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Jacobian syzygies, stable reflexive sheaves,

and Torelli properties for projective hypersurfaces

with isolated singularities

Alexandru Dimca

Abstract

We investigate the relations between the syzygies of the Jacobian ideal of the defining
equation for a projective hypersurface V with isolated singularities and the Torelli
properties of V (in the sense of Dolgachev–Kapranov). We show, in particular, that
hypersurfaces with a small Tjurina number are Torelli in this sense. When V is a plane
curve or, more interestingly, a surface in P3, we discuss the stability of the reflexive
sheaf of logarithmic vector fields along V . A new lower bound for the minimal degree
of a syzygy associated with a 1-dimensional almost complete intersection is also given.

1. Introduction

Let X be the complex projective space Pn, and consider the associated graded C-algebra S =
⊕kSk with Sk = H0(X,OX(k)). For a nonzero section f ∈ SN with N > 1, thought of as
a homogeneous polynomial of degree N , we consider the hypersurface V = V (f) in X given by
the zero locus of f and let Y denote the singular locus of V , endowed with its natural scheme
structure; see [Dim13b]. We assume in this paper that V has only isolated singularities.

Let IY ⊂ OX be the ideal sheaf defining this 0-dimensional subscheme Y ⊂ X, and consider
the graded ideal I = ⊕kIk in S with Ik = H0(X, IY (k)). Let Z = Spec(S) be the corresponding
affine space Cn+1, and denote by Ωk = H0(Z,Ωk

Z) the S-module of global, regular k-forms on Z.
Using a linear coordinate system x = (x0, . . . , xn) on X, one sees that there is a natural grading
on Ωk; see [DSt16] for details if necessary.

There is a well-defined differential 1-form df ∈ Ω1, and using it, we define two graded S-
submodules in Ωn, namely

AR(f) = ker
{
df∧ : Ωn → Ωn+1

}
(1.1)

and

KR(f) = im
{
df∧ : Ωn−1 → Ωn

}
.

If one computes in a coordinate system x, then AR(f)m is the vector space of all relations of
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the type

Rm : a0fx0 + · · ·+ anfxn = 0 ,

with fxj the partial derivative of the polynomial f with respect to xj and aj ∈ Sm. Moreover,
KR(f) is the module of Koszul relations spanned by obvious relations of the type fxjfxi +
(−fxi)fxj = 0, and the quotient

ER(f) = AR(f)/KR(f) (1.2)

is the graded module of essential relations (which is, of course, nothing else than the nth co-
homology group of the Koszul complex of fx0 , . . . , fxn , maybe up to a shift in grading); see
[Dim13b, DSt15b]. Note also that with this notation, the ideal I is just the saturation of the
Jacobian ideal Jf = (fx0 , . . . , fxn) ⊂ S = C[x0, . . . , xn].

Let αV be the Arnold exponent of the hypersurface V , which is by definition the minimum
of the Arnold exponents of the singular points of V ; see [DSa12, DSa14]. Using Hodge theory,
one can prove that

ER(f)m = 0 for any m < αVN − n , (1.3)

under the additional hypothesis that all the singularities of V are weighted homogeneous [DSa14].

While this inequality is the best possible in general, as one can see by considering hypersur-
faces with many singularities, see [DSt12, Dim13a], for situations when the hypersurface V has
a small number of singularities this result is far from optimal. Our first result gives the following
better bound in this case.

Theorem 1.1. Assume that the hypersurface V : f = 0 in Pn has degree N and only isolated
singularities. Then

ER(f)m = 0 for any m 6 n(N − 2)− τ(V ) ,

where τ(V ), the Tjurina number of V , is the sum of the Tjurina numbers of all the singularities
of V .

See also Theorem 2.4 for a stronger result. The proof of these results is elementary (that is,
without Hodge theory), and it does not require the hypothesis of V having weighted homogeneous
singularities. In fact, it applies to the following more general situation.

Let f = (f0, . . . , fn) be a collection of n+ 1 homogeneous polynomials in Se for some degree
e > 0. Assume that the associated ideal Jf = (f0, . . . , fn) in S is a 1-dimensional almost complete
intersection, that is, dimS/Jf = 1 and (f1, . . . , fn) is a regular sequence in S. Replacing the
differential df by the 1-form

ω = f0dx0 + · · ·+ fndxn ,

one can define the graded S-modules AR(f) and ER(f) by the formulas (1.1) and (1.2), respec-
tively. The ideal Jf defines a 0-dimensional subscheme Y (f) of Pn and for each point p in the
support |Y (f)| of this scheme, we consider the corresponding local ring OY (f),p. This is an Ar-
tinian local ring, with maximal ideal denoted by mp, and we denote by o(mp) the order of this
ideal, that is, the smallest integer k > 0 such that mk

p = 0 in OY (f),p. With this notation we have
the following generalization of Theorem 2.4.

