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Quantum cohomology of toric blowups
and Landau—(Ginzburg correspondences

Pedro Acosta and Mark Shoemaker

ABSTRACT

We establish a genus zero correspondence between the equivariant Gromov-Witten
theory of the Deligne-Mumford stack [CV/G] and its blowup at the origin. The re-
lationship generalizes the crepant transformation conjecture of Coates—Iritani—Tseng
and Coates—Ruan to the discrepant (non-crepant) setting using asymptotic expansion.
Using this result together with quantum Serre duality and the multiple log-canonical
correspondence, we prove genus zero correspondences between Landau—Ginzburg the-
ory and the Gromov-Witten theory of non-Calabi—Yau hypersurfaces.

1. Introduction

Given a birational map f: ) --+ X between smooth complex varieties (or orbifolds), it is nat-
ural to ask if there exists a relationship between the Gromov—Witten theories of X and ).
This question has a long history and has been studied by many authors (see, for instance,
[Gat01, Hu00, BG09, CIT09, CR13, HH15, Rua99]). For example, Hu proved in the symplec-
tic setting that if f is the blowup of a smooth point or a curve, many of the Gromov—Witten
invariants remain unchanged.

In general, however, the Gromov-Witten theories of X and ) will not be equal, and so the
question remains whether or not it is possible to relate the two theories in any systematic manner.
In this paper, we propose such a correspondence in terms of asymptotic expansion and provide
a proof in the case where f: J --» X is a blowup of [CV/G] at the origin.

1.1 Asymptotic expansion

1.1.1 The crepant case. A key insight comes from mirror symmetry, which suggests that for
certain K -equivalent varieties, the relationship between their Gromov—Witten theories is given
by analytic continuation and quantization. To be more precise, generating functions of Gromov—
Witten invariants of X should be related to generating functions of Gromov-Witten invariants
of Y by analytic continuation and a (possibly quantized) symplectic transformation. This relation-
ship has been dubbed the crepant resolution (or, more generally, the crepant transformation) con-
jecture and may be viewed as an instance of the McKay correspondence (see [Rei02]) for Gromov—
Witten theory. The conjecture was proposed in various levels of generality by Li-Ruan [LRO1],
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Bryan—Graber [BG09], Coates—Corti-Iritani-Tseng [CIT09], and Coates—Ruan [CR13]. At this
point, the conjecture is well studied and has been verified for a wide class of examples. For genus
zero correspondences, see for instance [BG09, CIT09, CIJ14, LLQW16, GW12], and for higher
genus, see [CI14, BCR13, ILLW12, Zho08].

1.1.2 The general case. An important ingredient in the crepant transformation conjecture
is the analytic continuation of generating functions of the respective invariants. Thus a necessary
component in this conjecture is that these generating functions, a priori given as power series in
certain formal variables, are in fact analytic, at least in some of the variables.

This analyticity, so crucial in the above conjecture, is the first thing to fail for a general
birational map f: ) --» X. In many cases, one generating function will be analytic with an
essential singularity at infinity, while the other generating function has radius of convergence
equal to zero. A solution to this obstacle was discovered by the first author in [Acol4] in the
context of Landau-Ginzburg correspondences (see Section 1.1.3). It was realized that in this
context, analytic continuation should be replaced by power series asymptotic expansion (see
Section 5).

Our first main theorem concerns the case where f: ) --+ X is a weighted blowup of X =
[CN /@] at the origin. The precise assumptions on X and f are given in Section 4. In the following,
let |X| denote the coarse space of X', and let |f|: ) — |X| denote the map induced by f. The
discrepancy of |f| is defined to be the coefficient of the exceptional divisor in Ky — f*(K|y).

THEOREM 1.1 (see Theorems 5.1 and 5.10). When |f|: Y — |X| has positive discrepancy, the
quantum cohomology of Y fully determines the quantum cohomology of X. When |f|: Y — |X|
has negative discrepancy, the quantum cohomology of X fully determines the quantum cohomo-
logy of Y.

The goal of this paper is to introduce the tool of asymptotic expansion as a way of relating
generating functions of Gromov-Witten invariants of birational spaces. We restrict ourselves here
to the specific case described above for two reasons. First, it allows us to state and prove the
correspondence in a simple situation with (relatively) light notation. Second, it is exactly the
setting of relevance for Landau—Ginzburg correspondences, which we prove as an application of
Theorems 5.1 and 5.10 and explain below.

In a sequel [AS16], we prove a general version of the above theorem in the context of toric
wall-crossing.

1.1.3 Landau—Ginzburg correspondences. Given a non-degenerate quasi-homogeneous poly-
nomial W = W(Xjy,...,Xy) and an admissible group G (see [FJR13]), one can define the
corresponding FJRW invariants, which may be viewed as the analog of Gromov—Witten invari-
ants for the singular space {WW = 0} C [(CN /G]. They are given as integrals over a cover of the
moduli space of stable curves and obey many of the same axioms as Gromov—Witten invariants.

One may also view the pair (W,G) as defining a hypersurface Z := {W = 0} C P(G),
where P(G) denotes a suitable quotient of weighted projective space. Again inspired by mir-
ror symmetry, the Landau-Ginzburg/Calabi-Yau correspondence is a conjectural relationship
between the FJRW invariants of the pair (W,G) and the Gromov—Witten theory of Z in the
case where Z is a Calabi-Yau variety. It was first verified for the quintic hypersurface in P* in
genus zero [CR10] and has since been extended to all cases where W is a Fermat polynomial and
G < SLy(C) [LPS16].
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QUANTUM COHOMOLOGY OF BLOWUPS

In [Acol4], the first author extended this correspondence to the case where Z was either
a Fano or general type hypersurface in weighted projective space. Our second main theorem
generalizes this to the case where W is a Fermat polynomial:

W= x4 xden

with ged(cy,...,cn) =1 and W gives a section of a line bundle £ pulled back from the coarse
space of P(G). The condition Ejvzl cj = d is exactly the condition necessary to guarantee that
Z is Calabi—Yau. Here, we deal with the other cases.

THEOREM 1.2 (see Theorems 6.7 and 6.10). If Z;VZI ¢j —d > 0, the quantum cohomology
of the hypersurface Z determines the quantum cohomology of the FJRW theory of (W, Q). If
Z;V:l cj—d < 0, the quantum cohomology of the FJRW theory of (W, G) determines the quantum
cohomology of Z.

1.2 What is the correspondence?

In the statements of the above theorems, we have been intentionally vague in saying how the quan-
tum cohomology of one theory determines the other. The precise statement is phrased in terms
of generating functions of invariants. Consider the case where f: ) --+ X is the blowup from
above. We consider certain generating functions, IY(q,2) and I (¢, z), of genus zero Gromov—
Witten invariants of X and ) (see Section 3.3). It is known that these functions fully determine
the genus zero Gromov—Witten theory of X and ), respectively. In the case where X and ) are
K-equivalent, the crepant transformation conjecture is proven by showing that under the identi-
fication t = ¢~ %, there exists a unique linear transformation L such that the analytic continuation
of L-IY(q,z) to a neighborhood of ¢ = 0 yields the function I¥ (¢, 2).

