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Tensor generators on schemes and stacks

Philipp Gross

ABSTRACT

We show that an algebraic stack with affine stabilizer groups satisfies the resolution
property if and only if it is a quotient of a quasi-affine scheme by the action of the
general linear group or, equivalently, if there exists a vector bundle whose associated
frame bundle has quasi-affine total space. This generalizes a result of B. Totaro to
non-normal and non-noetherian schemes and algebraic stacks. Also, we show that the
vector bundle induces such a quotient structure if and only if it is a tensor generator
in the category of quasi-coherent sheaves.

1. Introduction

When X is a scheme, or an algebraic stack, such that every quasi-coherent sheaf of finite type F
is a quotient of a locally free sheaf G, then one says that X satisfies the resolution property, and
this has important consequences for K-theory. Whereas this condition holds for quasi-projective
or QQ-factorial schemes with affine diagonal, it has been difficult to verify for general schemes
that do not possess enough invertible sheaves. It is easy to construct counterexamples when the
diagonal is not affine, but even the case of toric separated threefolds is still open.

A related question deals with global quotient stack presentations. When X is a quotient
stack [U/G] for some algebraic space U acted on by a group scheme G, the geometry of X is
equivalent to the G-equivariant geometry of U. Therefore, it is a fundamental question, whether
such a global quotient stack presentation exists.

One says that X is basic if U is a quasi-affine scheme and G = GL,, [Ryd15, Definition 2.1] or,
equivalently, if X is endowed with a vector bundle V of rank n, whose associated frame bundle
U — X has quasi-affine total space. Such a stack has affine diagonal, and at each point z of X,
the stabilizer group Aut(z) is affine and acts faithfully on V,. But not every algebraic stack with
affine diagonal is basic. For example, the G,,-gerbe associated with a non-torsion element of the
cohomological Brauer group is not a global quotient stack.

It is a classical result by Thomason that a noetherian basic stack X satisfies the resolution
property [Tho87]. The converse was proven by Totaro under the hypothesis that X is a normal
noetherian algebraic stack and that the stabilizer groups are affine at closed points [Tot04,
Theorem 1.1]. He observed that a careful polynomial combination of enough locally free sheaves
produces a locally free sheaf whose associated frame bundle is eventually representable by a quasi-
affine scheme.
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P. Gross

The goal of this paper is to prove the equivalence of the resolution property and being basic
in large generality, by removing the normality and noetherian assumption.

Moreover, we show that for a basic stack X, the distinguished vector bundle V is a tensor
generator in the sense that it generates “enough” locally free sheaves by the process of taking
direct sums, duals, tensor products and certain locally split subsheaves. This generalizes the
well-known fact that linear representations of algebraic group schemes can be reconstructed
from a faithful representation.

In more detail, the main result is the following.

THEOREM 1.1. Let X be a quasi-compact and quasi-separated algebraic stack (over Z). Then
the following are equivalent:

(i) The stack X has affine stabilizer groups at closed points and satisfies the resolution property.

(ii) The stack X has affine stabilizer groups at closed points and admits a tensor generator V
of rank n: every quasi-coherent sheaf F of finite type is a quotient of a subsheaf G C P(V, V")
for some polynomial P € N[r,s] such that G is a direct summand when restricted to the frame
bundle Zsomyx (O%, V).

(iii) The stack X is basic, that is, X = [U/GL,|, where U is a quasi-affine scheme with an
action of GL,, for some n > 0. In particular, X has affine diagonal.

Moreover, if V is a tensor generator, then U in part (iii) can be taken as the total space of the
frame bundle associated with V and vice versa. Also, if V has linearly reductive structure group
(for example, if' V is a direct sum of line bundles or if X is of characteristic zero), then in part (ii),
the sheaf F is a quotient of some P(V,VV).

As an application of the linearly reductive case, we derive that an algebraic stack X has
a generating family of invertible sheaves and affine stabilizer groups if and only if X = [U/G]]
for some quasi-affine scheme U (Corollary 6.7). This was proven by Hausen for integral schemes
of finite type over an algebraically closed field [Hau02, Theorem 1].

Note that when n = 0, the theorem implies that an algebraic stack X with affine stabilizers
at closed points is representable by a quasi-affine scheme if and only if every quasi-coherent sheaf
is globally generated. On the other hand, if X = B GL, and V corresponds to the standard
representation of GL,, we recover the fact that every linear representation is a subquotient of
a polynomial expression in V and VV. The general case follows by constructing a quasi-affine
morphism X — B GL,,.

In the process of verifying the aforementioned representability criterion, we prove that the
AF-property (that is, every finite set of points admits an affine open neighborhood, also known
as the Chevalley—Kleiman property) descends along finite surjections in the category of algebraic
spaces.

THEOREM 1.2. Let X be a quasi-compact and quasi-separated algebraic space, and let f: Y — X
be a finite surjective morphism of algebraic spaces. Then X is an AF-scheme if and only if Y is
an AF-scheme.

Kolldr also independently proved this in the excellent case [Kol12, Corollary 48], so our result
is just a mild generalization.

This article is largely based on my thesis from 2010. The recent improvements of approxi-
mating general algebraic stacks [Ryd15] made it possible to remove many technical assumptions.

502



TENSOR GENERATORS ON SCHEMES AND STACKS

Outline

In Section 2, we define relatively generating families of finitely presented quasi-coherent sheaves
with respect to a morphism of algebraic stacks and give a thorough discussion of the basic
permanence properties (Proposition 2.8).

Section 3 deals with pinching AF-schemes, and there we prove Theorem 1.2 and generaliza-
tions thereof.

We characterize, in Section 4, quasi-affine morphisms in terms of the counit f*f.F — F.
The proof involves several reduction steps from algebraic stacks and algebraic spaces to the
well-known case of schemes.

Section 5 deals with relatively generating families of vector bundles. The results enable us
to treat the resolution property for morphisms X — Y of algebraic stacks. For the reader’s
convenience, we recall the main classes of algebraic stacks where the resolution property is known
to be true.

Finally, in Section 6, we give the proof of Theorem 1.1.

Conventions and notation

For algebraic stacks, we follow the conventions in [LMO00] except that we do not require that the
diagonal of an algebraic stack is separated, following [SP15]. All our stacks will however be quasi-
separated, that is, have quasi-compact and quasi-separated diagonal. A scheme is quasi-affine if
it is quasi-compact and isomorphic to an open subscheme of an affine scheme. A morphism of
schemes X — Y is quasi-affine if Y is covered by affine open subschemes whose inverse images
are quasi-affine. A morphism of algebraic stacks X — Y is quasi-affine if there exists a smooth
covering Y/ — Y by a scheme Y’ such that the base change X’ := X xy Y’ — Y is representable
by a quasi-affine morphism of schemes. A vector bundle is a locally free sheaf of finite type,
equivalently a flat and finitely presented quasi-coherent sheaf.

2. Quasi-coherent generators

In this preliminary section, we define generating families of finitely presented quasi-coherent
sheaves, extend the definition to the relative case and show the usual permanence properties. In
forthcoming sections, we restrict entirely to the case of locally free sheaves, but for the sake of
completeness we treat the general case here.

DEFINITION 2.1. A family of quasi-coherent Ox-modules (G;);cs is a generating family for X if
it is a family of finitely presented generators in the category of all quasi-coherent Ox-modules
QCoh(X). That is, for every quasi-coherent Ox-module M there exists a surjection €, ; gi@ i
M, where n; € N.

—»

Remark 2.2. The existence of such a family is equivalent to the so-called completeness property,
which says that every quasi-coherent sheaf is the direct limit of finitely presented ones or, in
other words, that QCoh(X) is compactly generated. This is known to hold for a vast class
of algebraic stacks, including (pseudo-)noetherian and quasi-compact stacks with quasi-finite
diagonal [Ryd15, 4.1].

For schemes, a generating family can be given by a suitable family of ideal sheaves, as seen
in the following example.
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EXAMPLE 2.3 ([SV04, Proposition 2.2]). Suppose that X is a noetherian scheme. Let Z;,...,Z,, C
Ox be a family of ideal sheaves such that (X —V(Z;))1<i<n is an affine open covering. Then the
family of all powers (Z}) jen, 1<i<n 1S generating for X. If we put G := @, Z;, then (Sym*(G)) ken
is also a generating family.

The definition of a generating family extends to the relative case analogously to relatively
ample invertible sheaves. In order to make this precise, we provide a formulation in terms of an
adjoint pair of functors.

DEFINITION 2.4. Let f: X — Y be a quasi-compact and quasi-separated morphism of algebraic
stacks, and let Gr = (G;)ier be a family of finitely presented Ox-modules. We define an adjoint
pair of functors (fg,*, fg,,) by

foi*: QCoh(Y)' = QCoh(X), (Ni)ier = @D Gi @0y f*N:,
i€l
far.: QCoh(X) — QCoh(Y)", M — (fHomo, (Gi, M))ier -
Note that Homo, (Gi, M) is quasi-coherent because G; is of finite presentation. Using the adjunc-

tions (f*, f«) and (G; ® -, Homo, (G;, -)) for i € I, it is straightforward to check that (fg,”, fg,,)
is indeed an adjoint pair.

