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Integral cohomology of the
generalized Kummer fourfold

Simon Kapfer and Grégoire Menet

ABSTRACT

We describe the integral cohomology of the generalized Kummer fourfold, giving an
explicit basis, using Hilbert scheme cohomology and tools developed by Hassett and
Tschinkel. Then, we apply our results to an irreducible holomorphic symplectic variety
with singularities, obtained by a partial resolution of the generalized Kummer fourfold
quotiented by a symplectic involution. We calculate the Beauville-Bogomolov form of
this new variety, presenting the first example of such a form that is odd.

1. Introduction

In algebraic geometry, irreducible holomorphic symplectic (IHS) manifolds became important
objects of study in recent years, after fundamental results by Beauville [Bea83] and Huybrechts
[Huy99]. Among all the developments concerning this field, integral cohomology plays an in-
escapable role. This is primarily due to the Beauville—-Bogomolov form, which is a non-degenerate
symmetric integral and primitive bilinear pairing on the second cohomology group with integral
coefficients. This form endows the second cohomology group with a lattice structure, establishing
lattice theory as a fundamental tool omnipresent in all the last developments. As examples, we
can cite works on classifications of automorphisms [Mon12, MTW18, BCS16] or the important
survey of Markman [Marll] with results on the Kéhler cone and the monodromy. In a more
modest manner, the fourth integral cohomology group is also quite useful. As examples, we can
underline [BNS13, Theorem 1.2] providing formulas which apply for the classification of auto-
morphism on THS manifolds of K3[Z-type, particularly used in [BCS16]; furthermore, [Marl0,
Theorem 1.10] provides a description of the monodromy group of the IHS manifolds of K 3 type;
we can also cite [Menl15], where the second author provides the Beauville-Bogomolov lattice of
the Markushevich-Tikhomirov varieties constructed in [MTO07]. Taking X to be an ITHS manifold
of K3P-type, in all these papers a description of the torsion group H*(X,Z)/Sym?(H?(X,Z))
was essential.

Until now, no complete description of the integral cohomology of the generalized Kummer
fourfold existed. In particular, the relation between the fourth cohomology group and the image
of the symmetric power of the second cohomology group via the cup product was not known.
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For all reasons mentioned above, it appeared to us that this formed an interesting gap to fill.

Let K2(A) be the generalized Kummer fourfold over a torus A. There are three main theorems
in this paper. Two of them describe the integral cohomology of the generalized Kummer fourfold:

— Theorem 6.31 provides an integral basis of H4(K3(A),Z) in terms of Sym?(H?(Ko(A),Z))
and certain classes of Briangon subschemes with support on 3-torsion points, introduced
in [HT13].

— Theorem 6.33 states that the pullback from the Hilbert scheme of points on the torus
0*: H*(AP,Z) — H*(Ky(A),Z) is surjective except in degree 4. Moreover, it provides an
integral basis of Im #* and shows that the kernel of * is the ideal generated by H 1(A[3},Z).

The third theorem is related to irreducible symplectic V-manifolds; it can be seen as an
application of Theorem 6.31 and a generalization of [Menl15]. A V-manifold is a compact analytic
complex space with at worst finite-quotient singularities. A V-manifold will be called symplectic
if its non-singular locus is endowed with an everywhere non-degenerate holomorphic 2-form which
extends to a resolution of singularities. A symplectic V-manifold will be called irreducible if it is
complete and simply connected and if the holomorphic 2-form is unique up to C*. Such varieties
are good candidates to generalize the short list of known IHS manifolds, since some aspects of the
theory were already generalized in [NamO01] and [Mat15], for instance the Beauville-Bogomolov
form, the local Torelli theorem and the Fujiki formula.

In [NamO1], Namikawa proposes a definition of the Beauville-Bogomolov form for some sin-
gular irreducible symplectic varieties. He assumes that the singularities are only Q-factorial with
a singular locus of codimension at least 4. Under these assumptions, he proves a local Torelli
theorem. This result was completed by a generalization of the Fujiki formula by Matsushita
in [Mat15] (see also Theorem 1.2.4 of [Men14] for a summarizing statement).

These results were further generalized by Kirschner for symplectic complex spaces in [Kirl5].
The first concrete example of a Beauville-Bogomolov lattice for a singular irreducible symplectic
variety has appeared in [Menl5, Theorem 2.5]. The variety studied in [Men15] is a partial reso-
lution of an irreducible symplectic manifold of K 3[2-type quotiented by a symplectic involution.
The objective of this paper is to provide a new example of a Beauville-Bogomolov lattice, by
replacing the manifold of K3[2-type by a fourfold of Kummer type. Knowing the integral basis
of the cohomology group of the generalized Kummer provided by Theorem 6.31 renders this
calculation possible. Moreover, the calculation will be much simpler than in [Men15] because of
the general techniques for calculating integral cohomology of quotients developed in [Men14] and
the new technique using monodromy developed in Lemma 8.17. The other techniques developed
in [Men15] are also contained in [Men14], so to simplify the reading, we will only cite [Men15] in
the rest of the article.

Concretely, let X be an irreducible symplectic fourfold of Kummer type and ¢ a symplectic
involution on X. Theorem 7.5 establishes that the fixed locus of ¢ is the union of 36 points and
a K3 surface Zj. Then, the singular locus of K := X /. is the union of a K3 surface and 36 points.
The singular locus is not of codimension 4. We will lift to a partial resolution of singularities
K’ of K obtained by blowing up the image of Zy. By [Fuj83, Section 2.3 and Lemma 1.2], the
variety K’ is an irreducible symplectic V-manifold which has singular locus of codimension 4.

THEOREM 1.1. Let X be an irreducible symplectic fourfold of Kummer type and ¢ a symplectic
involution on X. Let Zy be the K3 surface which is in the fixed locus of . We set K = X/.
and denote by K’ the partial resolution of singularities of K obtained by blowing up the image
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INTEGRAL COHOMOLOGY OF THE GENERALIZED KUMMER FOURFOLD

of Zy. Then the Beauville-Bogomolov lattice H*(K',Z) is isomorphic to U(3)3 @ (Z} Z3), and
the Fujiki constant cg is equal to 8.

We remark that this is the first example of a Beauville-Bogomolov form which is not even.

The paper is organized as follows. In Section 2, we describe the odd integral cohomology
of Al the Hilbert scheme of two points on a surface A with torsion-free cohomology. Then, after
recalling some notions on Nakajima operators in Section 3, we are able to provide an integral
basis of the Hilbert scheme of two points on an abelian surface in term of Nakajima operators
(Proposition 4.6). Section 5 studies the integral cohomology of generalized Kummer varieties in
any dimension. In Section 6.4, we use all these preliminary results and the monodromy technique
developed in [HT13] to find an integral basis of the cohomology of the generalized Kummer
fourfold K3(A). As a consequence, in Section 7, we are able to complete the classification of
symplectic involutions on K»(A) as a corollary of the lattice classification by Mongardi, Tari and
Wandel in [MTW18]. Finally, Section 8 is dedicated to the proof of Theorem 1.1.

2. Odd cohomology of Al2l

Let A be a smooth compact surface with torsion-free cohomology and A2 the Hilbert scheme of
two points. It can be constructed as follows: Consider the direct product A x A. Let

b: Bla(Ax A) - Ax A

be the blow-up along the diagonal A = A with exceptional divisor E. Let j: E — BIa(A x A)
be the embedding. The action of Gy on A x A lifts to an action on BlIa(A x A). We have the
push-forward j.: H*(FE,Z) - H*(Bla(A x A),Z).

The quotient by the action of &y is m: BIa(A x A) — Al Now, A is a compact complex
manifold with torsion-free cohomology [Tot16, Theorem 2.2]. In this section, we want to prove
the following proposition.

PROPOSITION 2.1. Let A be a smooth compact surface with torsion-free cohomology. Then

(i) H*(APLZ) = m (b*(H*(A x A, 7)) © 3mubip(H' (A, Z));
(i) H?(APL,Z) = m. (b*(H?(A x A, 7)) ® majidip(HA (A, 7).

We adopt the following notation.

Notation 2.2. We denote the generators of H'(A,Z) by a; and their respective duals by a} €
H3(A, 7). We denote the generator of the top cohomology H*(A,Z) by z. A basis of H?(A,Z)
will be denoted by (b;).

The rest of this section is dedicated to the proof of Proposition 2.1, using techniques developed
in [Men14]; for another approach, see [Tot16]. The proof is organized as follows. First, we recall
some notions on integral cohomology endowed with the action of an involution in Section 2.1.
Then, Section 2.2 is devoted to calculating the torsion of H3(APl \ E,Z) (Lemma 2.10) using
equivariant cohomology techniques. Then, this knowledge allow us to deduce part (i) using the
exact sequence (2.5) of Section 2.3 and part (ii) using the unimodularity of the lattice H3(Bla (Ax
A),Z) @ H>(BIa(A x A), 7).

2.1 Integral cohomology under the action of an involution
The main references for this subsection are [Menl14] and [BNS13].
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Let G = (1) be the group generated by an involution ¢ on a complex manifold X. As in
[BNS13, Section 5], let Ok be the ring Z with the following G-module structure: ¢ - y = —y for
y € Ok. For a € Z, we denote by (Ok, a) the module Z & Z whose G-module structure is defined
by ¢- (y, k) = (—y + ka, k). We denote the F3[G]-module (Ok,a) @ F2 by Na . We recall [Menl4,
Definition-Proposition 2.2.2].

DEFINITION-PROPOSITION 2.3. Assume that H*(X,Z) is torsion free. Then for all 0 < k <
2dim X, we have an isomorphism of Z[G]-modules

T

HYX,Z) ~ POk, a;) & OF & 2
i=1

for some odd numbers a; and (r, s,t) € N3. We get the following isomorphism of Fo[G]-modules:
H*(X,Fy) ~ N§" @ Ty

We set I5(X) =7, If _(X):=s, 1] (X):=t, No:=Ng" and N} :=F§**".

Remark 2.4. These invariants are uniquely determined by G, X and k.

PROPOSITION 2.5 ([Menl4, Section 2.2]). Let X be a compact complex manifold of dimension
n and ¢ an involution. Assume that H*(X,Z) is torsion free.

(i) tk H*(X,Z)" = I5(X) +1f , (X).
(ii) Set o :=id+* and S¥ := Kero N H*(X,7Z). We have H*(X,7)* N S¥ = 0 and
H*(X,Z) z\ ®E0
HNX,Z) & SF (2Z> ‘
Remark 2.6. Note that the elements of (O, a;)" are written y + ¢*(y) with y € (O, a;).

Let m: X — X/G be the quotient map. We denote the pullback and the push-forward along 7
by 7* and 7, respectively. We recall that

meonmt =2id and 7 om, =id+.". (2.1)
We also recall the commutativity of 7, with the cup product.

PROPOSITION 2.7 ([Menl4, Lemma 3.3.7]). Let X be a compact complex manifold of dimension
n and ¢ an involution. Assume that H*(X,Z) is torsion free. Let 0 < k < 2n, let m be an integer
such that km < 2n, and let (x;)1<i<m be elements of H*(X,7)". Then

(1) - oo () = 2" (@ - )
2.2 Preliminary lemmas
We set V =BIa(A x A)\ E and U = V/&y = AP\ E, where Gy = (09).
LEMMA 2.8. We have H¥(A x A,7Z) = H*(V,Z) for all k < 3.
Proof. We have V= A x A~ A, so we get the following natural exact sequence:
o= HNAX A V,Z) — H¥(A x A,Z) —— H*(V,Z) —— - -

Moreover, by the Thom isomorphism, H¥(A x A,V,Z) = H*4(A,Z) = H*4(A,Z). Hence,
HF(A x A, V,Z) = 0 for all k < 3. Consequently, H*(A x A,Z) = H*(V,Z) for all k < 2. Tt
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remains to consider the following exact sequence:
0—> H3(Ax A, Z) —> H3(V,Z) —> H*(A x A, V,Z) > H (A x A, 7).

The map o is given by Z[A] — H*(A x A,Z). Using Notation 2.2, the class  ® 1 is also in
H*(A x A,7) and intersects A in one point. Hence, the class of A in H*(A x A, 7Z) is not trivial
and the map o is injective. It follows that H?(A x A,7Z) = H3(V,7Z). O

We now calculate the invariants li_(A x A) and li+(A x A) from Definition-Proposition 2.3.
LEMMA 2.9. We have l}7+(A x A) =0 and lif(A x A) = b1 (A).

Proof. By the Kiinneth formula, we have
HY(Ax A7) =HYA,Z) ® HY(A,Z) ® H*(A,Z) @ H°(A,Z) .

The elements of H°(A,Z) ® H'(A,Z) and H'(A,Z) ® H°(A,7Z) are exchanged under the action
of oy. It follows that I3(A x A) = bi(A) and, necessarily, [f (A x A) = l%7+(A x A) = 0. Using
the Kiinneth formula again, we get

H*(Ax A,Z) = H°(A,Z) ® H*(A,Z) ® H'(A,Z) ® H'(A,Z) ® H*(A,Z) @ HY(A,Z).

As before, the elements of HY(A,7Z) ® H?(A,Z) and H?(A,Z) ® H°(A,Z) are exchanged under
the action of oy. Furthermore, the elements » ® y € HY(A,Z) ® H*(A,Z) are sent to —y ® z by
the action of o9. Such an element is anti-invariant under the action of o9 if z = y. It follows that

bi(A —
L b)) - 1)
2
and thus l%’_i_(A x A)=0. O

B(A x A) = by(A) B_(Ax A) = by(A),

LEMMA 2.10. The torsion part of the group H?(U,Z) is isomorphic to (Z/27)®"(4).

Proof. Using the spectral sequence of equivariant cohomology, this follows from [Men14, Propo-
sition 3.2.5] and Lemmas 2.8 and 2.9. O

2.3 Third cohomology group
By [V0i02, Theorem 7.31], we have
H?(BIa(A x A),Z) = b* (H*(A x A, Z)) @ j.bip(H' (A, 2)) . (2.2)
It follows that
H3 (AP, Z) S mb* (H*(A x A, 7)) @ mjubig (H'(A, Z)) .

We want to find an equality. We will proceed as follows: We first prove that 7.b*(H3(A x A, 7))
is primitive. Then, in Lemma 2.11, we show that all the elements of j*b‘*E(H YA, 7)) are
divisible by 2, and, finally, we remark that this implies that the direct sum m,b*(H3(A x A, 7)) ®
%mj*brE(Hl(A, 7)) is primitive.

