type, as initiated in [HK12].

The relationship between filtrations arising from adapted 1-PSs and the Harder—Narasimhan
filtration is also studied for torsion-free sheaves on a smooth complex projective variety in [GSZ15]
and for quiver representations in [Zaml4]; in both cases, an algebraic approach is taken which
involves studying convexity properties of a (normalised) Hilbert—Mumford weight.

In this paper and in [Hos14, HK12], we utilise the additional geometric perspective provided
by the stratifications and exploit the structure of these stratifications to reduce the proofs to
comparisons between simpler limit sets associated to the strata. The use of stratifications enables
a direct comparison between the notions of instability coming from GIT and from the Harder—
Narasimhan filtration, from which we see that these notions do not always coincide (as is the
case for the Quot scheme). A key motivation for this work was to explain why this happens.
Furthermore, stratifications can be used to study GIT situations where 1-PSs do not give rise
to filtrations by sub-objects (for example, in the study of moduli of curves, there is no natural
notion of sub-object).

1.5 The functorial construction of Alvarez-Cénsul and King

In Section 5, we relate these stratifications for sheaves and quivers using a generalisation of
[AKOT7]. There, a functor

®,, 1 == Hom(Ox (—n) & Ox(—m), —): Coh(X) — Rep(K,, n)

from the category of coherent sheaves on X to the category of representations of a Kronecker
quiver K, , with two vertices n,m and dim H°(Ox(m — n)) arrows from n to m is used (when
m > n > 0) to embed the subcategory of semistable sheaves with Hilbert polynomial P into
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a subcategory of 0, ,,(P)-semistable quiver representations of dimension d,, ,,,(P) and to con-
struct the moduli space of semistable sheaves on X with Hilbert polynomial P using [Kin94].

In this setup, distinct HN strata for sheaves may be sent via ®,, ,,, to the same HN stratum
for quiver representations. We resolve this problem by generalising the above construction to
allow additional vertices, as follows (cf. Remark 5.16). For a tuple of strictly increasing positive
integers n = (ng,...,nq), we consider a functor

d
®,, := Hom < P ox(—ni), —) : Coh(X) — Rep(K,),
=0

where K, is a quiver with d+1 vertices and dim H°(Ox (n;4+1—n;)) arrows from vertex i to vertex
i + 1 and relations as described in Section 5.4. We provide stability parameters (6,,(P), an(P))
such that a HN stratum for sheaves is mapped via ®,, to a HN stratum for quiver representations,
provided that the tuple of natural numbers n are sufficiently large (see Theorem 5.15).

Notation and conventions

We work over an algebraically closed field k£ of characteristic zero, and by scheme, we mean
scheme of finite type over k. By sheaf, we always mean coherent algebraic sheaf. For schemes X
and S, by a family of sheaves on X parametrised by S, we mean a sheaf F over X x S that is
flat over S, and we write Fs := F|x(s}-

We use the term stratification in a weaker sense than usual to mean a decomposition into
disjoint locally closed subschemes with a partial order on the strata such that the closure of
a given stratum is contained in the union of all higher strata (usually for a stratification, one
requires the closure of a given stratum to be the union of all higher strata).

For m,n € N, we write ‘for m > n’ to mean that there exists an N > n such that for
all m > N. Similarly, ‘for n, > --- > ng’ means 3Ny > ngVny > No...dN—1 = n,._1
Vn, = Np_q.

2. Background on GIT and Hesselink stratifications

Let G be a reductive group acting on a scheme Y with respect to a linearisation L over Y.
Throughout this section, we assume that we are in one of the two following settings:

e scheme Y C is affine, the group G acts linearly on Y, an e linearisation L is

1) The sch Y C A" is affine, th G acts li 1 Y, and the i isation L i
given by using a character p: G — Gy, to twist the trivial linearisation on the structure
sheaf of Y,

(2) The scheme Y is projective and the linearisation L is ample.

There are two reasons for working in such settings: (1) in both these settings, there is a Hilbert—
Mumford criterion, as explained below, and (2) these two settings are used to give the GIT
constructions of the two moduli spaces considered in this paper.

2.1 GIT and the construction of Hesselink stratifications

DEFINITION 2.1. A point y € Y is L-semistable if there exists a ¢ € H°(Y, L) for some n > 0
such that o(y) # 0. We let Y5(L) denote the subset of L-semistable points in Y.
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By [MFK94, Theorem 1.10], the GIT quotient of G acting on Y with respect to L,
YS(L) = Y//1G := Proj  @ns0 HO(Y, L%,

is a good quotient. In Setting (2), this quotient is projective and in Setting (1), this quotient is
projective over the affine GIT quotient Y//G := Spec k[Y]¢.

DEFINITION 2.2. Let y € Y be a closed point and A: G,,, — G be a 1-parameter subgroup (1-PS)
of G; then the Hilbert-Mumford weight p*(y, \) € Z is defined to be the weight of the G,,-action
induced by A on the fibre of L over the fixed point lim;_,o A(t) - y, if this limit exists.

The limit is unique, as in both settings Y is separated and, in Setting (2), the limit always
exists as Y is proper. In Setting (1), by using the pairing (—, —): X*(G) x X.(G) — Z between
characters and cocharacters, King [Kin94] shows that u”(y, \) = (p, \).

THEOREM 2.3 (Hilbert—Mumford criterion [Kin94, MFK94]). A closed point y € Y is L-semi-
stable if and only we have u*(y,\) > 0 for every 1-PS \: G,, — G such that lim;_,o A(t) - y
exists.

The unstable locus Y"(L) := Y — Y®(L) can be stratified by instability types by assigning
to each unstable point a conjugacy class of (rational) 1-PSs that is ‘most responsible’ for the
instability of this point [Kem78, Hes79]. Here, the term ‘most responsible’ is measured using

a norm || — || on the set X.(G) of conjugacy classes of 1-PSs of G. More precisely, we fix
a maximal torus 7" of G and a Weyl-invariant norm || — ||z on X, (7T)r; then, for A € X.(G), we
let ||\ := |[ghg™ |7 for g € G such that gh\g~! € X,.(T). Equivalently, the norm is given by

a Weyl-invariant inner product on the Lie algebra of T

Ezxample 2.4. (a) Let T be the diagonal maximal torus in G = GL,,; then the norm associated
to the dot product on R"™ 2 X, (T')g is invariant under the Weyl group W = S,,.

(b) For a product of general linear groups G = GL,, x --- x GL,,., we can use positive
numbers a € N” to weight the norms || — || for each factor constructed by part (a); that is,

IO AR =D aal Xl
i=1

We fix a norm || — || on X,(G) such that || — ||? is Z-valued. For a closed point y € Y, we let
ME(y) ;= inf {'LLLH(‘;{“)\) : Ais a 1-PS of G such that %1_1)1(1] At) -y exists} .
By the Hilbert-Mumford criterion, y is L-semistable if and only if M’ (y) > 0.
DEFINITION 2.5 (Kempf). A 1-PS X is adapted to y € Y"(L)(k) if lim—,0 A(¢) - y exists and

ML(y) :U’L(yv /\)

[IA]]

Let A*(y) denote the set of primitive 1-PSs which are adapted to y; this is a full conjugacy
class of 1-PSs for a parabolic subgroup of G [Kem78]. Kempf proves that A“(g-y) = g AL (y)g~!
for g € G; thus, in order to have G-invariant strata, we need to stratify the unstable locus by
conjugacy classes of primitive 1-PSs (and an additional index d which keeps track of the value
of M*). We first define the k-points of the strata; the scheme structure is given in Remark 2.9.
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DEFINITION 2.6 (Hesselink [Hes79]; Kirwan [Kir84] and Ness [Nes84]). For a conjugacy class [)\]
of 1-PSs of G, a choice of representative A € [A\] and d € Qx, we define the following subsets
of Y(k):
(1) S&A},d ={yeY(k): M*(y) = —d and AL (y) N[\ #0} ‘the strata’,
(i) Sy ={yeY(k): ML (y) = —dand X € Al(y)} ‘the blades’,
(ii) Z; ={ye Y k): M*(y) = —d and X € AL(y)} ‘the limit sets’,

where Y* denotes the \-fixed locus in Y.

Remark 2.7. The additional index d is redundant in the affine Setting (1), as d can be determined
from the character p and 1-PS A (more precisely, we have d = —(p, A)/||A]]).

Let Yﬁ C Y denoted the closed subscheme of points y € Y such that lim;_,o A(¢)-y exists; then

there is a natural retraction py : Yj‘ — Y Let Yd)‘ C Y* be the union of connected components
on which p(—,\) = —d||A||. Let G, be the commutator of A in G and let P(\) := {g € G :
limy 0 A(t)gA(t) ™! exists}.

THEOREM 2.8 ([Hes79, Kir84, Nes84]). Let G be a reductive group acting on a scheme Y with
respect to a linearisation L, as in either Setting (1) or (2) above, and let || — || be a norm on
conjugacy classes of 1-PSs of G. Then there is a stratification

Y -Y¥(L) = |_| Sin,d
(ML)
into finitely many disjoint G-invariant locally closed subschemes S}y 4 of Y. Moreover,
(i) Spa=G-5y;
(ii) S} =p,'(Z)) and S} is P()\)-invariant;
(iii) Z} is Gy-invariant and is the GIT semistable locus for G acting on Y;' with respect to
a modified linearisation;
(iV) 8S[M,d N S[}\/Ld/ # 0 only if d > d'.

Remark 2.9. This theorem was proved in [Hes79, Kir84, Nes84] for a projective variety Y, where
the strata are shown to be locally closed subvarieties of Y. However, as observed in [HK12, §4],
this can be extended to the case where Y is a scheme by using the ample linearisation L on Y
to give a projective embedding Y < PY: then we obtain the strata in Y by taking the fibre
product of the strata in PV with Y (and similarly for the blades and limit sets). This gives each
stratum the structure of a locally closed subscheme of Y.

This theorem was proved in [Hos14] for an affine space Y; however, the result for an affine
subscheme Y C A™ with a linear G-action can be deduced from this, by using the fact that taking
invariants for a reductive group G is exact; thus Y**(L) =Y xan (A™)%(L), and, similarly, the
Hesselink strata in Y are obtained as fibre products of the Hesselink strata in A”™.

By setting Sy := Y*(L), we obtain the Hesselink stratification of ¥’
Y =| |9, (2.1)
B

where the lowest stratum is Sy and the higher strata are indexed by pairs 5 = ([\],d) as above
or equivalently by a conjugacy class of a rational 1-PS [Ag], by the following remark.
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Remark 2.10. An unstable Hesselink index § = ([A], d) determines a rational 1-PS

d
Ag = —A
DY
(where d/||A|| is rational, as ||A||? and d||\|| are both integral). In fact, we can recover ([A],d)
from Ag, as d = —||Ag|| and A is the unique primitive 1-PS lying on the ray spanned by Ag.

Hesselink stratifications have the following additional properties:

(1) For a closed G-invariant subscheme Y’ of Y, the Hesselink strata in Y’ are the fibre products
of the Hesselink strata in Y with Y.