Theorem 1.2. Assume that the ideal Jf = (f0, . . . , fn) in S is a 1-dimensional almost complete
intersection with fj ∈ Se for all j = 0, . . . , n. Then

ER(f)m = 0 for any m 6 n(e− 1)−
∑

p∈|Y (f)|

o(mp) .
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Let us come back to the case of a projective hypersurface V with isolated singularities. The
exact sequence of coherent sheaves on X given by

0→ T 〈V 〉 → OX(1)n+1 → IY (N)→ 0 , (1.4)

with the last nonzero morphism induced by (a0, . . . , an) 7→ a0fx0 + · · · + anfxn , can be used to
define the sheaf T 〈V 〉 of logarithmic vector fields along V ; see [Ser14]. This is a reflexive sheaf
which is locally free when n = 2; see, for instance, [OSS80]. The above exact sequence clearly
yields

AR(f)m = H0(X,T 〈V 〉(m− 1)) (1.5)

for any integer m. This equality can be used to show that the reflexive sheaf T 〈V 〉 is stable
in many cases. This was done in the case n = 2 in [DSe14] and the corresponding result is
stated below in Corollary 3.1 and Example 3.2 without the hypothesis of weighted homogeneous
singularities. But now we can go to higher dimension, and as an illustration we prove the following
result.

Theorem 1.3. Assume that the surface V : f = 0 in P3 has degree N = 3N1+ε > 1 with N1 ∈ N
and ε ∈ {1, 2, 3} and that V has only isolated singularities such that

τ(V ) 6 8N1 + 3(ε− 2) .

Then F = T 〈V 〉(N1−1) is a normalized stable rank 3 reflexive sheaf on P3 with first Chern class
c1(F ) = 1− ε ∈ {0,−1,−2, }. This reflexive sheaf F is locally free if and only if V is smooth.

The other Chern classes of F can be easily computed; see Remark 3.4. Recall the following
notion.

Definition 1.4. A reduced hypersurface V ⊂ X = Pn is called DK–Torelli (where DK stands
for Dolgachev–Kapranov) if the hypersurface V can be reconstructed as a subset of X from the
sheaf T 〈V 〉.

For a discussion of this notion and various examples, we refer to [DK93, UY09, WY08,
FMV13, DSe14]. In particular, E. Sernesi and the author have shown in [DSe14] that the nodal
curves with a small number of nodes are DK–Torelli. In the proof, which follows the line of the
proof for smooth hypersurfaces outlined by K. Ueda and M. Yoshinaga in [UY09], we have used
the inequality (1.3) for n = 2. Since in the case of a small number of singularities the bound
obtained in Theorem 1.1 is better, it is natural to see if this new bound gives a stronger result.
Theorem 1.1 is hence applied to prove the following result, which slightly improves the results on
the Torelli properties of nodal (or nodal and cuspidal) curves obtained in [DSe14]. The following
result also extends the result by K. Ueda and M. Yoshinaga concerning smooth hypersurfaces
in [UY09] to hypersurfaces having a small Tjurina number.

Theorem 1.5. Let V : f = 0 be a degree N > 4 hypersurface in Pn having only isolated
singularities. If

τ(V ) 6
(n− 1)(N − 4)

2
+ 1 ,

then one of the following holds:

(i) The hypersurface V is DK–Torelli.

(ii) The hypersurface V is of Sebastiani–Thom type; that is, in some linear coordinate system
(x0, . . . , xn) on Pn, the defining polynomial f for V is written as a sum f = g + h, with g and h
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polynomials involving only x0, . . . , xr and xr+1, . . . , xn, respectively, for some integer r satisfying
0 6 r < n.

The interest in having both Theorems 1.3 and 1.5 is that this allows the construction of
injective mappings from the varieties parametrizing surfaces with a fixed type of singularities
into the moduli spaces of rank 3 stable reflexive sheaves on P3, exactly as in the case n = 2
discussed in [DSe14]. The case of rank 2 stable bundles on surfaces is rather well understood, see
for instance [HL97], but the case of rank 3 reflexive sheaves on P3 seems to be still very mysterious.
Our construction may bring new light in the study of such moduli spaces, a problem which has
attracted much attention in the past; see [Coa86, Har80, Mar77, Mar78, Mir87, OS83, OSS80].