It follows from the Kiinneth formula that all elements of H3(A x A,Z)%? are written as
y+o3(y) withy € H3(Ax A, Z). Since 7. (y+03(y)) = m.(y), it follows that m, (b*(H3(Ax A, Z)))

is primitive in H3(A?, Z). Moreover, by (2.2), we have the following values, which will be used
in Section 2.4:

I3(BIa(A x A)) =1k H3(A x A, 7)%% = by (A)(by(A) + 1)
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and
13, (Bla(A x A)) =tk H'(A,Z)®* = b1(A) and I} _(Bla(Ax A)) =0. (2.3)

LEMMA 2.11. All the elements of the group m.j.b,(H' (A, Z)) are divisible by 2 in H3(A? 7).

|E

Proof. We consider the following commutative diagram:

H3 (N pi2) j(imy N2l ey ~ 0, 2) = HY (AP U, Z) - H3 (AP, 7)

\de* ﬁ*l (2.4)
H3 (15 (AxA) /B> NBia(Axa)/E N 0,Z) = H*(Bla(A x A),V,Z) T H3(BIA(A x A),Z),

where A2/ and Ap), (Ax4)/E are the normal bundles of 7(£) in AP and of E in Bla(A x
A), respectively. By the proof of [Voi02, Theorem 7.31], the map A is injective with image in
H3(BIa(A x A),Z) given by j*brE(Hl(A, Z)). Hence, diagram (2.4) shows that g is also injective
and has image W*j*br‘E(Hl(A,Z)) in H3(AP!, 7). We obtain

0— H3(AP U,2) 2~ H3 (AP, 2) — H3(U, 7). (2.5)

From the Thom isomorphism, we know that H 4(A[2], U,Z) is torsion free; hence tors(coker g) =
tors(H3(U,Z)), where tors means the torsion part of the groups. It follows, by Lemma 2.10, that

tors(coker g) = (Z/22)%%(A) |

Since rk 77*‘7'*6‘*]5(}]1 (A,Z)) = b1(A), it follows that all elements of W*j*br‘E(Hl(A, Z)) are divisible
by 2 in H3(A?, 7). O

Now, it remains to prove that m.b*(H3(A x A,7Z)) @ %w*j*brE(Hl(A,Z)) is primitive in

H3(AP!, 7). This comes from the fact that all elements in 7,b*(H?(Bla (A x A), Z)®2) are divisible
by 2, so the relations (2.1) on 7, and 7* impose that the above sum be primitive.

More precisely, let y € m.b*(H3(A x A,Z)) and z € w*j*brE(Hl(A,Z)). It is enough to

show that if 3(y + z) € H3(AR! 7)), then 1y € H3(AR 7)) and iz € H3(AR 7). As we have
seen, we can write y = sm(w + o3(w)) with w € b*(H3(A x A,Z)) and z = ir.(2) with
S j*brE(Hl(A,Z)). If
tm(w+ o3 (w)) + 3m(2))
2

then taking the image by 7* of this element, we obtain

c H3 (AP 7),

w+ o3 (w) + 2’
2
Hence from (2.2), necessarily 2’ is divisible by 2. It follows that z is divisible by 2 and so is y.

€ H3BIa(A x A),7Z).

This finishes the proof of part (i) of Proposition 2.1.

2.4 The fifth cohomology group

We now prove part (ii) of Proposition 2.1. We will need two basic properties from lattice theory
that we recall here, which can be found, for example, in [Dol12, Chapter 8.2.1].
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Let M be a lattice. Let L C M be a sublattice of the same rank. Then

[ discr L
M: Ll = . 2.
| | discr M (2.6)

We recall that the discriminant discr L of a lattice L is defined by the absolute value of the
determinant of the matrix of its bilinear form.

If M is unimodular and L C M is a primitive embedding, then
discr L = diser L. (2.7)
By [Voi02, Theorem 7.31], we have
H°(BIa(A x A),Z) = b*(H*(A x A, 2)) & j.bip(H? (A, 2)) . (2.8)
It follows that
H(APLZ) o 7 (b (H (A x A, 7)) @ majuby (H* (A, Z)) .

As before, by looking at the Kiinneth formula, we see that m,(b*(H?(A x A,Z))) is primitive in
H®(AZ 7). Moreover, by (2.8), we have

I3(Bla(A x A)) =k H(A x A, 7)%% = by (A)(by(A) + 1)
and
15, (Bla(A x A)) =tk H*(A,Z)®> = b1 (A) and 1} _(Bla(A x A)) =0. (2.9)
LEMMA 2.12. The lattice 7, (H?(Bla(A x A),Z) ® H®*(Bla(A x A),Z)) has discriminant 2201(4).

Proof. By Proposition 2.5(ii), the quotient

H3(Bla(AxA),Z) ® H5(Bla(Ax A),Z)
H3(BIa(AxA),Z)%2 @ H5(BIA(AxA),Z)%2 & (H?(Bla(AxA),Z)%2 @ H&L’J(BIA(AXA),Z)Gz)L
equals (Z/zz)ea(zg(BlA(AxA))Hg(BlA(AxA)))_

Since H3(Bla(A x A),Z) ® H?(BIa(A x A),Z) is a unimodular lattice, it follows from (2.7)
and (2.6) that

discr [H3(Bla(A x A),Z)%2 @ HP(Bla(A x A),7)%2] = 2BBla(AxAN+BBIA(AxA)
Then, by Proposition 2.7, we have
discr m, (H3(Bla(A x A),Z)%* & H°(Bla(A x A),Z)®?)
— I3 (BIa(AxA))+I3(Bla(Ax A))+rk[H? (Bla(Ax A),Z)S2 & H5 (Bla (Ax A),Z)®2]
Next, by Proposition 2.5(i), we have
diser 7, (H?(Bla(A x A),Z)%* & H?(Bla(A x A),Z)°?)

— 92(3(BIa(AXA)+(Bla(Ax A))+E | (Bla(AxA)+E , (Bla(AxA)) (2.10)

By Remark 2.6 and the equality m.(z + ¢*(z)) = 27, (z), we have

T (H3(BIa(A x A),Z) ® H(BIa(A x A),Z)) 7\ BB (Bla(AXA)+B(Bla(AxA))
T (H3(Bla(A x A),Z)%2 & H5(Bla(A x A),2)%2) <2z> '
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Then by (2.10), (2.6), (2.3) and (2.9), we have
discr 7, (H*(Bla(A x A),Z) ® H°(BIa(A x A),Z))
— olf 4 (Bla(AxA)+] | (Bla(AxA)) _ 92b1(A) 0

The lattice H3(AP, Z) @ H®(A?, Z) is unimodular. Hence, by (2.6), we have

H3(AP,7) & H5(AP, 7) AR
T (H3(Bla(A x A),Z) ® H5(Bla(A x A),Z)) (22) '
However, from the last section, we know that
H3(ARL 7)) Jm (H3(BIA(A x A),Z)) = (Z,)22,)% () |
It follows that H°(A?, Z)/m, (H*(Bla(A x A),Z)) = 0, which proves Proposition 2.1(ii).

3. Nakajima operators for Hilbert schemes of points on surfaces

Let A be a smooth projective complex surface. Let A" the Hilbert scheme of n points on the
surface, that is, the moduli space of finite subschemes of A of length n. The scheme A is again
smooth and projective of dimension 2n; see [Fog68]. The rational cohomology of Al can be
described in terms of Nakajima’s operators [Nak97]. First, consider the direct sum

H := @OH*(AW,@).

This space is bigraded by the cohomological degree and the weight, which is given by the number
of points n. The unit element in H°(A”), Q) 2 Q is denoted by |0) and is called the vacuum.

DEFINITION-PROPOSITION 3.1. There are linear operators q(a), for each m > 1 and a €
H*(A,Q), acting on H, which have the following properties: they depend linearly on a, and if
a € H*(A,Q) is homogeneous, the operator q,,(a) is bihomogeneous of degree k + 2(m — 1) and
weight m:

G (a) : HU(AI)) — FIR+20m=1) (gltm]y

To construct these operators, first define incidence varieties Z,, C A" x A x Alvtm) by

Zm={(&2,8&) ¢ C ¢, supp(¢’) — supp(§) = ma}.
Then gy, (a)(B) is defined as the Poincaré dual of prs, ((pri(a) - pri(8)) N [Zm]).

Now, consider the superalgebra generated by the q,,(a). Every element in H can be decom-
posed uniquely as a linear combination of products of operators q,,(a) acting on the vacuum. In
other words, the gq,,(a) generate H and there are no algebraic relations between them (except
the linearity in a and the supercommutativity).

DEFINITION 3.2. To give the cup product structure of H, define operators &(a) for a € H*(A). Let
2, C A" x A be the universal subscheme. Then the action of ®(a) on H*(AM) is multiplication
with the class

pri, (ch(Oz,) - pr3(td(A) -a)) € H* (A[”]) .
For a € H*(A), we define &;(a) as the component of &(a) of cohomological degree k + 2i.
A differential operator d is given by &;(1), which stands for multiplication with the first Chern
class of the tautological sheaf pr;,(Oz,).
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In [LS03] and [LQWO02b], we find various commutation relations between these operators,
that allow us to determine all multiplications in the cohomology of the Hilbert scheme. First of
all, if X and Y are operators of degrees d and d’, respectively, their commutator is defined in the
supersense:

[X,Y]:= XY — (-)™YX.

The integral on A induces a non-degenerate bilinear form on H: for classes «, 8 € H *(A[”]), it

is given by
(at, B) am) 32/ a- B
Aln]

If X is a homogeneous linear operator of degree d and weight m acting on H, we define its
adjoint X by

(X (), B) gtnt+m = (—1)d|a‘(aaXT(/3))A[n] .

We put qo(a) := 0 and g, (a) := (—1)™q_m(a)" for m < 0. Note that for all m € Z, the bidegree
of qm(a) is (m, |a| + 2(|m| — 1)). If m is positive, q,, is called a creation operator; otherwise, it
is called an annihilation operator. Now, define

% > qu(a(l))quk(a@)) iftm=#0,
: kez i
Lm(a) =

> 2 dk(aqy)a—x(a)) if m=0,
k>0 1

where ) a(;) ® a(g) is the push-forward of a along the diagonal 75: A — A x A (in Sweedler’s

notation).

LEMMA 3.3 ([LQWO02b, Theorem 2.16]). Let K4 € H?(A, Q) be the class of the canonical divisor.
We have

(900 (@), G (B)] = 1 - Sy - / ab, (3.1)
[2m(a)’ qn(b)] =-n- qurn(ab) y (3.2)

[0, 4m(@)] = m - £(a) +  mlim]| — 1) g (Kaa). (3.3)
[4(a), a1(b)] = (1/k1) ad(0)* (1 (ab)) (3.4)

Remark 3.4. Note (cf. [LS03, Theorem 3.8]) that (3.2) together with (3.3) imply that

ans1(0) = " (ad )" (@ (@), (35)

so that there are two ways of writing an element of H: as a linear combination of products of
creation operators ¢, (a) or as a linear combination of products of the operators 9 and q;(a). This
second representation is more suitable for computing cup-products but not faithful. Equations
(3.3) and (3.5) now permit us to switch between the two representations.

Remark 3.5. We have adopted the notation from [LQWO02b], which differs from the conventions
in [LS03]. Here is part of a dictionary:
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Notation from [LQWO02b] Notation from [LS03]
operator of weight w and degree d | operator of weight w and degree d — 2w
dm(a) p-m(a)
Ln(a) —L_p(a)
®(a) al*!
0 0
Tox (@) —A(a)

By sending a subscheme in A to its support, we define a morphism
0: AN —; Sym™(A), (3.6)

called the Hilbert—Chow morphism. The cohomology of Sym™(A) is given by elements of the n-
fold tensor power of H*(A) that are invariant under the action of the group of permutations &,,.
A class in H *(A["},Q) which can be written using only the operators qi(a) of weight 1 comes
from a pullback along p:

- )l0) =0 ( 3 ey @ 0b ) HEH(AQ, 6D

WEGn

where signs arise from permuting factors of odd degrees. In particular,

Sa)0) = o' (be @), (338)
(n _11)!q1(b)q"‘1!0> =0 (b®le - ®lt - +18--818h). (39)

4. On the integral cohomology of Hilbert schemes

For the study of integral cohomology, first note that if a € H*(A,Z) is an integral class, then
qm(a) maps integral classes to integral classes. Operators satisfying this property are called
integral. Qin and Wang studied them in [QWO05]. We need the following results.

LeEMMA 4.1 ([QWO05, Lemmas 3.3 and 3.6 and Theorem 4.5]). The operators —q1(1)" and 5q2(1)
are integral. Let b € H?(A,Z) be monodromy equivalent to a divisor. Then the operator 3q1(b)?—
20q2(b) is integral.

Remark 4.2. Qin and Wang [QW05, Theorem 1.1 et seq.] conjecture that this works even without
the restriction on b € H%(A,Z).

COROLLARY 4.3. If A is a torus, the operator 3q1(b)*> — $q2(b) is integral for all b € H*(A,Z).

Proof. The Nakajima operators are preserved under deformations of A. Moreover, the image
Mon(A) of the monodromy representation on H?(A,Z) is given by O™+ (H?(A,Z)), the group
of isometries on H?(A,Z) preserving the orientation of the negative- and positive-definite parts
of H%(A,R). Indeed, by the last remark in [Bor86], the subgroup Diff(A) of O(H?*(A,Z)) in-
duced by the diffeomorphisms of A is equal to O™ (H?(A,Z)). Hence, Mon(A) C Diff(A4) =
O™+ (H?*(A,Z)). Furthermore, by [Shi78, Section 4, Theorem 1 and Section 5, Theorem 2], the
moduli space of marked complex tori has four connected components. It follows that, necessarily,
Mon(A) has at most index 4 in O(H?(A,Z)). So Mon(A) = Ot (H?(A,Z)).

Now, suppose that the Néron—Severi group NS(A) contains a copy of the hyperbolic lattice U
(such A exist). Let us write H%(A,Z) = Uy ® Uy @ U3 with NS(A) = Uy and U; isometric to U for
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alli € {1,2,3}. We consider two isometries 5 and o3 in O (H?(A,Z)), defined in the following
way: @2 exchanges U; and U, and acts as —id on Us, and (3 exchanges U; and Us and acts as
—id on Usy. Through these two isometries, all elements of Us and Us are monodromy equivalent
to a divisor. Then Lemma 4.1 establishes the corollary for that particular A. Now, since all tori
are equivalent by deformation, a general torus can always be deformed to our special A. Since
the integrality of an operator is a topological invariant, %ql(b)2 — 292(b) remains integral for all
be H?(A,Z). O

PROPOSITION 4.4. Assume that H*(A,Z) is torsion free. We are using Notation 2.2. Denote
the dual element to b; € H?(A,7Z) by b;. Modulo torsion, the following classes form a basis of
H?(AlM 7):

(nil)!m(bz‘)m(l)”1|0> = Bo(b;)1,
m_lz)!ql(ai)ql(aj)ql(l)”_2|0> = Bo(a;)Bo(a;)1 for i<j,
2(721_2)!012(1)q1(1)”‘2|0> (denote this class by 9) .

Their respective duals in H**~2(Al", Z) are given by
q1(b7)a(2)"10),  ar(af)ar(ai)ar(@)"*(0) for i <j  qz(x)qi(x)""?|0).