(2) The Hesselink strata may not be connected; however, if we let Zj"l- denote the connected
components of Za/l\, then the Spyj 4 = Gp/(l(Zc)l"i) are the connected components of S}y g-

(3) If (Z7) is a closed subscheme of Z}, then there is a naturally associated closed G-invariant
subscheme S[’)\]’d of Spy,q such that SfA],d =G -p {((Z))).

2.2 Computing Hesselink stratifications

The task of computing these stratifications is greatly simplified by Theorem 2.8, as we can
construct the strata from the limit sets Z;\i. Furthermore, we will see that the index set B for the
stratification can be determined from the weights of a maximal torus 71" of G.

In the projective Setting (2), this description is due to Kirwan [Kir84]: for G acting on P"
linearly via a representation ¢: G — GL,41, the indices can be determined from the weights
of T as follows. For each subset of the T-weights, let 8 denote the closest point to the origin in
the convex hull of these weights. Then, for 5 # 0, there is a unique primitive 1-PS X lying on
the ray through /3, and we let d := ||3||; then 5 = ([A\],d) is an unstable index.

In the affine Setting (1), we obtain a similar description as follows. First, we recall that in
the affine setting, the index d is redundant and, as the indices for ¥ C V := A" are obtained
from the indices for V, it suffices to consider the case of an affine space V = A" with a linear
action G — GL,,. For each subset W of T-weights, we consider an associated cone

Cw = (] Hy C Xu(T)r, where Hy :={\€ X.(T)r: (A x)>0}.
XEW
Let pr € X*(T) denote the restriction of p to T'; then a subset W of the T-weights is called
pr-semistable if Cyy C H,,., and otherwise we say that W is pr-unstable. If W is pp-unstable,
we let Ay be the unique primitive 1-PS in Cy N X (T) for which (A, p)/||A|| is minimal (for the
existence and uniqueness of this 1-PS, see [Hos14, Lemma 2.13]). We will shortly prove that this
gives an unstable index. For v € V| we let W,, denote the set of T-weights of v.

PROPOSITION 2.11. Let T' = (G,,,)™ act linearly on an affine space V' with respect to a character

p: T — Gy, and let || — || be the norm associated to the dot product on Z"; then the Hesselink
stratification for the torus T' is given by
V-Vvrs= |_| Sxw s where Sy, ={veV:W=W,}.

{W:W is p-unstable}

Therefore, the stratification is determined by the T-weights, and, moreover, v € V is p-semistable
if and only if its T-weight set W, is p-semistable (that is, Cyw, C H,).

Proof. By construction, Cyy, is the cone of (real) 1-PSs A such that lim;_,o A(f) - v exists. By the
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Hilbert—-Mumford criterion, v is p-semistable if and only if (A, p) > 0 for all A € Cyy,, that is, if
and only if Cy, C H,. Therefore, v is p-semistable if and only if W, is p-semistable.

As the conjugation action is trivial, [\jy] = Aw and every p-unstable point has a unique
p-adapted primitive 1-PS. If v is p-unstable, then, by definition, Ay, is p-adapted to v. O

For a reductive group G, we fix a maximal torus 7" of G and positive Weyl chamber. Let B
denote the set of 1-PSs Ay corresponding to elements in this positive Weyl chamber where W
is a pr-unstable set of weights.

COROLLARY 2.12. Let G be a reductive group acting linearly on an affine variety V with respect
to a character p: G — (G,,. Then the Hesselink stratification is given by

V-Vrs= || Spy
Aw EB
Proof. 1t is clear that the left-hand side is contained in the right-hand side. Conversely, suppose
that v € V — V% and A is a primitive 1-PS of G that is p-adapted to v. Then there exists
a g € G such that \ := gA\g~! € X,(T) and, moreover, \ is p-adapted to v’ := g - v for the
G-action on V. As every 1-PSs of T'is a 1-PSs of G, it follows that M&(v") < ME" (v'). Therefore,
N is pr-adapted to v’ for the T-action on V and X = Ay € B, where W = W,,. In particular,
we have that v € S\ = S|y, O

This gives an algorithm to compute the Hesselink stratification: the index set B is determined
from the T-weights and, for each [\] € B, we construct S}y from Z) using Theorem 2.8.

Remark 2.13. In general, the Hesselink stratification for G and its maximal torus T are not easily
comparable. The p-semistable locus for the G-action is contained in the p-semistable locus for
the T-action, but the G-stratification does not refine the T-stratification. Often there are more
T-strata, since 1-PSs of T" may be conjugate in G’ but not in 7'.

Ezxample 2.14. Let G := GL, act on V := Mat, x, = A" by left multiplication; then
Matyxn //det GLy = Gr(r, n)
is the Grassmannian of r-planes in A", and the GIT semistable locus is given by matrices of

rank . We claim that the Hesselink stratification is the stratification given by rank.

We fix the maximal torus 7" = Gj, of diagonal matrices in G and use the dot product on
Z" = X, (T) to define our norm || — ||. The weights of the T-action on V' are xi,..., x», where
x; denotes the ith standard basis vector in Z" and the Weyl group S, acts transitively on the
T-weights. The restriction of the determinant to T is given by dety = (1,...,1) € Z" =2 X*(T).
As the Weyl group is the full permutation group on the set of T-weights, it follows that for
detp-unstable weight subsets W and W', the corresponding 1-PSs Ay and Ay are conjugate
under S, whenever |W| = |[W’|. Thus, it suffices to consider the weight sets

Wi ={x1,...,xx} for k=0,...,7r.
The subset Wy, is pp-unstable if and only if k£ < r with corresponding pr-adapted 1-PS
A= (0,...,0,-1,...,—1).
—— ————
k r—k

By Corollary 2.12, the index set for the stratification is B = {\; : 0 < k < r — 1}. We use
Theorem 2.8 to calculate the unstable strata. If we consider Matyy,, as the subvariety of Mat,x,,
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consisting of matrices whose last r — k rows are zero, then er\’“ = VM = Matgy, and thus
S\, = 4y, By definition, Z), is the GIT semistable set for G, = GLj x GL,_j acting on VA
with respect to the character

det := |[Mill?p — Qs p) Mk = (r —k)det —(k — )\ = (r —k,...,r —k,0,...,0).

le ARl"p = (A&, ) (r—k) (k—r) ( )

k r—k

As semistability is unchanged by a positive rescaling of the character, we can without loss of
generality assume that py, is the product of the determinant character on GL; and the trivial
character on GL,_;. Then Z), is the GIT semistable set for GL; acting on Maty, = VA with
respect to det: GL, — G,; that is, Z), is the set of matrices in Maty,, whose final r — k rows

are zero and whose top k row vectors are linearly independent. Then, S}y,; = G- S, is the locally
closed subvariety of rank k& matrices, and the Hesselink stratification is given by rank.

3. Stratifications for moduli of quiver representations

Let Q = (V, A, h,t) be a quiver with vertex set V', arrow set A and head and tail maps h,t: A — V
giving the direction of the arrows. A k-representation of a quiver @Q = (V, A, h,t) is a tuple W =
(Wy, ¢q) consisting of a k-vector space W, for each vertex v and a linear map ¢, : Wia) = Whia)
for each arrow a. The dimension vector of W is dim W = (dim W,) € NV

3.1 Semistable quiver representations

For quiver representations of a fixed dimension vector d = (d,) € NV, King introduced a notion

of semistability depending on a stability parameter 8 = (6,) € Z" such that Y vey Oudy = 0.

DEFINITION 3.1. A representation W of ) of dimension d is f-semistable if for all subrepresen-
tations W' C W, we have (W') :=>" 60, dim W, > 0.

We recall King’s construction of moduli of #-semistable quiver representations [Kin94|. Let

Repy(Q) = @Hom(kdt(a),kdh(a>) and Gq4(Q) := H GLg, -
acA vevV
Then G4(Q) acts on Repy(Q) by conjugation. Since the diagonal subgroup G,, = A C G4(Q),
given by t € Gy, — (t1g, )vev € Ga(Q), acts trivially on Rep,(Q), we often consider the quotient
group G4(Q) := G4(Q)/A. We note that every representation of Q of dimension d is isomorphic
to an element of Rep,(Q) and, moreover, two representations in Rep,(Q) are isomorphic if and
only if they lie in the same G 4(Q)-orbit. Hence, the moduli stack Rep,(Q) of representations of Q
of dimension d is isomorphic to the quotient stack of G4(Q) acting on Rep,(Q). The G 4(Q)-action
on Rep,(Q) is linearised by pp: Gq(Q) — Gy, where pg(g,) := II, det(g,)%.

THEOREM 3.2 (King [Kin94]). The moduli space of §-semistable quiver representations is given
by M§*(Q) := Repy(Q)// p,Ga(Q)-

In particular, King shows that the notion of #-semistability for quiver representations agrees
with the notion of GIT semistability for G4(Q) acting on Rep,(Q) with respect to py.

Remark 3.3. We can also consider moduli spaces of #-semistable quiver representations for quivers
with relations. A non-trivial path in a quiver is a sequence of arrows in the quiver (aq,...,a,)
such that h(a;) = t(a;+1), and a relation is a linear combination of paths all of which start at
some common vertex v; and end at a common vertex vy. Let R be a set of relations on (), and
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let Repy(@Q,R) be the closed subscheme of Rep,(Q) consisting of quiver representations that
satisfy the relations R. The moduli space of p-semistable representations of (Q,R) is a closed
subscheme of the moduli space of p-semistable representations of Q:

M7(Q,R) = Repa(Q, R)//5,Ga(Q) € M™(Q).

3.2 HN filtrations for quivers representations

We fix a quiver @, a dimension vector d € N and a stability parameter 6 = (6,) € Z" such that
> b0vdy, = 0. To define a Harder-Narasimhan filtration, we need a notion of semistability for
quiver representations of all dimension vectors, and for this we use a parameter o = (o) € NV.

DEFINITION 3.4. A representation W of @Q is (6, «)-semistable if for all 0 # W' C W, we have
o) _ B(w)
a(W’) ~ a(W)’
where a(W) := > -y o dim W,. A Harder-Narasimhan (HN) filtration of W (with respect to
0 and «) is a filtration 0 = WO cwhc...cwh) =w by subrepresentations, such that the
quotient representations W; := W@ /W =1 are (6, a)-semistable and
oV _ 00y _ W)
a(Wi) — a(Ws) a(Ws)
The Harder—Narasimhan type of W (with respect to § and «) is v(W) := (dim W7y, ..., dim Wj).

If W is a representation of dimension d, then (W) = 0 and so W is (#, a)-semistable if and
only if it is f-semistable. Using the existence and uniqueness of the HN filtration with respect to
(0, ), Reineke [Rei03] proves that there is a HN stratification (with respect to 6 and «)

Repd(Q) = |_| R’Y )
Y

where R, is the locally closed subvariety consisting of representations with HN type ~. As
isomorphic quiver representations have the same HN type, each HN stratum R, is invariant
under the action of G4(Q), and so we obtain a HN stratification of the moduli stack

Repq(Q) = | |Rep(Q), where Rep}(Q) = [R,/Ga(Q)]-
ol

We emphasise that this stratification depends on both 6 and «.