2. A new bound on the minimal degree of a syzygy

Let On denote the ring of holomorphic function germs at the origin of Cn, and let mn ⊂ On be its
unique maximal ideal. For a function germ g ∈ On defining an isolated hypersurface singularity
at the origin of Cn, we introduce an invariant

a(g) = min
{
a ∈ N : ma

n ⊂ Jg + (g)
}
,

where Jg is the Jacobian ideal of g in On and (g) is the principal ideal spanned by g in On. We
let M(g) = On/Jg denote the Milnor algebra of the singularity g and T (g) = On/(Jg + (g)) the
corresponding Tjurina algebra. Note that a(g) = o(m̃0), where m̃0 denotes the maximal ideal of
the Tjurina algebra T (g). This invariant a(g) clearly depends only on the contact class of the
germ g (that is, the isomorphism class of the analytic germ ({g = 0}, 0)), which is why we keep
this notation in addition to the notation o(m̃0). This invariance is crucial in the computations
given in the following example.

Example 2.1. (i) If g = 0 is a node, that is, an A1-singularity, then a(g) = 1.

(ii) If g = 0 is a cusp, that is, an A2-singularity, then a(g) = 2.

(iii) If g = 0 is a D4-singularity, for example an ordinary 3-tuple point when n = 2, then
a(g) = 3.

(iv) One always has a(g) 6 τ(g), where τ(g) = dimT (g) is the Tjurina number of g. Usually
this inequality is strict. For instance, when g = xd + yd is an ordinary point of multiplicity d
and n = 2, one has a(g) = 2d − 3 < (d − 1)2 for d > 3. The case d = 3 corresponds to the
D4-singularity in dimension 2 mentioned above.

One has a natural morphism OX(k)→ OX(k)/IY (k) for any integer k, inducing an evaluation
morphism

evk : Sk = H0(X,OX(k))→ H0(X,OX(k)/IY (k)) = H0(Y,OY ) ,

where the last equality comes from the fact that Y is 0-dimensional; that is, its support |Y | =
Vsing, the singular set of V , consists of finitely many points p1, . . . , ps. This fact also implies

H0(Y,OY ) = ⊕p∈VsingOY,p .

On the other hand, if gp = 0 is a local analytic equation for the hypersurface singularity (V, p),
one has an isomorphism OY,p = T (gp) of local C-algebras. The following result is elementary and
has appeared in various forms; see, for instance, [BS93, Corollary 2], [Dim92, Proposition 1.3.9],
or [Még12, Section 3].
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Lemma 2.2. For any k >
∑

p∈Vsing
a(gp)− 1, the evaluation morphism evk : Sk→⊕p∈Vsing OY,p is

surjective. In other words, if one defines the kth defect of the singular locus subscheme Y by

defk Y = dim coker evk ,

then defk Y = 0 for k >
∑

p∈Vsing
a(gp)− 1.

Proof. One considers the following decomposion of the evaluation map evk:

Sk → ⊕p∈|Y |OX,p/m
a(gp)
n,p → ⊕p∈|Y |OY,p ,

with mn,p the maximal ideal of OX,p. Then one notices that the first morphism is surjective
by [BS93, Corollary 2.1], and the second morphism is surjective by the definition of the inva-
riants a(gp).

When Jf = (f0, . . . , fn) in S is a 1-dimensional almost complete intersection as in the intro-
duction, we have the following similar result (with an identical proof).

Lemma 2.3. The evaluation morphism evk : Sk → ⊕p∈|Y (f)|OY (f),p is surjective for any k >∑
p∈|Y (f)| o(mp)− 1. In other words, if one defines the kth defect of the subscheme Y (f) by

defk Y (f) = dim coker evk ,

then defk Y (f) = 0 for k >
∑

p∈|Y (f)| o(mp)− 1.

The main result of this section in the hypersurface case is the following.

Theorem 2.4. Assume that the hypersurface V : f = 0 in Pn has degree N and only isolated
singularities, with local equations gp = 0 for p ∈ Vsing. Then

ER(f)m = 0 for any m 6 n(N − 2)−
∑

p∈Vsing

a(gp) .

Proof. Using Theorem 1 in [Dim13b], we see that

dim ER(f)m = defnN−2n−1−m Y . (2.1)

The claim then follows from Lemma 2.2.

Recall that for a homogeneous polynomial f ∈ S, we define its Milnor (or Jacobian) graded
algebra to be the quotient M(f) = S/Jf . Then the coincidence threshold ct(V ) is defined as

ct(V ) = max{q : dimK M(f)k = dimM(fs)k for all k 6 q} ,

with fs a homogeneous polynomial in S of degree N such that Vs : fs = 0 is a smooth hypersurface
in Pn. Finally, the minimal degree mdr(V ) of a nontrivial relation is defined as

mdr(V ) = min{q : ER(f)q 6= 0} .