Remark 2.5. For an algebraic stack X that possesses a coarse moduli space Xg, the case of
singleton families that are generating with respect to the natural morphism 7: X — X, was
studied in [OS03, Section 5].

We present three equivalent ways of constructing relative resolutions.

LEMMA 2.6. Let f: X — Y be a quasi-compact and quasi-separated morphism of algebraic
stacks, and let Gr = (G;)ier be a family of finitely presented quasi-coherent Ox-modules. Then
the following properties are equivalent:

(i) Every quasi-coherent Ox-module M admits a surjection
e N > M
i€l
for some family of quasi-coherent Oy -modules (N;);e;-

(ii) The counit €: fg," fg,, = idqcon(x) evaluated at any quasi-coherent Ox-module M is
a surjective map
e(M): @ Gi ©oy f* fHomoy (Gi, M) - M.
el
(iii) The functor fg,, is faithful: for every non-zero morphism M; — My in QCoh(X) there
exists an ¢ € I such that the map

fsHom(G;, My) — fuHom(G;, M3)
iS non-zero.

Proof. Clearly, property (ii) implies property (i), and the converse holds because, by adjunction,
every map ¢: fg,*((Ni)ier) — M factors over the counit € by fg,*(¢”), where ©”: (N;)ier —
fg;,(M) is the adjoint of . The equivalence (ii) < (iii) is a formal consequence of adjunction
(see [Par70, Section 2.12, Proposition 3]). O
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TENSOR GENERATORS ON SCHEMES AND STACKS

DEFINITION 2.7. Let f: X — Y be a morphism of algebraic stacks. A family of quasi-coherent
Ox-modules Gr = (Gi)ier is f-generating if f is quasi-compact and quasi-separated, each G; is
finitely presented and the equivalent conditions in Lemma 2.6 hold. If Y is affine, the definition
is the same as in the absolute case (see Definition 2.1). We call the family G; universally f-
generating if for every morphism of algebraic stacks Y/ — Y the family of restricted sheaves
Grlxxyy’ = (Gilxxyv")icr is generating for the base change fy : X’ — Y.

We begin with the usual sorites for (universally) generating families with respect to mor-
phisms.

PROPOSITION 2.8. Let S be an algebraic stack, let f: X — Y be a morphism of algebraic
S-stacks, and let Gr = (G;)icr be a family of quasi-coherent O x-modules.

(i) The family Gy is (universally) f-generating if and only if Gy is (universally) f’-generating
for every 2-isomorphic morphism f': X — Y.

(ii) The singleton family Ox is universally f-generating if f is quasi-affine (for instance, if f is
an affine, finite or quasi-finite representable separated morphism, a finite-type monomorphism,
a quasi-compact open immersion or a closed immersion).

(iii) (fpgc-local on the target) Let (S, — S) be an fpqc-covering family (or a faithfully flat
family, f is quasi-compact and quasi-separated, and each G; is finitely presented). If the restricted
family gI|X(sa) is generating for f(s,y: X(s,) = Y(s,) and each a € A, then Gy Is f-generating.

(iv) (Base change) Let S” — S be a morphism of algebraic stacks such that S has quasi-affine
diagonal. If Gy is f-generating, then the restricted family G| Xg, IS generating for fisn: X(sry —
Yis))-

(v) (Composition) Let g: Y — Z be a morphism of algebraic S-stacks, and let £; = (&;)jer
be a family of quasi-coherent Oy-modules. If Gy is (universally) f-generating and if £; is (uni-
versally) g-generating, then the family

G1 @ [ :=(Gi ® [7E) i jerxs

is (universally) generating for g o f.

(vi) (Left-cancellation property) Suppose that g is quasi-separated (respectively, A, is quasi-
affine). If Gy is go f-generating (respectively, universally go f-generating), then Gy is f-generating
(respectively, universally f-generating).

(vii) (Products) Let fo: Xo — Yy for a = 1,2 be morphisms of algebraic S-stacks, and denote
by po: X1 x5 X9 — X, the projections. If g}j) for a = 1,2 are universally f.-generating families
on X,, then the family

(1) 2 ._ (1) (2)
gIl ‘Z’S g12 = (prfg“ X pr;gi2 )(il,i2)611><[2
is universally generating for fi Xg fo: X1 xg Xo — Y1 Xg Ya.

(viii) (Reduction) If Gy is (universally) f-generating, then the restricted family Gr|x,., is (uni-
versally) generating for freq: Xred — Yred-

Remark 2.9. Let P be a property of finitely presented sheaves which is local and satisfies fpqc-
descent (for example, “locally free”). Then the permanence properties shown in Proposition 2.8
carry over to (universally) relatively generating families of finitely presented sheaves satisfying
P mutatis mutandis.
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Proof of Proposition 2.8.

(i) The universal case reduces to the non-universal case, which follows from Lemma 2.6(iii)
because faithfulness of a functor is preserved and reflected under 2-isomorphisms.

(iii) We may assume S =Y by restricting the faithfully flat covering (S, — S) along Y — S.
Given a faithfully flat covering u,,: Y, — Y, consider for each « the induced 2-cartesian square

XQL>X

fai O lf
Y, Y.

Let ¢ € I be given. By assumption, f, is quasi-compact and quasi-separated, and each v}G; is
finitely presented. Then f is quasi-compact and quasi-separated and G; is finitely presented by
fpqce descent (or by assumption). Thus the following diagram consists of well-defined functors:

QCoh(X) 2> QCoh(X.)
Homoxighdl iHOmoXa@m*QmJ

QCoh(X) 2> QCoh(X.)

| |5

QCoh(Y) —“*"~ QCoh(Y,).

The upper square is 2-commutative since G; and v,*G; are of finite presentation and v,* commutes
with the internal homomorphisms by flatness. The lower square is 2-commutative by flat base
change [LMOO, Proposition 13.1.9]. Thus, the whole diagram is 2-commutative. The assertion
follows now by a simple diagram chase: Since (v,) is a faithfully flat covering family for X, the
induced pullback functor v4: QCoh(X) — [], QCoh(X,) given by M = v,*(M) is faithful.
Similarly, we get a faithful functor us: QCoh(Y) — [], QCoh(Y,). For each a let v,*Gr be
the family of restricted sheaves (v,*G; | i € I), which is generating for f, by hypothesis. Thus,
(fo)vargr),: QCoh(X,) — QCoh(Yy)! is faithful for each a. We conclude that the composition

*G ~ I
QCoh(X) 4 J[ QCoh(Xa) M [[QCon(va)" = (H QCoh(Ya)>

« «

is faithful, and so this holds for the 2-isomorphic functor

far,

*\ I I
QCoh(X) 22 QCoh(y)! 1472, <H QCoh(Ya)> .

By the left-cancellation property for faithful functors, we conclude that fg,, is faithful, too.
Thus Gy is f-generating.

(ii) As the property “quasi-affine” is stable under arbitrary base change, it suffices to show
that Ox is f-generating. By hypothesis, there is a smooth covering Y/ — Y by a scheme Y’
such that the base change f’: X’ := X xy Y’ — Y’ is quasi-affine. Thus, Ox is f’-ample
[GD61, Proposition 5.1.2], hence f’-generating. So by statement (iii), we conclude that Oy is
f-generating.

(v) It suffices to treat the non-universal case by replacing go f: X — Y — Z for a given
Z'" — Z with the base change ¢’ o f': X’ — Y’ — Z’' and using the isomorphisms (G; ®0,
[ E)x =~ Gilx ®oy, Ejlys for all (i,5) € I x J. By assumption, f and g are quasi-compact
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and quasi-separated, so the same holds for g o f. Let (i,7) € I x J be given. Since G; and &; are
of finite presentation, so is G; ® f*&;. Then we get a diagram of well-defined functors:

QCoh(X) —2C) _ Coh(X) —L~ QCoh(Y)
. xo o \LHOm(f*SJ,) ilHom(EJ,)
(gof) 1o
P T QCoh(Z) .

The upper-left triangle is 2-commutative by adjunction of G; ® - and Homop, (G, -) in QCoh(X).
The lower triangle is 2-commutative by definition. The square is 2-commutative since it cor-
responds by adjunction to the isomorphism f*(&; ®o, ) ~ f*&; ®o, f*(-). Thus, the whole
diagram is 2-commutative. It follows that the composition

(9e, )"
INSCASEN (

(g,.)" © fg,.: QCoh(X) L% QCoh(Y)! QCoh(2)”)" Z QCoh(2)™*”

is 2-isomorphic to the functor

((go fgyere,),: QCoh(X) — QCoh(Z)™.
By hypothesis, fg,, and gg,, are faithful. Then the constant functor (ge J*)I is faithful and so is

the composition (ggJ*)I o fg;. ~ ((90 f)g,of+€,),, as required.