Proof. 1t is clear from the above lemma that these classes are all integral. Gottsche’s for-
mula [G6t94, Section 2.3, p. 35] gives the Betti numbers of Al in terms of the Betti numbers
of A, namely h!(AM) = hl(A) and h?(AM) = h2(A) + 1h1(A)(h'(A) — 1) + 1. It follows that
the given classes span a lattice of full rank.

Next we have to show that the intersection matrix between these classes is in fact the identity
matrix. Most of the entries can be computed easily using the simplification from (3.7). For
products involving ¢ (this is the action of d) or its dual, first observe that

0q1(z)™|0) =0 and £i(a)qi(z)™|0) =0
for every class a of degree at least 1. Then compute:

§ - ga(x)q1(2)"|0) = 0q2(2)q1 ()" 2(0) = 2L2(2)q1 ()" 2(0) = q1(2)"(0)
0q1.(b))q1 ()" 1|0) = £1(b})qu(2)"110) = 0,
0q1(a})qi(a;)ai ()" 2(0) = (£1(a}) + q1(a})0) a1 (af)qu(z)"2(0)
= (—q1(a}) L1 (a}) + a1 (a})€1(a)) qu(2)"2(0) =0,
B (bi)dz()q1(z)"2(0) =0,
Bo(ai)Bo(aj)gz(z)qi(z)"2|0) = 0. m

Remark 4.5. If A is a complex torus, a theorem of Markman [Mar07] asserts that H* (A", 7Z) is
torsion free.

PROPOSITION 4.6. Let A be a complex abelian surface. Using Notation 2.2, a basis ofH*(A[Z], Z)
is given by the classes in the following table:
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Degree || Betti number | Class Multiplication with class

0 1 2q1(1)2(0) id

1 4 q1(1)q1(ai)|0) Go(ai)

2 13 $q2(1)]0) Iy
q1(a;)q1(a;)|0) for i < j | Go(ai)Go(a;)
q1(1)q1()|0) Go(bi)

3 32 2q2(a;)|0) —&1(a;)
q1(a;)g1(b;)[0) Go(ai)Go(by)
qi(L)ai(a )|0> Go(a;)

4 44 (31(b:)* = 3a2(b:)) [0) | 5B0(b:)* + G1(b;)
q1(ai)q (a)l0> Go(ai)Bo(aj)
q1(bi)a1(7)[0) for i < j | So(bs)Bo(b;)

5 32 q2(a;)[0) —2&1(a7)
q1(a;)a1(b;)[0) Go(a;)Bo(b;)
q1(ai)q1(x)|0) Go(ai)Bo(x)

6 13 qg(a:)|0> —26(x)
q1(a;)qu(a})|0) for i < j | &o(a7)Bo(aj)
q1(bi)q ()|0> G (bi)Bo(z)

7 4 q1(a;)q1(2)|0) Go(a7)Bo(x)

8 1 q1(2)?|0) B()?

Proof. The Betti numbers come from Géottsche’s formula [G6t94]. One computes the intersection
matrix of all classes under the Poincaré duality pairing and finds that it is unimodular. So it
remains to show that all these classes are integral. By Lemma 4.1, this is clear for all classes
except those of the form 3q2(a;)|0) € H3(A2, Z).

Evaluating the Poincaré duality pairing between degrees 3 and 5 gives
q2(a:)|0) - 92(a;)[0) = 2,
q1(ai)q1(b;)[0) - q1(a;)q1(b7)[0) =1,
q1(1)a1(a)|0) - a1 (x)a1(a:)|0) =1,
while the other pairings vanish. Therefore, one of q2(a;)|0) and g2(a})|0) must be divisible by 2.
With the considerations from Section 2 in mind, we can interpret qa(a;)|0) € H3(AP Z) and

qa(a?)|0) € H®(AP Z) as classes concentrated on the exceptional divisor, that is, as elements of
7§« H*(E,Z). Indeed, the push-forward of a class a ® 1 € H*(E, Z) is given by
TJx(a ® 1) = q2(a)‘0> S HIH_Q(A[n}yZ) .

When pushing forward to the Hilbert scheme, the only possibility to get a factor 2 is in degree 3,
by Proposition 2.1. O
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5. Cohomology of generalized Kummer varieties via Hilbert scheme cohomology

DEFINITION 5.1. Let A be a complex projective torus of dimension 2 and A, for n > 1, the
corresponding Hilbert scheme of points. Let X A" 5 A be the summation morphism, a smooth
submersion that factors via (3.6), the Hilbert-Chow morphism, giving A" N Sym"™(A) 5 A.
Then the generalized Kummer variety K, _1(A) is defined as the fibre over 0:

Ko 1(4) —2— Al

| F (5.1)

{0} —— A.

THEOREM 5.2 ([Spa56, Theorem 2|). The cohomology of the generalized Kummer variety, the
group H*(K,,_1(A),Z), is torsion free.

Our first objective is to collect some information about the pullback diagram (5.1). We make
use of Notation 2.2.

PROPOSITION 5.3. Set o; := (1/(n — 1)!)q1(1)"1q1(a;)|0) = &o(a;)1. Then the corresponding
class of K,,_1(A) in H*(A,Z) is given by [K,_1(A)] = a1 - a3 - a3 - ay.

Proof. Since the generalized Kummer variety is the fibre over a point, its class must be the
pullback of z € H*(A) under 3. But ¥*(z) = X*(a1) - ¥*(ag) - £*(a3) - £*(a4), so we have to
verify that ¥*(a;) = «;. To do this, we want to use the decomposition ¥ = op. The pullback
along o of aclass a € H'(A,Q) on H!(Sym™(A),Q) is given by a®1®---®@1+---+1®---®1R®a.
It follows from (3.9) that X*(a;) = (1/(n — 1)!) q1(1)" g1 (a;)|0). O

The morphism 6 induces a homomorphism of graded rings
0*: H* (A" — H*(K,_1(A)), (5.2)
and by the projection formula, we have
0.0" (o) = [Kp—1(4)] - . (5.3)

LEMMA 5.4. Let 8 € H*(K,_1(A),Q). Then there is a class B € H*(Al", Q) such that 0,(8) =
n4B - [K,_1(A)].

Proof. For a point a € A, we denote by ¢, the morphism on A" induced by the translation by a.
Then we consider the morphism © : K, _1(A) x A — A" defined by ©(€,a) = t,(0(€)). It fits
in a pullback diagram

Kn_1(A) x A —2 Al
lprQ lE (54)
A— " A

that realizes K, _1(A) x A as an n*-fold covering of A" over A. Now, for € H*(K,_1(A),Q),
set B := 0©,(f ® 1). Then the projection formula gives

B [Kyo1(A)] = 0.(8® 1- O7[K,_1(4)])
—n'0.(881)- (18) = n'0.(Bo ) = n'0.(8). =

PROPOSITION 5.5. The kernel of 6* is equal to the annihilator of [K,_1(A)].
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Proof. Assume « € Ker(6*). Then we have [K,,_1(A)] - a = 6.0*(a) = 0. Conversely, if o ¢
Ker(0*), let B € H*(K,-1(A),Q) be the Poincaré dual of 8*(«a), so 8- 0*(a) # 0. Then by
the projection formula, 6,(3) - @ # 0. By Lemma 5.4, there exists B € H*(Al", Q) such that
B [Kp-1(A)] - a #0. It follows that [K,,—1(A)] -« # 0. O

COROLLARY 5.6. We have 6*(a) = 0*(3) if and only if [K,,—1(A)] - a = [K,—1(4)] - B.
PROPOSITION 5.7. The annihilator of [K,_1(A)] in H*(A" Q) is the ideal generated by HY(AM).
First we need to recall some material on super algebras (see for instance [DM99]).

DEFINITION 5.8. Let V = VT @V~ be a super vector space and n > 0. Then the supersymmetric
power Sym” (V') of V is a super vector space, given by

Sym™(V) = P Sym?(V*) @ AUV ),

p+q=n
Sym"(V)* = @ Sym?(VH) @ AY(V7), Sym™(V)" = @ Sym’(V) @ AI(V7).
I?I'HJ:” p+qd:dn
even q o

Remark 5.9. The supersymmetric power Sym”(V) can be realized as a quotient of V®" by
an action of the symmetric group &,,. This action can be described as follows: If 7 € &, is
a transposition that exchanges two numbers ¢ < j, then 7 permutes the corresponding tensor
factors in v1 ® - - - ® vy, introducing a sign (—1)'””””'“'””“”3")Zi<k<j [k

Now, let U be a vector space over QQ, and look at the exterior algebra H := A*U. Since H
is a super vector space, we can construct the supersymmetric power Sym"(H). We may identify
Sym"(H) with the space of &,-invariants in H®™ by means of the linear projection operator

1

. ®n n o

pr: H®" — Sym"(H), pr—ag .
7T€6n

The multiplication in H®" induces a multiplication on the subspace of invariants, which makes
Sym"(H) a supercommutative algebra.

Since H is generated as an algebra by U = A'(U) C H, we may define a homomorphism of
algebras

s: H— Sym"(H), s(u)=pr(u®1®---®1) foruelU,

so Sym"™(H) becomes an algebra over H.

LEMMA 5.10. The morphism s turns Sym"(H) into a free module over H for n > 1.

Proof. We start with the tensor power H®" and the ring homomorphism
t:H—H®", h—hRl®---®1

that makes H®" into a free H-module. Note that pr¢ # s since pr is not a ring homomorphism.
(For example, pr(c(h)) # s(h) for any non-zero h € A%(U).) We therefore modify the H-module
structure of H®". For u € U, set u() := 1911 @ ¢ @ 197~+1 ¢ F® Then H®" is generated as
a k-algebra by the elements {u(i) , u € U}. Now, consider the ring automorphism

o H® — H® oW — 0@ 4@ 40 @y fori> 1.

Then we have ov = s on Sym"™(H ). On the other hand, if {b;} is a k-basis of V', then {bgj), j>1}

is a t-basis for H®" and {a(bl(-j ))} is a oi-basis for H®™. Now, if we project the basis elements,
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we get a set {pr(a(bgj )))} that spans Sym"(H). Eliminating linearly dependent vectors (this is
possible over the rationals), we get an s-basis of Sym" (H). O

Proof of Proposition 5.7. Set H = H*(A,Q) = A*(H'(A,Q)), and consider the exact sequence
of H-modules

0—J—H-H.
It is clear that J is the ideal in H generated by H'(A, Q). Now, let J (") be the ideal generated
by H'(Sym™(A),Q) in H*(Sym"(A),Q) = Sym"(H). By the freeness result of Lemma 5.10,
tensoring with Sym"(H) yields another exact sequence of H-modules,

o(x):

0— J® — Sym"(H) =25 Sym™(H) .

Now, let $) be the operator algebra spanned by products of 0 and q;(a) for a € H*(A). Let €
be the graded commutative subalgebra of $) generated by qi(a) for a € H*(A). The action of $
on |0) gives H, and the action of € on |0) gives ¢o*(H*(Sym"(A),Q)) = Sym"(H). By sending 0
to the identity, we define a linear map ¢: $ — €. Let J[ be the ideal generated by H 1(A[”], Q)
in H*(A[”], Q). We claim that for every y € 9,

p|0) € JM = ¢()]0) € S

To see this, we remark that H 1(A["], Q) = H'(A,Q) and that the multiplication with a class in
H'(AlM, Q) is given by the operator &g(a) for some a € H'(A, Q). Due to the fact that d is also
a multiplication operator (of degree 2), Bo(a) commutes with 9. It follows that for y = Gg(a)r,
we have c(h) = Gg(a)c(r).

Now, let £ be the multiplication operator with the class [K,_1(A)]. We have [¢,0] = 0. Let
y € H*(Al" Q) be a class in the annihilator of [K,_1(A)]. We can write y = y|0) for a y € §.
Choose § € Sym"(H) in such a way that o*(g) = ¢(9)|0). Then we have

0= [Kn-1(A)] -y = t9[0) = tc(9)[0) = 0" (0" (2) - ) -

Since o* is injective, ¢ is in the annihilator of o*(z), so § € J™. It follows that ¢(1)|0) and y are
in the ideal generated by H' (Al Q). O

THEOREM 5.11 ([Bea83, Théoreme 4]). The variety K,,_1(A) is an irreducible holomorphically
symplectic manifold. In particular, it is simply connected and the canonical bundle is trivial.

This implies that H?(K,,_1(A),Z) admits an integer-valued non-degenerate symmetric bilin-
ear form (the Beauville-Bogomolov form) By, 4y which gives H?*(K,_1(A),Z) the structure
of a lattice. Looking, for instance, in the useful table from the introduction of [Rap08], we
know that this lattice is isomorphic to U®3 @ (—2n) for n > 3. We have the Fujiki formula for
a € H*(K, 1(A),Z):

/ a2 = (20— 3 B,y 0)" L. (5.5)
Kn_1(A)

PROPOSITION 5.12. Assume n > 3. Then 6* is surjective on H?(Al", 7).

Proof. By [Bea83, Section 7], the morphism 6*: H2(Al", C) — H?(K,_1(A),C) is surjective.
But by [Bri03, Proposition 1], the lattice structure of Im 6* is the same as that of H?(K,,_1(A)),
so the image of H2(A[ Z) must be primitive. The result follows. O

Notation 5.13. We have seen that for n > 3,
H?(K,-1(A),Z) = H* (A, Z) & (§°(5)) .
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We denote the injection H?(A,Z) — H?(K,_1(A),Z) by j. It can be described by

07 (a1 (@)ar(1)"110))

. 1
N _
(R

Further, we set e := 0*(). Using Notation 2.2, we give the following names for classes in
H?(K,_1(A),Z):

up = j(araz), wv1:=jlaras), wi:=jlaias),

ug = j(asaq), wvo:=jlagaz), wo := j(azas).
These elements form a basis of H2(K,_1(A),Z) with the following intersection relations under
the Beauville-Bogomolov form:

B(uj,uz) =1, B(vi,v2) =1, B(wi,wy)=1, B(e,e)=—2n,

and all other pairs of basis elements are orthogonal.

If A= FE; x Es is the product of two elliptic curves, we choose the a; in such a way that
{a1, a2} and {a3, a4} give bases of H'(E1,Z) and H'(Es,Z), respectively, in the decomposition
Hl(A) = Hl(El) & Hl(EQ)

6. Integral cohomology of the generalized Kummer fourfold
Now, we come to the special case n = 3, so we study K2(A), the generalized Kummer fourfolds.
PROPOSITION 6.1. The Betti numbers of Ko(A) are 1, 0, 7, 8, 108, 8, 7, 0, 1.

Proof. This follows from Gottsche’s formula [G6t94, Section 2.4, p. 49]. O

First we deduce a description of the integral odd cohomology groups of Ks(A) from Proposi-
tion 4.6 and Section 5. The middle cohomology H*(K2(A),Z) has been studied by Hassett and
Tschinkel in [HT'13]. We recall some of their results in Section 6.4; then, we proceed by using 6* to
give a partial description of H*(K3(A),Z) in terms of the well-understood cohomology of APl in
Section 6.5. Finally, in Section 6.6, we find a basis of H*(K2(A),Z) using the action of the image
of the monodromy representation. In order to use the monodromy representation, we start by
recalling some notions of monodromy on abelian surfaces in Section 6.2. We will also need some
technical calculations related to the action of the symplectic group over finite fields (Section 6.3).