Now, consider the case where |f|: V) — |X| has positive discrepancy. Then I*(t,z) will
no longer be an analytic function. The correct analog of Theorem 1.2 is to show that there
exists a unique linear transformation L such that the power series asymptotic expansion of
L-1Y (q,z) recovers I X(t, z). Because the power series asymptotic expansion of a function is
uniquely determined (if it exists), this implies that I? (¢, z) is uniquely determined by IY(q, 2).
Because the I-functions fully determine the respective genus zero Gromov—Witten theories, this
shows that the Gromov—Witten theory of Y fully determines the Gromov-Witten theory of X.
It is within this framework that all of our theorems are proven.

In a similar spirit, Iritani has also announced results relating the genus zero Gromov—Witten
theory of f: Y — X when f is a blowup of a toric variety. His results, however, are phrased
in terms of the quantum connection and so are not directly related to our statements on gen-
erating functions. It will be interesting to understand the relationship between these respective
frameworks.

2. An example

Consider the space [C3/Zsy] with the diagonal action and its resolution Tot(&p2(—2)). In this
section, we will give an explicit computation of the relationship between the genus zero Gromov—
Witten theories of these spaces. This will serve to illustrate the general principle in a simple
example. The I-function for the line bundle Tot(Op2(—2)) is given by

2n—1
_ L o(H + A — 1z)
ITot(ﬁ 2(—2)) . § : n+H/z11i=0 (
F (Q7Z) < q H;’L:1(H 12)3 Y

n=0
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where H satisfies H? = 0 and )\ is the equivariant parameter of the torus action of C* on
Tot(Op2(—2)). A simple ratio test argument shows that up to a choice of branch cut for log(q),
this series is holomorphic everywhere in the complex plane. From this it follows that the I-
function cannot be extended holomorphically to the point ¢ = oco. It is still possible, however,
to try to understand its asymptotic behavior as ¢ — co. The main claim of this example is that
up to a linear transformation, the asymptotic behavior of 1 Tot(0p2(=2)) a5 g — 00 is given by the
I-function of [C3/Zs)], that is, there exists a unique linear transformation L: HE. (Op2(—2)) —
Hg ¢+ ([C?/Z2]) such that

L T7%0%2(=2) (g 2 = 1) ~ 1T/ 2] (t= g2 2= 1) asq— oo. (2.1)

Here I1C/%2] is the I-function for the quotient [C3/ Zg] given by the formal series

[[CS/Z2] t,z) =z Z zt2m+k+2>\/z (_ —(k/2+ 1)z )31

2m+k k>
R o z (2m + k)!

where 1g and 1; are the fundamental classes of the untwisted and twisted sectors of the inertia
stack of [C3/Zs], respectively. The lesson we rescue from this result is that even though we no
longer have an equivalence of local theories as in the crepant case, it is possible to obtain the
genus zero theory of the singular quotient [C3/Zs] in terms of the asymptotics of the genus zero
theory of its blowup Tot(Op2(—2)).

To establish equation (2.1), we employ a technique known as Borel summation (for a simple
example, see [Mil06, §6.3.3, pp. 246-249]), which consists of the following steps:

Step 1: Regularize the I-function for the quotient stack [C3/Zs). We define I eq(T) as

m Lo (A= (k/2+1))°
=D > e 1Ji7%+/.c/2+x)(2m+k)! F

reg
k=0,1 m=0

This series defines a holomorphic function for 7 in the disk of radius 4 centered at the origin. It
is also straightforward to check that I e.(7) satisfies the following linear differential equation:

[T () 4 (2 ) (or - ) (T;T)] ) =0, (22)

This differential operator has singular points for 7 € {0,—4, 00}, all of which are regular. It
follows that I.es(7) can be analytically continued in the region of the complex plane defined by
|arg 7| < .

Step 2: Apply a Laplace transformation to ILeg(T) and use Watson’s lemma. Since I eg(T)
can be analytically continued to 7 = oo, the following Laplace integral defines a holomorphic
function:

I(g) = L (Tueg) () = ¢ /0 e Ly (r)dr

where the ray along which we integrate avoids the singular point 7 = —4. As a consequence of
Watson’s lemma [Mil06], we obtain the following asymptotic expansion for I(q):

o rso s TI (=A = (k/2 4+ 1)3
(q) ng(;l%q k2211120 ((2m +(k§! ) 1,

— [[C?/Z,] (t= g2 . = 1)
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as ¢ — oo. The upshot of this step is that we have constructed a holomorphic function I(q) whose
asymptotic expansion is given by the I-function of [C3/Zs].
Step 3: Show that 1(q) satisfies the Picard—Fuchs equation of Tot(Op2(—2)). Expanding
equation (2.2), we obtain
d? d

d3
3 2y 4 2 . a . o _ a _
(7 +47°) 5 + (3 + (10 =8N)7) 75 + (T + (2= 2X)(2 = 2A = 1)) | Treg(7) = 0.

Applying a Laplace transform to this yields

3 2
—(fqg((fﬂ(q)) + (;1(]2(3q]l(q) +4¢%1(q)) — (i](]l(q) + (10 — 8\)ql(q)) + (2 — 2X\)(1 — 2\)I(q) = 0

(where we have assumed R(\) > 3), which in turn is equivalent to

[(q(fq)?’ _yq (—2qu - 2)\> (—2q(fq — 2\ — 1)] I(q) = 0.

This is precisely the Picard—Fuchs equation satisfied by I TOt(ﬁPQ(*Q))(q, z = 1). Since the com-
ponents of 1T (72(=2)) are a complete set of solutions to this differential equation, there exists
a unique linear transformation L satisfying L - I™"%2(=2)(q » = 1) = I(q). Equation (2.1)
follows from this.

Remark 2.1. In order to compute the asymptotic expansion of I¥, we had to set z equal to 1
in the I-functions. We can recover the powers of z in I* by means of the following procedure.
Define a grading operator Gr by Gr(\) = A, Gr(1) = 31;; then

1C%/22] (t,z) = L1 Gr A 1€/ 22 (tzl/Q, 1) .

Remark 2.2. Equation (2.1) and Birkhoff factorization imply that the genus zero Gromov—Witten
invariants of [C3/Zs] are completely determined by the genus zero Gromov-Witten invariants of
Tot(Op2(—2)).

3. Gromov—Witten theory

Here, we review the basic definitions of (orbifold) Gromov-Witten theory and set notation. For
a reference, see [AGV08] in the algebraic setting or [CR02] in the symplectic.

3.1 Notation

Let X denote a smooth Deligne-Mumford stack with an equivariant action by a torus T' = (C*)".
Assume that the fixed-point locus of X is projective. Let Hip 1(X) = Hig p(X;C) denote the
equivariant Chen—-Ruan orbifold cohomology of X [CR04]. The cohomolog{y ring Hg p(X) is
a module over Ry := H7(pt). Let St denote the localization of Ry with respect to the set of
non-zero homogeneous elements.

