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Relative orbifold Donaldson—Thomas theory
and the degeneration formula

Zijun Zhou

ABSTRACT

We generalize the notion of expanded degenerations and pairs for a simple degenera-
tion or smooth pair to the case of smooth Deligne-Mumford stacks. We then define
stable quotients on the classifying stacks of expanded degenerations and pairs and prove
the properness of their moduli. On 3-dimensional smooth projective Deligne—-Mumford
stacks, this leads to a definition of relative Donaldson—Thomas invariants and the as-
sociated degeneration formula.

1. Introduction

1.1 Background and motivation

Let X be a smooth projective 3-fold. Motivated by many as a higher-dimensional gauge theo-
ry and introduced by R. Thomas [Tho00] as a holomorphic analog of the Casson invariant,
Donaldson-Thomas (DT) theory counts ideal sheaves of curves on X in certain fixed topological
classes.

A coherent sheaf 7 can be realized as an ideal sheaf of a 1-dimensional subscheme Z C X
if and only if it is torsion-free of rank 1 with trivial determinant, which means that DT theo-
ry can be viewed as either a sheaf-counting theory or a curve-counting theory. The essential
connection of DT theory to other curve-counting theories was first established by the work
of Maulik, Nekrasov, Okounkov and Pandharipande [MNOPO06a, MNOPOGbD], known as the
Gromov—Witten/Donaldson-Thomas correspondence. They conjectured and proved in special
cases that the generating functions of Gromov—Witten (GW) and DT theory can be equated to
each other after a change of variable. They adopted the localization technique in the toric setting
and developed the theory of DT topological vertex.

The GW/DT correspondence has also been proved for local curves [BP08, OP10]. This is the
first nontoric case one can actually do computations on. The crucial tool is the DT degeneration
formula, motivated by the degeneration formula in GW theory and developed by J. Li and
B. Wu [LW15]. With the degeneration formula in the simple degeneration case, one can “split” X
into two simpler spaces Y_ and Y, and express the DT invariant of X in terms of the relative
theory of Y1 with respect to the divisor D.

The goal of this paper is to generalize the relative Donaldson—Thomas theory and the degen-
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RELATIVE ORBIFOLD DONALDSON—THOMAS THEORY

eration formula to 3-dimensional smooth projective orbifolds, which in algebraic settings refers
to Deligne-Mumford stacks. One important reason why people care about orbifolds is Ruan’s
crepant resolution conjecture [Rua06, BG09]: the GW or DT invariants of a 3-orbifold satisfying
the hard Lefschetz condition should be equivalent to those of its crepant resolution (if it exists),
up to change of variables and analytic continuation. Orbifold GW theory and its degeneration
formula have already appeared in [AGV08, AF16].

On the DT side, the orbifold topological vertex technique was developed in [BCY12] for toric
Calabi-Yau (CY) 3-orbifold. Orbifold DT theory is also treated in [GT13], for projective CY
3-orbifolds. In both cases, the CY condition gives a symmetric obstruction theory and defines
a Behrend’s function v, and the DT invariants are defined as weighted Euler characteristics with
respect to v. The GW/DT correspondence for the orbifold topological vertex with transversal
Ap-singularities was proved in [Zon15, RZ13, RZ15, Ros15], and the crepant resolution conjecture
for DT vertex with transversal A,-singularities was proved in [Ros17].

We are particularly interested in the following picture, which indicates the relationship be-
tween various theories involved and will be pursued in future work:

QH(Hilb(A,))
GW (A, x Pl)/ \DT(An x P1)
H(Hilb ([C?/Zp1]
GW ([C?/Zp 1] xlpﬂ/ \DT C?/Zn41] x P).

The upper triangle in the diagram is established in [Mau09, MO09a, MO09b], and the vertical
lines stand for crepant transformation correspondences. We hope to establish the lower triangle
to complete the whole diagram.

1.2 Outline

For simplicity, we work over the field of complex numbers C. We always use A, and A* to denote
appropriate cohomology and homology theory over Q, which could be Chow groups, Borel-Moore
homology groups, etc. K-theory will be either topological or algebraic K-theory, over Q.

In this paper, we consider a smooth projective Deligne—-Mumford stack W and define the
absolute DT invariants with descendents and insertions, generalizing the DT invariants in the
scheme case. For a smooth divisor D C W, we also define the relative DT invariants of W with
respect to D. We follow the approach of introducing a perfect obstruction theory in each case,
without the CY assumption.

For simplicity, we assume that the divisor D is connected. The theory can be generalized
easily for disconnected D.

We treat the case of the simple degeneration in this paper. Let m: X — C be a projective
family of smooth Deligne-Mumford stacks of relative dimension 3. By a simple degeneration, we
roughly mean that 7 is in the form of a simple normal crossing near some point 0 € C, with
singular fiber Xg = Y_ Up Y, splitting into two pieces. Let X, be a smooth fiber.
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Let F1K(X) be the subgroup of K(X)g generated by the structure sheaves of 1-dimensional
closed substacks. Given P € K(X), let M? be the stack parameterizing 1-dimensional closed
substacks on expanded degenerations

Xg[k] =Y_UpA1Up---Up A Up Yy,

with topological datum P. Similarly, given 6. € K (Yy) and 6y € K (Hilb(D)), let N7=% be the
stack parameterizing 1-dimensional closed substacks on expanded pairs

Y[l] =Y Up A1 Up---Up 4y,

with topological datum (64,6p). Let M? C M?® be the open and closed substacks associated
with the relative data 6, respectively. We will construct perfect obstruction theories on these
stacks.

Let i : {¢} < C be the inclusion of a point. One has the following two Cartesian diagrams:

Hilby —— MP MO Quotd¥ s MP
| ©
{c}——C, {0} ——0C,

where the map M — C is the composition M — ¢F — C. Our main theorem is the following.
THEOREM 1.1 (Degeneration formula: cycle version). We have
i [MP] = [HibE ],
BEMTTT = X (VT ),
oeNy!
where the classes in the second row are viewed in 0 x 51 MPF.

Here, A is the diagonal map in the following diagram:

0,00 0,00 0+,00
Hilb9 NG = N N

| |

Hilbs 2 Hilb% x Hilb% .

MO NP0 x
0

Using virtual classes, one can define the corresponding numerical DT invariants ([ [ 7%, (7i)) ic
and ([ [ 7%, (vi+) | C’)g,ii p» Where the «; are descendent insertions and C' is the relative insertion.

Let {C}} be a basis for the cohomology of Hilb(D), and let g* be the inverse matrix for the
Poincaré pairing under this basis. We have the following numerical version of the degeneration
formula.

THEOREM 1.2 (Degeneration formula: numerical version). Given P € F1K(X.), assume that ~y; +
are disjoint with D. We have
0+
Cl> )
Y4,D

- P
<H Tki(%)> = > <H Tk, (Vi)
i=1
where the 01 € F1 K (YY) range over all configurations that satisfy 0_ + 6, — Py = P.

6_
Ck:> g™ <H Thy (Vi +)

Y_,D iZS

X. 0_+0,—Py=P, \ieS
Sc{1,...,r},k,l
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Let F{" K (X) be the multi-reqular subgroup, generated by multi-regular stacky curves, that
is, those whose associated representation of the stabilizer group at the generic point is a multiple
of the regular representation. In the multi-regular case, consider the image (3,¢) of P in the
quotient FI™ K (X.)/Fo(X.) ® Ko(X.) as the topological datum.

THEOREM 1.3 (Degeneration formula: numerical version for multi-regular case). Given 5 €
FMK(X.)/FoK(X.), assume that the v; + are disjoint with D. We have

r Bie B—e— Bt.e4
<H7ki(%)> = > <HTki(%,) Ck:> g <Hm(%,+) Cz> :
i=1 Xe a,ﬁl:fi:ﬁh, €S Y_.D ig¢sS Yi,D

SC{l,,r},k

where f_ € FI"K(Y_)/FoK(Y_) and f_ € F{™K(Yy)/FoK(Y}) range over all curve classes
that coincide on D and satisfy f_ + B+ = [.

The theorem can be restated in the form of generating functions, obtained by summing over ¢.

COROLLARY 1.4. Given 8 € FI"K(X.)/FyK(X.), assume that the v; + are disjoint with D.
Then,

r kl
H Tk; (71)> = Z Zimzﬁﬂck (Y—7 D;q
=1

B-+6+=8
SC{1,.r} kil

HTki (7i,—)>

Zﬁ (Xc; q
€S

X Zg,.c, | Yo, D;q

H Ths ('71',+)

¢S

The paper is organized as follows. In Section 2, we generalize J. Li’s construction of expanded
degenerations and pairs to the orbifold case, and in Section 3, we discuss the concept of stable
quotients. Sections 3, 4 and 5 aim to define and prove the properness of the moduli stacks of stable
quotients on the classifying stacks of expanded degenerations and pairs. Finally, in Sections 6, 7
and 8, we specialize to the case of 3-orbifolds, construct perfect obstruction theories on such
stacks and prove the degeneration formula, for both the cycle version and the numerical version.

2. Stacks of expanded degenerations and pairs

In this section, we construct the stacks of expanded degenerations and expanded pairs, which
serve as the target spaces for the relative curve-counting theories and the degeneration of curve-
counting theories. There are several approaches to this construction. The first algebraic-geometric
approach is due to J. Li [Li01], who explicitly constructs standard families of expanded degen-
erations and pairs, and then forms the stacks as limits of them. Various equivalent approaches
are well summarized in the paper [ACFW13], which works with algebraic stacks and proves the
independence of the resulting stacks on the original target.

We will mainly adopt J. Li’s explicit process. In fact, the following are just direct gener-
alizations of his method to the case of Deligne-Mumford stacks. We will define the notions of
expanded degenerations and pairs, build standard families of expanded degenerations and pairs,
and then construct the general stacks using the standard models as coverings. Our basic setting
is as follows.
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DEFINITION 2.1. Let Y be a separated Deligne-Mumford stack of finite type over C, and let
D C Y be a locally smooth connected effective divisor. By locally smooth, we mean that étale
locally near a point on D, the pair (Y, D) is a pair of a smooth stack and a smooth divisor. We
call such a pair (Y, D) locally smooth. We call it a smooth pair if both Y and D are smooth.

DEFINITION 2.2. Let X be a separated Deligne-Mumford stack of finite type over C, and let (C, 0)
be a smooth pointed curve over C. A locally simple degeneration is a flat morphism n: X — C,
with central fiber Xg = Y_ Up Y,, where Y2 C Xj are closed substacks, (Y, D) are locally
smooth pairs and Y, intersect transversally as Y_ NY, = D.

By Y_ Up Yy, we mean the pushout in the 2-category of algebraic stacks in the sense
of [AGV08]. We denote the divisor D in Y3 by D.

By transversal intersection, we mean the following. For any point p in the divisor D, there are
étale neighborhoods V of 0 € C and U of p € X, such that the following diagram is commutative,
with all horizontal maps étale:

Spec (Clz,y,t]/(zy — t)) x A" &yt x

SR

Spec C[t] < Vs,

In other words, there exist a common étale neighborhood V' of Spec C[t] and C' and a common
étale neighborhood U of Spec (C[z, y,t]/(zy —t)) x A™ and X.

We call such data a simple degeneration if, furthermore, (Y, D1 ) are smooth pairs and for
any ¢ € C with ¢ # 0, the fiber X, := 7~1(c) is smooth.

We call such a U together the restricted family 7y a standard local model.

Let N_ := Np,y_ and N, := Np y, . Checking on local coordinates, one can easily find that
N_® N4 = Op.

Remark 2.3. By Artin’s algebraic approximation theorem, our definition of transversality is
equivalent to that in the language of formal neighborhoods, as in [Li01].

Remark 2.4. In the study of degenerations, we are only interested in local behavior around the
singular divisor. For convenience, we can always replace the curve C' by an étale neighborhood
around 0 € C and just assume C' = Al

2.1 Expanded degenerations and pairs
For the central fiber Xo = Y_ Up Y, consider the P!-bundle over D

A :=Pp(Op & N,)=Pp(N_@Op),

with two sections D_ and Dy corresponding to the O-sections of the two expressions, where
Np_ja = Ny and Np, ja = N_. The P!'-bundle A will often be called a “bubble component.”

For an integer k > 0, take k copies of A, indexed by Aq,..., A, and insert them between
Ag:=Y_ and Agyq :=Y,;. We have

X()[k] =Y _UpA1Up---Up A Up Y.,

where D_ C A; is glued to Dy C Ajyq for i =0,..., k.
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The stack Xo[k] is a Deligne-Mumford stack of nodal singularities, with k + 2 irreducible
components. Following [AF16], we call Xy[k] an ezpanded degeneration of length k with respect
to Xo. We index the divisors in Xy[k| in order as Dy, ..., Dy.

For the expanded pair, consider a locally smooth pair (Y, D). In practice, the pair we mostly
care about is (Y4, D). Denote by N the normal bundle Np/y. In the same manner, consider
the P'-bundle

A = ]P’D(OD @N),
and for an integer [ > 0, let
Y[]:=YUpAyUp---Up Ay,
where the gluing is carried out in the same manner.

Denote by DJl] the last divisor D_ C A; (in cases where [ is implicit, we might also use D[o0]).
The pair (Y[l], D[l]) forms a new locally smooth pair. We call (Y[i], D[l]) the ezpanded pair of
length | with respect to (Y, D). We index the divisors in (Y[l], D[l]) as Do, ..., D;—1, D; = DJl].

Remark 2.5. For Xg[k] (respectively, Y[I]) as above, we can introduce a natural (C*)* (respec-
tively, (C*)!)-action: the ith factor of (C*)* (respectively, (C*)!) acts on A; fiberwise, and trivially
on Yy (respectively, V).

2.2 Expanded degeneration of the standard local model

Now, we describe the process of building the standard family of expanded degenerations. First,
look at the baby case

Clz,y,1]
(zy —1)
with central fiber Xy = Spec (C[z,y]/(zy)) and singular divisor D = pt, where Y_ is given by
the equation y = 0. Consider the base change

m: X = Spec — A' = SpecC[t],

m: A2 — Al s (to,tl) — tot1 .
The family becomes
Clz, y, to, ta]
(zy — tot1)
with smooth generic fibers, and fibers over the axes tgt; = 0 are isomorphic to Xj.

7 X x,1 A% = Spec — A? = SpecClt, 1],

P

Blow up X x,1 A% along the singular divisor D x 41 0, and denote the result by X (1). It is
the proper transform of the degree 2 hypersurface (xy — tot; = 0) C A* in Blg A* = Ops(—1) C
A% x P3. We have

X(1) 2 Opi 1 (<1, -1),
where P! x P! C P? is given by the Segre embedding.

The next step is to contract one factor of the P! x P!. For details, one can look in [Li01],
where calculations are given in explicit coordinates. The contraction map and resulting space are

—~

p: X(1) = X(1), X(1):=Op(-1)%?,
with the associated projection
7 X(1) = AZ.

The space X (1) obtained this way is a resolution of singularities of X x 41 A2. This is the first
standard expanded degeneration family for the local model X — Al. The properties of this
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family will be summarized in the next subsection.

Remark 2.6. In the contraction Opiypi(—1,—1) — Op1(—1)%2, the choice of the P!-factor to
contract is not canonical. Here, we adopt the convention that x is the coordinate on Y_ and y is
the coordinate on Y, and we choose to contract the first P!-factor. The global criterion for this
choice is: the restriction of resulting family 7: X (1) — A? to the coordinate line Ly = (t; = 0)
is a smoothing of the divisor Dy C X (1) x 42 0 = X[1].

Different choices of contracted factors give different resolutions. Our baby case is actually the
simplest example of Atiyah’s flop.

—~

Remark 2.7. For those familiar with toric geometry, the relationship between X x 41 A%, X (1) and
X (1) can be understood as follows. Let e;, for 1 < i < 3, be the standard basis in R3. The space
X x 1 A? is the toric variety associated with the cone ¥ spanned by {e1, e, e3,e1 +e3 —ea}. The

space m is obtained by adding the vector e; + e3 and refining 3; the space X (1) is obtained
by simply adding the 2-dimensional face spanned by e; and e3 to ¥. One can easily see that

X (1) is a resolution of X x,1 A% but not the unique choice.

2.3 Standard families of expanded degenerations and pairs: gluing
For general locally simple degenerations m: X — A!, we glue the local models together.

Etale locally around a point p € D, the family 7: X — A' is of the standard form; that is,
there exist an étale neighborhood V), of 0 € A! and a common étale neighborhood p € U, of
X xu1 Vp and Spec(Clz, y,t,Z]/(zy — t)) XspecClt] Vp» Where 2= (z1,...,2,) with n = dim D.
Denote this local family by m,: U, — V},. Let U,(1) be the restriction to U, of the standard local
model defined in the previous subsection.

Etale locally around a point p ¢ D, we can find an étale neighborhood U, of p with U,ND = (.
In this case, we just define Uy(1) := U, x 41 A2, which is already smooth.

Now, {U, | p € X} forms an étale covering U = [[,Up — X consisting of standard local
models. We have the underlying relation
R=UxxU—=U—X,
where we denote the two projection maps by ¢; and g2 and the inverse map switching the two
factors by i: R — R.

Now, we define p: U(1) — U and 7: U(1) — A? just as the disjoint union of all Up(1). Let
R(1) := R x4, v U(1); then we have the relation

R(1)—=U(1),

where the upper arrow is pry: R(1) = R x4,y U(1) = U(1) and the lower arrow is pr, oi.

It is easy to check that R(1) = U(1) satisfies the axioms of a groupoid scheme in the sense
of [LMO00] and the map R(1) — U(1) x U(1) is separated and quasi-compact. Thus, by Proposi-
tion 4.3.1 of [LMO00], the stack-theoretic quotient X (1) := [R(1) = U(1)] defines a Deligne—
Mumford stack of finite type. The maps p: U(1) — U and 7: U(1) — A? also glue globally on
the stack.

DEFINITION 2.8. Define X (1) := [R(1) = U(1)], the associated stack of the groupoid scheme. We
have the projection p: X (1) — X and the family map m: X (1) — A2, giving the commutative
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diagram

X(1)2=Xx

™ ™ (2.1)
b ’

We call m: X(1) — A? the standard family of length 1-expanded degenerations with respect to
X — AL

Note that if we compose 7: X (1) — A? with the second projection pry: A% — Al  defined
by (to,t1) + t1, the resulting 7r1: X (1) — Al is still a locally simple degeneration. This can be
checked on the local model in explicit coordinates.

Now, from X (k) we proceed by induction to construct X (k+1). Suppose that we already have
7: X (k) — A* and that if projected to the last factor, the composite my: X (k) — AR+ 2y Al
is a locally simple degeneration. Applying the (k = 1)-procedure, we obtain the 2-dimensional
family

me(1): X (k)(1) — A2,
and we take X (k+ 1) = X(k)(1) to be the (k + 1)th space.
It remains to define the family map. Consider the projection to the first & factors 7y, : X (k) 5

pry. .
AL ZLemby A% and take the composite

p(k)om$: X(k+1)=X(k)(1) = X(k) — A,
Combine the two maps:
7= (mp(1),p(k)omf): X(k+1) — AR x A% 2 AFFZ,
This is the standard length k£ 4+ 1-expanded degeneration family.

DEFINITION 2.9. We have constructed X (k) with projection p: X (k) — X and the family map
7 X (k) — A*1 giving the commutative diagram

X(k)L=X

.| l (2:2)

ARFL ™ Al ,

where the map m: A*1 — Al is the multiplication (to,...,tx) = tot1 - - tg.

