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ABSTRACT

We study the group of autoequivalences of the derived category of coherent sheaves on
a smooth projective elliptic surface with non-zero Kodaira dimension. We find a de-
scription of it when each reducible fiber is a cycle of (—2)-curves and non-multiple.

1. Introduction

1.1 Motivation and results

Let X be a smooth projective variety over C and D(X) the bounded derived category of coherent
sheaves on X. If X and Y are smooth projective varieties with equivalent derived categories, then
we call X and Y Fourier—Mukai partners. We define the set of isomorphism classes of Fourier—
Mukai partners of X as

FM(X) := {Y smooth projective varieties | D(X) = D(Y)}/ = .

It is an interesting problem to determine the set FM(X) for a given X. There are several known
results in this direction. For example, Bondal and Orlov show that if Kx or —Kx is ample,
then X can be entirely reconstructed from D(X), namely FM(X) = {X} [BO97]. In contrast,
there are examples of non-isomorphic varieties X and Y having equivalent derived categories.
For example, in dimension 2, if FM(X) # {X}, then X is a K3 surface, an abelian surface
or a relatively minimal elliptic surface with non-zero Kodaira dimension [BM01, Kaw02]. In
dimension 3, Toda shows some results [Tod06]. Moreover, Orlov gives a complete answer to this
problem for abelian varieties in [Orl02].

It is also natural to study the isomorphism classes of autoequivalences of D(X). The group
consisting of all exact C-linear autoequivalences of D(X) up to isomorphism is denoted by

Auteq D(X) .
We note that Auteq D(X) always contains the group
A(X) :=Pic X x Aut X x Z[1]
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generated by the standard autoequivalences, namely the functors of tensoring with invertible
sheaves, pull-backs along automorphisms and the shift functor [1].

When Kx or —Kx is ample, Bondal and Orlov show that Auteq D(X) = A(X).

When X is an abelian variety, Orlov determines the structure of Auteq D(X) [Orl02]. As

a special case, when X is an elliptic curve, the autoequivalence group is described as

1 = X x Aut X x Z[2] — Auteq D(X) 5 SL(2,Z) — 1.

Here 6 is given by the action of Auteq D(X) on the even integral cohomology group H°(X,7Z) ®
H?(X,Z), which is isomorphic to Z2. In this case, the group Auteq D(X) contains the Fourier—
Mukai transform (I)S[X(a,b) _,x determined by a universal sheaf U of the fine moduli space Jx (a, b)
of stable vector bundles of rank a and degree b with (a,b) = 1. By the work of Atiyah [Ati57,
Theorem 7], the space Jx(a,b) is isomorphic to X, and hence @LJ’X(a’b) _,x can be regarded as an
autoequivalence of D(X). One can check that CIJZ"]’X(M) _,x does not belong to A(X).

For the minimal resolution X of A,-singularities on a surface, Ishii and the author determine
the structure of Auteq D(X) in [IUO05]. It is generated by the group A(X) and twist functors of
the form Tp,(q) [STO1] associated with the line bundle Og(a) on a (—2)-curve G(= P') on X.
Again, To,,(q) does not belong to A(X).

The case of smooth projective elliptic surfaces w: S — C with non-zero Kodaira dimension is
a mixture of the last two cases. If S has a reducible fiber, each component of it is a (—2)-curve.
Hence Auteq D(S) contains twist functors as in [IU05]. On the other hand, let us consider the
fine moduli space Jg(a,b) of pure 1-dimensional stable sheaves on S, the general point of which
represents a rank a, degree b stable vector bundle supported on a smooth fiber of 7. It often occurs

that there is an isomorphism S 2 Jg(a,b), and then the Fourier—-Mukai transform (I)LJ[S(@b) g

determined by a universal sheaf U on Jg(a,b) x S gives a non-standard autoequivalence.
For an object E of D(S), we define the fiber degree of E

d(E) = c1(E) - F,

where F' is a general fiber of 7. Let us denote by Ag the greatest common factor of the fiber degrees
of objects of D(S). It is shown in [Bri98] that if alg and b are coprime, the above-mentioned
fine moduli space Jg(a,b) exists. We write Jg(b) := Jg(1,b).
We set
B := (T, | G is a (—2)-curve)
and denote the congruence subgroup of SL(2,7Z) by

To(m) := {(2 Z) € SL(2,Z)|d e mZ}

for m € Z.

CONJECTURE 1.1. Let S be a smooth projective elliptic surface S with x(S) # 0. Then we have
a short exact sequence

1—(B,®0s(D)|D-F =0, Fis a fiber) x Aut S x Z[2] — Auteq D(S)

8 {(2 Z) GFO()‘S)‘JS(b)gS} — 1.

Here © is induced by the action of Auteq D(S) on the even-degree part H*(F,Z)® H?(F,Z) = 72
of the integral cohomology group of a smooth fiber F.
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Remark 1.2. (i) As Conjecture 1.1 implicitly implies, we can actually see in the proof of Theo-
rem 3.11 that every element of Auteq D(S) induces an autoequivalence of a smooth fiber F. If
k(S) = 0, this is false. See Example 2.8(iii).

(ii) The quotient group I'g(As)/Im O is naturally identified with the set of Fourier-Mukai part-
ners FM(S) of S. See Remark 3.12.

(iii) If 7 has a section, we know that Im © = SL(2,Z). See Remark 3.12.
(iv) By [IUO5, Proposition 4.18], we have

BN (®0g(D) | D-F =0, Fis afiber) = (®0s(G) | G is a (—2)-curve) .
The following is the main result of this article.

THEOREM (Theorem 4.1). Suppose that each reducible fiber on the elliptic surface S is non-
multiple and forms a cycle of (—2)-curves; that is, it is of type I, for some n > 1. Then Conjec-
ture 1.1 is true.

In the case that 7 has only irreducible fibers and 7 has a section, Conjecture 1.1 is essentially
shown in [LST13].!

1.2 Outline of the proof of Theorem 4.1

Let S be a projective elliptic surface with x(S) # 0, and let Z be the union of all reducible
fibers of the elliptic fibration 7: S — C'. Furthermore, let U be the complement of Z in S. We
introduce a group homomorphism

ty: Auteq D(S) — Auteq D(U)
in Proposition 3.9 and denote Im ¢y by Auteq” D(U). We classify all elements of Auteq’ D(U) in
Proposition 3.6 and determine the structure of Auteq’ D(U) in Theorem 3.11.

Assume furthermore that all reducible fibers of 7 are of type I, (n > 1), as in Theorem 4.1.
Then we can show that

B = Ker .y (1.1)

by using the following result.

PROPOSITION (Proposition 4.2). Take a connected component Zy of Z, that is, a fiber of . Let
us consider the irreducible decomposition Zy = Cy U --- U Cy,, where each C; is a (—2)-curve.
Suppose that we are given an autoequivalence ® of Dy (S) preserving the cohomology class
ch(0,) € H*(S,Q) for some point x € Zy. Then, there are integers a, b (1 < b < n) and i and
an autoequivalence
U € (To,(a) | G is a (—2)-curves contained in Zy)
such that
Vo ®(Oc,) = Oc,(a)li]
and
Vo ®(Oc, (—1)) = Oc,(a — 1] .
In particular, for any point z € C4, we can find a point y € C, with ¥ o ®(O,) = O,[i].

!The authors of [LST13] only consider autoequivalences ® with ® € Ker §. See the definition of § in Remark 3.10.
On the other hand, their result is valid without any restrictions on the base space of the fibration.
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Proposition 4.2 is proved in Section 6 using techniques developed in [IU05]. Then we can
deduce Theorem 4.1 from the equation (1.1) and the description of Auteq’ D(U) obtained in
Theorem 3.11.

The construction of this article is as follows. In Section 2, we show several preliminary results
and give definitions needed afterwards. In Section 3, we study the structure of Auteq’ D(U)
intensively. In Section 4, we reduce the proof of Theorem 4.1 to showing equation (1.1), and
furthermore we reduce the proof of (1.1) to showing Proposition 4.2. In Section 4, we also show
several lemmas used in Sections 5 and 6. In Section 5, we show Proposition 4.4, which is the
first step in the proof of Proposition 4.2. In Section 6, we prove Proposition 4.2. Finally, in
Section 7, we treat an example of an elliptic surface satisfying the assumption of Theorem 4.1.
In the example, we can determine the set FM(S), and also know when Jg(b) = S holds. This
information gives us a better description of Im © (see Conjecture 1.1) in the example.

1.3 Notation and conventions

All varieties will be defined over C. A point on a variety will always mean a closed point. By
an elliptic surface, we will always mean a smooth surface S together with a smooth curve C
and a relatively minimal projective morphism 7: S — C whose general fiber is an elliptic curve.
Here, a relatively minimal morphism means a morphism whose fibers contain no (—1)-curves.

For two elliptic surfaces 7: S — C and «n’: S’ — C, an isomorphism ¢: S — S’ satisfying
7 =7’ oy is called an isomorphism over C.

For an elliptic curve E and some positive integer m, we denote the set of points of order m
by . E. Furthermore, we denote the dual elliptic curve by E:=Pi" E.

We denote by D(X) the bounded derived category of coherent sheaves on an algebraic vari-
ety X. For a closed subset Z of X, we denote the full subcategory of D(X) consisting of objects
supported on Z by Dz(X). Here, the support of an object of D(X) is, by definition, the union
of the set-theoretic supports of its cohomology sheaves.

An object o in D(X) is said to be simple (respectively, rigid) if
Homp(x(a,a) = C (respectively, Hom}:)(X) () = 0) .
Given a closed embedding of schemes i: Z — X, we often denote the derived pull-back Li*«
simply by «|z.
We denote by AuteqT the group of isomorphism classes of C-linear exact autoequivalences
of a C-linear triangulated category 7.

2. Preliminaries

2.1 General results for Fourier—Mukai transforms

Let X and Y be smooth projective varieties. We call Y a Fourier—Mukai partner of X if D(X) is
C-linear triangulated equivalent to D(Y'). We denote by FM(X) the set of isomorphism classes
of Fourier—-Mukai partners of X.

For an object P € D(X x Y), we define the exact functor ®, called an integral functor, to
be

P = Rpy. (P & pk(=)): D(X) = DY),

where we denote the projections by px: X XY — X and py: X xY — Y. We also sometimes
write @7 as ®% ., to emphasize that it is a functor from D(X) to D(Y).
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Next, suppose that X and Y are not necessarily projective. Then, in general, Rpy is not well
defined as a functor D(X x Y) — D(Y) since py is not projective. Instead, suppose that there
are projective morphisms X — C and Y — C over a smooth variety C, and let P be a perfect
complex in D(X x¢Y). Then we can also define the integral functor in this case, by replacing
the projections py and px with py: X X¢ YV — Y and px: X xX¢ Y — X, respectively (note
that we use the same notation for both kinds of projections). If we want to emphasize that we
are in this situation, ® is called a relative integral functor over C. Later, we use relative integral
transforms in the case of elliptic surfaces over a non-projective base C.

