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Representation theory and the cycle map
of a classifying space

Masaki Kameko

ABSTRACT

We compute the Chern subgroup of the fourth integral cohomology group of a certain
classifying space and show that it is a proper subgroup. Such a classifying space gives
us new counterexamples for the integral Hodge and Tate conjectures modulo torsion.

1. Introduction

Let G be a reductive complex linear algebraic group. In [Tot97], Totaro defined the Chow group
CH!BG of its classifying space BG and studied the cycle map to the integral cohomology
H?(BG;Z). Approximating the classifying space with smooth projective varieties, we obtain
interesting examples. For instance, counterexamples for the integral Hodge conjecture due to
Atiyah and Hirzebruch [AH62] are obtained by studying the cycle map

cl: CH'BG — H*(BG;Z)

for i = 2 and G = (Z/p)? x Gy, where p is an odd prime number, (Z/p)? is the elementary
abelian p-group of rank 3 and G,, is the multiplicative group of non-zero complex numbers.
Changing the base field to the algebraic closure of a finite field whose characteristic is prime
to p, Colliot-Thélene and Szamuely obtained counterexamples for the integral Tate conjecture
in [CS10]. However, the integral Tate conjecture is known to hold for certain classes of varieties,
and it is also an important subject of study; see, for example, [CP15] by Charles and Pirutka.
We refer the reader to the introduction of Antieau’s paper [Antl6] for a detailed account of
the integral Hodge and Tate conjectures. Since a reductive complex linear algebraic group is
homotopy equivalent to its maximal compact subgroup, as far as its cohomology is concerned,
we may consider the corresponding compact Lie group instead of the reductive complex linear
algebraic group. In this paper, we consider the special unitary group SU(p?) instead of the special
linear group SL,2 and, by abuse of notation, we write CH!BSU(p?) for CH" BSL,2 and so on.

Recently, using the exceptional groups Go, Fy, Eg for p = 2, 3,5, respectively, Pirutka and
Yagita constructed counterexamples for the integral Hodge and Tate conjectures modulo torsion
in [PY15]. In [Kam15], the author generalized the result of Pirutka and Yagita using compact Lie
groups SU(p) x SU(p)/pp to all prime numbers p, where f,, is the cyclic group of order p which
acts diagonally on SU(p) x SU(p). Very recently, in [Ant16], Antieau gave rather different and
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very interesting counterexamples for the integral Hodge and Tate conjectures modulo torsion
for p = 2,3 by studying Chern classes of SU(8)/u2 and SU(9)/us3, where p,, is the subgroup of
order p of the center. By the Riemann—Roch formula without denominators, the Chow group
CH? BG is generated by Chern classes of complex representations. So, the question regarding the
surjectivity of the cycle map
cl: CH?BG — HY(BG,7Z)

is equivalent to the question regarding the integral cohomology group H*(BG;Z) being generated
by Chern classes of complex representations. We refer the reader to Totaro’ paper [Tot99] and his
book [Tot14] for details of these facts. In [Ant16], Antieau calculated second Chern classes for all
irreducible complex representations of SU(8)/u2 and SU(9)/us using a computer algebra system
and showed that these second Chern classes do not generate the fourth integral cohomology

groups. Also, Antieau conjectured that similar results hold for all odd prime numbers, that is,
Theorem 1.1 [Ant16, Conjecture 2.10] below.

In this paper, we call the subgroup of the integral cohomology group H!(BG;Z) generated
by all complex representations the Chern subgroup of H*(BG;Z). The purpose of this paper is
to prove Antieau’s conjecture. We not only prove Antieau’s conjecture but also give a simpler
proof for the case p = 3 without using a computer algebra system.

THEOREM 1.1. Let p be an odd prime number. Let y, be the subgroup of the center of SU(p?)
of order p. Then, the Chern subgroup of H4(BSU (pQ)/up; Z) =7 is

p-H'(BSU (p°)/upZ) =p-Z.
As a corollary, we have the following result on the cycle map.

COROLLARY 1.2. Let p be an odd prime number. Let p, be the subgroup of order p of the center
of SU(p?). Then, the cycle map

cl: CH?BSU (p?)/pp — H*(BSU () /up; Z) = Z

is not surjective.