Recall that as a vector space, Hip p(X) = H}(IX), where IX denotes the inertia stack,
parametrizing pairs (x, g) where x is a p70int in X and g € GG, is an element of the isotropy group
of x. The inertia stack /X" is a disjoint union of connected components, IX = [], i &y, where
each twisted sector X, may be identified with a closed substack of X. There is a distinguished
component X;q corresponding to the points (z,id) which is isomorphic to X itself. We call this
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the untwisted sector of IX. Thus, as a vector space,
Hegr(X) = €D H (X,
veV

and by identifying the untwisted sector with X itself, we may view H}.(X) as a summand
of Hég p(X). There is a natural involution map inv: IX — IX which sends (z,g) to (r,971).

We use this to define a pairing
Bx = Z / aUinv* g

veV
for o, 8 € Hig p(X) ®Ry ST, where the integral is defined via localization.

Given elements ay, ..., oy, of Hig p(X) and integers ay, ..., ap € Zxo, we define the Gromov—
Witten invariant as

X
(Whan, . o)y g = [T evitan.
” (A g (X5d)]¥iT ;5

Here d € NE(X)z = NE(X) N Hs(|X];Z), the space .# 4,(X;d) is the moduli space of stable
maps of degree d from a genus g orbi-curve with n marked points into X, and [~]""" denotes
the virtual class [AGV08]. Finally, 1); denotes the 1-class at the ith marked point. In the case
where X (and therefore possibly .#,,(X;d)) is not proper, the above integral is defined via the
(virtual) Atiyah-Bott localization formula [GP99] and lies in St.

3.2 Quantum cohomology

Fix a basis {¢; }ier for Hig r(X). We may express a general point in Hig p(X) ast =), tig;.
It will be convenient to use the double bracket notation. Given a; € Hp p(X) and a; € Z>q as
above, define 7

a a > Qd a a
<<Q/) 1a1,...,1/) ”an>>X = Z ZF <’¢ 1041,---,¢ nanat""’t>({n+k,d )

deNE(X)z k=0

where on the right-hand side, we declare the degree zero Gromov—Witten invariants with one or
two marked points to be zero, since the corresponding moduli spaces are empty. In the above,
the variables Q¢ are so-called Novikov variables, used to guarantee the convergence of the sum.

DEFINITION 3.1. The quantum product *¢: Hig 7(X) X Heg 7(X) = Hég p(X) is given by
(Oé *t ﬁ’f}/) = <<a75>7>>x

The quantum cohomology ring yields a formal deformation of H(*JR7T(X ).

3.3 The Givental formalism

This section serves to introduce and explain the origin of the various generating functions which
we shall employ. We refer the interested reader to [Giv04] for more information.

Let Ha denote the vector space Heg +(X)[[Ql] ®ry ST((2~ 1)) endowed with the symplectic
pairing

Qx(f,9) = Res,—o(f(—2),9(2))xdz.

The vector space Hy has a natural polarization given by

Hy = Honp(X)[[Ql ©ny Srlz) and My = = Hep o (X)[[Q)) @r, Sr([=71]].
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We obtain Darboux coordinates {q,i, Pk, } With respect to the polarization on Hx by representing
each element of Hy in the form

S didir >0 prid'(—
k>0 i€l k>0 i€l

where {¢'} is the dual basis to {¢; }. Define the genus zero generating function 7' : H1, — Sr[[Q]]
by

where t(2) = > -0 D ier th.piz"

One can view Fg¥ as the generating function of a Lagrangian subspace £y of Hy. Assume
that we have chosen a basis such that ¢y denotes the unit in HéR’T(X ), and make the change of
variables (the so-called dilaton shift)

@ =11—1, q.=t for (ki)#(1,0).
Then the set
Lx ::{P:dq}-ox}

defines a Lagrangian subspace. More explicitly, ZLx contains the points of the form

—z+ t(Z) + Z Z n! a+1 ¢a¢17 (w)’ te 7t(w)>0X,n+1¢i :

deNE(X)z n,a=0
ZEI

DEFINITION 3.2. Given formal parameters z',...,2", we define an S7[[Q,z!,..., z,]]-valued
point of Zy to be an element f(x) € Hx[[z!,...,2"]] of the form above, such that #(z) €
HL [z, ..., 2"]] satisfies ¢(2)|gegi=..—pr—o = 0. We say that the function f(x) lies on Lx.

Due to the string and dilaton equations, and the topological recursion relations [CK99],
£y takes a special form, known as an overruled Lagrangian cone. In particular, £y is a cone
satisfying the condition that for all f € Hy,

Ly N Ly=zLy, 3.1
f f

where Ly is the tangent space to £y at f. Equation (3.1) justifies the term overruled, as each
tangent space Ly is filtered by powers of z:

LyD>2Ly D 2Ly

and Zy itself is ruled by the various zL;. The codimension of zL; in Ly is equal to
dim(H¢g 7(X)). The upshot of this is that a generic slice of .Zx parametrized by H¢g 1(X),
that is,

{f#)|t € Hop r(X)} C L,
will be transverse to the ruling. Given such a slice, we can reconstruct Zy as

Ly ={zLp) |t € Hop7(X)} .

The most well-known slice of Zx is given by Givental’s J-function [Giv04].
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DEFINITION 3.3. The Givental J-function of X is the cohomology-valued generating function of
genus zero Gromov—Witten invariants given by

¢z‘ XZ'
JX(t7—z):—z+t+;<<z_wl>> ¢t

where the expression 1/(z — 1) is shorthand for the corresponding expansion in 1/z.

Due to the divisor equation, the J-function also makes sense in the specialization @ = 1.
Thus, we can safely forget the Novikov variables. Note that J¥ (¢, —2) = —z 4+t OHyNLx. One
can easily check that the J-function is transverse to the ruling and therefore determines all of .Zx.

Remark 3.4. In many situations, one can use mirror symmetry to find another function I(x, z),
called an I-function, which lies on £y in the sense of Definition 3.2. We say that I(x,z) is
a big I-function if its image is transverse to the ruling. In what follows, we will work with big
I-functions, as it is generally difficult to obtain a closed form for the J-function. These functions,
while defined combinatorially in terms of toric data, fully determine the J-function and thus the
Lagrangian cone through a process of Birkhoff factorization (see [CI1J14, Theorem 5.15]).

4. Weighted blowups of [CV/G]

In this section, we introduce the specific spaces of interest and describe the corresponding I-
functions.

We will restrict ourselves to the particular blowups of relevance to the Landau—Ginzburg
correspondences of Section 6. Although the proof holds for more general toric blowups with
minimal modification, this simplifies the notation and exposition.

In particular, we consider birational spaces ) --+ X where X is a quotient stack of the form
[CN/G] and Y is a line bundle over weighted projective space obtained as a blowup of X. In
anticipation of our application to FJRW theory, we require that G arise as a subgroup of the
diagonal automorphisms of the Fermat polynomial

W= x4 x ey

where ged(cy, ..., cny) = 1. We assume that G contains the distinguished automorphism

j = exp(2midiag(qi,...,qn)),
where the g; = ¢;/d are the fractional weights of W.

4.1 A toric description of the spaces

Let N = ZN be a lattice, and let ¥ € N ® R denote a fan such that Xy, is isomorphic to
X = [CN/G]. The fan ¥ contains a single maximal cone with generators by,...,by, and G =
N/(bi,...,bn). Let

N

Box(¥) = {b’=2mibi € N|m; € Qn0,1) for 1 gigN}.
i=1

Note that the elements of Box(X) are in bijection with those in G and therefore index components

of IX.