By the result of Orlov [Or]197], for smooth projective varieties X and Y and for a fully faithful
functor ®: D(X) — D(Y'), there is an object P € D(X x Y'), unique up to isomorphism, such
that

=P,
If an integral functor (over C) is an equivalence, it is called a Fourier—Mukai transform (over C').

The left adjoint to an integral functor ®% over C is given by the integral functor ®< over C,
where

Q = ]R’HomXch(P, OXXcY) (g p}wx/c[dimX — dim C]
(see the proof of [Huy06, Proposition 5.9]). In particular, if ®” is an equivalence, its quasi-inverse
is given by ®<.
We can also see that the composition of integral functors over C' is again an integral functor
over C (cf. [Huy06, Proposition 5.10]).

LEMMA 2.1. Let ®: D(X) — D(Y) be a Fourier—-Mukai transform over a smooth variety C
between smooth varieties X and Y that are projective over C. Then the set of points © € X for
which the object ®(O;) is a sheaf forms a (possibly empty) open subset of X.

Proof. This is a special case of [BMO01, Proposition 2.4]. See also the proof of [BMO01, Lem-
ma 2.5]. O

The following is well known.

LEMMA 2.2, Let ®: D(X) — D(Y) be a Fourier-Mukai transform over a smooth variety C
between smooth varieties X and Y that are projective over C. Assume that ®(O,) is a shift of
a sheaf supported on a finite subset of Y for all points x € X. Then we have

= guo((-)®L)[n]
for a line bundle £ on X, an isomorphism ¢: X — Y over C' and some integer n.
Proof. By the assumptions, ®(O;) satisfies the condition of [Huy06, Lemma 4.5]. Hence, ®(O0;) =
Oy[n] for some y € Y and n € Z. Note that the integer n does not depend on the choice of

a point z, by Lemma 2.1. Then apply [BM98, Section 3.3] (or [Huy06, Corollary 5.23]) to get
the conclusion. ]

LEMMA 2.3. Let X be a smooth variety, E € D(X) an object with compact support and x € X.
Then RHomp(x(E, O;) # 0 holds if and only if x € Supp E. Moreover, these conditions are also
equivalent to RHomp(x(Oy, E) # 0.

Proof. The first statement is just [BM02, Lemma 5.3]. The second follows from Serre duality
and the first. O
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LEMMA 2.4. Let X and Y be smooth projective varieties given together with closed subsets
Z C X and W C Y. Suppose that a Fourier—Mukai transform ® = ®x_,y and its quasi-inverse
U satisfy

Supp®(O0,) c W and Supp¥(O,) C Z
for all points z € Z and w € W. Then ® restricts to a Fourier—-Mukai transform from Dy (X)
to Dy (Y).
Proof. We repeatedly use Lemma 2.3. Take points z € Z and y € Y\W. Then
RHOHlD(X)(‘I’(Oy)a 0.) = RHomD(Y)(Oya $(0.))
vanishes by the assumption. This means that Supp ¥(O,) N Z = (), and thus for an object
E € Dz(X), we have
RHomD(y)(@(E), Oy) = RHOIDD(X) (E, \If(Oy)) = 0,

which implies that ®(F) € Dy (Y). Here, the last equality follows from [Huy06, Lemma 3.9].
In a similar way, we can prove that ¥(F') € Dz(X) for any object F' € Dy, (Y'). Therefore, we
obtain the conclusion. O

The following is also well known.

LeEMMA 2.5 (cf. [HLS09, Proposition 2.15]). Let m: X — C and 7’: Y — C be flat projective
morphisms between smooth varieties, and take a point ¢ of C. Suppose that X. and Y, are
the fibers of m and 7', respectively, over the point ¢, and that we are given an integral functor
o= <I>§_>Y over C.

Let us consider the integral functor ¥ = <I>§|CX_”;§,:C, and denote the inclusions by k: X, — X

and k': Y. — Y. (Although we do not assume that X. and Y, are smooth, the perfectness of
P|x.xv, assures that ¥ defines a functor from D(X.) to D(Y.).) Then we have the following:

(i) The functors ® and ¥ satisfy ki, o W = ® o k.
(ii) Assume furthermore that ® is a Fourier—-Mukai transform. Then so is U.
Proof. Assertion (i) follows directly from the projection formula and the flat base change formula

(cf. [Huy06, Section 3.3, pp. 83, 85]). For assertion (ii), suppose X =Y and ® = idx. Then
obviously ¥ 2 idx, also holds. Apply this argument to the functor ® o ®~1 to get the result. [

2.2 The Euler form on surfaces

Let X be a smooth quasi-projective variety. For objects a,, 8 € D(X) with compact supports, we
define the Euler form as

x(a, B) = Z(—l)i dim Homé)(X) (o, ).
i
In the surface case, the Riemann—Roch theorem yields

x(a, B) = r(a) chy(B) — ci(a) - c1(B) + r(B) cha(a)
+ 5 (Ber(a) — r(@)en(8)) - erlwx) + r(a)r(B)x(Ox)
In particular, if r(a) = r(8) = 0, we have

x(a, B) = —ci(a) - c1(B) . (2.1)

548



AUTOEQUIVALENCES OF ELLIPTIC SURFACES

As an application, for a (—2)-curve G on a smooth surface X, we can compute

b—a-—1 ifb—a>1,
dim Ext} (Og(a), Og(b)) = { 0 if |b—al <1, (2.2)
a—b—1 ifa—b>1.

2.3 Twist functors

We introduce an important class of examples of autoequivalences.

DEFINITION-PROPOSITION 2.6 ([STO01]). Let X be a smooth variety, or rather a complex mani-
fold.

(i) We say that an object o € D(X) with compact support is spherical if we have a @ wx = «
and
0, k+#0,dimX
Hom" o, o) = ’ ’ ’
bx) (@) {c, k=0, dimX.

(ii) Let o € D(X) be a spherical object. We consider the mapping cone
v L
C = Cone (rja” @ m5a — Op)

of the natural evaluation Wi‘av %@ moa — Oa, where A C X x X is the diagonal and m; is the
projection of X x X to the ith factor. Then the integral functor Ty, := <I>§( _,x defines an autoe-
quivalence of the bounded derived category Dcon(x)(Ox — mod) of Ox-modules with coherent
cohomology on X, called the twist functor along the spherical object . (For an algebraic variety
X or a compact complex analytic space X of dimension 2, it is known that DCoh(X)(OX — mod)
is equivalent to D(X). See [Huy06, Corollary 3.4, Proposition 3.5] and [BV03, Corollary 5.2.2].)

Remark 2.7. Let o € D(X) be a spherical object. Then, by definition, for every g € D(X), we
have an exact triangle

RHomp(xy(a, B) @c a — 8 — Tu(B). (2.3)
In particular, in the Grothendieck group K (X), we have
[T (8)] = [8] — x(a, B)[a]. (2.4)

Suppose Supp @ N Supp 8 = 0. Then since RHom(«, 8) = 0, we have T,(8) = 5. We use this
remark later.

Ezample 2.8. (i) Let S be a smooth surface, and let G be a (—2)-curve. Then, for every integer
a and any point x € S, we can deduce

X(OG(Q)7 OG(G’)) =2 and X(OG(a)a Ow) =0
by equality (2.1). Hence, the object Og(a) € D(S) is spherical, and it follows from equality (2.4)
that [T, (q)(Oz)] = [Oz]. By using (2.3), we can also see that
H™Y(Tos(06(2)) = Oc(-1)** and  H°(To,(0c(2))) = Oc,
and hence Tp, ¢ A(S5).

(ii) Let « be a simple coherent sheaf on an elliptic curve FE, for example a line bundle or
the structure sheaf O, of a point x € E. Then, « is spherical. Usually, twist functors are not
standard autoequivalences, but we can see that in this case Tp, = ®0Opg(z) € A(E) (cf. [Huy06,
Example 8.10]).
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(iii) Let X be a K3 surface. Then, the structure sheaf Ox of X is spherical. We can see that
SuppTo, (O;) = 2 by using the triangle (2.3). In contrast, we will see in Claim 3.1 that for
an elliptic surface S with non-zero Kodaira dimension, any autoequivalence ® € Auteq D(S)
satisfies Supp ®(0,) < 1.

THEOREM 2.9 ([IU05, Theorem 1.3], [[UU10, Appendix A]). Let X be a minimal resolution of
the A,-singularity Spec C[[x,y, z]]/(z* + y* + 2"1). Define

B :=(To, ) | G is a (—2)-curve ),
and denote by Z the exceptional set of the resolution. Then we have

Auteq Dz(X) = ((B,Pic X) x Aut X) x Z.
We will use ideas of the proof of Theorem 2.9 to prove our main result, Theorem 4.1.

2.4 Autoequivalences of elliptic curves
Let E be an elliptic curve. With a given ® = & ¢ Auteq D(E), we associate a group automor-
phism p(®) of H*(E,Z) = Z* given by

p(®7) (=) = p2u(ch(P) - pi(-))
(cf. [Huy06, Corollary 9.43]). This gives a group homomorphism
p: Auteq D(F) — GL(H*(E,Z)),
and it is known that p preserves the parity; that is, it decomposes as p = n @ 0, where n(®) €
GL(H°Y(E, 7)) and 0(®) € GL(H®(E, 7).
Because 6(®) € GL(2,Z) preserves the Euler form x(_,_), we can see that 6(®) actually

gives an element of SL(2,Z). Take the classes ch(Og) and ch(O,) for some point z as a basis of
H®(E,7) = 7% In terms of this basis, To,, To, (= - ® Op(r)) and & are given by

o) G (%)

respectively, where U is the normalized Poincaré bundle on E x E. Here, note that every elliptic
curve is principally polarized, and hence we can identify F with E. Two of these elements actually
generate the group SL(2,7Z), and therefore the map

0: Auteq D(E) — SL(2,7Z)
is surjective. One can compute the kernel of € to get a short exact sequence of groups

1 — E x Aut E x Z[2] — Auteq D(E) — SL(2,Z) — 1.

2.5 Automorphisms of elliptic surfaces

Let 7: S — C and 7’': S’ — C’ be projective elliptic surfaces, and suppose that S and S’ each
have a unique elliptic fibration. Then every isomorphism ¢: S — S’ induces an isomorphism
C — C'. In the cases that we consider (namely that S = Jg(a,b); see Section 2.6) there is
a natural identification between C' and C’. Hence, the induced isomorphism is naturally regarded

as an automorphism of C. We denote it by p¢. In other words, p¢ satisfies 7’ o ¢ = @ o m. We
define

Auts C :={pc € Aut C' | ¢ € Aut S}
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and
Aute S :={p € Aut S | oo =idc} .

Consequently, we have a short exact sequence

1— Autg S - Aut S — AutgC — 1.

An elliptic surface S with x(S) # 0 provides an example of a surface admitting a unique el-
liptic fibration: the canonical bundle formula of elliptic surfaces implies that any elliptic fibration
on S is defined by the linear system |rKg| with some non-zero rational number r; compare with
[Bea96, Proposition IX.3].