We call 7: X (k) — AF! the standard family of length k—expanded degenerations with respect
to X — AL

Now, let us construct the standard families of expanded pairs. There are two equivalent ways
of doing this. Let (Y, D) be a locally smooth pair.

Approach 1. Consider Y (1) := Blpxo(Y x Al), the blow-up of Y x Al at the closed substack
D x 0. We have the projection 7: Y (1) — Al which is a locally simple degeneration, with central
fiber Y Up A. Let D(1) be the proper transform of D x A!, which is still isomorphic to D x Al.

Apply the X (k)-construction as above with respect to this locally simple degeneration, and
let Y(k) := Y(1)(k — 1)deg, Where we put the subscript “deg” to indicate that it is the same
construction as above, rather than the “Y (k)”-construction we are defining for locally smooth
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“_»

pairs. Here, we choose Y to be the piece and A to be the “+” piece. We have the projection
7: Y (k) — A* and contraction map p: Y (k) — Y (1) — Y, which is the composition of the
contraction in the degeneration case and the blow-up. Let D(k) C Y (k) be the base change of
D(1) in the diagram (2.2), which is isomorphic to D x A* since D(1) does not intersect the
singular divisor in the central fiber. Then (Y (k), D(k)) forms a locally smooth pair.

DEFINITION 2.10. We have constructed the family m: Y (k) — AP, with contraction map
p: Y(k) — Y, and the locally smooth divisor D(k) C Y (k). We call w: Y (k) — A* the standard
family of length k—expanded pairs with respect to (Y, D). We call D(k) C Y (k) the distinguished
divisor.

Approach 2 (Successive blow-up construction). Again, we let Y (1) := Blpyo(Y x Al).
Assume that we already have (Y (k), D(k)), which is a locally smooth pair. Define Y (k + 1) :=
Blp(iyxo(Y (k) x Al). The family map m: Y (k +1) — A*1 is defined in the obvious way. The
following proposition says that these two approaches are actually equivalent.

ProPOSITION 2.11. Let (Y (k), D(k)) and m: Y (k) — A* be defined as in Approach 1. There is
an isomorphism Y (k) = Blpg,_1yxo(Y (k — 1) x AY) making the following diagram commutative:

Y (k) Blp(—1yx0 (Y(k —1) x Al)

ﬂ-l i(ﬂ',IdAl)

AR ld AF—1 5 AL

The difference of the two definitions lies in the contraction p: Y (k) — Y (k —1). If we look at
this contraction on the base, the first one is given by (t1,...,tx) = (t1,...,tk_2,tk_1tx) and the
other is (t1,...,tx) = (t1,...,tk—1). In other words, the contraction Y (k) = Blp(_1)xo(Y (k —
1) x A') = Y (k — 1) is different from the contraction p in Approach 1.

The successive blow-up definition, although easier to describe and appearing more natural,
appears less compatible with the X (k)-construction. One can see this later via the different
(C*)k-actions.

Both approaches appear in J. Li’s work on degeneration theories, and both will be used during
the proof of the properness of Quot-stacks.

Remark 2.12. Before stating the properties of the standard families, we introduce the following
notation. Denote by (Y (k)°,7°) the “reverse” standard family of expanded pairs. Let Y (k)° be
the same as Y (k), but 7° := ro7: Y(k)° — A*, where r: A¥ — A¥ is the “order-reversing”
map (t1,...,t;) = (tk,...,t1). For example, Y (1)° = Bloxp(A! x Y), and for larger k, the
construction is conducted via base change from the left.

2.4 Properties of standard families

Let us fix some notation on A*t! for later use.

1) There is a (C*)*-action on the base A*1. For A\ = (A,...,A\x) € (C*)* and t =
(to, ..., tx) € AFTL let

A A
Ati= <)\1t0, itl, RN itk_b )\kltk> . (2.3)
A1 Ak—1

Under this action (and the trivial action on A!) and the multiplicative group homomorphism
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(C*)* — C* given by (A1,...,A\x) — A1 --- Ak, the multiplication map m: A1 — Al is equiv-
ariant.

2) For a subset I = {ip,...,4} C{0,...,k} with |[I|=14+1<k+1and iy <--- <1, let
17: A1 — AR be the embedding given by

o t;, if i =i, for some p,
‘ 1 if i # i, for any p.
3) Again for a subset I C {0,...,k}, let

Up:={(to,....,te) [ti #OVi & I},
which is a product of factors A and factors G,,. We have the natural open immersion 77: Uy —
Ak—i—l‘
For two subsets I, I’ C {0,...,k} as above with |I| = |I’|, we have the natural isomorphism given
by reordering the coordinates:
711,[/2 Ur = Up .
4) For 0 < i < k, denote by pr;: A¥F1 — Al the ith projection (to,..., 1) — t;.

Now, we state the properties of standard families of expanded degenerations 7: X (k) — AR

They can be proved by induction.

PROPOSITION 2.13. 1) The stack X (k) is a separated Deligne-Mumford stack of finite type
over C, of dimension n + k + 1, where n = dim X. Moreover, if 7: X — A! is proper, the family
map 7: X (k) — A**l is proper; if X is smooth, X (k) is smooth.

2) Fort = (ty,...,t) € AF*1 ifty---t;, # 0, the fiber of the family over t is isomorphic to
the generic fibers X, for ¢ # 0, in the original family m: X — Al.

Let I € {0,...,k} be asubset with1 < |I| =1+1<k+1.Ift;=0foralliel andt; #0
for all j ¢ I, then the fiber over t is isomorphic to Xy[l]. In particular, the fiber over 0 € A*+1 is
isomorphic to the length k—expanded degeneration Xylk].

3) There is a (C*)*-action on X (k), making the diagram (2.2) (C*)*-equivariant. This action
gives isomorphisms of fibers in the same strata as described above. The induced action of the
stabilizer on a fiber isomorphic to Xy[l] is the same as described in Remark 2.5.

4) There are also discrete symmetries in X (k), away from the central fiber. For two subsets
I,I' C{0,...,k} with |I| = |I'|, the natural isomorphisms 71 ;/: Uy = Uy induce isomorphisms
on the families

7:[7[/7)(2 X(]C)‘UI 1) X(k)}UI/

extending those given by (C*)*-actions on smooth fibers.
Moreover, after restricting to the embedding 77: AT — AR we have X (k) x yri1 5, AT =
X(1), and under the (C*)*~!-“translations” Uy = A1 x (C*)*~!, we have the identification

~ *\k—l

X(k:)’UI:X(l)x((C) .
Remark 2.14. Here, (tg,...,tx) € A1 means a closed point APt But all definitions and
descriptions can be easily generalized to an arbitrary point Spec K — A**1. In this case, the

statement ¢; # 0 or t; = 1 means that the image of ¢; € Cltg,...,tx] in K is nonzero or 1,
respectively.

Remark 2.15. Let us say something about the (C*)*-action. It is easy to define the action on local
models. To glue the actions on local models together, say for X (1), the key observation is that
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the action is actually trivial on the X-factor and only nontrivial on the extra A'-factor. Hence,
starting from an étale covering of X, one can get a natural C*-equivariant covering of X (1),
which easily descends to a C*-action on X (1).

For 7: Y (k) — A¥ again we need some notation on A*. Here, we use (t1,...,t) for coordi-
nates of the base AF. We adopt almost the same notation 77, 71 and 71,17, €xcept that the indices
range from 1 to k instead of 0 to k.

The only difference is the group action. The group (C*)* (instead of (C*)*~!) acts on the
base A¥, but differently for the two different constructions. Consider A = (A1,...,\x) € (C*)*
and t = (t1,...,tx) € A¥. For Approach 1, the action is

Ao Ak
—t9,...,—t 2.4
)\1 2 3 )\k;_l k) ) ( )

whereas for the successive blow-up construction (Approach 2), the action is

A-ti= ()\1151, )\2[‘52, ceey )\ktk)

Ati= (Altl,

The standard families of expanded pairs have the following properties, some of which follow
from the properties of X (k); the others can be easily proved by induction.

PROPOSITION 2.16. 1) The stack Y (k) is a separated Deligne-Mumford stack of finite type
over C, of dimension n+k, where n = dim Y. If Y is proper, then the map 7 is proper. Moreover,
if (Y, D) is a smooth pair, so is (Y (k), D(k)).

We have D(k) = D x AF, and the restrictions of p and 7 to D(k) can be identified with the
two projections to D and AF, respectively.

2) Fort = (t1,...,tg) € A, ifty---t; # 0, then the fiber of the pair over t is isomorphic
to the original pair (Y, D).
Let I C {1,...,k} be asubset with 1 < |I| =1< k. Ift; =0 for alli € I and t; # 0 for all
j & I, then the fiber over t is isomorphic to (Y[l], D]l]).
In particular, the fiber over 0€ A¥ is isomorphic to the length k—expanded pair (Y [k], D[k]).

3) There is a (C*)*-action on Y (k), in both constructive approaches, compatible with the
corresponding actions on AF. This action gives isomorphisms of fibers in the same strata as
described above. In particular, the induced action of the stabilizer on a fiber isomorphic to Y[l]
is the same as described in Remark 2.5.

4) There are also discrete symmetries in Y (k), away from the central fiber. For two sub-
sets I,I' C {1,...,k} with |I| = |I'| = I, the natural isomorphisms 7; p: Uy = Uy induce
isomorphisms on the families

7:[7[/73/: Y(k)‘UI 1) Y(k)‘UI/

extending those given by (C*)*-actions on smooth fibers.

The discrete actions restricted to D(k) =2 D x A are just a reordering of the coordinates of the
AF_factors. Moreover, after restricting to the embedding 17: Al — AF, we have Y (k) x Ak 7 Al =
Y (1), and under the (C*)¥~!-“translations” U; = Al x (C*)¥~!, we have the identification

Y(F)|y, =Y (1) x (C)*.

Remark 2.17. For the (C*)*-action, we have one more factor than in the X (k)-case. By construc-
tion, the action on X (k) gives a (C*)¥~l-action on Y (k). The last C* comes from the original
action in Y(1) = Blpxo(Y x A!). One can see again that an arbitrary étale covering of Y would
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give us a C*-equivariant covering of Y'(1), and hence a (C*)¥-equivariant covering of Y (k), which
makes the action available. In the successive blow-up construction, the action is more obvious—
the blow-up process brings one C*-factor each time.

Standard families of expanded degenerations and pairs are closely related to each other.
Consider a locally simple degeneration 7: X — A', with central fiber Xo = Y_ Up Y.

1) (Restriction to hyperplanes). Let H; € A**! be the coordinate hyperplane defined by
t; = 0 for 0 < i < k. The restriction of the family 7: X (k) — A¥! to H; is a “smoothing” of all
divisors except D;, in the following sense.

PROPOSITION 2.18. Composing m with the projection pr;: A¥T1 — Al to the factor t;, we obtain
mi: X (k) — Al. Then 7; is a locally simple degeneration.
Denote the singular divisor by D;(k) and the central fiber decomposition by X (k) X, 410 =:
X (k)" Up,u) X (k)'.. Then one has
Di(k) =2 A" x D x A" X(k)L 2 Y_(3) x AFT 0 X (k) =2 AT x Yi(k—1)°.
Moreover, the restrictions of the map 7: X (k) — A**1 to these two components are given in the
following diagrams:

X (k). X (k)&
A 0 AR AT 0 AR

where the maps from Y_(i) and Y4 (k — i)° to the corresponding bases are just the maps of
standard families of expanded pairs.

The gluing is along D;(k) = D_(i) x AF=? =2 A" x D x A*=* = A’ x D, (k — i)°, where the
order of the copies of Al here reflects the map w|p; we have D;(k) N D;(k) =0 for i # j.

All statements above are compatible with the corresponding (C*)*-actions.

2) (Restriction to lines). Let L; C A*¥*! be the coordinate line corresponding to t;, for 0 <
i < k. The restriction of the family 7: X (k) — A**! to L; is a “smoothing” of the divisor D;, in
the following sense.

PROPOSITION 2.19. The restriction w|r, : X(k:)|L_ — L; = A is a locally simple degeneration,
with central fiber decomposition Xolk| = Y_[i] Up, Yi[k — i] and generic fiber isomorphic to
Xo[k — 1]. Moreover, we have a description of the total space:

X(k)|,, =Y-(1) Up_q) (A x Yi[k - 1]);

X(k)|,,, = Y-l(1) Up_py) (AT x Yi[k —i—1]) 2 (Yo[i — 1] x A") Up_ji_1pear Ya[k —](1)°
for1 <i<k—1;

X(k)|,, = (Y_[k =1 x AD) Up_j1jemr Y (1)

2.5 Stacks of expanded degenerations and pairs

Now, we can define the stacks parameterizing expanded degenerations and pairs. We start with
the relative case.

Let (Y, D) be a locally smooth pair. We have constructed the standard family 7: Y (k) — AF,
with (C*)*-action on both Y (k) and the base, making the family maps equivariant. We also have
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isomorphisms on open substacks 77 17y : Y (k)| U, Y (k) }U , compatible with the isomorphisms
I/
Fro: Up = Up, where I,I' C {1,...,k} have the same number of elements: |I| = |I'| = I.

These discrete symmetries do not form a group action on Y (k) or A*, but they give étale
equivalence relations. We rephrase the discrete symmetries as the relations

Ry poak = Al x (CHbt == AF| (2.5)
Rrpym =Y(1) x (C)Y ! ==Y(k),

where the maps are given by open immersions Al x (C*)*=! = U; < A¥ and A! x (C*)F1 &
Up — AF, respectively, and similarly for Y (k).

The étale equivalence relation on the whole space is just the union

Ry pr = H Ry pars Rayr = H Ry,
IS =<k 1= <k

where “d” refers to “discrete.”

In other words, we have Rqy ) = 7 Rqar for m: Y(k) — AF or the following Cartesian
diagram:

Ray @y —=Y (k) x Y (k)

| |

Rd,Ak Ak X Ak .

Let Sj, be the symmetric group acting on AF by permuting the coordinates. The discrete relation
on AF is a subrelation of the Si-action

Rd’AkCH Sk; X Ak jAk .

Hence, the two maps Ry y» = A¥ are open immersions followed by a disjoint trivial covering,
which is quasi-affine and étale.

Now, let us describe the combined equivalence relation. The group S, € GL(k) acts on (C*)*
by conjugation, and we can form the semidirect product (C*)¥ x Sj. We have the following
smooth equivalence relation ~ generated by the (C*)*-action and discrete symmetries, which is
quasi-compact and separated:

R pr = (C)F x Ry jo = (C)* x Sj x Ab —= Ak,

We also have the similar relation Ry ) on Y (k), and these equivalence relations form a non-
Cartesian diagram

Ry = (C)* x Ryy )y —= Y (k)

| |

RN’Ak = ((C*)k X Rd,Ak Ak .

The equivalence relations R, y» and R. y () are the ones generated by the (C*)k-action and
discrete symmetries.

Consider the quotients, Artin stacks [AF/ R, yk] of dimension 0 and [Y (k)/ R y ()] of dimen-
sion (dimY — k), with induced 1-morphism 7: [Y(k)/R. y )] — [A%/R_ o).
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Now, consider the embeddings 77: Al < A* and 77y : Y (I) < Y (k), which are compatible
with the equivalence relation. Thus, we have embeddings of Artin stacks [A!/ R gt = [AF/ R ox]
and [Y(I)/R.yq] — [Y(k)/R<y@)- In fact, they are open immersions. To see this, one can
use the property Y (k)|y, = Y (1) x (C*)k~! and take the smooth covers Al x (C*)k=! — Al and
Y (1) x (C*)¥=t — Y (I). Now, it is clear that these immersions form inductive systems, leading
to the following definition.

DEFINITION 2.20. Define 2 := hﬂ [Ak/RNAk] to be the stack of expanded pairs, with respect
to (Y, D), and let 9 := lim [Y'(k)/ R ym)] be the universal family of expanded pairs. There is
a family map 7: Q) — 2, which is of Deligne-Mumford type and is proper.

We interpret the definition in the categorical sense. For a fixed map &: S — A*, pulling
back the standard family Y (k), one obtains 7: Vg := §Y (k) — S, a family of expanded pairs
over (S, &p). The equivalence relation acts on &y by acting on the target, and for maps related by
this relation, we get isomorphic families of expanded pairs. In this way, one can think of a map &g
as a family of expanded pairs over S, up to the action of the equivalence relation.

Given a morphism of schemes f: T — S and a map &: S — AF, one can take the composite
€o f: T — AF. The corresponding family of expanded pairs over T is just given by Ypr = f*Vs.
By the following lemma, we see that it is unique up to unique isomorphism.

LEMMA 2.21. Suppose that one has the following 2-commutative diagram:

yTL'yS

|, |

T7T——85.

Then, the 1-morphism of stacks I’ is representable. As a consequence, F' has no nontrivial 2-
isomorphisms.

Proof. By [AV02, Lemma 4.4.3], it suffices to prove that the homomorphisms between isotropy
groups of geometric points are monomorphisms. Since maps between fibers are just maps between
expanded pairs Y[k] — Y], it suffices to prove the statement for those maps. But any map
Y[k] — Y|[l] is a successive composition of contractions of bubbles and embeddings, which is
obviously representable. O

Let S be a scheme. An object € (S) is a compatible system of objects &, € [A*/R_ 4#](S).
By construction, an object & € [AF/ R 5x](S) is given by a “descent datum” over S, that is,
amap £: Sg — A* where Se =[S — S is a surjective étale covering of S which satisfies the
descent compatibility on overlaps; in other words, we have a map r¢: Re := S¢ X5 S¢ = R gk
compatible with the groupoid structure. By the interpretation above, one can view this as a family
of expanded pairs over S¢.

The 2-isomorphisms are as follows. Given another £: Sgy — A representing the same object,
we can embed A¥ and A¥ into a larger base A¥’ for ¥/ > k, k' and pass to the refinement
Seer := Sg X g Sgr. Then for sufficiently large k”, the two resulting maps Sger — AR give the same
object on the k”-level. In other words, they factor through the relation R_ ;. — AR x AF

For a map of schemes f: T — S, passing to the étale cover, we have f¢: Ty :=T X5 S¢ — S¢.
Then the 1-arrow is defined by the composition £ o f.
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In particular, for a fixed object & € 2A(S), the stabilizer group of this object is as follows.
Take a representative {: S¢ — A The stabilizer group of this representative is the group scheme
Aut. (&, k) over Sg in the following Cartesian diagram:

Aut (€, ) Se s
l lef
Ry AR x AR

Note that this group scheme actually does not depend on k for large k, and by descent theory of

affine morphisms, it glues to a group scheme over S. We denote it by Aut.. (), which is indepen-
dent of S¢ and k for large k. As a result, one can see that 2 is actually a O-dimensional Artin stack.

Now, let us apply the same procedure to a locally simple degeneration 7: X — A!. We have
constructed the standard family 7: X (k) — A**! again with compatible (C*)*-actions on X (k)
and the base. We introduce smooth equivalence relations on X (k) and A*+! in the same manner.
For k > 0, the Artin stacks [Ak+1/RN,Ak+1] and [X (k)/R. x (k)] also form inductive systems.

DEFINITION 2.22. Define € := lim [A*F1/R_ pr+1] to be the stack of expanded degenerations,
with respect to the locally simple degeneration 7: X — Al and let X := lim [X(k)/ R x(x)] be
the universal family of expanded degenerations. There is a family map 7: X — €, of Deligne—
Mumford type and proper, making the following diagram commutative (but not Cartesian):

x-rox

1)

ey N

Both € and X can be viewed as Artin stacks over A'. The stack € is 1-dimensional, and X is
of dimension dim X.