In all the section, we use Notation 2.2 and Notation 5.13.

6.1 Odd cohomology of the generalized Kummer fourfold

By means of the morphism 6*, we may express part of the cohomology of K5(A) in terms of
Hilbert scheme cohomology. We have seen in Proposition 5.12 that 8* is surjective in degree 2 and
(by duality) also in degree 6. The next proposition shows that this also holds true in odd degrees.

PROPOSITION 6.2. A basis of H3(K2(A),Z) is given by
1 * *
0" (a1(a))ar(1)%10)) (6.1)

S0 (@(a)m(1)0) (62)
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and a dual basis of H?(K2(A),Z) is given by
0" (a1 (aiag)an(a})ar(1)|0))  for any j # 1, (6.3)
0" (a2(ai)a1(1)[0)) -

Proof. The classes (6.1) are Poincaré dual to (6.3) and the classes (6.2) are Poincaré dual to (6.4)
by direct computation

30" (a(a])a1(1)%0))-0 (m(aza;)ql(a*)ql(l)\ )) = 30" (Go(a))a1 (aia;)a1 (a])a1(1)]0))
3 [K2(A)] - a1(aiag)ai(af)a(a}) =1,
30" (a2(ai)a1(1)]0))- 0 ( 2(a7)a1(1)|0)) = 0" (&1 (ai)az(ai)a1(1)[0))
= [K2(4)] - (203(2) — q1(2)*a1 (1)) [0) =0~ 1 = 1.
It remains to show that all classes are integral. It is clear from Lemma 4.1 that (6.1) is integral,

while the integrality of (6.3) and (6.4) is obvious. By Proposition 4.6, the class 3q2(a;)[0) is
integral as well. If the operator q;(1) is applied, we again get an integral class. O

COROLLARY 6.3. Let A be an abelian surface, and let g be an automorphism of A. Let ¢3!
be the automorphism induced by g on Ks(A). By Proposition 6.2, we have H3(Ky(A),Z) =
HY(A,Z) ® H3(A,Z), and the action of g!®ll on H3(K5(A),Z) is given by the action of g on
HY (A, Z)® H3(A,Z).

Proof. By Proposition 6.2, we have an isomorphism
fr HYA,Z) ® H¥(A,Z) — H3(K»(A), Z)

given by f(a;) = % 0*(q2(a;)q1(1)|0)) and f(a}) = 5 0*(q1(a})g1(1)?/0)) for all i € {1,...,4}. We
want to prove that fog* = glBl*o f. To do so, it is enough to show that fog*(a;) = g®* o f(a;)
and fog*(al) = glBWo f(a¥) for alli € {1,...,4}. Let g¥ be the morphism induced by g on APl
By the definition of gli*l,
gBlog=00gb. (6.5)
Then, by (6.5) and by the definition of g?l,
g o f(a;) = g1 0 6% (qa(ai)a1 (1)[0))

= 0" 0 g (42(a:)q1(1)[0)) = 6" (q2(g" (@)1 (1)[0))

— fog'(a).
We prove f o g*(a}) = giBl* o f(a}) with the same method. O

6.2 A monodromy representation on abelian surfaces and generalized Kummer four-
folds
Let A be an abelian surface. We recall that a principal polarization of A is a polarization L

such that there exists a basis of Hy(A,Z) with respect to which the symplectic bilinear form on
Hy(A,Z) induced by ¢;(L),

wr(z,y) =x-c1(L) -y, (6.6)
is given by the matrix
0 0 10
0 0 01
-1 0 0 0
0 -1 00
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We recall the following result.

PROPOSITION 6.4. Let (A, L) be a principally polarized abelian surface. The group Hi(A,7Z)
is endowed with the symplectic form wy, defined in (6.6). Let Mon(H1(A,Z)) be the image of
monodromy representations on Hy(A,Z). Then Mon(H1(A,Z)) D Sp(H1(A,7Z)).

Proof. The inclusion can be seen as follows. Let Mz be the moduli space of curves of genus 2
and Ay the moduli space of principally polarized abelian surfaces. By the Torelli theorem (see
for instance [Mil08, Theorem 12.1]), we have an injection J: Mgy < As given by taking the
Jacobian of the curve endowed with its canonical polarization. Moreover, the moduli spaces Mo
and Ay are both of dimension 3.

Now, if %5 is a curve of genus 2, we have, by [FM12, Theorem 6.4],
Mon(Hl(%, Z)) D) Sp(Hl(ng, Z)) ,

where the symplectic form on Hy(%3,7Z) is given by the cup product. Then the result follows
from the fact that the lattices Hy(%2,Z) and H(J(%2),Z) are isometric. O

Remark 6.5. Let (A, L) be a principally polarized abelian surface and p a prime number. The
group Hi(A,Z) tensored by F,, can be seen as the group A[p] of points of p-torsion on A, and the
form wy, ® F), provides a symplectic form on A[p]. Then Mon(A[p]), the image of the monodromy
representation on A[p], contains the group Sp(A[p]).

We are now ready to recall [HT13, Proposition 5.2] on the monodromy of the generalized
Kummer fourfold.

PROPOSITION 6.6. Let A be an abelian surface and Ks(A) the associated generalized Kum-
mer fourfold. The image of the monodromy representation on Il = (Z| 7 € A[3]) contains the
semidirect product Sp(A[3]) x A[3], which acts as follows:

f'ZT = Zf(q—) and TI-ZT = Liryq/
for all f € Sp(A[3]) and 7" € A[3].

6.3 Actions of the symplectic groups over finite fields
The aim of this subsection is to provide some special computations used in Section 6.6.

Let V' be a symplectic vector space of dimension n € 2N over a field k£ with a non-degenerate
symplectic form w: A2V — k. A line is a 1-dimensional subspace of V through the origin, and
a plane is a 2-dimensional subspace of V. A plane P C V is called isotropic if w(z,y) = 0 for
any z,y € P, otherwise non-isotropic. The symplectic group SpV is the set of all linear maps
¢: V. — V with the property w(¢(z), p(y)) = w(x,y) for all z,y € V.

PROPOSITION 6.7. The symplectic group Sp V' acts transitively on the set of non-isotropic planes
as well as on the set of isotropic planes.

Proof. Given two planes P; and P,, we may choose vectors vi, v, wi, we such that vy, vo
span P; and wy, we span Py and w(vi, v2) = w(wy, wz). We complete {v1,v2} as well as {wq,wa}
to symplectic bases of V. Then define ¢(v1) = wy and ¢(ve) = ws. It is now easy to see that the
definition of ¢ can be extended to the remaining basis elements to give a symplectic morphism.

O

Remark 6.8. The planes in V can be identified with the simple tensors in A2V up to multiples.
Indeed, given a simple tensor v A w € A2V, the span of v and w yields the corresponding plane.
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Conversely, any two spanning vectors v and w of a plane give the same element v A w (up to
multiples).

From now on, we assume that k is finite of cardinality q.

Remark 6.9. If k is the field with two elements, then the set of planes in V' can be identified
with the set {{z,y,2} | z,y,2 € V\{0}, z + y + 2z = 0}. Observe that for such a {z,y,z},
w(x,y) = w(z,z) = w(y, z) and this value gives the criterion for isotropy.

n
-1
PROPOSITION 6.10. (i) The number of lines in V' is a T
q J—
(@" =D =1)
(¢ =g —1)

(¢" -1
n

(ii) The number of planes in V is

1)

(iii) The number of isotropic planes in V is

) qn—2
(q2 —

( _
D(g—1)
¢"*(¢"—1)

(iv) The number of non-isotropic planes in V' is ]
Q2 —

Proof. A line £ in V is determined by a non-zero vector. There are ¢" — 1 non-zero vectors in V'
and ¢ — 1 non-zero vectors in . A plane P is determined by a line /1 C V and a unique second
line ¢3 € V/#1. We have (¢®> — 1)/(q — 1) choices for ¢; in P. The number of planes is therefore

q"=1 ¢"7'-1 _
1 o1 _ (=D 1)

ot (@ -De-1)

For an isotropic plane, we have to choose the second line from ¢;-/¢;. This is a space of dimension
n—2, whence the formula. The number of non-isotropic planes is the difference of the two previous
numbers. o

We want to study the free k-module k[V] with basis {X; | i € V'}. It carries a natural k-
algebra structure given by X; X, := X;; with unit 1 = Xy. This algebra is local with maximal
ideal m generated by all elements of the form (X; —1).

We introduce an action of Sp(4,k) on k[V] by setting ¢(X;) = Xg;). Furthermore, the
underlying additive group of V acts on k[V] by v(X;) = Xy, = X; X,.

DEFINITION 6.11. For a line ¢ C V, define Sy := >_._, X;. For a vector 0 # v € ¢, set S, := 5.

1l
LEMMA 6.12. Let P C V be a plane and {1, ¢> C P two different lines spanning P. Then we have
SeSe, =Y Xi=) 5.

icP (CP

Proof. The first equality is clear. For the second equality, observe that every point i € P is
contained in one line if we count modulo g¢. ]

DEFINITION 6.13. We define two subsets of k[V]:
M= { SX,

icP
Let (M) and (N) be the ideals generated by M and N, respectively. Further, let D be the linear
span of {v(b)—b|b € N,v € V}. Then D is in fact an ideal, namely the product of ideals m- ().

PCVisaplane}, N::{ZXi

P C V is a non-isotropic plane} .
i€P
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PROPOSITION 6.14. We have (M) = (N).

Proof. We have to show that ), » X; is in (V) for an isotropic plane P. Let v, w be two spanning
vectors of P and u a vector with w(u,v) # 0. Let P’ be the non-isotropic plane spanned by u
and v. By Lemma 6.12, we have

SuSuSw =Y SpSuw = (sv +) SuHU) S .

LC P! AEE

Now, w spans a non-isotropic plane with every line in P’, except one, namely the line that
contains v. So it follows that

Z Xz = SvSw = SuSvSw - Z Su—i—)\vsw )
i€EP ek

and we see that the right-hand side is an element of (N). O
For the rest of this section, we assume dimg V = 4.
PROPOSITION 6.15. The following table states the dimensions of (N) and D for some k:

k|| dimg(N) | dimg D |

Fy 11 ]
Fs 50 31
F5 355 270

An easy way to get these numbers is to count elements in the respective vector spaces using
a computer.

Remark 6.16. We remark that X := }"._\, X; is in D. Indeed, let P, P’ be two non-isotropic
planes with PN P" = 0. Then X = (ZieP XZ-) (Ziep, Xi) and both factors are elements of
(N)Ccm,s0 X em-(N)=D.

Let us consider some special orthogonal sums. Take two vectors v,w € V with w(v,w) =1,
and set z = (v A w)? € Sym?(A%2V). Let P be the plane spanned by v and w, and set y :=
S icp Xi € k[V]. We now consider the action of Sp V' on Sym?(A%V) @ k[V]. Let O be the vector
space spanned by the elements ¢(z) @ ¢(z) for ¢ € SpV and z € (y), and U the vector space
spanned by the elements ¢(x) for ¢ € Sp V.

PRrROPOSITION 6.17. We have, by numerical computations,

k| dimj, O | dim; U

Fy 11 6
Fs o1 20
F5 375 20

We now prove the following lemma, which we will need for a divisibility argument in Sec-
tion 6.6.

LEMMA 6.18. We assume k = 3. Consider the projections pry: Sym?(A?V)@k[V] — Sym?(A%V)
and pry: Sym?(A2V) @ k[V] — k[V]. We have

(i) dimKerpryp =1,
(ii) dimKerpryp = 31.
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Proof. We have pr;(O) = U and pry(O) = (N). Using the dimension tables from Proposi-
tions 6.17 and 6.18, we get dimKerpryp = dimO — dimU = 31 and dim Ker pryp = dimO —
dim(N) = 1. O

6.4 Hassett and Tschinkel’s results

Notation 6.19. For each 7 € A, let W, be the Briancon subscheme of AB) consisting of the
elements supported entirely at the point 7. If 7 € A[3] is a 3-torsion point, W is actually a sub-
scheme of K3(A). We will also use the symbol W, for the corresponding class in H*(K»(A),Z).

Further, set
W .= Z W-.
TEA[3]

For p€ A, let Y, be the locus of all {z,y,p} in K2(A). The corresponding class Y, € H*(K3(A),Z)
is independent of the choice of the point p. Then set Z, := Y, — W, and let II be the lattice
generated by all Z; for 7 € A[3].

PROPOSITION 6.20. Let Sym := Sym? (H?(K>»(A),Z)) C H*(K2(A),Z) be the span of products
of integral classes in degree 2. Then Sym +11 C H*(K3(A),Z) is a sublattice of full rank.

Proof. This follows from [HT13, Proposition 4.3]. O

In Section 4 of [HT13], one finds the following formula:
Zy-Dy-Dy= 2-BK2(A)(D1,D2) (6.7)
for all D1, Dy € H?(K3(A),Z), T € A[3] and the Beauville-Bogomolov form By, (4) on Ka(A).

DEFINITION 6.21. We set IT' := IT N Sym™. It follows from (6.7) that II' can be described as
the span of all classes of the form Z, — Zj or alternatively as the set of all > _«,Z, such that
> a; =0. Note that in [HT13], the symbol II' denotes something different.

Remark 6.22. Since tk Sym = 28 and rkIT' = 80, the lattice Sym ®II' ¢ H*(K3(A),Z) has full
rank.