2.6 Fourier—Mukai transforms on elliptic surfaces

Bridgeland, Maciocia and Kawamata show [BM01, Kaw(02] that for a smooth projective surface S,
if S has a non-trivial Fourier-Mukai partner 7', that is, | FM(S)| # 1, then both S and T are
abelian varieties, K3 surfaces or minimal elliptic surfaces with non-zero Kodaira dimensions.

We consider the last case in more detail. Let w: § — C be an elliptic surface. The results
referred to in this section are originally stated under the assumption that S is projective, but some
of them still hold true without the projectivity of S. For our purpose, it is sometimes important
to consider non-projective elliptic surfaces, hence we do not assume that S is projective unless
specified otherwise.

For an object E of D(S), we define the fiber degree of E as
d(E)=c¢1(E)-F,

where F' is a general fiber of 7. Let us denote by r(F) the rank of E and by Ag the greatest
common factor of the fiber degrees of the objects of D(S). Equivalently, Ag is the smallest
number d such that there is a holomorphic d-section of 7. Consider integers a and b with a > 0
and b coprime to a\g. By [Brig8], there exists a smooth, 2-dimensional component Jg(a,b) of
the moduli space of pure dimension 1 stable sheaves on .S, the general point of which represents
a rank a, degree b stable vector bundle supported on a smooth fiber of 7. There is a natural
morphism Jg(a,b) — C, taking a point representing a sheaf supported on the fiber 7=1(z) of S
to the point z. This morphism is a minimal elliptic fibration (see [Bri98]). Put Jg(b) := Jg(1,b).
Obviously, Jg(0) is isomorphic to J(5), the Jacobian surface associated with S, and Jg(1) = S.
As shown in [BMO01, Lemma 4.2], there is also an isomorphism

Js(a,b) = Jg(b) (2.5)
over C.

THEOREM 2.10 ([Bri98, Theorem 5.3]). Let m: S — C be an elliptic surface, and take an element

M = <§ Z) € SL(2,7)

such that Ag divides d and a > 0. Then there exists a universal sheaf U on Js(a,b) x S, flat over
both factors, such that for any point (x,y) € Jg(a,b) x S, the restriction U|,xs has Chern class
(0,af,—b) on S and U| j4(ap)xy has Chern class (0,af, —c) on Js(a,b). The resulting functor

<I>ijs ()8 is an equivalence and satisfies

() - ()
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for all objects E € D(Jg(a,b))

Remark 2.11. For integers a > 0 and b with b coprime to a)g, let us consider the Fourier—
Mukai transform ® = @st(a by 8" Take a smooth fiber F' of 7 over a point z € C, and denote

by F’ the smooth fiber of the morphism Jg(a,b) — C over the point z. It turns out that F’
is isomorphic to Jr(a,b), and hence F” is isomorphic to F' by [Ati57, Theorem 7]|. The integral
transform defined by the kernel U|pyp € D(F x F') induces an equivalence between D(F)
and D(F’) by Lemma 2.5. Fixing an isomorphism F = F’, we regard the equivalence ®“/rxr' ag
an autoequivalence of D(F).

Note that

M = 9(<I>U|FXF’) = (ccl Z)

satisfies (2.6) (see Section 2.4 for the definition of ¢). We see that Ag divides d = d(®(O j4(4p)))-
We will use this fact in Section 3.4.

Theorem 2.10 implies that Jg(b)(= Js(a, b)) is a Fourier-Mukai partner of S when (b, A\g) = 1.
Actually, the converse is also true for projective elliptic surfaces S with non-zero Kodaira dimen-
sion.

THEOREM 2.12 ([BMO1, Proposition 4.4]). Let w: S — C be a projective elliptic surface and S’
a smooth projective variety. Assume that the Kodaira dimension k(S) is non-zero. Then the
following are equivalent:
(i) The variety S’ is a Fourier-Mukai partner of S.

(ii) The variety S’ is isomorphic to Jg(b) for some integer b with (b, \g) = 1.

Remark 2.13. Theorem 2.12 tells us that the Fourier—Mukai partner S’ of S has an elliptic
fibration 7': S” — C. Moreover, we can see that x(S") = x(S) # 0 (cf. [BMO1, Lemma 4.3]).
Then, as is explained in Section 2.5, the morphism 7’ is a unique elliptic fibration structure on S’.

In particular, if two elliptic surfaces are mutually Fourier—Mukai partners, the base curves of the
elliptic fibrations can be identified. We use this fact implicitly later.

There are natural isomorphisms
Js(b) = Js(b+ As) = Js(—b)
over C' (see [BMO1, Remark 4.5]). Therefore, we can define the subset
Hs = {b e (Z/As7)" | Js(b) = 5}
of the multiplicative group (Z/AsZ)*.
CLAIM 2.14. For any pair of integers b, ¢, with b, ¢ € Z/\gZ, there is an isomorphism
J15(e)(b) = Js(be) .

Proof. Take an elliptic surface B — C with a section such that there is an isomorphism
p1: J(S) = Bover C. Let us set & := (5, p1) € WC(B) (see [Ueh12, Section 2.2] for the definition
of the Weil-Chatelet group WC(B)). Then we see in [Ueh12, Section 2.2] that there is an isomor-
phism ¢.: J(Jg(c)) — B over C such that (Jg(c), ¢.) corresponds to the element ¢ € WC(B).
By the same argument, there are isomorphisms ¢j.: J(J4(c)(0)) — B and @y J(Js(bc)) — B
such that both (J4c)(b), ¢y,.) and (Js(be), @pe) correspond to the element beg. This finishes the
proof. O
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Since we have Jg(1) = S (see, for example, [Ueh12, Section 2.2] and [BM01, Remark 4.5]),
we can see that the condition Jg(b) = S implies Jg(c) = S for ¢ € Z with be = 1 (modm).
Therefore, it turns out that Hg is a subgroup of (Z/A\sZ)*. In particular, there is a natural
one-to-one correspondence between the set FM(S) and the quotient group (Z/AsZ)*/Hs.

It is not easy to describe the group Hg concretely in general, or, equivalently, to determine
the set FM(S) (see [Ueh04] and [Ueh12]). However, when A\g < 2, the group (Z/AgZ)* is trivial,
and hence FM(S) = {S}.

If Ag > 2, the group Hg contains at least two elements 1, A\¢ — 1 € (Z/AsZ)*. Hence, we have
[ EM(S)| < ¢(As)/2,

where ¢ is the Euler function. Several examples in which we can compute the set FM(S) are
given in [Ueh12, Example 2.6]. In [Ueh15], the author provides further examples in which he can
compute the set FM(S).

Remark 2.15. Take a point ¢ € C and an integer b with (b, A\g) = 1. We know that there is an
isomorphism J(Jg(b)) = J(S) over the curve C (cf. [Ueh12, Section 2.2]). Since it is known that
the reduced form? of the fibers of S over the point ¢ is isomorphic to the fiber of J(S) over c,
the same holds for the fibers of S and Jg(b).

Furthermore, the multiplicities of the fibers of S and Jg(b) over the same point are equal (see
[Fri95, Part I, Section 1, p. 38] or the proof of [BM01, Lemma 4.3]). Therefore, we conclude that
the fibers of S and Jg(b) over the same point are isomorphic to each other.

3. Autoequivalences of elliptic surfaces with non-zero Kodaira dimension

3.1 Notation and setting
Let
7:S—=C and 7:8 —=C

be projective elliptic surfaces with non-zero Kodaira dimension, and denote the projections by
p:Sx8 =S and p:SxS5 —9.
Let ® = ®7: D(S) — D(S’) be a Fourier-Mukai transform. The following is well known.

Cram 3.1. For each y € S, the support Supp ®(0O,)) is contained in a single fiber of «’. Further-
more, for a point x € S with m(x) # m(y), we have Supp ®(O,) N Supp ®(O,) = 0.

Proof. By the assumption on the Kodaira dimension, the cohomology class of Kg/ is a non-zero
rational multiple of the cohomology class of a fiber of #’. On the other hand, since the Serre
functor commutes with the equivalence ®, there is an isomorphism

(I)(Oy) = @(Oy) ® wgr .
Furthermore, since ®(0,) is simple, we know that Supp ®(0O,) is connected. These facts imply

that Supp ®(0,) is contained in a single fiber of 7’.

Suppose to the contrary that Supp ®(O,) N Supp ®(O,) # 0. Take a point z in this non-
empty set. Then, it follows from Lemma 2.3 that neither RHom(®(O,),0.) nor RHom(®(0,),0.)
vanishes. Again Lemma 2.3 implies that Supp ®~1(0,) contains the points = and 5. This induces

2If the fiber over the point ¢ is a multiple fiber of type .1, then the reduced form is of type L,.
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a contradiction, because Supp ®~1(0,) is contained in a single fiber of 7 and w(z) # 7(y).
Therefore, we obtain Supp ®(O,) N Supp ®(O,) = 0. O

For y € S, denote the inclusion S’ =y x " — S x S’ by . Notice that
Plyxs = ®(0,) and SuppP|,xs =i *(SuppP) (3.1)
(see [Huy06, Lemma 3.29]). Claim 3.1 and (3.1) give
dim SuppP =2 or 3.

CrLaM 3.2. Let Vi and V{ be non-empty open subsets of C. Let us define Uy := 7w~ *(V3) and
Uj := «'~1(V/). Suppose that there is an isomorphism @, : Uy — U{. Then there exist an auto-

morphism ¢ € Aut C' and an isomorphism ¢: S — S’ extending ¢y, such that pcom=n"o0¢p
holds.

Proof. We may assume V; # C (otherwise the proof is done). The only proper connected subvari-
eties of V| are points. Hence 7’|y 0 oy, maps fibers of 7|y, to points and, consequently, ¢y, maps
fibers to fibers. Thus there is a bijection ¢y, : Vi — V| such that ¢v, o 7|y, = 7'|y; o oy, One
can deduce that ¢y, is a morphism from the fact that the composition ¢y, o 7|y, is a morphism.

Since C is a smooth projective curve, ¢y, extends to an isomorphism ¢¢. Take the elimination
of indeterminancies S < T — S’ of ¢y,. Then [BHPV04, Proposition I11.8.4] assures that the
morphism 7" — C' uniquely factors through a relatively minimal elliptic fibration. Namely, ¢,
extends an isomorphism ¢ in the statement. O

Let us denote by Z the union of all (—2)-curves on S. Note that the set Z coincides with the
union of all reducible fibers. We also denote by U the complement of Z in S, by V the image
of U under 7, and by F a smooth fiber of 7. We define Z’, U’, V/ and F’ on S’ similarly.

Suppose that there is an isomorphism ¢: S — S’. Then, since S and S’ have a unique elliptic
fibration (see Section 2.5), it induces an automorphism ¢ of C' which satisfies po o m = 7’ 0 .
Moreover, an isomorphism ¢ : U — U’ extends to an isomorphism ¢: S — S’ by Claim 3.2. In
particular, we have

Aut SZ AwtU, Autg S = Auty U.