One of the key ingredients in Antieau’s paper is the fact [Ant16, Proposition 2.7] that the
induced homomorphism

m™: H*(BSU (p?)/up; Z) — H*(BSU (p*); Z)

induced by the obvious projection 7: SU(p?) — SU(p?)/u, is an isomorphism for all odd prime
numbers p, where, by abuse of notation, we denote the map between classifying spaces BSU(p?) —
BSU(p?)/u, induced by the projection 7: SU(p?) — SU(p?)/u, by the same symbol 7. Antieau
used SU(p?) to detect the integral cohomology group H*(BSU(p?)/pp;Z). In this paper, we
replace SU(p?) by

S'={zeC||z|=1}.
The complex representation ring R(S?) is Z[z, z~!], and the integral cohomology ring H*(BS!; Z)
is Z[t], where t is a generator of H?(BS';Z) = Z and z is represented by the canonical line
bundle over the infinite-dimensional complex projective space CP> = BS!. Both the complex
representation ring of S' and the integral cohomology ring of BS! are much simpler than those
of SU(p?) and BSU(p?), respectively, yet there exists a map

o1: St — SU(p2)
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such that the induced homomorphism (7 o 1)* detects the fourth integral cohomology group of
BSU(p?)/ tp- Because of the simplicity of the complex representation ring of S and the integral
cohomology ring of BS!, we can compute complex representations and their Chern classes without
using a computer algebra system. Also, in this paper, we consider algebra generators of the
complex representation ring R(SU(p?)) rather than irreducible representations. This also reduces
the number of computations we need.

This paper is organized as follows: In Section 2, we give a necessary condition for an ele-
ment x in the complex representation ring R(SU(p?)) of SU(p?) to be in the image of the induced
homomorphism

m™: R(SU(p?)/up) — R(SU(p?%)).

In Section 3, we define the map ¢1: S! — SU(p?) above. Then, we compute the second Chern
class of ¢%(x) € R(S') modulo p and complete the proof of Theorem 1.1.

The author was informed by Benjamin Antieau that Arnav Tripathy also proved Theorem 1.1
independently [Tril6].

2. Representations

In this section, we consider a necessary condition for an element x in the complex representation
ring R(SU(p?)) to be in the image of the induced homomorphism

T R(SU(p2)/,up) — R(SU(p2)).

We use the following commutative diagram:

Ag

Hp T

Ay Lo

\
31

SU(p®) —— U(»?)

Y

SU(pz)/Np )

where T = S! x - - x S! (the product of p? copies of S!) is the maximal torus of the unitary group
U(p?) consisting of diagonal matrices, tp is the cyclic group of order p consisting of the pth roots
of unity in S' € C, the maps ¢ and ¢; are obvious inclusion maps, and Ay is the diagonal map

The complex representation rings of u,, T, SU(p?) and U(p?) are well known. See, for instance,
Brocker and tom Dieck’s book [BtD95, II, Section 8] and Husemoller’s book [Hus94, Chapter 14].
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We recall that

R(pp) = ZIC)/ (¢P = 1) = Z{1, (..., (P71,
R(T) = Z[zl,zl_l,...,zpz,zz;l] = Z[zl,...,zpz,l,zpz,)\;;] ,
R(U(P?) = Z[M, . A1, A, A

R(SU (p?)) =Z[A1,..., M\ 1],

where ¢ is represented by the inclusion of ), to Stz is pi(2), pir T — S' is the projection
onto the ith factor for i = 1,...,p% A is the £th symmetric function of z, .. -y Zp2 and Ay is
represented by the fth exterior power representation. It is clear from the definition of Ag that
A}(2) = ¢ for i = 1,...,p*. Hence, we have

aion = (7)<

2 2
AT(AQ - )\ér) = <]gl> . (12 ><41+...+gr .

If z € R(SU(p?)) is in the image of the induced homomorphism
™ R(SU (p*) /1) — R(SU (p%)) .

and

then Aj(z) is in
Z{1}y C Z{1,¢, ..., P71 = R(py) -

aion = ()= (7)) rezq

p
2\ P 2\ P
aion = (1) e = (") ez,
there exist complex representations yi, y2 of SU(p?)/u, such that 7*(y1) = A, and 7*(y2) = AL.