PROPOSITION 6.23. The class W can be written with the help of the square of half the diagonal as

W = 0*(q5(1)0)) = 9Y, + €*. (6.8)
The second Chern class is non-divisible and given by
1 1
ea(K(A)) = 5 Y 2= §(72}@, —e?). (6.9)
TEA[3]

Proof. In [HT13, Section 4], one finds the equations
1

3
W = 2 (ca(Ka(A)) +3€%) Yy = o5 (3ea(Ka(A)) + %) (6.10)
from which we deduce (6.8) and the second part of (6.9). The first part of equation (6.9) and the
non-divisibility are from [HT13, Proposition 5.1]. O

6.5 Properties of Sym? H2?(K,(A),Z) in H*(K3(A),Z)
PROPOSITION 6.24. The image of H*(AP!, Q) under the morphism 6* equals Sym? H?(K-(A), Q).
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Proof. We start by giving a set of universal generators of H*(A" Q) for n > 0. Theorem 5.30
of [LQWO02b] asserts that it is possible to do this in terms of multiplication operators. To enu-
merate elements of H*(A,Q), we follow Notation 2.2. Basis elements of H2(A, Q) will be denoted
by b; for 1 < i < 6. Then our set of generators is given by the following table:

Multiplication operator Number of classes
Bo(a1)Bo(az2)®p(as3)Bo(ay) 1
Go(a;)Bo(a;)Go(by) for i < j (5)-6 =136
Go(ai)Bo(aj) 4-4=16
B (b;)Bo (b;) for i < j (*Th=21
&o(z)

Go(a;:)Go(a;)G, (1) for i < j (5)=6
Bo(a;)B1(aj) 4-4=16
Go(b;)B1(1) 6
&1(b;) 6
®1(1)? 1
®2(1) 1

Any multiplication operator of degree 4 can be written as a linear combination of these 111 classes.
Likewise, the dimension of H 4(A[”],Q) is 111 for all n > 4, according to Go&ttsche’s formula
[G5t94, Section 2.3, p. 35]. However, for smaller n, there must be relations of linear dependence.
For n = 3, the 8 classes &g(z), &1(b;) and H2(1) can be expressed as linear combinations of
the others, so we are left with 103 linearly independent classes that form a basis of H 4(A[3},Q).
Multiplication with the class [K2(A)] is given by the operator g(a1)®o(az)®o(az)Bo(as) and
annihilates every class that contains an operator of the form &g(a;). There are 75 such classes,
so by Proposition 5.5, the kernel Ker 6* C H 4(A[3],Q) has dimension at least 75 and the image
Im #* has dimension at most 103 — 75 = 28. However, since the image of #* must contain
Sym? H?(K3(A),Q), which is 28-dimensional, equality follows. O

PROPOSITION 6.25. We have
CQ(KQ(A)) = 4dujug + 4vive + dwiwy — %62 . (6.11)
In particular, co(K2(A)) € Sym ®Q.

Proof. First, note that the defining diagram (5.1) of the Kummer manifold is the pullback of the
inclusion of a point, so the normal bundle of Ko(A) in APl is trivial. The Chern class of the tangent
bundle of K3(A) is therefore given by the pullback from APl that is, ¢(Ky(A)) = 6* (c(A[3])).
Proposition 6.24 now allows us to conclude that ca(K3(A)) € Sym ®Q.

To obtain the precise formula, we use a result of Boissiere [Boi05, Lemma 3.12] giving a com-
mutation relation for the Chern character multiplication operator on the Hilbert scheme. We
get

c2(AP) = 301(1)2(1)[0) — 3a3(1)[0) = §a1(1)€2(1)]0) — 30°.
With Corollary 5.6, one now shows that co(K2(A)) is given as stated. O

Remark 6.26. Proposition 6.25 can also be proven using (6.9) and (6.7).
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COROLLARY 6.27. The intersection Sym N1II is 1-dimensional and spanned by 3ca(K2(A)).

Proof. By Proposition 6.25 and (6.9), we have 3ca(K2(A)) € SymNII. Since the ranks of Sym,
II and H*(K5(A),Z) are 28, 81 and 108, respectively, the intersection cannot contain more. [J

COROLLARY 6.28. Y;; = %(Uﬂm “+ v1vg + wlwg).

Remark 6.29. Using Nakajima operators, we may write
Yy = 0" (22(1)€2(1)[0)) = 36" (ar(x)a1 (1)*0)) - (6.12)

We can now summarize all the divisible classes found in Sym in the following proposition.
PROPOSITION 6.30. Let {e,u1, us, v1,v2, w1, wa} be the integral basis of H*(K3(A),Z) as defined
in Notation 5.13. We have the following results:

(i) The class €? is divisible by 3.

(ii) The class ujug + v1v9 + wywse is divisible by 6.
(iii) Fory € {u1,us,v1,v2,wr,ws}, the class e-y is divisible by 3 and y? — %e-y is divisible by 2.
Proof. (i) From Proposition 6.25, we see that e? is divisible by 3, and by Corollary 6.28, the class
w1 + v1v + wiws is divisible by 6.

(ii) We have y = 6* (q1(a)q1(1)?|0)) for some a € H*(A,Z). A computation yields

ey =3-0%(a(a)a1 (1)[0)) and y? =0 (q1(@)2a (1)]0)) ,

so e-y is divisible by 3. Furthermore, by Corollary 4.3, the class 1q1(a)?q1(1)|0) — $q2(a)q1(1)|0)
is contained in H*(AP!, Z), so its pullback %yz - ée -y is an integral class, too. O

6.6 Integral basis of H*(K2(A),Z)

From the intersection properties Z, - Z,» = 1 for 7 # 7/ and Z2 = 4 from [HT13, Section 4], we
compute

discr IT' = 384, (6.13)
On the other hand, a formula developed in [Kap17] evaluates
discr Sym = 214338 (6.14)

so the lattices cannot be primitive. Let Sym®® and II’* be the respective primitive overlattices
of Sym and IT" in H*(K3(A),Z). Then Sym @ II' is a sublattice of H*(K3(A),Z) of index 27 - 351,
and we claim that Sym®' @ II* has index 3?2. We have already found in Proposition 6.30

— 7 linearly independent classes in Sym divisible by 2,

— 8 linearly independent classes in Sym divisible by 3.
To obtain a basis of H*(K2(A),Z), we are now going to find

— 31 linearly independent classes in II’ divisible by 3 and

— 20 linearly independent classes in Sym®** @ II’2'| of which 1 is divisible by 3% and 19 are
divisible by 3.

The first thing to note is that II" is defined topologically for all deformations of Ko(A) and that
the primitive overlattice of IT’ is a topological invariant, too. By applying a suitable deformation,
we may therefore assume, without loss of generality, that A is the product of two elliptic curves
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A = E; x Es. Here, according to Notation 5.13, uj := j(ajaz2), where {a1, a2} can be seen as
a basis of H'(F1) (this is necessary to obtain expression (6.15)).

Hassett and Tschinkel provide, in [HT13, Proposition 7.1], the class of a Lagrangian plane
(that is, a subvariety that is Lagrangian with respect to the holomorphic 2-form of K3(A) and
isomorphic to the projective plane P?) P C Ko (A) this class can be expressed as follows:

1
(6’LL1 — 36) *CQ K2 - = Z ZT, (6.15)

[Pl = 216 8
TEA’

where A’ = E1[3] x 0 C A[3]. Hence, by translating this plane by an element 7/ € A[3], we obtain
another plane P’ whose class can be written as

1 1 1
P 6u; — 3 Zeo(Ko(A)) — = Z..
[P = 575 (6u1 = 36)° 4 gea(Ka(4)) 3;

By substracting these two expressions, we obtain a first class divisible by 3 in IT':

2 (% 2. (6.16)

TEN

By Proposition 6.6, the image of the monodromy representation on the Z, contains the
symplectic group Sp(4,F3). We know by Proposition 6.7 that Sp(4,F3) acts transitively on the
non-isotropic planes of A[3]. Hence, modulo Il the orbit by Sp(4, F3) of the classes (6.16) is an F3-
vector space naturally isomorphic to D, as introduced in Definition 6.13, so by Proposition 6.15,
we get a subspace of I of rank 31 of classes divisible by 3. We add the thirds of these classes
to IT', and we get an overlattice IT"°V®" of II such that

T/over 7, @31
_ () | (6.17)

I 37
This subspace can be determined by a computer. We describe it in Proposition A.1 (we will see
later in this section that TT°Ver = [1’sat),

We are now going to find the classes divisible by 3 in Sym®*" @ I1’2*. The class Z is contained
in neither Sym nor in II’. It can be written as follows:

Sreap Zr = Yoreap(Zr — 20) (6.0) 2(K2(A)) = 5 X ea(Zr — Z0)
81 27 ’
where %ZTG A[3}(ZT — Zp) can be expressed as a linear combination of the 31 classes of Propo-

sition A.1 by Remark 6.16. Hence, Zj is the class in Sym®** @ II’*3 divisible by 27. Let us now
find the remaining 19 classes divisible by 3.

We rearrange (6.15) using (6.10):

Zy =

1 1
[P] = 55 (6w — 3e)? + gea(Ka(4)) — 5 Z Z,
TGA/
36u? + 9e? — 36u; - e 3 2
= ——zef=-2) 7,
216 +5 ~ 8" Z
TGA’

By Proposition 6.30, the classes €2 and w1 - e are both divisible by 3, and by (6.10), the class W
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is divisible by 3, so the following class is integral:

uf + >ren(Zr — %)
3 .

From the considerations in Section 6.2, we know that the group Sp(A[3]) x A[3] C Mon(II) is a
natural extension of Sp(Hi(A,Z)) x A[3] C Mon(H1(A,Z)). Isometries of the image of the mon-
odromy representation on Hj(A,Z) extend naturally to isometries of the image of the monodromy
representation of H*(Ky(A),Z) acting on II as described in Proposition 6.6 and acting on Sym
by commuting with the map j defined in Notation 5.13. Hence, the group Sp(H;(A,Z)) x A[3]
can be seen as a subgroup of Mon(H*(K3(A),7Z)).

We will now conclude using this monodromy action of Sp(H;(A,Z)) x A[3] on the element 91
and the considerations from Section 6.3. Proposition 6.17 states that the orbit of 91 under the
action of Sp(A[3]) x A[3] spans a space of rank 51 modulo Sym @ IT". However, by Lemma 6.18,
the intersection of that space with Sym®' is 1-dimensional and the intersection with II’**" has
dimension 31, so we are left with 19 linearly independent elements which provide 19 elements in
H*(K3(A),Z)/Sym* @ 1152, These 19 independent classes can be enumerated using a computer;
see Proposition A.2.

We will now check that we have found all the classes in H*(K2(A),Z). Let Sym®’® be the
overlattice of Sym obtained by adding all the classes from Proposition 6.30:

N =

Sym
SymOVeI'

Let F be the overlattice of Sym®' @ II"% obtained by adding Zy and the thirds of all classes of
Proposition A.2:

= (2)27)%" & (Z/37)%® . (6.18)

F
— ®19
Sy o T = (2/270) @ (2/32)°% (6.19)
We have to show that

Symover — Symsat H/over —_ H/sat ( )
and F = H*(Ky(A),Z). This can be seen by calculating the discriminants. We have Sym®'®" C
Sym®** and II'°V" C II’*®; hence, to prove (6.20), we only have to show that discr Sym®’® =
discr Sym®* and discr IV = discr I8¢, By (6.14), (6.18) and (2.6), the lattice Sym°®’®" has
discriminant 322. Moreover, by (6.13), (6.17) and (2.6), the lattice II"°V*" has discriminant 322.
Therefore,

diser (Sym®® @ IT"Ve") = 3. (6.21)

It follows that discr (Sym®* & II2") divides 3*%. Hence, by (2.6) and (6.19), discr F' divides 1,
so, necessarily, discr ' = 1. Therefore, necessarily, F = H*(K5(A),Z). Furthermore, we have
discr ( Sym®* @ I"#%) = 3% which shows by (6.21) that Sym°"®" = Sym®** and IT'*V*" = [,
Y/

We summarize the description of the integral basis of H*(K3(A),Z) in the following theorem.
THEOREM 6.31. Let A be an abelian variety. We use Notation 5.13 and Notation 6.19.

(i) Let Sym®"' be the primitive overlattice of Sym* (H?(K2(A),Z)) in H*(K2(A), Z). The group
Sym*® /Sym?(H?(Ko(A), 7)) = (Z/27)%" & (Z/37)%8 is generated by the elements

ey yE—tey €2 uy - Uy + U1 Vg + wy - wo
3 5 for y € {u1, ug,v1,ve, w1, w2}, gaﬂd 5 :

(i) Let I be the lattice from Definition 6.21, and let 113" be the primitive overlattice of Il in
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H*(K3(A),Z). The group I /TI' = (Z/37)®3! is generated by the classes

DR

TEA

with A a non-isotropic group and 7' € A[3]. Moreover, a basis of I’ /I’ is provided by the
31 classes described in Proposition A.1.

(iii) We have
H*(Ky(A),Z) Z 7\
Sym®™t @ TTsat - (272) @ <3z> :
Moreover, this group is generated by the class Zy and the 19 classes described in Proposi-
tion A.2.

Moreover, since Sym°® = Sym®**', from the proofs of Propositions 6.25, 6.30 and Re-

mark 6.29, we obtain the following corollary.

COROLLARY 6.32. The image of H* (A[?’],Z) under 0* is equal to Sym®*

6.7 Conclusion on the morphism to the Hilbert scheme

Let us summarize our results on 6*.

THEOREM 6.33. Let A be an abelian variety and (b;) C H*(A,Z) an integral basis. Let 0: Ky(A)
< ABl be the embedding. We also use Notation 2.2.

The homomorphism 0*: H*(ABlZ) — H*(K5(A),Z) of graded rings is surjective in every
degree except 4. Moreover, the image of H 4(A[3],Z) is the primitive overlattice of the group
Sym?(H?(K2(A),Z)). The kernel of 6* is the ideal generated by H'(APl, 7). The images by 6*
of the following integral classes provide a basis of Im 6*:

Degree || Preimage of class Alternative name
0 ga1(1)%0) 1
2 2q1(b;)q1(1)%]0) for 1 <i <6 7 (bs)
302(1)a1(1)]0) e
3| sau(a))ai(1)%]0)
242(ai)q1(1)[0)
4| au(bi)ai(b;)ar(1)[0) for 1 < i < j <6, but (bi, b)) # (a1a2, azas)
$q1(2)q1(1)2(0) (instead of the missing case above) Y,
5 (a1(60)* = q2(b:)) q1(1)]0)
gQ3(1>‘0> w
5 q1(aia;)q1(a;)q1(1)|0) for any choice of j # i
q2(a7)a1(1)]0)
6 | 91(a7)q1(a})qi(1)|0) for 1 <i < j <4
a2(x)q1(1)[0)
8 q1()3)0) top class
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Proof. The table is established by the following results: For degree 2, see Proposition 5.12. Since
the Poincaré duality pairing on K2(A) can be evaluated using projection formula (5.3), the dual
classes of degree 6 are easily computed. The odd degrees are treated by Proposition 6.2. Classes
of degree 4 are studied in Sections 6.5 and 6.6. The classes are chosen in such a way that they
give a basis of Sym®**, which is possible by Corollary 6.32. The condition (b;,b;) # (a1a2, azas)
is more or less arbitrary, but we had to remove one class to avoid a relation of linear dependence.

The kernel of 8* is described by Propositions 5.5 and 5.7. O

7. Symplectic involutions on K3(A)

By Section 6.1 and [MTW18], it is now possible to classify the symplectic involutions on Ka(A).
Let X be an irreducible symplectic manifold. Let

v: Aut(X) — Aut(H*(X, 7))

be the natural morphism. Hassett and Tschinkel [HT13, Theorem 2.1] have shown that Kerv
is a deformation invariant. Let X be an irreducible symplectic fourfold of Kummer type. Then
Oguiso [Ogu12] showed that Kerv = (Z/37)%3 x Z/27.

Let A be an abelian variety and g an automorphism of A. Let us denote by T3 the group of
translations of A by elements of A[3] and by Autz(A) the group of Z-linear automorphisms of A.
If g € Tyj3 @ Autz(A), then g induces a natural automorphism on Ks(A). We denote the induced
automorphism by ¢Bll. If there is no ambiguity, we also denote the induced automorphism by
the same letter g to avoid too complicated formulas.