(vi) Let us first prove the non-universal case. By assumption, Gy is a family of finitely pre-
sented O x-modules. Since g o f is quasi-compact and quasi-separated, it follows that f is quasi-
compact and quasi-separated since A, is so by assumption. Now, consider diagram (2.1) with
the singleton family & = Oy. Since we do not assume that g is quasi-compact, the functor
g«: QCoh(Y) — QCoh(Z) does not make sense, but g.: QCoh(Y) — Mod(Z) does. Thus,
we replace QCoh(Z) with Mod(Z), so that the lower triangle is again well defined. As above,
a diagram chase shows us that

(g+)" © fg,,: QCoh(X) — QCoh(Y)! — Mod(Z)"
is 2-isomorphic to
i’ o (go flg,,: QCoh(X) — QCoh(Z)! — Mod(Z)".

By hypothesis, (g o f)g,, is faithful. Also, the constant functor i’ is faithful. Thus, (g.)! o fg,,,
a fortiori the factor fg,,, is faithful, as asserted.

For the universal case, we use the standard argument that f factors up to 2-isomorphism as
the composition of the upper horizontal morphisms of the following two 2-cartesian squares:

I
X xx,7 Xxy,V 1oy
lf O ifxl J{P O lg
A o
Y -2V X, Y x— . 7

By hypothesis, A, and hence I'; are quasi-affine. Thus, Ox is universally I';-generating by
statement (ii). Since Gy is universally g o f-generating by assumption, p*Gy is universally ¢-
generating. So by applying statement (v) to f = g oIy, we conclude that {Ox} ® I't*(p*Gr)
is universally f-generating. But in light of the identity p o I'y = idy, this means that Gy is
universally f-generating.
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(iv) Choose a smooth covering family S/, — S’ of affine scheme S/,. Then each composition
S/ — S — S is a quasi-affine morphism because Ag/z is quasi-affine. Then the base changes
Yis») = Y and X(51) — X are quasi-affine, too, so that OY(S’) and OX(s are relatively

o)
(S&)
for the composition X gy — X — Y by statement (v), a fortiori for the 2-isomorphic morphism
Xsry = Y(sr) = Y and hence for X(g/) — Y(g,) by statement (vi) because Y{g) — Y has
quasi-affine diagonal. Then statement (iii) implies that Gr|(g) is f(s/)-generating.

generating by statement (ii). It follows that the family of restricted sheaves Gr|x _, . is generating

(vii) The product morphism f; xg fa is the decomposition of the upper horizontal morphisms
of the following 2-cartesian squares, where p., q., 7o denote the projections on the ath factor:

f1,id idy; , f:
X1 x5 Xo Wldxa) Y] xg Xo Y] x5 Xo (dn f2) Y1 xg Yo
lpl . lql iqz . i
X I Vi, X, - Y.

Then the family pl*gg) is universally (f1,1dx,)-generating and the family qg*gg) is universally

(idy;, f2)-generating. Hence pl*g§11) ® ( fl,idxz)*(qg*gg) ) is universally fi Xg fo-generating by
statement (v). But due to gz 0 (f1,idx,) ~ p2, we can identify the right factor of the latter tensor
product with the family pg*gg). This proves the assertion.

(viii) The morphisms f and fieq fit in a 2-commutative square, where the horizontal mor-
phisms are closed immersions:

Xred =X

o

S/redL)Y'

Since Oy, , is universally v-generating and u has quasi-affine diagonal, the assertion is a conse-
quence of statement (v) applied to f ov and statement (vi) applied to © o fieq. O

COROLLARY 2.10. Let f: X — Y be a quasi-compact and quasi-separated morphism of algebraic
stacks. If Y has quasi-affine diagonal, then every f-generating family is universally f-generating.

Remark 2.11. For families of quasi-coherent sheaves on algebraic stacks without quasi-affine
diagonal, the properties “universally generating” and “generating” do not coincide. For a quasi-
separated morphism f: X — Y, the structure sheaf Ox is generating for Ay: X — X xy X, as
we see by applying Proposition 2.8(vi) to the factorization idx = pry o Ay. However, Ox is not
necessarily universally A ;-generating. To give a counterexample, let A 5 Speck be an abelian
scheme of positive dimension. Then the trivial torsor p: Speck — BA induces a 2-cartesian
square

A BA

s O A
Speck "L BA %, BA.
Although Opy4 is A-generating, Q4 is not m-generating (equivalently, m-ample) since A is not
quasi-affine. Hence, Op 4 is not universally A-generating.

As expected, the property “universally generating” can be tested over affine schemes.
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PROPOSITION 2.12. Let f: X — Y be a morphism of algebraic stacks, and let G; = (G;)ic1 be
a family of quasi-coherent Ox-modules. Then the following properties are equivalent:

(i) The family Gy is universally f-generating.

(ii) For every morphism Spec A — Y, the family of restricted sheaves Gr|x, Is generating
for X 4.

(iii) There exists an fpqc-covering family (Y, — Y) of algebraic stacks Y, with quasi-affine
diagonal such that each restricted family Gi|y, ) is generating for X(y,) — Ya.

Proof. The implications (i) = (ii) = (iii) are trivial. For (iii) = (i) note that for each «, the
restriction G|y, ) is universally generating for Xy, ) — Y, by Corollary 2.10, since Y,, has quasi-
affine diagonal. Therefore Gy is universally f-generating by fpqc descent (Proposition 2.8(iii)). [

The following establishes descent of the completeness property along finite, flat, finitely pre-
sented surjections. It seems that this was known before only for étale maps [Tho87].

ProprosITION 2.13. Let f: X — Y be a finite, faithfully flat and finitely presented morphism,
and let g: Y — Z be a quasi-compact and quasi-separated morphism of algebraic stacks. If Gy
is a (universally) g o f-generating family of O x-modules, then the family of Oy-modules f.G; =
(f+Gi)ier is (universally) g-generating.

Proof. It suffices to treat the non-universal case by applying an appropriate base change. So let
us assume that Gy is a g o f-generating family of Ox-modules. Now, we invoke Grothendieck
duality for finite morphisms. Recall that f, preserves finitely presented sheaves because f is
finite and locally free, and that f, has a right adjoint f' defined by f.f'(:) = Homo, (f:Ox,-).
Then the adjunction formula f,Home, (-, f'(:)) = Home, (f«(-),-) implies that for each i € I,
we have g, o Homo,, (f+Gi, ) =~ g« o froHomop, (Gi,-)o f! as isomorphism of functors QCoh(Y') —
QCoh(Z). Using Proposition 2.6(iii), one can see that f, maps g o f-generating families to g-
generating families if f' is faithful. The latter is equivalent to the property that the counit
f«f (M) — M is surjective for every quasi-coherent Oy-module M. By applying Homo, (-, M)
to the canonical map ¢r: Oy — f,Ox, we see that this happens precisely if ¢ is an fppf-locally
split monomorphism of quasi-coherent Oy-modules. The latter is true since f is faithfully flat
because ¢ is a map of Oy-algebras. O

We do not know a general descent method for non-finite flat affine coverings. The main
obstacle is that the pushforward of a finitely presented quasi-coherent sheaf is no longer finitely
presented. The following technical lemma is a reminiscence of this approach and will be helpful
to construct generating families on low-dimensional stacks.

LEMMA 2.14. Let f: Y — X be an affine and faithfully flat morphism of algebraic stacks such
that Y is quasi-affine. Then every quasi-coherent O x-module M is a quotient of a quasi-coherent
Ox-submodule N C f*Og,I) for some set 1.

Proof. First, we may identify M with a subsheaf of f,f*M via the unit §: M — f, f*M, which
is injective since f is faithfully flat. As Y is quasi-affine, we can pick a surjection Og,l ) frM.
Then the pushforward : f*(’)g/l ) f«f*M is surjective since f is affine. It follows that the
preimage A := 1)~ }(M) has the desired properties. O

COROLLARY 2.15. Let X be a reduced quasi-compact algebraic stack with affine diagonal. Then
every quasi-coherent sheaf is a quotient of a torsion-free quasi-coherent sheaf.
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3. Pinching schemes

Recall that every quasi-compact algebraic space X is finitely parametrized by a scheme, which
means that it admits a finite and finitely presented surjection f: Z — X from a scheme Z (see
[LMO00, Théoreme 16.6] for the noetherian case and [Ryd15, Theorem B] for the general case).
In this section, we show that if every fiber of f is contained in an affine open subset, then X is
representable by a scheme.

DEFINITION 3.1. An algebraic space X is an AF-scheme (or satisfies the Chevalley—Kleiman
property) if the following condition is satisfied:

(AF) Every finite set of points z1,...,x, € | X|is contained in a Zariski-open neighborhood that
is representable by an affine scheme.

Remark 3.2. (i) Every AF-scheme is separated. This follows from the valuative criterion of sep-
aratedness.

(ii) Every AF-scheme with finitely many points is affine.

(iii) Every normal AF-scheme of finite type over a field is quasi-projective [Benl3, Corollary 2
and Theorem 9].