3.2 Autoequivalences associated with reducible fibers

In this subsection, we show that every autoequivalence of D(S) induces an autoequivalence
of Dz(5).

LEMMA 3.3. Take a point x € S.
(i) There is at most one integer i such that H*(®(0,)) # 0 but
c1(H'(®(0y))) - e1(H'(®(0,))) = 0.
(ii) Ifz € Z, then Supp ®(0O,) is contained in Z'.
Proof. (i) By equation (2.1), we have
X(H(2(0z)), H'(®(0))) = —c1(H((Ox))) - ex(H(2(Ox))) =0,

and hence
dim Extly (H'(8(0,)), H(8(0,))) > 2.
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But then, [BMO01, Lemma 2.9] implies that there are no integers 4, j with j # i such that
dim Ext’ (H (®(0,)), H (®(0,))) # 0.

(ii) We begin by noting that ®(O,) is simple, because so is O,. First, let us consider the case
dim Supp P = 2. Then, there is an irreducible component W of Supp P such that the restrictions
plw: W — S and p'lw: W — S’ of the projections p and p’ are birational morphisms (see the
proof of [Kaw02, Theorem 2.3]). We put

q:=7p|w op|‘7V1: S-S
But as Kawamata pointed out in [Kaw(02, Lemma 4.2], the map ¢ is an isomorphism in codimen-
sion 1, and hence in the surface case, it is an isomorphism by [Har77, Chapter V, Lemma 5.1].
Therefore, if a (—2)-curve G contains the point z, the (—2)-curve ¢(G) contains the point
q(z) € Supp ®(0O,). Because each (—2)-curve on S’ and each Supp ®(0O,,) is always contained in
a single fiber of ', the support Supp ®(0,) is contained in the set Z'.

Next, let us consider the case dim SuppP = 3. Suppose that ®(O,) is a sheaf on S’, after
replacing ® with ® o [n] for some n € Z. Take a point y which is sufficiently near the point x, but
not in Z. Then ®(0,) is also a sheaf by Lemma 2.1, and both ®(O,) and ®(0,)) are 1-dimensional
by the assumption dim Supp P = 3. Claim 3.1 implies that we may assume that ®(0O,) is a sheaf
on a smooth elliptic curve F’. It follows from [IU05, Lemma 4.8] that ®(0,) is a 1-dimensional
simple Op-module. Hence, it is a stable locally free sheaf on F’; see [Bri98, Remark 3.4]. Denote
the Chern class of the stable sheaf ®(O,) on the fiber F’ by (0, aF’, —b) for some integers a and
b. Then we know that (aAg/,b) = 1 (see the proof of [BMO1, Proposition 4.4]), and hence there
is the elliptic surface Jg/(a,b) — C together with the universal sheaf & on Jg/(a,b) x S’. For the
point w € Jg(a,b) representing the stable sheaf ®(0,), we have

Ou = ((I)Zjlls/(a,b)HS’)il o ®(0y).

It follows that the kernel of the Fourier-Mukai transform (&Y ~1 o ® has 2-dimensional

JS/(a,b)—>S’)
support. Now, we can apply the case dim Supp P = 2 to see that Supp(<I>LL,’S,(a’b)ﬁ\s,)_1 o ®(0,)
is contained in the union of (—2)-curves on Jg/(a,b). Then, it follows from Remark 2.15 that
Supp ®(0,,) is contained in the set Z’.

Finally, suppose dim Supp P = 3 and that ®(0,) is not a shift of a sheaf. Take an integer i
such that H'(®(0,)) is non-zero. Then the conclusion in statement (i) says that c;(H!(®(0,)))
is not a multiple of a fiber F'. Because H'(®(0O,)) is contained in a single fiber, this means that
Supp H*(®(0,)) is contained in a reducible fiber, and hence in Z'. O

Note that if Supp ®(O,) is contained in an irreducible fiber of 7/, every cohomology sheaf
HY(®(0,)) satisfies c1 (H(®(O,))) - c1 (H (®(O,))) = 0. Hence, Lemma 3.3(i) yields that ®(O,)
is a shift of a sheaf.

Applying Lemmas 2.4 and 3.3(ii), we obtain the following.
ProOPOSITION 3.4. There is a natural group homomorphism

tz: Auteq D(S) — Auteq Dyz(S).

Let us define
Auteq' Dz (S) :==TImuy .

The following is used in the proof of Lemma 3.7.
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COROLLARY 3.5. Take a point © € U. Then we have Supp ®(0,) C U’.
Proof. We use Lemma 2.3. Take any point y € Z’. Then we have
RHom(®(0,), 0y) = RHom (O,, @~ (0,)) =0
by Lemma 3.3(ii). This implies the assertion. O

3.3 Autoequivalences associated with irreducible fibers: classification

We begin Section 3.3 by classifying Fourier-Mukai transforms between elliptic surfaces without
reducible fibers.

PROPOSITION 3.6. Let m: S — C and n’: S’ — C be elliptic surfaces without reducible fibers.
Here we do not assume that C is projective. Let ® = <I>7§ _,g» be a Fourier-Mukai transform
over C such that dim Supp P = 2 or 3.
(i) The object P € D(S x¢ S’) is a shift of a sheaf, flat over S by the first projection.
(ii) The following are equivalent:
(1) dimSuppP = 2.
(2) There are points x € S and y € S’ such that ®(O,) = O,,.
(3) There are a line bundle £ on S and an isomorphism ¢: S — S’ over C' such that
Q= p.((—)®L).
(iii) Suppose dim SuppP = 3. Then there are integers a and b with (aAg/,b) = 1, a universal
sheaf U on S' x Jg/(a,b) and an isomorphism ¢: Js/(a,b) — S over C such that

~Y Z/{ *k
Q=07 (ap)s 0P -

Proof. (i) Take any point z € S. By Claim 3.1, the irreducibility of the fibers of #’ and
Lemma 3.3(i), the object ®(O,) is a shift of a sheaf. Hence, [Bri99, Lemma 4.3] implies that P
is a shift of a sheaf, flat over S by the first projection.

(ii) As a consequence of assertion (i), the dimension of the support of P|,xg = ®(O,) does not
depend on the choice of a point z € S. Hence, in statements (1) and (2), every ®(O,,) has finite
support. Then we get statement (3) by Lemma 2.2. Here, recall that P is a sheaf on S x¢ 5’,
and hence ¢ is defined over C. Obviously, statement (3) implies statements (1) and (2).

(iii) The proof goes parallel to that of [BMO1, Proposition 4.4] (see also the proof of Lem-
ma 3.3(ii)). Let us take a general point € S, and denote the Chern class of the stable sheaf
®(0,) on a smooth fiber F' by (0,aF’,—b) for some integers a and b. Then we know that
(adgr,b) = 1, and hence we can define an elliptic surface Jg/(a,b) — C and a universal sheaf U
on 5" x Jg/(a,b). For the point y € Jg(a,b) representing a stable sheaf ®(0,,), we have

oY () e(0) =0,

Applying Lemma 2.2 and replacing a universal bundle U with & ® p*JS/(a b)[’ for a line bundle £
on Jg(a,b) if necessary, we obtain the assertion. O

If 7 has a reducible fiber, the implication from statement (2) to statement (3) in Proposi-
tion 3.6(ii) fails because of the existence of twist functors associated with (—2)-curves.

Now we can prove the following important observation.

LEMMA 3.7. In the notation of Section 3.1, there is an automorphism 6(®) € Aut C satisfying
6(®)(V) = V' such that P|yxy is a shift of a coherent sheaf on Us(g) Xy U'. Here, Us(q) xy+ U’
is the fiber product of U and U’ over V' via the morphisms (6(®) o )|y and «'|¢.
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Proof. Below, we freely compose ® = ®7 with a shift functor if necessary. First, suppose
dim SuppP = 2. Then for every x € U, Corollary 3.5 implies that Supp ®(O,) is contained
in an irreducible fiber, and then, we obtain from Lemma 3.3(i) and [Bri99, Lemma 4.3] that
Pluxs is a sheaf that is flat over U. In particular, the sheaf ®(0,) = P|,«y has finite support.
Thus, Lemma 2.2 implies that there is a morphism @y : U — U’ satisfying ®(0,) = Oy (@)

Hence, we can apply Claim 3.2 to obtain the automorphism @¢ of C. Note that Plyxy: is
the structure sheaf of the graph of the morphism ¢, and hence a sheaf on U,,, xy+ U’. This ¢¢

plays the role of §(®) in the assertion.

Next, we consider the case dim Supp P = 3. By the same argument as in the proof of Propo-
sition 3.6, there are integers a and b with (aAg/,b) = 1 such that for every point x € U, there is
a point y € Jy(a,b) satisfying

oo @S’S/ (ap)—s (Oy) = Oz
Note that we can regard Jy(a,b) as the inverse image of V' by the elliptic fibration Jg/(a,b) — C.
Let us denote by Q € D(Jg(a,b) x S) the kernel of @' o (I)LJ{S/(a by 5" Since dim Supp @ = 2,

we can apply the above argument to Q, and then we obtain the assertion for Q| Ty (a,b)xU - Since
Z/{‘JU/(a7b)><U/ is a coherent sheaf on Jy/(a,b) xy+ U’, we obtain the assertion for P|yxpr. O

Remark 3.8. For a point x € S, we put ¢ := 0(®)(n(x)) € C. Furthermore, if the point « belongs
to U, we know from the definition of § that Supp ®(0,) is contained in the fiber 7/~*(¢). Recall
that Supp ®(O,) = SuppP N (z x S’) by (3.1), and that Supp ®(O,) is contained in a single
fiber. These facts imply that Supp ®(0,) is contained in 7/~(c) for any = € S. Therefore, we
conclude that P is an object of Dsa(q))XCS/(S x S").

On the other hand, P is not necessarily an object of D(Ss5@) xc¢ S’). For instance, consider
a twist functor Tp,, for a (—2)-curve G on S. Because the spherical object To, (Og(2)) is simple,
the computation in Example 2.8(i) and [Huy06, Corollary 3.15] imply that it is not of a form k.«
for an object o € D(F.), a fiber F, and the inclusion k: F,. — S. Consequently, Lemma 2.5(i)
tells us that the kernel of T, is not an object of D(S x¢ S). Here, note that §(Top,,) = idc.

PROPOSITION 3.9. In the notation of Section 3.1, assume furthermore that S = S’. Then, the
Fourier-Mukai autoequivalence ® = ®F of D(S) induces a Fourier-Mukai autoequivalence v (®)
of D(U) over V, by restricting the kernel P to U x U. This vy defines a group homomorphism

wy: Auteq D(S) — Auteq D(U)
satisfying
Li* o ® = 1y(P) o Li*, (3.2)

where i is the inclusion U — S.
Proof. The statement is a direct consequence of Lemma 3.7 and the isomorphisms
dy &y (CI> o CI)_l) =~ y(P)o LU(‘I’_l) .