When X = K5(A), the kernel Ker v can be described precisely as follows.

COROLLARY 7.1 ([BNS11, Corollary 3.3]). Let A be a complex torus and v: Aut(K2(A)) —
Aut(H?(K2(A),Z)) the natural map. Then Kerv = T3 1 (— id 4) I,

7.1 The Torelli theorem
To prove Theorem 7.5(i), we will need to use the global Torelli theorem for irreducible holomor-
phic symplectic (IHS) manifolds stated by Markman in [Marll]. We recall this theorem in this
section.

Let X7 and Xy be IHS manifolds. We say that the isomorphism f: H*(X1,7Z) = H*(X,7) is
a parallel-transport operator if there exist a smooth and proper family 7: X — B of IHS manifolds
over an analytic base B, points b; € B, isomorphisms v;: X; — A}, for ¢ = 1,2 and a continuous
path ~: [0,1] — B satisfying v(0) = b; and (1) = by, such that the parallel transport in the
local system Rm.Z along v induces the homomorphism g9, o f o 9} : H*(X,,Z) = H*(X,, 7).
An isomorphism g: H?(X1,7Z) = H?(X5,7) is said to be a parallel-transport operator if it is the
second graded summand of a parallel-transport operator f as above. Note that an automorphism
g: H*(X,Z) = H?(X,7) of the second cohomology group of an IHS manifolds X which is

a parallel-transport operator is a monodromy operator. We denote the subgroup of monodromy
operators of X by Mon?(X) c O(H?*(X,Z)).

THEOREM 7.2 ([Marll, Theorem 1.3]). Let X andY be two IHS manifolds which are deformation
equivalent. Then, X and Y are bimeromorphic if and only if there exists a parallel-transport
operator f: H*(X,Z) — H?*(Y,Z) which is a Hodge isometry.

To use this theorem, it is important to know the group Mon?(X). In the case of an irre-
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ducible symplectic manifold of Kummer type X, the group Mon? (X) was described by Mongardi
in [Mon16]. Let OT(H?(X,Z)) be the subgroup of O(H?(X,Z)) that preserve the orientation of
the positive cone. Let W(X) be the subgroup of Ot (H?(X,Z)) acting as +1 on the discriminant
group Az (x z) = H?(X,7)*/H?*(X,Z). Let x be the character corresponding to the action on
Apz(x,z)- We denote the kernel of det ox: W(X) — {#1} by N(X).

THEOREM 7.3 ([Mon16, Theorem 2.3]). Let X be an irreducible symplectic manifold of Kummer
type. Then Mon?(X) = N(X).

Let A, be the lattice UP3@® (—2—2n). Let X be an irreducible symplectic 2n-fold of Kummer
type; an isometry o: H2(X,Z) — A, is called a mark, and the pair (X, ) is called a marked
irreductble symplectic 2n-fold of Kummer type. We denote the moduli space of marked irreducible
symplectic 2n-folds of Kummer type by M, . Moreover, we recall that the period map is defined
as follows:

P: My, — QU ={2 €PN, ®C)|2°=0and z-T > 0},
(Xs) = o (H (X, 25)) -

COROLLARY 7.4. Let X be an irreducible symplectic 2n-fold of Kummer type, with n+1 a prime
power. Let A be a 2-dimensional complex torus; we denote its dual torus by A*. If there ex-
ists a Hodge isometry f: H*(X,7) — H?*(K,(A),Z), then X is bimeromorphic to K,(A) or
to Kp(A*).

Proof. We are going to use Theorem 7.2. To do so, we have to understand when f is a parallel-
transport operator. Let ¢ be a mark of X; since X is of Kummer type, we can find a mark
of Kn(A) such that (K,(A),v) and (X, ) are in the same connected component M ~of the
moduli space My, . In particular, this means that ¢! o ¢ is a parallel-transport operator. We
are now going to consider f ool oy € O(H*(K,(A),Z)). We can assume that fo g Loy €
Ot (H?*(K,(A),Z)), by changing f to —f if necessary. Moreover, since n+ 1 is a prime power, by
[MM17, Lemma 4.3], we can find v € N (K, (A)) = Mon(K,(A)) such that fop~loyov(s) =4,
where 0 is half the class of the diagonal divisor in K, (A). Hence, we can exchange the mark 1
for the mark ¢ := v o v, keeping (K,(A),¢’) in M] .

As in [MM17, Section 4], we now consider the dual complex torus A* of A. Then H'(A*,Z)
is isomorphic to H'(A,Z)*. Let T be the composition of natural isomorphisms H?(A,Z) ~
H?(A,7)* ~ H?(A* 7), where the first isomorphism is induced by the intersection pairing.
Let 7: H?(K9(A),Z) — H?(K3(A*),7Z) be the isomorphism restricting to 6~ as —7 and map-
ping the class ¢ to half the class of the diagonal divisor in K3(A*). The isometry 7 is also
constructed in [Shi78, Lemma 3], and it is shown there that it preserves the period. More-
over, by [MM17, Proposition 4.6], we have either fo¢~! o4’ € N(K,(A)) = Mon(K,(A)), or
Tofop toy € N(K,(A)) = Mon(K,(A)). So either f or 7o f is a parallel-transport operator.
Then, we conclude the proof with Theorem 7.2. ]

7.2 Uniqueness and fixed locus
THEOREM 7.5. Let X be an irreducible symplectic fourfold of Kummer type and ¢ a symplectic
involution on X.

(i) We have . € Kerv.

(ii) Let A be an abelian surface. Then the pair (X, () is deformation equivalent to (K2(A),t; o
(—id 4B, where t, is the morphism induced on Ko(A) by the translation by T € A[3].
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(iii) The fixed locus of ¢ is given by a K3 surface and 36 isolated points.

Proof of part (). If « ¢ Kerv, by the classification of [MTW18, Section 5], the unique possible
action of ¢ on H2(X,Z) is given by H*(X,Z)* = U & (2)%2 @ (—6). We will show that this is
impossible. Let us assume that H?(X,Z)" = U @ (2)%2 @ (—6); we will find a contradiction.
Denote the sublattice U @ (2)%2 @ (—6) of Ay by A,. The proof is organized as follows. First
we will show that (X,:) deforms to a pair (K2(A),7), where i is a natural involution (that is,
an involution induced by an involution on A). Then we will see that this is impossible, using
[MTW15, Section 4] and Corollary 6.3.

As explained after [Mon13, Remark 2], we can find a pair (Y, ') which is deformation equiv-
alent to (X, ¢) such that there exist two marks ¢, ¢’ and a generic complex torus A with

P2(Y,¢) = P(Kz(A),¢).

We recall in a few words how this is shown in [Mon13]. First, since ¢ is symplectic, a period of X
is contained in the sub-period domain Qy, := {z € P(A, ® C) | 2 =0 and - T > 0}. Moreover,
we can find an x € 0y, such that zt N A, = Zd with d> = —6 and d - Ay = 6Z. Furthermore,
we can link x to a period of X by a chain of twisted lines in Qp, (see for instance [Huyl2,
Proposition 3.7]). Then [Mon13, Remark 1] explains that there exist a pair (Y,:'), deformation
equivalent to (X,:), and a mark ¢ such that 2(Y, ) = x. Moreover, d- in A, is isomorphic
to the torus lattice, so by the surjectivity of the period map of a 2-dimensional torus, we can
find a torus A and a mark ¢’ such that Z(K2(A),¢’) = x. Observe, in addition, that we have
chosen  such that the NS(A) is minimal, that is, NS(4) ~ S, := (H%(Y,Z)")*. To be more
precise, if j: H?(Ky(A),Z) — H?(A,Z) ® 76 is the natural Hodge isometry with & half the class
of the diagonal divisor in Ks(A), then

NS(4) =jo @' ow(S). (7.1)

Then Corollary 7.4 implies that Y is bimeromorphic to K2(A) or to Ko(A*). Let us assume
that we have a bimeromorphism r: Y — K3(A); if Y is bimeromorphic to K2(A*), the proof is
similar. Then the involution ¢/ provides an involution i := 7 o ¢/ o r~!, not necessarily regular
on Ky(A).

On the other hand, by (7.1), we have NS(A) ~ (—2)®2. We now construct an involution g on
H?(A,Z) given by —id on (—2)®2 and id on ((—2)®?)* and extended to an involution on H?(A, Z)
by [Nik80, Corollary 1.5.2]. Then by [Shi78, Theorem 1], the involution g provides a symplectic
automorphism on A with H2(4,Z)9 = ((—2)%%)+ = U @ (2)®2. It follows from the classification
of [MTW15, Section 4] that A = C/A with A = {((1,0),(0,1), (z, —y), (y,2)), (z,y) € C> < R?
and g = (9 7'). We are going to show that g o acts trivially on H?(K2(A),Z). The automor-
phisms ¢ and 4 are both symplectic, so act trivially on T := NS(K5(A))L, the transcendental
lattice of K2(A). Hence, we only have to prove that g o i acts trivially on NS(K2(A)). We have
NS(K3(A)) = j~H(NS(A)) @ Zd ~ (—2)P2 @ (—6). We know that g acts on NS(K3(A)) by fixing
§ and on j~!(NS(A)) by —id. Moreover, we know that S; := (H?(K2(A),Z)")+ C NS(Ka(A))
and S; ~ (—2)%2. Let (a,8) be a basis of S;; we can write i(d) = A6 + p1a + p2B with A, u1,
o integers. Then i(§)? = —6 = —6)\? — 2u? — 2u3, so, necessarily, A = 1 and p; = pg = 0. This
implies that i(§) = § and S; = j71(NS(A)). This proves that goi acts trivially on H?(K2(A),Z).

Hence, by [Fuj81, Corollary 3.3 and Lemma 3.4], the composition g o i extends to an auto-
morphism of K3(A). In particular, i = ¢g7! 0 g 0 i extends to a symplectic involution on Ko(A)
and g oi € Kerv. This allows us to compare the action of i and g on H3(Kz(A),Z).

By Corollary 6.3, the translation ¢, acts trivially on H3(K2(A),Z). Hence, by Corollary 7.1,
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we necessarily have

i3 (Ka(A),2) = Y (ca(a),2) © (T 1dA) a1y () 2) OF 9h3(1a(4),2) = H3 (1 (4),2) -

Ka(A),2) has order 4, and iTH3(K2(A),Z)O(_ idA)ng,(KQ(A)Z)
and iTHS (Ka(A)Z) have order 2, which gives a contradiction.

But by Corollary 6.3, the morphism 9\*H3(

Proof of part (ii). Let X be a irreducible symplectic fourfold of Kummer type and ¢ a symplec-
tic involution on X. By part (i) of the theorem, we have ¢ € Ker v. Then, by [HT13, Theorem 2.1],
the pair (X, ¢) deforms to a pair (K2(A), () with A an abelian surface and ' € Ker v a symplectic
involution on K3(A). We conclude with Corollary 7.1.

Proof of part (iii). Let A be an abelian surface. By [Tarl5, Section 1.2.1], the fixed locus
of t, o (—ida)B on Ky(A) consists of a K3 surface and 36 isolated points. Now, let X be an
irreducible symplectic fourfold of Kummer type and ¢ a symplectic involution on X. By part (ii)
of the theorem, the fixed locus Fix ¢ deforms to the disjoint union of a K3 surface and 36 isolated
points. Moreover, ¢ is a symplectic involution, so the holomorphic 2-form of X restricts to a
non-degenerate holomorphic 2-form on Fix¢. So Fix ¢ can only contain K3 surfaces, complex tori
and isolated points. It follows, necessarily for topological reasons, that Fix: consists of a K3
surface and 36 isolated points. O

Remark 7.6. With the same ideas as in proof of Theorem 7.5(i), when n + 1 is a prime power,
we can show that a numerically standard symplectic automorphism on an irreducible symplectic
2n-fold of Kummer type is standard (see [Mon13] for the definition of standard and numerically
standard).

Remark 7.7. (1) We also observe that the K3 surface fixed by (¢, o (—ida)) is given by the
submanifold

Z—r ={(a1,a2,a3) | a1 = -7, ay = —ag + 7, ag # —T}
defined in [HT13, Section 4].
(2) By considering the involution —idy4, we see that the set

P :={¢ € K3(A) | Supp¢ = {a1,a2,a3}, a; € A[2] ~ {0},1 < i <3}

provides 35 fixed points and the vertex of Wy := {¢ € K2(A) | Supp& = {0}} supplies the 36th
point. We denote the points of P by p1, ..., pss and the vertex of Wy by pss.

7.3 Action on the cohomology

By Theorem 7.5, we can assume that X = K(A) and ¢ = —id . To consider ¢, o (—id4) instead
of —idy only has the effect of exchanging the role of [Zy] and [Z_;]. Hence, we do not lose
any generality assuming that ¢ = —id4. We now calculate the invariants IJ (K2(A)) defined in
Definition-Proposition 2.3. This will be used in Section 8.

By Theorem 7.5(i), the involution ¢ acts trivially on H?(K2(A),Z). It follows that

13(Ko(A)) = 127_(K2(A)) =0 and li_f_(KQ(A)) =7. (7.2)
By Corollary 6.3, the involution ¢ acts as —id on H3(K2(A),Z). It follows that
13(Ka(A)) =15  (K2(A)) =0 and [} _(Ky(A)) =8. (7.3)

By Definition 6.21, we have
H'(K3(4),Q) = Sym® H*(K3(4),Q) &~ II' @ Q,
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where I = (Z, — Zy, 7 € A[3] ~ {0}). The involution ¢* fixes Sym? H?(K>(A),Z) and 1*(Z, —
Zy) = Z_r — Zy. This leads to the following proposition.

PROPOSITION 7.8. We have I _(K»(A)) =0, I{ , (K2(A)) = 28 and I5(K3(A)) = 40,

Proof. Let S be the overlattice of Sym? H?(K2(A),Z), where we add all the classes divisible by 2
in H*(K3(A),Z). From Section 6.6, we know that the discriminant of S is not divisible by 2.
Hence, we have H*(K3(A),Fs) = S ® Fy @ I’ ® Fo. Moreover, we have (*(Z, — Zy) = Z_, — Zg
for all 7 € A[3] \ {0}. Hence, Vectr,(Z, — Zy, Z_r — Zy) is isomorphic to Ny as an Fa[G]-module
(see the notation in Definition-Proposition 2.3). Moreover, H?(K3(A),Z) is invariant under the
action of ¢; hence, Sym? H?(K5(A),Z) and S are also invariant under the action of ¢. It follows
that S® Fy = N; and I’ ® F3 = N>. Since tkS = 28, we have lil,+ + l‘if = 28. However, S
is invariant under the action of ¢; it follows that li_ = 0 and l‘i 4+ = 28. On the other hand,
kI = 80; it follows that I3 = 40. O

8. Proof of Theorem 1.1

Since all generalized Kummer fourfolds are deformation equivalent, by Theorem 7.5, all pairs
(X, 1), where X is a fourfold of Kummer type and ¢ a symplectic involution, are deformation
equivalent. Moreover, the Beauville-Bogomolov form is a topological invariant; hence, without
loss of generality, it is enough to prove Theorem 1.1 for a particular pair (X,¢). We can as-
sume that X is a generalized Kummer fourfold and + = —id4. As it will be useful in proving
Lemma 8.17, we can, moreover, assume that A = F¢ x E¢, where

C
E& ::Aio

with £ := e%™/% and Ay := (1,€). This abelian surface has the interest of carrying enough
automorphisms.