It is known that one has the equality

ct(V ) = mdr(V ) +N − 2 ; (2.2)

see [DSt15b, formula (1.3)]. Theorem 2.4 clearly implies the following.

Corollary 2.5. Assume that the hypersurface V : f = 0 in Pn has degree N and only isolated
singularities, with local equations gp = 0 for p ∈ Vsing. Then

mdr(V ) > n(N − 2)−
∑

p∈Vsing

a(gp) + 1
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and

ct(V ) > T −
∑

p∈Vsing

a(gp) + 1

with T = (n+ 1)(N − 2).

Example 2.6. Consider a nodal hypersurface V in Pn having ]A1 singularities A1. In this case
αV = n/2, see [DSa14], hence the inequality (1.3) yields

ER(f)m = 0 for any m < n(N − 2)/2 .

On the other hand, Theorem 2.4 yields

ER(f)m = 0 for any m 6 n(N − 2)− ]A1 .

The second vanishing result is stronger than the first one exactly when n(N − 2)/2 6 n(N −
2)− ]A1, that is, if and only if

]A1 6 n(N − 2)/2 .

For ]A1 = 1, this implies ct(V ) 6 n(N − 2) +N − 2 = (n+ 1)(N − 2) = T and we know that this
is in fact an equality by [DSt15b, Example 4.3(i)]. Similarly, [DSt15b, Example 4.3(ii)] shows
that ct(V ) = T − 1 when ]A1 = 2. Hence in these two cases, the inequality in Theorem 2.4 is in
fact an equality. Example 4.3(iii) in [DSt15b] shows that ct(V ) = T − 1 or ct(V ) = T − 2 when
]A1 = 3, depending on whether the three nodes are collinear or not. It follows that the bound
given by Theorem 2.4 is optimal for ]A1 6 3.

Example 2.7. Consider a reduced plane curve V : f = 0 in P2 having nk ordinary singularities
of multiplicity k for k = 2, 3, 4 and no other singularities. Theorem 2.4 and Example 2.1 yield

ER(f)m = 0 for any m 6 2(N − 2)− n2 − 3n3 − 5n4 .

In the nodal case, that is, when n3 = n4 = 0, this bound can be better than the one given
by the inequality (1.3), but only when V is irreducible (indeed, otherwise ER(f)N−2 6= 0, as
shown in [DSt15b] via Hodge theory and in [EU13] without Hodge theory and in a more general
setting).

Now, we consider the case of a 1-dimensional almost complete intersection and give the proof
of Theorem 1.2. The proof is very similar to that of Theorem 1.1, but we choose to present
these results separately in order to preserve the additional geometric flavor of Theorem 1.1. Note
that the key equation (2.1) holds in the more general case of a 1-dimensional almost complete
intersection, as noted at the end of [Dim13b, Remark 4]. Namely, we have

dim ER(f)m = defn(e−1)−1−m Y (f) . (2.3)

It remains to apply Lemma 2.3 instead of Lemma 2.2 to complete the proof of Theorem 1.2.
Here is one easy consequence.

Corollary 2.8. Let g = (g1, . . . , gn) be a collection of n homogeneous polynomials in Se for
some degree e > 0 such that (g1, . . . , gn) is a regular sequence in S. The ideal spanned by the gi
define a 0-dimensional subscheme Y (g). For each point q in the support |Y (g)| of this scheme,
let m′q be the maximal ideal in the local ring OY (g),q and let o(m′q) denote its order. Then∑

q∈|Y (g)|

o(m′q) > n(e− 1) + 1 .
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Proof. Apply Theorem 1.2 to the collection f = (f0, . . . , fn), with f0 = 0 and fi = gi for i > 0.
The relation 1 · f0 = 0 implies ER(f)0 6= 0, and this yields the result.

Remark 2.9. (i) The example gi = xei for i = 1, . . . , n shows that the inequality in Corollary 2.8
is sharp.

(ii) It is clear that o(m′q) 6 dimCOY (g),q, where the equality holds if and only if the 0-
dimensional singularity (Y (g), q) has embedding dimension at most 1. In particular, we get∑

q∈|Y (g)|

o(m′q) 6
∑

q∈|Y (g)|

dimCOY (g),q = en .

(iii) The reader interested in the case of a 1-dimensional complete intersection f = (f0, . . . , fn),
where the degrees of the fi are different, can also obtain bounds on the degree of syzygies following
the above approach. Indeed, the relation (2.3) essentially continues to hold, as noted at the end
of [Dim13b, Remark 4] and the references given there, but additional care is needed to get the
right homogeneous components in ER(f) in this case.