Remark 3.5. For a quiver with relations (@, R), there is also a HN stratification of the represen-
tation space Repy(Q,R). If W is a representation of ) that satisfies the relations R, then any
subrepresentation of W also satisfies these relations. Therefore, the HN strata of Rep,(Q, R) are
the intersections of the HN strata in Rep,(Q) with Repy(Q,R).

3.3 The HN stratification is the Hesselink stratification

Let T be the maximal torus of G4(Q) given by the product of the maximal tori T,, C GLg4, of
diagonal matrices.

DEFINITION 3.6. For a HN type v = (dy,. .., ds) of a quiver representation of dimension d, let A,
be the unique primitive 1-PS on the ray through the rational 1-PS )\’7 = ()\’%U) given by
N, (t) = diag (£, ... 47,87, 8", ATt

where the rational weight r; := —0(d;)/a(d;) appears (d;), times.
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Remark 3.7. For v # +', we note that the conjugacy classes of A\, and A, are distinct.

Let || — ||« be the norm on 1-PSs of G4(Q) associated to a € NV (cf. Example 2.4). For
a quiver without relations, the following result is [Hos14, Theorem 5.5]. We can deduce the case
with relations from this result using Theorem 2.8 and Remark 3.5.

THEOREM 3.8. Let (Q,R) be a quiver with relations with dimension vector d € NV, and let
0 € ZV and o € NV be stability parameters such that Y vey by = 0. Then the HN stratification
with respect to (6, «) and the Hesselink stratification with respect to pg and || — ||o coincide: if

Repy(Q, R) |_|R and Repy(Q,R) |_|sm

denote these stratifications respectively, then Ry = S |-

In fact, in [Hos14], we show that this Hesselink stratification also coincides with a Morse-type
stratification associated to the norm square of a moment map.

3.4 Stratifications on the stack of quiver representations

The affine scheme Rep,(Q, R) parametrises a tautological family W of representations of (@, R)
of dimension vector d with the local universal property; thus, the collection of quiver represen-
tations of fixed dimension d is bounded. This is in sharp contrast with the situation for coherent
sheaves on a fixed projective scheme with fixed numerical invariants: this collection of sheaves is
not bounded and so cannot be parametrised by a scheme (cf. Section 4). Moreover, the moduli
stack Repy(Q, R) of representations of (@, R) of dimension d is isomorphic to the global quotient
stack

Repy(Q,R) = [Repy(Q, R)/Ga(Q)] -

As the Hesselink strata are G4(Q)-invariant, we can take their stack quotients by G4(Q) to
obtain a ‘stacky Hesselink’ stratification of Rep,(Q,R) by locally closed substacks. Following
Theorem 3.8, this stratification coincides with the stratification of the stack by HN types.

COROLLARY 3.9. On Rep,(Q,R), the stacky Hesselink strata and the HN strata agree as stacks.

There are only finitely many HN types for representations of @) of fixed dimension vector,
and both stratifications are finite. In Section 4, we prove an analogous statement for coherent
sheaves over a projective scheme; however, in this case, the stratifications are infinite and the
stacky Hesselink stratification is obtained as a limit of (finite) Hesselink stratifications.

4. Stratifications for moduli of sheaves

Let (X,0x(1)) be a projective scheme of finite type over k with a very ample line bundle.

4.1 Preliminaries

For a sheaf £ over X, we let £(n) := £ ® Ox(n), and we let P(E) denote the Hilbert polynomial
of £ with respect to Ox (1), whose value at n € N is given by

n

P(&,n) =x(E(n)) =) (~1)"dim H'(E(n)).

1=0
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The degree of P(€) is equal to the dimension of £ (that is, the dimension of the support of &),
and & is pure if all its non-zero subsheaves have the same dimension as £. For a non-zero sheaf £,
the leading coefficient (&) of P(€) is positive and we define the reduced Hilbert polynomial of £
to be P4(&) := P(&)/r(€).

DEFINITION 4.1 (Castelnuovo-Mumford [Mum66]). A sheaf £ over X is n-regular if
H{ (&M —1i))=0 forall i>0.

This is an open condition and, by Serre’s vanishing theorem, any sheaf is n-regular for n > 0.
Furthermore, any bounded family of sheaves is n-regular for n > 0.

LEMMA 4.2 (cf. [Mum66]). For an n-regular sheaf € over X, we have the following results:

(i) The sheaf £ is m-regular for all m > n.
(ii) The sheaf £(n) is globally generated with vanishing higher cohomology; that is, the evalu-
ation map H°(E(n)) ® Ox(—n) — & is surjective and H'(E(n)) = 0 for i > 0.
(iii) The natural multiplication maps H°(£(n)) @ H*(Ox(m —n)) — H°(E(m)) are surjective
for all m > n.
(iv) If0 - F' =+ F — F" — 0 is an exact sequence of sheaves over X such that F' and F" are
both n-regular, then F is also n-regular.

4.2 Construction of the moduli space of semistable sheaves

In this section, we outline Simpson’s construction [Sim94] of the moduli space of semistable
sheaves on (X, Ox (1)) with Hilbert polynomial P. We define an ordering < on rational polyno-
mials in one variable by P < @ if P(z) < Q(z) for all sufficiently large x. For polynomials of
a fixed degree with positive leading coeflicient, this is equivalent to the lexicographic ordering
on the coefficients.

DEFINITION 4.3. A pure sheaf F over X is semistable (in the sense of Gieseker) if for all non-zero
subsheaves £ C F, we have P4(&) < Pd(F).

By the Simpson-Le Potier bounds (cf. [Sim94, Theorem 1.1]), the set of semistable sheaves
over X with Hilbert polynomial P is bounded; therefore, for n > 0, all semistable sheaves with
Hilbert polynomial P are n-regular.

Let V, := kP be the trivial P(n)-dimensional vector space, and let Quot(V;, ® Ox (—n), P)
denote the Quot scheme parametrising quotients sheaves of V,, ® Ox(—n) with Hilbert poly-
nomial P. Let @), denote the open subscheme of this Quot scheme consisting of quotients
q: Vo ® Ox(—n) — & such that H%(q(n)) is an isomorphism. Every n-regular sheaf on X with
Hilbert polynomial P can be represented as a quotient sheaf in @),, by choosing an isomorphism
HY(E(n)) =2 V,, (this is possible, as dim H°(E(n)) = P(n)) and using the surjective evaluation
map H°(E(n)) ® Ox(—n) —» €. The group G,, := GL(V},) acts on V,, and Q,, in such a way that
the G,-orbits in @,, are in bijection with isomorphism classes of sheaves in @,,. As the diagonal
G, acts trivially, we can consider the action of SL(V},).

Let Qh™° C @Q,, denote the open subscheme consisting of quotient sheaves that are pure, and
let R,, denote the closure of Q2™ in the Quot scheme. The SL(V,)-action on R, is linearised
using Grothendieck’s embedding of the Quot scheme into a Grassmannian by choosing m > n:
the corresponding line bundle is given by

L = det(m (U, @ T Ox(m))),
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where U,, denotes the universal quotient sheaf on the Quot scheme and mx and w denote the
projection maps from R, x X to X and R,, respectively.

THEOREM 4.4 (Simpson [Sim94, Theorem 1.21]). Fix (X,Ox(1)) and a Hilbert polynomial P.
Then, for m > n > 0, the moduli space of semistable sheaves on X with Hilbert polynomial P
is a GIT quotient:

M*(X,P) = Ry// 1, .SL(V4) .

In his proof, Simpson shows, for m > n > 0 (depending on X and P), that an element
q: V,®Ox(—n) — £ in R, is GIT semistable if and only if ¢ belongs to the open subscheme Q5°
of @, consisting of quotient sheaves q: V,, ® Ox(—n) — & such that £ is a semistable sheaf. In
particular, the GIT semistable locus and the GIT quotient do not depend on m and n provided
that these are taken sufficiently large.

4.3 The Hesselink stratification of the Quot scheme

For the action of SL(V},) on Quot(V;, ® Ox(—n), P) with respect to Ly, ,, and the norm || — ||
coming from the dot product for the diagonal torus 7' C SL(V,,) (cf. Example 2.4), there is
a Hesselink stratification

Quot,, := Quot(V,, ® Ox(—n), P) = |_| Sg .
BEB(Ln,m)
In this section, for fixed n, we describe this stratification of Quot,,, we extend the results of
[HK12] to non-pure sheaves and enhance the proof to a scheme-theoretic statement.

By Remark 2.10, the unstable indices 8 can equivalently be viewed as conjugacy classes of
rational 1-PSs [Ag] of SL(V},). We choose a representative A\g € X,(T') and, by using the Weyl
group action, we may assume that the weights are decreasing; that is,

Ag(t) =diag (¢, ... 17,72, 872 Lt ) (4.1)
where r1,...,rs are strictly decreasing rational numbers such that r; occurs with multiplicity ;.
Thus, 3 is equivalent to the decreasing sequence of rational weights r(8) := (ry,...,rs) with

multiplicities {(8) := (I1,...,l). Since Ag is a rational 1-PS of SL(V},), we note that
Y li=dimV, =P(n) and » rl;=0.
i=1 =1
We can describe the Ag-fixed points as follows. The 1-PS Ag determines a filtration of V' :=V},
0=VOcvWc...cv® =v, where V.= ght+h

with V? := V@ /Y (=1 of dimension I;. For a quotient q: V ® Ox(—n) — £ in Quot, we let
EW .= q(V) ® Ox(—n)); then we have exact sequences of quotient sheaves

00—V 0x(—n) —=V® ® Ox(-n) ——= V'@ Ox(—n) —0

iqu—l) iqm iqi

00— &6 40 =0 /g=1) 0,

We fix an isomorphism V = @levi; then via this isomorphism, we have lim;_0 Ag(t)-¢ = ®;_,¢;
by [HL97, Lemma 4.4.3].
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LEMMA 4.5. For f = ([A],d) with r(8) = (r1,...,rs) and I(8) = (l1,...,ls) defined follo-
wing (4.1), we have

Quot® = |_| H Quot (V' ® Ox(—n), P;).

(PrysPs): 307 Pi=P =1

Furthermore, let Quotfl‘ be the union of connected components of the fixed point locus on which
prmm (=, Ag) = —[[Asl[*; then

Quot) = |_| H Quot (V' ® Ox(—n), P;).
(Py,..,Ps): 307y Pi=P, i=1
Sy TiPi(m)—l—rizli:O

Proof. The description of the A-fixed locus follows from the discussion above. For a A-fixed

quotient sheaf ¢: V ® Ox(—n) — &5, &', we have that (g, A\g) = >_i_; r;P(E',m) by [HLIT,
Lemma 4.4.4]. The second statement then follows as ||[Ag||? = >_5_, r?l;. O

(2

By Theorem 2.8, for 8 = ([\],d) as above, the associated unstable stratum Sg can be con-
structed from the limit set Z 5‘ which is the GIT semistable set for the subgroup

Gy = {(gl,...,gs) € HGL(V1> :Hdetgi = 1}
=1

i=1
acting on Quotg with respect to the linearisation Lg obtained by twisting Ly, », by the (rational)
character xg: Gy — Gy, where

S

X/B(gb s 798) = H(det gl’)m .