The isomorphism (3.2) follows from a direct computation. O

Let us define
Auteq! D(U) :=Imuy .
Note that the elements of Auteq’ D(U) are classified in Proposition 3.6.
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Remark 3.10. Lemma 3.7 tells us that there is a group homomorphism
0: Auteq D(S) — Aut C'.
The map § factors through the map ¢y, and hence it induces a map
ou: Auteq! D(U) = AutV (= AutC).
It then follows from Proposition 3.6 that

Imd={pc| ¢ e AutS or ¢: S — Jg(a,b) isomorphism with (aAg,b) =1}
={pc|p€eAutSor p: S — Jg(b) isomorphism with (Ag,b) =1}.

The second equality follows from (2.5).

3.4 Autoequivalences associated with irreducible fibers: structure of the group

We use the notation of Section 3.1. The aim of Section 3.4 is to study the structure of the
group Auteq’ D(U).
For m € Z, we define the congruence subgroup of SL(2,7Z) by

To(m) = {(2 Z) e SL(2,Z)|d e mZ} .

Let us consider the surjective map

To(As) = (Z/AsZ)*/Hg (fl Z)»—>b.

This is actually a group homomorphism and its kernel coincides with the group

{<§ Z) € To(As) | Js(b) = s} .

THEOREM 3.11. There is a short exact sequence

1 = (®0y(D) | D-F =0) x Aut S x Z[2] — Auteq' D(U) —
— {(2 Z) € To(As) | Js(b) = s} 1.

Proof. For ®F € Auteq’ D(U), note that P is a shift of a sheaf on Usy @) Xv U, by Lemma 3.7.

Take a smooth fiber F' = F, over a point ¢ € V, and denote by F’ = F,, a smooth fiber over
the point ¢ = §(®)(c). Let k: F < U and k': F/ < U be the natural inclusions.

It follows from Lemma 2.5 that we obtain a Fourier—-Mukai transform @?Ii}f " such that there

is an isomorphism of functors
Plrxr o LE* 2 LE* 0 ®7

If we choose a basis as in Section 2.4, there is an identification between H®V(F,Z) and H®(F',Z).
We then obtain a group homomorphism

Op: Auteq' D(U) — SL(2,7Z).

Notice that this morphism does not depend on the choice of a smooth fiber F', by the classification
of the elements of Auteq” D(U) in Proposition 3.6.
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. . . . . P ’
Since F' and F’ are isomorphic, we fix an isomorphism. Then ® Flj}l,w can be regarded as an

autoequivalence of D(F'), and we have
Plrxrr
Ou (@) = 0(215).

This is important for a later computation. (Recall the definition of 6 in Section 2.4.)

Suppose ® € Ker O;. Proposition 3.6 implies dim Supp P = 2, and hence
7 € (0y(D) | D-F =0) x Aut S x Z[2];
that is,
KerOpy = (®Oy(D) | D-F =0) x Aut S x Z[2].

Next, let us consider the image of O . Take integers a and b with @ > 0 and (a)g,b) = 1.
Assume that there is an isomorphism ¢: Jg(a,b) — S. Then

Y (s 09 (3.3)
gives an autoequivalence of D(S). In this case, it follows from Remark 2.11 that

* cC a
Ou 0 1t (P (a5 © 07) = (d b) € SL(2,7)

holds for some ¢, d € Z such that A\g divides d. We also have

Oy 0w (PicS) = <<>\15 (1))>

and

Then it follows from Proposition 3.6 that

1 0 c a -1 0 ~
mor= (1O (5 (3 0) aktematmtaenis s =5
Note that
-1 0 1 0 -1 0
Ge %)= (00 DG 2) emen

Furthermore, we can see
-1 0\ (-1 a 1 a
0 -1/ \0 —-1/\0 1

for any a € Z. Therefore, we conclude that

ImOy = {(2 Z) € To(As) | Js(b) = S},

which completes the proof of Theorem 3.11. O

We define
©: Auteq D(S) — SL(2,Z)

to be the composition Orourr, where we regard ¢r7 as a surjective homomorphism from Auteq D(S)
to Auteq” D(U). Thus, by definition, Im © = Im ;.
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Remark 3.12. (i) By the remark before Theorem 3.11, we have a group isomorphism
Lo(As)/Im© = (Z/AsZ)*/Hs .

As explained in Section 2.6, the latter group can be naturally identified with the set FM(S).

(ii) When [(Z/AsZ)*| < 2 (for example, A\g < 4), we have (Z/AsZ)* = Hg. Hence, we can see
that Im© = ['g(Ag). In particular, when Ag = 1, we see that Im © = SL(2,Z).

3.5 The kernels of ¢tz and vy

Now, let us study the kernel of the homomorphisms ¢z given in Proposition 3.4. First of all, we
may assume Z # () because, otherwise, we have

Ker iz = Auteq D(S) = Auteq' D(U),

and the last group was already studied in Section 3.4. Take ® € Kertz. Then for any x € Z, we
have ®(0,) = O,. Hence, by [Huy06, Corollary 6.14], there is a point y € U such that

B(0,) = O, (3.4)

for some w € U. We can apply Proposition 3.6(ii) for ¢;7(®) to obtain that for all points y € U,
there is a point w satisfying (3.4). Therefore, Lemma 2.2 implies that Ker ¢y is contained in the
group A(S) of the standard autoequivalences (see Section 1.1), and hence

Keriyz = (20g(F.) | F, an irreducible fiber of 7) x Autz S, (3.5)
where Autz S := {p € Aut S | p(z) = z for all z € Z}.

Let us set
B := (To, ) | G is a (—2)-curve) .
For the homomorphism ¢y given in Proposition 3.9, we believe that the equality

B =Keruy (3.6)

holds. Actually, we have the following.
LEMMA 3.13. Suppose that equality (3.6) holds. Then Conjecture 1.1 is true.

Proof. The result follows from the description of Auteq! D(U) in Theorem 3.11. O]

In Sections 4, 5 and 6, we shall check equality (3.6) in the case that all reducible fibers on a
given projective elliptic surface are of type I, (n > 1), and consequently show Conjecture 1.1 in
this case.

4. Autoequivalences associated with singular fibers of type I,, for n > 1

Throughout this section, w: S — C'is a projective elliptic surface whose reducible fibers are non-
multiple cycles of (—2)-curves, that is, of type I,, for n > 1. In this case, the set Z is a disjoint
union of cycles of projective lines. Below, we regard Z as a closed subscheme of S equipped with
the reduced induced structure.

In our setting, line bundles on (—2)-curves are spherical in the sense of Definition-Proposi-
tion 2.6. Therefore, Auteq Dz(S) contains twist functors, and hence it is highly involved. The
following is the main result of this article.
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THEOREM 4.1. Let S be a smooth projective elliptic surface with k(S) # 0. Suppose that each
reducible fiber on the elliptic surface S is of type I, for some n > 1. Then Conjecture 1.1 is true.
Namely, we have the exact sequence

1 — (B,®0s(D) | D-F =0) x Aut S x Z[2] — Auteq D(S)

8 {(2 Z) € To(As) | Js(a,b) = s} —1.

Theorem 4.1 concerns the autoequivalences of the derived categories of surfaces containing
A, -configurations of (—2)-curves. Many ideas of the proof come from [IU05], where we study
the autoequivalences of the derived categories of surfaces containing A,-configurations of (—2)-
curves.

4.1 Reduction of the proof of Theorem 4.1
Recall that Lemma 3.13 tells us that if we can show equation (3.6), we obtain Theorem 4.1.
Let {Z; }J]Vil be the set of connected components of Z; that is, each Z; is a singular fiber of
type I, for some n; > 1. We define
Bj = (Tog(a) | G is a (—2)-curves contained in Zj) .
Take a connected component of Z, and denote it by Zy. We put
Zop=C1U---UCy,

such that each C; is a (—2)-curve on S and the C; satisfy

(4.1)

m =

o _{1, l—m|=1lor|l-m|l=n—-1,

0, otherwise

in the case n > 2. In the case n = 2, the curves C; and Cs intersect each other transversely at
two points.

The inclusion B C Ker ¢y holds by Remark 2.7. Thus, in order to prove (3.6), it is left to
show Ker ¢y C B. This, in turn, can be reduced to showing the following.

PROPOSITION 4.2 (cf. [[U05, Proposition 1.7]). Suppose that we are given an autoequivalence ®
of Dz,(S) preserving the cohomology class ch(O,) € H*(S,Q) for all points x € Zy. Then, there
are integers a, b (1 < b < n) and i and an autoequivalence ¥ € By such that

T o®(Oc,) = Oy (a)li] and ¥ o®(Oc,(~1)) = Oc,(a— il (12)
Consequently, for any point x € C1, we can find a point y € Cp, with ¥ o ®(0;) = O,]i].

Suppose that we have shown Proposition 4.2. Note that Ker¢y N Kervz = {1} by (3.5).
Thus we can consider both Ker ¢y and B as subgroups of Auteq Dz(S) and prove the inclusion
Kery C B inside this group.

Take ® € Ker (. Since 6(®) = id¢ for § as constructed in Section 3.3, we see that ® induces
autoequivalences ®; of Dz (S). Since all points = € S define the same cohomology class ch(Oy),
the autoequivalence ®; satisfies the assumption in Proposition 4.2. We fix some j and put n = n;
for simplicity. We take the irreducible decomposition of Z; as Z; = C1; U --- U C,. Now, we can
apply Proposition 4.2 for ®; to find ¥; € B; satisfying (4.2). Since ¥, o ® also belongs to Ker ¢,
we have b =1 and ¢ = 0, and x = y in Proposition 4.2. Hence, ¥; o ®; gives an autoequivalence
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of DZ;(S), where Z; = C2 U --- U Cy. Since Z; is an A,_i-configuration of (—2)-curves, [IU05,
Theorem 1.3] implies that
U0, € ((<B},Pic S) x Aut S) x Z) NKer vy
=~ Bl x (®05(Ci) |i=1,...,n)
C Bj,
where we put B’ := <T(90i(a) | i = 2,...,n) and the last inclusion is a consequence of [IU05,

Proposition 4.18(i)]. Hence, we know that ®; € B;.
We apply this argument for each Z; (1 < j < M), and then we can see that

Yio0---oV¥p0obeB
and hence ® € B. Therefore, we have Ker .y C B, as desired.

Remark 4.3. In the A,-case of Proposition 4.2, that is, [IU05, Proposition 1.7], we do not need
the assumption that ® preserves the cohomology class ch(O;), since it is always true (up to the

sign). In contrast, in the A, -case, the image of <I>73’S (a,b)—>S o¢* in (3.3) under ¢z does not preserve

the cohomology class ch(O;). The existence of such elements forces us to put this assumption in
Proposition 4.2.

The subgroup
(B, (Pic S/ (®0g(F.) | c € V)) x (Aut S/ Autz S) x Z[1])

of Auteq! Dz(S) preserves H*(S,Q), and therefore it is strictly smaller than Auteq’ Dz (S). This
is in contrast to the A,,-case of Theorem 2.9.

We shall prove Proposition 4.2 in Section 6. As an intermediate step, we first show the
following.