3. Stability of T 〈V 〉 for n = 2 and n = 3

First, we discuss the simpler case n = 2. Using [Ser14, Proposition 2.4] which says that T 〈V 〉 is
stable if and only if AR(f)m = 0 for all m 6 (N − 1)/2, we get the following consequence of our
Theorem 2.4.

Corollary 3.1. Assume that the curve V : f = 0 in X = P2 has degree N and only isolated
singularities, with local equations gp = 0 for p ∈ Vsing. Then the vector bundle T 〈V 〉 is stable if

[(N − 1)/2] 6 2(N − 2)−
∑

p∈Vsing

a(gp) , (3.1)

where [y] denotes the largest integer satisfying [y] 6 y. In particular, since a rank 2 stable vector
bundle is not splittable, it follows that V is not a free divisor when the inequality (3.1) holds.

Example 3.2. For N > 5, consider the family of plane curves VN : fN = 0 in P2 given by the
equation

fN = x2y2zN−4 + x5zN−5 + y5zN−5 + xN + yN = 0 .

Then VN has a unique singularity at p1 = (0, 0, 1) which is isomorphic to the singularity g(u, v) =
u2v2 + u5 + v5. It follows that τ(VN ) = τ(g) = 10 and a(g) = 5; see, for instance, [Dim87,
Example (6.56)]. Moreover, this singularity, usually denoted by T2,5,5 in Arnold’s classification,
is not weighted homogeneous since 11 = µ(g) > τ(g) = 10.

Theorem 2.4 yields mdr(VN ) > 2N−8, while Theorem 1.1 yields the weaker bound mdr(VN ) >
2N −13. A direct computation of the Jacobian syzygies in the case 5 6 N 6 10 using Singular
shows that mdr(VN ) = 2N − 7. Therefore, Theorem 2.4 is almost sharp in these cases.

Using Corollary 3.1, this computation also implies that the curves VN have the property that
the associated bundle T 〈VN 〉 is stable for any N > 5.

Example 3.3. If V is an irreducible free divisor in X = P2 with degree N and only isolated
singularities, with local equations gp = 0 for p ∈ Vsing, it follows from Corollary 3.1 that one has∑

p∈Vsing

a(gp) > 2(N − 2)− [(N − 1)/2] .
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In other words, such a curve should have many singularities (or singularities with large inva-
riants a(gi)) and this explains the difficulty and the interest in constructing such examples; see,
for instance, [BC13, ST14, DSt15a]. The example V5 above shows that the inequality (3.3) in
not sufficient to imply the freeness of the divisor.

Now, we pass to the case n = 3 and prove Theorem 1.3. First, we compute the Chern classes
of the sheaf T 〈V 〉. The exact sequence (1.4) yields

c(T 〈V 〉) · c(IY (N)) = (1 + α)4 ,

where α ∈ H2(P3) is the standard generator and α4 = 0. To compute c(IY (N)), we use the exact
sequence

0→ IY (N)→ OX(N)→ OY → 0 , (3.2)

which gives

c(IY (N)) ·
(
1 + τ(V )α3

)
= 1 +Nα .

Using this, by a direct computation, we finally get the following Chern classes (identified to the
corresponding Chern numbers): c1(T 〈V 〉) = −N + 4,

c2(T 〈V 〉) = N2 − 4N + 6 , and c3(T 〈V 〉) = −N3 + 4N2 − 6N + 4 + τ(V ) . (3.3)

To study the stability of T 〈V 〉, we first have to normalize it, that is, find an integer m such that
c1(T 〈V 〉(m)) ∈ {0,−1,−2}. Now,

c1(T 〈V 〉(m)) = −N + 4 + 3m = −3N1 − ε+ 4 + 3m,

and hence m = N1 − 1 is the right choice. Indeed, F = T 〈V 〉(m) satisfies c1(F ) = 1− ε.
Consider first the case ε = 1, hence c1(F ) = 0. Then, using [OSS80, II, Section 1.2, p. 85],

we see that F is stable if and only if one has

H0(X,F ) = H0(X,F ∗) = 0 , (3.4)

where X = P3 and F ∗ is the dual of F . The first condition is easy to check. Indeed, using (1.5),
we have H0(X,F ) = AR(f)m+1. On the other hand, AR(f)m+1 = 0 since the condition τ(V ) 6
8N1−3 is exactly what we need to apply Theorem 1.1. Also note that m+1 = (N−1)/3 < N−1
and hence AR(f)m+1 = ER(f)m+1. The second vanishing H0(X,F ∗) = 0 requires more work. If
we dualize the exact sequence (1.4), we get

0→ IY (N)∗ → OX(−1)4 → T 〈V 〉∗ → Ext1(IY (N),OX)→ · · · . (3.5)

We show that Ext1(IY (N),OX) = 0 by proving the corresponding vanishing at the stalk level.
There are three cases to discuss.