DEFINITION 8.1. Define the group G¢ of automorphisms of E¢ x E¢ by the following generators

in GL(2, End(Ao)):
&0 01 11
91=<0 1>7 92=<1 O)’ 93=<0 1)-

For A = E¢x E¢, let V- = A[2] be the (4-dimensional) Fa-vector space of 2-torsion points on A,
and let ¥ be the set of planes in V. Note that by Remark 6.9, a plane in V' can be identified with
an unordered triple {z,y, 2} with x,y, 2 € V non-zero and = + y + z = 0. The action of G¢ on A
induces actions of G¢ on A[2] and T. The following lemma will be used to prove Theorem 8.12.

LEMMA 8.2. There are two orbits of G¢ on T, of cardinalities 5 and 30.

Proof. Note that the generators g and g3 exist because A is of the form F'x E, while g; exists only
in the special case I = E¢. Indeed, multiplication with § induces a cyclic permutation on E¢[2].
The orbits can be determined explicitly by a suitable computer program. For verification, we give
one of the orbits explicitly. Let x1, x2, 3 be the non-zero points in F¢[2]. The orbit of cardinality
5 is then given by

{(0,.931),(0,312),(0,%‘3)}, {(.7}1,0),(%2,0),(%‘3,0)}, {(.7}1,.7,'1),(xg,l'g),(lg,xg)},
{(z1,22), (w2, 23), (w3, 21)},  {(z1,23), (22, 21), (23, 22)} . O
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8.1 Overview on the proof of Theorem 1.1 and notation
The proof is divided into the following steps:

(1) First (7.2), (7.3), Proposition 7.8 and Theorem 8.7 will provide the H*-normality of
(K2(A),t) in Section 8.2. The notion of H*-normality is recalled at the beginning of the section.

(2) The knowledge of the elements divisible by 2 in Sym? H?(K5(A),Z) from Section 6.6
and the H*-normality allow us to prove the H2-normality of (K2(A),¢) in Section 8.3.

(3) An adaptation of the H?-normality (Lemma 8.11) and several lemmas in Section 8.4 will
provide an integral basis of H2(K',Z) (Theorem 8.12).

(4) Knowing an integral basis of H?(K',7Z), we complete the calculation of the Beauville—
Bogomolov form in Section 8.5 using intersection theory and the Fujiki formula.

We now provide some notation that we will be used during the proof. Let Ko(A) be a gener-
alized Kummer fourfold endowed with the symplectic involution ¢ induced by —id4. We denote
the quotient map K9(A) — K2(A)/t by m. From Theorem 7.5, we know that the singular locus
of the quotient K5(A)/c is the K3 surface that is the image of Zy and 36 isolated points by .
We set Zy := 7(Zy). We consider 7': K’ — Ky(A)/t, the blow-up of K2(A)/t in Zy; we denote
the exceptional divisor by 70,. We also consider s1: N1 — Ka(A), the blow-up of Ka(A) in Zy;
we denote the exceptional divisor in Ny by Z|). Let ¢; be the involution on N induced by ¢. We
have K’ ~ Nj/u1; we denote the quotient map by m: N3 — K.

Consider the blow-up s2: No — Nj of Nj in the 36 points pi,...,p3s fixed by ¢1 and the
blow-up 7: K — K' of K' in its 36 singular points. We denote the exceptional divisors by
Ei,...,E3 and Dy,..., Dsg, respectively. We also write Zy = 17*(70,) and Zy = s5(Z(). We
denote the involution induced by ¢ on N3 by to and the quotient map by ma: Ny — Na/te. We
have Ny /19 ~ K. To finish, we set V = K3(A) \ Fixt and U = V/i. We collect this notation in
a commutative diagram:

K—Ts K'— " Ky(A) /e ~—U

MT WIT . ﬂT T (8.1)

Ny —2= N Ka(A) <—V .

SN

L

We set s = sg 01 and 7 = 7or’. We denote the half of the class of the diagonal in H?(K3(A),Z)
by e, as in Notation 5.13.

Remark 8.3. We can commute the push-forward maps and the blow-up maps, as proved in
[Men14, Lemma 3.3.21]. Let z € H?(N1,Z) and y € H?(K3(A),Z); we have

max(85(2)) = 7 (m1(2)) - T(s1(y)) = r"(me(y) -

Moreover, we will also use the notation provided in Notation 5.13 and Section 6.4.

8.2 H*-normality of the pair (K2(A),t)
We will use the notion of H*-normality from [Men14, Definition 3.3.4] that we recall here.

DEFINITION 8.4. Let X be a compact complex manifold and ¢ an involution. Let 0 < k£ < 2n,
and assume that H¥(X,Z) is torsion free. Then if the map m.: H*(X,Z) — H*(X/G,Z)/ tors is
surjective, we say that (X, ) is H*-normal.
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Remark 8.5. The H¥-normal property is equivalent to the following property: for x € H*(X, Z)",
the image 7, () is divisible by 2 if and only if there exists a y € H¥(X,Z) such that = y+*(y).

DEFINITION 8.6. Let X be a compact complex manifold of dimension n and G an automorphism
group of prime order p.
(i) We will say that Fix G is negligible if the following conditions are verified:
e The group H*(FixG,Z) is torsion free.
o CodimFixG > n/2 + 1.
(ii)) We will say that Fix G is almost negligible if the following conditions are verified:
e The group H*(FixG,Z) is torsion free.
e The dimension n is even and at least 4.
e We have Codim Fix G = n/2, and the purely n/2-dimensional part of Fix G is connected

and simply connected. We denote the n/2-dimensional component by Z.
e The cocycle [Z] associated with Z is primitive in H"(X,Z).

We will use the following theorem ([Men14, Corollary 3.5.18]) to prove the H*-normality of
(K2(A),0).

THEOREM 8.7. Let G be a group of order 2 acting by automorphisms on a Kéahler manifold X
of dimension 2n. We assume that

(i) H*(X,Z) is torsion free,

(ii) Fix G is negligible or almost negligible,

(iii) l% (X)=0forall<k<n,

(iv) l2k+1( )=0forall 0 < k<n—1whenn>1,

(v) Bro(X) +2 |20 B (X)) + X0 B (X)) | = SR h* (Fix G, 7).

Then (X, G) is H*"-normal.
PROPOSITION 8.8. The pair (Ka(A), 1) is H*-normal.

Proof. We apply Theorem 8.7. Let us check the assumptions.

(i) By Theorem 5.2, the group H*(K2(A),Z) is torsion free.

(ii) From Remark 7.7(1), we know that the connected component of dimension 2 of Fix¢ is
given by Zjy, which is a K3 surface, hence is simply connected. Moreover, by [HT13, Proposi-
tion 4.3], we have Zy - Z, = 1 for all 7 € A[3] \. {0}. Hence, the class of Zy in H*(K3(A),Z) is
primitive. It follows that Fix ¢ is almost negligible (Definition 8.6).

(iii) By (7.2) and Proposition 7.8, we have I§ _(K3(A)) = If _(Ka(A)) = 0.
(iv) By (7.3), we have I} , (K2(A)) = 0. Moreover, H'(K3(A)) = 0, so I | (K2(A)) = 0.
(v) We have to check the following equality:
14 (F2(A) +2[1 (X) + 8 _(X) + 1 (X) + 17 (X)]
= 36h"(pt) + h"(Zo) + h*(Zo) + h*(Z) -
y (7.2), (7.3) and Proposition 7.8,
I (Ka(A) +2[ (X)+8 _(X)+ 10, (X)+15 (X)] =28+2(8+1+7)=60.
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Moreover, since Zj is a K3 surface, we have
36R0(pt) + h2(Zo) + h*(Zo) + WY (Zy) =36 +1+22+1=60.
It follows from Theorem 8.7 that (Ka(A),t) is H*-normal. O

Remark 8.9. As explained in [Men14, Proposition 3.5.20], the proof of Theorem 8.7 provide first
that o, (s*(H*(K2(A),Z))) is primitive in~H4(K, Z) and then the H*-normality. So, the lattice
Tox(s*(H*(K3(A),7Z))) is primitive in H*(K,7Z).

8.3 H2-normality of the pair (K2(A),t)
PROPOSITION 8.10. The pair (K3(A), 1) is H?-normal.

Proof. We want to prove that the push-forward m.: H2(K2(A),Z) — H?(K2(A)/1,7Z)/ tors is
surjective. By Remark 8.5, it is equivalent to prove that for all z € H?(K2(A),Z)", the image
7.(x) is divisible by 2 if and only if there exists a y € H?(K3(A),Z) such that z = y + ¢*(y).

Let » € H?(K3(A),Z)* = H*(K3(A),Z) be such that 7. (x) is divisible by 2; we will show that
there exists a y € H?(K2(A),Z) such that * = y +¢*(y). By Proposition 2.7, the image 7 (z?) is
divisible by 2. However, 22 € H*(Ky(A),Z)"; since (K3(A),t) is H*-normal by Proposition 8.8,
this means that there exists a 2 € H*(K3(A),Z) such that 2% = z + 1*(2).

As before, let S be the overlattice of Sym? H?(Ko(A),Z), where we add all the classes divisible
by 2 in H*(K2(A),Z). By Definition 6.21 and (6.13), there exist z; € S, z, € I and o € N such
that 3% - 2 = 25 + 2,. Hence, we have 3% - 12 = 22 + 2, + ¢*(2p). Since 22 € Sym, we have
zp + t*(2p) = 0. It follows that

3% % =22z, (8.2)

Let (u1,uz,v1,ve, wy, wa,e) be the integral basis of H?(K3(A),Z) introduced in Notation 5.13.
We can write

T = a1u1 + aug + Brur + Pavg + y1wy + Yows + de.
Then

3% 2% = adud + a3u3 + Biv] + Bavs + Yiwi + yawi + d*e*  mod 2H*(Ko(A),Z).

It follows by (8.2) that a3u} +a3u3 + Bivi + B3vs +viwi +y3w3 + d?e? is divisible by 2. However,
by Theorem 6.31(i), we have

Uy - U2 + 01 - V2 + Wi - we

S = < Sym*H?(K3(A),Z);

2 )
2 1 2 1 2 1
U — U - € UV — RV € WP — sWw;-e
Lot Mg WSS e ), (53)

The sum %(a%u% + a2ul + BIvd 4 B2v2 + vPw? +y3w3 + d%e?) is in S and so can be expressed as
a linear combination of the generators of S. Then it follows from (8.3) that all the coefficients of
a2u? + adud + B20? + B3 +yiw? +y3w? + d?e? are divisible by 2. This means that x is divisible
by 2. This is what we wanted to prove. O

With exactly the same proof working in H 4(% ,Z), using Remark 8.9, we provide the following
lemma.

LEMMA 8.11. The lattice mo.(s*(H?(Ky(A),Z))) is primitive in H2(K 7).
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8.4 Calculation of H2(K’,Z)
This section is devoted to proving the following theorem.

THEOREM 8.12. Let K’, 71, s1 and 70/ be, respectively, the variety, the maps and the class
defined in Section 8.1. We have

HY(K',Z) = my. (st (H2(Ky(A), Z)) @z@*(sﬂ?) +Zo) @z(“*@(;)) ~Z )

First we need to calculate some intersections.
LEMMA 8.13. (i) We have E;-Ey, =0ifl #k, E} = —1 and E;-z = 0 for all (I, k) € {1,...,28}?
and for all z € s*(H?*(K3(A),Z)).

(ii) We have e* = 324.

We already have some primitivity properties:

(iii) The class m1.(si(H?(K2(A),Z))) is primitive in H*(K',Z),

(iv) The group D = <70 Dy..... D, %(70 $D 4+ + D36>> is primitive in H2(K, 7).

(v) The class 7o is primitive in H?*(K',7).

Proof. (i) This is the same statement as [Menl4, Proposition 4.6.16 1)], proven using the ad-
junction formula.

(ii) This follows directly from the Fujiki formula (5.5).

(ili) By Lemma 8.11, the class mo,(s*(H2(K3(A),Z))) is primitive in H2(K,Z). Then by
Remark 8.3, the class r™*(m,(H?(K2(A),Z))) is primitive in H?(K’,Z). Using Remark 8.3 again,
we get the result.

The proof of parts (iv) and (v) is the same as that of [Menl4, Lemma 4.6.14] and will be

omitted. n
With Lemma 8.13(iii) and (v), it only remains to prove that m.(si(e)) + 7, is divisible by 2,
which will be done in Lemma 8.18. To prove this lemma, we first prove that ma.(s*(e)) + Zo is

divisible by 2. Knowing that Zy + D1 + --- + Dsg is divisible by 2, we only have to show that
mox(s*(e)) + D1 + - - - + Dsg is divisible by 2, which is done by Lemmas 8.16 and 8.17.

First we need to know the group H3(K,Z).
LEMMA 8.14. We have H3(K,Z) = 0.

Proof. We have the following exact sequence:

HY(Ky(A),V.Z) — HY(K(A), Z) 1> BV, Z) — BY(K(4),V.Z) ~*~ H'(Ky(A).Z).

By the Thom isomorphism, H?(K3(A),V,Z) = 0 and H*(K5(A),V,Z) = H°(Zy,Z). Moreover,
o is injective, so H3(V,Z) = H3(K3(A),Z).

Hence, by (7.2), (7.3), [Menl4, Proposition 3.2.8] and the identity H3(K3(A),Z)* = 0, we
find that H3(U,Z) = 0. The result then follows from the exact sequence

H3(K,U,Z) — H3(K,Z) — H3(U,Z)

and from the fact that H3(K,U,Z) = 0 by the Thom isomorphism. O
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To prove the next lemma, we will need a proposition from [BNS13, Section 7] about Smith
theory. Let X be a topological space, and let G = (1) be an involution acting on X. Let o := 1+¢ €
F2[G]. We consider the chain complex C.(X) of X with coefficients in Fy and its subcomplex
0C4(X). We denote the fixed locus of the action of G on X by X©.

ProPOSITION 8.15. (i) ([Bre72, Theorem 3.1]). There is an exact sequence of complexes
0—— 0Cu(X) ® Cu(XF) L= CL(X) 2> 0CL(X) — 0,

where f denotes the sum of the inclusions.

(i) ([Bre72, (3.4), p. 124]). There is an isomorphism of complexes
oCy(X) ~ C.(X/G, X)),
where X is identified with its image in X/G.

LEMMA 8.16. There exists a D, which is a linear combination of the D; with coefficients 0 or 1
such that ma.(s*(e)) + D, is divisible by 2.