Given an Al-map &: S — A1 a family of expanded degenerations w: Xg — S over (S,€) is
obtained by pull back of the standard family. Given a morphism of Al-schemes f: (T,n) — (S, &),
the pull-back 1-morphism is just given by f*Xs = X and is unique up to 2-isomorphisms.

For an Al-scheme S, an object £ € €(9) is represented by an Al-map &: S¢ — AF1 where
Se =1 S; is a surjective étale covering of S. Different representatives of the same object are re-
lated by embeddings into a common larger base A¥ 1 and the equivalence relation over that base.

Remark 2.23. Given a family of expanded pairs (respectively, degenerations) m: ) — S (respec-
tively, X — S), each fiber of the family is an expanded pair (respectively, degeneration) with
respect to (Y, D) (respectively, m: X — Al). Given a base change f: (T,n) — (S, &), the induced
maps between fibers are given by maps of the corresponding expanded pairs (respectively, de-
generations). In this way, we see that the definition makes sense for parameterizing all expanded
pairs (respectively, degenerations).

3. Admissible sheaves and stable quotients

In this section, we introduce the notion of admissible sheaves, the correct objects we need to con-
sider for the relative Donaldson—Thomas theory. Again, our definitions are direct generalizations
of J. Li and B. Wu [LW15].
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Let W be a separated Deligne-Mumford stack of finite type, and let Z C W be a closed
substack. Let F be a coherent sheaf on W.

DEFINITION 3.1. The sheaf F is said to be normal to Z if Tor?w (F,Oz) = 0. Moreover, we say
that F is normal to Z at a point p € Z if there is an étale neighborhood i: U, — W of p such
that ¢*F is normal to Z xy U,,.

According to the following lemma, most properties of the normality of coherent sheaves can
be directly generalized to Deligne-Mumford stacks.

LEMMA 3.2. The sheaf F is normal to Z if and only if it is normal to Z at every point p € Z.
In other words, normality is a local property in the étale topology.

Proof. Let 7 be the ideal sheaf of Z. The sheaf F is normal to Z if and only if the map Z&® F — F
is injective, which is a local property in the étale topology. ]

Remark 3.3. From the definition, we note that normality can be checked on stalks or completion
over local rings.

In the following, we will consider two cases we mostly care about, the relative case and the
degeneration case.

3.1 Relative case

This is the case where Y is a separated Deligne-Mumford stack of finite type and D C Y is an
effective Cartier divisor. Take an affine étale neighborhood U = Spec A of p € D, where D|y is
defined by some non-zero-divisor f € A. Then there is a map U — A! = SpecCly], given by
y — f. A coherent sheaf F on U is represented by an A-module M. The following lemma gives a
local description of normality in this case, which is a restatement of the definition by the flatness
criteria in commutative algebra.

LEMMA 3.4. The following are equivalent:
1) The sheaf F|y is normal to D|y.
2) The map M XM s injective.

3) The A-module M is flat over A' at the point 0 € Al; that is, the stalk of M at 0 € Al is
flat over the local ring Oy1 o = Cly] ).

Let us look closer into the coherent sheaf F and analyze its normality. Let Z C Oy be the
ideal sheaf of i: D < Y. Define Fr := i'F to be the maximal subsheaf of F supported on D.
More precisely, locally in an affine open U, for Z(U) = I,

Fz(U) := {m € M | ann(m) D I*, for some k € Zy} .

One can easily check by descent theory that this definition defines a global coherent sheaf on Y.
We call Fz the torsion subsheaf of F along D.

Another way to define the torsion subsheaf is to take Fz(U) = M; = ker(M LNy ), which
is the torsion part of M as a C[y]-module. In this viewpoint, the torsion-free quotient is

F = F)Fr = coker (M =% M),
and we have the short exact sequence

0 Fr F Ft 0.
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The following proposition is a direct result of Lemma 3.4.

PROPOSITION 3.5. The sheaf F is normal to D at p € D if and only if (Fz), = 0, where the
subscript p stands for the stalk in the étale topology. In particular, F is normal to D if and only
if Fz =0.

The following proposition tells us that normality is an open condition.

PROPOSITION 3.6. Let S be a scheme, and let F be a coherent sheaf on Y x S which is flat
over S. Then the set {s € S| F|s := F Qo4 k(s) is normal to D x s} is open in S.

In order to prove this proposition, we use the fiberwise criterion for flatness, which is a con-
sequence of [GD66, Theorem 11.3.10] (also see [Stal7, Theorem 36.16.2, Tag 039C]).

LEMMA 3.7 (Fiberwise criterion for flatness of coherent sheaves). Let S, X, Y be locally noethe-
rian schemes, and let g: X — S and h: Y — S be two morphisms of schemes. Let f: X — Y
be an S-morphism, and let F be a coherent sheaf on X. Let x € X, and set y = f(x) and
s = h(y) = g(z). Assume that the stalk F, is nonzero. Then the following are equivalent:

1) The sheaf F is flat over S at x, and F|s is flat over Y at x € X.
2) The schemeY is flat over S at y, and F is flat over Y at x.

Proof for Proposition 3.6. Suppose that for s € S, the fiber F|s is normal to D. Then for all
p € D, the fiber F| is normal to D in some affine étale neighborhood U), of p. Consider the local
diagram

Up x S Al x S

s,
where U, — Al is as given above.

We know that F|s, as a sheaf on U, x {s}, is flat over Al x {s} at (p,s). By the fiberwise
criterion, F is flat over Al x S at this point; in other words, there exist affine étale neighborhoods
of p € Y, which we still call Uy, and V), of s € S, such that on U, x V,, CY x S, the sheaf F
is flat over Spec Oq1 9 x V). Since D is quasi-compact, we can take a finite subcover U; x V;,
for 1 <4 < N, such that {U;} covers D, and take V := V] xg x -+ xg Viy. Then we have the
inclusion V' C {s € S | F|s is normal to D}, which proves the proposition. O

3.2 Degeneration case

In this case, we consider Xg = Y_ Up Y., where the two separated finite-type Deligne-Mumford
stacks Yy intersect transversally along an effective Cartier divisor and X is the gluing along D.
By the transversality, we mean that étale locally around p € D, we have a common affine
neighborhood U = Spec A, as follows:

T x Spec Clz, y] /(zy) <2— U > X,

where T is a scheme.

Hence, we have a map U — SpecClz,y]/(zy). The ring can be rewritten as Clz,y]/(zy)
= Clz] xc Clyl ={(f,9) € Clz] x Cly] | f(0) = g(0)}-
A coherent sheaf F on U is represented by an A-module M. We have the following lemma.
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LEMMA 3.8. The following are equivalent:

1) The scheme M is flat over the local ring (Clx, y]/(xy)) (z.y)-

2) The quotient M /yM is flat over C[z](,), and M/xM is flat over Cly],).
3) The restrictions F|yny, are normal to D|y C U N Y.

4) The sheaf F|y is normal to D|y.

In particular, 1)—4) imply
5) M = (M/yM) Xz (M/2M).

Proof. The equivalence 2)<3) is a consequence of the relative case. The equivalence 1)<4) is
true since statement 4) is equivalent to the injectivity of the map (z,y) ® M — M, which is
equivalent to statement 1) since (z,y) is the maximal ideal, and the map is obviously injective
when localized at other maximal ideals. The implication 1)=2) is the base-change property of
flatness.

Let us prove 2)= 5). Suppose that statement 2) holds. We can easily see that the obvious
map @: M — (M/yM) Xz m (M/xM) is surjective. In fact, given (m1,mz2) in the target,
one can choose mi,ms € M in the preimages of mq, ms, respectively. By construction, there
exist a,b € M such that mi; — mg = ax 4+ by. Then m1 — by = mo + ax € M is in the preimage
of (ml, mg).

For the injectivity, ¢ is identity at points (z,y) # (0,0); thus, it remains to check its injectivity
at (0,0) or, equivalently, over the local ring at (0,0). If for some m € M, ), we have p(m) = 0,
then there are some m1,mg € M(,,) such that m = zm; = ymsa. Then by statement 2), the
equality @my = ymg implies m; € yM(, ,y and mg € M, ), which implies m = 0. Thus, ¢ is
injective and statement 5) is proved.

Finally, let us prove 2)=-1). We just need to check the injectivity of the map (z,y)® M, ) —
Mgy We can view (z,y) as (z) Xc (y), the maximal ideal of (C[z,y]/(2y))(zy) = Clz](2) XC
Clyl(y)- By the implication 2)=-5), we have M = (M /yM) X p1/(z)m (M /2 M); thus, it suffices to
check the injectivity on the two components, which reduces to the flatness stated in item 2). []

COROLLARY 3.9. The sheaf F is normal to D if and only if Fly, are normal to D C Y4,
respectively. Moreover, in this case, F = ker(Fly_ ©@ Fly, — F|p).

Again, one can consider the maximal torsion subsheaf supported on D, denoted by F.7, where
J C Oy, is the ideal sheaf of D C Xy. Let Z; be the ideal sheaves of D C Y4, and let Fz,
be the corresponding torsion subsheaves defined in the relative case. We have the short exact
sequence

0 F F Fi 0.

Now, the case is a little more complicated. In general, F*f is not normal to D, but it satisfies the
splitting property as in Lemma 3.8(5).

LEMMA 3.10. If F.7 = 0, then F = ker(Fly_ @ Fly, — Flp).

Proof. Locally, the map p: M — (M/yM) X pp/(qqm (M/xM) is surjective, where M, z, y are
the same as in Lemma 3.8. Take v € M in the kernel. By definition, there are m,n € M such
that v = m = yn. Thus, we have (z,y) - v = 0, which implies v € M; = 0. O

To determine whether F is normal to D, we look at the quotient F*. It is normal to D if
and only if Ff\yi is normal to D. Thus we have the following.
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COROLLARY 3.11. The sheaf F is normal to D if and only if F7 = (F'|y )z = (FH|y,)z, = 0.

Combining Corollary 3.9 with Proposition 3.6, we also have the following.

COROLLARY 3.12. Let S be a scheme, and let F be a coherent sheaf on Xy x S which is flat
over S. Then the set {s € S| F|s := F Qo4 k(s) is normal to D x s} is open in S.

3.3 Admissible sheaves

Consider a locally smooth pair (Y, D) for the relative case and a locally simple degeneration
m: X = A', Xg =Y_Up Y, for the degeneration case. We make the following definition.

DEFINITION 3.13. A coherent sheaf F on Y [k] (respectively, Xy[k]) is called admissible if it is
normal to each D; C Y[k] (respectively, D; C Xo[k]) for 0 < i < k.

Let Vs — S (respectively, Xs — S) be a family of expanded pairs (respectively, degenera-
tions), and let F be a coherent sheaf on Vs (respectively, Xs), flat over S. We call F admissible
if for every point s € S, the fiber F|s is admissible on the fiber Vs s (respectively, Xs ).

Remark 3.14. The difference of the definitions of admissibility on Xy[k] and Y[k] is that we
include the distinguished divisor Dy, in the relative case.

We would like to prove that admissibility is an open condition. Before that, we need a criterion
for normality on a locally simple degeneration.

LEMMA 3.15. Consider the standard simple degeneration m: X = Spec C[z,y,t]/(zy—t) — Al =
Spec C[t], with singular divisor of the central fiber D = Spec C. Let M be a coherent sheaf on X,
flat over A'. Then M is normal to D C X if and only if M|y is normal to D C Xj.

Proof. This is an immediate consequence of the slicing criterion for flatness, which can be found
in [Eis95, Corollary 6.9]. O

PROPOSITION 3.16. Let Vg (respectively, Xs) be a family of expanded pairs (respectively, degen-
erations). Let F be a coherent sheaf on ), flat over S. Then the set {s € S| F|s is admissible}
is open in S.

Proof. For standard families Y (k) — A*, it suffices to prove that the points s € A¥ over which F|,
is normal to all D; € Y, form an open subset. By Lemma 3.15, those are exactly the points s € A*
where F is normal to all D;(k) at every p € Vs. From the properties of Y (k), we know that after
projection to the ith coordinate, for 1 < i < k, the 1-dimensional family 7; := pr; om : Y (k) — Al
is also a locally simple degeneration. In other words, locally around D;(k), the scheme Y (k)
has a common étale neighborhood with the local model D;(k) x SpecClx,y,t;|/(zy — t;) =
D; x A*1 x SpecC[z,y,t;]/(xy — t;). At points where t; # 0, the normality of F is trivial.
Moreover, by Corollary 3.12, the points s € H; = (t; = 0) where F is not normal to D; form
a closed subset. Thus, it is still closed in A*, whose complement is open. The proof for the
distinguished divisor D(k) is similar. For general families Vg over S, the proof works by pulling
everything back to S. O

3.4 Stable quotients

Now, we come to the stability condition and the notion of stable quotients, following the con-
vention of J. Li and B. Wu [LW15].
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In this subsection, let (Y, D) and 7: X — A! be as above. We have the contractions p:
Y[k] =Y and p: Xo[k] = Xo contracting the extra bubbled components. Let V be a vector
bundle of finite rank on Y (respectively, X).

Consider quotient sheaves of the form ¢: p*V — F on Y[k| (respectively, Xo[k]). For two
quotients ¢1: p*V — F1 and ¢o: p*V — Fo, an equivalence between them is defined as a pair
(0,v), where o: Y[k] — Y[k] (respectively, Xolk] — Xo[k]) is an isomorphism induced from the
(C*)*-action, and ¢: Fi = 0*F; is an isomorphism of coherent sheaves making the following
diagram commute:

é1

p*V F1
Idl J/w
x, % * 0" b2 *
o*p*V = p*V oc*Fy.

Let Aut(¢) be the group of autoequivalences of a fixed quotient ¢: p*V — F. There is a map
Aut(¢) — (C*)* defined by (o,v) — o, forgetting the second component. This is an injection
since for a fixed quotient, o = 1 will just identify p*V with itself and induce Id on F. As a result,
Aut(¢) C (C*)* is a subgroup.

Remark 3.17. An equivalent definition of the equivalence of quotients is to consider the kernels
of the quotients, say 0 — I; — p*V — F; — 0, and define an equivalence as an isomorphism
of the two kernels as subsheaves of p*V. It is clear from this definition that Aut(¢) C (C*)* is
a subgroup.

DEFINITION 3.18. Let ¢: p*V — F be a quotient sheaf on Y[k] or Xo[k]. The quotient ¢ is called
stable if F is admissible and Aut(¢) is finite.

For standard families Y (k) and X (k), we have contraction maps p: Y (k) — Y and p:
X (k) — X, which pass to general families.

DEFINITION 3.19. Let s — S (respectively, Xs — S) be a family of expanded pairs (respectively,
degenerations), with contraction map p: Vg — Y (respectively, p: Xs — X), and let ¢: p*V — F
be a quotient sheaf on Vg (respectively, Xg), with F flat over S. Then ¢ is called stable if for
every point s € S, the fiber F|, is stable on the fiber Vg s (respectively, Xs ).

The (C*)*-actions on Y (k) and A* induce a (C*)*-action on the Quot-space Quotf,*(\;)mk,
which is a separated algebraic space, locally of finite type by [OS03]. For a fixed object (&, ¢)
represented by &: S — A¥ and an S-flat quotient ¢ on )g, the stabilizer is given by

AUt*,S(gv ¢a k) S
i Ao(&,9) (3.1)

(CHF x Quotf:(],}f — QUOtZ;(i) Jak % QuOtI;(i)/Ak :

)/A¥

We see that Aut, s(&, ¢, k) = (C*)* x S is a subgroup scheme over S. Thus, it is quasi-compact
and separated over S, which means that the action is quasi-compact and separated.

We also have the open condition property.

PROPOSITION 3.20. Let Vs — S (respectively, X¢ — S) be a family of expanded pairs (re-
spectively, degenerations), with contraction map p: Ys — Y (respectively, p: Xs — X), and
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let ¢: p*V — F be a quotient sheaf on )s (respectively, Xg), with F flat over S. The set
{s € S| ¢ps :=p*V — F|s is stable} is open in S.

Proof. By Proposition 3.16, it suffices to prove that the finiteness of the autoequivalence group
is an open condition. We take the relative case; the degeneration case is similar.

Now, (C*)* acts on QUO’EI;(Z)/M by (3.1). Given an object (§,¢) € Quotg(];)/M(S), the
stabilizer group scheme of the action is just Auty s(§, ¢, k). Thus, the set {s € S|¢s := p*V —

F|s is stable} is the set where Aut, (&, ¢, k) — S is quasi-finite, which is open. O

We still need some concepts for later discussions of sheaves. The following definitions can be
found in [Lie07] and [Nir0O8a.

DEFINITION 3.21. Let F be a coherent sheaf on a Deligne-Mumford stack W. The support of F
is the closed substack defined by the ideal sheaf 0 - Z — Ow — &ndo,, (F). The dimension
of F is the dimension of its support. The sheaf F is called pure if any proper subsheaf of it has
the same dimension as F.

DEFINITION 3.22. Let T;(F) be the maximal subsheaf of F of dimension at most i. Then we
have the torsion filtration

OCT(](./—") (@R CTd(.F) :JT",
where d = dim F and each factor T;(F)/T;—1(F) is 0 or pure of dimension i.

PROPOSITION 3.23. Let F be a coherent sheaf on a locally smooth pair (Y, D). Then F is normal
to D if and only if no irreducible components of any nonempty Supp T;(F) lie in D.

Proof. If F is normal to D and some irreducible component of T;(F) lies in D, then for some
point in that component, F is not flat along the normal direction to D since the multiplication
in the normal direction vanishes on T;(F). This gives a contradiction.

Conversely, suppose that no irreducible components of any T;(F) lie in D and F is not normal
to D. Then F7 # 0, where 7 is the ideal sheaf of D C Y. Suppose dim F7 = d’; then Supp Fz C D
contains some irreducible components of Supp T, (F). This gives a contradiction. 0

The following are some examples for stable quotients.

EXAMPLE 3.24. Let V = Oy (and likewise with Ox,) be the structure sheaf. A quotient sheaf is
just a closed substack Z of Y[k].

If dim Z = 0, in other words, Z is just a collection of (possibly multiple or gerby) points,
then Oy — Oz is admissible if and only if none of the points of Z support on any divisor D;
for 0 <4 < k. It is stable if, moreover, Z N A; # 0 for 1 <i < k.

If dimZ = 1 and Z is pure, then Z is admissible if and only if none of its irreducible
components lie entirely in any divisor D; for 0 < ¢ < k. The substack 7 is stable if, furthermore,
it is not “entirely fiberwise”; in other words, restricted to any extra bubbled component of Y [k],
it is not a fiber (or a union of fibers) of the corresponding (possibly orbi) P!-bundle.

3.5 C*-equivariant flat limits

To conclude this section, we describe the completion of flat families of quotients. Let W be
a separated Deligne-Mumford stack of finite type, with a vector bundle V, and let 7: W — Al
be proper and flat. Let ¢°: V|c+ — F° be a quotient of coherent sheaves on W|c+, flat over C*.
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By the properness of the Quot-space Quot}f\, /al [0OS03, Theorem 1.5], there is a unique quo-

tient ¢: ¥V — F on W, flat over A!, whose restriction to W)|c+ is the given family. We call ¢ the
flat completion and ¢|o the flat limit of the given family at 0 € A

Consider the following special case. Let W be a proper Deligne-Mumford stack, with a vector
bundle V. Consider the family 7: W x Al — A, with the other projection p: W x A' — W. Then
C* acts in the obvious way on the Al-factor of the family W x Al. Let ¢°: p*V|pyxc+ — F° be a
C*-equivariant and C*-flat quotient of coherent sheaves on W x C*; we have the flat completion ¢,
which is still C*-equivariant.

LEMMA 3.25. We have ¢ = p*¢|o.