Case 1. If x ∈ X is not a singular point in Y , then IY (N)x = OX,x and hence clearly
Ext1(IY (N)x,OX,x) = 0.

Case 2. Assume that x ∈ X is a weighted homogeneous singular point of V , with local
equation g = 0. Then g ∈ Jg and hence IY (N)x = Jg, which is a 0-dimensional complete
intersection. The exact sequence

0→ Jg → OX,x →M(g)→ 0

yields a long exact sequence containing the sequence

0 = Ext1(OX,x,OX,x)→ Ext1(Jg,OX,x)→ Ext2(M(g),OX,x) = 0 .
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The last vanishing is a well-known property of complete intersections, see for instance [GH78,
5.3, Subsection “Intrinsic Form of Local Duality”, p. 690], since dimX = 3 > 2.

Case 3. Now, consider the case of a singularity (V, x) given by g = 0 which is not weighted
homogeneous, so that IY (N)x = (g) + Jg. The exact sequence

0→ Jg → (g) + Jg → ((g) + Jg)/Jg → 0

and case 2 show that it is enough to prove that Ext1(((g) + Jg)/Jg,OX,x) = 0. Let Kg be the
kernel of the morphism g : M(g) → M(g) given by multiplication. Then we have a short exact
sequence

0→ Kg →M(g)→ ((g) + Jg)/Jg → 0 ,

which gives the result since

0 = Hom(Kg,OX,x)→ Ext1(((g) + Jg)/Jg,OX,x)→ Ext1(M(g),OX,x) = 0 .

In conclusion, (3.5) is a short exact sequence. Twisting by (−m), we get

0→ IY (N +m)∗ → O4
X(−1−m)→ F ∗ → 0 . (3.6)

Hence, to show that H0(X,F ∗) = 0, it is enough to show that H1(X, IY (N + m)∗) = 0 since
m > 0. The sheaf IY (N +m)∗ is a reflexive sheaf of rank 1, and hence it is an invertible sheaf;
see [OSS80, II, Section 1.1, p. 78]. Since X = P3, it follows that IY (N +m)∗ = OX(k) for some
integer k, and then the vanishing

H1(X, IY (N +m)∗) = H1(X,OX(k)) = 0

is well known.

Now, we treat the remaining cases, that is, the cases where c1(F ) = 1 − ε 6= 0. Remark
1.2.6(b) in [OSS80, II, p. 85] implies that F = T 〈V 〉(m) is stable in such cases if and only if one
has

H0(X,F ) = H0(X,F ∗(−1)) = 0 .

These vanishings are proved exactly as above. Namely, in the case N = 3N1 + 3, the sufficient
condition to get the vanishing H0(X,F ) = 0 via Theorem 1.1 is

τ(V ) 6 8N1 + 3 .

In the case N = 3N1 +2, the sufficient condition for H0(X,F ) = 0 is τ(V ) 6 8N1. Moreover, the
vanishing H0(X,F ∗(−1)) = 0 follows from the short exact sequence (3.6), by twisting by (−1)
and using the fact that m > −1.

Finally, we show that the sheaf F is locally free only when V is smooth. For n > 2, we have
the following fact attributed to R. Hartshorne, see [AY08, Lemma 3.2] (the proof can be found
in the arXiv version or [BS13, Exercise 20.4.22(ii)]: a coherent sheaf G on X = Pn is locally free
if and only if Hj(X,G(k)) = 0 for all j < n and k � 0. These vanishings for a locally free sheaf
follow, in fact, from Serre’s vanishing theorem [Har80, Theorem III.5.2] combined with Serre’s
duality theorem [Har80, Theorem III.7.6].

The exact sequence (3.2) tensored by OX(k) shows that H1(X, IY (N+k)) = H0(X,OY ) 6= 0
when k � 0 exactly when Y , the singular locus of V , is nonempty. And then the exact sequen-
ce (1.4) implies that

H2(X,T 〈V 〉(k)) = H1(X, IY (N + k)) 6= 0

for n > 3 and k � 0. This completes the proof of Theorem 1.3.
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Remark 3.4. To compute the higher Chern classes of the sheaf F , it suffices to use the formulas
for the Chen classes of a tensor product; see [OSS80, I, Section 1.2, p. 16]. In this way, we get

c2(T 〈V 〉(m)) = c2(T 〈V 〉) + 2mc1(T 〈V 〉) + 3m2

and

c3(T 〈V 〉(m)) = c3(T 〈V 〉) +mc2(T 〈V 〉) +m2c1(T 〈V 〉) +m3 .