(iv) If f: Y — X is a representable morphism of algebraic spaces such that Y admits a relatively
ample invertible sheaf and X is an AF-scheme, then Y is an AF-scheme. In particular, this holds
if f is affine or quasi-affine.

The main result of this section is to prove that the AF property descends along morphisms
that are separated, surjective, universally closed and have finite topological fibers. It is a stronger
variant of Theorem 1.2.

THEOREM 3.3. Let f: Y — X be a morphism of algebraic spaces that is separated, surjective,
universally closed and has finite topological fibers, that is, the topological space |f~!(x)| is finite
for every x € X (discrete or not). Then X is an AF-scheme if and only if Y is an AF-scheme.

As Rydh pointed out, f is integral by the following lemma. In particular, f has discrete fibers.

LEMMA 3.4. Let f: Y — X be a universally closed and separated morphism of algebraic spaces.
If the topological fibers of f are finite, then f is integral.

Proof. Note that f is representable and quasi-compact because the fibers are quasi-compact
and f is closed. By applying [Ryd15, Theorem 8.3], we see that the morphism f factors as an
integral and surjective morphism Y — Yj followed by a proper morphism Yy — X. Since Y — X
has finite fibers, so has Yy — X. It follows that Yy — X is finite (Zariski’s main theorem). Hence
Y — X is integral. O

A key step of the proof of Theorem 3.3 is the verification of the following global representabil-
ity criterion.

ProposiTION 3.5. Let Z — X be an integral surjective morphism of algebraic spaces. If Z
is a quasi-compact and quasi-separated scheme that admits an ample invertible sheaf, then X
is representable by a quasi-compact and separated AF-scheme. If X is noetherian and normal,
then X admits an ample invertible sheaf.
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Remark 3.6. The result is well known if X is a noetherian normal scheme, as we see using
the norm map [GD61, Corollary 6.6.2], or if f is flat, finite and finitely presented, or if f is a
quotient map Z — Z/G of a geometric quotient by a finite group. If Z is affine, then X is affine
by Chevalley’s theorem on affineness ([Ryd15, Theorem 8.1], or [Knu71] in the noetherian case).
If Z is quasi-affine, then X is not necessarily quasi-affine [SP15, Tag 0271].

Proof of Proposition 3.5. Let us call X finitely parametrized if there exists such a finite surjective
morphism p: Z — X from a scheme with an ample line bundle. We frequently use that this
property ascends along finite maps X’ — X. Note that X is quasi-compact since Z is quasi-
compact and p is surjective; it is separated because Z is separated and p: Z — X is universally
closed.

Step 1: Reduction to the case that p is finite and finitely presented. The algebraic space Z
is the filtered projective limit @A Zy of integral and finitely presented (hence finite) algebraic
X-spaces Zy with affine bonding maps Zy — Z,, because X is pseudo-noetherian [Ryd15, Theo-
rem A]. Then for sufficiently large A, each Z) is a quasi-compact and separated scheme [Ryd15,
Theorem C(iii)]. For even larger A, every ample sheaf £ on Z descends to a compatible family
of ample sheaves £y on Z,. This is stated in [TT90, Proposition C.8] in case that the base X is
an affine scheme, but the proof also applies in the general case since the property “affine” can
be approximated over an arbitrary quasi-compact algebraic stack [Ryd15, Theorem C(i)]. So we
may assume that f is finite and finitely presented by replacing p with Z), — X.

Step 2: Noetherian and normal case. The algebraic space X is a geometric quotient of a
noetherian normal scheme X’ by a finite group G [LMO00, Corollaire 16.6.2]. It follows that X’
is finitely parametrized: Since X’ — X is finite, the pullback pr;: Z' := Z x x X' — Z is finite,
so that Z' admits an ample line bundle £’ by hypothesis on Z. Since pry: Z' — X' is finite and
surjective, £ := Nz /x/(L') is an ample Ox/-module [GD61, Corollary 6.6.2], so that X’ is an
AF-scheme [GD61, Corollary 4.5.4]. Then it is well known that the geometric quotient X = X'/G
is representable by an AF-scheme and that Nx/,x(£) is an ample Ox-module.

Step 3: Final step. By approximating X and p, we may assume that X is of finite type
over Z (the reduction step in the proof of Chevalley’s theorem [Ryd15, Theorem 8.1] applies
literally). In particular, X is noetherian and Nagata [SP15, Tag 0BAV]. If X,¢q is an AF-scheme,
then X is an AF-scheme as a consequence of Chevalley’s theorem. Therefore we may assume
that X is reduced since X,q is finitely parametrized. The normalization f: X’ — X is finite
since X is Nagata, hence X’ is normal, noetherian and finitely parametrized. By step 2 we know
that X’ is representable by an AF-scheme. Let i: Y C X be the closed subspace defined by the
ideal Anncoker(Ox — f.Ox/),seti':Y' =Y xx X' € X' and g := fly:: Y — Y. Then X is
the pushout of 7 and ¢ in the category of algebraic spaces because f has schematically dense
image (see Lemma 3.7 below). Since Y C X is a proper subspace that is finitely parametrized, by
noetherian induction we may assume that Y, and hence Y’, are AF-schemes. Thus, the pushout
Xo := X' Uy Y exists already in the category of ringed spaces and is an AF-scheme since X’
and Y are AF-schemes [Fer03, Theorem 5.4].

We claim that X = Xj, and since X is the pushout in the category of algebraic spaces, it
is enough to prove that X is a scheme. Let fo: X’ — X be the quotient map, which is finite,
surjective and schematically dominant. Then by the universal property, it factors as fo = ho f
for some map of algebraic spaces h: X — Xjy. In order to see that X is a scheme, we may
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assume that X is affine by taking a Zariski covering of affine open subschemes of Xy. Then X’
is affine because fj is affine. Consequently, X is affine by Chevalley’s theorem since f is finite
and surjective, proving the assertion. ]

The following preparatory lemma is folklore but stated for lack of reference.

LEMMA 3.7. Given a morphism of algebraic spaces f: X' — X, the closed immersion i: Y «— X
defined by the conductor ideal Anng, coker(Ox — f.Ox:) and the preimage Y’ := f~Y(Y) with
closed immersion i': Y < X' and restriction g = f|y+: Y’ — Y give rise to a cartesian square:

Y/ L) X/

y s X.
If f is finite and schematically dominant (that is, Ox — f«Ox: Is injective), then the square is
cocartesian in the category of algebraic spaces.

Proof. In the case that X and hence X', Y, Y’ are affine schemes, the conductor square is co-
cartesian in the category of algebraic spaces ([Fer03, §1.1] and [CLO12, proof of Theorem 2.2.2]).
It follows that for every étale covering u: U — X with U affine, one recovers U as the pushout
of gu: Y/, = Yy and ij;: Y, — X|.

In order to see that the square is cocartesian, let h: X’ — T, j: Y — T be given morphisms
satisfying hi’ = jg. We have to construct a unique map t: X — T with tf = h and ti = j.
Suppose that there are two maps t1,to: X — T satisfying this condition. Then tju = tou by the
uniqueness of the former case, hence t; = to since Hom(-,T') is a separated presheaf. This shows
uniqueness. Regarding the existence, observe that X, — T and Y/, — T factor over a unique
map t': U — T. It gives rise to two morphisms ' opr,: U xx U — U — T for a« = 1,2, and both
satisfy the compatibility condition after restricting (3.1) along the étale covering U xx U — X.
So by uniqueness, we infer ¢’ opr; =t/ o pry. Since Hom(-, T) is a sheaf, there isamap t: X — T
with tu = t’. The condition ¢f = h (respectively, ti = j) is local over X’ (respectively, Y'), hence
follows by restricting (3.1) along wu. O

COROLLARY 3.8. Let f: Y — X be an integral surjective morphism of algebraic spaces. A finite
set of points P C |X| is contained in an affine open subspace if and only if f~1(P) C |Y| is
contained in an affine open subspace.

Proof. The condition is clearly necessary since f is affine. Conversely, suppose that V C Y is an
affine Zariski-open neighborhood of f~!(P). Since f is closed, the set U = X — f(Y — V) is an
open neighborhood of P such that f~'(P) ¢ f~1(U) C V. Using that P is quasi-compact, we
may replace U with a quasi-compact open subset. Then f~!(U) is quasi-compact too and hence
a quasi-affine open subscheme of V. Then U is representable by an AF-scheme by Proposition 3.5.
Since P C U and P is finite, we conclude that there exists an affine open subset W with
PcWwcU. O

Proof of Theorems 3.3 and 1.2. By Lemma 3.4, the morphism f is integral, hence affine. Thus,
if X is an AF-scheme, then so is Y. Conversely, if Y is an AF-scheme, then by Corollary 3.8, the
scheme X must be an AF-scheme, too. ]
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4. Global generation of sheaves and quasi-affineness

In this section, we show that for a quasi-compact and quasi-separated algebraic stack X with
affine stabilizer groups, the condition that every quasi-coherent sheaf is globally generated implies
that X is a quasi-affine scheme. This is well known if X is a quasi-compact and quasi-separated
scheme [GD64, 1.7.16].