The element j € G corresponds to the point b’ = 32N | ¢;b; € Box(%). Let ¥’ denote the star
subdivision of ¥ obtained by adding the ray generated by &’. Then ) := Xsy is isomorphic to
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the total space of the vector bundle Op¢y(—d) over the stack P(G) := [P(c1, ..., cn)/G], where
G = G/(j). Thus, Y gives a partial resolution of the coarse space of X.

One can easily check that the discrepancy of the toric morphism |f|: ) — |X] is given by
disc(|f]) = Zjvzl ¢; — 1. This will play an important role in what follows.

We endow X and Y with compatible torus actions. Let T' = C* act on the coordinates of

= [CY/G] with weights —c1, ..., —cy. On Y = Tot(Op(q)(—d)), this corresponds to a trivial
action on the base P(G) with a nontrivial action of weight d in the fiber direction. We let A
denote the equivariant parameter of our torus action in Hg p(X) and Heg (V).

NOTATION 4.1. For g € G, we may express the action of g on CV by

exp(2mi diag(mi(g),...,mn(g))) ,

where m1(g),...,mn(g) € QN [0,1). We call m;(g) for 1 < j < N the multiplicities of g. The
: N
age of g is defined as 3 ;" m;(g).

Note that for any element g € G, the fact that G preserves the polynomial W implies
that m;(g) is a multiple of g; for 1 < j < N. This implies that G splits as G = (j) @ G. Let us
once and for all fix a splitting of G. Choose generators g1, ..., g of G such that each g; fixes the
first coordinate of CV (this can be done without loss of generality due to the restrictions on the
multiplicities m1(g;)) and G = () ® (g1) ® -+ - & (gk)-

Remark 4.2. The condition that the generators gi,...,gr each fix the first coordinate is not
necessary to prove the correspondence for toric blowups. It will be used in the last section to
simplify the differential equations satisfied by the two I-functions.

NOTATION 4.3. We let G denote the group generated by g1, ..., g, from above.

4.2 I-functions

4.2.1 The I-function of X. The inertia stack IX" is a disjoint union of components & in-
dexed by g € G. There is a natural choice of basis for the equivariant cohomology of X’ given
by {14}4ec, where 1, is the fundamental class of Aj;. By abuse of notation, we will also use 1,
to denote the fundamental class of the gth component of the inertia stack of BG.

NOTATION 4.4. It will be convenient to separate components of IX according to G-cosets.

1x = U U Ak g -

geG 0<k<d—1

Let Hy(X) := H}(Up<rca—1 Xjrg) denote the corresponding subspace in Heg (). We see that
this has dimension d.

Namely,

Let t9 denote the dual coordinate of 1, for g € G, and let t denote the dual coordinate of j.
We consider the J-function of BG, where the domain has been restricted to the span of
{1;}U{ly},eq- A simple computation involving t-classes on .# , allows us to obtain an explicit
formula (see [LPS16, Lemmas 5.2 and 7.2]):
tho

BG
JPE(tt,2) = 2 Z H gk‘ i Zkoko!]ljkonggkg
ke(Zx0)C geG ko>0
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Using twisted theory technology, one may alter J BG(t, t, z) by a hypergeometric modification
(see [CCIT09]) to obtain an I-function, I¥(t,¢,2) in the sense of Remark 3.4. Let a(k)! =
>_gec kgm;(g). Define the modification factor

LkOqj +a(k)]J 1

M (ko k H H (—cjA — ((kogj + a(k)?) +1)2),

where (—) denotes the fractional part. Then I (t,¢,2) is defined as

tg kg

M (K
_ d\/z § : | | 2 : Oa
I (t t Z =zt / kgk; ' ZkOI{O kO Hggkg . (41)

kG(Z>Q) gGG

The above modification factor is explained in [CCIT09], where it is proven that I¥(t,¢,z2) is
a (big) I-function for X. Using Gamma functions, this simplifies to

I (8, 2) =297 Z H

KE(Z0)C geC ko >0
N

T(1 - ¢;2 — (kog; + a(k)7))
<11 T(1—¢;2 — kogj — a(k)?) Liko 11, ot

(t9) gz(age (9)—1D)kg tho Sko(32; ¢;—1)
22 kogj+a(l))

j=1

4.2.2 The I-function of Y. The components of the inertia stack I are indexed by {g}¢ec-
This follows from the facts that, first, each ¢; divides d (and so components of IP(cy,...,cn)
correspond to powers of j) and, second, G splits as (j) @ G. Here, the component Yy of 1Y
is identified with the closed subset of ) obtained by setting z; = 0 for all coordinates not
fixed by g (that is, m;(g) # 0). An equivariant basis for the Chen-Ruan cohomology of Y is
given by

U {jgng,...,igH(dim((CN)g),l)} 7
{g€G| dim((CN)9)>0}

where ]~lg is the fundamental class of )}, and ]~lgH k denotes the pullback of the kth power of the
hyperplane class from the coarse space of ). In what follows, it will simplify our formulas to
also sometimes write ]~lg when the action of g on C¥ fixes only the origin (and thus Y, is empty)
we follow the convention flg = 0 in this case.

NOTATION 4.5. We may also separate components of I) according to G-cosets,

1y = U U Vg -

geG 0<k<d—1

One may check that the corresponding subspace H;(Y) = H7(Upcpcq_1 Viry) has dimension
equal to ¢ + -+ cpn.

We will also let 9 denote the dual coordinate of ﬂg for g € G and let q denote the exponential
of the dual coordinate to H.
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An I-function for toric stacks is given in [CCIT15]. Again using Gamma functions, a (big)
I-function for Y takes the form

(g t,z) =2"* > H
kE(Z>0) geG
NGRS M) ﬁ I(1+4cjH/z — (—kogj + a(k)?)) ~

—1._p k

tg kgz(age 9)— kg ko/d
Z SRo(22; 45— )+Z (kogj—a(k)?)

(4.2)

Remark 4.6. Note that we have applied the specialization of the Novikov variable: @@ = 1.
There is no loss of information here, as one can recover the Novikov variable in I¥(q, t, z) via
gko/d s Qkogko/d However, the specialization simplifies our correspondence between IY and I7.

5. The correspondence for toric blowups

5.1 Asymptotic correspondence for positive discrepancy

In this section, we will state a correspondence of genus zero Gromov Witten theories for the
case where |f|: J — |X| has positive discrepancy. In Section 5.5, we will discuss the other case.
Recall that the discrepancy of |f]| is equal to Zjvzl g; — 1. To snnphfy the notation slightly, we
will work with the quantity r = d - disc(] f|),

N
= E C] —_
J=1

The idea behind the asymptotic correspondence of genus zero theories is to obtain the genus
zero Gromov—Witten invariants of X’ using the information provided by the genus zero Gromov—
Witten invariants of Y. To be more specific, we show that the I-function of X (and therefore
its J-function) is completely determined by the I-function of )’ through power series asymptotic
expansion.

THEOREM 5.1. Assume disc(|f|) > 0. There exists a unique linear transformation
L: HéR,T(y) — HER,T(X)
such that
L-IY(qgt,z=1)~ IX(t —qg Vit 2= 1) as q — 0o.