In the case ε = 1, using the formulas in (3.3) for ci(T 〈V 〉) and replacing m by N1 − 1 yields

c2(F ) = 6N2
1 and c3(F ) = −20N3

1 − 3(N1 − 1)3 + τ(V ) .

4. DK–Torelli-type properties for singular hypersurfaces

Now, we turn to the proof of Theorem 1.5 stated in the introduction. This proof follows closely
the proof of the corresponding result in [DSe14]. We repeat below the main steps, for the reader’s
convenience and also to point out the new facts necessary to treat the n-dimensional case.

Lemma 4.1. With the above notation and hypothesis, the sheaf T 〈V 〉 determines the vector
subspace Jf,N−1 ⊂ SN−1.

To prove this lemma, let E : g = 0 be a (possibly nonreduced) hypersurface in X = Pn of
degree N − 1. For any k ∈ Z, consider the exact sequence

0→ OX(k −N + 1)→ OX(k)→ OE(k)→ 0 ,

where the first morphism is induced by the multiplication by g. Tensoring this sequence of sheaves
by T 〈V 〉, we get a new short exact sequence

0→ T 〈V 〉(k −N + 1)→ T 〈V 〉(k)→ T 〈V 〉(k)⊗OE → 0 .

The injectivity of the first morphism comes from the fact that T 〈V 〉(k−N + 1) is a torsion-free
sheaf. The associated long exact sequence of cohomology groups looks like

0→ H0(T 〈V 〉(k −N + 1))→ H0(T 〈V 〉(k))→ H0(T 〈V 〉(k)⊗OE)→
→ H1(T 〈V 〉(k −N + 1))→ H1(T 〈V 〉(k))→ · · · .

Then, using the formula (1.5), we see that

δk = dimH0(T 〈V 〉(k))− dimH0(T 〈V 〉(k −N + 1)) = dim AR(f)k+1 − dim AR(f)k−N+2

depends only on f and not on g. Next, note that the morphism

H1(T 〈V 〉(k −N + 1))→ H1(T 〈V 〉(k))

in the above exact sequence can be identified, using [Ser14, formulas (5) and (9)] with the
morphism

g∗k+1 : (I/Jf )k+1 → (I/Jf )k+N

induced by the multiplication by g (we recall that I is the saturation of the Jacobian ideal Jf ).
The above proves the following equality:

dimH0(T 〈V 〉(k)⊗OE) = δk + dim ker g∗k+1 .

Let m be the largest integer such that 2m 6 N − 2. Since clearly m < N − 1, it follows that
Jf,m = 0 and hence g∗m is defined on Im. If g ∈ Jf , then clearly g∗m = 0, and hence the kernel
of g has maximal possible dimension.
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To complete the proof of Lemma 4.1, it is enough to show that the converse also holds. To
do this, we first show that there are two elements h1, h2 ∈ Im having no irreducible factor in
common. Otherwise, all the elements in Im are divisible by a homogeneous polynomial of degree
at least 1, and hence, in particular, one has dim Im 6 dimSm−1, which implies

τ(V ) > dimSm/Im >

(
m+ n

n

)
−
(
m+ n− 1

n

)
=

(
m+ n− 1

n− 1

)
.

One also has the (perhaps well-known) inequality(
m+ n− 1

n− 1

)
> (n− 1)m+ 1 , (4.1)

which can be proved by looking at the subsets E′ of cardinal n− 1 of a set E which is a disjoint
union E = E1 ∪ E2, with ]E1 = m and ]E2 = n− 1, and counting how many subsets E′ satisfy
](E′ ∩ E1) 6 1. It follows that

2m 6 2 · τ(V )− 1

n− 1
6 N − 4 ,

giving a contradiction with the choice of m. This shows that there are two elements h1, h2 ∈ Im
having no irreducible factor in common.

Then g∗m = 0 implies gh1 =
∑

j=0,n ajfxj and gh2 =
∑

j=0,n bjfxj for some polynomials
aj , bj ∈ Sm. It follows that ∑

j=0,n

(ajh2 − bjh1)fxj = 0 .

Since ∑
i=1,s

a(gi) 6 τ(V ) =
∑
i=1,s

τ(gi) 6
(n− 1)(N − 4)

2
+ 1 6 (n− 1)(N − 2) ,

it follows that

2m 6 N − 2 6 n(N − 2)−
∑
i=1,s

a(gi) .

Theorem 2.4 implies that the only syzygy of degree 2m is the trivial one, that is, ajh2 = bjh1
for any j. These relations imply that the polynomials aj are all divisible by h1 in S, and hence
g ∈ Jf .