=1

PROPOSITION 4.6. Let 5 = ([A],d) with r(8) = (r1,...,7s) and I(8) = (l1,...,ls) as above; then

zy= || JIQuot(VieOx(-n), P)™ (L),

(Py,...,Py) i=1
where the union is taken over tuples (Py, ..., Ps) such that Y ; | P, = P and
_P(m) F(m)

e P(’I’L) ll

for 1=1,...,s. (4.2)

Proof. The centre Z(Gy) = {(t1,...,ts) € (Gp)* : I} th = 1} acts trivially on Quot* and acts

i=1"1

on the fibre of L over ¢ € Quot?, lying in a component indexed by (P, ..., Ps), by a character
S
. P;
Xq: Z(Gy) = Gy, given by x4(t1,...,ts) = th’ (m)
i=1

Therefore, Z(G)) acts on the fibre of Lg over g by xqxs(t1,...,ts) = [[; ghitm)Frili By the

i=1Y
Hilbert—Mumford criterion, ¢ is unstable for the action of G\ with respect to Lg unless x4x3 is
trivial; that is, there is a constant C' such that Cl; = P;(m) + ryl; for i = 1,...,s. In this case,

C'P(n) = ZS:CZZ = zs:PZ(m) + ril; = P(m),
=1 =1
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and we see that the conditions given at (4.2) are necessary for ¢ to belong to Z gl‘.

We suppose that (P, ..., Ps) is a tuple satisfying Y 7 ; P, = P and the conditions given
at (4.2). Since G is, modulo a finite group, [[;_; SL(V?) x Z(G)) and Z(G)) acts on both

s

H Quot (Vi ® Ox(—n), P)

=1
and L trivially, the semistable locus for G} is equal to the semistable locus for []:_; SL(V*). As
[1;—; SL(V?)-linearisations, we have that Lg = L. It then follows that

s ‘ [Li=1 SL(V")-ss 5 . SL(V?)-ss
( H Quot (V' @ Ox(—n), B)) (L) = H Quot (V' ® Ox(—n), P;) (L)

i=1 =1

(see, for example, [HK12, Lemma 6.6]), which completes the proof of the proposition. O

The following corollary is an immediate consequence of Proposition 4.6 and Theorem 2.8.

COROLLARY 4.7. For 8 as at (4.1), the scheme Sg parametrises quotients q: V ® Ox(—n) — &
with a filtration 0 = W(© c W) ¢ ... ¢ W) =V such that, fori =1,...,s, we have

(i) dim W* = l;, where W' := W® /i (-1);

(ii) P(n)P(E,m) = l;(P(m) —r;P(n)); and
(iii) the quotient sheaf ¢' : W' @ Ox(—n) —» E' is SL(W')-semistable with respect to Ly, m,
where £ := g(W® ® Ox(—n)) and £ := £® /€01, Furthermore, Sg = SL(V) - Y}, where Y

parametrises quotients q with a filtration W*® as above such that W*® = V*°.

Remark 4.8. As already noted, the Hesselink strata may not be connected, and so it is natural
to further decompose the limit sets Z U’l\ using tuples of Hilbert polynomials v = (P, ..., Ps); that
is, we can write

S .
zy= || 2, where 7}, 2=T]Quot (V' ® Ox(—n), P)*"" " (Lym)
veCg =1
for v = (Py,...,Ps), as a union of connected components of Zé‘. Here the index set Cg is the

set of tuples v = (P,...,Ps) such that Y5 | P, = P, the conditions (4.2) hold, and 77, is
non-empty. Then Sp is a disjoint union of the refined strata Sz, := SL(V) -pgl(Zé‘V) indexed
by B € Cg. This gives a refinement of the Hesselink stratification

Quot(V ® Ox(—n),P) = |_| S -

BeB
VECﬁ

We note that we may have strata Sg, and Sg, with different Hesselink indices § and 5’ but
the same tuple of Hilbert polynomials v. However, we will later see in Definition 4.18 that for
a tuple v, there is a natural associated Hesselink index 3, »,(v) depending on m > n > 0.

4.4 HN filtrations for coherent sheaves

In this section, we describe a canonical destabilising filtration for each coherent sheaf, known as
its Harder—Narasimhan (HN) filtration [HN75].
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DEFINITION 4.9. A pure HN filtration of a sheaf F is a filtration by subsheaves
such that the F; := F®) /F(=1) are semistable and P*d(F;) > P(Fy) > ... > P*d(F,).

By [HL97, Theorem 1.3.4], every pure sheaf has a unique pure HN filtration. To define HN
filtrations for non-pure sheaves, we need an alternative definition of semistability that does not
involve reduced Hilbert polynomials, as every non-pure sheaf £ has a non-zero subsheaf whose
Hilbert polynomial has degree strictly less than that of £. For this, we use an extended notion
of semistability due to Rudakov [Rud97]. We define a partial ordering < on Q[z] by

P(n) _ Q(n)
P(m) = Q(m)
and similarly define a strict partial order < by replacing < with <. This ordering allows us to
compare polynomials with positive leading coeflicient of different degrees in a way that polyno-
mials of lower degree are larger with respect to this ordering.

Px@Q = for m>n>0

Remark 4.10. Rudakov formulated this preordering using the coefficients of the polynomials: for
rational polynomials P(z) = pgz? + --- + po and Q(x) = qex® + - - - + qo, let
AP, Q) == (Apf—1r- s Af0s Afm1, =2, s Af—1,0,---,A10), Where X;;:= piq; — ¢ipj

and f := max(d,e). We say A(P,Q) > 0 if the first non-zero \; ; appearing in A(P, Q) is positive.
Then P < @ is equivalent to A(P, Q) > 0.
DEFINITION 4.11. A sheaf F is semistable if P(€) < P(F) for all non-zero subsheaves £ C F.

This definition of semistability implies purity, as polynomials of smaller degree are larger
with respect to <. Moreover, for Hilbert polynomials P(€) and P(F) of the same degree, we

have P(€) < P(F) if and only if P*4(&) < P*I(F). Thus, a sheaf is semistable in the sense of
Definition 4.11 if and only if it is semistable in the sense of Definition 4.3.

DEFINITION 4.12. A HN filtration of a sheaf £ is a filtration by subsheaves
0=0 ) ...cel) ¢
such that the & := £® /01 are semistable and P(£}) = P(&) = --- = P(&,).

Using this definition of HN filtration, every coherent sheaf has a unique HN filtration (cf.
[Rud97, Corollary 28]). We can construct the HN filtration of a sheaf from its torsion filtration
and the pure HN filtrations of the subquotients in the torsion filtration as follows.

PROPOSITION 4.13. Let 0 C TO(&) C --- € TD(E) = £ be the torsion filtration of £, and let
0=F cFV c...c F¥ = 13(&) := TO(€) /T (€) (4.3)
be the pure HN filtrations of the subquotients in the torsion filtration. Then £ has HN filtration
0=V ceVcelc...cec...celc...celd=g¢,

is the preimage of ) under the quotient map T™ (&) — Ty(E).

1

where & )

1

Proof. As the HN filtration is unique, it suffices to check that the subquotients are semistable
with decreasing Hilbert polynomials for <. First, we note that Ei(o) = T(i_l)(é' ) = EZ-(ET 1 and

& =0/ =2 FPIFTY = F.

(2
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Since (4.3) is the pure HN filtration of T;(€), we have inequalities P*d(F}) > --- > Pred(Fr7)

i 1
and the subquotients F; are semistable. It follows that

P(&) = P(&) = = P(&Y) =+ = P(E)) = -+ = P(E3),
as deg P(]—"ZJ ) =4 and polynomials of lower degree are larger with respect to this ordering. O
DEFINITION 4.14. Let &€ be a sheaf with HN filtration 0 = €@ c €0 c ... ¢ €6) = &; then

the HN type of £ is the tuple 7(£) := (P(E1),..., P(&)), where & := £ /€01 We say that
7= (P,...,Ps) is a pure HN type if all polynomials P; have the same degree.

4.5 The HN stratification of the stack of coherent sheaves

Let Cohp(X) denote the stack of sheaves on X with Hilbert polynomial P; this is an Artin stack
such that

Cohp(X) 2 | JI@0/Gul, (4.4)

n
where G,, = GL(V,,) and Q2 is the open subscheme of Quot(V;,, ® Ox(—n), P) consisting of
quotient sheaves ¢ : V,, ® Ox(—n) — & such that H%(g(n)) is an isomorphism and H*(£(n)) =0
for ¢ > 0 (cf. [LMO00, Theorem 4.6.2.1]).

Let HNT(X, P) denote the set of HN types of sheaves over X with Hilbert polynomial P.
Thus, if 7 = (Py,...,Ps) € HNT(X, P), then Y P, = P and P, > P» > --- = P, and, more-
over, there exists a sheaf with this HN type. For such a HN type 7, we define the (n,m)th Shatz
polygon I'(7, n, m) to be the union of the line segments joining zj, := (Z?Zl P;(m), 2?21 Pj(n))
to xg4q for K =0,...,s — 1. We define a partial order < on HNT(X, P) by 7 < 7" if I'(7,n,m)
lies above I'(7/,n,m) for m > n > 0.

THEOREM 4.15 (Shatz [Sha77] and Nitsure [Nit11]). Let F be a family of sheaves on X with
Hilbert polynomial P parametrised by a scheme S; then the HN type function S — HNT (X, P)
given by s — 7(Fs) is upper semicontinuous. Furthermore,

(i) the set Ss. ={s € S :7(Fs) > 7} is closed in S;
(ii) the set S; ={s e S:7(Fs) =7} is locally closed in S;
(iii) the set S; has a unique scheme structure with the following property: a morphism T' — S
factors via S; if and only if the pullback Fr of F to X x T has a filtration by coherent

sheaves whose successive quotients are flat over T' and for each t € T, this filtration gives
the HN filtration of (Fr)¢, which is of type T;

(iv) there is a finite HN (or Shatz) stratification of S into disjoint subschemes S, such that
ST— - |_| Sy .
T'>T

The universal quotient sheaf U, over X x Q7 is a family of sheaves on X with Hilbert

polynomial P parametrised by Q9; therefore, we have an associated HN stratification

Q=1 |Qnr- (4.5)
T
As the HN strata @, r are G,-invariant, this stratification descends to the stack quotient

[@Q7/Gn] = U[Qn,T/Gn] :

T

From the description (4.4) of Cohp(X), we have the following corollary.
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COROLLARY 4.16. There is a HN stratification on the stack of coherent sheaves

Cohp(X)= ||  Cohp(X)
TE€HNT(X,P)

into disjoint locally closed substacks Cohp(X) such that Cohp(X) C |-, Coh} (X).
Remark 4.17. If 7 = (P) is the trivial HN type, then Coh p = Coh%¥ p and for n > 0,
Cohy p = [Q7/Ghl],

where Q) = Q, (p) is an open subscheme of Quot(V;, ® Ox(—n),P). In fact, an analogous
statement holds for all HN types (cf. Proposition 4.21).