Remark 5.2. One can reinstate the z-parameter into the I-functions and prove an analogous
version of the above theorem, where the linear transformation L(z) is now viewed as a map
from Hy to Hr [AS16]. We expect that L(z) will be compatible with the symplectic structures
as well as the natural grading in Hy and Hx. There is reason to also expect that the quantiza-

tion E(z) relates the higher-genus Gromov-Witten invariants of ) and X (see, for instance,
[CT14] and [CR13]). We plan to investigate these questions in future work.

Theorem 5.1 has the following consequence.

COROLLARY 5.3. If disc(|f|) > 0, then the genus zero Gromov-Witten invariants of X are
completely determined by the genus zero Gromov—Witten invariants of ).
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Proof. First, note that 1Y may be viewed as a generating function of genus zero Gromov-Witten
invariants. Next, note that I¥ (t = g Vit 2z = 1) is the power series asymptotic expansion
of L -IY(q,t, z=1), and it is therefore uniquely determined by 1. We may recover I (t =
q_l/d,t,z) from I¥(t = g Vi ¢, 1) by means of the relations described in Section 5.2 below.
Last, the Givental J-function of X (and therefore, its genus zero theory) can be obtained from
I? via Birkhoff factorization (see Remark 3.4). O

The proof that follows relies heavily on the recursive structure of the functions IY and I?.
In particular, we take advantage of an identification of the differential equations satisfied by
the respective I-functions to relate the functions themselves. This is part of the larger theory of
GKZ systems described by Gelfand-Kapranov—Zelevinsky in [GZK89] and Adolphson in [Ad094],
although in what follows, the relevant differential equations can easily be checked by hand.

NOTATION 5.4. In order to simplify the computations in the subsequent sections, we introduction
the following notation. Define

3 gro/d+H/z L(1—d\+H)/z2)
I Zkor/d+z (hoa;—a()7) T(1 — ko — d(A + H)/z)
0=
H I'l+c¢H/z— (- kij+a(k)j>)ﬂ )
1 T+ ¢H/= + kogy —a(k)?) 0 TLo™

1Y (g, 2)

and

thotd)/z skor/d ﬁ L(1 = ejA/z = (kog; +a(k))) |
2o te9N o1 L T(1 = ¢;A 2 — kogj — al(k)7) i*o T1, 9"

LY (t,2) =z

ko=0

Then, the I-functions of Y and X can be, respectively, written as

IY(q,t,2) = Z H

kE(Z>0) geG

(t9) qu<age )~k

V(g,2),

(tg)kg Z(age(g)f kg

I*(tt, 2) = 11 i IX(t,z).
5!

5.2 Setting z equal to 1

In what follows, we will set z = 1 in the I-functions for computational convenience. It is worth
noting that we can recover the original I-functions by the following procedure. Define a grading
operator Gr by

Gr(H):=H, Gr(A): =X, Gr(t?):=(1—age(g))t!

Gr (ﬂj,ko 11, gkg> = Z(koqj — a(k)j)> ﬂrko 1, g > and
J

Gr (ﬂjkg 1, gkg) <Z kogj + a(k > L jko [1, g*9
J

(5.1)
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We then have the following relations that allow us to restore the powers of z to the I-functions:
V(g t,2) = 272" Y (q/2" t,1) and
I¥(tt, 2) = 217G A Y (127 8, 1)

5.3 The regularized I-function
We define the regularized I-function of [CN/ G] by

7t ko/dHY) L(1 — ;A — (kog; + a(k)’))

2 T(1 + r(ko/d + \))ko! H T(1— ;) — kog; — a(k)i)) 70Tl 9"
ko=0

LE(T) =

Using the ratio test, it is easy to see that thls series defines a holomorphic function in a disk of

radius ( rd? H —1C; -9 )1/ centered at 7 = 0. A simple computation reveals that I,°®(7) satisfies
the following regulamzed Picard—Fuchs equation:

AT (-2 totr) T (2t - n- )T (2 1) 0.2

7=11=0 =0

This equation has singular points at 7 = 0, co and at 7 satisfying (—7/r)" = (—d)¢ va 1 J_CJ All

of these points are regular singularities. This means that Ilrceg(r) can be analytically continued
to 7 = oo along any ray that avoids these singularities.

5.4 Proof of Theorem 5.1

The idea behind the proof of Theorem 5.1 consists in constructing a holomorphic function that
satisfies the Picard—Fuchs equation of ) and whose asymptotic expansion is given by the I-
function of X. To construct this function, we use the following Laplace integral of the regularized
I-function:

oo
Ix(u) == u/ e "TLE(T)dr,
0
where the ray of integration lies in 0 < arg(z) < m/ ) ¢; in order to avoid the singular points

of I,*(7). This integral is well defined, as shown in [MSH10, Chapter 2].

To compute the asymptotic expansion of Iy (u), we make use of Watson’s lemma. The setup
is as follows:

Let ¢(x) be a complex-valued function of the form ¢(z) = x%g(x), where
(i) there exist angles o and 8 such that ¢(x) is defined for = # 0 with —7/2 < a < arg(z) <
B < ma;
(ii) for some positive number b, we have |¢(x)| < eb®l for |z| sufficiently large on this domain;
(iii) g(z) is infinitely differentiable in a neighborhood of x = 0 and ¢(0) # 0;
(iv) Re(o) > —1;
then the integral u [; e~ " ¢(x)dx is well defined for any w in the region —m/2 — § < arg(u) <

m/2 — . Here, the path of integration is taken to be any ray in a < arg(z) < . The integral is
independent of this choice of path.

LEMMA 5.5 (Watson’s lemma). In the situation above, the fo]]owing asymptotic expansion holds:

. g™ (0)L(1+ A+ n)
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as u — oo along any ray in the region —m/2 — < arg(u) < 7/2 — a.

One proof of this lemma is given in [Mil06, Proposition 2.1]. Although the conditions on ¢(x)
are slightly different in [Mil06] than those stated above, in fact the same proof implies the result
in this case as well (see [Mil06, Section 2.3] or [Tem13] for the version given above).

As a consequence of Watson’s lemma, the asymptotic expansion of Iy (u) is given by

N

]Ik(u) N Z — 1 H F(l — CjiA— <k0qj + a(k)J)) 1

ik k
g w o/ H Nkl L4 T(1 = ¢\ — hog; — a(k)7)) 0 Moo

as u — oo in the region |arg(u)| < 7/2. It follows from this that
Le(u=q"") ~ IF(t=q7 4, 2 =1) (5.3)

as ¢ — 00.
Define I(u) to be

kg
T(u) := I (tg)‘ T (u). (5.4)

kG(Z>Q)G geé

The following lemma and corollaries show that I satisfies the Picard—Fuchs equation of ).