It follows that g ∈ Jf,N−1 if and only if

dimH0(T 〈V 〉(m− 1)⊗OE) = δm−1 + dim Im ,

that is, the sheaf T 〈V 〉 determines the homogeneous component Jf,N−1 of the Jacobian ideal Jf ,
and this completes the proof of Lemma 4.1.

To finish the proof of Theorem 1.5, it is enough to use Theorem 1.1 of Z. Wang’s paper
[Wan15], which generalizes a lemma in [DSe14] covering the case n = 2. Indeed, this theorem
says that we can have the following situations:

(A) The Jacobian ideal Jf (or its homogeneous component Jf,N−1) determines f up to a mul-
tiplicative nonzero constant. In this case, V is DK–Torelli.

(B) The hypersurface V is of Sebastiani–Thom type.

(C) The hypersurface V has at least one singular point pi with multiplicity N −1; that is, there
is a local equation gi such that gi ∈ mN−1

n,pi . However, this is impossible in our conditions, as we
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now show. If gi ∈ mN−1
n,pi , then the monomials in the corresponding local coordinates u1, . . . , un

of degree at most N − 3 are linearly independent in On/(Jgi + (gi)). This implies that

τ(V ) > τ(gi) > dimSN−3 =

(
N − 3 + n

n

)
> n(N − 3) + 1 ,

as in (4.1). But this is in contradiction with the hypothesis

τ(V ) 6
(n− 1)(N − 4)

2
+ 1 ,

so the proof of Theorem 1.5 is complete.

Corollary 4.2. Assume that the curve V : f = 0 in P2 has degree N > 4 and has ν nodes, κ
cusps, and no other singularities. If

ν + 2κ 6
N − 2

2
,

then the curve V is DK–Torelli.

This is a direct consequence of Theorem 1.5, since a curve with only nodes and cusps and
of degree at least 4 cannot satisfy property (ii); see also [DSe14]. For V irreducible and κ = 0,
this result coincides with the result given in [DSe14]. For the remaining cases, Corollary 4.2 is
a slight improvement over the corresponding results given in [DSe14]. In particular, Corollary 4.2
shows that a curve with ν = 0 and κ = 1 is DK–Torelli as soon as N > 6, while the bound given
in [DSe14] for the same result was N > 8.
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tech. Math. 1 (2014), 247–267; https://doi.org/10.5802/jep.10.

DSt12 A. Dimca and G. Sticlaru, On the syzygies and Alexander polynomials of nodal hypersurfaces,
Math. Nachr. 285 (2012), no. 17–18, 2120–2128; https://doi.org/10.1002/mana.201100326.

DSt15a , Free divisors and rational cuspidal plane curves, 2015, arXiv:1504.01242.

DSt15b , Koszul complexes and pole order filtrations, Proc. Edinb. Math. Soc. 58 (2015), no. 2,
333–354; https://doi.org/10.1017/S0013091514000182.

DSt16 , Syzygies of Jacobian ideals and weighted homogeneous singularities, J. Symbolic Com-
put. 74 (2016), 627–634, https://doi.org/10.1016/j.jsc.2015.11.003.

EU13 D. Eisenbud and B. Ulrich, The regularity of the conductor, A Celebration of Algebraic Geometry,
A Conference in Honor of Joe Harris’ 60th Birthday (Harvard Univ., Cambridge, August 25–28,
2011), Clay Math. Proc., vol. 18, eds B. Hassett, J. McKernan, J. Starr, and R. Vakil (Amer.
Math. Soc., Providence, RI, 2013), 267–280.

FMV13 D. Faenzi, D. Matei, and J. Vallès, Hyperplane arrangements of Torelli type, Compos. Math.
149 (2013), no. 2, 309–332; https://doi.org/10.1112/S0010437X12000577.

GH78 P. Griffiths and J. Harris, Principles of algebraic geometry, Pure Appl. Math. (Wiley-Interscience,
New York, 1978).

Har80 R. Hartshorne, Stable reflexive sheaves, Math. Ann. 254 (1980), no. 2, 121–176; https://doi.
org/10.1007/BF01467074.

HL97 D. Huybrechts and M. Lehn, The geometry of moduli spaces of sheaves, Aspects Math., vol. E31
(Friedr. Vieweg & Sohn, Braunschweig, 1997).

Mar77 M. Maruyama, Moduli of stable sheaves. I, J. Math. Kyoto Univ. 17 (1977), no. 1, 91–126;
http://projecteuclid.org/euclid.kjm/1250522815.

Mar78 , Moduli of stable sheaves. II, J. Math. Kyoto Univ. 18 (1978), no. 3, 557–614; http:
//projecteuclid.org/euclid.kjm/1250522511.
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