Remark 2.1. Since

and since

Now, we consider a basis for R(SU(p?)). Let L = (f1,...,4.) be a non-decreasing finite
sequence of integers in {1,...,p? — 1}. We define a monomial A\, to be

M=1, A=A, ANy =AM Ay, forr =2,

1--

Then, any element x in R(SU(p?)) is a linear combination of Az, and we have

T = ZaL(:E)/\L, ar(r) €Z,
L

where L ranges over the set of non-decreasing finite sequences of positive integers less than p?
and the ay(z) are 0 except for a finite number of L. In this section, we prove the following
proposition, which gives us a necessary condition for € R(SU(p?)) to be in the image of 7*.
The use of this proposition in the proof of Theorem 1.1 was suggested by Antieau to the author.
Also, the author learned its proof from Antieau.

PROPOSITION 2.2. Let L = ({y,...,¢,). Suppose x € Im7*. If {; + ---+ ¢, # 0 mod p, then
ar(z) =0.
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Proof. Let V' be a complex representation of SU(p?)/pu,. Then 7* (V') is a direct sum of irre-
ducible representations, say 7*(V') = V1@®- - -@Vj. Since p, acts on 7*(V) trivially, it acts trivially
on each V;. Therefore, for each i, there exists a V/ in R(SU(p?)/u,) such that 7*(V) = V;. Since
a complex representation ring is additively generated by irreducible representations, to prove
the proposition it suffices to prove it for irreducible representations. Let V' be an irreducible
representation of SU(p?). It is a direct summand of an n-fold tensor product of the standard
representation A\ for some n. The irreducible representation V' corresponds to a sum of dim(V')
homogeneous monomials of degree n in R(T’), where T = TNSU(p?) is the maximal torus of
SU(p?), so that it is a linear combination of products Ay, - - Ag, with ¢; + --- + £, = n, where
¢; €{1,...,p?}. Since
A7(V) = (dim V)¢,
A(V) is in
Z{1} c Z{1,¢,..., P71} = R(up)

if and only if n is divisible by p. This completes the proof. O

3. Chern classes

In this section, we prove Theorem 1.1. We define a map ¢o: S! — T by

wo(z) = (:B,Il‘_l, 1...,1).
The map ¢;: S' — SU(p?) mentioned in Section 1 is defined by the following commutative
diagram:
®0

St T

®1 Lo

L1

SU(p*) —— U(’).

As in Section 2, we denote the algebra generators of R(T) by z1,...,2,, those of R(SU(p?))

by At,..., A2 and those of R(U(p?)) by Ay,.. .,)\pz,)\;zl, where §();) is the ith symmetric
polynomial in z1,...,z,: and j(A¢) = Ay (¢ = 1,...,p* — 1) and ¢j(\,2) = 1. Let z be the

generator of R(S') = Z[z, 2] represented by the canonical line bundle, and let ¢ be the generator
of H*(BS';7Z), as in Section 1. It is clear that (21) = 2z and @f(22) = 21, while ¢§(2;) = 1 for
i=3,...,p% For a vector bundle ¢ over a space X, we denote by

c(§) =1+c(§) +e2f) +--- € H(X;Z)
the total Chern class of ¢, where ¢;(¢) denotes the ith Chern class in H*(X;7Z).

PROPOSITION 3.1. For ¢ = 1,...,p? — 1, we have c1(p}(\r)) = 0 and c2(p}(M\pk)) = 0 mod p,
where 0 < k < p.

Proof. The fact that c1(p3()\¢)) = 0 is clear from the fact that H?(BSU(p?);Z) = {0}. Let us
use the convention that (‘g) =0 for b < 0 and b > a. Then, for £ =1,...,p> — 1, the number of

2
monomials of the form 21202, -+ 2;,_, (3 <1 < -+ <iyp_g < p?) is (%:22), both the number of
monomials of the form zyz;, -2, , (3 < <+ <iy—1 < p?) and the number of monomials of

225



M. KAMEKO

the form z92;, -+ 2, , (3 < i1 < - ) ( = ) and the number of monomials of the
i

are
form z; ziy -z, (3 <1 < -+ <ip < ( ) Hence, we have

A0 = (p;_;> o i R B Gy

for £ =1,2,...,p? — 1. Therefore, the total Chern classes are given by
22
i) = {(1 — )1 + 1)} (i)

22
=1- <p€ 1 )t2 + higher terms,

where ¢ = 1,...,p? — 1 and higher terms mean terms of topological degree greater than or equal
to 6. For £ = pk with 0 < k < p, by Lucas’s theorem, since p*> —2 = (p — 1)p + (p — 2) and
pk—1=(k—1)p+ (p—1), we have

2
p—2 p—1\(p—2
= = dp.
(pk?—1> (k’—l) (P—1> v modp
Therefore, we have ca(¢7(Apr)) =0 mod p. O

To compute second Chern classes of Ay, for r > 2, we use the following lemma.