PROPOSITION 4.1. Let f: X — Y be a quasi-compact and quasi-separated morphism of algebraic
stacks. Then f is quasi-affine if and only if the following conditions are satisfied:

(i) The structure sheaf Ox is universally f-generating.

(i) The morphism f has affine relative stabilizer groups at geometric points; that is, the geo-
metric fibers of the relative inertia Iy — X are affine (equivalently, quasi-affine). This holds, for
instance, if f has quasi-affine diagonal (for example, if Ay is quasi-finite and separated).

Proof. The conditions are necessary by Proposition 2.8(ii), so let us verify the sufficiency. Both
assumptions (i) and (ii) are stable under base change, and the assertion is local over Y. Therefore,
we may assume that Y = Spec(A) is affine and that X is quasi-compact and quasi-separated, by
replacing Y with an appropriate smooth covering.

First, we verify that X is representable. It suffices to show that f has representable geometric
fibers or, equivalently, that the inertia stack Ix — X is an isomorphism at geometric points.
Since the latter is locally of finite type, the condition implies that it is a monomorphism by
[Ryd15, Lemma A.1(ii)]. But since Ix — X has a section, it must be an isomorphism and we
have that f is representable. Therefore, we may assume that Y is the spectrum of an algebraically
closed field, by applying base change with a given point.

Now, we have to show that for every point x: Speck — X, the stabilizer group G, is trivial.
It is an affine (algebraic) group scheme by condition (ii). Let £ € | X| be the point induced by .
If ': Speck’ — X denotes another representative, then G,» and G, are isomorphic over some
common field extension. Thus, if G, is trivial, then so is G, by fpqc-descent, showing that it
suffices to find some representative of & with trivial stabilizer group.

Since £ € | X| is algebraic [Ryd11, Theorem B.2], there exists a representative x: Speck — X
that factors over the residual gerbe G¢ by an epimorphism Z: Speck — G, followed by a quasi-
affine monomorphism G¢ < X. The gerbe G¢ is an algebraic stack of finite type over the residue
field k(&), which is the sheafification of G¢. It follows that there exists a finite field extension
k(&) C L such that Ge ®pe) L ~ BG4, where G, — Spec L is the stabilizer group at the induced
representative #’: Spec L — G¢ < X of £&. The upshot is that the composition BG, — G — X
is a quasi-affine map, so that Opg , is relatively generating. Since Ox is generating for X,
we conclude that Opg_, is an absolute generator for BG,s by Proposition 2.8(v). But then
G — Spec L is the trivial algebraic L-group scheme because every linear representation is
generated by the trivial representation. Therefore, X is representable by an algebraic space.

We now return to the situation where ¥ = Spec(A) is affine, not necessarily with A an
algebraically closed field. In order to see that X is a quasi-affine scheme, take a finite, finitely
presented and surjective morphism p: Z — X for some scheme Z [Ryd15, Theorem B]. Since p
is quasi-affine, Oz = p*Ox is generating for Z, so that Z is quasi-affine [GD64, 1.7.16]. But
then X must be a scheme by Theorem 3.3. By the former argument, we conclude that X is
quasi-affine. ]

Remark 4.2. In the case that f is representable and Y has quasi-affine diagonal, Proposition 4.1
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was proven in [AE12, Proposition 6.2] by different methods. If X is noetherian and normal, it
can be deduced from the proof of Totaro’s theorem [Tot04, Theorem 1.1].

COROLLARY 4.3. A morphism of algebraic stacks f: X — Y has quasi-affine diagonal Ay if and
only if Ox is universally A ;-generating.

COROLLARY 4.4. A morphism of algebraic stacks f: X — Y is quasi-affine if and only if Ox is
universally generating for f and Ay.

5. The resolution property

In this section, we define the resolution property of a morphism in terms of locally free generating
sheaves and recall the example classes where it is known to hold. From now on, we implicitly
assume that every vector bundle (or locally free Ox-module) has constant rank.

DEFINITION 5.1. An algebraic stack X has the resolution property if X is quasi-compact and
quasi-separated and if there exists a generating family of locally free Ox-modules. We say that
amorphism f: X — Y of algebraic stacks has the resolution property, or that X has the resolution
property over Y (relative to f), if f is quasi-compact and quasi-separated and if there exists
a universally f-generating family of locally free Ox-modules (see Definition 2.7).

Remark 5.2. For a noetherian algebraic stack this definition is equivalent to Totaro’s [Tot04],
which says that X has the resolution property if and only if every coherent sheaf is a quotient
of a coherent locally free sheaf, by taking the family of all vector bundles (up to isomorphism)
because X has the completeness property (cf. Remark 2.2).

Let us give the usual sorites for this class of morphisms.

PROPOSITION 5.3. (i) Every affine, finite or quasi-finite representable separated morphism,
finite-type monomorphism, quasi-compact immersion or more generally quasi-affine morphism
has the resolution property.

(ii) Let Y/ — 'Y be a morphism. If a morphism f: X — Y has the resolution property, then
so has the base change f': X' — Y.

(iii) Let f: X — Y be a morphism, and let Y — Y be an fpqc morphism. If the base change
'+ X' = Y’ has the resolution property given by a family of locally free Ox/-modules G} =

(G))ier endowed with a descent datum relative to X' — X (that is, isomorphisms o;: pr,*G, —
pry*G! for each i € I, where pr,: X' xx X' — X, that satisfy the cocycle condition over
X' xx X' xx X'), then f has the resolution property and there is a universally f-generating
family Gr = (G;)ier such that G;|x+ ~ G/ for each i € I.

(iv) If two morphisms f: X, — Y, for a« = 1,2 over an algebraic stack S have the resolution
property, then so has f xg g: X1 xg Xo — Y1 Xg Y5.

(v) If f: X =Y and g: Y — Z have the resolution property, then so has go f.

(vi) Suppose that A, is quasi-affine. If g o f has the resolution property, then so has f.

(vil) Suppose that f is finite, faithfully flat and finitely presented. If g o f has the resolution
property, then so has g.

(viii) If f: X — Y has the resolution property, then so has freq: Xied — Yied-

Proof. The property “locally free and finitely presented” of quasi-coherent sheaves is stable under
taking pullbacks or tensor products and satisfies descent with respect to fpqc-coverings.Thus
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Proposition 2.8 holds mutatis mutandis for generating and universally generating families of
locally free, finitely presented quasi-coherent sheaves. From this one easily deduces properties
(i)—(vi) and (viii). Finally, property (vii) is a consequence of Proposition 2.13. O

LEMMA 5.4 (finite fppf groupoids). Let R = U be a finite, faithfully flat, finitely presented
groupoid of algebraic S-spaces. If U (and hence R) satisfies the resolution property over S, then
so does the quotient stack X = [R = U].

Proof. The quotient map ¢: U — X is finite, finitely presented and faithfully flat. Thus, Propo-
sition 5.3(vii) applies. m

COROLLARY 5.5. Let G — S be a flat, finite and finitely presented (equivalently, finite, locally
free) group algebraic space over an algebraic space S that satisfies the resolution property. Then
the classifying stack BG has the resolution property.

Proof. The trivial G-torsor S — BG is finite, finitely presented and faithfully flat. O
Remark 5.6. This result is well known if G — S is étale [Tho87, Lemma 2.14].

COROLLARY 5.7. Let X be a regular algebraic stack that admits a finite, finitely presented
surjection f: Y — X such that Y is Cohen—Macaulay and satisfies the resolution property.
Then X has the resolution property.

Proof. The regularity properties of Y and X imply that f is flat. O

LEMMA 5.8 (stacks with regular noetherian coverings of dimension at most 1). Let f: Y — X
be an affine faithfully flat morphism of algebraic stacks. Suppose that Y is a noetherian regular
scheme of dimension at most 1. Then X has the resolution property.

Proof. Since Y is quasi-compact and has affine diagonal (using that dimY < 1), we may re-
place Y with an affine Zariski covering and hence assume that Y is affine. Then by Lemma 2.14
and [LMOO, Proposition 15.4], it suffices to resolve coherent subsheaves M C f*O??" for n € N.
But these are already locally free by flat descent because f*M C f* f*(’)?;” is a finitely generated
subsheaf of a torsion-free sheaf, and hence locally free since dimY < 1 and Y is regular. O

EXAMPLE 5.9 (schemes). Given a noetherian scheme X, the resolution property is known to
hold in the following cases:

(i) The scheme X is divisorial. That is, every point x € X admits an affine open neighbor-
hood that is the non-vanishing locus of a global section s € T'(X, £) for some invertible sheaf
L [Bor63, Bor67]. This is true if X is quasi-affine or quasi-projective over a noetherian ring
[GD61, Proposition 5.3.2] (including all algebraic curves and all separated algebraic surfaces
with finitely many isolated singularities that are contained in an affine open subscheme [Kle66,
Corollary 4, p. 328]). This also holds if X is normal and Q-factorial with affine diagonal ([BS03,
Proposition 1.3], and the case of separated, regular noetherian schemes is due to Kleiman and
independently Illusie [BGI71, Proposition 11.2.2.7])).