PROPOSITION 4.4 (cf. [IU05, Proposition 1.6]). Let o be a spherical object in Dz, (S). Then
there are integers a, b (1 < b < n) and i and an autoequivalence ¥ € By such that

V(a) = Og,(a)li].

Proposition 4.4 is proved in Section 5.

4.2 Cohomology sheaves of spherical objects

4.2.1 Torsion-free sheaves on a chain of projective lines. We consider the cycle of lines
Zy=CyU---UC, as an abstract variety and denote it by I,,. The curves C; are labelled as in
(4.1) when n > 2.

We denote by I,, a chain of n projective lines. We put I, = C{U---UC},, where each C! is a
projective line and the C/ satisfy

C;.c;n:{l’ t=ml=1,

0, otherwise.

For a coherent sheaf R on I, or I,,, we denote by deg~R the degree of the restriction R|c
to the component C' of I, or I,,. It is known that a line bundle £ on I,, is determined by the
degree L|¢ on all the components C; that is,

Picl, = 7Z".
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The line bundle corresponding to the vector (aq,...,a,) € Z" is denoted by
O, (a1,...,an).

When we write * instead of a;, we do not specify the degree at C]. For instance, when we write
Ri = 0Or(a,b,*),

this means that R; is a line bundle on I3 such that degci Ri=a, degcé Ri1=>band degq/3 Rq is
arbitrary. The expression

Ry = Ogru.(a, %)
means that Ro = Oy, (a, *, ..., ) for some (not further specified) k£ > 2. Note that the support
of Ry is strictly larger than C7. We often use figures such as

¢ G G

Ri: @ ® O (4.3)
Ro : (O —
to define R; and Ro above. We use a dashed line
¢ (4.4)
Rg . @ - -

to indicate that Rj is either Ocr(a) or Ocry,...(a, *).

4.2.2 Torsion-free, but not locally free sheaves on I,. For m € Z, we set
Cm =04,

where ¢ is the unique number with 1 <¢ < n and m — ¢ € nZ.

Let S be an indecomposable sheaf on I,,, pure of dimension 1, but whose support is not the
whole circle I,,. Since Supp S is connected, it must be of the form C, U Csy1U---UCsyp1 =T
for some s € Zand 1 <k <n—1. Let pgp: I — I, denote the embedding of CsU - UCsyp—1.
Then, by the results explained in the previous subsection,

S = Si(as, ..., a51k-1) = PssOn, (s, - -, Qsyp—1)
for some integers as, ..., Qstk—1-

For k > n, we fix a finite surjective morphism p;: I — I, such that for, [ = 1,...,k, the
restriction pS,’C’C{ is an isomorphism with the image Csy;—1 (one can think of p, as realizing I},
as a helix over the circle ]Tn) Then, for ag,...,as1x_1 € Z we again set

Ss(a57 S 7as+k71) = ps,k*oﬂk (a57 cee 7a5+k71) .

For any k > 1, we also denote Sg(as,...,as1x—1) by

SCsU"'UCS+k71 (asa ceey as-l—k—l) .

Notice that for £ < n, we have

SC’IU“.Uck (0, e 70) - 31 (0, e ,O) = OClu...UCk ,

but in contrast

SclLJ"-UCn (0, B ,O) = 81(0, ey 0) % Of[n .
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We can see that

So(as, ..., asin_1)|c,, = &y Oc,, (a7) . (4.5)

lem+nZ, s<I<s+k—1

PROPOSITION 4.5 ([BBDGO6, Theorem 19]). Every indecomposable sheaf S on 1, which is
torsion free but not locally free is of the form S = Sy(as,...,as1,_1) for some k > 0 and
Gy vy Qsyf—1 € 2.

4.2.3 Cohomology sheaves of spherical objects. Henceforth, we freely use the notation and
results on I,, mentioned above.

For a complex analytic open subset U of S and a spherical object € D(S5), let
L(a)y

be the set of all indecomposable summands of the coherent Oy-module B, H? (a)|v. If U = S,
we just denote it by

Y(a).
We frequently use the following.
LEMMA 4.6. (i) For a spherical object a € Dy, (S), the direct sum P, H? () of its cohomology
sheaves is rigid as an Og-module and torsion free as an Oz,-module.
(ii) Any R € ¥(«) cannot be a locally free Oz, -module, and is of the form Ss(as, as+1, ..., at)
for some integers s and t with Cs_1 # Cy.
Proof. (i) This is a direct consequence of [IU05, Proposition 4.5, Lemmas 4.8 and 4.9].

(ii) For a torsion-free sheaf € on Zj such that ¢;(€) is some multiple of [Zy], we can see that
xs(£,€) = —c1(€)? = 0, which implies that & is not rigid. Hence, the torsion freeness and the
rigidity of R by assertion (i) imply the result. O

Remark 4.7. Suppose that S has a multiple fiber mZ, that is, a fiber of type ,,1,, for some m > 1,
n > 0. Then [IU05, Lemma 4.8] implies that P, H?(a) is an Oy,z,-module. In particular, we
cannot conclude that Lemma 4.6(i) holds. This is the reason why we assume that each reducible
fiber is non-multiple in Theorem 4.1.

For a connected union of (—2)-curves
Z'=CsUCs1U---UCHS Zo),
take a sufficiently small complex analytic neighbourhood of Z’, and denote it by
Us,..t -
Here, sufficiently small means that
ZoNUs, 1 =D 1UCU---UC U Dyyq,

where D; is a 1-dimensional complex disk.
For a given 8 € Dy, (S), define

Li(B) =) lengtho, HP(B),
p
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for each curve Cj;, where Og,, is the local ring of S at the generic point 7; of Cj, the object
HP(B),, is the stalk over n; and lengthg, s.,, measures the length over Os,p,- Furthermore, define

18) = >_L(B),
=1

and also define
1Blv) = > L(B)
2:UNC; #£0D
for a complex analytic open subset U of S. These invariants play important roles in the induction
step in the proofs of Propositions 4.2 and 4.4.

Using Lemma 4.6, we can deduce strong conditions on the elements of ¥ (o) such as Lemma 4.9
below. Before giving a general statement in Lemma 4.9, we first give a special one for the case
n = 2, since the proof is slightly different from the one in the case n > 2.

LEMMA 4.8. Let us consider the case n = 2, that is, Zy = I, and let o be a spherical object
in Dy, (S). Assume that there is an element

S = Ss(as,as41,-..,a;) € X(a)
with s # t, which means that [(S) > 1. Then there are integers a and i with i = 1 or 2 satisfying
the following conditions:

(i) We have C; = Cs = Cy and a = a5 = a;. The integers i and a are independent of the choice
of § € ¥(a) with I(S) > 1.

(ii) Assume that there is an element S’ € ¥ («) with I(S") = 1. Then &' = O¢,(b) with b = a or
a—1.

(iii) In the situation of condition (ii), assume furthermore that the above S satisfies I(S) > 3.
Then we have

(s42 = Qsyq = - =0ar2=>b+1.
Proof. Take elements
S1 =85, (asyy .. a), S2:=38s,(bsy,...,b,) € X(a).

First, we show Cs;, = Cy,. Suppose to the contrary that Cs, # Cy,, namely C5;, = C,41 holds.
Then there is a non-split exact sequence

0— Sy — Ss,(bsyyevybiy—1,bty + 1,a5,,...,a4,) = S1 — 0,

which gives a contradiction with the rigidity of S; @ Sy in Lemma 4.6(i). Thus, we obtain
081 - CtQ.

If we interchange the roles of &1 and S in the above argument, then we obtain C,, = Cy,.
Furthermore, consider the special case S = S3. Then this in particular implies the equalities

Cy, =Cy, =Csy =C, . (4.6)

Hence, we obtain the assertion C; = Cs = C} in condition (i), and the assertion Supp S’ = C; in
condition (ii). The equalities in (4.6) and the rigidity of S; @ Sy also imply

2= —¢1(S1)e1(S2) = x5(S1,S2) = dim Homg (S, S2) 4 dim Ext%(S1, Sa) . (4.7)
Note that Ext%(S1,S2) = Homg(S2,S1)Y by Serre duality.
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(i) Now suppose [(S1) > 1 and [(S2) > 1. If as, > ay,, there is a morphism
S1 = Og,, (ar,) = Oc,, (ar,) = S1.

Hence, we have dim Homg(S1,S1) > 2, which contradicts (4.7) in the case S = S2. Thus, we
conclude that as, = as;, and bs, = by,.
Similarly, if as, # bs,, we see that

dim Homg(S1,S2) =4 or  dimExt%(S;,Ss) > 4,

which again gives a contradiction to (4.7).

(ii) Assume b > a. Then dim Homg(S,S’) > 4. Similarly, if b < a—1, then dim Homg(S', S) > 4.
Hence, both possibilities contradict (4.7), and we conclude that b = a or a — 1, as asserted.

(iii) Suppose b = a in condition (ii). Then, by (4.7), we see that
dim Homg(S,8') =2 and dimHomg(S',S) =0.
This implies the conclusion. Next, suppose b = a — 1. Then, (4.7) implies
dim Homg(S,8') =0 and dimHomg(S',S) =2.

This implies the conclusion. O

Let us proceed with a general statement for any n.
LEMMA 4.9. Let o be a spherical object in Dy, (S). Take elements
81 = 851<CL51, - ,atl) s 82 = SSQ(bSQ, e ,th) S E(Oz) .
(i) Let us take a reduced closed subscheme Z' = C; U Cij11 U --- U C; of Zy for some i,j € Z
with 0 < j —i <n—1. Then (S1 & S2)|z is a rigid Og-module.
(ii) We have Cy, # Cs,_1.

(iii) For integers | and m satisfying s; < | < t; and sy < m < ty such that C; = C,, we have
the following:

(1) |a; — b| < 1.
(2) Suppose s1 <1< t; and sg =m < to:

A part of S : S ) M —
The beginning of Sy : o) — — —
Then we have a; > by,.
(3) Suppose s1 <1< t; and sy =m = ta:
Ci1 C Ciia
A part of Sy : (@)
Sy :
Then we have a; = b, + 1.
(4) Suppose s1 <1 =t and sy =m < to:

Ci—1 C Cis1
The end of Sy :
The beginning of Ss : b

Then we have a; = by,.
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Proof. (i) We may assume Z' # Z. Let us consider the restriction map
S19 S — (818 82)|z

Note that there are no homomorphisms from its kernel to (S; ® S2)|z/, since their supports
intersect at finitely many points. Then we can apply Mukai’s lemma (see [KO94, Lemma 2.2(2)]),
and hence the rigidity of S; & Sz implies the rigidity of (S; & S2)|z as an Og-module.

(ii) Assume to the contrary that Cy, = Cs,—1. Then we can deduce a contradiction in a way
completely similar to the one in the proof of Cs = Cy in Lemma 4.8(i).