LEMMA 3.2. Let & and n be finite-dimensional complex vector bundles over a CW complex of
finite type. We assume that H*(X;Z) has no torsion and that the first Chern classes vanish, that
is, c1(§) = ¢1(n) = 0. Then, we have

dim&{n = (dim&)(dimn), e (§n) =0, c2(&n) = (dimn)ca(§) + (dimE)ea(n) .

Proof. We consider the Chern character ch(§) of a finite-dimensional complex vector bundle £
over X. By the assumption of the lemma, the Chern characters ch(§) and ch(n) are given by

ch(§) = dim & — c2(€) + higher terms,
ch(n) = dimn — ca(n) + higher terms,

where higher terms mean terms of topological degree greater than or equal to 6 as in the proof
of Proposition 3.1. The Chern character satisfies

ch(£n) = ch(&) ch(n)
for any finite-dimensional complex representations £ and 7 over X. Hence, we have
ch(€) ch(n) = (dim &)(dimn) — {(dimn)ca(€) + (dim )ca(n)} + higher terms,

and we have the desired result. O

Proof of Theorem 1.1. As we mentioned in Section 1, Antieau proved that the induced homo-
morphism

7 H*(BSU (p®)/pp; Z) — H*(BSU (p®); Z)
is an isomorphism. Since we proved
ea(gi(Ar)) = (-1) - £
in the proof of Proposition 3.1, it is clear that the induced homomorphism
¢t H'(BSU (p®);Z) — H*(BS';Z)

is also an isomorphism. Hence, to prove Theorem 1.1, it suffices to show the following;:
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(1) The class c2(¢}(z)) is divisible by p for all x € Im7* C R(SU(p?)).
(2) There exists an element y € R(SU(p?)/p,) such that ca(p}(7*(y))) = p - t2.

First, we prove statement (1). Let L = (¢1,...,£,) be a non-decreasing sequence of positive
integers less than p?. Let

or,

o = [T dimeiOv) and o= s
1 A

i=1
By definition, we have

1
This dimension is divisible by p. If » > 2, then ¢y, ; is the product of dim ¢} (A, ), ..., dim ¢} (Ae,)
except for dim ¢7 (g, ). Therefore, it is divisible by p for ¢ = 1,...,7; that is,

p
dim @] (A¢) = dim Ay = < ) :

0r; =0 mod p

for 7 > 2. On the other hand, by Proposition 3.1, the bundles ¢} ()\¢) satisfy the assumption of
Lemma 3.2. Therefore, by Lemma 3.2, we have

c2(p1(AL)) ZéchQ ¢1(Ae;)) -
=1

Hence, for r > 2, we have ca2(¢f(Ar)) =0 mod p. Thus, modulo p, the class ca(pi(x)) is a linear
combination of 02(<p1()\g)), where ¢ =1,...,p? — 1. Since z € Im 7*, by Proposition 2.2 for ¢ not
divisible by p, we have a () (z) = 0. Therefore, we have

p—1

Z a(pr) (T)e2(7(Apk)) =0 mod p,
k=1

c2(pi(7))

by Proposition 3.1.

Next, we prove statement (2). Recall Remark 2.1. There exist complex representations y; and
yo such that 7*(y1) = \p and 7*(y2) = A}. Let L = (1,...,1) be the sequence of p copies of 1, so

that /1 = --- =/, = 1. Since dim A, =p?fori=1,...,p, we have §;, = p?? and
or
ST dimgi()

for i =1,...,p. Recall that we proved
ea(pi(M)) = (=1) - ¢

in the proof of Proposition 3.1. By Lemma 3.2, we have
2 (0T (AP)) Z 22— el g2
=1

On the other hand, in the proof of Proposition 3.1, we proved

ateiony = (0 1)
-l e
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the greatest common divisor of (’;2 :12) and p?P~1 is p, so that there exist integers 31 and (2 such
that
p2 - 2p—1
51( )+52pp_ =-p.
p—1
Let y = B1y1 + B2y2. Then, y satisfies the required conditions and statement (2) holds. O
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