(ii) The scheme X is separated and of finite type over a Dedekind ring and dim(X) < 2 ([Grol2,
Corollary 5.2] or X is a normal separated algebraic surface [SV04, Theorem 2.1}). In dimension at
least 2, there exist normal, proper algebraic schemes that have no non-trivial invertible sheaves
and hence are not divisorial (see [Sch99] for algebraic surfaces).

ExAMPLE 5.10 (classifying stacks of algebraic group schemes). Given an affine, flat and finitely
presented group scheme 7: G — S over a noetherian and separated scheme, Thomason [Tho87]
verified the absolute resolution property for BG in the following cases:
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(i) The scheme S is regular with dim(S) < 1.

(ii) The scheme S is regular with dim(S) = 2 and 7,O¢ is a locally projective Og-module; for
instance, G — S is smooth with connected fibers.

(iii) The scheme S satisfies the resolution property, G — S is reductive and G is semisimple, or
S is normal, or the radical and coradical of G are isotrivial (that is, diagonalizable on a finite
étale covering of 9).

Remark 5.11. By Totaro’s theorem and its generalization to arbitrary algebraic stacks (Theo-
rem 6.10 below), we know that a quasi-compact and quasi-separated algebraic stack with affine
stabilizer groups that satisfies the resolution property must have affine diagonal. So every al-
gebraic stack with quasi-affine and non-affine diagonal does not have the resolution property.
As an example, glue two copies of A% at the complement of the origin to get a scheme with
quasi-affine and non-affine diagonal. Similarly, take the quasi-affine group scheme G obtained
from Z/27 — A% by removing the origin in the non-identity component, then the classifying
stack BG has a quasi-affine but not affine diagonal.

There is an example of an algebraic stack with affine diagonal that does not have the resolution
property. It is the G,,-gerbe over a complex algebraic surface Y corresponding to a non-torsion
element of the cohomological Brauer group H% (Y, G,,) [Gro68, Remark I1.1.11(b)].

We do not know if every algebraic stack with quasi-finite and affine diagonal has the resolution
property, even in case of normal, separated algebraic schemes over an algebraically closed field
(like toric threefolds; see [Pay09]).

Etale locally, every algebraic stack with quasi-finite and locally separated diagonal has the
resolution property [Ryd15, Corollary 2.7].

Remark 5.12. If an algebraic stack Y is fibered over an algebraic stack X by means of a morphism
f:Y — X, then the question whether the resolution property holds or not can be broken down to
the relative resolution property of f and the resolution property of the base X. For example, from
this point of view, one can tackle the equivariant resolution property of an algebraic space Y acted
on by an affine, flat and finitely presented group scheme G. It says that every quasi-coherent Oy-
G-comodule is a quotient of a direct sum of locally free and finitely presented Oy -G-comodules.
Now, quasi-coherent Oy -G-comodules correspond to quasi-coherent sheaves on the quotient stack
X :=[Y/G]. On the one hand, the affine and faithfully flat quotient map ¥ — X is a G-torsor,
and we get a G-fibration of Y over the base X. On the other hand, the classifying morphism
X — BG imposes on X a Y-fibration over BG.

PROPOSITION 5.13. Let S be an algebraic space, and let G — S be an affine, flat and finitely pre-
sented algebraic group space that acts on an algebraic S-space Y. Then the following conditions
are equivalent:

(i) The classifying map X = [Y/G| — BG has the resolution property,

(ii) The space Y has a family of G-linearized locally free Oy-modules of finite type that is
universally generating for Y over S.

Moreover, if BG — S has the resolution property, then the conditions are equivalent to:

(iii) The quotient space [Y/G] has the resolution property over S.

Proof. By definition of the classifying stack BG, there exists a 2-cartesian square of S-stacks,
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where the vertical arrows are fppf-coverings:

Y S
T
Y/G] — BG.

Hence, a generating family of quasi-coherent sheaves for [Y/G] — BG restricts to a quasi-
coherent family on Y — S with descent datum, which is equivalent to giving a G-linearization.
Conversely, every G-linearized family of quasi-coherent sheaves for Y — S descends to a family
of quasi-coherent sheaves on [Y/G]. During this restriction and descent process, the property of
being a relative generating family of finitely presented locally free sheaves is preserved. O

Remark 5.14. An algebraic stack X is a global quotient stack if it is equivalent to an algebraic
stack [Y/GL,], where Y is an algebraic space acted on by GL, for some integer n > 0. It
seems to be unknown whether the resolution property descends along the quotient map ¢: ¥ —
[Y/ GL,], in general. Though, if Y is normal scheme that admits an ample family of invertible
sheaves {£;}" ;, then the powers {£S™} admit a GLj,-linearization for m sufficiently large by
Sumihiro’s theorem [Sum75, Theorem 1.6], and hence descend to invertible sheaves, whose duals
form a generating family for [Y/G] — BG. Consequently, a large class of global quotient stacks
[Y/G] satisty the resolution property.

The following lemma is courtesy of Rydh and follows essentially [Tot04, Lemmas 4.1 and 4.2].

LEMMA 5.15. Let X be a quasi-compact and quasi-separated algebraic stack. Assume that X has
the resolution property and affine stabilizers at closed points. Then there is a vector bundle £
on X such that the total space Z of the corresponding GL,-torsor has affine stabilizers. In
particular, X has affine stabilizers at all points.

Proof. A vector bundle £ gives a twisted representation of the inertia stack Ix of X (a morphism
from Ix to a twisted form of GL,, over X) with kernel a (closed) subgroup H C Ix such that
the pullback of H to the frame bundle Z of £ equals the inertia stack of Z. For example, H =0
if Z is an algebraic space.

Pick a closed point z. Pick a vector bundle F over the residual gerbe G, such that the
stabilizer action is faithful (possible since the stabilizer is affine). Consider the inclusion morphism
i: G — X and note that ¢,.F is quasi-coherent. Since X has the resolution property, there exist
a vector bundle £ and a morphism & — i, F such that i*€ — i*i,F — F is surjective. This means
that the representation of G, on &£ is faithful, that is, H, := i*H = 0. By upper semi-continuity,
H is quasi-finite in an open neighborhood of .

Repeating this for all closed points z gives a finite number of vector bundles such that
E1® - @&, has a corresponding GLj,-torsor Z with quasi-finite inertia. (Here we use the fact
that every non-empty quasi-compact scheme has a closed point.) In particular, Z has affine
stabilizers.

Thus, the stabilizer groups of X are extensions of subgroups of GL,, with stabilizer groups
of Z, hence affine. O

6. Tensor generators and Totaro’s theorem

In this section, we define the property of a vector bundle to be a tensor generator and show that
it is equivalent to the property that its associated frame bundle has quasi-affine total space when
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the stabilizer groups are affine. Moreover, we prove the generalization of Totaro’s theorem [Tot04]
to the general relative case and give the proof of Theorem 1.1 at the end of the section.

DEFINITION 6.1. Let f: X — Y be a morphism of algebraic stacks, and let V on X be a vector
bundle of constant rank n with associated frame bundle p: Zsomx (O%,V) = F(V) — X. We
shall say that V is a tensor generator for X overY (or just f-tensor generating) if the family of
all p-locally split subsheaves G C P(V, V") is a universally f-generating family of quasi-coherent
sheaves, where P runs over all polynomials P € NJt, s|. Here, by p-locally split, we mean that the
inclusion G C P(V,VV) admits a left-inverse when restricting to the total space (V). Moreover,
we say that V is a strong tensor generator for X over Y if the family P(V, V") of all polynomial
expressions is a universally generating family.

Remark 6.2. Suppose Y = Speck for a field k and X = BG, where G denotes an algebraic group
scheme. Then the definition above coincides with the one in Tannaka theory [Del90, 6.16] when
we identify quasi-coherent Opg-modules with k-linear G-representations.

Remark 6.3. The properties “tensor generator” and “strong tensor generator” are stable under
base change. Also, the property “strong tensor generator” is local on the base. Moreover, it is
stable on the source under pullback with quasi-affine morphisms X’ — X.

As a consequence of the following Theorem 6.4, the property “tensor generator” is local on the
base if the morphism has relatively affine stabilizer groups, because the property “quasi-affine”
of morphisms is local on the base.

THEOREM 6.4. Let f: X — Y be a quasi-compact morphism of algebraic stacks. Given a vector
bundle V with associated frame bundle p: F(V) — X, the following properties are equivalent:

(i) (a) The vector bundle V is a tensor generator for f: X — Y, and
(b) the relative inertia stack Iy — X has affine fibers.
(ii) The composition fop: F(V) — Y is quasi-affine or, equivalently, the classifying morphism
cy: X = BGL, y is quasi-affine.