LEMMA 5.6. The function Iy (u) satisfies the following differential equation:

N c¢;j—1

HH(T ug —l—alk ) UH(—Tudu—d/\ z) The(u) = 0. (5.5)

7j=11=0

Furthermore, given k € (Zs)®, let g = [Lea g*s. Then for all 1 < j < N, we have a(k)’ —
mj(g) = M, for some integer M; > 0 and

c; d
(Zug 1= mi(®) By 10 = ). (5.6
Jj=1 1=0
where k(g) is defined by
1 ifg=g,
k(g): g — 5.7
8): 9 {0 otherwise. (5.7)

Proof. Let f(7) be holomorphic in some region of the complex plane containing a ray on
which we can define the Laplace transform of f. Moreover, let f(0) = 0, and define F(u) :=
U fooo e~ "7 f(r)dr. Using the properties of the Laplace transform, it is easy to see that

ul (ar-L i)+ 870 = —auL (2 (L)) + Buc (7))
dr du dr
:—mﬁ%maﬂﬂ%JWD+&£UﬁD
= <—o¢u(fu + ﬁ) F(u) s (5'8)

where « and ( are arbitrary complex numbers.
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Now, note that equation (5.2) can be rewritten as
N cj_l rd—l
¢ d ' d d d .
| | I | Al —ak) | = — I | e Ire8 =0.
kel < rdr L —alk) > <d7’> Py (7" dr dr =1 k(1) =0

Applying equation (5.8) iteratively to this yields equation (5.5).
To establish equation (5.6), note that I,°%(7) satisfies

T ¢; d re re
11 11 <1de7 —1- mj(g)> LE (7) = L5 (r).
j=1 1=0
Applying equation (5.8) iteratively to this yields the desired result. O

COROLLARY 5.7. The function Iy (u = ql/r) satisfies

for all g € G. Furthermore, given k € (Z;g)G, with the same notation as in the previous lemma,
we have

N Mj—l d
IT 11 (qud - mj(g)) Iig) (u=q"") = L(u=q""). (5.10)
j=1 1=0 q

Proof. This is a consequence of Lemma 5.6 and the change of variables ¢ = u". O

Remark 5.8. Note that, still using the notation of the previous lemma, one can also check that

c mj(g) | IY (¢, 2=1)=Y(q,2=1). (5.11)

]q g k(g)\D k \4;

7j=1 1=0
COROLLARY 5.9. For all g € G, there exists a unique linear transformation
Lg: Hy(Y) — Hg(X)
such that for all k € (Z>0) satisfying ngG gt =g,
Lg I (q,z=1) :]Ik(u:ql/r). (5.12)

Proof. Since the components of I} Y (¢, z = 1) are a complete set of solutions to the Picard—Fuchs
equation (5.9), by Corollary 5.7 there exists a unique linear transformation Lg: Hg(Y) — Hg(X)
such that

Lg- Ilij(g)(q’ z=1) =g (u= q¢""),
where k(g) € (Z=0) is defined as in (5.7). Applying the differential operator

N Mj—l

d
<chd —1- mj(g)>
5 q
7j=1 [=0

from Corollary 5.9 to the equation above, we conclude that (5.12) holds whenever [] e gk
=g. O

253



P. Acosta AND M. SHOEMAKER

Proof of Theorem 5.1. By Corollary 5.9, for all g € G, there exists a unique linear transformation
Lg: Hg(Y) — Hg(X) (recall Notations 4.4 and 4.5) such that Le I (q,t,2 = 1) = Ix(u=q"'/")
whenever || e gFs = g. We define L to be the block-diagonal sum

L=@P Lg: Hepr(Y) = @ Hy(V) — Hepr(X) = P Hy(X).
gel gel gel

It immediately follows that L - Iy(q,t,z =1) =I(u= ql/r). We now compute its asymptotic
expansion:

(tg)kg
L-Iy(q,t,z:l):]l(u:ql/r): H ]Ik(u:ql/r)
kE(Z0)C g€G ’

g\k
Z H (tk)|glf(t:q_l/d,z: 1) as g — oo
Ke(Zs0)C geG
=I%(t=qYt,2=1).

This concludes the proof of the theorem. O

5.5 The correspondence for disc(|f]|) <0

For the case where disc(|f|) < 0, we have a result analogous to Theorem 5.1. In this case, however,
the roles of J and X are interchanged. This means that it is possible to obtain the genus zero
Gromov—Witten invariants of ) from the genus zero invariants of X.

THEOREM 5.10. Let disc(|f|) < 0. There exists a unique linear transformation
L: HéR,T(X) — H(*:R,T(y)
such that
L‘IX(t,t,z: 1) NIy(q:t*d,t,z: 1) ast — oo.

The proof of this result is almost identical to the proof of Theorem 5.1 once we interchange
the roles of X and ).

As in the case disc(]f|) > 0, we have the following important consequence.

COROLLARY 5.11. If disc(|f]) < O, then the genus zero Gromov-Witten invariants of ) are
completely determined by the genus zero Gromov—Witten invariants of X .

6. FJRW theory and Landau—Ginzburg correspondences

In this section, we prove that the FJRW theory of the pair (W,G) from Section 4 is related
to the Gromov—Witten theory of the hypersurface Z := {WW = 0} C P(G) via asymptotic
expansion as in Section 5. This generalizes the results of the first author in [Acol4] beyond the
case P(G) = P(cq,...,cn) and may be viewed as extending the Landau—-Ginzburg/Calabi-Yau
correspondence [CR10, CIR14, PS16, LPS16] to the setting where Z is no longer Calabi—Yau.
For simplicity, we will term these types of theorems Landau—Ginzburg correspondences. While
they are not strictly a consequence of Theorems 5.1 and 5.10, we will show how the proofs above
may be modified slightly to yield the desired correspondences.
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6.1 Setup
d/c1

We first recall notation from Section 4. We are given a Fermat polynomial W = X" 4- - -+X
with ged(ey,...,cn) =1 and a group G of diagonal automorphisms of W. The polynomial W is
quasi-homogeneous of degree d:

W(a“Xy,...,aVXy) = o'W (Xy,..., Xy)

d/cn
N

for all @ € C. We assume that G contains the distinguished element j = exp(27i diag(q1, ..., qn)),
where ¢; = ¢j/N. For the correspondence to hold, we also require that the line bundle (—d) —
P(G) be pulled back from the coarse underlying space of P(G). This corresponds to the somewhat
technical condition that all g € G which fix at least one coordinate lie in SLy(C). We call (W, G)
a Landau—Ginzburg pair.

6.2 FJRW theory

Given a pair (W, G) as above, one can apply the general theory of [FJR13] to construct FJRW
invariants of (W, G). Similarly to the case of Gromov—Witten theory, these invariants are defined
as integrals of a virtual class on certain moduli spaces lying over ]gm. As such, FJRW theory
enjoys many of the same properties as Gromov—Witten theory.

In general, the definition of FJRW invariants is quite involved, but in genus zero, when W
is a Fermat polynomial, the situation simplifies greatly. In what follows, we will always assume
that the conditions on (W, G) given above are satisfied.

We first define the state space.

DEFINITION 6.1. Given a Landau—Ginzburg pair (W, G), the narrow FJRW state space is given by
Hihw (W.G) == €D Coy
9€Ghar
where
Ghar := {g € G| gj fixes only the origin in (CN}
and ¢, is a vector formally associated with g € Gpar.