Proof. We rephrase the situation in terms of the language of Quot-spaces. The map ¢° defines
a C*-equivariant map F°: C* — Quoty,. Here, the C*-action on the Quot-space is the trivial
action. Hence F° is a constant map, defined by restricting ¢° to any fiber. By the properness
of Quoty,, the unique extension of F° to A! is the constant map, which gives the trivial fami-

ly p*¢lo. O

Let (Y, D) be a locally smooth pair as in previous sections, and let V be a vector bundle
onY.Let A =Pp(O @ N) % D be a bubble component.

PROPOSITION 3.26. Let ¢: p*V — F be an admissible C*-equivariant quotient on A, with C*
acting along the fiber. Assume furthermore that C* acts trivially on V|p; that is, for all p € D,
the fiber V|, is trivial as a C*-representation. Then F = p*F|p.

Proof. Locally, A — D_ has the form W x A! with W an affine chart. The admissibility implies
the flatness of F over Al. By Lemma 3.25, there is an isomorphism F = p*F|p on this affine
chart. The separatedness of Quoty, in Lemma 3.25 ensures that the isomorphisms on local affine
charts are unique and hence glue to a global isomorphism. O

We still need a technical lemma for later use. Consider Spec R := SpecC|z, y,t]/(zy). Let
Ry = R/tR, R_ = R/yR and Ry_ = Ry/yRy. Let J = (z,y) C R, Jo = (x,y) C Ro, I- =
() C R— and Iy - = (z) C Ro/yRo be ideals. Let C* acts on t by weight a < 0, on x by weight
b > 0, and trivially on y. Let ¢: R®" — M — 0 be a C*-equivariant quotient, flat over C[t]. Let
¢_: R — M_ — 0 be its restriction on R_.

LeEMMA 3.27 ([LW15, Lemmas 3.13 and 3.14]). 1) M;®r Ry = (M ®gr Ro) j,-

2) Let M* be the flat limit of the restriction of M_ on Spec C[z, x~1,t] along the z-direction
to the locus (z = 0), and let Mg _ be the flat limit of the restriction of Mo, := M_ ®gr_ Ro -
on Spec Clx,z7!] along the x-direction to the locus (z = 0). Then M* is the pull-back of Mg
along the projection Spec C[z,x~1,t] — Spec Clx, z~1].

Proof. The proof is exactly the same as in [LW15]. O

4. Moduli of stable quotients

4.1 The Quot-functor of stable quotients
Now, let us consider stable quotients on the stacks of expanded pairs and degenerations. Let
(Y, D) be a locally smooth pair, and let 7: X — A! be a locally simple degeneration. Let V be a

vector bundle of finite rank on Y or X. We have the stacks 2 and €, with universal families 9
and X.
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First, let us describe the equivalence relation on the Quot-spaces. Recall that we have the
discrete symmetries given in the following Cartesian diagram:

Ryymw —=Y (k)

.

Rd,Ak Ak .
One has an étale equivalence relation
*y p*V
. = Quot? uot?,
Rd’QHOtZ(\Ij)/M Q Rq Y(k)/Rd Ak Q Y (k)/Ak >

induced by the two projections in the Cartesian diagram above. Here, the maps are well defined
because Ry pr = AF are actually disjoint unions of open immersions.

These are the induced discrete symmetries on the Quot-space. Two representatives (£, ¢) and
(¢, @), with &,¢: S — AF, represent the same object if the associated map factors through

R
d, Quoty(k)/Ak

Recall that we also have the (C*)*-action

(C*F x Quot? Y Quot

Y (k)/Ak (k)/AF

The equivalence relations combine to give a smooth equivalence relation on the Quot-space, still
as a subrelation of the group action by the semidirect product (C*)* x S,

= (CH* x R s (C)¥ mSkauot )/M*)Quot ()/Ak‘

~,Quot? d, QUOty(k)/Ak

Y(k)/Ak

In particular, for a fixed object represented by a map &: S — A* and a quotient ¢ on Vg, its
isotropy group is the pull-back in the following Cartesian diagram:

AUtN,S(€7 Qb, k) S

Ao(€,9) (4.1)

Quot p X Quot

’QUOty(k)/Ak Y(k /A k)/A’C :
Here, Aut.. 5(&, ¢, k) is a subgroup scheme over S of (C*)¥ x Sy, x S, which is quasi-compact and

separated. We know that the smooth relation R Quot?™Y is quasi-compact and separated.
’ Y (k) /AR

Now, we have the following Cartesian diagram of closed or open embeddings, for |I| =1 < k:

Y () ¥ (k) |y, Y (k)

| L,k

i
Alc ! U;C

This diagram induces the closed embedding Quot )AL < Quot a« and the open embedding

o/ Y(k)/
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(C)E—1 Quotﬁ’; al = Quot )IU o Quoty(k)/M Hence, we have the embeddings
. C** xR =R
~,Quot? (V)/Al ( ) N’QUOtI})/(;;)/Al ~,Quot? (V)/Ak

! | I

Quot? Y = (C*)F x Quot?, )/Al(—>QUOtp

Y (1) /Al Y (k)/Ak

p*V,st
Let Quoty, v (k)/ak C Quoty(k)/
ing of stable quotients. By Proposition 3.20, this is an open subfunctor, thus represented by an

algebraic subspace of the Quot-space. It is invariant under the equivalence relation.
Define the stable Quot-stack as

QUO%/Q{ = hﬂ [QuOtg(‘; S/tA’C /R ,Quot?”Y } )

Y (k)/AR

denote the subfunctor of the ordinary Quot-functor, consist-

Similarly, in the degeneration case, one has the corresponding stable Quot-stack
Quo{%“ N l%m [QUOtp i’)s/tt‘*’“'1 /RN,QHOti(\;NMH] '
where the transition maps in the directed system are again open immersions and the limits make
sense.
We interpret the objects and morphisms of Quotz /e and Qua% /2 in the categorical sense.
For any scheme S, an object (£, ¢) of Quot@/m(S) is represented by some object (£,¢) €

[Quotp e S /R Quot?™V k] (S), for some k, possibly after some further étale base change; more
Y (k) /A

precisely, passing to a surjective étale covering, we have the map £: S¢ = [[S; — A* and a stable
quotient ¢: p*V — F on the associated family of expanded pairs Vg, .

Different representations are compatible in the following way. Given another (¢, ¢') with
§: S — A¥ passing to the refinement Sger := S¢ X gS5¢r, denote the two induced families by Vs "

and J{’g&,. By construction, they are isomorphic to each other via some o: Y = ), by embedding

into a larger ambient space Y (k") for some k” > k, k" and pulling back the ~-equivalence relation.
Then, the compatibility means that, passing to Sge, there is an isomorphism ¢ oot

Given f: T — S, the map Quo%/m(S) — Qua’%/%(T) is defined by pull back. Suppose

(€,0) € Quot@/m(S). For a representative (£, ¢s,), we have the corresponding map fe: T¢ :=
T xgS¢ — S¢. The 1-arrow between the two objects is defined by the composite n = £ o fe and

the pull-back ym = fgy&g, ¢T,§ = f*(Z)S’g.
The functor in the degeneration case can be defined in the same manner. For any A'-scheme S,
Quot¥ /() is defined as the set of all pairs (¢, ¢), where { € €(S) and ¢ is a stable quotient of

sheaves on the family over &.

THEOREM 4.1. 1) The Quot-stack Quo% /o Is @ Deligne—Mumford stack, locally of finite type;
2) The Quot-stack Quot% Je is a Deligne-Mumford stack, locally of finite type over Al.

Proof. We only prove the relative case; the degeneration case is similar. The limit stack is defined
by the stack associated with the limit groupoid, with objects and morphisms described as above.
It remains to prove that it is Deligne-Mumford.
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Look at the stabilizer of a fixed object (£,¢) € Quot{) /m(S), which is represented by &:
S¢ — A* and a stable quotient ¢ on Vs,. The stabilizer of this representative is given in the
following Cartesian diagram:

AutN (67 gba k) Sf S
le(;@
Qo et QUOIT T X Quotl i

Y (k)/Ak

Again, one can see that for k sufficiently large, this stabilizer does not depend on k, since the
limit is taken over open immersions of stacks, which are representable. It also does not depend
on the choice of S¢ since the lower horizontal map is affine, and by descent theory of affine
morphisms, we glue to obtain a group scheme over S. Denote this group scheme by Aut. (¢, ¢).
It is the stabilizer of the object, independent of k£ and the choice of representatives for k large.
Moreover, Aut.. (£, $) is a quasi-compact and separated (actually affine) group scheme over S.
Thus, Quo% /2l is an Artin stack.

It remains to check that each [ Quot” Vst R

Y (k)/A PV } is a Deligne-Mumford stack, lo-

~,Quot

Y (k)/ Ak
. " ~ *\ Kk p*V * k‘_ :
cally of finite type. Recall that RN’QuotI; (Z)/Ak = (C*)* x Quot Ry (/R ob” The (C*)*-action has

finite stabilizer due to the stability condition. On the other hand,

p*V p*V
Ry oy |77 S Quoty g === Quoty,

is obviously étale. Therefore the stabilizer is finite and the stack is Deligne-Mumford. Since each
Quot-space QuotI;, (]]i) Jak is of finite type, the stack we are considering is locally of finite type. O

4.2 Projective Deligne—Mumford stacks

From now on, we need the notion of projective Deligne-Mumford stacks. The references for this
are [OS03, Kre09, Nir08a]. First, we list some properties of coarse moduli spaces, which can be
found in [AOV08, AV02, Nir08a]. We collect these results here just for later use. They are not
stated in their full generality.

PROPOSITION 4.2. Let W be a Deligne-Mumford stack, let W be a noetherian scheme, and let
c: W — W be a proper quasi-finite map.
1) If W is the coarse moduli space of W and W' — W is any morphism of schemes, then W’
is the coarse moduli space of W' xw W.

2) If W' — W is a flat surjective morphism of schemes and W' is the coarse moduli space of
W' xw W, then W is the coarse moduli space of W.

PROPOSITION 4.3. Let W be a separated Deligne—Mumford stack over C, and let c: W — W be
its coarse moduli space.

1) There exists an étale covering [ [ W, — W such that W xw W, = [Uy /Iy, where each U,
is a scheme with finite group I',, acting on it.

2) The map c is proper. The functor ¢, carries quasi-coherent sheaves to quasi-coherent sheaves,
coherent sheaves to coherent sheaves, and is exact.

3) ¢&.Ow = Ow.
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Now, we introduce the notion of generating sheaves, which can be understood as “relatively
ample” sheaves of a stack over its coarse moduli space.

DEFINITION 4.4. Let W be a Deligne-Mumford stack over C, with coarse moduli space c:

W — W. A vector bundle £ on W is called a generating sheaf on W if for every quasi-coherent
sheaf F, the morphism 0g(F): c¢*c.Hom(E, F) @, € — F defined as the left adjoint of the map
Id: co(F ®@0y, £Y) = cu(F ®p,, £Y) is surjective.

PROPOSITION 4.5. 1) A vector bundle £ is a generating sheaf if and only if for every geometric
point of W, the representation of the stabilizer group of that point on the fiber of £ contains
every irreducible representation.

2) Let f: W' — W be any morphism of algebraic spaces; then W' is the coarse moduli
space of W' := W xw W', with map f': W' — W. Suppose that £ is a generating sheaf on W';
then f™*& is a generating sheaf on W'.

EXAMPLE 4.6 ([OS03, Proposition 5.2]). Let G be a finite group. A sheaf F on BG is equivalent
to a complex G-representation. Then F is a generating sheaf if and only if it contains every
irreducible representations of G as a G-submodule. In particular, the regular representation R
of G is a generating sheaf.

More generally, let U be a scheme with a G-action. Let f: [U/G] — BG be the canonical
1-morphism. Then f*R is a generating sheaf on [U/G].

COROLLARY 4.7. Let W be a Deligne-Mumford stack over C, with generating sheaf £.

1) The dual £V is still a generating sheaf.

2) If f: W' — W is a representable 1-morphism between Deligne-Mumford stacks, then f*&
is a generating sheaf on W'.

Proof. Statement 1) follows directly from Proposition 4.5(1). Statement 2) follows from Frobenius
reciprocity and the property of representable maps that homomorphisms between isotropy groups
are monomorphic. ]

DEFINITION 4.8. A Deligne-Mumford stack W over C is called projective if it has a coarse moduli
space c: W — W, where W is a projective scheme, and it possesses a generating sheaf.

Let m: W — S be a Deligne-Mumford stack over S, with coarse moduli space ¢: W — W.
Then w: W — S'is called a family of projective stacks if the underlying map of schemes w: W — §
is projective and W possesses a generating sheaf.

There are some equivalent definitions of a projective Deligne-Mumford stack.

PRrROPOSITION 4.9 ([Kre09, Proposition 5.1 and Corollary 5.4]). Let W be a proper Deligne—
Mumford stack over C; then the following are equivalent:
1) The stack W is a projective Deligne-Mumford stack.

2) The stack W has a projective coarse moduli space and is isomorphic to the quotient of a
projective scheme by a reductive algebraic group acting linearly.

3) The stack W has a projective coarse moduli space, and every coherent sheaf admits a
surjective morphism from a vector bundle.

4) The stack W admits a closed embedding into a smooth proper Deligne-Mumford stack with
projective coarse moduli space.
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In particular, a smooth Deligne-Mumford stack over C with projective coarse moduli space is
always projective.

The following concept first appeared in [OS03], with the name “generalized Hilbert polyno-
mial,” as an analog to the usual Hilbert polynomials on schemes to refine the ordinary Quot-
spaces. We will also use this later, with a little modification.

DEFINITION 4.10. The Hilbert homomorphism of a coherent sheaf F on W with respect to £ is
the group homomorphism P]‘?-: K°(W) — Z defined as

V] = x(W,V ®o,, F ®o, "),
where V is a vector bundle on W extended additively to K°(W).

The following concept is introduced in [Nir08a] to define the stability condition. We will also
use it later for the boundedness.

DEFINITION 4.11. Let H be an ample line bundle on the projective coarse moduli space W, and
let H = ¢*H. The modified Hilbert polynomial of F with respect to the “polarization” (£, H) is
the polynomial P]g_-’H defined as P]g_-’H(v) = PE(H®Y).

One of the reasons that we are interested in generating sheaves is the following property, the
consequence of a series of propositions in [Nir(8a].

ProproSsITION 4.12. Let W be a projective Deligne-Mumford stack over C, and let c: W — W
be its coarse moduli space, together with a generating sheaf £. Let F be a coherent sheaf on W.

1) We have c¢.(F ®p,, £Y) = 0 if and only if F = 0.

2) The sheaf c.(F ®oy,, £Y) on W has the same dimension as F. Moreover, if F is pure,
Supp ¢« (F Qo €Y) = ¢(Supp F).

3) We have F = 0 if and only if P]‘E = 0, and also if and only if the polynomial PJ‘E’H is 0.

To end this section, we give a description of the coarse moduli space of the bubble.

PROPOSITION 4.13. Let (Y, D) be a locally smooth pair, and let A = P(Op @& Np,y) be the
bubble. Let D and A be the corresponding coarse moduli spaces. Then there is a P*-bundle B

over D, fitting into the diagram
A
A B

D D,
where the map A — B is surjective, proper and quasi-finite, and A — B is finite.

In particular, A is a projective scheme and A is projective as a Deligne—-Mumford stack.

Proof. By definition, A = Projo, (P, N%/Y)' By [AGV08, Lemma 2.1.2], there is a smallest
integer e such that N7, n% = ¢*M for some line bundle M on the coarse moduli space. Take

B = Projog( Do Ng)e/y) =Pp(Op& M).
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There is a proper, quasi-finite and surjective map A — B induced by the embedding of the graded
algebras which, by the universal property of coarse moduli spaces, factors through c: A — A.
The induced map A — B is also quasi-finite. By [Vis89, Proposition 2.6], there is a finite
surjective map A — A, where A is a scheme. Applying [Har77, II, Exercise 4.4] to the composition
A — A — A over B, we see that A is proper, and hence finite over B. O

4.3 Moduli of stable quotients with fixed topological data

To refine the Quot-stacks and get some finite-type spaces, we need to fix some topological data.
From now on, let (Y, D) be a smooth pair, with Y projective, and let 7: X — Al be a simple de-
generation, which is a family of projective Deligne—Mumford stacks. Let £x and &y be generating
sheaves on X and Y, which we will just call £ if there is no risk of confusion.

Consider the Grothendieck K-group of Y. Note that by smoothness and Proposition 4.9(3),
we have Ko(Y) = K°(Y), which we just denote by K(Y) for simplicity. Let p: Y[k] — Y be
the contraction map, and let F be a coherent sheaf on Y [k]. We can define a homomorphism
P& K(Y) — Z, still called the Hilbert homomorphism with respect to &, as follows:

V] — X(Y[k],p*V ®ow F @0 p*é’v) ,

where V' is a vector bundle and the homomorphism is naturally extended additively. Again, if
one chooses an ample line bundle H on the coarse moduli space ¢: Y — Y, one can define the
modified Hilbert polynomial as P}g-’H(v) = P&(p*H®"), where H = ¢*H.

Note that properties in Proposition 4.12 do not necessarily hold in this case. Although p*&
would still be a generating sheaf on Y[k], the pull-back of H may not be ample. But we can still
use them to refine the Quot-stacks.

Consider a family of expanded pairs 7: Vg — S, with a coherent sheaf F on Vg, flat over S.
For each point s € S, we have a Hilbert homomorphism on the fiber PJé—IS : K(Y) — Z. By the

same argument as in [OS03, Lemma 4.3], if S is connected, there exists a group homomorphism
P: K(Y) — Z such that PJEES =Pforall seS.

Now, fix P: K(Y) — Z, and let Duot%’/l; be the subfunctor of Quo% /o Parameterizing stable
quotients with Hilbert homomorphism P. This is an open and closed subfunctor and is thus
represented by a Deligne-Mumford stack, locally of finite type.

For the expanded degenerations, we make the similar definition. The only subtle difference is
that we need to compose with the restriction K(X) — K(X.) for ¢ # 0 and K(X) — K(Xj) for
the Hilbert homomorphisms on fibers. Also, for a fixed P: K(X) — Z, one can define Quot;’/];,
which is an open and closed subfunctor of Quo% /e As for the modified Hilbert polynomial, one
needs to fix a relatively ample line bundle H for 7: X — Al

5. Properness of the moduli of 1-dimensional stable quotients

In this section, we prove the properness of the Quot-stacks Quotv’]; and Quot;’lz, for a fixed
generalized Hilbert polynomial P. Since our main interest is the application in Donaldson—
Thomas theory and Pandharipande—Thomas theory, we concentrate on the 1-dimensional case.
We will use the valuative criteria for separatedness and properness of Deligne-Mumford stacks.
Let (Y,D) and 7: X — Al, £, H be fixed as in Section 4.3.

The following lemmas justify what we mean by the 1-dimensional case; that is, the dimension
of the supports of the stable quotients is preserved in a family.
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LEMMA 5.1. Let F be an admissible sheaf on Y[k] (respectively, Xolk]), with contraction map
p: Y[k] = Y (respectively, p: Xo[k] — Xo). Then dim F = dim p,F.