4.6 The Hesselink and HN stratifications
In this section, we prove, for each HN type 7, that the HN stratum @),, - is contained in a Hesselink

stratum of Quot(V,, ® Ox(—n), P) for m > n > 0; this generalises an analogous result for pure
HN types given in [HK12].

DEFINITION 4.18. For a tuple of Hilbert polynomials v = (Pi,...,Ps;) which sum to P and
natural numbers (n,m), we let 5, ,,,(v) denote the conjugacy class of the rational 1-PS

P(m) _ Pi(m)

P(n)  Pi(n)

Aoy (t) = diag (£7,... ¢, . 7, .t ), where r;:=

Pi(n) Ps(n)

If v =7 is a HN type, we have P, > Py > --- > P, and thus for m > n > 0,
Pn) _ Pan) | Pun)
Pi(m) = Py(m) Ps(m)’

that is, the weights r; in this rational 1-PS are decreasing.

(4.6)

The following result simultaneously enhances and generalises a joint result with Kirwan
in [HK12]. More precisely, [HK12, Proposition 6.8 states that for a pure HN type 7 (that
is, a HN type of a pure sheaf) and for m > n > 0, the HN stratum of a closed subscheme
R, C Quot, is contained in the Hesselink stratum in R,, indexed by B, n (7). The proof of loc.
cit. was set-theoretic, whereas the proof below is scheme-theoretic and applies to all HN types.

THEOREM 4.19. For 7 = (Py,...,P;) € HNT(X, P) and m > n > 0, the HN stratum Q. is
a closed subscheme of the stratum Sg, . () for the Hesselink stratification of Quot,, with respect

to Ly m. Moreover, Q) » is a closed subscheme of the refined stratum S B ()7

Proof. We take n > 0 such that all semistable sheaves with Hilbert polynomial P; are n-regular
for i = 1,...,s. Then every sheaf with HN type 7 is n-regular, as it admits a filtration whose
successive quotients are n-regular, and so can be parametrised by the HN stratum @, ..

Let V7 := k(™ and let Q) € Quot(V; ® Ox(—n), P;) be the open subscheme consisting of
quotients ¢: V! ®@ Ox(—n) —» £ such that H(g(n)) is an isomorphism. Let (Q%)P" be the open
subscheme of Q¢ parametrising pure sheaves, and let R!, be the closure of this subscheme in the
Quot scheme. By [Sim94, Theorem 1.19], we can take m > n such that the GIT semistable set
for SL(V}!) acting on RY, with respect to the linearisation L, is the lowest HN stratum in Q,
parametrising semistable sheaves; that is,

(R;)SL(VQ)-SS(me) _ (Q:L)ss — (Q,;L) "

669



V. HOSKINS

fori=1,...,s. Furthermore, we assume m > n > 0, so that the inequalities (4.6) hold.

As described above, the index 8 = B, m(7) = ([A], d) determines a filtration 0 = Vi c...c
V¥ = V,, where Vii= V,gi)/Vn(i_l) = kP, By construction, the conditions (4.2) hold for 7(3)
and [((); hence

s s )
Znn(r) = [J(@Q1)* € ] Quot (Vi ® Ox(—n), )™ "™ (L) = 23, € 2}
i=1 i=1

Both inclusions are closed inclusions: the first as R, is closed in Quot(V;! ® Ox(—n), P;) and the
second as Z c/l\,T is closed in Z7. Therefore, associated to this closed subscheme (Z)' := Z, (1) of
the limit set Z7, there is a closed subscheme S = SL(Vp)- pgl((Z 1)) of the Hesselink strata Sg.
In fact, S,/B is a closed subscheme of the refined Hesselink stratum Sg, as (Zé‘)’ is a closed
subscheme of Z 3\77.

To complete the proof, we need to show that the schemes @, - and S’ﬁ coincide. We first show
that these agree set-theoretically and then use the universal property of the scheme structure

on @, given by Theorem 4.15(iii) to prove the scheme structures agree. By construction, a
quotient sheaf q: V;, ® Ox(—n) — F belongs to py ' (Znm (7)) if for the filtration

0cFDc...c F® = F where F® := q(V,Si) ® Ox(-n)),

the successive quotients F(*) /F (i=1) are semistable with Hilbert polynomial P;. Therefore, these
quotient sheaves have HN type 7. Since the SL(V},)-action does not change the HN type, we have
a set-theoretic inclusion Sé := SL(V,,) -pXI(Zn,m(T)) C Qn,r. Conversely, for a point ¢: V;, ®
Ox(—n) - F in @ with HN filtration given by

Ozf(o)c‘/—-'(l)ccf(s):f7

we can choose a g € SL(V},) that sends the filtration Vi to Wi = HO(q(n))" (H(F9(n)));
then g - q € py ' (Znm(7)). Hence, as sets, Qy,r and S} agree.

By Theorem 4.15(iii), to show that the scheme structures coincide, we need to show that
a morphism 7" — Q)¢ factors through Slﬁ if and only if the pullback U7 of the universal quotient
sheaf U := Uy, over Q2 x X to T'x X has a relative HN filtration of type 7 (that is, a filtration whose
successive quotients are flat families of sheaves over T' which are semistable and have Hilbert
polynomials given by the P;). First of all, we note that there is a filtration of the restriction of U,
to X x Sj induced by the filtration of U over X x p;l(me(T)) given by

U = q(v,fi) ® W}(’)X(—n)) ,
where ¢ denotes the restriction of the universal quotient homomorphism to X x py*(Znm(7)).

Moreover, this is a filtration of HN type 7. In particular, if a morphism 7" — Q¢ factors

through S;j, then the pullback Up of the universal family to X x T admits a filtration Ug)
of HN type 7.

Conversely, suppose that we have a morphism f : T — Q2 such that U7 has a relative HN
filtration

0= cul c...cul =uy (4.7)

of type 7. Then to complete the proof, we need to show that the morphism f factors via the locally
closed immersion S’ﬁ — 2. In particular, we note that any such factorisation is unique. The
morphism f from T to the Quot scheme is equivalent to a family of quotient sheaves parametrised
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by T, that is, a surjective homomorphism of sheaves over X x T
qr: Vo @ 1xOx(—n) — Uy,
where mx : X XT — X denotes the projection. Since f has image in 2, we have, for each t € T,
(1) HI(X,Ury(n)) =0 for j > 0;
(2) H%(gri(n)): Vi — H°(Ur(n)) is an isomorphism.

Let mp: X x T — T be the projection morphism. Then statement (1) implies that 7y, (Ur(n))
is a locally free sheaf of rank P(n) by [GD63, Corollaire 7.9.9], and statement (2) implies that
the homomorphism of locally free sheaves over T'

Vo012V, ® WT*W}OX — (WT)*(Z/{T(’I’L)) (4.8)

is an isomorphism. Our choice of n implies that any semistable sheaf over X with Hilbert poly-
nomial P; is n-regular, and, as the extension of two n-regular sheaves is also n-regular (see
Lemma 4.2), it follows that the successive subsheaves appearing in the HN filtration of a sheaf

with HN type 7 are n-regular. Consequently, for 1 < i < s, we have H7 (Uj(f%(n)) =0forj>0

and so WT*(Ug) (n)) is a locally free sheaf of rank P(®)(n) := >_j<i Pj(n). We twist the relative
HN filtration (4.7) by n and then pushforward under 7y to obtain a filtration of 7y, (Ur(n))

by locally free sheaves 77, (Llj(ﬂZ ) (n)) of rank P®(n). Under the isomorphism (4.8), this induces
a filtration of the trivial, rank P(n), locally free sheaf V,, ® Or over T' by vector subbundles
of ranks P (n) < P@(n) < --- < P®)(n) = P(n), which corresponds to a unique morphism
h: T — SL(V,,)/P(V,?) to the partial flag variety SL(V,,)/P(V,y), where P(V,?) C SL(V},) is the
parabolic subgroup associated to the filtration V,? given by V,gi) = kPOm), By the construction
of the Hesselink index 5 = ([\], d) associated to the HN type 7, we have that P(\) = P(V};?).

The pullback of the principal P(V,?)-bundle
SL(Vi) — SL(V,)/P(V;7)

to T' via h is étale-locally trivial. In fact, it is Zariski-locally trivial as P(V,?) is a special group:
the Levi factor is a product of general linear groups, which is special, and the unipotent factor is
special as it is a chain of G4-extensions and the additive group G, is special. Therefore, we have
a Zariski cover {U; < T}, such that the morphisms from U; to the flag variety can be lifted
as shown in the following diagram:

hy

U SL(V;,)
||
T —"~SL(V,))/P(V) .
The morphism hy: Uy — SL(V,,) determines an isomorphism of sheaves
Vo ® Oy, — Vi, ® Oy s
and we let g; denote the induced isomorphism of the sheaf V,, ® 75 Ox(n) over X x U;. Let
q: Vo @7mxOx(n) = U

denote the restriction of the surjection qr to X x Uj; then the surjection g o q;” 1 determines
a morphism s;: U} — p;\l(me(T)), as the image of the filtration V,? under ¢ o qfl gives the
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relative HN filtration of If;. Therefore, for each [, we have a morphism
Fy: Uy — SL(Vp) % py (Znm(7)) = SL(Vy) xP piH(Zy (7)) — S}

where the first morphism is given by (iLl, s1) and the final morphism is given by the group action,
which has image in Slﬁ as this is the smallest G-invariant subscheme of the Quot scheme which
contains p;l(me(T)). By checking on double intersections, we see that the morphisms F; glue

to give a morphism F: T — 5’;3 (we note that the morphisms (hy, s;) will not in general glue).
This gives the required factorisation of f: T"— 9 and completes our proof. O

The proof of the above theorem also proves the following corollary.
COROLLARY 4.20. Let 7 € HNT(X, P); then for m > n > 0,

Qnr = SL(V,) ‘pgl(Zn,m(T)) )

where Zrpm = [[5-1(Q%)* and (Q%)* C Quot(V;! ® Ox(—n), P;) are the subschemes defined
in the above proof.

PRroOPOSITION 4.21. Let 7 be a HN type. Then, for n > 0, we have isomorphisms

Cohp(X) = [Qn,r/Gn],
where @, ; is a locally closed subscheme of Quot(V,, ® Ox(—n), P) and Gy, = GL(V},).

Proof. By Corollary 4.20, there exists an n > 0 such that all sheaves with HN type 7 are
n-regular and so can be parametrised by a quotient sheaf in the HN stratum @, , C Q.