(iii) Take Z' = Cj in assertion (i) for statement (1), and Z’ = C;_; U C} in assertion (i) for
statement (2) in the case n > 2. Then statement (1) follows immediately from equation (2.2) in
Section 2.2 and the rigidity of

Oc,(a1) ® Oc,, (bm) = Oc¢,(a;) ® Oc, (b)) ,

which is a direct summand of the rigid sheaf (S; ® S2)|c,. In the situation of statement (2) in
the case n > 2, we know the rigidity of

Oc,_,uc,(ai—1,a1) @ Oc,, (bm) = Oc,_,uc; (a1, @) © Oc,(bm) -
Then, there is a surjection
Homs((’)cl (bm)v OC’[(GZ)) - EXt,IS'(OCl(bm)’ 00171(6”—1 - 1)) .

The non-vanishing of the latter space forces the result. Statement (2) in the case n = 2 is proved
in Lemma 4.8.

We leave it to the reader to show statement (3), since all necessary ideas have already ap-
peared. Statement (4) is a direct consequence of statement (2). O

5. The proof of Proposition 4.4

~

Suppose that we are given a spherical object o € Dy (S) with I(a) = 1. Then we get a =
Oc, (a)[i] for some a,b,i € Z. (Or, assume that {(«) < n. This condition implies Supp o # Z,
and then [IU05, Proposition 1.6] yields Proposition 4.4.) If we prove that for a spherical o with
[(a) > 1, there is an autoequivalence ¥ € By such that

(¥(a)) < la), (5.1)

then, since ¥(«) is again spherical, induction on () yields Proposition 4.4. On the other hand,
for every W € Auteq Dy, (S), we have the inequality

(W(a) < YUY (H (a)))

(the proof is the same as that of [[TU05, Lemma 4.11]). Thus, to get (5.1), it is enough to show

D UY(H () < Y UH ))(=Ua)). (5-2)

5.1 Auxiliary results

Let us begin with the following lemma.

LEMMA 5.1. Take integers s and t with s < t, a complex analytic open subset U = U, ; and
Ve (To, (a) | s<i<ta€Z). Let B be an object of Dgz,(S). Then we have the following:
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(i) ¥(B)|v =¥ (Bv).
(i) 1(¥(B)) —1(B) = (¥ (B)lv) — (Blv)-
Proof. 1t is enough to consider the case ¥ = T (4 for some a and some C' = C; with s <@ < .
(i) Since Supp O¢(a) = C C U, we have
RHom ps)(Oc(a), 8) = RHom p)(Oc(a), Blu) -
Hence, there is the isomorphism of exact triangles in D(U):

RHomps)(Oc(a), B) @c Oc(a) Blu Toe)(B)lu

| |

RHom p ) (Oc(a), Blv) @c Oc(a) —= Blu — To. ) (Blv) -

1R
IR

(ii) From the exact triangle (2.3), it is easy to see the equality

(Tow)(B))s\c = Bls\c -
Hence we have
Z li(Tooa)(B)) = Z Li(B) .
:UNC;=0 +:UNC; =0
Since by the definition of I(8|) we have

B =160+ S 1(8).

1:UNC; =0
we obtain

UTon(a)(B) = 1(B) = l((Toxa)(B)|v) = 1Blu)
as desired. ]

By Lemma 5.1(i), we can use computations of [[U05, Lemma 4.15] in our setting. For example,
when n = 3, taking U = Up; and Uj 2 in Lemma 5.1(i), we have T@C1 (—1)(Scrucaucsuc (0,0,0,0))
= Ocyucy-

Lemma 5.1(ii) is useful to prove (5.2) as it allows us to apply many results from the A,-case
of [IU05] to our A,-case. Namely, let S € X(a) and U = U,__; be as above. Then there is

a smooth surface S containing an A;_ s+3° conﬁguratlon Zo and an open subset U = U such that
UNZy~ UNZ, together with a sheaf S on S such that S\U = S|y. Now, applying Lemma 5.1(ii)

twice, we get the equality

W¥(S)) = US) = U(¥(5)) = 1(S).
The right-hand side of this equation is computed in many cases in [[U05]; see in particular [TU05,
Lemma 4.15]. In the following, we will often refer the reader to statements in [IU05] and claim
that the proof in our case is analogous. Note that in many steps of the proof in [TU05], we referred

to [IU05, (6.2)] and left the details to the reader. Many of the details (or rather their analogues
in the A,-case) are stated explicitly in Lemmas 4.8 and 4.9 of the present paper.

To prove Lemma A below, we need local versions of [IU05, Lemmas 6.3 and 6.6].

LEMMA 5.2 (cf. [TU05, Lemma 6.3]). Let o € Dy, (S) be a spherical object and C' = Cs C Z
a (—2)-curve. Take a sufficiently small complex analytic neighbourhood U = U of C. Assume
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that for every p we have a decomposition

- g
P()lv =EPRE; & PRE,; & PR, @R4J,
j j j

where the R} ; are sheaves of the following forms:

C
Rzij : —O©O—
Rg’j : ©—
jo : Q—
Ri’j : @

In this situation, we have the following:

(i) If 32,75 > >, 7%, then [(To(—1y(a)) < l(a).
(i) I3,y < 32,75, then [(To,(—g)(@)) < l(a).

Proof. The assumption in statement (i) and [IU05, Lemma 4.15] imply the inequality
> W Tou -1y (H(@)|r)) < Zl (H?(a)|v) (= l(e]u)) .-
P

Combining this with Lemma 5.1, we obtain mequahty (5.2) for ¥ = T, (~1)- Then the desired
result follows as explained above.

O

The proof of statement (ii) is similar.

LEMMA 5.3 (cf. [IU05, Lemma 6.6]). Under the assumptions of Lemma 5.2, assume that ), b
>, 7% # 0 holds. Then r§ = 0 for all p.

Proof. According to the decomposition of HP (a)|U in Lemma 5.2, we can decompose HP(«) as

EBR%@@R @@R @@sz

where Rl , satisfies 5(7211” ,) # s, and Rp (k = 2,3) is a sheaf in X(a) such that R} ; is

a direct summand of T\’,p |U Here, note that Rg J|U and RY j‘U may possibly contain several
direct summands of the form Rp 1

Applying the proof of [ITU05, Lemma 6.6] for this decomposition, we obtain the assertion.
Note that in the proof we use [IU05, Lemmas 6.4 and 6.5]. However, our setting requires some
slight changes. For example, we should replace the notation X and Z with S and Zj, respectively,
and the vertical arrows of [IU05, diagram (6.3)] are not isomorphisms anymore. Instead, one is
injective and the other surjective. Hence, we define 7P to be the following composition:

p—

Oc(—1)%"%8 ” Oc(—1)%"%

| |

— N

2]

PP T PP T nP PP — P
Homx (Oc, @f Rg,j)c—> @f RZQ)J - @jg R’:ijl[Q] - (@jg Z?: )‘C[ ].
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Here the right vertical arrow is the projection to the direct summand. ]

LEMMA A (cf. [IU05, Lemma A]). Let a € Dg,(S), U = Us and C = Cy be as above. Assume
that we can write

71 2 T3 T4
DH @)l =D Ri; & DRy © P Rsj @ PR
p J J J J

such that the Ry ; are elements of ¥(o)y and are of the following forms:

Cs—l Cs CS+1

Rij: O
Ra;: O——7—
Ra;: O
Raj: —O

Suppose that either r3 # 0 or 2 -4 # 0 holds, and suppose furthermore that Supp o # C'. Then,
there is an integer a such that I(Tp (q)(a)) < ().

Proof. The proof goes parallel to that of [[U05, Lemma A]. Let us denote by 7?1/] an element
in () such that Ry ; is a direct summand of R j|v.

When ry = r4 = 0, we can see that
X(Rij,Rsx) =0

for any 7 and k. Note that [ITU05, Lemma 6.2] is true without any changes in our situation, so that
we can conclude 71 = 0. This contradicts the assumption Supp & # C. Therefore, by symmetry,
we may safely assume 7y # 0.

In the case 19 - r4 # 0, we can see from Lemma 4.9 that there is an integer a such that
dego Raopn = dego Ry = a
for all h and k, and that deg, R3,; is a or a—1. Then by Lemma 5.1(ii) and [IU05, Lemma 4.15],
inequality (5.2) holds for ¥ = Ty, (,—1). Hence, we obtain the desired result.

What remains is the case ro9 - r3 # 0 and r4 = 0. First, suppose that

dego, Rapn = Héax degc, Ry, j(=:b)
7.7

holds for some h. Then degq, R1,; = dege, Roj = b for all j, and if we put ¥ =Ty (3—1), again
using Lemma 5.1(ii) along with [[U05, Lemma 4.15], we obtain inequality (5.2).

Next, suppose that dego R3; = b — 1 holds for all j. In this case, just apply Lemmas 5.2
and 5.3, which imply the assertion. O

LeEMMA B (cf. [IU05, Lemma B]). Let a € Dy, (S) be a spherical object and fix positive inte-
gers s and t with 1 <t — s < n — 2. Take a sufficiently small complex analytic neighbourhood
+ of CsU---UC; and assume that we can write

1 r2 3 T4
@Hp(a)](] = @Rl,j ® EBRZJ‘ @ @Rg,j @ @R4,j ;
P J J J J

-----
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where the Ry, ; are elements of ¥(a)y and are of the following forms:

Cs—1 Cs Cst1 Ci—1 Cy Cit1
Rij: O O e O O
Ra; O O O O
Rs,;: O O e O O
Rayj: O O e O O

Suppose that either r3 # 0 or ro - r4 # 0 holds. Then there is a
NS <Toc,l(a)|a€ Z,S < <t>

such that [(®(«a)) < l(a).

Proof. The proof goes parallel to that of [IU05, Lemma B|. Note that the straight-forward
analogues of [IU05, Lemmas 6.7 and 6.8] hold for HP(«)|y, and use them. O

5.2 The proof of Proposition 4.4

Notice that if we show the existence of an autoequivalence ® € By such that I(a) > I(®(«))
under the assumption /() > 1, then we can prove the statement by induction on I(«). Recall
that the proof is already done in [IU05, Proposition 1.7] in the case Suppa # Zj, since in
that case « is supported by a chain of projective lines contained in Zy. Hence, we may assume
Suppa=Zy=CLU---UC,.

For § = Ss(as, .. .,a;) € X(a), define an integer s(S) by the properties
Cos)=Cs and 1< s(S) < n,
and an integer ¢(S) by the properties
Cys)=Cr and s(S) <t(S) <s(S) +n—2.

Here, note that Lemma 4.9(ii) guarantees that for R € ¥(«), there are no elements S € X(a)
such that Cys) = Cyr)—1 or Cyr) = Cy(s)—1- Thus, we have

lyr)—1(a) <lywry(@) and lyg)(@) > lyr)s1(a).
Therefore, we can find integers sg and ¢y such that
lso—l(a) <lgo (a) - l80+1(a) ==l (Oc) > lt0+1<o‘> :

Then we are in the situation of Lemma A (if sg = t9) or Lemma B (if sg < tp). So the proof is
done.