DEFINITION 6.2. Given a Landau-Ginzburg pair (W, G) as above, the moduli space W, ,,. of W-
structures parametrizes families of orbifold curves C together with an N-tuple (L;, ;) such that

— C has pugq isotropy at each marked point and node, and the coarse space |C| is a (family of)
n-pointed genus h stable curve;
— L; is a line bundle on C;

— 0 i i op®d 96
¢; is an isomorphism ¢;: L9 — We jog 3 and

. b . .
— for any Laurent monomial Hé\;l X7 invariant under G,

N

@by
QL™ = weos-
j=1

See [FJR13, LPS16] for more details.

As a consequence of the condition in the third item above, given a point (C, L;, ¢;) in Wi, ».c,
at each marked point p;, the isotropy acts on fibers of @évzlﬁj by an element of G. One may
therefore decompose W}, ,, ¢ into a union of open and closed substacks based on the action of the
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corresponding isotropy group. Let
Whnc(91s- - 9n)
denote the substack where the isotropy generator at p; acts by g;.

In analogy to Gromov—Witten theory, FJRW invariants are defined by integrating against
a virtual cycle on Wj, ;.. When W is a Fermat polynomial and the genus is zero, one can
prove [FJR13] that

Rimo(955,L5) = 0

and

— R (90,L5) = R (&5, £;) [-1]
is a vector bundle. Let ¢y, , . . ., ¢g, be elements of the state space Hpkw (W, G), and let aq, . .., ay
be non-negative integers. By axiom (5a) of [FJR13, Theorem 4.1.8], one defines

(V" gy - -,wa"qbgn)é,VZ’G) = JN/ i v (6.1)

Wo,n,c(g1)---,9ni) e(RT"*( 69j]'Vzl Ej)v) .

FJRW theory is a cohomological field theory. Furthermore, all of the axioms of an axio-
matic Gromov—Witten theory [Lee09, LPS16] are satisfied. Therefore, quantum cohomology, the
Dubrovin connection, the J-function, and I-functions may all be defined and behave in the
same manner as in Gromov—Witten theory. Thus, Section 3 transfers almost word for word to
the FJRW setting. See [LPS16, Section 3] for more details. We will denote the J-function and
I-functions coming from the FJRW theory of (W, G) by J WG) and IW:G) | respectively.

Remark 6.3. The reader may observe a strange shift in equation (6.1), the ¢4, insertion at the
ith marked point corresponds to an isotropy action of g;j. This shift is chosen such that the ¢iq
element of the state space is the identity in quantum cohomology.

Remark 6.4. FJRW theory is defined for a more general class of insertions corresponding to
g € G\ Gpar (in analogy with primitive cohomology classes of a hypersurface). We will content
ourselves in this paper with statements relating the narrow invariants from Gy, to the ambient
cohomology of Z.

6.3 I-functions

Rather than directly compute the relevant I-functions for the Landau—-Ginzburg correspondences,
we will apply two results, the multiple log-canonical (MLK) and quantum Serre duality (QSD)
correspondences to obtain 7MW@ and IZ from I¥ and 17, respectively. The MLK correspondence
says, roughly, that IW:) is related to I by differentiation, linear transformation, and a non-
equivariant limit. As a consequence, we will see that the Picard—Fuchs differential equations
satisfied by I(W-G) are closely related to those for I described in the previous section. The QSD
correspondence is analogous.

6.3.1 The I-function of X. Applying the MLK correspondence [LPS16, Theorem 5.12], an
FJRW I-function for (W, G) is given by

d
I(ch) (t’t’ Z) = ;\11’1}) AO (thtIX(tyt) Z)) Y
—
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where A° is the linear map defined by

A° = 1. s (—1)2°@g 1 if g fixes only the origin,
Y 0 otherwise .

We obtain
(tg)kgz(age(g)*l)kg tho+1 14 (ko+1)r/d

IOt t,2) = 2 H :
Y ! > {(ko+1)gj+a(k)’)
ke(Z30)C 9€G & ko>0 27 o ko!

I'(1—((ko +1)g; + a(k)’)) (_Dage(iko I1, 9"
p T =

Q

)¢jk0 Hggkg y (62)

LT (ko + Dgj — alk))

where ¢4 is understood to be zero if g ¢ Gpar.
Now, given g € G, consider the t8-coefficient of IW:¢)(t,¢, ), and denote it by IéW’G) (t,t,2):

tk0+1 1+(k0+1)T/d

(W,G) —
Ig (t,t,2) =2 Z {(ko+1)aj+m;(g))

kO/
(ko + 1)‘1] +m;(g))) ko kg
X —1)reeli Il o) g, 6.3
H 1 — kO + 1) ](g)) ( ) ¢)k0g ( )
Note that since ¢jrg = 0 if j*g is not narrow, the function IéW’G) (t,t, z) is supported on the
space
H'W.G) = (D Copg
0<k<d—1
]kgEGndr

of dimension dim(Hg(X)) —#{0 <k <d—1 | j*g fixes a coordinate}.

We claim that IéW’G) (t,t, z) satisfies a Picard—Fuchs equation obtained from that of I g (t,t,z2)
by removing factors. The non-equivariant limit of the original equation for X is

Dig((f(t 2)) =0,

where

=TT (48 —12) - # T IT (st 12 —m)7).

1=0 j=11=0
First, note that by construction of our splitting G, we have mi(g) = 0. Thus, we can factor a
2tg; d from the second term of Dy ¢ since the j = 1, [ = 0 factor in the second product is a multiple

of zt%. It is immediate that Ié )(t,t, z) is annihilated by this reduced operator, because it
was obtained by applying zt% to Igz (t,t, z). Next, assume that j*g fixes coordinate i for some
1 <k <d-1. We claim that D; g contains a factor of (zt% — kz) in the first product.

First, note that m;(g) = fe;/d for some 1 < f < d/¢;—1; thus k = md/c¢; — f for 1 <m < ¢;.
Consider the factor ((—cj/d)zt% —lz —mj(g)z) in the second product in Dy g for | = ¢; — m.
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Commuting this with ¢¢ yields
d d d d
t (—ci/d)zt& — (i —=m)z—my(g)z )| = (—¢;i/d) zta —d| —(c;—m)z—mi(g)z | t

— (¢i/d) (tht — (md/c; — mi(g)d/ci)) td

= — (c;/d) <Zt§t - k:>

We can thus factor (zt% — k:) from the first product in Dy g for every power of k such that g
fixes a coordinate. We obtain

d i d
Dig = 11 <ztdt k;) Dify -t (6.4)
1<k<d—-1
{jkg fixes a coordinate}

One can easily check that the I-function (6.3) satisfies the Picard-Fuchs equation D}y e((f(t,2))
=0.