The restriction U, » of the universal family to @, . X X has the local universal property for
families of sheaves on X of HN type 7 by our assumption on n. Therefore, we obtain a map

Qn,r — Cohp(X)

that is an atlas for Cohp(X). Two morphisms f;: S — @, define isomorphic families of sheaves
of HN type 7 if and only if they are related by a morphism ¢: S — GL(V,); that is, fi(s) =
©(s) - fa(s) for all s € S. Hence, the above morphism descends to an isomorphism [Qy, -/Gy] —
Cohp(X). O

4.7 Stratifications on the stack

As explained in the introduction, one might naturally expect an agreement between the Hesselink
and HN stratifications, following the work of Atiyah—Bott [AB83] and the agreement for quiver
representations. However, Theorem 4.19 only gives a containment result. In this section, we
explain why these stratifications do not agree and how to compare the stratifications on Quot,,
for different n to produce an asymptotic stratification on the stack of coherent sheaves on X
which coincides with the HN stratification.

The following lemma indicates that we should work with the refined Hesselink strata Sg,,
where v is a tuple of Hilbert polynomials (see Remark 4.8), rather than Sg; the proof of this
lemma follows immediately from Definition 4.18.

LEMMA 4.22. Let T = (Py,...,Ps) and 7' = (P{, ..., P/) be HN types; then By 1 (7) = Bnm/(7)
if and only if s =t and for i = 1,...,s, we have that P;(n) = P/(n) and P;(m) = P/(m).

]

Remark 4.23. We note that if dim X < 1, then the assignment 7 — S,,,,(7) is injective for
any m > n, as the Hilbert polynomial P; of any sheaf on X has at most degree 1 and so P;
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is uniquely determined by the pair (P;(n), P;(m)). For dim X > 1, we cannot make the same
conclusion. Although, for distinct HN types 7 # 7/, we note that

Bnm(T) # Bam(T') for m>n>0.

However, as there are infinitely many HN types, we cannot pick m > n > 0 such that the
assignment 7 — [y, n,(7) is injective for all HN types.

For each n (and for each m > n), we have a refined Hesselink stratification of Quot,, associated
to the linearisation L, ,,. If we fix n, then there are only finitely many Hesselink stratifications
for the SLp(,)-action on Quot,,, by standard results on variation of GIT (see, for example,
[DH98, Theorem 1.3.9]). Therefore, for m,, sufficiently large, the Hesselink stratifications on
Quot,, associated to L, ,, agree. We assume that we have taken m,, sufficiently large that this is
the case and will refer to the refined Hesselink stratification of Quot,, with respect to Ly, ,,, as
the refined Hesselink on Quot,,, which we write as follows:

Quot, = || S5, (4.9)
BEBR,vECS
where By, is a finite set of conjugacy classes of rational 1-PSs of SLp(,) and Cg is a finite set of
tuples of Hilbert polynomials.

We now would like to allow n to vary and study the limit of these stratifications as n tends
to infinity so that we can study all sheaves with Hilbert polynomials P on X. However, there
is one immediate problem: there are no natural morphisms Quot, — Quot,, for n’ > n and
so we cannot naturally produce an ind-scheme from these different Quot schemes. However,
as every n-regular sheaf is n/-regular for all n’ > n, it makes sense to restrict to an open
subscheme Q"'* C Quot,, parametrising n-regular quotient sheaves ¢: V,, ® Ox(—n) — £ such
that H%(q(n)) is an isomorphism. Then for n’ > n, we have natural equivariant morphisms

Qn—reg N Qn/—reg

Furthermore, the stack quotient of the GLp(,)-action on Q"' is isomorphic to the stack
Coh’5"®(X) of n-regular coherent sheaves on X with Hilbert polynomial P. Hence, the above
morphisms determine a directed system of open immersions

Coh’S™8(X) < Coh’s ™8 (X)
whose limit is the stack Cohp(X) of coherent sheaves on X with Hilbert polynomial P. This

suggests that this stack is the correct space to compare the Hesselink stratifications for different n.

We can intersect the refined Hesselink stratification (4.9) with the open subscheme Q"8
and then take the quotient by G, := GLp(,) to obtain finite Hesselink stratifications

o5 (xX) = || i, (4.10)
BEB,, VGCﬂ

where the 87 —are quotient stacks. More precisely, let Sg'ieg denote the fibre product of the

7’/ b
Hesselink stratum S% , in Quot,, with Q""%; then 8j , := [S; ™ /GLp().
DEFINITION 4.24. For each tuple v of Hilbert polynomials, we let 3,(v) := Bnm, (V) € By
denote the associated Hesselink index given by Definition 4.18, and we write 8} := Sgn W) for

)

the corresponding refined Hesselink stratum in Coh’s ™ (X).

PROPOSITION 4.25. Let v = (Py,...,Ps) be a tuple of Hilbert polynomials on X such that
>, P, =P.
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(i) If v =71 € HNT(X, P), then for n > 0, we have a closed immersion of stacks
Cohp(X) — 8.
(ii) If v =7 € HNT(X, P) and n € N, then for n’ > n, we have a locally closed immersion
st | | Cohp(X),
T'eBR
where B! is a finite set of HN types 7/ > 7, and, moreover, for each 7/ € B, we have
a closed immersion Cohp (X) — S?,’

(iii) Let F be a sheaf on X with Hilbert polynomial P. Then F is represented by a point in 8"
for all n > 0 if and only if F has HN type v (and so, in particular, v is a HN type).

Proof. Part (i). By Theorem 4.19, for n > 0, the HN stratum @, r indexed by 7 in the open
subscheme @7, C Quot,, is a closed subscheme of the refined Hesselink stratum ST := Sg, (7 +
in Quot,,. The assumptions on n given in Theorem 4.19 imply that all sheaves with HN type 7
are n-regular, so the locally closed immersion @, < @y, factors through the open subscheme
Q" C QY. By the universal property of the fibre product, the closed immersion @, . < S7
factors through S77 := 57 X qQuot, Q""8. The factorisation @y, < 57 is a closed immersion
(cf. [GD60, Corollaire 5.3.13]) and, after taking the stack quotient by GLp(,), this induces a closed
immersion Cohp(X) — 8.

Part (ii). Since the refined Hesselink stratum S;7® is a finite-type scheme, it has a finite
stratification by HN types

sree | ] sene,
T'eBr ’

where B} is a finite set of HN types. Furthermore, every quotient sheaf ¢: V,, ® Ox(—n) — £ in
ST C Quot,, admits a filtration

0cEMN ce@cc...ceb=¢

such that P(£(®/£0-1) = P;; therefore, £ has HN type at least 7. Hence, for each 7/ € B?, we
have 7/ > 7. As the set B is finite, we can apply part (i) to each HN type 7/ € B to conclude
that for n(7') > 0, we have a closed immersion Coh (X) < SZ,(T/). Let n’ be the maximum of
the n(7’) for 7' € B. Since S/ C S77 is a locally closed subscheme, after taking the stack
quotient by GLp(,), we obtain a locally closed immersion. As a composition of immersions is an

immersion, the composition
- /_
8% ./ < 8 < Cohly"*®(X) — Coh™ ™

is a locally closed immersion, which factors via Coh}! (X) as 87, is the HN stratum for 7 (to
prove this, we use the natural atlases for these stacks and apply Theorem 4.15). The factorisa-
tion 87, — Coh}! (X) is then also a locally closed immersion. Hence, we have a locally closed
immersion
sr=|] 8. || Cohp(X)
T'eBr T'eBr
and, for each 7/ € B?, closed immersions Cohp (X ) < 8m.

Part (iii). If F has HN type v, then F represents a point in Coh’(X) and by part (i), this
is contained in 87 for all n > 0. If F is represented by a point 8 for all n > 0 and has HN type
T # v, then F represents a point in Cohp(X') which is contained in 8” for all n > 0. This would
contradict the fact that the refined Hesselink strata are disjoint. O
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n-reg

For a tuple v of Hilbert polynomials, we have a refined Hesselink stratum 8} C Cohp "°(X)
for each n. Unfortunately, it is not the case that for n’ > n, the n’th Hesselink stratification
is a refinement of the nth Hesselink stratification. For example, for fixed n, we may have two
n-regular sheaves £ and £’ with the same HN type 7, but the subquotients appearing in their HN
filtrations are not necessarily n-regular. In this case, it is possible that £ and £’ are represented
by points in two distinct refined Hesselink strata 8} and 87, but for n’ > n, both sheaves will
represent points in SQ/ by Proposition 4.25. However, for each v, from the collection of finite
Hesselink strata 8} for different n, our aim is to construct an asymptotic ‘limit’ §, C Cohp(X)
in the sense that a sheaf F is represented by a point of §, if and only if F is represented by
a point of 8] for n > 0.

A natural way to compare S7 and S? for n’ > n is to take their fibre product in Cohg'reg(X )

DEFINITION 4.26. For a tuple of Hilbert polynomials and n/ > n, we let 82" be the following
fibre product:

S L

|

§"C—> Cohs ™5 (X) |

We note that a sheaf £ is represented by a point in S,T,L’nl if and only if it is n-regular and is
represented by a point in 8] and a point in S’,}/.

The following theorem shows that the fibre products Sﬁ’n, of the Hesselink strata stabilise
for n’ > n > 0, and so we can define an asymptotic Hesselink stratum 8, C Cohp(X) to be
this limit. Furthermore, we see that these asymptotic strata 8, give a stratification of Cohp(X)
which coincides with the Harder-Narasimhan stratification.

THEOREM 4.27. Let v = (P4, ..., Ps) be a tuple of Hilbert polynomials on X such that ), P; = P.
For n’ > n, let 8™ be the fibre product of the Hesselink strata 8" and 8" in Cohg'reg(X).

(i) If v € HNT(X, P), then for n’ > n>> 0, we have srn — Coh’h(X).
(ii) If v ¢ HNT(X, P), then for n’ > n > 0, we have 8I™ = {).

In either case, the refined Hesselink strata stabilise to an asymptotic stratum 8, C Cohh(X).
Furthermore, the strata 8, give a stratification of Cohp(X) which coincides with the Harder—
Narasimhan stratification.

Proof. Part (i). Taken’ > n > 0 as required by Proposition 4.25 such that we have immersions
Cohlp(X) = 82 < | | Cohlp(X)
v'eBy

for a finite set B} of HN types ¢/ > v and closed immersions Coh’{gl (X) — SZ,/ for each v/ € BJ.

By the construction of 8)™, we have locally closed immersions 8" < 8" and S;™ « 8",
Hence the composition

Spm > 8y | | Cohp(X)
v'eB?
is also a locally closed immersion. We claim that we have an immersion 87,;”’"/ — Coh’p(X).
Otherwise, 8" has non-empty intersection with Coh% (X) for v/ # v, and this would contradict
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the disjointness of the (stack quotients of the refined) Hesselink strata 8" and S’V‘,/ Since also
Cohh(X) — 87 and Cf)h}(X) < 8" and these maps are compatible with the maps to Cohp(X),
we conclude that 8" = Coh’(X).