Proof. First we have to use Smith theory as in [Menl4, Section 4.6.4].

Look at the following exact sequence:
0— H?(K,ZyU (U}, Dy), Fo) —= H*(K,Fo) —= H?(Zy U (U Dy.), Fo)
- H3(R, Zg U (U3 D), Fy) —=0 .
First, we will calculate the dimension of the vector spaces H? (I? . Zo U (Uﬁile) , Fg) and
H3 (I?,Z]U (Uzﬁlek),Fg). By Proposition 8.15(ii), we have
H*(K,Zo U (U, Dy), Fo) o~ HZE(No).
The previous exact sequence gives us the following equation:
hZ(No) — h*(K,Fa) + h?(Zo U (U8, Dy,), Fa) — h3(N2) = 0.
As h? (k,]FQ) =8+ 36 =44 and h? (70U (Uzﬁlek),Fg) = 23 + 36 = 59, we obtain
ho(No) = hi(Na) = —15.
Moreover, by Proposition 8.15(ii), we have the exact sequence
0 —> H}(Na) —> H2(Ny) —> H?(Np,Fa) —= H2(N2) & H?(Zo U (U} ), Fo)
— H3(Ny) — coker —=0 .
By [BNS13, Lemma 7.4], we have hl(Ny) = ho(/Z\a U (U8, Ey),F2) — 1. Then we get the equation
h0(Zo U (UfS1 Ey), Fo) — 1 — h2(Ng) + h*(No, Fa)
— h2(N2) — h2(Zo U (VRS By), F2) + hi(N2) — =0,

where a = dim coker. So 21 — a — 2h2(N2) + h3(N3) = 0. From the two equations, we deduce
that

h2(Ny) =36 —a, h3(Ny)=51—a.
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We return to the exact sequence
0—= H2(K, Zg U (UJS, Di), Fa) —= H2 (K F2) —= H2(Zy U (U, D)), F)

where ¢: ZoU(U9, Dy) < K is the inclusion. Since h? (K, ZoU (U3, D), Fo) = h2(Na) = 36—a,
we have dimp, ¢*(H?(K,F3)) = (8+36)—36+a = 8-+a. We can interpret this as follows. Consider
the homomorphism

G HY(K,Z) — H(Zo,Z) & (3%, H*(Dy, 2)) |
U +— (U-Z,U'Dl,...,’u,-Dgﬁ).

Since this is a map of torsion-free Z-modules (by Lemma 8.14 and the universal coefficient
formula), we can tensor by Fa,

¢ = @ids,: H2(K,Z) ® Fy — H(Zo,2) & (3%, H2(Dy,, Z)) @ s,

and we have 8 + a independent elements such that the intersection VY\i:Gh the Dy, for k €
{1,...,36}, and Zj are not all zero. But ¢*(max(H?(N2,7Z))) = 0 and ¢*(Zy, (D1, ..., Dsg)) = 0

(this follows from Proposition 2.7). By Lemma 8.13(iv), the element Zy 4+ Dy + -+ + Dsg is
divisible by 2. Hence, necessarily, there remain 7 4+ o elements %(ul +di),..., %(u”a + d7yq) in
H2(K,Z), linearly independent as elements of H2(K,Fy) and with u; € mo, (s*(H2(K5(A), Z)))
and d; € <D1, Ceey D36>.

By Lemma 8.13(iv), the class (D, ..., Dsg) is primitive in H2(K,Z). Hence, necessarily, the
elements u1, ..., U7 viewed as elements in 7o (s*(H?(K2(A),F2))) are also linearly indepen-
dent. Since dimp, 7o, (s*(H?(K2(A),F))) = 7, it follows that a = 0 and

Vectr, (1, . .., u7) = o, (s* (H*(K2(A),F2))) .

Hence, e € Vecty, (u1,...,ur7) and there exists a D, which is a linear combination of the D; with
coefficients 0 or 1 such that mo.(s*(e)) + D, is divisible by 2. O

LEMMA 8.17. We have D, = Dy + -+ - + Dasg.

Proof. We know from Remark 6.5 that the image of the monodromy representation on A[2]
contains the symplectic group Sp A[2]. We recall from Remark 7.7(2), that Dy,..., D35 are given
by ma(s~1(P)). It follows that the image of the monodromy representation on H2(K,Z) contains
the isometries which act on Dy, ..., D35 as the elements f of Sp A[2],

fma(s7 ({a1, a2, as})) = ma (s~ ({f(a1), f(a2), f(a3)})),

and act trivially on D3g and m2.(s*(e)). As explained by Remark 6.9, Remark 7.7(2) and Propo-
sition 6.7, the two orbits of the action of Sp A[2] on the set © := {D;,..., D35} correspond to the
two sets of isotropic and non-isotropic planes in A[2]. Hence, by Proposition 6.10(iii) and (iv),
the action of Sp A[2] on the set ® has two orbits: one with 15 elements and another with 20
elements.

On the other hand, as we have mentioned, we can assume that A = E¢ x E¢, where E is
the elliptic curve introduced in Definition 8.1. Hence, there is the following automorphism group

acting on A:
/(& 0 01 11
fo= (6 1) 0 0) 6o 1))
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The group G¢ extends naturally to an automorphism group of Ny (we recall that Ny is defined
in Section 8.1), which we also denote by G¢. Moreover, the action of G¢ restricts to the set D.
Then by Lemma 8.2, the action of G¢ on © has two orbits: one with 5 elements and one with 30
elements. Also, the group G¢ acts trivially on D3 and ma.(s*(e)).

Hence, the combined action of G¢ and Sp A[2] is transitive on ®. Since ma.(s*(e)) is fixed
by the action of G¢ and Sp A[2], the divisor D, also has to be fixed by the action of G¢ and
Sp A[2]; else, we have a contradiction with Lemma 8.13(iv). It follows that there are only three
possibilities for De:

(1) De = Dsg,
(2) D6:D1+-‘~+D35, or
(3) De =Dy + -+ Dy
Let d be the number of D; with coefficient equal to 1 in the linear decomposition of D,. The
number d can be 1, 35 or 36.
Then from Lemma 8.13(i) and (ii) and Proposition 2.7,

(Wz*(S*(e)) + De>4 _324-d

2 2
Hence, d has to be divisible by 2. It follows that D, = D1 + - - - + Dsg. O

LEMMA 8.18. The class m1.(s3(e)) + Zo is divisible by 2.

Proof. We know that ma.(s*(€)) + Zp is divisible by 2. Indeed, by Lemma 8.13(iv), the class
Zo+ D1+ -+ + Dsg is divisible by 2, and by Lemmas 8.16 and 8.17, the class 72 «(s*(e)) + D1 +
-+ 4 D3¢ is divisible by 2.

We can find a Cartier divisor on K which corresponds to 3 (m2:(s*(e)) + Zy) and which does
not meet Uiﬁlek. Then this Cartier divisor induces a Cartier divisor on K’ which necessarily
corresponds to half the cocycle m1.(s7(e)) +7, . O

8.5 Computation of By

We finish the proof of Theorem 1.1, computing the Beauville-Bogomolov form By of K'. We
continue using the notation provided in Section 8.1. One of the main ingredients will be the
Fujiki formula (see [Men14, Section 1.2.2]). If X = K’ or Ks(A), we have, for all « € H*(X,Z),

ot = cxBx (o, a)?, (8.4)

where cx € Q is the Fujiki constant. Moreover, if 0 # w is the holomorphic 2-from on X, we
have

Bx(w+w,w+w)>0. (8.5)
There also exists a polarized version of the Fujiki formula:
cx
Qp-Q2 - Q304 = By} Z Bx (040(1),040(2)) - Bx (00(3)7040(4)) (8.6)
c€eG,

for all oy € H*(X,7Z).

LEMMA 8.19. We have 70/2 = —2r*(Zp).
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Proof. We use the same technique as in the proof of [Menl4, Lemma 4.6.12]. Consider the
following diagram:

"

L

Zo—"% K>(4A),
where o and [y are the inclusions and g := sy)7. By [Ful98, Proposition 6.7], we have

s1lo«(Z0) = his(c1(E))
where E := 9*(=/VZO/K2(A))/</VZ(’)/N1- Hence,
stlos(Z0) = 1 (9" (N2 10(a))) — 245 -

Since K2(A) is hyper-Kéhler and Zp is a K3 surface, we have c1(47%,/x,(4)) = 0. So 7P =
—s7lo«(Zp). The result then follows from Proposition 2.7. O

PROPOSITION 8.20. We have the formula

Bior(mia(s7(0), m1a(55(8))) = 61/ —

Crr BKQ(A) (Oé, /8) )

where ¢y is the Fujiki constant of K" and o, 8 are in H*(K5(A), Z) and By, 4y Is the Beauville—
Bogomolov form of Ks(A).

Proof. The key ingredient for the proof is the Fujiki formula.
By (8.4), we have

wr Brer(ma(s1(a), ma(s1(a)))?,

c
ot = 9B, (a)(, a)?.
Moreover, by Proposition 2.7, we have (71.(s*(a)))* = 85*(a)* = 8a*. The desired result follows
from statement (8.5). O
In particular, it follows that we have
2
Bici(ma(s1(e), ma(si(e))) = =364/~ (8.7)

LEMMA 8.21. The equality By (ﬂl*(sf(a)),zl) =0 holds for all o« € H*(K3(A),Z).

Proof. We have m1,(s}(a))? " Zy = 8s3(a)? - X1 by Proposition 2.7 and s1.(s}(a?) - Z)) = o -
s1+(Z})) = 0 by the projection formula. We conclude with (8.6). O

LEMMA 8.22. We have B/ (Zy', Zo') = —4+/2/cxr.

Proof. By (8.6) and (8.7), we have

Z" - ma(si(e)? = %BM’ (20, 20') x Bro(miu(si(€), ma(si(€))

CKt - — 2
w0 7 ()

= —12\/2cx' By (Zo , Z0)) - (8.8)
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By Proposition 2.7, we have

20" - ma(si(e))* =827 - (si(e)). (8.9)
By the projection formula, Z{ - (s3(e))? = s1.(Z{?) - €2. Moreover, by Lemma 8.19, we have
514(Z§) = —Zy. Hence,

Zg - (si(e)? = —Zy - €. (8.10)
It follows from (8.8), (8.9) and (8.10) that
—87y - ¢* = —12\/2cx B (%o, Zo) ) - (8.11)
Moreover, from [HT13, Section 4], we deduce
Zy-e? = —12. (8.12)

So, by (8.11) and (8.12),

B 0, 5) = =8 0

We are now able to finish the calculation of the Beauville-Bogomolov form on H?(K',Z).
By (8.7), Propositions 8.20, Lemmas 8.21 and 8.22 and Theorem 8.12, the Beauville-Bogomolov
form on H%(K',Z) gives the lattice

2 1 /2 /40 32 2 2 (10 8
( cK/> TV (32 40) o ) Ve \s 10
It then follows from the integrality and the indivisibility of the Beauville-Bogomolov form that

cxr = 8, and we get Theorem 1.1.

8.6 Betti numbers and Euler characteristic of K’

PROPOSITION 8.23. The Betti numbers and the Euler characteristic are bo(K') = 8, b3(K') =0,
by(K') = 90 and y(K') = 108.

Proof. The proof is the same as that of [Menl4, Proposition 4.7.2]. We get the Betti numbers
from [Voi02, Theorem 7.31], (7.2), (7.3) and Proposition 7.8. Then x(K’') =1—-0+8—-0+90 —
0+8—-0+1=108. O

Appendix. Divisible classes in H4(K2(A),Z)
Here we give the divisible classes from Section 6.4 that were determined using a computer.

PROPOSITION A.1. The following 31 classes of II' are divisible by 3 in H*(K3(A),Z), and their
thirds span an Fs-vector space of dimension 31 in II’** /Tl namely Y .\ (Zr — Zr4r):

0 (@) w0 oeeer ()0
and O#TIGPJ‘:<<§>,<§
et 2 <{(1)-()-(])
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1 (1) , 0 1
0 1 1 1
? / 1 (o
| o an T € o1 2 R
1 2 2

Q.

Q.

0 <
o a=((-()) = #<{()-()}
w 1= (()- () w0 <~ ()
0 1O} = o)

ProrosIiTION A.2. We use Notation 5.13. The following 19 classes are divisible by 3 in

H*(K5(A),Z), and their thirds provide a linear subspace of dimension 19 of the quotient
H4(K2 (A), Z)/Symsat D H/ sat:

(i) u%—i—TZAZT—ZO for A:<<§)(§>>

(ii) v§+v2u2+u§+ZZTon for A=

T
7N
—OoOOoO
N——
N
OO
N——
~_—

TEA
0 0
(i)  wd+woup+ui+ Y Zr—Zy for A—<<?>a<%>>,
TEA 0 1
) ) 0 0
(iv) w2—w2u2+U2+ZZr—ZO for A:<<g)7<é>>’
TEA

0 0
(v) w%—wgvg+w2u2+v§+vguz+u§+ZZT—Zo for A:<<?>,<})>>,
2 1

TEA

0 1
(vi) w%+w1uQ+u§+ZZT—ZO for A:<<8> <g>>
TEA 1 0
0 1
(vii) 'lU%—uHUQ"'U%"'ZZT—ZO for A:<<8) <(1)>>
TEA 1 0
0 1
(viii) v%—l—mm—i—u%—&-ZZT—Zo for A:<<(1’) (8>>
TEA 0 1
0 1
(ix) of—vwug+us+» Zr—Zy for A:<((13> <8>>
0 2

TEA

0 1
(x) v%—i—vlwl—vluQ—i-w%—l—wlug%-u%—l—ZZT—Zo for A:<<?>,<8>>,

2 2

TEA
. 2 2 2
(xi) V] 4 V1w — viwz — V12 + ViU + wi + wiwg + wiva — Wit + Wy — Wal + Wals
) ) 0 1
+v2+v2uQ+u2+ZZT—Z0 for A=((9),(¢)),
2 1

TEA

" 2 2 2
(xii) V] — V1w + viwy — V1V2 + ViU + Wi + wiwy — w1V + Wite + W5 + Wwaly — Walin
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) . 1), (2
+v2+v2uz+u2+ZZT—Zo for A= L)\ ’

TEA 1

0 1
(xiii) u%—G—ZZT—ZO for A=<(é>a<8>>’
TEA 0 0
0 1
(Xiv) U%—Ul’UQ‘f'U%"‘ZZT_ZO for A_<<(1))7<8>>’
TEA 0 !
0 1
o eemetesn 0 2-{() ()
TEA 0 2
0 1
i) s v %z o A= {(1).(3)).
TEN 2 0
0 1
TEA 2 1
(xviii) u% — wwy + ujwe — U2 + w% + wiwe — WU + w% + wous + u% + Z Z.— 7y
TEA
0 1
o= (1) (1)
i 0
0 1
(xix) u%+u1v1 — uiwi +v% + viwy +w%+ZZT —Zy for A= <<%> ) <8>>
TEA 1 0
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