Proof. 1t suffices to prove the result for £ = 1, and the general case simply follows by induction.
Let dim F = d. Then dim F|a = d or dim F|y = d. If the latter is true, the lemma is proved.
Now, we assume dim F|a = d and dim p,F < d—1. For this to be true, F|a must have support
along the fibers of A. Hence, dim F|p = dim F|ao —1 = d—1. On the other hand, by admissibility,
(Fly)|p must have the same dimension as F|p, and therefore dim F|y = dim F|p + 1 = d. This
gives a contradiction. Thus dim p,F = d, which proves the lemma. 0

LEMMA 5.2 ([LW15, Lemma 3.18]). Let A be a bubble component with divisor D = D_ and
contraction p: A — D. Suppose that F on A is normal to D; then R'p,F = 0. Moreover, if
po = PﬂH then F = p* F|p.

Proof. Choose a surjection p*)V — F — 0, where some V is a vector bundle on D, and let K be
the kernel. Look at the long exact sequence

- = R'p.p*V = R'p.F — R*p.K — -

It is clear that R'p,p*V = 0 and R?p,K = 0 for dimensional reasons. Thus R'p,F = 0.

Now, suppose that we have P‘S’H P‘S‘H By admissibility, we have the short exact sequence

0— F(-D) —-F — Flp — 0. Blep* Dg—O we have the surjection p.F — F|p — 0.
Since H is ample on D, the equality P H = Py ’ 1mpheb that this is actually an isomorphism
p«F = F|p. Taking the pull-back of the inverse map, we have p*F|p = p*p.F — F, which we
can assume to be surjective if one replaces F by its twist with a sufficiently relatively ample
line bundle at the beginning. Again by comparison of the modified Hilbert polynomials, one
concludes that this map is also injective and p*F|p = F. O

COROLLARY 5.3. Let F be an admissible sheaf on Y [k] or Xo[k|. Then the Hilbert homomorphism
and modified Hilbert polynomial can be computed using p,JF on Y or Xy, respectively, that is,
P§ = P¢ ;- and P& = PO

Proof. This follows from R'p,F = 0. O

5.1 Boundedness

In this subsection, for a fixed group homomorphism P: K(Y') — Z (respectively, P: K(X) — Z),
we require that the associate modified Hilbert polynomial v — P(H®V) has degree 1 or less.
We denote it by f(v) = av + b, with a > 0. Consider Quot-stacks Quotg’l; and Quot;’/];. By
Lemmas 5.1 and 5.2, one can see that the objects parameterized by them have dim F = deg f.
By boundedness, we mean the quasi-compactness of the Quot-stacks.

PROPOSITION 5.4. The stack Quot%’/];[ (respectively, Quot?/];) is of finite type over C (respec-
tively, over A').

Recall that [];-, [ Qu otp V o e /R »v | forms an étale covering of Quotg’/l;. It suffices

~QUOYy 1y ak

to prove the following.

PROPOSITION 5.5. Fix a polynomial f(v) = av + b with a,b € Z and a > 0 and a polariza-

tion (£,H) on'Y (respectively, X ). There exists a constant N = N(f,E, H) such that for any

k >0, and any stable quotient ¢: p*V — F on Y [k] (respectively, X [k]), with modified Hilbert
. E.H

polynomial Pz = f, one has k < N
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The rest of this subsection is used to prove this proposition. We mainly concentrate on the
relative case; for the degeneration case, the proof will be similar. Let us first state some results
that will be useful.

LEMMA 5.6 ([CG97, Proposition 5.9.3], [Kol96, Corollary VI1.2.3]). Let W be an n-dimensional
scheme over C, with the topological filtration 0 = T_y C Ty C --- C T, = Ko(W), where T;
consists of the classes generated by coherent sheaves of dimension at most i. Let F be a coherent
sheaf on W with dim Supp F = d. Then, we have [F| € 'y and

Fl= ) mult(F;2)[0z] mod Ty
ZCSupp F
in Ko(W), where the sum is over all d-dimensional irreducible components of Supp F and
mult(F; Z) is the length of F as a module over the generic point of Z.

We need a result of Grothendieck on the boundedness of families of sheaves.

LeMMA 5.7 ([Gro95, Lemma 2.6]). Let W be a projective scheme over a noetherian scheme S,
and let Oy (1) be ample on W relative to S. Let E be a family of isomorphism classes of coherent
sheaves on the fibers of W/ S, contained in the family of isomorphism classes of the quotients of
a certain fixed coherent sheaf on W, such that for all F € FE, the Hilbert polynomial of F is

r Ur—l

v
P — g ...
F0) = arig +bra gy +

and ar is bounded. Then br is bounded from below.

Moreover, if by is bounded, then the family consisting of all F,) is bounded, where F,) :=
F/T.(F) is F quotient by its torsion subsheaf.

Proof of Proposition 5.5. By Corollary 3.9, given a stable quotient ¢: p*V — F on Y'[k], we have
the short exact sequence

k k
0—)]:—>f|y@@f|Ai —>€B}-|Di_1 — 0.

i=1 i=1
Thus,

av+b = X(Y[k],]:@p*(H“ ®5V))
k

=XV, Fly @ H' @ ") + > x(Ai, Fla, @ p* (H ® £Y))
=1

k
= > X(Di1, Flp,_, @ p*(H @ £V))
=1
k
=X(Y,Fly @ H* ® ") + > x(Ai, Fla,(-Di1) @ p* (H' @ £Y)) (5.1)
=1

k
=: (ag(k, F)v + bo(k, F)) + Y _(ai(k, F)v + bi(k, F)),
=1

where in (5.1), we use the exact sequence 0 — F|a,(—D;—1) — Fla, = Flp,_, — 0, by
admissibility. Here, the coefficients a and b also depend on the polarization £, H, but we only
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emphasize that on k and F. Let
A={i|1<i<k,aik,F)>0},
and write
av + b = (ao(k, F)v +bo(k, F)) + > _(ai(k, Fyv + bi(k, F)) + > _bi(k, F). (5.2)
icA iZA
Since a; > 1 for i € A and a = Zf:o a;, we can bound the size of A by |A| < a.

For i ¢ A, we know b;(k, F) # 0, because otherwise by Lemma 5.2, the restriction F|a, would
be a pull-back from D;_; and thus unstable. Thus b;(k, F) > 1.

Now, by the following Lemma 5.8, for ¢ € AU {0}, we have the lower bound b;(k, F) > —M.
By (5.2), we have b > (|A|+1)(—=M)+k—|A|. Thus, k < b+M + (M ~+1)|A| < b+ M+ (M +1)a,
which proves the proposition. ]

LEMMA 5.8. In the proof of Proposition 5.5, there exists M = M(f,E, H) > 0, which does not
depend on k and F, such that b;(k,F) > —M for all i € A U {0}.

Proof. Consider i € A. Let A =2 A,;, with divisor D_ = D; 1. By Proposition 4.13, there is
A

a diagram
A
/ . \
|

D C

S

PB

-~

5

)

where the underlined objects are corresponding coarse moduli spaces, B is a P!-bundle over D
and A is finite over B.

Let us compute the terms in (5.1). For simplicity, let G; := (cg)«(F|a,(—D;i—1) @ p*EY) for
1<i<kand Gy :=ci(Fly ®EY). Then
ai(k, .F)U + bi(k, f) = X(A, JT"‘AZ(_Di—l) ®p*g\/ X p*Hv)
= X(A, cu(Fla,(=Di1) @ p*€Y) @ p*H")
where we used p*c* = ¢*p* and the projection formula.
By Corollary 4.7, we see that (p*€Y)Y is still a generating sheaf on A, and by Proposi-
tion 4.12(2), we have dim Supp G; = dim F|a,. Thus, by Lemma 5.6,
ai(k, F)v = Z mult(G;; Z) - x(Z,07 @ pgH") mod I'y,
ZCSupp G;

where Z ranges over the 1-dimensional irreducible components of Supp G;. We see (by choosing
a divisor for H and computing the leading coefficients by exact sequence) that x(Z, Oz ® p5H")
has leading term vcy (piyH) - [Z], where one can view ¢;(plyH) as an element of N'(B) and [Z]
as an element of Ni(B). Thus

ai(k, F) = c1(ppH) - > mult(Gi; Z) - [Z] =: e1(ppH) - [Gi], (5.3)
Z

where [G;] is the numerical 1-cycle determined by the support of G;.
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However, ppH is not ample on B, and the above is not a Hilbert polynomial, as required by
Lemma 5.7. We need to introduce some ample line bundles on B. Replace H by its sufficiently
large power such that pjpH ® Op(D) is ample on B. Consider h := cz(ppH @ Op(D)) =
H ® c¢3O0p(D) on A. Note that this procedure does not depend on k.

Now, let us compute the modified Hilbert polynomial with respect to h. Let a(k, F)v +
bi(k, F) := x(A, Fla,(=D;—1) ® p*€Y @ h?) and ajv + b)) := agv + by. By a similar computation,
we arrive at

aj(k, F) = (c1(ppH) + D)) - [Gi] -
Combining this with (5.3), we get

aj(k, F) = ai(k, F) + [D] - [Gi] < a+ [D] - [Gi] - (5-4)

Now, the lemma follows from the following claim and Lemma 5.7. A uniform upper bound
for all @) would imply the existence of a uniform lower bound for all b,. Since b, = b; by a
Riemann—Roch computation, we get a uniform lower bound for all b;.

Claim: There is a uniform upper bound for a; for all .

We prove this by induction. For i = 0, we have ag(k, F) = ao(k, F) < a. Then, analogously
to (5.3), we have

ao(k, F) = c1(H) - [Go] - (5.5)
Since H is ample on Y, the boundedness of ag(k,F) implies that {[Go] | k, F} is bounded as

a subset in N1(Y). Thus, the pairing [D] - [Go] is bounded, say by some constant Cy > 0. On the
other hand, we have

[D] - [Go] = [D] - [G1],

which follows from the definition and restrictions of F to D = Dy from Y and A1, respectively.
Thus by (5.4), we have

ay(k,F)—ai(k,F) < Cp.
Now, one can proceed by induction. Assume a(k, F) —a;(k, F) < C; for some uniform bound Cj.
Then {[G;] | k, F} is bounded as a subset in N1(A). By admissibility,
[D] - [Giva] = [D] - Gi]
is bounded by some uniform bound Cjy;.
Now, we look at 4+ 1. If i + 1 € A, then

i1 (k, F) = aip1(k, F) = [D] - [Gis1] < Ci
is bounded.

Ifi+1¢ A, then G;y1 is of dimension 0 in A;,, which by admissibility does not intersect
with the divisors. Thus in this case, one has

a, 1 (k, F) —ajp1(k, F) =0.

We keep proceeding by induction, and finally we have that the set of numbers {a}(k, F) —
a;(k,F) | 0 < i < k} is bounded by C := max{C; | 0 < i < k}, where there are only |A|
many nonzero C;, and each nonzero C; is determined by the previous nonzero one in some way
independent of k£ and F (the process only depends on the intersections and bounds on Ni(B)).

Thus, a + C does not depend on k and F (but depends on the choice of H, £) and bounds
all a(k,F). O
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5.2 Separatedness
In this section, we prove the following.

V,P
Ly

V,P

PROPOSITION 5.9. The stack Quo /e

over Al).

(respectively, Quot.., ) is separated over C (respectively,

We use the valuative criterion of separatedness for Deligne-Mumford stacks. Consider S =
Spec R, where R is a valuation ring, with fractional field K. Let n = Spec K be the generic point,
and let ng = Speck be the closed point. Since we have proved that the Quot-stack is of finite
type, by [LMO0O, Proposition 7.8], it suffices to treat the case where R is a complete discrete
valuation ring with an algebraically closed residue field k. Let u € R be the uniformizer. Again.
we concentrate on the relative case; the proof for the degeneration case is similar.

Remark 5.10. By our description of the objects, we need to consider representatives {: S¢ — Ak,
where S¢ := [[S; — S is an étale covering of S. Since R is a discrete valuation ring, for each
S; — S to be étale, it must be an isomorphism. Therefore, we can always assume S¢ = S.

Suppose that we are given two arrows (£, @), (£/,¢'): S — Quotg’/l;, represented by (&, ¢) and

(€', ¢), whose restrictions to 1 are isomorphic. The maps &: S — A¥ and ¢/: S — A¥ are of the
form

(C[tl,...,tk] — R, tib—>cz-(u)u€i,

Clt1,....tw] = R, i — ci(u)u,
where ¢;(u) and ¢;(u) are either 0 or invertible in R and e;, €; > 0. Embedding them into a larger
target and applying the ~-equivalence relation, we can assume k = k’ and that the maps are of
the form

(tl,...,tk) — (’U,el,...,uel,o,...,O) s

(tl,... ,tk/) — (ue/l,... ,ueE,O,...,O),
where the two expressions have the same number of zeros, due to the isomorphism over 7. The
proof of the separatedness then reduces to the following lemma.

LEMMA 5.11. Consider the map &: S — A' given by C[t;] — R, t; — u®, e > 1. Let £: 8 — A° be
Clt1,...,te] = R, (t1,...,te) — (u,...,u). Let Yg, Vs be the corresponding associated families
of expanded pairs. Then, there exist a map h: Vg — Yg which is an isomorphism on n and a
contraction Y[e] — Y[1] on 1y, where the only uncontracted component is A.

Proof. This is due to the construction of X (k). By the following diagram and the universal
property of fiber product, we get the map h:

Vs Y(e) ==Y (1)
T
S A° At

The map on the base is multiplication, and the map on the central fiber is the contraction of the
inserted components. ]

Proof of Proposition 5.9. We need to prove that the isomorphism on 7 extends to S. Let E :=

Zi‘:l e; and B := 2221 e;. First, we consider the special case E = E'.
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Consider the map &: S — AT given by (t1,...,tg, ..., teer_t) — (u,...,u,0,...,0).
Repeatedly applying Lemma 5.11, we see that there is a map between associated families A : Vg —
Vs such that h|, is an isomorphism and Al : Y[E+k—I] — Y[k] is a contraction of components,
where the uncontracted components are Ag , A¢, te,, - - ., A and the last (k—1) ones correspond
to the zeros. Applying the same with &, we also have a map h': Vg — Y contracting the
corresponding components for £’.

Consider quotient sheaves h*¢ and h'*¢/ on Vs. Now, (&, h*¢) and (€, h/*¢/) are isomorphic

over 7 (since h|, and h'|, are isomorphisms) and flat over S by admissibility and Lemma 3.15.
1%

(E+k—1)/AB+k—0>
over S. On the other hand, h*¢|,, and h'*¢'|,, are stable on uncontracted components of Y[E +
k—1] but are unstable on contracted ones. For them to be isomorphic, the contracted components
for h and A’ must coincide, which implies e; = €} for all 1 < ¢ <[, in which case h and h’ must

be isomorphisms and the conclusion follows.

By the separatedness of the ordinary Quot-space QuotZ;,* they are also isomorphic

For the general case, assume E < E’. We take the embeddings
é: S—)AE+k_l, (tl,...,tE,...,tEJrk,l) — (u,...,u,O,...,O),
g’: S—)AEl+k_l, (tla---atEa--~7tE’>~"7tE’+k7l) — (u,...,u,u,...,u,(),...,(]),

with corresponding associated families 373~ and J?g By the successive blow-up construction
(Proposition 2.11), there is a map ¢: V5 — Ys which is a contraction of components if restricted
to 719. This map c is given by the diagram

Vi—=Y(E +k-1) Y (E+k-1)

] |

E'+k—1 pr E+k—1
S AF'+ AB+R=L

where pg; is the contraction map for the successive blow-up construction and the projection
pr: AFTh=l _y AE+k—l forgets the components tg1,...,tg. Again by the separatedness of the
ordinary Quot-space, we have an isomorphism c*h*¢ = h'*¢’. Comparing the stable components
of the two quotients, one obtains the conclusion e; = ¢} for all 1 <14 <. ]

5.3 Numerical criterion for admissibility

Before getting into the proof of properness, we need a numerical criterion for a sheaf to be
admissible. Let F be a coherent sheaf on Y[k] (respectively, Xo[k]), with generating sheaf &
on Y and a line bundle H which is a pull-back of an ample line bundle from the coarse moduli
space. Let Z;” and If be the ideal sheaf of the divisors D; 1, D; C A;, and let Iar be the ideal
sheaf of Dy C Y. Let J; be the ideal sheaf of D; C Y[k]. Let F* be the quotient in the exact
sequence

0— P s F Fit 0.

DEFINITION 5.12. Define the ith error of F to be the following polynomial (here, we write the
subscripts in parentheses, making them easy to read).

In the relative case:

Errf " (F)(v) : = POH(Fz) (0) + PO (FH 5, ) ) + PO (F L 2o ) (@)

1 1
B §PS’H((‘th|Ai,I¢+)|D¢) - §P87H((‘th’Ai+leﬁ1)|Di)

497



Z,. ZHOU

for0<i<k—1, and
Erry ! (F)(v) := PO (F 5, 1) (),
where we set Ag :=Y and Ff|Ai,I+ = (Fa,) 7+
In the degeneration case: l 1

Erry (F)(v) : = PEH(F ) (v) + PO (FY |5, 1) (0) + PO (FH|

7

)(v)

z+17 1+1

1
S PO (a2 ) o) = Pg T F N zm,) o)

for 0 < ¢ < k, where we denote Ay :=Y_ and Agyq := Y+
Moreover, we define the total error as

k
Err®H (F)(v) := Z Errs ? (F)(v)

For simplicity, we will just omit the £, H and write Err;(F) and Err(F). Here, the polynomials
are actual Hilbert polynomials and there is no problem with the ampleness of the pull-back of H,
since the definition only involves the restriction of H to D;. Hence, F is admissible if and only if
Err(F) = 0. In other words, the error polynomial measures the failure for a sheaf to be admissible.

For A; with 0 < i < k, let (F*|a,)! be the quotient in the exact sequences

0 Ff‘AiIf@Pf‘aiﬁﬁpf‘&ﬂ(ﬁf\m)t —0, 1<i<k;

00— Fifly o —= Fily — (Ffy)" —0, i=0,
It is clear that the (F!|5,)% are admissible. Restricting to D;, we get the sequences
0— (Pf|Ai,I;)’Di71 —=F"p,_, — (Pf‘Ai)tf’Difl —0,
00— (F| 5, 2+) b, —= FH|p, — (F]5,)"|p, —>0.

Let
67 (F) = P((F¥1a)") = P((F1a.) " Ipics) 1
57 (F) = P((F1a)") = P((FMa)"Ip), 0<i<
and set
5o (F) == P((FN)Y, 65(F) = P((F'|a,)").
We have the following lemma.
LEMMA 5.13. 1) Pr = Err(F) + 1 S8 (67 (F) + 8] (F)).

2) For 1 < i< k—1, the leading coefficients of (51-jE are nonnegative. They vanish if and only
if (¢|a,)" is C*-equivariant, and also if and only if (¢|a,)" is a pull-back from D; or D;_;.

Proof. Part 2) simply follows from Lemma 5.2. For part 1), let us compute the modified Hilbert
polynomial. Recall that Lemma 3.10 implies F = ker (@F_, F¥|a, — @5 F*|p,). Thus,

k k 1

k—1
=Y P(Fz)+>_ P(Fa,) —fZP (F%p;_y) —fZP (F¥|p,)
=0

1=0
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—_

k k k
= Zp(fﬂ) + ZP(}—&M“I;) + ZP(}-HMZ-,I;) + ZP((ftf|Ai)tf)
j= i=1 0 i=0
-1

s
-.
Il

E

k
1 1
o §ZP((}—H|A%I;)‘D¢—1) )

i=1 %

k—1
1 f
—5 2 P((F1a) Ip,) -
=0

By definition, we have

k
1
P((Fs.2)0) = 3 2 P((F1a) b))
=1

I
o

k—1 k k k—1
1
Err(F) =Y _ P(Fz)+ Y. P(J—"tf\A“Ir) +) P(ftfyA“f) -5 P((ftf\Ailj) D;)
=0 =0 i=1 i=0
1 k
9 ZP((‘F&’A%I{)‘DZA) :
=1
Then
b tf ]. kol tf
P(F) — Err(F) = Zg ((F%|a, ZP (F%12) " p,)) — 5 2 P((F"a)" |p))
1 k
=5 F)+ 3 (F))- O
z:O

To compare the polynomials, we introduce the following order in the set of Hilbert polyno-
mials. For two polynomials f(v) = a,v"/r!+--- and g(v) = bsv®/s! + - - -, where a,,bs € Z, we
say f < gifr < sorr =s and a, < bs; we say f < g if the same holds with < replaced by <.
Note that modified Hilbert polynomials are actually of this kind, since they can be viewed as
usual Hilbert polynomials on coarse moduli spaces. Another observation is that under this order,
the space of Hilbert polynomials satisfies the strict descending condition: any strictly descending
chain f; > fo > -+ must attain 0 at some finite step.