Part (ii). This follows directly from Proposition 4.25(iii) and the construction of 5™ |

In particular, we see that an asymptotic Hesselink stratum §, is non-empty if and only if
v € HNT(X, P), and these asymptotic Hesselink strata coincide with the HN strata. O

Remark 4.28. A sheaf is represented by a point of 8, if and only if it is represented by a point
of 87 for n > 0. To prove this claim, we note that a sheaf F has HN type v if and only if it
represents a point in 87 for n > 0 by Proposition 4.25(iii).

5. A functor from sheaves to quiver representations

Alvarez-Cénsul and King give a functorial construction of moduli spaces of semistable sheaves
on (X,0x(1)) using moduli spaces of representations for a Kronecker quiver [AK07]. In this
section, we generalise this construction by extending this quiver and compare the HN strata for
sheaves and quivers.

5.1 Overview of the construction of the functor

Let X be a projective scheme of finite type over k with very ample line bundle Ox (1), and let
Coh(X) denote the category of coherent sheaves on X. For natural numbers m > n, we let K, ,,,
be a Kronecker quiver with vertex set V := {n,m} and dim H°(Ox (m —n)) arrows from n to m
and consider the functor

®,, 1 == Hom(Ox(—n) & Ox(—m), —): Coh(X) — Rep(K, )
that sends a sheaf £ to the representation Wg of K, ,,,, where
We n = HY(E(M)), Wepm:=HY(E(m))

and the evaluation map H%(£(n)) ® H°(Ox(m —n)) — H°(E(m)) gives the morphisms.

Let Coh's"#(X) be the subcategory of Coh(X) consisting of n-regular sheaves with Hilbert
polynomial P. Then the image of ®,, ,,, restricted to Coh’s (X)) is contained in the subcategory
of quiver representations of dimension vector dy, ,(P) = (P(n), P(m)). By [AK07, Theorem 3.4],
if Ox(m — n) is regular, then the functor

@, Coh" (X)) — Repy, .. p)(Knm)

is fully faithful. For representations of K, ,, of dimension d, ,,(P), we consider the stability
parameter 0y, ,,(P) := (—=P(m), P(n)).

THEOREM 5.1 (JAKO7, Theorem 5.10]). For m > n > 0, depending on X and P, a sheaf €
with Hilbert polynomial P is semistable if and only if it is pure and n-regular and the quiver
representation ¥, ,,,(E) is Oy, (P)-semistable.

We briefly describe how to pick m > n > 0 as required for this theorem to hold; for further
details, we refer to the reader to the conditions (C:1)-(C:5) stated in [AKO07, §5.1]. First, we
take n such that all semistable sheaves with Hilbert polynomial P are n-regular and the Le
Potier-Simpson estimates hold. Then, we choose m such that Ox(m — n) is regular and for all
n-regular sheaves £ and vector subspaces V' € H°(E(n)), the subsheaf £ generated by V/ under
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the evaluation map H°(E(n)) ® O(—n) — & is m-regular. Finally, we take m sufficiently large
that a finite list of polynomial inequalities can be determined by evaluation at m (see (C:5)
in [AKOT7]).
We can alternatively consider the functor ®,, ,, as a morphism of stacks. We recall that
Cohlp"™*®(X) == [Q"*/Gy]
where G,, = GL(V,,), and
Repg, Py (Knm) = [Repg, . (p)(Knm)/Ga, ,.cp) Enm)] -

Let U,, be the universal quotient sheaf over Q™8 x X, and let p: Q"™ x X — Q™" be the
projection map. By the definition of Q™8 we have that Rip,(U,(n)) = 0 for i > 0; therefore, by
the semi-continuity theorem, p. (U, (n)) is a vector bundle over Q™8 of rank P(n), and similarly
p«(Un(m)) is a rank P(m) vector bundle. Hence, by using the evaluation map, we obtain a family
of representations of K, ,, of dimension d,, ,,,(P) parametrised by Q" that induces a morphism

Q" — Repdmm(P) (Knm) -

As this morphism is G,-invariant, it descends to a morphism of stacks
Dy, Cohp " 8(X) — Repdn,m(P)(Kn,m) .

We study the images of Hesselink (respectively, HN) strata under this morphism in Proposition
5.5 (respectively, Theorem 5.7) below.

5.2 The images of the Hesselink strata
In this section, we fix n and assume m > n such that
(A1) Ox(m —n) is regular,
(A2) for any n-regular sheaf & and any vector subspace V' C HY(£(n)), the subsheaf & C &
generated by V' is m-regular.
The second assumption is possible as such sheaves £’ form a bounded family (see [AK07, Con-
dition (C:4) in §5.1]).
Let
Quot(V, ® Ox(—n),P)= | | Ss
BEBn,m
be the Hesselink stratification associated to the SL(V},)-action on this Quot scheme with respect

to Ly,m as we described in Section 4.3. As in Section 4.7, we consider the induced stratification
on the stack of n-regular sheaves

Cob™5(X) = | | s, (5.1)
B

where 8™ = [S3™/G,] and S is the fibre product of Q" and Sg in this Quot scheme.
To define a Hesselink stratification on the space (or stack) of representations of K, ,, of

dimension vector d, ,,,(P), we need to choose a parameter o € N? which defines a norm || — ||4
as in Example 2.4(b). We take oo = a1 (P) := (P(m), P(n)) due to the following lemma.

LEMMA 5.2. Let 0 = 0, ,(P) and o = oy, (P). Then, for sheaves £ and F, we have

OWe) _ 6Wr) __ WEM) _ W(Fn)
o(We) = a(Wr) — WO(E(m)) S WO(F(m))
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The same statement holds if we replace these inequalities with strict inequalities.

Proof. By the definitions of these parameters, we have

0(We) _ —P(m)h°(E(n)) + P()h°(E(m)) _ | 2P (m)h°(E(n)
a(We) = P(m)h0(E(n)) + P(n)h0(&(m)) P(m)hO(E(n)) + P(n)h(E(m))
From this, it is easy to check the desired equivalences of inequalities. O

By Theorem 3.8, we can equivalently view the Hesselink stratification (with respect to pg
and || — ||o) as a stratification by HN types (with respect to § and «):

Repq, () (Knm) = URepZn’m( py(Enm) -
ol

The unstable Hesselink strata in (5.1) are indexed by conjugacy classes of rational 1-PSs
Ag of SL(V;,). Equivalently, the index 3 is given by a collection of strictly decreasing rational
weights r(8) = (r1,...,rs) and multiplicities I(8) = (I1,...,ls) satisfying Y ;_,; = P(n) and
>-i 4 ril; = 0. More precisely, we recall that the rational 1-PS associated to () and () is

Ag(t) =diag (¢, ...t o 17t
where r; appears [; times.

DEFINITION 5.3. For an index 8 of the Hesselink stratification (5.1) on the stack of n-regular
sheaves as above, we let v(8) := (d1(f), . ..,ds(f)), where

d;(B) = <l,~,li];((7:)) - l,n).

LEMMA 5.4. Let 8 be an index for the Hesselink stratification (5.1); then () is a HN type for
a representation of K,, ,, of dimension d,, ,,, with respect to 6 and «.

Proof. Let r(B8) = (r1,...,7s) and I(B8) = (l1,...,ls) be as above. Then

i1 ) <Z1 Zil Pin) " > (P(n), P(m))
as Y l; = P(n) and > l;7; = 0. Furthermore, as 7y > - -+ > ry, it follows that

B(di(8) _ 6(da(8) _ 8(ds(B))
a(di(B) " ald@) =T ald(8)

To complete the proof, we must verify that

di(B) = <zi,zi];((7:)) — zm-> e N2,

The first number [; is a multiplicity and so is a natural number, but the second number is
a priori only rational. As 8 is an index for the Hesselink stratification, it indexes a non-empty
stratum Sy and, as this stratum is constructed from its associated limit set Zé‘, by Theorem 2.8,
it follows that this limit set must also be non-empty. Hence, this limit set contains a quotient
sheaf ¢: V,, ® Ox(—n) — @&{_,&; such that, by Proposition 4.6, for i = 1,...,s, we have

P(m)
P(n)
As P(&;,m) € N, this completes the proof. O

— lﬂ“i .
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PROPOSITION 5.5. For a Hesselink index (3 in (5.1), we have
Dpm (ng) C |_| Rep}nym(m (Knm) -
v27(8)

Proof. Let q: V,, ® Ox(—n) — £ be a quotient sheaf in Sg'reg, and let r(8) = (r1,...,rs) and
I(B) = (l1,...,ls) be the associated rational weights and multiplicities; thus, r; > --- > rs and

Ag(t) =diag (¢, ..., 1", 17t

where 7; appears [; times. If A denotes the unique integral primitive 1-PS associated to Ag, then

B = ([A],d), where d = ||Ag||. The 1-PS X induces a filtration 0 = V;\”) c V! ¢ ... c Vi =V,
such that the successive quotients V,’ have dimensions ;.
By Corollary 4.7, there exists a g € SL(V},) such that we have a filtration

0=E0c...ceW =g qVPD ®0x(-n))c--c&®) =¢,
where the Hilbert polynomials of £ := £®) /£(=1) satisfy
P(n)P(&,m) =L;(P(m)—r;P(n)) for i=1,...,s.
Let W := &, ,,,(£®); then we have a filtration
0=WOcwhc...cwh® =w (5.2)

with dim W®) := (dim H? (S(i)(n)),dim H° (S(i) (m))) = (dim Vn(i), P(g(i), m)), due to the fact
that H%(¢q(n)) is an isomorphism (because ¢ € Q") and £® is m-regular (by the assump-
tion (A2) on m). Let W; := W® /W=D then
: N P(m)
dim Wi = (dlm an P(&,m)) = <li, lzm - lﬁ'i) .

As we have a filtration (5.2) of W whose successive quotients have dimension vectors specified
by v(8) and v(B) is a HN type for d,, ,,-dimensional representation of K, ,, by Lemma 5.4, it
follows that W = ®,, ,,,(€) has HN type greater than or equal to v(3). O

In the above proof, we note that the subsheaves £ may not be n-regular and so Wj is only
isomorphic to ®,, ,, (&) if H (£~ (n)) = 0. This is not the case in general, although W; is always
a subrepresentation of ®,, ,(&;). Hence, it is not possible to use GIT semistability properties of
the quotients q;: V! ® Ox(—n) — & to deduce the (6, a)-semistability of W; (that is, to show
that (5.2) is the HN filtration of W).

5.3 The images of the HN strata
In this section, we study the image of the HN strata Cohp(X) under the map

(I)n,m: COhgreg(X) — Repdn,m(P) (Kn,m)

for n and m sufficiently large (depending on 7). We prove that a HN stratum for sheaves is
mapped to a HN stratum for quiver representations. Let § = 6, ,,,(P) := (—P(m), P(n)) and
a = oy m(P) := (P(m), P(n)) be as above.