Proof. (i) = (ii) Let (G; C P;(V,V"))ies be a universally f-generating family of p-locally split
subsheaves. Then (p*G;);er is universally fop-generating since p is affine. But each p*G; is a direct
summand of the free sheaf p*P(V, V"), which shows that Op(yy is universally f o p-generating.
Moreover, since Iy — X has affine fibers and p is affine, we observe that Iy, — X has affine
fibers. Thus, f o p is quasi-affine by Proposition 4.1.

(ii) = (i) First, note that Iy — Y has affine fibers because the stabilizer groups of X — Y
are subgroups of GL,, on each fiber.

Let € be the vector bundle on BGL,, that corresponds to the standard representation. Then
(qocey)*E ~ V, where q: BGL, y — BGL,, denotes the projection that is given by the base
change Y — Spec(Z). So, if £ is a tensor generator for BGL,,, then V is one for f by Remark 6.3.

This reduces to the case that X = BGL,, over Y = SpecZ, where V is the standard represen-
tation. It follows from the proof of [Wat79, Theorem 3.5] that p.QOy is a union of vector bundles
Va C p«Oy such that each V, is a quotient of some polynomial expression P,(V,VV). Namely,
if we choose a basis for the free Z-module p*V, the sheaf p,Oy can be identified with the Hopf
algebra Z[z11, . . ., Zpn, det 1] and V, with the comodule det™**{q € Z[z11, ..., 2n] | degq < 7o}
for s4, 74 = 0.

In order to prove that V is a tensor generator, pick a quasi-coherent sheaf F on BGL,,. We may
assume that F is locally free of constant rank m since BGL,, has the resolution property. Then
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p*F o~ (’);‘Em holds because every locally free sheaf on Y = Spec(Z) is free. So, we can identify
F with a p-locally split subsheaf of p*O??m via the unit F — p.p*F, which is p-locally split by
adjunction. As F is of finite type, the inclusion F C p,OF™ factors as F C VI™ C p,OF™ for
every sufficiently large . Also, F C V$™ is p-locally split, so that VE™ /F is a vector bundle.
Choose a surjection P(V, V) — VI and let G be the preimage of F. Then F is a quotient
of G. Moreover, the induced map P(V,VV)/G — V&™/F is an isomorphism, hence P(V,VV)/G
is a vector bundle, so that G € P(V, V") is p-locally split. Thus, V is a tensor generator. O

If the structure group of the vector bundle V is linearly reductive, then a generating family
can be deduced from V without taking subsheaves. Recall that a group scheme G over Y is
linearly reductive if BG — Y is cohomologically affine [Alp13, Definition 12.1].

ProrosiTIiON 6.5. With the preceding notation, suppose that V is a tensor generator and that
the associated bundle of GL,, y-frames p: F(V) — X is induced by a G-torsor w: Z — X, for
some flat, linearly reductive subgroup scheme G C GL, y. Then V is a strong tensor generator.

Proof. First, note that the classifying morphism ¢, : X — BG is quasi-affine because the compo-
sition X < BG — BGL,, is and BG — BGL,, being representable, has quasi-affine diagonal.
The upshot is that c;* preserves generating families, which reduces the statement to the case
that X is BG for some linearly reductive group scheme G over an affine base Y.

Pick a p-locally split subsheaf G C P(V,VV), and denote the quotient by C. Then p*C
is a direct summand of the free sheaf p*P(V, V"), which shows that C is locally free. Then
Extho(C, G) = Extho(Opg,CV®G) = HY(BG,CY®G). The latter cohomology group vanishes be-
cause @ is linearly reductive. It follows that the short exact sequence 0 = G — P(V,VV) = C — 0
splits. O

It is well known that GL,, y is linearly reductive if Y is of characteristic zero.

COROLLARY 6.6. Let f: X — Y be a morphism with Y of characteristic zero and relatively
affine stabilizer groups. Then every tensor generator is a strong tensor generator.

A split vector bundle V = @?:1 L; has linearly reductive structure group Gj,,.

COROLLARY 6.7. Let (L;)}_; be a family of invertible sheaves on X . Then the following properties
are equivalent:

(i) The family P}_, L; is a tensor generator for f.
(ii) The family @;‘:1 L; is a strong tensor generator for f.
(iii) The family (E?Zl ® @ LMYy, 4 ez is universally f-generating.
(iv) The total space Z of the associated G},-torsor Z — X is quasi-affine over Y.

In particular, every invertible tensor generator is a strong tensor generator.

Remark 6.8. The corollary generalizes [Hau02, Theorem 1] to algebraic stacks that are not
irreducible algebraic varieties.

PROPOSITION 6.9. Let f: X — Y be a morphism of algebraic stacks such that the inertia Iy — X
has affine fibers. Let V be a vector bundle on X. Then V is a tensor generator for f if and only
if V|x,., is a tensor generator for fied: Xved — Yred-
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Proof. The total space of the frame bundle F(V) is quasi-affine over Y if and only if F(V|x,_,)
is quasi-affine over Yieq [Rydl5, Corollary 8.2]. Hence, the result is a direct consequence of
Theorem 6.4. O

Let us finally generalize Totaro’s theorem to the general relative case.

THEOREM 6.10. Let f: X — Y be a morphism of algebraic stacks with Y quasi-compact. Then
the following conditions are equivalent:

(i) (a) The morphism f has the resolution property, and
(b) the relative inertia stack Iy — X has affine fibers (for instance, Ay is quasi-affine).

(ii) For sufficiently large n > 0, the morphism f admits a factorization

X > BGLyy

S

Y,

where g, which is the classifying morphism of the frame bundle for some vector bundle V of rank
n, is quasi-affine and q is the structure morphism. In particular, the diagonal A; is affine.

Proof. Let f: X — Y be a morphism of algebraic stacks. Suppose that f factors by a quasi-affine
morphism X — BGL,, y followed by the projection BGL,, y — Y. Then both morphisms have
the resolution property and so has the composition f. Moreover, both morphisms have affine
diagonal, so f has too, and we conclude that the inertia Iy = X Xy, x X — X is affine.

Conversely, suppose that f has the resolution property and that Iy — X has affine fibers at
geometric points. Let (V;);er be a universally f-generating family of vector bundles on X, for
instance the family of all vector bundles on X up to isomorphism. We have to show that there
exists a quasi-affine morphism X — BGL,, y. For every finite subset J C I the X-fiber product
py: Fy:= (H/X)iejF(Vi) — X is an affine morphism. Let (F; — Fx)xcs be the natural inverse
system for the family (F; — X). Then the inverse limit of X-stacks F' := l&nF '7 is an algebraic
stack over X because the bonding maps F; — Fx are affine. The projection p: F — X is an
affine morphism and has the property that p*(V;) is trivial for every i € I. So Op is universally
[ o p-generating by Proposition 2.8(v). Since Iy — X has affine fibers, the inertia I;., — F' also
has affine fibers because p is affine. Hence, f o p must be quasi-affine by Proposition 4.1. But
then for sufficiently large finite J C I, each py: F; — Y must be already quasi-affine since Y
is quasi-compact [Rydl5, Theorem C]. The morphism p; is a torsor for the relative product
group G = ([] /y)ie 7 GLy, vy, where n; = rankV;, and the classifying morphism X — BG is
quasi-affine because p is.

To finish the proof, it suffices to construct a quasi-affine morphism BG — BGL, 7. The
diagonal embedding G < GL, z given by n =}, ;rank V; induces a morphism of torsors and
therefore a morphism BG' — BGL,, 7, which is affine by smooth descent because the base change
along the natural map Spec(Z) — BGL,, 7 is the affine Stiefel scheme GL,, 7 /G. O

COROLLARY 6.11. Let f be a quasi-compact and quasi-separated morphism of algebraic stacks.
If f has the resolution property and the relative inertia Iy — X has affine fibers, then the
diagonal Ay: X — X xy X is affine.

Proof of Theorem 1.1. The implication (iii) = (ii) follows from Theorem 6.4. It is clear that
statement (ii) implies statement (i). The remaining implication (i) = (iii) follows from Corollary
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2.10, Lemma 5.15 and Theorem 6.10 (with Y = SpecZ). Finally, the addendum was given in
Proposition 6.5 and Corollaries 6.6 and 6.7. ]

ACKNOWLEDGEMENTS

I would like to thank Stefan Schroer for the supervision and Burt Totaro for the review of my
thesis. I am grateful to David Rydh for his kind support, for the numerous helpful suggestions
and for pointing out errors and inaccuracies. This work has benefited greatly from conversations
with Sam Payne, Andrew Kresch, Gregg Zuckerman, Jarod Alper, Holger Partsch, Felix Schiiller
and Christian Liedtke.

REFERENCES

AE12 J. Alper and R. Easton, Recasting results in equivariant geometry: affine cosets, observable
subgroups and existence of good quotients, Transform. Groups 17 (2012), no. 1, 1-20; https:
//doi.org/10.1007/s00031-011-9170-5.