6.3.2 The I-function of Z. Leti: Z — P(G) be the inclusion of the hypersurface defined by
the equation {W = 0}. By quantum Serre duality of Coates—Givental [CG07] and Tseng [Tsel0],
an I-function for Z is given by

d 7y
(e (Eg.t, 2)
IZ t — 1 * q

where +¢ denotes the substitution ¢*o/¢ — (—1)k0 ko/d We obtain

(t9) kgz age(g (— 1)k0 ko/d
% (¢, t, 2) —zq Z H Shor/d+3 ; (kog; —a(k)7)

kG(Z>0) ge@

T(—dH/z) +5 T(1+c;H/z — (—kog; + a(k))) -
['(—ko—dH/2) ]1_11 I'(14¢;H/z + kog; — a(k)?) Lk [1, 9% (6.5)

where we now consider cohomology classes H* ﬂj—ko 1, g"s @5 elements of Hip (Z) via the pullback

to the hypersurface. The function IZ(q,t, z) gives a big I-function for the ambient part of the
Gromov-Witten theory of Z. In other words, IZ(q,t,2) determines the quantum cohomology
ring of Z restricted to classes in HIRP(Z) C H¢y(Z) defined as the image of i*: Hy (P(G)) —
HEg(2).

As in the previous case, given g € G, let Igz(t, t,2) be the part of IZ(t,t,z) coming from the
t8-coefficient:

_1)kogko/d
z _ . H/ (=1)™q
Ig (q’ t, Z) zq Z ZkOr/d""Zj (kogj—m; (g))

ko>=0

T(—dH/z) ¢ T(1+c;H/z — (—kog; + a(k)7)) -
['(—ko — dH/2) ]1;11 (1 +¢jH/z + kog; — m;(g)) Lk 1, g% (6.6)

Note that top powers of H on any connected component of IP(G) will vanish under the pullback.
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Thus, Igz(t, t, z) is supported on the space
Hg(2) := i" (H" (Uo<kca-1 P(G)irg))
of dimension dim(Hy(Y)) — #{0 < k < d — 1] j*g fixes a coordinate}.

6.4 Landau—Ginzburg correspondences
We begin this section by establishing the Landau—Ginzburg/Fano correspondence. We assume
>~ ¢;j > d, which implies that Z is a Fano hypersurface. The main result we prove in this section
is that the genus zero Gromov—Witten theory of Z completely determines the genus zero FJRW
theory of the pair (W, G). The technical details of the proof of this result are almost identical to
the details found Section 5. For this reason, we avoid some computations.

We start by noting that I, Z(q, z) satisfies the equation Diq‘:rg (Igz (g, z)) = 0, where the diffe-
rential operator Dl” is equal to Dl” of (6.4), but with the change of variables ¢ = (—t)%.

Since the degree of the differential operator Dl” is the same as the dimension of Hg(Z),
it follows that the components of Iéj (q,z) are a complete set of solutions to the equation
D};rg(( f(gq,2)) = 0. Next, we construct a holomorphic function whose asymptotic expansion at

(W,G)

infinity is given by Ig . Define the regularized version of IéW’G) by

(_1)k0+17_7’(k()+1)/d

(W,G),reg L
le (7) = ;;O D(1+ 5(ko + 1))ko!

H r 1— Zﬁ i 3% +m;§§§;)(—1)age“ko L)1 - (6.7)

This series converges on a dlSk of finite radius centered at 7 = 0. Moreover, it satisfies a regu-

irr reg (I(WyG)7reg (7_))

larized Picard-Fuchs equation D, = 0 with regular singularities at 7 = 0, 00

and at 7 satisfying (7/r)" = d? H] p1¢; . Thus, IéW’G)’reg(T) can be analytically continued to
T = oo along any ray that avoids these smgularities. Define

]I(gW’G) (u) := u/ eiUTIéW’G)’reg(T)dT,
0

where the ray on integration avoids the singular points of Dlrr ;8. By Watson’s lemma, we have
]I(gW’G) (u = ql/T) ~ IéW’G) (t =—q Vi = 1) as ¢ — 00. (6.8)

After a computation similar to the one found in the proof of Corollary 5.7, one sees that

D‘rr . H(WG)( ql/r) = 0. We now prove a result similar to Corollary 5.9.

LEMMA 6.5. For each g € G, there exists a unique linear transformation
Lg: Hg(Z) = Hijrw (W, G)
such that for all k € (Z)® satisfying I, gk =g,
w,G
Lg-12(g,2=1) =1V (u = ¢"/7) . (6.9)

Proof. Since D‘” (u = ¢'/7) = 0 and the components of Igz(q,z = 1) are a complete

set of solutions to Dm (( f(g,2)) = 0, there exists a unique linear transformation Lg: Hz(Z) —
Hg (W, G) such that

Lg - Igz(q, z=1)= ]I(gW’G) (u= ql/r) .
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The proof of the second part of the lemma follows an argument identical to the one found in
Corollary 5.9; note that equations (5.10) and (5.11) still hold in this setting. O

COROLLARY 6.6. Given g € G, there exists a unique linear transformation Lg: Hy(2) —
Hg* (W, G) such that

Lg - IgZ(q,z =1)~ IéW’G)(t = —q_l/d,z = 1) as q— 00.
Proof. This result easily follows from equation (6.8) and Lemma 6.5. O

As a consequence of Lemma 6.5, we obtain the following result.
THEOREM 6.7. Let Z;Vﬂ cj —d > 0. Then, there exists a unique linear transformation
LY HERP(2) — HShw (W, G)
such that
LEW. IZ(q,t,z =1)~ I(W’G)(t = —qil/d,t,z = 1) as q — 00.

Proof. Define LSV to be the block-diagonal transformation given by LEW := @geé Lg. Then

the proof is identical to the proof of Theorem 5.1, but we use Lemma 6.5 and Corollary 6.6
instead of Corollary 5.9. O

Remark 6.8. One can uniquely recover I?(q,t,z) and IWG) (t,t,z) from IZ(q,t,1) and
TG (t,t,1) by using a procedure similar to the one described in Section 5.2.

The following result is a natural consequence of Theorem 6.7.

COROLLARY 6.9. IfZévzl cj—d > 0, the genus zero FJRW theory of the pair (W, G) is completely
determined by the genus zero Gromov—Witten invariants of Z. It follows that the FJRW quantum
cohomology ring of (W, G) is determined by the quantum cohomology of Z.

Proof. The genus zero Gromov—Witten invariants of Z completely determine the Givental I-
function I#(q,t,z). As a consequence of Theorem 6.7, the FJRW I-function of the pair (W, Q)
is uniquely determined by LEW and power series asymptotic expansion at infinity. By means of
Birkhoff factorization, the FJRW I-function completely determines the FJRW J-function and
therefore, the genus zero FJRW theory. O

We finish this section by stating a Landau—Ginzburg/general type correspondence. This can
be proved in an analogous manner to the Fano case. For the remainder of the section, assume
Z;V:l c;j —d < 0. This condition implies that Z is a hypersurface of general type. We then have
the following results.

THEOREM 6.10. If Z;VZI ¢; —d < 0, there exists a unique linear transformation
PR (W,G) — HERD(Z)
such that
LYIRW -I(W’G)(t,t,z =1)~ Iz(q =t tz= 1) ast — oco.

COROLLARY 6.11. If Zjvzl ¢; —d < 0, the genus zero GW theory of Z is completely determined
by the genus zero FJRW theory of the pair (W, G). It follows that the quantum cohomology of Z
is determined by the FJRW quantum cohomology ring of the pair (W, Q).

The proofs of these statements are identical to the proofs of Theorems 6.7 and 6.9 after
exchanging the roles of I%(q,t,z) and IW:C) (¢, ¢, 2).
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