Remark 5.4. Take an arbitrary element R € X(«). Then, in the proof above, we can find s
and tg such that s(R) < sg < tp < t¢(R). Thus, Lemma A or B provides

® € (Tog, (o) la € Z,5(R) <L<ER))

such that I(a)) > [(®(a)). We shall use this remark in Section 6.
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6. The proof of Proposition 4.2

6.1 Facts needed for the proof of Proposition 4.2

Let @ be an autoequivalence of Dy, (S) that preserves the cohomology class of a point. Put
a=®(O¢,) and f = ®(O¢,(—1)). Applying Proposition 4.4 and the shift functor [1], we may
assume

o= ch (a)

for some a,b € Z with 1 < b < n. To prove Proposition 4.2, it suffices to show the following.

CrAM 6.1. Suppose I() > 1. There is an autoequivalence ¥ € By such that [(¥(a)) = 1 and
1(B) > 1(¥(B))-

In fact, Proposition 4.2 easily follows from this.

Proof of Proposition /.2. By Claim 6.1, we can reduce the problem to the case [(a) = I(8) = 1.
In this case, the supports of o and 5 must be the same by Fact 6.5 below. Therefore, we get the
conclusion from the Aj-case [IU05, Proposition 1.6], and we can complete the proof of Proposi-
tion 4.2 by induction on [(5). O

Most of the proof of Claim 6.1 goes parallel to that of [[U05, Claim 7.1].

Fact 6.2 (cf. [IUO5, Condition 7.2]). We may assume
max{degs, R|R € X(8)y,, SuppR O Cp} = 0.
In particular, deg, R = 0 or —1 for all R € X(8)y, with SuppR D Cy by Lemma 4.9(iii)(1).
The relations between O¢, and O¢, (—1) impose conditions on a and /. From the spectral

sequence

C?*, p+q=0,

(6.1)
0, p+q#0,

B3 = Extly(H(8), 0, (a)) = Homb? (8, a) = {

we obtain the following result.
FACT 6.3 (cf. [IU05, Condition 7.3]). We have Ey? =0 for g # —1.

Fact 6.4 (cf. [IUO5, Condition 7.4]). The map dg’flz Eg’fl — E22’72 is injective, dg’oz E(2),0 —
Eg’_l is surjective, and the dg’q: Eg’q — E22’qul are isomorphisms for all ¢ # 0, —1.

In addition to Facts 6.3 and 6.4, the spectral sequence (6.1) implies
dim Coker dg’fl + dim Ker d(2),0 + dim E;’fl =2. (6.2)

To show the following, we need the assumption that ® preserves the cohomology class ch(O,)
in H4(S,Q).?

Fact 6.5 (cf. [IU05, Condition 7.5]). The equality c¢1(5) = [Cp] holds in the cohomology group
H2(S,0).

3Tf we drop this assumption, we can just conclude that ¢1(8) = [Cy] + k[Zo] for some k € Z by a proof similar to
that of Condition 7.5 in [ITU05].
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Proof. By the assumption on ®, we have
0=1c1(0z) = c1(®(0z)) = c1(a) — a1 (B)
which gives the assertion. O
CLAIM 6.6 (cf. [IU05, Claim 7.6]). We have a > —1.
Proof. The proof is similar to that of [IU05, Claim 7.6]. O

CLAIM 6.7 (cf. [[U05, Claim 7.7)). Fix ¢ # 0. If E; " = 0 in (6.1), then we have degc, R > a
for all direct summands R € X(8)y, of H1(B)|y, with SuppR D Cy. If, in addition, we suppose
a > 0, then we get Cy, ¢ Supp H1(3).

Proof. The proof of Claim 6.7 is similar to that of [IU05, Claim 7.7]. O

Remark 6.8. Below, we use the notation ¢(R) and s(R) for R € () defined in Section 5.2.
Recall that b satisfies 1 < b < n by definition.

If there is an element R € () with
either (R)—n+1<b<s(R)—1 or t(R)+1<b,
then we can find ¥ € <TOCZ((1) |la € Z,C; C SuppR) such that ¥(a) = a and [(V(5)) < I(5) by
Remark 5.4. Therefore, we may assume
S(R)—1<b<t(R)+1 or b+n<t(R)+1
for all R € X(5).

6.2 Division into cases
Now, we divide the proof into cases as in [IU05, 7.2, Division into cases, p. 426]. We only have
to consider three:
(i) We have C, C SuppR for all R € X(8)y, .
(ii) There is an R € X(8)y, with SuppR N Cp = Cppq N Cy, but there is no R’ € 3(B)y, with
SuppR' NCp = Cp_1 N Cp.
(iii) There are R, R’ € X(B)y, with SuppR N Cy = Cpy1 N Cy, and SuppR' N Cp = Cp—1 N G,

Case (i). In this case, we can find ¥ in Claim 6.1 in a way similar to that of [[TU05, Section 7.3,
Case (i)], after some obvious changes; for instance, [IU05, Claim 7.8] should be replaced by the
following.

CLAIM 69 O~--qu(*7 _1)|Ub7 OCbU-~-(_17 *)|Ub7 O...Ucbu...(*, —1, *)’Ub € Z(/B)Ub

Case (ii). The existence of R € X(8)y, with SuppR N Cy = C, N Cpy1 and Lemma 4.9(ii)
imply the non-existence of S € ¥(8)y, with SuppS N Cyy1 = Cp N Cpy1. Note that n > 2 in this
case by Lemma 4.8(i). Furthermore, we have

S(8)v, <{Oc,u..(d,9)|v,, Ocy,, ()|, O.ucyu.-(x,d,%)|y, @' = 1,0} .
Now, we can find ¥ in Claim 6.1 in a way similar to that of [IU05, Case (ii)].

Case (iii). Fact 6.3 implies that R and R’ above must be in H'(3). Moreover, they are
unique in a decomposition of H!(j3), by virtue of the inequality dim Eé’fl < 2 from (6.2).
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We can exclude the case n = 2 as follows. Suppose n = 2. Recall that R is the unique element
in ¥(8) such that Cyg) # Cp, and R’ is the unique element in X(3) such that Cyrry # Cy. It
follows from Lemma 4.8(i) that every element S € ¥(j) satisfies Cy(s) = Cy(s). Therefore 3[—1]
is an indecomposable sheaf S(= R = R’) satisfying Cys) = Cys) # Cp. In this case, Fact 6.5
cannot be satisfied.

Now, Lemma 4.9 allows us to write

] o
D B)v,-, = DR S P R2j ®Rs O Ra,
p J '

J
where the Ry, ; and R3 and R4 are sheaves in %(8)y,_, ,

Cp—1 Cy Cot1

of the following forms:

Ry, O— O O----
Ra, O— O O -
Rs: ----Q O---- Ry
o @
Here, we assume degq, | R3 = —1, for simplicity.

CrAM 6.10. We have a = —1.
Proof. A proof similar to that of [[U05, Claim 7.11] works. O
The inequality dim E21 1 <2 from (6.2) also implies
Extg(Ry,j, Oc,(~1)) = 0
for £k = 1,2 and for all j. In particular, we get
degcb Ri; = degcb R2; =0.

Recall that there is a unique sheaf R € ¥(B) satisfying Cyry = Cp_1, and that Rly,_,,
contains R3 as a direct summand. Now, we give a proof for case (iii) by induction on [(R).

First, suppose {(R) = 1. In this case R = R3, and we write
ro s1 s2

DRy = DS e DS
J J J

where the Sy, ; are sheaves in ¥(8)y,_, , of the following forms:

Cp—1 Cy Cht1
Ry © © O----
SRE © © O----
Soj: S © O----
Rs: Q) O---- ‘R4
(073 @

Note that we may assume ry # 0 since otherwise Supp (3 is strictly smaller than Zy, in which
case [IU05, Claim 7.1] gives the result. Because of the existence of R3, we have ry # 0 by [TU05,
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Lemma 6.2], which continues to hold in our setting. Hence, s; # s2 by Lemma 5.3. Define

TOCb_IUCb(_lu_l) if s1 < s2,
Py =

/ .
Oc,_ue, if 89 < 57.

Then, as one can see using the computations of [IU05, Lemma 4.15], the pair (¥g(a), Uo(53)) fits
in case (ii) and W(53) satisfies [(¥o(5)) < (). Since we have proved case (ii), this finishes the
case [(R) = 1.
Next, suppose {(R) > 1. In this case, Lemma 4.9(iii)(4) implies
degp, | Ra;=—1.
Set ¥/ = Tog,(-1)© Tog, ,(~2)- Then we have
V'(a) = Oc, ,(-2) and  I(¥(B)) <I(B)
Ch—2 Cp-1 Cy Co1

V(R  ----O S) S O----

V'(Ray) : O----

U (R3) : ----0 AD——O---- (U (Ry)
U(a) : &

First, let us consider the case Cyg) = Cpy1 or, equivalently, R = R'. Take an element 7€2/] € 3(p)

such that 7/?’\2,/.7’Ub—1,b contains R ; as a direct summand. Then ¥’ (7f€gvj) satisfies
t(@'(?fzgvj)) —n+l<b-—1< 5(\11'(7/3;)) -1
or
t(V'(Ray)) +1<b—1.

Hence, we can find ¥ as in Claim 6.1, by Remark 6.8. Therefore, we may assume Cyr)#Cp1.
Note that W/(HY(3)) is a sheaf for every ¢ € Z. Using the spectral sequence

BY = HY(W(HY(8))) = BV = HPM(V'(8)),

we see that W' (HY(8)) = HI(V'(3)), and then (V'(«), W'(53)) fits in case (iii). Furthermore, the
assumption Cy(gy # Cpy1 implies I(W/(R)) < I(R). Hence, we can conclude by induction on I(R).

7. Example

If A\g < 4, we have Hg = (Z/AsZ)* and Im©O = T'4(\g), as pointed out in Remark 3.12. For
a general elliptic surface S, however, it is not easy to describe the group Hg concretely. In this
section, we give an example of an elliptic surface with Ag > 5 where we are able to determine Hg,
and hence Im ©, more concretely.

Let us consider a rational elliptic surface 7: J — P! with a section, and assume that 7 has
four singular fibers of types Iz, Iy, II and I;. Such a surface exists by Persson’s list [Per90].
Take a point s € P! over which the fiber of 7 is smooth or of type I;. Apply a logarithmic
transformation along the point s to obtain a rational elliptic surface S with Jacobian surface J
and a multiple fiber of multiplicity m over the point s. Suppose m > 2. Then, as in [Uehl2,
Example 2.6], we can show Hg = {£1} (we leave it to the reader to check this). Therefore,
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Theorem 4.1 assures that there is a short exact sequence:

1 - (B,®0g(D) | D-F = 0) x Aut S x Z[2] — Auteq D(S) 2

9){<2 Z) € To(m) b= =+1 (modm)}_”'

In this case, Aut.S = Autp: S is just the semi-direct product of the Mordell-Weil group of S and
the subgroup of automorphisms preserving the zero section (cf. [FM94, Theorem 1.3.14]). Hence,
it can be calculated by using [OS91].

In [Uehl15], the author considers the autoequivalence group and Fourier-Mukai partners of

elliptic ruled surfaces.
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