Alp13  J. Alper, Good moduli spaces for Artin stacks, Ann. Inst. Fourier (Grenoble) 63 (2013), no. 6,
2349-2402; https://doi.org/10.5802/aif .2833.

Benl3 O. Benoist, Quasi-projectivity of normal varieties, Int. Math. Res. Not. 2013 (2013), no. 17,
3878-3885; https://doi.org/10.1093/imrn/rns163.

BGI71 P. Berthelot, A. Grothendieck and L. Illusie, Théorie des intersections et théoreme de Riemann—
Roch, Lecture Notes in Math., vol. 225 (Springer-Verlag, Berlin — New York, 1971); https:
//doi.org/10.1007/BFb0066283.

Bor63 M. Borelli, Divisorial varieties, Pacific J. Math. 13 (1963), no. 2, 375-388; https://doi.org/
10.2140/pjm.1963.13.375

Bor67 , Some results on ampleness and divisorial schemes, Pacific J. Math. 23 (1967), no. 2,

217-227; https://doi.org/10.2140/pjm.1967.23.217.

BS03  H. Brenner and S. Schroer, Ample families, multihomogeneous spectra, and algebraization of
formal schemes, Pacific J. Math. 208 (2003), no. 2, 209-230; https://doi.org/10.2140/pjm.
2003.208.209.

CLO12 B. Conrad, M. Lieblich and M. Olsson, Nagata compactification for algebraic spaces, J. Inst.
Math. Jussieu 11 (2012), no. 4, 747-814; https://doi.org/10.1017/S1474748011000223.

Del90 P. Deligne, Catégories tannakiennes, The Grothendieck Festschrift, Vol. II, Progr. Math.,
vol. 87 (Birkhduser Boston, Boston, MA, 1990), 111-195; https://doi.org/10.1007/
978-0-8176-4575-5_3.

Fer03  D. Ferrand, Conducteur, descente et pincement, Bull. Soc. Math. France 131 (2003), no. 4, 553—
585; http://www.numdam.org/item?id=BSMF_2003__131_4_553_0.

GD61  A. Grothendieck and J. Dieudonné, Eléments de géométrie algébrique. II Etude globale
élémentaire de quelques classes de morphismes, Publ. Math. Inst. Hautes Etudes Sci. 8 (1961),
5-222; http://www.numdam.org/item?id=PMIHES_1961__8__5_0.

, Eléments de géométrie algébrique. TV. Etude locale des schémas et des morphismes
de schémas. Premiére partie, Publ. Math. Inst. Hautes Etudes Sci. 20 (1964), 5-251; https:
//doi.org/10.1007/BF02684747.

GD64

Gro68 A. Grothendieck, Le groupe de Brauer. II. Théories cohomologiques, Dix Exposés sur la Coho-
mologie des Schémas, (North-Holland, Amsterdam; Masson, Paris, 1968), 67-87.

Grol2 P. Gross, The resolution property of algebraic surfaces, Compos. Math. 148 (2012), no. 1, 209-
226; https://doi.org/10.1112/50010437X11005628.

521


https://doi.org/10.1007/s00031-011-9170-5
https://doi.org/10.1007/s00031-011-9170-5
https://doi.org/10.5802/aif.2833
https://doi.org/10.1093/imrn/rns163
https://doi.org/10.1007/BFb0066283
https://doi.org/10.1007/BFb0066283
https://doi.org/10.2140/pjm.1963.13.375
https://doi.org/10.2140/pjm.1963.13.375
https://doi.org/10.2140/pjm.1967.23.217
https://doi.org/10.2140/pjm.2003.208.209
https://doi.org/10.2140/pjm.2003.208.209
https://doi.org/10.1017/S1474748011000223
https://doi.org/10.1007/978-0-8176-4575-5_3
https://doi.org/10.1007/978-0-8176-4575-5_3
http://www.numdam.org/item?id=BSMF_2003__131_4_553_0
http://www.numdam.org/item?id=PMIHES_1961__8__5_0
https://doi.org/10.1007/BF02684747
https://doi.org/10.1007/BF02684747
https://doi.org/10.1112/S0010437X11005628

Hau02

Kle66

Knu71

Kol12

LMO00

0S03

Par70

Pay09

Rydl11

Ryd15

Sch99

SP15

Sum75

SVo4

Tho87

Tot04

TT90

Wat79

P. Gross

J. Hausen, Equivariant embeddings into smooth toric varieties, Canad. J. Math. 54 (2002), no. 3,
554-570; https://doi.org/10.4153/CIM-2002-019-0.

S. L. Kleiman, Toward a numerical theory of ampleness, Ann. of Math. 84 (1966), no. 3, 293-344;
https://doi.org/10.2307/1970447.

D. Knutson, Algebraic spaces, Lecture Notes in Math., vol. 203 (Springer-Verlag, Berlin — New
York, 1971); https://doi.org/10.1007/BFb0059750.

J. Kollar, Quotients by finite equivalence relations, Current Developments in Algebraic Geometry,
Math. Sci. Res. Inst. Publ., vol. 59 (Cambridge Univ. Press, Cambridge, 2012), 227-256.

G. Laumon and L. Moret-Bailly, Champs algébriques, Ergeb. Math. Grenzgeb. (3), vol. 39
(Springer-Verlag, Berlin, 2000).

M. Olsson and J. Starr, Quot functors for Deligne—Mumford stacks, Comm. Algebra 31 (2003),
no. 8, 4069-4096; https://doi.org/10.1081/AGB-120022454.

B. Pareigis, Categories and functors, Pure and Applied Mathematics, vol. 39 (Academic Press,
New York — London, 1970).

S. Payne, Toric vector bundles, branched covers of fans, and the resolution property, J. Algebraic
Geom. 18(2009),n0.1,1*36;httpS://dOi.org/lO.1090/81056—3911—08—00485—2.

D. Rydh, Etale dévissage, descent and pushouts of stacks, J. Algebra 331 (2011), no. 1, 194-223;
https://doi.org/10.1016/j.jalgebra.2011.01.006.

, Noetherian approzimation of algebraic spaces and stacks, J. Algebra 422 (2015), no. 1,
105-147; https://doi.org/10.1016/j.jalgebra.2014.09.012.

S. Schréer, On non-projective normal surfaces, Manuscripta Math. 100 (1999), no. 3, 317-321;
https://doi.org/10.1007/s002290050203

The Stacks Project Authors, Stacks Project, version 2015, available at http://stacks.math.
columbia.edu.

H. Sumihiro, Equivariant completion. II, J. Math. Kyoto Univ. 15 (1975), no. 3, 573-605; http:
//projecteuclid.org/euclid.kjm/1250523005.

S. Schréer and G. Vezzosi, Existence of vector bundles and global resolutions for singular surfaces,
Compos. Math. 140 (2004), no. 3, 717-728; https://doi.org/10.1112/S0010437X0300071X.

R.W. Thomason, Equivariant resolution, linearization, and Hilbert’s fourteenth problem over
arbitrary base schemes, Adv. Math. 65 (1987), no. 1, 16-34; https://doi.org/10.1016/
0001-8708(87)90016-8.

B. Totaro, The resolution property for schemes and stacks, J. reine angew. Math. 577 (2004),
1-22; https://doi.org/10.1515/crll.2004.2004.577.1.

R.W. Thomason and T. Trobaugh, Higher algebraic K-theory of schemes and of derived cate-
gories, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88 (Birkh&user Boston, Boston,
MA, 1990), 247-435; https://doi.org/10.1007/978-0-8176-4576-2_10.

W. C. Waterhouse, Introduction to affine group schemes, Grad. Texts in Math., vol. 66 (Springer-
Verlag, New York — Berlin, 1979); https://doi.org/10.1007/978-1-4612-6217-6.

Philipp Gross philipp.j.gross@gmail.com

522


https://doi.org/10.4153/CJM-2002-019-0
https://doi.org/10.2307/1970447
https://doi.org/10.1007/BFb0059750
https://doi.org/10.1081/AGB-120022454
https://doi.org/10.1090/S1056-3911-08-00485-2
https://doi.org/10.1016/j.jalgebra.2011.01.006
https://doi.org/10.1016/j.jalgebra.2014.09.012
https://doi.org/10.1007/s002290050203
http://stacks.math.columbia.edu
http://stacks.math.columbia.edu
http://projecteuclid.org/euclid.kjm/1250523005
http://projecteuclid.org/euclid.kjm/1250523005
https://doi.org/10.1112/S0010437X0300071X
https://doi.org/10.1016/0001-8708(87)90016-8
https://doi.org/10.1016/0001-8708(87)90016-8
https://doi.org/10.1515/crll.2004.2004.577.1
https://doi.org/10.1007/978-0-8176-4576-2_10
https://doi.org/10.1007/978-1-4612-6217-6
mailto:philipp.j.gross@gmail.com

	Introduction
	Quasi-coherent generators
	Pinching schemes
	Global generation of sheaves and quasi-affineness
	The resolution property
	Tensor generators and Totaro's theorem
	References