5.4 Properness

In this subsection we prove the properness.

THEOREM 5.14. The Quot-stack Quot;’/l; (respectively, Quotz’/lz) is a complete Deligne—-Mumford

stack over C (respectively, over Al). In particular, if the associated modified Hilbert polynomial
P(H®") has degree 0 or 1, the stack is proper.

Remark 5.15. Here, by complete, we mean that it satisfies the valuative criterion for properness
but is not necessarily quasi-compact. In other words, it is separated and universally closed. We
expect the “dimension < 1”7 condition to be superfluous, and the properness is true for moduli
of stable quotients in any dimensions, which is treated in [LW15], but for simplicity we just pose
this assumption and restrict to the 1-dimensional case.

Again, let S = Spec R, where R is a complete discrete valuation ring with uniformizer v € R,
generic point 7 = Spec K and closed point 19 = Spec k. As remarked in the separatedness part we
also work on S directly instead of passing to an étale covering. Let (&, ¢p): n — Quot@ 2l be an

object of Quot@ /m(n), represented by some map &,: n — A¥ and a stable quotient On: 'V — Fy
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on Y,. By the valuative criterion, it suffices to extend this object over 7y after some finite base
change of S.

Applying the equivalence relation ~, one can always make &, in the form
Ein—AY . Clty,... . t)] = K, (t,...,tx) = (1,...,1,0,...,0),

where t; — 1 for the first [ (possibly 0) coordinates. Note that if I > 0, then &, actually factors
through the standard embedding {(1,...,1)} x A*~! < A* In this case, we can pull everything
back to A*~! and work on A*~! instead of A*. Thus, we can assume | = 0.

Now, for this §,, there is a naive extension £: S — A* which maps S constantly to 0 € AF.
Then Vg = S x Yk|, and by the completeness of the ordinary Quot-space Quotf;[}j] [0S03,
Theorem 1.1]), ¢, extends to some ¢ over S. If ¢|,, is stable, then we are done; otherwise, we
need to modify our extension £&. We will see that a good modification is always available.

Step 1. Normal to the distinguished divisor.

LEMMA 5.16. Let £: S — A* be a map, and let ¢: p*V — F be a quotient on Ys, flat over S,
such that ¢|, is admissible. Then there exists (¢, ¢'), with {': S — A¥ and S-flat quotient ¢ on
Y5, such that (£',¢')|, = (€, ¢)|n and ¢’ is normal to the distinguished divisor Dy C Y.

Proof. Consider D[k] C Y, = Yk]. If ¢, is normal to D[k]| x 79, then we are done. Suppose
that this is not the case. Let us look at what this means in a local chart. Etale locally near a
point in D[k] X ng, the local model of Vg can be taken as U = Spec A := Spec Ry, Z], where
(D[k] x no)|v is defined by the ideal (u,y). Geometrically, Z stands for coordinates in D, and
y = 0 is the local defining equation for D.

The quotient ¢ is represented by a sequence 0 — K — A" — M — 0. Assume K =
(fr(u,y),..., fm(u,y)), with generators

fi(u,y) = ¢i + ugi(u) + yhi(u,y) € A%, (5.6)

where ¢; € k[Z]®", g; € K[Z]®"[u], hi € k[Z]®"[u,y], gi(0) # 0 and «; > 1. By generic normality,
¢i + u®g;(u) # 0. Assume that these generators are minimal in the sense that m is as small as
possible. One can easily observe that M is flat over R if and only if for all i, we have u 1 f;(u,y),
that is, ¢; + yhi(0,y) # 0.

Restricting to 79 and using flatness, we see that ¢|,, is given by the sequence 0 — Ko —
AF" — Mo — 0, with Ko = (f1(0,9), ..., fm(0,y)). The subscript 0 here means restriction to 7o.
By our assumption, Mj is not normal to DI[k], which is equivalent to y | f;(0,y), that is, ¢; = 0,
for some 1.

To modify this family, we apply successive blow-ups at the divisor D[k] X 19 C Yg; in other
words, we take the modified family as

Vs = Blpjxn, Vs -

This is still a family of expanded pairs, as it fits into the diagram

Vi ——=Y(k+1) 2%y (k)

o

S

where &' is given by (t1,...,tg, ter1) — (U, ... u, u).
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The local model of Vg is the blow-up of Spec R[y, Z] at the ideal (u,y). Thus, étale locally
around a point in the new distinguished divisor D[k + 1] x 9 C Vg, the local model is Spec B :=
Spec R[w, Z], with y = uw.

By the completeness of the ordinary Quot-space, ¢|, extends to an S-flat quotient ¢’ on the
new family. Locally, ¢ is given by a sequence 0 — K’ — B®" — M’ — 0. By construction of the
flat limit, one has

K' =K,nB%",
where we view A C B C B, = A, as submodules. Then

K' = (fi(u,uw), ..., fm(u, uw)) AZ" 0 B¥"

fi(u,uvw) = u*g;(u) + vwh; (u, uw) ,

from which we see that u | f;(u, uw).
Take ; := min{a;,ord(h) + 1} > 1, where ord(h) is the minimal degree of the monomials

of h in u and y. We have

hi(u, uw)

fi(u,uvw) = w7 (uaiwgi(u) + w | > — i (uar%gi(u) + whg(u,w)) ,

where h is some polynomial with u t (u®™Yg;(u) + wh(u, w)).

After localizing at u and intersection with B®", we may take
Fi(u, w) = u®gi () + whi(u, )

as the generators of K’, where o, := a; — ; < .

If o > 0 for some i, then ¢, defined similarly to ¢; in (5.6) but for f/, is still 0. We can
repeat the procedure above to further decrease of. After finitely many steps, we get all o to
be 0; that is, all ¢, are nonzero. In other words, after successive blow-ups, ¢'|,, would be normal
to DIk] x no. O

Step 2. Admissibility. The crucial lemma in this step is the following.

LEMMA 5.17. Let ¢: S — A* be amap, and let ¢: p*V — F be a quotient on Vs, flat over S, such
that Ys|, is smooth over n and ¢|,, is admissible. Then, there exist a finite base change S’ — S
and (¢, ¢'), with &: 8" — A¥ and S'-flat quotient ¢/ on Vg, such that (&,¢') = (£, ) Xpn 1,
where 1’ is the generic point of S’, the quotient ¢’ is admissible and [AUt(¢/|n6) : Aut(¢ly,)] is
finite.

One can assume that £: S — AF is of the form C[t1,...,tx] — R given by
(t1,. . tk) = (.. u),

where e; > 1. Moreover, by Step 1, we may assume that ¢|,, is normal to DIk].

Pick 1 < I < k — 1 such that degErr;(¢|,,) = degErr(¢|,,). We would like to modify the
family and reduce this Ith error. Our strategy is to embed 7 into a lager AF*!, take the flat limit
in the larger target and somehow resolve the error to the newly introduced divisor. However, the
generic point can approach 0 € AF*! in many different ways. To parameterize those different
directions, we apply the following procedure, analogous to the construction of X (1).
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Consider the map m: S x S — S given by R - R® R, u — v ® w, which fits in the diagram
S0 x5S AR

ml l(tl»tlﬁ-l)'_)tltl-{—l
[R———

Then £: S x S — AR is given by
Clty,...,tgy1] > RO R,

e er— e e e e
(t1y. o tgrr) = (W€ w0 w u o uCR)

where u = vw and we view (v, w) as uniformizers of S x S. Let C* act on S x S by - (v,w) :=
(v, A~ tw).

Any map a: S — S x S will give an arrow £ o a: S — A which is isomorphic to &n
over the generic point. Note that there are two obvious such « from the standard embedding,
a: S {1} x Sand a: S — S x {1}, and if ¢, = 1, they are the only ones. (Here, by 1 € S we
mean the C-point Spec C — 7 given by K — C, u — 1.) In general mo«a: S — S is a finite base
change. The map £: S x S — A**! contains the information of all possible further embeddings
of the original family.

By the C*-action, the stable quotient ¢, on Y = V{13, extends to a C*-equivariant stable
quotient on Y, x,, which furthermore extends to an equivariant family of quotients on Vs g—nqxnos
by the original extension given in the assumption of Lemma 5.17. This extension on Ysxs—rnyxno
is stable over the points n X 19 and 19 x 7.

Now, for the origin 79 x 79, the problem comes from the fact that different choices of «

give different flat limits. In other words, the equivariant family of quotients over Vs s—ryxno
p*V,P

Y (kt1)/Ak+10 but it does not

is equivalent to an equivariant map f: .S x S — ng X ng = Quot
necessarily extend to the codimension 2 point 1y X 1g.

We need the resolution of indeterminacy. Here, S x S — 19 X 19 is a smooth surface, and
Quot];,(\;fl) Jak+1 is a projective scheme over A*+1 by [0S03, Theorem 1.5]. In this case, f extends

*V,P
to some f:V — Quotl;/(k+1)/Ak+17

points and the exceptional divisor F is a chain of rational curves. Moreover, f is C*-equivariant
with respect to the canonical C*-actions on both sides.

Let us describe the family (Jy, ¢) induced by f. Let E =: £; U ---U X, be the exceptional
divisor of V- — S xS, let 3¢ and ¥,,41 be the proper transforms of S xng and 19 x S, respectively.
The only intersections are ¢; := X; N X;41, for 0 < ¢ < m. Then by properties of X (k) (Proposi-
tion 2.19), we have

where V' — S x S is a composite of successive blow-ups at

yvlzo = BlDanO(UlA X S) Upxs (Y[k) - l] X S),
W s = (Y[l] X 8) Upxs Blpxy (Uk—1A x S)
and Yylg, 2P x Y[k +1] for 1 <i < m. Then ¢: p*V — F is a C*-equivariant quotient Yy,
flat over V, obtained as the pull-back via f of the universal family on the Quot-scheme.
We have 45]9 & @y, for every C-point a in n x ng = g — qo or 1o X 1 = Lpmit1 — Gm, and the
restriction of ¢ to E parameterizes various flat limits of ¢|gxs—n,xy, from different directions.
For convenience, we denote the singular divisors in Y[k + 1] by

D(]v"'7Dl—1>D;aD;raDl+la'-->Dk
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and the bubble components by
Ala"-aAlaAaAl-‘rlv""Ak-

We see that Yy s, is a smoothing of D;” and Yy|s,.., is a smoothing of D;". The group C*
acts by weights +e; on ¥ and X,,41, and by weights +2¢; on other X; and the newly inserted
components A along the fiber. It acts trivially on other components.

LEMMA 5.18. For any 0 < i <m — 1, pick a € X411 — {qi, ¢iv+1}-

1) We have Errj- (Fl,) = Erry-(F|g,), Errys (Flo) = Errye (Flg., ), where Errje denote the
error at Dli; moreover, Erryy (Flg,) = Erry— (Flg,.) = Erry(Fly,)-

2) We have Err;(F|,) = Err;(Flo) = Errj(]?]qiﬂ) for any j # 1,1 + 1.
3) Errl_(]}|q0) = Errl+(~7}|qm) =0.

Proof. For statement 1), we observe that near D;” x {g;}, there is an étale local chart Spec A :=
Spec C[Z, z,y,t]/(zy) of Vs, ., —q;s,» Where t is the coordinate in ¥;11 and x and y are coordinates

along A and Ay, respectively. The group C* acts on z and ¢ by weights of opposite signs. We are
in the situation of Lemma 3.27. Globally, this implies that for a € X, 11 — {¢;, ¢i+1},

P((]}’a)jl,) :P(]:_jl_ ’a) :P(]:_jl_ ’Ch') :P((ﬁ|Qi)Jl,)’

where jlf denotes the ideal sheaf of D, x ¥;;1 C Y[k 4 1] x X;41. The first equality follows
from the isomorphism given by the C*-action over ¥;+1 — {¢;, ¢i+1}, the second by flatness and

the third from Lemma 3.27. One has the similar equality for F| AT FH| Az . and their
“prca

restriction to D; . Thus, statement 1) holds.

Statement 2) follows from the C*-action on ¥;41.

For statement 3), one needs to prove that F|,, is normal to D;". Let © := Blp,xy,(A; x S) be
the irreducible component of )s,,, and set ©* := © — (proper transform of D;_; x S U D; x S).
Consider the map

g: 0" < 0 = Blpxy (A x 8) 25 A x S — A,
which is the contraction map of Vs, to the original family ),, x S, restricted to the involved
component ©.

Consider ¢le+. From the C*-equivariance, there is an isomorphism between g*((¢],,)%|a, )"
and ¢|e+ over O — Y, . Since they are both flat over ¥y (because any torsion over the closed
point would contradict the flatness of g*((#]y,)!|a,)" on A x ), they must have the same flat
limit over qg. Thus, it suffices to prove that g*((¢|7,0)tf| A)Y, restricted to Y, is normal to D,
which is obvious from the construction. O

Proof of Lemma 5.17. If ¢|,, is stable, then we have nothing to do. Suppose otherwise; that is,
®|n, is normal to D[k|, but not admissible. Take I as above, with 1 <1 < k — 1. We apply the
procedure as above.

Since F is flat over V, the fiber F |o has the same modified Hilbert polynomial, for every
C-point @ € V. By Lemma 5.13(1) and Lemma 5.18(2), the following is constant for each a €
YU Uy

Err;- (]:"|a) + Erry+ (.7}]@) + %(5: (f‘a) +67 (ﬁ’a)) ,

where 6% denote the §-polynomials defined for the component A.
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Since ¢ is C*-equivariant and each 37%. is C*-invariant under the action, ¢~5|q¢ is C*-equivariant.
By Lemma 5.13(2), we have §%(F]|,,) = 0 for 0 < i < m and §%(F],) have nonnegative leading
coefficients. Hence,

By (Flg,) + Brrge (Flg,) = Brrg (Flyy) VYOS G <m.

On the other hand, we have Errl:(]:"]qo) = 0 and Err, (Fl,,) = Erry(Fl,,) # 0. Thus,
there exists some 7 such that Err;_(Flg) < Err;_(F|g_,). Then for a € ¥;11 — {gi,¢iy1}, by
Lemma 5.18, we have

Err;- (]}|a) + Errj+ (.7:'|a) = Err;- (‘f|(h) + Err+ (]-N'|qi+1)
< Erry- (‘F‘Qi+l) + Errgy (‘F‘Qi+l)
= Err; (Fly,) -
Thus Err(j} la) < Err(Fly,). Moreover, since the total Hilbert polynomial is constant, we must
have 6% (F|,) = 0; in particular, Aut(F|,) is finite on the new bubble A.

Since V is smooth, one can pick a curve S’ C V that contains a, such that the map S’ —
V — 8 x Al — S is finite. Take the map &': S’ — V — A**1 and the quotient pulled back from
the universal family. We obtain a quotient ¢’ on Vg, with ¢'|,; = @[, x;, 7" and Err(F'[,;) =

Err(F|,) < Err(F|,,), and only finitely many new autoequivalences arise. We repeat this process,

and finally we will get Err(F7|,,) = 0. O

Step 3. Finite autoequivalences.

LeEMMA 5.19. Consider the family Ax S — S, viewed as a component of the family Jg associated
with the map £: S — A', where & maps S constantly to 0 € Al. Let ¢ be an S-flat quotient
on A x S such that ¢|, is stable but ¢|,,, is C*-equivariant. Then there is another S-flat quotient v
such that |, is related to ¢|, via the C*-action on Y (1) — Al and F|,, is normal to D_.

Proof. First, note that 6% = 0 by Lemma 5.13. Thus Err(F|,,) # 0; that is, the sheaf must be
inadmissible. Suppose that F|,, is not normal to D_ x 1.

Etale locally around a point in D_ X 19, the product A x S has an affine local chart Spec A :=
Spec Ry, Z], where D_ x g is defined by the ideal (u,y). The quotient ¢ is represented by a
sequence 0 — K — A% — M — 0. Assume K = (f1(u,y), ..., fm(u,y)), with generators

filu,y) = ¢; + u™gi(u) + yhi(u,y) € AY",

where ¢; € k[Z]®", g; € k[Z]®"[u], hi € k[Z]¥"[u,y], 9:(0) # 0 and o; > 1. As in Step 1, one
concludes that

filu,y) = u®gi(u) + yhi(u,y) € A%
Now, we take some N > max{c;} and apply the C*-action induced by
n—C*, Clt,t]'] = K, ti—~ad,
which acts as y — vy on A.

The family ¢|,, becomes a new family 1, represented by 0 — K/, — AP" — M/ — 0, where
the generators become

fi (u, uNy) =u¥g;(u) + uNyh; (u, uNy) ,
and we may also take
Filu,y) = gi(w) + u™N "% yh; (u, uNy)
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as the generators of K7,.

Let us look at its flat limit 1), or a new sequence 0 — K’ — A®" — M’ — 0. By construction,
we have

K' =K, nA%",
with generators f;. Now, for every i, the generator f; is not divisible by y; that is, the flat limit
|p, is normal to D_ x np. O

LEMMA 5.20. Let A x S be given as in Lemma 5.19. Let ¢ be an S-flat quotient on A x S such
that ¢|, is stable. Then, there is another S-flat quotient v such that 1|, is related to ¢|, via the
C*-action on Y (1) — Al, with Aut(¢|,,) finite.

Proof. Suppose that Aut(¢|,,) is not finite. Then ¢|,, is C*-equivariant, and it must be inad-
missible. By Lemma 5.19, up to a C*-action, we can assume that it is normal to D. By that
same lemma, there is another quotient v|,, related to ¢|, via a C*-action X\: n — C*, such that
1|y, is normal to D_.

We apply an argument similar to Step 2. Consider the 2-dimensional family A x .S x .S and two
different embeddings of A x S into it. The first is the standard one induced by {1} x S — S x S,
that is, u — (1, u), and the second is given by u — (A-u, 1). Let C* act on .S xS via multiplication,
that is, u - (u,v) := (X - pu, p~1v). Then as in Step 2, there is a C*-equivariant quotient on
S x S —mnp x no whose restrictions to the two embeddings are ¢|,, and 9|, respectively.

Again, we pass to a successive blow-up V — S x S and obtain a C*-equivariant quotient ¢ on
A x V. The exceptional fiber E = ¥1U---UX,, is a chain of projective lines P'. Let g := {1} x S
and X,,11 := S x {1}. Again, %,,41 is viewed as twisted by A. Consider the quotients on these
A x El

For a in Xy or X,,11, the fiber q~5|a is isomorphic to ¢|,, or 1|,,, respectively, whose Err-
polynomials concentrate on D_ and D, respectively. By same arguments as in Step 2, one
concludes that there are some 1 < i < m and a € %¢ such that Err(F|,) < Err(F|,,). Equiv-
alently, this means 6% (Fl|,) # 0 and that Aut(¢|,) is finite. Again, one picks a curve S’ C V
passing through a which is finite over S and projects it to S. The lemma follows. O

Proof of Theorem 5.14. The proof is a combination of the three steps. As mentioned at the
beginning of the subsection, we have a naive extension (£, ¢) with £: S — A* mapping constantly
to 0 € A*, and ¢: p*V — F on Vs = S x Y[k] such that ¢l is stable but ¢|,, is not necessarily
stable. By Lemma 5.20, we can assume that Aut(¢|,,) is finite. Thus, we just need admissibility.