DEFINITION 5.6. For a HN type 7 = (Py,..., Ps) € HNT(X, P) and (n,m) € N2, we let

’Yn,m(T) = (dn,m(Pl)a cee 7dn,m<Ps)) 5
where dy, 1 (P;) = (Pi(n), Pi(m)).
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As 7 is a HN type of sheaves, we have that P; = Py > --- = Ps; thus,

Pl(n) Pg(n) Ps(n) or m n
Plm) ~ Po(m) Po(m) f >n>0. (5.3)
Therefore, by Lemma 5.2, for m > n > 0, we have
0(dn,m (1)) 0(dn,m (F2)) < ... 0(dn,m (Ps)) .
(dpm(P1)) — a(dnm(F2)) a(dp,m(Ps)) 7

that is, ypm(7) is a HN type for representations of K, ,, of dimension d, ,,(P) for m > n > 0.
THEOREM 5.7. Let 7 = (Py,...,Ps) € HNT(X, P) be a HN type. Then, for m > n > 0,

Ppm (CobR(X)) C Repy™ (1) (K m)

Proof. We take m > n > 0 as needed for Theorem 5.1 for the Hilbert polynomials P, ..., Ps.
Furthermore, we assume that m and n are sufficiently large that the inequalities (5.3) hold.
Let £ be a sheaf on X of HN type 7 and HN filtration given by

0=0 ) ...ceb) —¢g.
Let W = @, ,,(€) and W := ®,,,,(£@); then we claim that the induced filtration
0=WOcw®c...cwh =w (5.4)

is the HN filtration of W with respect to (#, ) and, moreover, that W has HN type 7y, (7).
Let & and W; denote the successive subquotients in the above filtrations. Our assumptions on n
imply that each & is n-regular and so, by induction, each €@ is n-regular. Therefore, we have
exact sequences

0— H°(EV(n)) — H(ED(n)) — H(E(n) — 0
that give isomorphisms ®,, ,,(&;) = Wj. Since &; is n-regular and semistable with Hilbert polyno-
mial P;, the quiver representation Wj is 6, n,(P;)-semistable by Theorem 5.1. Set 6; := 60, p, (F;).
For a subrepresentation W/ C W;, we note that
o) _ 0(W,)
a(W’) = a(W;)
Therefore, 6;-semistability of W; implies (6, «)-semistability of W;. To finish the proof of the
claim, that is, to prove that (5.4) is the HN filtration of W, it suffices to check that

0;(W') 20 < Pj(n)dimW, > P(m)dimW, <=

oWy) _o(Wz)  _ 6(W,)
a(Wh) — a(Wy) a(Ws)
or, equivalently, by Lemma 5.2, that
W) REm) | REm)
hO(€r(m)) = hO(&x(m)) hO(Es(m))
Since &; is n-regular, we have that h?(&;(n)) = P;(n) and h%(&;(m)) = Pi(m); hence, the above
inequalities are equivalent to (5.3). Moreover, this shows that W has HN type vy m (7). O

Remark 5.8. The assignment 7 — v, ,(7) is not injective for exactly the same reason as in
Lemma 4.22. In fact, more generally, P — d,, ,,,(P) is not injective unless dim X < 1.
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5.4 Adding more vertices

In this final section, we generalise the construction of Alvarez-Cénsul and King by adding more
vertices so that the map 7 — ~(7) is injective.

For a tuple n = (ng,...,nq) of increasing natural numbers, we define a functor

d
o, = Hom(@ Ox(—ny), —) : Coh(X) — Rep(K,),

=0
where K, denotes the quiver with vertex set V' = {no, ...,nq} and dim H°(Ox (n;+1—n;)) arrows
from n; to ni41:
— —
no . n1 Ndg—1 . ng
Kﬁ: L] HO(Ox(nl—no)) L] ° HO((’)X(nd—nd_l)) o
— —

More precisely, if £ is a coherent sheaf on X, then ®,(&) is the quiver representation denoted by
We = Wegngs--os Wengs Ve, ... ,evg), where we let W ; := H°(E(i)) and the arrows are given
by the evaluation maps evi: H%(E(n;—1)) ® H*(O(n; — n;—1)) — H°(E(ny)).

We note that ®, maps ng-regular sheaves with Hilbert polynomial P to representations of K,
of dimension vector d,(P) := (P(no), ..., P(ng)).

Remark 5.9. In general, for d > 1, the image of ®,, is contained in a substack consisting of
quiver representations satisfying certain relations R,. To describe the relations, we consider the
evaluation maps ev’b: H°(Ox(n; —ni—1)) @ H*(Ox(niy1 — ni)) — H°(Ox(niy1 — ni—1)). If
H; := H°(Ox(n; — n;_1)), we have commutative squares

evfg ®Id

HO(E(ni-1)) @ H; @ Hit HY(E(n:)) @ Hita
ld®ev, l lev?l
H(E(ni-1)) ® H*(Ox (i1 — ni—1)) —— HO(E(ni+1))
and, therefore, elements in the kernel of evp; give rise to compositions of paths that are zero.
More precisely, the kernels of the iterated evaluation maps
H@Hi1®- - ®Hj — H(Ox(n; —ni_1)),
for ¢ < j, describe the set of relations R,, on K.

Remark 5.10. In this remark, we explain how many constructions of [AK07] can be generalised.
Throughout, we assume that the Ox(n; — n;—1) are O-regular for i = 1,...,d, so that

ev: HO(Ox(ni - ni_l)) & HO(Ox(l)) — HO(Ox(ni —MN;—1 + l))

is surjective for [ > 0. Let B,, be the path algebra of K,,. Then the category of representations
of K, is equivalent to the category of finite-dimensional right B,-modules. As a vector space,

Bo= @iokes ® @L Hi © @LH 1 0H &6 HoHho - oH,,
path length: 0 1 2 e d

where e; is the trivial path at vertex i and H; := H°(Ox(n; — n;_1)) is the space of arrows
t —1 ~ 4. Let L, and H, denote the spaces of length 0 and length 1 paths, respectively;
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then H, is an L,-bimodule, with structure characterised by e;_1H,e; = H; for i = 1,...,d.
Moreover, By, is the tensor algebra of H,, over L,. The sheaf T, := @ ,Ox(—n;) is a left B,-
module: its decomposition gives it the structure of a left L,-module, and the evaluation map
ev: Hy, ®r, T, — T, describes the H,-action. Since

Endoy (Tn) = ) H(Ox (n; — ni)),
i<J

the evaluation maps determine a map B, — Endp, (7,) that is surjective if H*(Ox) = k.
Let A,, be the path algebra of (K, R,). Then T;, is also a left A,,-module and A,, = Endp, (T5,),
if H%(Ox) = k. Moreover, the functor

®,, := Hom(T},, —): Coh(X) — Rep(K,, Ry) = Mod — A,
has left adjoint @) = — ®a, TQ.
We want to find a stability parameter 6 = 6,,(P) € Z*! for representations of K, of dimen-

sion vector dy(P) such that ®, sends semistable sheaves to f-semistable quiver representations
for n > 0 (that is, for ng > ng—1 > --- > no > 0). Let

0(P) :=(60,...,0a), where 6;:=> P(n;)—» P(n;);
J<t J>i
then Z?:o 0; P(n;) = 0. The following lemma demonstrates that this is a suitable choice.
LEMMA 5.11. Let 6 = 6,(P) be as above and £ be a sheaf on X. If, for all j < i, we have

W(Eny) _ Pny)
hO(E(ng)) — P(ng)’

then 6(Wg) > 0
Proof. By definition, 8(Wg) := Z?:o 0;h°(E(n;)), and so it follows that

OWe)=> (Zp(nj) — Zp(nj)) => "3 P(n)h°(E(ni)) — P(ni)h°(E(ny) = 0

PN g<i §>i i j<i
by using the given inequalities. O
COROLLARY 5.12. Let P be a Hilbert polynomial; then for n > 0, we have

By, (Coh(X)) € Repy () (Ka)

Finally, we need to pick a suitable stability parameter o € N1 The following lemma, whose
proof is analogous to that of Lemma 5.11, shows that we should pick

a=ay(P) = (ag,...,aq), where «;:= ZP(nj) + ZP(nj) .
j<i j>i
LEMMA 5.13. Let 6 = 0,(P) and o = a,(P) be as above and £ and F be two sheaves on X. If,
for all j < i, we have

WO(E(ny)) _ hO(F(ny))
hO(E(ni)) ~ hO(F(ni))’

then
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DEFINITION 5.14. For 7 = (Py, ..., Ps) € HNT(X, P) and a tuple n = (ng, ..., nq), we let
Yu(T) = (dn(P1), .., dp(Ps)) -

Then, for 7 as above and for n > 0 (depending on 7), the tuple v, (7) of dimension vectors
of representations of K, is a HN type with respect to (6,,(P), an(P)).

THEOREM 5.15. For a HN type 7 = (P,..., Ps) of sheaves on X with Hilbert polynomial P, we
have, for n > 0, that

Py (Cohp (X)) € Repy (1) (Ka)

where the HN stratification of Rep(Ky,) is taken with respect to (6, (P), on(P)).

Proof. To choose n, we first take ng sufficiently large that all semistable sheaves with Hilbert
polynomial P; are ng-regular. We choose nq, ..., ng successively such that for 0 < j <1 < d, we
have (1) fori =1,...,s, Theorem 5.1 holds for P; and (n,m) = (nj,n;) and (2) fori =1,...,s—1,
we have

Piny) _ Pra(ny)

Pi(nk) = Piya(m)

The proof is almost identical to that of Theorem 5.7 but uses Lemma 5.13. The only part that

differs, retaining the notation of Theorem 5.7, is the proof that W; = ®,(&;) is (6,(P), an(P))-
semistable. For any subrepresentation W’ C W;, we must check that

0n(P) (W) (P)(W;) = 0n(P)(Wi)an (P)(W') 2 0. (5.5)

To establish this inequality, we use the fact that &; is ng-regular and semistable with Hilbert
polynomial P;. Given our choice of n, we know, for j <[, that @, ,,(&;) is O, n, (F;)-semistable
by Theorem 5.1. Hence, 0, », (P; )(W’ ) > 0 for any subrepresentatlon Wi, C <I>nj n, (€i). Finally
to verify (5.5), it suffices to consider the subrepresentations W’ y 1nduced by w’. O

Remark 5.16. To determine a polynomial P(x) of degree at most d, it suffices to know the value P
takes at d + 1 different values of x. Therefore, for d > dim X, the map P +— d,(P) is injective
for all tuples n of strictly increasing natural numbers. It follows that the mapping of HN types
T +— Yn(7) is also injective for d > dim X. For d < dim X, the mapping on HN types is not
injective (cf. Remark 5.8 and Lemma 4.22), and so two HN strata for sheaves can be sent to the
same quiver HN stratum. If we take d > dim X, then this does not happen and, moreover, the
above theorem could be used to investigate whether there exists a sheaf of a given HN type.
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