Let us modify £&. We have
yS%SXY[kJ] :(SXY)USXD-'~US><D (SXAk).

Apply Lemmas 5.16 and 5.17 to each smooth pair (Aj, Dj—1 U Dj;). After a finite base change
5" — S, for each 0 < j < k, one can find &: ' — A* and extend ®ly Xy 1’ to an admissible
quotient ¢ on Y; g, where )); ¢ is the associated family of expanded pairs with respect to the
pair (Aj;,D;_1 U D;). Note that ¢, for adjacent A must coincide on the intersecting divisors
because of admissibility and the uniqueness of the flat limit. Hence, these quotients glue together
to an admissible quotient (¢, ¢’) on Vg, and ¢'|,y = @[, x, 7.

During each step, the autoequivalence group remains finite, and for the base changes we can
take the fiber products and pass to a common finite base change. The resulting ¢'|,/ is stable. [
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6. Orbifold Donaldson—Thomas theory

In this section, we consider the (absolute) Donaldson-Thomas theory on 3-dimensional smooth
Deligne-Mumford stacks. Let S be a scheme, let m: W — S be a smooth family of projective
Deligne-Mumford stacks over C, of relative dimension 3, and let c: W — W be the coarse moduli
space. Let £ be a generating sheaf on W, and let H = ¢*H be a pull-back of a relatively ample
line bundle H on W — S.

Let P: K(W) — Z be a group homomorphism. We require that the associated Hilbert
polynomial P(H®") has degree not greater than 1. One can form the Hilbert scheme M :=
Hilb{;f/s parameterizing certain closed substacks of W over S. Then M is a projective scheme
over S by [OS03, Theorem 4.4]. The following lemma gives another description of M.

LEMMA 6.1. The Hilbert scheme M is the fine moduli space of torsion-free coherent sheaves T
on W with relative Hilbert homomorphism Pr = Pp,, — P and detZ trivial.

Proof. We sketch the idea of the proof. Let M’ denote the functor parameterizing such sheaves
on W; that is, given any T'— S, the category M'(T) consists of T-flat families Z of coherent
sheaves on T" x g W whose fibers are torsion free, have Hilbert homomorphism Py, — P and
trivial determinant. There is a natural transformation M — M’ sending a flat family of closed
substacks to its ideal sheaf. This is obviously fully faithful. One can check that this is a bijection
over closed points by embedding a torsion-free sheaf into its double dual and applying [OSS80,
Lemma 1.1.15]. For the proof in families, one can [Kol90, Lemma 6.13]. O

In the following, we define a perfect relative obstruction theory on M over S, in the sense
of [BF97]. The construction follows from the idea of D. Huybrechts and R.P. Thomas [HT10]
and is already adopted by A. Gholampour and H.-H. Tseng in [GT13].

Let p: M xgW — M and q: M xg W — W be the projections, and let Z C M xg W be
the universal family of the Hilbert scheme. Let I C Opaqxow be the universal ideal sheaf. We
have maps (in the derived category) Id: Opqx ow — RHom(L, I) and tr: RHom(L I) = Opmxow
which give a splitting of RHom(IL, I).

Let L;\/thW /s be Tlusie’s cotangent complex of M xg W — S. We have the Atiyah class

At piswys (D) € Extigy g (LT© L cwys) »

which can be seen as amap I - I ® L;\/leW/S[l]' By functoriality, if we compose it with the
natural projection L:\/(XSW/S — p*L;M/S, we get the Atiyah class of I as a module over M,

At piswyw (1) € Bxtlg (LT p* Ly g) -
After restriction to the traceless part, we get RHom(I, I)y — p*L;Vl/S[l]. We then tensor with
the dualizing sheaf RHom(I, I)o ® ¢*wy s — PLY s ® ¢ wyys[l] = p!L;M/S[—Q}, where the last
isomorphism is the Serre duality for Deligne-Mumford stacks [NirO8b]. We have obtained the
map

®: E*:= Rp.(RHom(I,I)o ® ¢*ww/s)[2] = Liys -
THEOREM 6.2. The map ®: E* — L;\/t/s is a perfect relative obstruction theory on M over S,
in the sense of [BF97].

Proof. First, let us prove that ® is an obstruction theory. Consider a square-zero extension
T < T of schemes with ideal sheaf J and a map g: T'— M. The canonical map

*xTe . . >—1ge ~
gLM/S—>LT/S—>LT/T—>T> Ly 7= J[]
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gives an element w(g) € Extl(g*LM/S, J) which is the obstruction to extending the map g to T.
Composing with ®, we get ®*w(g) € Ext!(g*E*, J).
By the relative version of [BF97, Theorem 4.5], it suffices to prove that ®*w(g) is also an

obstruction to the extension of g to T, that is, ®*w(g) = 0 if and only if an extension g of ¢ to
T exists, and in that case all extensions form a torsor under Ext’ (g*E*, J).

Denote by pr and ¢r the corresponding projections from T xg W to T" and W, respectively.
By the construction above, ®*w(g) is the composite of
g ®: g*E® = RpT*(RHom(g*]I, g ® q}ww/g)[2] — g*L;Vl/S,

with g*LjM/S — L}/S, and the Kodaira—Spencer map

K(T/T/S): Lyyg — Ly p — 777 'Ly, 7 = J[1].

By functoriality and Serre duality, the first composition
g"E* = Rpr,(RHom(g*T, g*"T)o ® q}ww/s) 2] = 9" Lys = LT/s
is just the traceless part of the Atiyah class
Atry qwyw(g*T) € Extpy w (6°L g°1 ® prLy)s) -
Hence, viewed as an element in the Ext? group below, the element
d*w(g) € Bxty! (Rpr. (RHom(g*L, g*I)o ® qrww)s),J) = ExtQTXSW(g*]I, g I ® phd)o

is just the product of the traceless Atiyah class and Kodaira—Spencer class
pri(T/T/S) o Aty owyw (g°) -

We claim that this is an obstruction as desired. Note that (as in the proof of [BF97, Theo-
rem 4.5]) it suffices to work under the further assumption that 7" is affine. Now, we can apply
Proposition 3.1.8 of [I1171], which says that the obstruction class to extending I from T to T, as
a coherent sheaf, is exactly the product of Atiyah class and Kodaira—Spencer class. Now, similar
arguments as in [Tho00] show that the traceless part is exactly the obstruction with det I fixed.

By Lemma 6.1, amap g: T — M corresponds exactly to an ideal sheaf given by the pull-back
of the universal ideal sheaf ¢*I, and g extends to T if and only if ¢*I extends in M. As an open
condition, the torsion-free condition poses no restriction on possible deformations. Thus, ®*w(g)
gives precisely the obstruction to the extension of g, and ® is an obstruction theory.

It remains to prove that ® is perfect. The argument is completely the same as in [HT10]
and [PT09]. It suffices to prove that Rp,RHom(I, 1)y is quasi-isomorphic to a perfect complex
with amplitude in [1,2]. Pick a finite complex of locally free sheaves A® resolving RHom(I, )y
such that Rip,A7 = 0 for all i # 0 and all j. Then each FV := p,A7 is locally free and the
complex F'* is a resolution of Rp,RHom(L, ).

By the following Lemma 6.3 and the cohomology and base-change theorem, F'* has nontrivial
cohomology only in degrees 1 and 2. Suppose that F7 with j > 2 is the last nonzero term of
F*. We can replace F/~! — FJ7 — 0 by ker(F/~! — FJ) — 0 — 0. We can do likewise with the
nonzero terms before 1. Finally, one obtains a two-term perfect complex. ]

We still need the following lemma to finish the proof.
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LEMMA 6.3. Let W be a 3-dimensional smooth projective Deligne-Mumford stack over C, and
let Z C W be a 0- or 1-dimensional closed substack, with ideal sheaf Z. Then Exty, (Z,Z)o = 0
for all i #1,2.

Proof. Tt suffices to show Extl,(Z,Z)o = 0 for i = 0,3 or, in other words, Ext},(Z,Z) =
HY{(W,Ow) for i =0,3. For 0 = T — Oy — Oz — 0, we have the long exact sequence

0 —— Homy (Oz,I) — Homypy (Oz, Ow) — Hompy (Oz,Oz)

— 5Xt‘14/(OZ,I) — EXtII/I/(Oz, Ow) ,

where Homy (O, Ow) = Extiy, (Oz, Ow) = 0 since codimZ > 2 (see [HL10, Proposition 1.1.6)).
Hence, Homy (Oz,Z) = 0 and Ext}y,(Oz,Z) = Oz. Then, we look at

0= HomW(OZ,I) HHomw(Ow,I)

Homyy (Z,7)

Exti (07,T) —— Ext, (Ow,I) =0,

Hence, Homy (Z,Z) differs with Z by a sheaf Oz of codimension 2, and we have Hom(Z,Z) =
HY(W,T) = H°(W, O ). The last equality is because Z coincides with Oy up to codimension 2.

Tensoring the sequence above with wyy, we see that Homyy (Z,Z®@wyy) coincides with Z®@wyy,
and hence wyy, up to codimension 2. Thus, by Serre duality, Ext‘?/v (Z,7) = Homw (Z,ZQ@ww )" =
HO W, T @ wwy)Y = HO(W,ww)Y = H}(W, Ow). O

COROLLARY 6.4. There is a virtual fundamental class [M]"" € Aygim + dim s (M) of virtual di-
mension vdim = rk E'°.

The following gives the deformation invariance of the perfect obstruction theory.

PROPOSITION 6.5. Assume that the base S is smooth of constant dimension. For each closed
point s € S, the pull-back i¥E® is a perfect (absolute) obstruction theory on the fiber Mg and

[Ms]vir — ’i!S[M]Vir.

Proof. Apply [BF97, Proposition 7.2]. O

Following [Edil13] and [Tsel0, Appendix A], we introduce the following notion of Chern char-
acter. Let X be a smooth proper Deligne-Mumford stack, and let IX be the inertia stack.
Connected components of IX are gerbes over their coarse moduli spaces. A vector bundle V
on IX splits into a direct sum of eigenbundles 694 V(© of the gerbe actions, where V() has
eigenvalue (.

DEFINITION 6.6. Define p: K(IX) - K(IX)c as

p(V):=> Ve K(IX)c.
¢

Define ch: K(X)g — A*(IX)c as
ch(V) := ch(p(w*V)),

where m: IX — X is the usual projection and ch is the usual Chern character.
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It is easy to see that ch is a ring homomorphism. If X is furthermore projective and thus
satisfies the resolution property, then by the splitting principle, one can check that

(V) = (V) == (p(n V),
where ch” means the usual dual of the Chern character, and the bar over it means the conjugate

with respect to the natural real structure K(IX) ®z R C K(IX) ®z C.

Now, for a 3-dimensional smooth projective Deligne-Mumford stack W over C, we can define
the Donaldson-Thomas invariants. Again, let M = Hilb!;,, with P fixed as above. Consider
p:MXW > M, qg: M x W — W, the universal family Z € M x W and the universal ideal
sheaf I C Opqxwy.

The product M x W is projective, thus I admits locally free resolutions of finite length and
the Chern character ch(I) € A*(M x W) in the operational cohomology. Similarly, on inertia
stacks, we have the modified Chern character ch(I) € A*(M x IW).

Consider the orbifold or Chen-Ruan cohomology A? , as in [AGVO08, Tsel0], defined as
orb @ A~ age

where age; is the degree shift number and Wj; is a connected component of /W. Then, we can
define an orbifold version of the Chern character operator

~ orb

ch(I) € Agy,(M x W)

just by shifting the degrees.
Given v € Al | (W), define the operator

~ orb

it (7): Ad(M) = A1 (M)

as
~ orb

~orb * % *
chy5(7)(€) = pi (chyyo(I) - *¢"y N P*E)
where p and ¢ here are the projections on M x IW and ¢: IW — IW is the canonical involution
map. Note that the orbifold degrees match well thanks to the identity

age; + age,(;) = codim(W;, W) .

DEFINITION 6.7. For ; € A? (W) with 1 < i < r, define the Donaldson-Thomas invariants
with descendents as

r P
rb :
<H Tki(’Yi)> = deg [H chy,1o(7i) - M| eC.
=1

0
If the dimensions do not match, we simply define the invariant to be 0.
Note that when r = 0, that is, there are no insertions, the invariants are integers.

7. Degeneration formula: cycle version

In this section, we consider the Donaldson—Thomas theory on Hilbert stacks of the moduli of
simple degenerations and relative pairs. This will lead to a degeneration formula.
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7.1 Modified versions of the stacks and decomposition of central fibers
Let m: X — C be a locally simple degeneration, where X is a finite-type separated Deligne—
Mumford stack over C, with central fiber Xg = Y_ Up Y. Recall that we have the stacks €
parameterizing expanded degenerations, X the universal family, and 2l and %) in the relative
case. There is m: X — €, where the stacks are defined as the limits of [X(k)/R. x| and
[Ak_‘—l/RN’AIH—I].

We define a stack f{g as follows. Let H; C A¥*1 be the hyperplane defined by t; = 0. Recall
that we have p: X (k) — A**! and by Proposition 2.18,

X (k)| =2 (Yo(3) x AP Ups puan—i (AT x Yi(k —1)°) . (7.1)

The equivalence relation restricts naturally to H; and X (k)|q,. Consider the stacks

k k
¢} = lim [H H,-/RN,HHi ,X] =l [H X(k)\Hi/RN,HX(k)Hi] .
=0

i=0
Remark 7.1. The stack .’{E parameterizes all families of expanded degenerations with singular
fibers, with one distinguished nodal divisor D; . More precisely, for any A'-map S — H; C AF+1
the associated family Xg has a decomposition Vg _ Upg Vs 4.

To keep track of the Hilbert homomorphisms of the fibers, we need to introduce the weighted
version of the classifying stacks.

DEFINITION 7.2 ([LW15, Definition 2.14]). Let A := Hom(K (X),Z). Consider Xo[k] = Ut !A;,
where Ag = Y_ and Agy; =Y.

1) A weight assignment on Xy[k| is a function
w: {Ao,...,Ak+1,D1,...,Dk} — A

such that w(A;) # 0 for all i € A.
2) For any 0 < a < b < k + 1, the total weight of the segment Uﬁ’:aA,- is defined as

b
w( U, Ai) i=> w(Ai) = > w(Dy).

i=a i=a+1

3) For a family of expanded degeneration 7: Xs — S, a continuous weight assignment on X (k)
is an assignment of a weight function on each fiber that is continuous over S.

More precisely, if for some curve C' C S and sg,s € C, the general fiber Xy = Xy[m)|
specializes to the special fiber X, = Xo[n], with m < n, in which A; C X specializes to

U?:aAj C Xs,, then one must have ws(A;) = wSO(U?:aAj).

Remark 7.3. An alternative definition is as follows. Firstly, for a standard family X (k) — A*+1
one specifies the weight assignment on the central fiber Xo[k]. Then for any s € L;, where
L; € A**1 is the coordinate line corresponding to t;, define

A Ajy1) —wo(D;) ifj=1
wa(A) = wo(Aq) + wo(Aiy1) — wo(Di) =1,
wo(Aj) ifj#i.
For s in lower strata, one can choose a slice in the base and define inductively. For a general

family Xs — S, just take the map S — A**! for some k and pull back the weight assignment on
the standard family X (k).
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Let P € A be fixed. We define €7 to be the stack parameterizing weighted families of expanded
degenerations, with total weight P, and X to be the universal family. More precisely, let (A¥T1)P
be the disjoint union of all AF*! indexed by all possible continuous weight assignments, and
let X(k)¥ be the universal family. Let RY Ak be the equivalence relation generated by the

original relations on each copy of A**! and identifications between different copies respecting
weight assignments. Then we can define

e =iy (M) 7/RE ] %7 =l [X(0)7/RE 0] -
Similarly, we can define XB’P — Q(T)’P, the weighted version of %2; — Qf;r).
Let Asﬁl be the set of splitting data

Aigl = {9:(9_,9+,90)‘0i,006A,9_+9+—90:P}.

Given 0 € Aifl, let 68’9 C Cg’P be the open and closed substacks parameterizing those fami-
lies whose Hilbert homomorphism splits according to the datum 6 on the fiber decompositions
Vs,— Upg Vs .

Similarly, in the relative case, given a smooth pair (Y, D) and P € Hom(K(Y),Z), we also
have the stacks A and 9. Given (P, P') with P’ < P, one can also define the substacks A" /
and Q5P " parameterizing those families whose Hilbert homomorphism is P on each fiber and P’
on the distinguished divisor of each fiber. The following splitting result follows from (7.1).

PRrROPOSITION 7.4 ([LW15, Proposition 2.20]). Given 6 € A%’l, we have the following isomor-
phisms:

0_0 - _=_xtl
(DT < AP ) Ugo g, pyorooo (A% x (D)% %) x(T)

| |

000 x o+0 o}’

1R

The next proposition describes the relationship between these stacks.

ProposITION 7.5 ([LW15, Proposition 2.19]). Given 6 € Ajfl, there is a pair (Lg, sg), with Lg
a line bundle on ¢ and sy a section of Ly, such that

1) we have
®L9%O¢p, H sg=7"t,
geAsy! gensy!
where 7: € — Al = Spec C[t] is the canonical map;
2) the stack ¢0’9 is the closed substack in €F defined by (sy = 0).

Proof. The stack € has an étale covering consisting of Uy := [(AF1)F/RE AF +1]. It suffices to
specify Ly on each chart.

Connected components of (A*T1)F are indexed by various copies of A¥*! equipped with
different continuous weight assignments w whose total weight is P. We denote such a copy by
(AR ). Restricted to H; C AF*1 the family X (k) is of the form

V_iUp, Vi o= (Yo(4) x AR Upiy puan—i (AT x Y (k —)°) .
On each V4 ;, for any s € H;, the weight assignment w gives a splitting datum
Oit = ws(Vei), Oio:=ws(Dy),
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which is locally constant in s. They satisfy 0; - +6; + —6; 0 = ws(X (k)) = P, that is, (0; +,6,0) €
A%’l. Moreover, one can easily check that (0; +,0;0) # (0+,6;0) for i # j.

We define the line bundles as follows. Given a fixed 6 € Ai_—r;’l on the connected component
(AR ), if (0;4,0:0) # 0 for any 4, then let Lol (ak+1,) = Ogrir and sp[(art1 ) := 1. Other-
wise, if (0;.+,0;0) = 0 for some i, then let Lg|gr+1 ) 1= Opr+1(H;), and let spfar+1 ) be the
image of 1 under the canonical map O — O(H;).

It is clear that this defines an Rf AR +,-invariant line bundle on (A*1)? and thus a line bundle

on Ug. One can check that these data actually define line bundles with sections (Lg, sg) on P
satisfying the properties stated in the proposition. Note that O(H;) is trivial as a line bundle
on A+l But written in this way, it is clear how one can glue those data together to form a global
line bundle. O

Now, we assume furthermore that 7: X — Al is a family of projective Deligne-Mumford
stacks, with c¢: X — X the coarse moduli space and £, H a fixed polarization. Let P: K(X) — Z
be a group homomorphism such that the associated Hilbert polynomial P(H®") has degree at
most 1. Let V be a vector bundle of finite rank on X.

In previous sections, we have defined the Quot-stack Quot;’/z parameterizing stable quotients
on the universal family X — €, with Hilbert homomorphism P. This is a proper Deligne-Mumford
stack over A! by results of Section 5. One has the map to the base Quotz’]; — &P defined by
the usual map to the base and the weight assignments induced by the stab(e quotients.

Similarly, we have the proper Deligne-Mumford stack Quot;épﬁ. Given 6 € Aifl, let

0

Quot i C 53110’(3€$ el

be the open and closed substacks parametemzmg those stable quotients whose Hilbert homomor-
phism splits in the type 6 on the fiber decomposition.

In the relative case, given a smooth pair (Y, D), we also have the proper Deligne-Mumford
stack Quoth

eterizing those stable quotients whose Hilbert homomorphisms is P on each fiber and is P’ on
the distinguished divisor of each fiber.

9/ Given (P, P') with P’ < P, one can also define the substack Quo’cED /Q[P param-

Now, the splitting results naturally lead to a morphism

V,0_ 90 V,04,00 <I>
Quoty™ 5" X, ot Quoty' o Duo’a3ET el
A0--00 w 9(0+:00 = Q:(T)ﬂ :

where we just glue two families of expanded pairs by (7.1) to obtain an object in %g and the
stable quotients also glue together since the sheaves are admissible. One can easily see that the
following holds.

PROPOSITION 7.6. The morphism ®y is an isomorphism.

We have the following results, whose proof is essentially the same as before.

PROPOSITION 7.7 ([LW15, Theorem 5.27]). For 8 € A, let (Lg,sq) be the line bundle and

section on € defined earlier. Consider the map F': Quot‘é /}; —¢P,
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1) We have
X) FrLy = Ogquo? % I Frso=Fra*t,
geA! gy
where 7: € — A = Spec C[t] is the canonical map.

2) The stack Duotz} sel is the closed substack in Quot%’

i x/e ! defined by (F*sy = 0).

7.2 Perfect obstruction theory on Hilbert stacks
From now on, we make the further assumption that m: X — Al is of relative dimension 3 and
take V = Ox. Then, we have the Hilbert stack

P . _ Ox,P
M= Quoty, e
Similarly, we denote

Ox,0 0+, 90 . Ox,0+,00
Quoth Tet N Quot@i -

We look for a virtual fundamental class on MP. Let p: M xep XF — M and ¢: M xep
xP — xP be the projections. Let Z € M xyr X be the universal family of the Hilbert
stack, and let I C OxPXQP mp be the universal ideal sheaf. In the derived category, we have
maps Id: Oppy pxr = RHom(L,I) and tr: RHom(I,I) — O pmpx, pxr which give a splitting of
RHom(I,I).

Let L;\/lpxcpfp/@P be the cotangent complex of MF X gP XP — ¢P, which is of Deligne-
Mumford type. Consider the Atiyah class

AtMPXQP%P/Q:P(]I) I—1T® LSr, P%P/Q:p[l]
Composing with the projection and restricting to the traceless part, we get
AtMngpxP/xP (I): RHom(L, )y — p*L;\AP/cP[l] .
By the Serre duality of simple normal crossing families, we have the map
®: E* := Rp, (RHom(I, 1) ® q*W}:P/QjP) 2] — Lp jep
where wyr jgr is the relative dualizing line bundle of xP - ef.

THEOREM 7.8. The map ®: E®* — L;\AP/QP is a perfect relative obstruction theory on MY
over €F_ in the sense of [BFI7].

Proof. The proof is almost the same as that of Theorem 6.2. Given a square-zero extension
T — T of schemes with ideal sheaf J and a map g: T — M?’, one has an element ®*w(g) €
Ext!(g*E®,J). To say that ® is an obstruction theory is the same as saying that ®*w(g) is an
obstruction to extending ¢ from T to 7.

The induced element ®*w(g) is the product of the Atiyah class and Kodaira—Spencer map,
which are

Aty pxrxr(9'D): g"E® = Rpr. (RHom(g"T, g"T)o @ q*wxr er ) [2] = 9" Liyr jor — Ljer
and

(T/T/€"): Ler — L, TE T 1L°T/T =~ Jl],
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where pr is the projection T xgp X — T. In other words,
P*w(g) = P*TH(T/T/QP) °© AthLrpxP/xP (9°D)
in the group
=1 * * * ~ 2 * * *
Exty (Rpr.(RHom(g*T, g*T)o ® ¢*wyr jer), J) = ExtTXQ‘Pxp(g Lg* T® pht)o.

Again, we may assume that T is affine, and [I1171, Proposition 3.1.8] says that ®*w(g) is the
obstruction to extending ¢*I from T to T with det I fixed.

By construction, a map g: T — M?F can represented by a family of expanded degenerations
Xr — T, with a closed substack Z;y C X7, where Zp is the pull-back of the universal family
ZcMP XgP XP. But since Z and Z7 are admissible, one can see that ¢*I is just the ideal sheaf
of Zy C Xr. Hence, ®*w(g) is also the obstruction to extending Z7 or, equivalently, g, from T
to T, which proves that ® is an obstruction theory.

The proof that ® is perfect is also the same as in Theorem 6.2, with the following lemma in
place of Lemma 6.3. O

LEMMA 7.9. Let X — A! be a simple degeneration of relative dimension 3. Consider Xo[k| for
some k > 0, and let Z C Xy [k] be a 1-dimensional admissible closed substack, with ideal sheaf Z.
Then Ext'y 1(Z,T)o =0 for all i # 1,2.

Proof. We just prove the result for £k = 0; the proof for general k is exactly the same. Let
Xo =Y_Up Y. Since Z is admissible, the ideal sheaf 7 is also admissible; it fits in the exact
sequence

0—>T—>TIy &Iy, —>Ilp—>0.
Applying Hom(Z, —), we have
0 —— Hom(Z,Z) — Hom(Z|y_,Z|y_) ® Hom(Zly, ,Z|y, ) — Hom(Z|p,Z|p) .
Then Hom(Z,Z)g = 0 follows from Hom(Z|y,,Z|y,)o = 0, as the sequence respects the trace

map. The same arguments applied to the sequence tensored with the dualizing sheaf lead to the
vanishing of Ext3(Z, T)o. O

COROLLARY 7.10. There is a virtual fundamental class [MF]V € A, (MP).

In the same way, one can prove that there are perfect obstruction theories on Nii’eo — b0
for a given 6 € Aj_?l. Again, let p, ¢ be the projections of Nii’eo X g0 00 2)3[ %0 ¢6 its two factors.

The obstruction theory is given by

®,: EY = Rp. (R’Hom(]li,ﬂi)o R q w_ o .60

s %0 aosin) B = L,

04,00 04,00
s /Q[ +:%

where [t is the corresponding universal ideal sheaf. We have the virtual fundamental classes
[Niiﬁo]Vir c A (Niiﬂo)-
Also on M? — Q(T)’e, the Cartesian diagram

M —— MP

|

(A
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and [BF97, Proposition 7.2] imply that the restriction of everything from MFP — ¢ to the
f-piece is a perfect obstruction theory and [./\/19] = Lfg [MP ] v

7.3 Degeneration formula: cycle version
Now, everything is ready for a cycle-version degeneration formula.

By Proposition 7.6, we have the Cartesian diagram

9+,90 97790 9+700
ity M7 N 0 (72)

| |

Hilb% x ¢}’ Hilb% x Hilb% x e}’

l |

Hilb% 2 Hilb% x Hilb

MO —— NP x
0

with vertical arrows in the upper row given by the natural forgetful maps ./\/’f:i’eO — Hilb% and

Nl _y gf+.60

For a family 7: X — A! and a point ¢ € A!, let i.: {c} — A! be the inclusion. For ¢ # 0,
the fiber X, is smooth. The restriction to X. gives a perfect obstruction theory, with virtual
fundamental class [Hilb;}c ]Vlr. One has the following two Cartesian diagrams:

Hilb} —— MP MO Quotd¥ ) s MP
L o
{c}——Al, {0} Al

where the map M — Al is the composition M — ¢ — Al

THEOREM 7.11 (Degeneration formula: cycle version). We have

i [MP]™ = [HibE ] (7.3)
BMIT™ = 3 (0] (), 4
geAsy!

where the classes in the second row are viewed in 0 x 51 MF.

Proof. Let 2° ¢ M x g0 X, 20 € NI xgoi0, D% and Zp  HilbY xD be the
0

universal families of the classifying stacks. Let I?, I+ and Ip be the corresponding ideal sheaves.
By admissibility, we have the gluing

0 ~ 04,0 0_.,0
A (Z_ x A7+ 0) Ugi0— 100 « Dxc(0+:% (Ql PO X Z+)
and the exact sequence
0—=1——=1 B —jp.evylp —=0

in the total spaces

~ 0_.,0 ~
M Xeg’e XI)’B = M XC(T)’G ((2)_ ’ X 9[0+790) Ugtf— 90 x pst®+:%0 (2[9 Ho (@i)6+’90)) :
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Here, I_ B1I; means A*(p*I_ @ pi 1, ), where p+ stands for (base change to the total space of)
the projection N7=% x N_€+,00 — Nii’go. The map evy: M? — HilbeD0 is the evaluation map
and also denotes its base change to the total space. The map jp is the inclusion of the universal
distinguished divisor M x D c M? x eh? .’{g’e.
0
Now, A*p*I_ is the universal ideal sheaf on MY x eho (2)(1”00 x A+00) and similarly for
0

A*pt I, furthermore, A*(ev_ x evy)*Ip = evy Ip is the ideal sheaf of MY x D.

Let p denote the projections from the universal families to classifying stacks M? x eho %5’0 —

0

MO N 50,00 DT — NTHP and HilbY x D — Hilb%. Then, applying Rp, RHom(—, 1),
we get the diagram of distinguished triangles

Rp.RHom(Ip,Ip)y

Rp.RHom(I_,1_)y B Rp.RHom(I;, 1, )§—— R, RHom(I?, 1%)y

L® HL® L®
N—ffﬂo/%e,,oo Ni*’eO/QIGJr’OO MG/Q‘gﬂ )

Sl

Le 0/ n/0—=:00 _ 0490
MO N XN
where the upper row is obtained from the exact sequence of ideal sheaves and the lower row is

the distinguished triangle for the map M? — NP=%0 x Nﬁ*’eo, relative to QE’G.
It is easy to check that Ext?(I,I)g = 0 for an ideal sheaf I on a 2-dimensional smooth
Deligne-Mumford stack. Thus, we have

Rp*R/HOIIl(]ID,]ID)B/ =~ =

. -1
Hilb 9 Hilb%0 / Hilb%0 x Hilb%’[ 5

and the first column in the diagram is the same as the canonical map

*7e

[ [ [
Hllb%) /I{llb%J X HllbigJ Me//\/e %0 ><N0 00
from (1 2)

In other words, the perfect obstruction theories on MY and N7=% x fo’e’ form a compat-
ibility datum in the sense of [BF97], relative to Qﬁg’e. As a result,

[Mg] vir _ A! ( [Nf_,eo]vir « [Nﬁ+,0_]vir) )
Now, the conclusion follows from the following splitting result by Proposition 7.7:

Z.!O[Mp]vir: Z Le*[Mg]vir. O

1
OeAy

8. Degeneration formula: numerical version

8.1 Relative orbifold Donaldson—Thomas theory
We defined the orbifold Donaldson—-Thomas invariant for a 3-dimensional smooth projective
Deligne-Mumford stack in Section 6. Now, we can define the relative Donaldson—Thomas invari-
ant for a smooth pair (Y, D), where Y is a 3-dimensional smooth projective Deligne-Mumford
stack and D C Y is a smooth divisor. Fix a polarization (£, H) of Y and P as before.

Consider K(Y) := K(Y)qg. The pairing x: K(Y) x K(Y) — Z is nondegenerate because of
the projectivity. We can identify Hom (K (Y'), Q) with K(Y) and view P as an element of K(Y').
The dimension condition is that P € F1K(Y'), where F, is the natural topological filtration.
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For those P represented by admissible sheaves, Py = i' P lies in Fo X (D) by admissibility, where
i: D — X is the inclusion.

Consider the Hilbert stack N0 .= ﬁi[bp’i? — AP parameterizing the stable quotients on
the classifying stacks of expanded pairs. As in Section 7, we have a perfect obstruction theory
and thus a virtual fundamental class [J\/ PR O]Vlr €A, (./\/ PR 0).

Let p, ¢ be the projections of NF1o X (P, Py NP to its two factors, and let I be the

~ orb
universal ideal sheaf. Given v € Al | (Y), we still have the operator ch” (7): A (WD) —
Ai_pp1-1 (NP0 defined via the diagram

L

N xg 9 ——=9 Y
g |
N A,

where for simplicity we have omitted the superscripts P and Py, and Iy%) — ) is the inertia
stack of ) over 2. Let ev: NP — Hilb™ (D) be the evaluation map.

DEFINITION 8.1. Given v; € Af ,(Y), for 1 <i<r,and C € A*(Hllbpo( ), define the relative
Donaldson—Thomas invariant as

, P
orb
<H Tk, (73) C’> := deg [ev HChk Lo(i) - N PToE
i=1

X,D

0

8.2 Degeneration formula

Now, let us consider the case of a simple degeneration. Let 7: X — A! be a family of smooth
projective Deligne-Mumford stacks, which is a simple degeneration of relative dimension 3, with
central fiber Xg = Y_ Up Y,. Take 0 # ¢ € Al and X. = 7 !(c). Fix P € ;K (X.). Let
Py =i'P € FyK(D).

Let v € A’ (X;) be in the image of the restriction from A’ (X), and let v+ and 7y be its
restrictions to Y3 and D, respectively. We abuse this notation to also denote their pushforwards
to X; therefore, v = v_ + v+ — 10. Let {C)} be a basis of A"‘(Hilbp0 (D)), with cup product

/ CrUC = gp
Hilb¥0 (D)

Let (¢g*) be the inverse matrix.

We have the numerical version of the degeneration formula in the following.

THEOREM 8.2 (Degeneration formula: numerical version). Given P € F}K(X,.), assume that

vi+ are disjoint with D. We have
0 04
Ck> g" <HTI<:¢(%',+) Cl> ;
Y_,D iZS Yy,D

<HT’C i > = > <H7ki(%‘,—)
Xe P,
where 01 € Fy K(Yy) range over all configurations that satisfy _ + 0, — Py = P.

9_+6, Py=P, \icS
Sc{1,...,r},k,l
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~ orb
Proof of Theorem 8.2. Use the cycle-version degeneration formula. Apply chzi 4o(vi) to (7.3) and
take the degree 0 part; one gets the left-hand side of the formula. For the right-hand side, we

~ orb
apply chzl_:rz(’yi) to (7.4). Let p and ¢ be the projections from M? X g0 %8’0 to the two factors.
v 0

Let 29 be the universal family, and let I? be the universal ideal sheaf. Consider the embedding

0 (_)Nf—ﬁo ></\/ﬁ+’90

Recall the sequence on M x eh? f{g’e,
0

0——=1 ——=1_ MBI, — jp.evylp—=0,

where jp is the embedding M? x D ¢ M? X g0 .’{g’e and evg: MY — Hilb% (D). Hence
0

~ orb vir « ~ orb * 0o vir B0 vir
(1) g [MP]™ = 37 pulay N (17) - pean A (VO] o NI

oeNY!
0_,007 vir * 0,007 vir
Z Pt N ((4"7- mChk-i-Q( =) P NS xpt N
eeAipl
ir * ~ orb * ir

+ 3 puae A (pF NPT (@ 0 el o(I4) - pt AR

9N
=3 p@y Ny aieevt Ip) - p MO]™).

geny!

Note that since « is disjoint from D, the last term actually vanishes.
Therefore, we have proved the identity

~ orb vir * * ~ orb vir vir
chigya () i [MPT™ = 37 pula™y npTe A (e p (1) - VT s [AERT)
0eNY!
vir ~ orb vir
+ D peld NPT oA (VDT (el (1) - [NEHT))).
geAP!

Take 0y = Ppy; the data 0 € Ajfl can be identified with (6_, 605, Py) satisfying the condition in the
assumption.
For a basis {Cy} of A*(Hilb™ (D)), we have Kunneth decomposition of the diagonal
A=Y g"Cre .
k,l
Apply this to the equality, and the degeneration formula follows. O

We are particularly interested in a special type of curve classes. Let (Y, D) be a smooth pair.

DEFINITION 8.3. A class P € K(Y) is called multi-reqular if it can be represented by some
coherent sheaf such that the associated representation of the stabilizer group at the generic
point is a multiple of the regular representation.

Denote by Fi""K(Y) C F1K(Y) the subgroup generated by the multi-regular classes. Let
(B,e) € F"K(Y)/FoK(Y) ® Fo K(Y) be the image of P in the associated graded K-group. One
can check that P is multi-regular if and only if 8 is a pull-back from a curve class in the coarse
moduli space.
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Let FJ™ K (D) be the subgroup generated by the 0-dimensional substacks whose associated
representations are multi-regular. Then, Fj"" K (D) = FyK (D) = Z, where D is the coarse moduli
space. Let P € FI""K(Y') be represented by some admissible curve. Then Py = i*P € Fj""K(D)
only depends on . Let m be the number such that 5- D = m[O,], where z € D is the preimage
of a point in D.

Now, for a simple degeneration 7: X — Al classes (81,e1) € FI"K (Y_)/FoK(Y_)®Fy K (Y_)
and (f2,e2) € FI™K(Yy)/FoK(Y}) ® FoK(Yy) come from a splitting datum if 81 4+ f2 = 8 and
€1+ —m=c¢c.

THEOREM 8.4 (Degeneration formula: numerical version for multi-regular case). Given [ €
FMK(X.)/FoK(X.), assume that ; + are disjoint with D. We have

r Bie B—re— B+.e+
<H%(%)> = > <H%(%,) Ck> gkl<HTki(%‘,+) Cz> ;
=1 _+B+=8, \ieS S
' Xe 6,6+:fiefm, © Y-.D i Y+.D
SC{l .}kl

where f_ € FI"K(Y_)/FoK(Y_) and 4+ € F{™K(Yy)/FoK(Y}) range over all curve classes
that coincide on D and satisfy f_ + B4+ = S.

Define the descendent Donaldson—Thomas partition function of X, as

' T B,&
HTki(%)> = Z < Tki(’yi)> qE .
=1 1

e€EFK(Xe) \i= Xe

ZB (Xc;q

Similarly, for a pair (Y, D) and C € A*( Hilb(#D)O:] (D)), define the relative Donaldson-Thomas
partition function as
Be
C > q .
Y,D

COROLLARY 8.5. Given 8 € F{"K(X,.)/FoK(X.), assume that ~; + are disjoint with D. Then,

Zs.c (Y, D;q

H%(%‘)) = Z <H7k¢(%‘)

i=1 ceFK(Y) \i=1

r ki
g
Zg (Xc;q H%(%’)) = =75 Cy (Y—,D;q HTki<%‘,—)>
i=1 B_+By=p I ics
SC{Lmr} kil

X Zg, o | Y+, Diq

H Thos (Vi +)

iZS

Remark 8.6. In practice, one has to find a good basis {C}} for the cohomology of the Hilbert
scheme of an orbifold surface. In the orbifold case, depending on the specific problem, there are
usually natural choices of such bases. For example, when a torus action is involved, to work in
the equivariant setting and take the fixed-point basis is one such choice.

Another important case is that the orbifold surface D is of ADE type, that is, of the form
[C2?/T], where T is a finite subgroup of SL(2,C). Then Hilb(D) has a structure of Nakajima
quiver variety, which provides a natural basis of its cohomology.
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